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ABSTRACT 

STATEMENT OF THE PROBLEM 

In v a l i d a t i n g  a s i m u l a t i o n  mode l  of  a c o m p u -  
t e r  s y s t e m ,  m e a s u r e m e n t s  of  e x e c u t i o n  t i m e s  for 
program m o d u l e s  a re  o f t en  r e q u i r e d .  C l o c k s  a v a i l -  
a b l e  t o d a y  fo r  s u c h  p u r p o s e s  run d i s c r e t e l y .  They  
c l i c k  a t  c e r t a i n  t ime  i n t e r v a l s ,  some on the  o rder  
of  m i c r o s e c o n d s ,  o t h e r s  in m i l l i s e c o n d s .  For t e c h -  
n i c a l  a s  w e l l  a s  e c o n o m i c a l  r e a s o n s ,  t he  one we 
u s e  c l i c k s  e v e r y  1 6 . 6 6 6  m i l l i s e c o n d s .  T h e r e f o r e ,  
if both the beginning and ending of the execution 
of a program module fall inside the 16.666 ms inter- 
val between two consecutive clicks, the execution 
time T will be recorded as zero. On the other 
hand, if the beginning of the execution occurs 
shortly before a click, the recorded execution time 
will be 16.666 ms, no matter how short the actual 
execution time may be, as long as it ends after the 
click. Based on such unreliable data, a procedure 
is derived to yield a reliable estimate of T. 
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C l o c k s  for  m e a s u r i n g  the  e x e c u t i o n  t ime  of  
compu te r  p rograms  o p e r a t e  s i m i l a r  to  i n d u s t r i a l  
t ime  c l o c k s  in tha t  t h e y  run d i s c r e t e l y .  I n s t e a d  of  
c l i c k i n g  e v e r y  minu te  as  mos t  t ime  c l o c k s  d o ,  t h e y  
c l i c k  a t  much s h o r t e r  t ime  i n t e r v a l s ,  some on the  
o rder  of  m i c r o s e c o n d s ,  o t h e r s  in m i l l i s e c o n d s .  For 
t e c h n i c a l  a s  w e l l  a s  e c o n o m i c a l  r e a s o n s ,  the  one  
we u s e  c l i c k s  e v e r y  1 6 . 6 6 6  m i l l i s e c o n d s .  T h e r e -  
f o r e ,  i f  bo th  t he  b e g i n n i n g  and end ing  of  t he  e x e c u -  
t i o n  of  a program module  fa l l  i n s i d e  t he  1 6 . 6 6 6  ms 
i n t e r v a l  b e t w e e n  t w o  c o n s e c u t i v e  c l i c k s ,  t he  e x e c u -  
t i o n  t i m e  T w i l l  be  r e c o r d e d  a s  z e r o .  On the  o the r  
h a n d ,  i f  the  b e g i n n i n g  of  the  e x e c u t i o n  o c c u r s  
s h o r t l y  b e f o r e  a c l i c k ,  t h e  r e c o r d e d  e x e c u t i o n  t ime  
w i l l  be  1 6 . 6 6 6  m s ,  no m a t t e r  how shor t  the  a c t u a l  
e x e c u t i o n  t ime  may b e ,  a s  long a s  it  e n d s  a f t e r  the  
c l i c k .  For  s i m p l i c i t y  but  w i thou t  t oo  much l o s s  of  
r e a l i t y ,  it u s u a l l y  can  be  a s s u m e d  t h a t ,  for  a g i v e n  
program m o d u l e ,  i t s  e x e c u t i o n  t ime  is  a p p r o x i m a t e l y  
c o n s t a n t  w h i c h  i s  unknown  and to  be e s t i m a t e d .  

B r i e f l y ,  t h e  p rob lem c a n  be  s t a t e d  in t e rms  
of  the  f o l l o w i n g  q u e s t i o n s :  

1. Is it p o s s i b l e  t o  e s t i m a t e  T ,  b a s e d  on s u c h  
i n a c c u r a t e  da ta  due t o  the  d i s c r e t e  c l o c k  ? 

2.  If the  a n s w e r  to  q u e s t i o n  1 i s  y e s ,  wha t  t h e n  
is  t he  e s t i m a t e  of  T ? 

3 .  F u r t h e r ,  a s s u m i n g  we are  s a t i s f i e d  tha t  t he  
t rue  v a l u e  of  T w i l l  f a l l  w i t h i n  10% of our  
e s t i m a t e  wi th  p r o b a b i l i t y  of  0 . 9 5 ,  w h a t  i s  t h e  
s a m p l e  s i z e  n r e q u i r e d  t o  a c h i e v e  i t ?  

