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ABSTRACT 

The ex tend ib le  cel l  (EXCELL) method  provides  a da ta  
s t r u c t u r e  for e f f i c i en t  g e o m e t r i c  access .  It s tores  
g e o m e t r i c  da ta  into compu te r  s to rage  blocks 
cor responding  to disjoint  va r i ab le  sized r ec t angu l a r  
ce l l s  access ib le  by an address  ca lcu la t ion  type  d i r ec to -  
ry. We descr ibe  the method for point  f i les and fi les 
of more compl i ca t ed  f igures  ana lyz ing  p e r f o r m a n c e .  
We repor t  a lgor i thms  for the  nea r e s t  ne ighbour  and 
p o i n t - i n - p o l y g o n - n e t w o r k  problems  and descr ibe  appli-  
ca t ions  to geographica l  da ta  bases,  hidden line e l imina -  
t ion and g e o m e t r i c  modeling.  

Introduct ion 

By geometr ic  data we mean representations of 
geometr ic  structures composed of points, l i ne -  
segments, surface-areas and volumes, centra l  in com- 
puter graphics, geographic data management and com- 
puter aided design. These applications moreover require 
geometr ic  access meaning the re t r ieva l  of such objects 
on the basis of geometr ic  relationships l ike p rox imi ty  
and intersection. Construct ing e f f i c ien t  data struc- 
tures for this is a central  problem of computat ional  
geometry 17. 

This paper analyzes a data structuring approach aiming 
at e f f ic ient  geometr ic  access. The fol lowing building 
block tasks of CAD typ i fy  our aims: 

I.  nearest neighbour search t~ 
2. the po in t - i n -po l ygon -ne twork  problem 15 
3. range search of points I and other geometr ic  ob- 

jects 
4. intersect ion problemsI7, 2 
5. geometr ic  analysis by ray-cast ing I6 
6. checking interference 5 and geometr ic  in tegr i ty  13 
7. hidden line and surface problems 18, 

We presen t  the  ex tend ib le  cel l  (EXCELL) approach ,  a 
f r a m e w o r k  for da ta  s t r u c t u r e s  and a lgo r i t hms  for max-  
imally e f f i c i en t  g e o m e t r i c  access .  It is especia l ly  
sui ted for da ta  in e x t e r n a l  memory .  EXCELL is 
c losely r e l a t ed  to the  quad_t ree27 ,3 ,11  and fixed 
cel l%9,  7 t echn iques  combining  the i r  good f ea tu re s .  We 
ana lyze  da ta  s t r u c t u r e s  for se ts  of points  and t w o -  
d imens iona l  polygon ne tworks  as c o n c r e t e  examples  of 
the  approach .  

Sample algor i thms and appl icat ion systems for prob- 
lems I, 2, 3, 5 and 7 above demonstrate that  EXCELL 
is simple to iml~lement and leads to good expected e l -  

f ic iency.  T h e o r e t i c a l  r esu l t s  on EXCELL and r e l a t ed  
me thods  conf i rm the  empi r i ca l  in fe rences .  

For s impl ic i tv  we use two-d imensional  examples and 
terminology (studv-area, rectangle,.. .) even for con- 
cepts wi th wider appl icabi l i ty .  We use interchangeahly 
terms "edge" for l ine-segment  and "face" for t w o -  or 
three-d imensional  sur face-area (polygon). This presen- 
tat ion relies on detai led analyses reported else- 
where  19,20,21,22,23,2 t~ . 

Order  p rese rv ing  ex tend ib le  hash in~  

I t  is useful to f i rst  consider the simplest case. A 
one-dimensional data structure corresponding to the 
geometr ic  problems defined above would suol~ort the 
operation f ind-next fkev)  and be cal led a generalized 
pr ior i ty  queue. 

From recent developments in one-dimensional data 
structures the extendible hashing (EXHASH) of Fagin 
et  al. 6 seems most promising for us. From our 
v iewooint  order oreservin~ EXFIASH can be defined 
and analyzed as a binary bucket t r ie  20, 

Let  us have a set 1= (file~ of real -va lued keys of a 
kev-sDace U. (For s impl ic i ty  we assume U = ~0,1L A 
binary bucket t r ie  T is the tree obtained by recursive- 
ly halving U unt i l  no interval  contains more than b 
(bucket  size~ keys (f igure 1): 

1. To each node n of T cor responds  an in te rva l  l(n) 
of IJ. 

2. U i t se l f  co r responds  to the  root  of T. 
3. If t he re  are  more than  b keys in the  in te rva l  I(n) 

then  node n has two sons cor responding  to the  
two halves  of I(n). 

¢. If t he re  are  a t  most  b keys in l(n) then  node n is 
a leaf  (i.e. has  no sons). 

To the  t r i e  T t h e r e  cor responds  a comple t e  b inary  
t r e e  (here cal led d i rec tory)  wi th  2**d e l emen t s .  The 
d i r ec to ry  may be r e p r e s e n t e d  as an a r ray  (f igure 1) 
and the  e l e m e n t  cor responding  to any key of U ac -  
cessed  bv index ca lcu la t ion .  

