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H1ERARCH1CAL DE516N AND EFF1C1EN7 1MPLEMEN7A710N 1N 5E7L : 
A CA5E 57UDY. 

Edm0nd 5ch0n6er9 
1111n0151n5t1tute 0f 7echn0109y 

Ch1ca90, 111. 60616 

1. 1N7R0DUC710N. 

7he pa55a9e fr0m f0rma15y5tem 5peC1f1cat10n t0 aCtUa1 1mp1ementat10n 
c0nt1nue5 t06e a 5u6ject 0f 1nten5e 5tudy, part1cu1ar1y 1n the c0ntext 0f 
f0rma1 ver1f1cat10n 5y5tem5 and 0f 1an9Ua9e5 W1th a65tract data-type5. 
(5ee e09 [1], [4], [6]) .7he parad19m wh1ch emer9e5 fr0m the5e 5tud1e5(and 
wh1ch wa5 c1ear1y 5et f0rth 6y D1jk5tra [2]) 15 a f0110w5 : 0ne 5tart5 
fr0m a de5Cr1pt10n 0f 5y5tem m0dU1e5, pre5ented 1n a Very-h19h 1eVe1 
(n0n-executa61e) 5pec1f1c~10n 1an9Ua9e, Wh1ch 15 de519ned t0 6e 
part1cu1ar1y amena61e t0 f0rma1 pr00f 0f c0rrectne55. 7h15 de5cr1pt10n 
c0n5t1tute5 the 5pec1f1cat10n 0f 50me a65tract mach1ne, wh05e 
1mp1ementat10n 15 then pr0duced 6y 5ucce551ve1y 10wer-1eve1 mach1ne5 wh1ch 
rea112e the pr1m1t1Ve50f the 0r191na10ne, Unt11 the 10We5t 1eVe1 mach1ne 
1n th15 5e4uence 15 ch05en t0 c0rre5p0nd t0 an eX15t1n95et 0f 1an9ua9e 
pr1m1t1Ve5. A part1cU1ar1y 1uc1d examp1e 0f th15 appr0ach 15 pre5ented 1n 
[5]. 7he purp05e 0f th155h0rt n0te 15 t0 exam1ne the 5y5tem de5cr16ed 
there1n, and pre5ent an appr0ach t01t5 de519n and 1mp1ementat10n 1n the 
framew0rk 0f 5E7L [3]. 7h155h0rt Ca5e 5tudy W111 empha512e the advanta9e5 
0f U51n95et pr1m1t1ve5 at the 5pec1f1cat10n 1eve1, and the ea5e w1th wh1ch 
a pr09ramm1n9 1an9ua9e wh1Ch 1nC1Ude5 the5e pr1m1t1ve5 (1n the1r m05t 
9enera1 f0rm) can 6e made t0 y1e1d a rea50na61y eff1c1ent 1mp1ementat10n 6y 
jud1c10U5 ch01ce 0f data-5tructure de5cr1pt10n5. (5ee [3] f0r a fu11 
de5Cr1pt10n 0f the 5E7L data-de5Cr1pt10n 5U61an9ua9e). 7he fact that 5E7L 
d0e5 n0t 1nC1ude 115t5 am0n91t5 datatype5,6ut pr0v1de5 a perfect1y 9enera1 
a550C1at1ve 5t0re, add5 t0 the 1ntere5t 0f th15 examp1e, wh05e de519n 90a1 
15 the rea112at10n 0f a n0n-tr1v1a1 f15t mana9ement 5y5tem. 

11. 7HE DE516N 60AL. 

5ketc7hehe d 5y5a5temf01t010w56 e :1mp1ement a hy6r1ded 115t15 fu1mana91Y de5cemenrt16ed5y5tem,1n [c0n515t1n95]. 1t can0f tw06e 

m0du1e5 : L157 AND UL157, 15 t06e pr0duced. L157 15 a 5tandard 115t 

man1pu1at1and the pred1cate5 °n 5y5temA70MP• Wh~"d1Ch 15CELL1nc1Ude5" UL157the u5man1ua1pU1Pra1m1t1ve5te5 un14cAR•ue 115t5CDR•• c0N$that• 
150f themt0 are5ay,evtheer 150m0rph1c115t5 created. 7he6y 0perathe UL157t10n5°1nPeratUL1157°n5areare51m5uch11arthatt0 n°th0tw°5e 