4 .  If we  drop our  c o n f i d e n c e  l e v e l  from 0 . 9 5  t o ,  
s a y ,  0 . 8 0 ,  wha t  t h e n  is  t he  new s a m p l e  s i z e  
n n e e d e d  ? 

5 .  For  a f i x e d  c o n f i d e n c e  l e v e l  and a g a i n  u s i n g  
10% as  the  t o l e r a n c e ,  w h a t  i s  t he  new n 
r e q u i r e d  if T i n c r e a s e s  or d e c r e a s e s ?  

ILLUSTRATION 1 
D i s t o r t i o n  of  Program M o d u l e  E x e c u t i o n  Time due 
to  the  U s e  of  D i s c r e t e  C l o c k s  
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EXECUTION TIME AND DISCRETE CLOCK . . .  C o n t i n u e d  

SOLUTION 

Let  £ r e p r e s e n t  1 6 . 6 6 6  ms ,  the  l e n g t h  of t ime  
i n t e r v a l  b e t w e e n  two c o n s e c u t i v e  c l i c k s ,  t h e n  we 
note  tha t  for a n y  v a l u e  of T b e t w e e n  0 and  £, 
our o b s e r v e d  v a l u e s ,  d e n o t e d  by  random v a r i a b l e  X, 
c a n  o n l y  be 0 or £ wi th  the  c o r r e s p o n d i n g  p r o b a -  
b i l i t i e s  

£-T and ! , 
£ £ 

r e s p e c t i v e l y .  S i m i l a r l y ,  for a n y  v a l u e  of T b e -  
t w e e n  k~ and  ( k + l ) £  , k = i ,  2, 3 . . . . .  the  o b -  
s e r v e d  v a l u e s  c a n  o n l y  be k£ or ( k + l ) £  wi th  the  
same  c o r r e s p o n d i n g  p r o b a b i l i t i e s  e x c e p t  the  T 
v a l u e  u s e d  in  c a l c u l a t i n g  the  p r o b a b i l i t i e s  is  T@~ 
where  @ d e n o t e s  modulo  d i v i s i o n  in wh ich  the 
q u o t i e n t  is  d i s c a r d e d  and  the  r e m a i n d e r  is  r e t a i n e d .  

In summary, we have the fo l lowing :  

For 0Z._T<£ , 

X P r o b a b i l i t i e s  

0 " £ - T  
£ 

£ _L 
£ 

For £ L T< 2£ 

X 
1 

£ 

2£ 

Probab i l  I t ie  s 

£- (T@£) 
£ 

T@E 
£ 

For k£ _~T < (k+l)£ 

X 

k£ 

(k + I)£ 

, k = O ,  1 ,  2 . . . .  

P robab i l i t  te s 

• £- (T@£) 
£ 

T@£ 
£ 

or 1 - p  

or p 

T@£ 
where  £ i s  d e n o t e d  by p .  

Now we have  a r r i ved  a t  t h e  f o l l o w i n g  c o n c l u -  
s i o n .  Suppose  a program module  has  b e e n  e x e c u t e d  
n t i m e s ,  and  the  module  e x e c u t i o n  t ime  is  r eco rded  
a s  ( k + l ) £  wi th  a f r e q u e n c y  of d out  of the  n 
t i m e s ,  and  r eco rded  a s  k£ wi th  a f r e q u e n c y  of 
( n - d )  t i m e s .  We c a n  s a y  the  t rue  module  e x e c u -  
t i o n  t ime  i s  b e t w e e n  k£ and  ( k + l ) £  and  i t s  b e s t  
e s t i m a t e  is  

ILLUSTRATION 2 

D i s c r e t e  C l oc k  M a p s  the C o n t i n u o u s  Real  Time to 
D i s c r e t e  C l oc k  Time by a Step F u n c t i o n  y = f ( x )  
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Notes: 

1. y = x o n l y i f x = 0 ,  E, 26, 3£ . . . .  
That is, the clock time is equal to real time only at the instances where 
the clock clicks. 

2. A commonly used discrete clock has £ = 16,666 ms 

This  is  b a s e d  on the  fac t  t ha t  X is  a b i n o m i a l  r a n -  
dom v a r i a b l e ,  the  e s t i m a t e  of i t s  pa r a me te r  p is  
d/n. 