EXHASH is a binary bucket t r ie  represented by a 
di rectory and data buckets maintained dynamical ly by 
bucket splits and d i rectorv doublings (and corresponding 
merges, i f  necessary): I f  we add a record to a bucket 
already containing b records the or iginal  bucket in ter -  
val is split in the middle, the b + I records d is t r ibut-  
ed correspondingly to the two result ing buckets and 
the di rectory updated. I f  the depth of the or iginal 
bucket was d the depth of the whole tree increases 
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meaning that  the d i rec tory  has to be doubled. Due to 
bucket spl i t t ing no over f low Pages are needed and a 
record may be re t r ieved wi th one disk access ( two 
count ing the di rector ,  

/ 
access).  

, - - .  ~ . . . .  n o 

~ _ j  

Figure I .  A binary bucket  t r ie  (EXHASH s t ruc ture)  
with bucket  size b = 3 and depth d = 3. The le f t  Dart 
r e p r e s e n t s  the d i rec tory  and the bucket  intervals;  the  
r ight  Dart the corresponding binary t r ee .  r~ashed lines 
r ep re sen t  the comple te  t ree .  

Ordinarily ha sh ing  means randomizat ion .  However ,  this 
is not e f i c ien t  for opera t ions  such as f i n d - n e x t .  Thus 
we apply EXHASH di rec t ly  to the key values and call 
the  result  an order preserving address  t r ans fo rma t ion .  
A main Dart of our work (chapter  71 has consis ted of 
analyzing how non -un i fo rm key-d i s t r i bu t ion  a f f e c t s  the 
p e r f o r m a n c e  of EXHASH. 

EXCELL - EXHASH for mul t id imensional  points  

We may apply EXHASH to obtain a mul t id imens iona l  
dynamic ~eometr ic  f i le  structure,  which we have 
cal led EXCELL.  We assume for s imp l ic i ty  the study 
area  U to be the unit square U =[0,1/  X [0,11. Le t  
(x,y) of U have the binary r ep resen ta t ion  

x = ~ a  i 2 - i  
, (11 

and g be the fo l lowing ~rid (hash) funct ion 

= b i 2 ) (2) 
~-i ~a, 

Def in i t ion  1. An extendible  cel l  (EXCELL) i m p l e m e n t a -  
tion of a point file (i.e. set) F on U is the s t ruc tu re  
obta ined by applying EXHASH on the interval  [0,1) to 
g(F). 

Figure 2 helps  in t e rp re t e  this ab s t r ac t  def ini t ion.  

The d a t a - b u c k e t s  of EXCELL correspond to r ec t ang le s  
(cells) formed by halving the study area  a l te rna t ing ly  
in the x -  and v -  d i rec t ions .  The depth of an EX- 
CELL s t ruc tu re  is the maximal number of halvings 
needed to obtain a cell.  At depth d = dx + dy ( dx = 
[d/2~ ; dy = [d/2J) the  grid funct ion (2) d i s t r ibu tes  the 
points  of F onto an even ~rid of ce l l s  with x--spacing 
2**(-dx)  and y--sDacing 2**(-dy/ .  ~Vhen d is increased 
the  d i rec tory  is doubled by halving all d i rec tory  cel ls  
in the x -  or y - d i r e c t i o n .  

The funct ion g is diff icul t  to implement  e f f i c i en t ly .  
Because an EXCELL file has a d i rec tory  we may, 
however ,  reorganize  the d i rec tory  at each doubling 
wi thout  a f f ec t ing  the data  buckets .  There fore  the Erid 
t r ans fo rma t ion  may be replaced by an a r r a y - i n d e x - l i k e  
ca lcula t ion,  for instance:  

ind(x,y) = 2 ~ 2~xJ + 2~vJ. (3) 

In the ind-order  
dimensional  array.  

14 
I 

x I 
X 

I 

the d i rec to ry  forms a t w o -  

X 
I I x . . . . .  . . ~  

I + |  
X 

I x x l  
I I 

data Dart 
x: points  
o: cursor 
. . . . . .  : ce l l  borders 

I I I 

I I 
I I i 

• ~i. .~.~i . .  . 3  .r ..3..J.. 
I I I 

_ A _ _ _ t _ _ J -  _ _  

I I o p  I 
I ! I I . , . ,  ,, 
I ' ' I I 
0 I I 
I - -  

d i rec to ry  

..... : e f fec t  of insert ing the new point  + 

Figure 2. Point  EXCELL  concepts. The study area is 
div ided into four data cel ls (=rectangles), none of 
which contain more than three (=h) points. The d i rec-  
to ry  is an array of e lements each corresponding to a 
rectangle  of min imal  size and indicat ing the data cel l  
conta in ing it• The data ce l l  of a cursor point  p is re-  
t r ieved by f i rs t  ca lcu la t ing the d i rec to ry  array index 
by the EXCELL  grid funct ion.  The insert ion of the 
new Point (+) requires the ce l l  d iv is ion and d i rec to ry  
doubl ing operat ions indicated by short dashes. 