0fdd11ffeffeL157,r5rencfer0m6etweenand C0N51nc1udthe1netw0thatUCARm0du1,, UCDR1n5te51ead1e5• UC0N510f n the, cA70MPreatact10n1n9anda15UCELL.new0 f Ce11UC0N5up0n7h. e maUC0N5eachj0r 
1nv0cUCA R at1510n, x theandexwh0ecut10n5e UCDR0f UC0N5(x,Y)15 Y, 1fw15uch 11 Y1ae1de11hewa5un~4euedyc:1r1eatwh°5e6y 

Prevand n01°u5redund act1°nant 1nc0p1eUL15750•f 11n15t th51truc 5 fature5h10n 5 a 1re 15t5ev erare mpr0ducedade t05harw1th e 5t01n ra9th1 e•5 
m0du1e. 
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III o SETL DESCRIPTION° 

io The LIST module° 

List elements~ or cells~ are objects characterized by a unique 
address~ or more abstractly by a NAF4E(called -blank atom- in SETL)o Cells 
are further characterized by the fact that two single-valued relations 
(maps) are defined on them .~ CAR and CDRo The range values of these maps 
are either cells or atomic objects (ioeo objects belonging to a primitive 
data-type such as Integers Real~ etco whose internal representation does 
not concern us)o The LIST module is thus fully described by specifying its 
action on three data-objects : a set CELLS and two maps~ CAR and CDR, 
whose domain is CELLS and whose range is the set CA = CELLS + ATOMS° 

The primitive CONS creates a new cell and specifies its CAR and CDRo 
A new cell is produced by the creation of a new name° This is achieved in 
SETL by means of the primitive NEWAT (analogous to the LISP primitive 
GENSYM) o The code for CONS follows : 

PROC CONS (XeY) ; 

END 

NEWCELL := NEWAT ; $ Create new cello 
CELLS WITH NEWCELL ; $ insert it in the set of all cells° 
CAR(NEWCELL) := X ; $ and define its CAR and CDRo 
CDR(NEWCELL) := Y ; 
RETURN NEWCELL ; 

The predicate ISCELL ascertains whether a given object X is an 
existing cell. This corresponds to performing a membership test for X in 
CELLS: 

PROC ISCELL(X) ; RETURN (X IN CELLS ) ; END ; 

Equivalently, ISCELL(X) can be stated as the following predicate : 

PROC ISCELL(X) ; RETURN (CAR(X) /= OM AND CDR(X) /= OM) ; END ; 

i.e. X is a cell if both its CAR and CDR are defined. ( OM is the SETL 
'undefined value', obtained when trying to access a map value on a point 
outside of its domain). Note that if the membership test is implemented in 
fully protected fashion (i.e. if the test (X IN CELLS) can be performed 
regardless of the type of X) , then there is no need to specify any 
exception conditions. The same holds for the handling of the maps CAR and 
CDR: if X is outside of the current domain of definition of CAR, then 
CAR(X) yields OM. Delicate boundary conditions and exception conditions 
need not be examined, because the SETL processor itself provides the 
required environment protection. 
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2o THE ULIST module° 

The cells manipulated by the ULIST module (ucells) are characterized 
by the fact that for a given pair of values (×~y) (taken from the range 
values of CAR and CDR) there is at most one cell whose CAR is x and CDR is 
yo A set UCELLS~ is the first data object needed to describe ULIST~ The 
uniqueness condition is expressed by the existence of a single-valued map 

UCELL : CA x CA -> UCELLS 

The predicate ISUCELL(X) is simply a membership test for X in UCELLSo 
UCONS is implemented as follows : 

PROC UCONS (X~ Y) ; 

IF (ISUCELL(X) OR ATOMP(X)) AND {ISUCELL(Y) OR ATOMP(Y)) THEN 
IF UCELL(PAIR := [X,Y]) = OM THEN 

NEWCELL ;= CONS(X~Y) ; 
UCELLS WITH NEWCELL; 

UCELL(PAIR) := NEWCELL ; 

END IF ; 
RETURN UCEiL(PAIR) ; 

ELSE 

RETURN OM ; 

END IF ; 

END PROC ; 

$ Create new cell. 
$ Using standard CONS . 
$ Enlarge set of unique 
$ cells. 
$ Update map from pairs 
$ to unique cells. 
$ Else such ucell exists 
$ already. 
$ Invalid arguments. 

Note that the semantics of SETL insure that UCELL is a single-valued 
maps as long as the only updates on it take the form UCELL(X) := Y ; as in 
the code above. 