Let ~ = d / n  , t h e n  for f a i r l y  la rge  n , the  n o r -  
mal  a p p r o x i m a t i o n  a p p l i e s ,  and  we h a v e  the  f o l l o w -  
ing  s t a t e m e n t  g i v i n g  an  app rox ima te  95 p e r c e n t  
c o n f i d e n c e  i n t e r v a l  for p :  

l J f  
~0.95 (1) 

Converting s t a t e m e n t  (i) to correspond to  the a p p r o -  
p r ia te  c o n f i d e n c e  i n t e r v a l  for T ,  we no te  t ha t  

T =i k£ +T@£ = k£ +p£ (2} 

and its estimate T is 

= ~ + ..-~-E = k3. + ~£ . (3) 
n 

C o m b i n i n g  ( 1 ) ,  ( 2 ) ,  a n d  (3) w e  h a v e  
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With  our t o l e r a n c e  f ixed  at  10 % of T , we have  

(4) 

E, .96 = 0.I0~ = 0.10(]E+~)E 

1.96'~I~(1-~) = 0.10(k+15) 
n 

100 (1.962 ) ~(1 - I  ~) n -- 
(k+~)  2 

If we lower  the  c o n f i d e n c e  l e ve l  from 0 .95  to  
0 . 9 0 ,  0 . 8 5 ,  0 . 8 0 ,  t h e n  by  r e p l a c i n g  the  f igure 1 . 9 6  
in  (5) wi th  app rop r i a t e  numbers  we o b t a i n  r e s p e c -  
t i v e l y :  

E q u a t i o n  (5) is  the  a n s w e r  to q u e s t i o n s  1, 2,  
and  3 of our problem s t a t e d  e a r l i e r .  

To i l l u s t r a t e  the  u s e  of (5), s u p p o s e  we have  
r eco rded  the  e x e c u t i o n  of a program module  2000 
t i m e s ,  400 of wh ich  we o b s e r v e d  by  the  d i s c r e t e  
c lock  to  have  a n  e x e c u t i o n  t ime  of 1 6 . 6 6 6  m s ,  the  
r e s t  b e i n g  0 m s .  We thus  have  the  fo l lowing :  

k = 0  

A 400 
p =  = 0 . 2  

2000 

'~ = kE + i~E = 0 . 2  x 16.666 = 3 . 3 3 3  ms 

The q u e s t i o n  is  s imp ly :  Is  the  s ample  s i z e ,  
in  t h i s  c a s e  2000,  la rge  enough  so  t ha t  we c a n  s a y  
wi th  c o n f i d e n c e  ( i . e . ,  wi th  p r o b a b i l i t y  0 .95)  the  
t rue  v a l u e  of module  e x e c u t i o n  t ime  is  w i t h i n  10% 
of our e s t i m a t e  of 3 . 3 3 3  ms ? 

Employ ing  (5), the  min imum sample  s i z e  r e -  
qu i r ed  is  

n = 
100 (1.96 2 ) (0.2) (0.8) 

(0.2) 2 

384.16(0.8) 
0 .2  

1536 

H e n c e ,  our  s ample  s i z e  of 2000 is  i n d e e d  large  
e n o u g h  to make the  c o n f i d e n c e  s t a t e m e n t .  

i00 (1. 6452) t5 ( i  - ~) 
n = 

(k+~)  2 
(Sa) 

100 (1.442) 15 (1 -~) n = , (5b) 
(k+~) 2 

(5) n = I00(1.282 )15(I-~) (5c) 

(k+~) 2 

For q u e s t i o n s  4 and  5 p o s t e d  e a r l i e r ,  the s o l u -  
t i o n s  are p rov ided  in  g raph ic  form in I l l u s .  3.  The 
cu rves  show the  r e l a t i o n s h i p  b e t w e e n  sample  s i z e  
r equ i r ed  ( y - a x i s )  and  the  e s t i m a t e d  module  e x e c u -  
t i o n  t ime  ( x - a x i s ) .  The d i f fe ren t  cu rves  r e p r e s e n t  
d i f f e ren t  c o n f i d e n c e  l e v e l s ,  wh i l e  t h e y  a l l  m a i n -  
t a i n e d  the  same  10% t o l e r a n c e .  

ILLUSTRATION 3 
R e l a t i o n s h i p  b e t w e e n  Sample  Size and Modu le  
Exe c u t i on  Time 
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Note: For module execution time of 15 ms or longer, a 
sample size of 45 is sufficient for all cases. 
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