I r respect ive of the d i rec to ry  ca lcu la t ion 
correspond to buckets induced by funct ion (2). 

The main guarantee of EXCELL  is" 

each leaf ce l l  contains at most b points 

the fa ther  of each cel l  ( i.e. the rectangle 
f rom which the ce l l  was formed by ha lv -  
inR1 contains at least b + I points. 

cel ls  

The EXCELL method for more compl ica ted  objects 

By more compl icated objects we mean l ine-segments,  
sur face-areas and volumes. The main d i f ference to 
point  f i les is that  an object  may in tersect  several 
cel ls of a f ixed or extendib le  grid. We might thus 
speak of spat ia l  d i rector ies,  which indicate the data 
base objects intersect ing each Reometr ic  cel l .  

The extendib le  ce l l  method21, 22 subdivides cells unt i l  
the contents of each one is described wi th in  a speci- 
f ied storage space. Thus i t  is close to the ~Varnock 
hidden surface method 27. The cel l  s t ructure is SUDD]e- 
mented by a d i rec to ry  ident ica l  to that  of the p rev i -  
ous chapter.  The vagueness of this descr ipt ion shows 
tha t  EXCELL  is a ~enera] DrinciDle specif ied separate-  
ly for each problem. We describe an appl icat ion of 
EXCELL  to two-d imens iona l  polygon networks ( f igure 
3) in somewhat more detai l •  

Two-d imens iona l  polygon networks are perhaps the 
most impor tan t  geometr ic  st ructure of geoRraDhic data 
manaRement. A, lso the v is ib le sur face-areas of a pro- 
jec t ion of a th ree-d imens iona l  solid form a t w o -  
dimensional  area--par t i t ion.  The fo l lowing simple struc- 
ture has been used for both of these appl icat ions 21,23. 

We use an edge-o r ien ted  representat ion of polygon 
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networks (fig. ~-1. Boundaries are decomposed into ele- 
mentary edges. The direction of each edge is defined 
" lexicographical ly" with the right and lef t  neighbour 
polygons recorded in the edge record. 

Figure 3. A 400 Dolygon network generated by the 
Dir ichlet  tessellation model (chapter g). SuDerposed is 
an EXCELL structure with b = I0. 

. ~ A  ~ 

Figure  g_. A cube  with forward faces  A, g and C 
r ep re sen t ed  by d i rec ted  edges and the i r  r i g h t / l e f t  
- n e i g h b o u r  in fo rmat ion .  

We imp lemen t  a sDatial d i r ec to ry  by dividing the  (x)y) 
- study a rea  into non -ove r l app in~  r ec t angu la r  cel ls  
cor responding  to blocks of s torage  space.  Here  we do 
not  u t i l ize  poin ters  be t w een  cel ls  and edges but  s tore  
an edge record  (a f t e r  clioDin~ i ts  geometry1 in each  
ce l l  i n t e r s e c t e d  (f igure 5). 

Figure 5_. Each edge is cliDPed and the  remain ing  
e d g e p a r t s  "s tored  in" the  cel ls  i n t e r s ec t ed ,  

a 1|4 [ I I I 
| a l a J 4 1  

t--1-4--4- 
I i J I 
| ' 1 2 1 4 1 4  
I t I I 

Figure 6. Edge EXCELL concepts .  Ij is divided into 
four cel ls  ( the da ta  par t )  so t h a t  no ce l l  is i n t e r s e c t e d  
by more than th r ee  edges ( o • o ). See f igure 2 for 
f u r t h e r  explanat ions .  

EXCELL for edges is analogous to Doin t -EXCELL (fi~- 

ure  6}. Cell  (bucket} s ize  is def ined by a maximal  
n u m b e r  of i n t e r s ec t i ng  edges  and cel l  division by the  
cl ipping opera t ion  of f igure  5. 

Access  pa rad igms  

We have chosen four g e o m e t r i c  quer ies  to r e f l e c t  the  
e s sen t i a l  access  r e q u i r e m e n t s  of the  tasks  men t ioned  
in chap t e r  1. As the  access  pa rad igms  for EXCELL 
Doint fi les we use the  range  query 1 and the  n e a r e s t  
ne ighbour  query~= 

given an a r b i t r a r y  point (cursor1 "~ 
p of U find the  point  of f i le  F, f (NN) 
which is c loses t  to  P. 

We discuss the  i m p l e m e n t a t i o n  in c h a p t e r  6. 

Our access  oaradi~.m for PolYgon ne twork  fi les is the  
p o i n t - i n - p o l y g o n - n e t  work query:  

Given a polygon network N and an "~ 
a r b i t r a r y  point  (cursor) p of U d e t e r m i n e  / (PIPNI 
the  oolygpn P(p) of N con ta in ing  D. 

A ~ e o m e t r i c  model of a solid may be def ined by a 
r e p r e s e n t a t i o n  of i ts  boundary ,  i.e. a se t  of o r i en ted  
faces ,  We may def ine  a t h r e e - d i m e n s i o n a l  f a c e -  
d i r e c t o r y  for a g e o m e t r i c  volume model by l e t t ing  
each  t h r e e - d i m e n s i o n a l  ce l l  con ta in  r e f e r e n c e s  to all  
faces intersecting it. We use "ray-cast ing ''16 as the 
access paradigm: 

Given Doints D0 and D1 determine) which face -~ 
is intersected f irst bv the semi- in f in i te  ray I (RC) 

DO + t ( p l  - -  ~ 0 1  ) 0 < =  t < inf in i ty.  

Algori thms 

Exact match retr ieval  for point fi les is almost identi-  
cal to that of EXHASH 6. We present only the inser- 
t ion algorithm for edges (l ine-segments) to provide 
geometric f lavour (fig, 7). Insertion of points is just a 
bi t  simpler. 

Next we study the main geometric access oaradigms. 
The simplest way to implement a range query is to 
ut i l ize the directory as a two-dimensional array as in 
the fol lowin~ pair of routines: 

var ci : set of cell; 

procedure open range (var r : rectangle)~ 
/* oOenci :=ran[tg]e query for rectano!.e r */ 

/* empty set */ 
for each directory element; whose ce!] intersects r d_oo 

clc-I-~.-= ci + [c]; /* set t~[on */ 

function get next in range() : ce~l: 
/* get next cell in ~Dened range */ 

if ci = [ ] then get next in range := ~rfL 
e-~se begin ch~ a ceil c-of--el; 

ci := ci - [c]: 
get_next in_ranqe := c 

end: 
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procedure insert ex (vat e : edqe); /* insert edge into .~XC~LL file */ 
while not nu~[l (e)--~ 
.... beqin-c := get~ll ins(start(e)); 

clip edge(c,e.el) ; 
inse~t_cell (c ,el) /* el assumed non-desenerate */ 

end; 

function get cell ins (vat o : Point) : cell : 
cell gua~ant~---~o contain free space ~/ 

c := get cel!(get 4it(D)); 
while ~u~. (c) 

be~in divi~F-e ce1!(c); 
- -  c := q~.t cell (cet di_- (o)) 
e~d : 

~et c--eTl ins := c; 

~unction set dir (vat P : Point) : cell number: 
/* retrieve ntm~ber--o~ cell corresponding to point o */ 

function get cell (vat n : cell ntm~ber) : cell; 
/* retrieva ~e!l hav~g ntmtber ~ */ 

procedure [nsert_cell (va__rr c : cell: e : edge); /* insert edqe into cell */ 

procedure clip edge (vat c : cell; e,el : edge); 
/* clip edge e; store e c in el and e - el in e */ 

procedure divide cell (vat c : Cell)~ /* divide a ce~ */ 
if' cannot be-divide~) then ~uo dir 0 : 

last d[vi~ed in v direc-~[on(c7 then x halve_celltc,cl,c2) 
else y halve ceTl(c,~l,c2): 
~-di~(cl) :--~od air (c2) : 
for--each edge e in c ~o 
-- ~-[n c!iD edge (c_T?,e,e!) ; 

if not null(el) then insert ce!l(cl,el): 

end ; 
relea~(c) : /* storage of c is returned to free space */ 

procedure x halve ce~l (vat c,cl,c2 : cell); 
/* halve c ~erDen~icularl.-~-t~ ~a~s fo-~--[nq .new cells cl and c2 */ 

procedure dup dir(); /* duplicate directory in appropriate 4irection */ 

orucedure mod dir (var c : ce~l): /* m0difv directory part intersecting 
~ectangle of ~el] c to ~ontai-n the ntr,~ber of c *I 

Figure 7. Insertion aIKorithm for edKes. 

For the nearest neiKhbour and Doint--in-DolyKon-- 
network queries we utilize what we call brother alKo- 
rithms relyin~ on the main Kuarantee (4). We call the 
brother of a cell the rectanKle formed in the same 
halvin~ operation. Always either a cell or its brother 
(which may contain several data cells) is non--empty. 
FiKure ~ shows that assumin K the maximum coordinate 
difference metric the size of the area that we must 
inspect in the NN-query is at most 20 times the size 
of the ceil of the cursor. From the same area we may 
retrieve all b + I nearest neiKhbours. The loop LOOP 
may be efficiently implemented by the EXCELL 
method. 

function find nearest (vat p : point) : Point; 
/* find nearest neiqhbou--r--o~ c~rsor o */ 

c := get cell(get 4Jr(D)); /* get cell c overla~oina ~o~nt p */ 
dO := maximal dis~ance from p to any Point of brother (c); 
for each cell c" within a distance" less th~n dO ~rom n ~o /* T/~P */ 

c.-~est(p,c',p0,d0); /* d0 may dlange */ 
find nearest := 00; 

procedure closest (var o : Point; e : cell; p0 : point; dO : distance); 
/* '~ind point o0 clo~st to p within distance dO in cell c */ 

for each point o"  in c do 
l~"~istance(o,p ") <-~[0 then 

begin dO := distan~--~-~,D') ; 
p0 := p 

end; 

With neiKhbourhood information stored toKether with 
Iine-seKments (fiKure 4) we may answer a PIPN-querv 
as described in f iKure 9 and the a lgo r i thm 
f ind poly,~on. The a lKor i thm presented is s impl i f ied  by 
consider in~ the l i ne -segment  closest to p in a cel l ,  

f p o  ,.r x 
; m~ I 
L I . . . .  J 

I 
~---I l I I I 
I ! I 

: ,-__'_ , , , 

Par t  a 
x: po int  
o: cursor 

~p 

Pa r t  b 

Figure  ~. The b ro the r  a lEor i thm.  Solid l ines show an 
EXCELL pa r t i t i on  with buc ke t  size h = 1. The re  a re  
a t  mos t  20 r e c t a n g l e s  of the  s ize  of c(o) to be 
checked .  This a rea  is ca l led  cnn(p) and ind ica ted  by 
dashes .  P a r t s  a and h d e m o n s t r a t e  the  two possible  
f o r m s  of c(p). In th is  e x a m p l e  all d a t a - c e l l s  are  r e -  
t r i eved  to answer the query.  

o - -  

4 

L -  

(a )  (b~ (c) 

Figure  9. The polygon a cursor  o belongs  to is found 
by cas t in~  a t e s t  ray f rom b and de t e rmin in~  on which 
side of the  f i r s t  i n t e r s e c t e d  seKment  p lies. To SDe- 
c ia l  c a se s  we apply more  e l a bo ra t e  t e s t s .  Case* (a) 
de p i c t s  the  ordinary  s i tua t ion ,  (b~ spec ia l  c a se  and (c) 
the  case  of an e m p t y  c e l l  

function find Polygon (var o : point} : ~o!~on: 
7w--find ~X~Iyq~T1 contain~-~ ~/rsor o */ 

c := get c~ll(get dir D ; /* ge£ ce1~ of c~rsor p */ 
if not emPty(c) t~en 
-- f_ind pol.ygon w,~. in ee~l(c,p) 
else beq~n c* :=--find nePhew(c): 
-- - -  find_Do!ygon := find_po]*~on_wlthin cell. c" o : 

en_~d ~ 

function f~_nd polygon within cell (var c : cell: o : Point) : Do]v.~on; 
7~-'search within a non-empty-cell *7--- 

find edge e closest to p within c; /* O(b) oDe.rations */ 
if e unique then find ~o]vgon within cell := po?Vgon(o,e~ 
7 ~ polygon on----~e ~ side O~ e as 5 Or "o outside" */ 
e~se find polygon witi~in ce!l := resolve_speciai_case(o,c,e); 

function ~ind nephew (vat c : cell) : cell: /* ~ind ~[rst non-e~Dty nephew */ 
7~chec~ the nephews (o-~spring of the brother of c) in such an 
order that when a r~on-e~mtv one is found the whole line ~ron~ p to 
any part o~ the nephew is contained ~,n cells already checked (i.e. 
e.~pty) - see figure 1 ~. (e). */ 

The above a lgor i thm demonst ra tes  two -d imens iona l  
r ay -cas t i ng .  Nex t  we present a t h ree -d imens iona l  ve r -  
sion. Here U denotes the "box"  of in terest .  

P a p e r  2 3 . 1  
3 4 8  



function first face on ray (var D : noint; ray : direction) : face; 
/* retrieve first face-from ~-[nt o in ~irection ray */ 

if not in bOX(D,U) then /* D arbitrary start of infinite tav */ 
-- --vdegi~ o := fron-~-ace intersection (D,rav,r~): 

/* intersection of ray with a "forward" face o ~ box U */ 
first face on ~av := ~irst face_on tav(D,rav) 

end: - - - 
else ~ i n  c:= get cell. (get d~ ~ (o)) : 
-- - -  if:= ~rrL[ /* face--to be retrieved initialized *! 

while in box(m,U} and f = ~r~L ~o 
- -  ff .~= first_fafa~ on rav_i~_ce~l(o,ray,c) 

end ; 
first_--~-ace on_ray := f~ 

function first face on ray in ceJl 
point-- ray-: ~irecti~n; c : cell) : face; /* within-cell search */ 

--if ray intersects a face then 
first face on ray in ~ := closest intersected facet 
/* 0(5) in, effect[on--and ~.~on containment dnecks */ 

else begin p := backface intersection(D,dir,c); 
71:~Int'e'rsection with a "~ackward" face of box c */ 
first fece on_ray_in cell := ~r[L 
end: 

The d i rec to ry  mechan i sm provides  maximal ly  d i r ec t  
access ,  c h a r a c t e r i s t i c  of EXCELL c o m p a r e d  to o ther  
approaches .  

Analysis  of EXCELL for poin ts  

EXCELL c a n n o t  c la im worst  case  op t ima l i ty  excep t  
for exac t  ma tch  queries .  To ana lyze  the  expec t ed  p e r -  
f o r m a n c e  we must  pos tu la t e  a da ta  genera t ion  model.  
Analogously to the  one -d imens iona l  model  of 6 we have  
chosen  the  Poisson point process .  Spec i f ica l ly  we 
ana lyse  a varying in tens i ty  process  with cons t r a ined  
va r i a t i on  (VIPC). 

In tens i ty  def ines  the  expec t ed  number  of poin ts  in any 
subse t  of U and va r i a t ion  V is def ined as the  ra t io  of 
max imal  to ave rage  in tens i ty .  This is the  main p a r a m -  
e t e r .  Cons t r a ined  var ia t ion  means  informal ly  t h a t  the  
in t ens i ty  func t ion  is smooth.  

We have been able  to pe r fo rm most  analysis  of 
mu l t i -d imens iona l  po in t -EXCELL using the  one-  
d imens iona l  EXHASH model.  The analysis  of order  
p rese rv ing  EXHASH cannot ,  however ,  re ly  on the  u n i -  
fo rm randomiza t ion  assumpt ions  of ordinary  hashing.  
The resu l t s  on EXHASH are  p resen ted  in t ab le  1. 

The resu l t s  on EXHASH independen t  of the  order  of 
the  d i rec to ry  or the  neighbourhood re la t ionsh ip  of da ta  
in t e rva l s  apply to EXCELL as def ined by (2) and (3). 
This includes all  the  resu l t s  of t ab le  1 e x c e o t  the  
f ind -nex t  query.  Some fu r the r  coro l la r ies  are:  

the  a s y m p t o t i c  expec ted  fi l l ing ra t io  of da ta  
bucke t s  is fixed as In 2 ( 0 . 6 9 )  in the  VIPC 
model  i r r e spec t ive  of V 
the  a s y m p t o t i c  expec t ed  s to rage  e f f i c i ency  of 

q u a d - t r e e  da ta  bucke t s  is 2/3 of t h a t  of the  E X -  
CELL da t a  par t ,  

In 2g we showed t h a t  under  the  VIPC model EXCELL 
behaves  a sympto t i ca l ly  as if in tens i ty  were cons t an t .  
Also the  expec t ed  cos t  of the NN-query  is bounded 
(i.e. O(1)) i r r e s pec t i ve  of the  expec t ed  number  of 
poin ts  in the  f i le  and t h a t  the  a s v m n t o t i c a l  p robabi l i ty  
of having  to search  more than  one ce l l  in the  b ro the r  
a lgo r i thm is < 3/sqrt(b)  (b: bucke t  size). This a s y m p -  
t o t i c  independence  of in tens i ty  va r i a t ion  is the  main 
as se t  of EXCELL when compared  to fixed cel l  t e c h -  
niques.  

Worst case 

O(CV/b) 1 .Di rec tory  
storage 
( e l ement s )  

2 . D a t a s t o r a g e  O((C+ClogV)/b) 
(buckets)  

3. Average  O(1 +lo~V/b) 
n reprocess ing  
(da ta  par t )  

g .Exac t  ma tch  2 
query  

5 .F ind-nex t  O(1 +log(VC)) 
query  

6 .Range  query O(I+VR) 

Table  1. P e r f o r m a n c e  c h a r a c t e r i s t i c s  

Good caseISmooth 
case  ..... 

O(C1*fS/b) /O((CVt'f~/b) 

Clog(e) /b  

O ( l + l / b )  

1(buffer)  

O ( l + l / b )  

O(I+R) 

of 

O(C/b)  

0 ( 1 . 1 / b )  

2 

o i l + l i b )  

O(I+R) 

EXHASH as 
measu red  by the  number  of s to rage  bucke t s  and bucke t  
accesses .  Nota t ion :  

C = to t a l  (expected)  number  of records  
V = va r i a t ion  of in t ens i ty  
b = max imal  n u m b e r  of records  in a da ta  bucke t  
R = expec t ed  number  of records  r e t r i e v e d  

Average  p renrocess in~  means  t o t a l  Dreprocessing cos t  
divided by C. By smooth  case  w e  mean  keys g e n e r a t -  
ed by a suf f ic ien t ly  regular  s t a t i s t i c a l  d i s t r ibut ion .  
Good case  r e fe r s  to  a un i fo rm random d is t r ibu t ion  of 
keys.  \Vorst case  is the  wors t  possible assuming a 
f ixed V. Log is to the  base  of 2. 

Anal  s y ~  o f  EXCELL for  polygon ne tworks  

There  exis t  no s tandard  da ta  ~ene ra t ion  models  for 
polygon ne tworks  as opposed to point  fl ies.  For e m p i r -  
ical  and t h e o r e t i c a l  analys is  we have  u t i l ized  the  D i r i -  
c h l e t  t e s se l l a t ion  (r3T) model  ( f igure  3) and the  random 
l ines (RL) model  ( f igure 10). The DT formed  by the  
c lo ses t  point  loci g e n e r a t e d  by a se t  of un i fo rmly  d i s -  
t r i b u t e d  random c e n t e r s  is typica l  of fa i r ly  h o m o g e n e -  
ous a rea  par t i t ions .  The RL-mode l  exh ib i t s  e x t r e m e  
va r i a t i on  of polygon size.  Its mer i t  is t h a t  g e o m e t r i c  
l~robability 14 may be u t i l ized  to c o m p a r e  t h e o r e t i c a l l y  
var ious  cel l  methods .  

•/- ,-f/=//1 

Figure  10. A r ea l i za t i on  of a 2571 polygon ne twork  
fo rmed  by 100 r andom lines. 

A bas ic  resu l t  of g e o m e t r i c  p robabi l i ty  is: 

Le t  K1 K be bounded convex sets .  The pro-')  
babi l i ty  that  a random line intersects KI [ 
i f  i t  is known to intersect K is L I I L ,  ~ (GP)  
L I  and L being the per imeters of KI  and K .J  

Based on (GP) we derive closed formulas for the p e r -  
formance of f ixed cel l  methods in the random lines 
model. Especially we consider what we have called the 
opt imal  f ixed cel l  method (OFC). I f  there are n l ine- 
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segments  an OFC s t ruc ture  conta ins  O(n) cel ls  and the 
expec ted  number of segments  in te rsec t in~  each cel l  is 
f ixed.  This corresponds  to the cell  s t ruc tu re  ut i l ized 
for point files in g. GriYfiths 9 and Franklin 7 have ut i l -  
ized a similar s t ruc ture  as a f a c e - d i r e c t o r y  for the 
hidden line problem. 

While we cannot  obtain closed pe r fo rmance  formulas 
for EXCELL (GP) leads to recursions suggestin~ the 
funct ional  form of pe r fo rmance  equations.  The pa rame-  
t e r s  are f i t t ed  from empir ical  s imulat ions.  Table 2 
compares  indicators  of the Ot~C and EXCELL methods .  

NE 
PI 
PE 
t/EI(l) 

EXCELL 
0.67b 
1 +1.2/~'b+6/b 

0.67b + 1.31r1~ + 1.1 

O~C 
0.g7b (by definition~ 
1+2.0111T3+2.0/b(th~ 
~rn'~(1.2+ 1 . 2 / ~ ( t h ~  
O.(,7b + 1.3~b + t.3(th~ 

Table 2. Compar ison of empir ical  formulas  for some 
EXCELL and Ol=C pe r fo rmance  indicators .  The ex-  
pec t ed  number of lines in te rsec t ing  a cell  is fixed as 
0.67b in both methods.  Notat ion:  

- n: to ta l  number of line segments  in the fi le 
- b: bucket  size 
- NE: number of segments  in a cell  
- PI: number of cel l  in te rsec t ions  per segment  
- PE: summed cel l  pe r ime te r  for the whole grid 
- El(I): e f f i c i ency  of a s e g m e n t - i n t e r s e c t i o n  query 

("find data  base segments  in te rsec t in~  a random 
t e s t  segment  of a s tandard length"); i.e. the  
average  proport ion of in te rsec t ions  found to in- 
t e r s ec t i ons  t e s t ed  

- th: t heo re t i c a l  

The main resul t  is that  for a s tochas t ica l ly  homogene-  
ous data  distr ibution the EXCELL and OFC methods  
pe r fo rm qui te  similarly. The ~ rea tes t  d i f f e r ence  is the 
homogene i ty  of EXCELL: cel ls  are ra ther  uniformly 
filled and seldom empty  whereas  in the OFC method 
the  cell  con ten t s  vary ex t remely .  !~or non -un i fo rm dis- 
t r ibut ions  this d i f f e rence  is a ccen tua t ed .  Also the re-  
marks on the s torage  e f f ic iency  of q u a d - t r e e s  apply 
here .  

The P IPN-que ry  cost  depends on the number of cell  
a cces ses  and w i t h i n - c e l l  operat ions .  In 21 it was shown 
tha t  even a cell  size of 5 resul ts  in only 1.1 ex p ec t ed  
cel l  and d i rec tory  accesses  in the I~T model.  Compar -  
able pe r fo rmance  is achieved only by hashing type 
methods  for exac t  match queries.  

Thus EXCELL is especia l ly  e f f i c i en t  Ior well localized 
g e o m e t r i c  access  in ex te rna l  s torage.  Its main problem 
is the somewhat  ineII ic ient  s torage usage shown by in- 
d ica tors  NE and Pl of table  2. 

Compar ison with o ther  methods  

EXCELL is a ~eneral  f ramework  for data  s t ruc tu res  
and a lgor i thms so that  comparisons with other  methods  
should be made in a well specif ied con tex t .  However ,  
based on the above sample a lgor i thms and analyses we 
may draw some overal l  conclusions.  

1. The e f f ic iency  of EXCELL is always comparab le  
to  tha t  of the opt imal  fixed cel l  technique  #,7,9 
and more uniform. For smooth data  dis tr ibut ions 
pe r fo rmance  depends only on bucket  size b. 

2. The d i rec tory  makes the access  e f f i c i ency  of EX- 
CELl. c lear ly superior  to tha t  of q u a d - t r e e  type  
methods27,3~l l ,  10. I lse  of the  d i rec tory  )lepends 
on a t i m e - s p a c e  t r ad eo f f  but the data  cel ls  
should for s torage e f l i c i ency  always be based on 
binary cell  division as in EXCELL. 

3. EXC;ELL has more e f f i c i en t  access  than k -  
dimensional  t r ee s  8 but  ~enerally poorer  s torage  
ut i l izat ion.  

#. EXCELL ~eneral lv leads to simpler  a lgor i thms 
than global pro jec t ion  methods  t7,2~28 Also, the  
la t t e r  methods  are ~enerallv b a t c h - o r i e n t e d  re-  
quiring a oreorocess ing  phase.  However ,  some-  
t imes  a "naive" use of p ro jec t ion  methods  28 is 
s imple and e f f i c i en t .  

5. The obiec t  composi t ion  t r e e  aPProach 26,16,13 is 
more  problem speci f ic  than EXCELL and may be 
ta i lored for ~reat  e f f i c i ency .  General ly  it does 
not  contain  access  e f f i c i ency  ~uarantees  as EX- 
CELL. Its s torage  and oreorocess ing  e f f i c i ency  is 
b e t t e r .  The two approaches  may well be com-  
bined by util izin~ EXCELL as a " b o t t o m - u p "  
g e o m e t r i c  d i rec tory  to an objec t  comDosition 
t r ee .  

These are crude general izat ions because comparisons 
should be based on a soeci f ic task and data d is t r ibu-  
t ion.  The good character is t ics  of EXCELL  are accen- 
tua ted when data structures reside in secondary 
storage and its a lRor i thmic f ramework  is simole: 

Because of the maximal  size of c e l l - c o n t e n t s  
easy and robust naive a lgor i thms may be ut i l -  
ized within cells.  Overal l  e f f i c i ency  is 
guaran teed  by the d i rec tory  and by having to 
consider  only a r e s t r i c t e d  number of cells .  

Applicat ions 

Geographic  data  bases ini t ia ted our study of EXCELL. 
The analysis of the P l P N - q u e r y  shows tha t  EXCELL 
provides  e f f i c i en t  ~eomet r i c  access  to a data  base.  
~es ide  actual  spatial  quer ies  the main need for 
g e o m e t r i c  access  der ives  from in tegr i ty  cons t ra in t s .  
Guardin~ these  is a main r equ i remen t  of ~eo~raDhic 
da ta  manaRement  2 5  

In tegr i ty  checkin~ conta ins  tasks  like: 
- check if a new point (havin~ approx imate  coordi -  

nates)  a lready exis ts  in the  data  base  
- check if a new edge i n t e r s ec t s  exist in~ ones. 

These require geomet r i c  access  and make insert ion 1-2 
orders  of magnitude more expensive  than queries .  

Geo~ranhic  da ta  process ing is t radi t ional ly  b a t c h -  
o r ien ted  10. EX~ELL makes possible a d a t a - b a s e  en-  
v i ronment  with on - l i ne  a lgor i thms for many tasks.  
Local i ty  of access ,  paramount  for e f f i c i ency  in ~eo- 
~raohic data  management ,  is also a main c h a r a c t e r i s t i c  
of EXCELL. 

As seen f rom the ray-cast ing,  examnle ~XCELL may 
be used to analyse geometr ic  models, In ray -cas t ing  
for  v isual izat ion 16 i t  is impor tan t  to e f f i c i en t l y  f ind 
the f i rs t  in tersect ion on the ray, We have seen how 
EXCELL SUODorts this. 

In 23 we applied EXCELL  to the hidden l ine oroblem 
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somewhat in the style of 9. We obtained an efficient  
"O(n)" algorithm operating in external storage and thus 
making possible the t reatment  of scenes of unlimited 
complexity even on a mini-computer.  The computa- 
tional experience suggests the same efficiency level as 
reported s t a t e - o f - t h e - a r t  object space algorithms9, 28. 

In geometric integrity checking 13 we inspect a new 
geometric element for non-intersection with existing 
ones. Interference detection 5 is similar. Efficient 
geometric access is essential. 

Conclusions 

EXCELL is above all a practical method for organizing 
geometric data. Practical means simple to implement 
and having good expected efficiency. Beside analysis 
and simulations this has been demonstrated by the 
ooerational hidden line system 23. 

EXCELL is a general approach with many aoDlications. 
It is a compromize between traditional full-resolution 
methods and image processing methods relying on a 
fixed pixel size. We have not here discussed the 
numerous ramifications and variations of EXCELL. 

We have only referred to the theoretical analysis of 
EXCELL. However, we consider its results quite il- 
luminating and the general method applicable to many 
fixed and variable cell methods. 
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