Finally, UCAR and UCDR are simply the restrictions of CAR and CDR to a 
subset of their domain (i~e. UCELLS rather than CELLS). The code for 
UCONS above insures that Ucells are built only out of atoms or other Ucells 

(as specified in [5] ). 

i I[Ii ̧  I I II ̧ I I IIii Ill II I I ̧  I 
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1V. EFF1C1ENCY C0N51DERA710N5 : 1N7R0DUC1N6 8A5ED REPRE5EN7A710N50 

7he 5et5 CELL5 and UCELL5~ and the map5 CAR~ CDR AND UCELL~ t09eth 
w1th the pr0cedure5 C0N5, UC0N5, UCARw UCDR and the mem6er5h1p pred1cat 
15CELL and 15UCELL, pr0v1de an 1mp1ementat10n 0f the pr0p05ed 5y5tem. 7] 
C0rrectne55 0f th15 1mp1ementat10n (wh1ch , a5 1t 5tand5~ 15 1nde 
executa61e 1n 5E7L),f0110w5 fr0m the 1nf0rma1 remark5 made 1n the prev10 
5ect10n5, and fr0m the fact that the 5E7L pr1m1t1ve5 rea112e fa1thfu11y t] 
5emant1C5 0f the the0ry 0f ~1n1te 5et5. 

7he 1mp1ementat10n thu5 pr0duced 15 c1ear1y very 1neff1c1ent, 60th 
term5 0f 5t0ra9e and execut10n 5peed 51nce 

a) A 91ven ce11 may appear 1n a5 many a5 9 1n5tance5 0r c0p1e5 : 
an e1ement 0f CELL5, an e1ement 0f UCELL5, an e1ement 0f the d0ma1n 0r/at 
ran9e 0f CAR,etc. 

6) 70 eva1uate the CAR 0r the CDR 0f a 91ven ce11, a 9ener~ 
a550c1at1ve retr1eva1 0perat10n mu5t 6e perf0rmed, 1n5tead 0f the 51mp] 
dereferenc1n9 0perat10n wh1ch w0u1d 6e u5ed 1n 5tandard 115t man1pu1at1c 
5ytem5. 

80th the5e 91ar1n9 1neff1c1enc1e5 can 6e e11m1nated, 6y 1ntr0duc1r 
6a5ed repre5entat10n5. Very 6r1ef1y, 6a5ed repre5entat10n5 are 5pec1f1~ 
f0r a 5E7L Pr09ram 6y 1ntr0duc1n9 5pec1a1 5et5, ca11ed 8A5E5,1n term5 
wh1ch actua1 pr09ram 06ject5 (5et5, map5,etc.) are 5pec1f1ed. 7h1 
5pec1f1cat10n can take a num6er 0f f0rm5 : a 5et may 6e a 5u65et 0f 
6a5e, a map may have a 5u65et 0f a 6a5e f0r 1t5 d0ma1n (and/0r ran9e), a 
06ject may 6e an e1ement 0f a 6a5e, etc. (5ee [3] f0r an exten51v 
d15cu5510n 0f the 5yntax and 5emant1c5 0f 6a5e dec1arat10n5) . 7h 
f0110w1n9 p01nt5 can 6ernade : 

a) We n0te f1r5t that UCELL5 cCELL5, than D0MA1N(CAR) = D0MA1N(CDR) 
CELL5, and that RAN6E(UCELL) cCELL5.-- 7h15 1ead5 u5 t0 ch005e CELL5 a5 

m 

6a5e 5et, 1n term5 0f wh1ch the 0ther data-06ject5 can 6e de5cr16ed. 

6) 7he 5et UCELL5 15 u5ed f0r mem6er5h1p te5t5 (pred1cate 15UCELL) an 

f0r 1n5ert10n5 (6y mean5 0f UC0N5). A5 n0 0ther 0perat10n5 are perf0rme 
0n 1t, 1t can m05t ec0n0m1ca11y 6e repre5ented a5 a 10ca1 5u65et 0f CELL5 
1.e. 6y attach1n9 t0 each e1ement 0f CELL5 a 51n91e mem6er5h1p 61 
5pec1fy1n9 1t5 pre5ence 1n UCELL5. 

c) 7he map5 CAR and CDR are t0ta1 0ver CELL5. 7hey are 6e5t de5cr16e 
a5 10ca1 map5, 1.e. the1r va1ue5 are attached t0 the e1ement 610ck 0f eac 
ce11 1n CELL5. (7h15 e1ement 610ck can 6e th0u9ht 0f, 1n L15P term5, a5 
f1xed-1en9th pr0perty 115t). 

7he ran9e 0f CAR and CDR 1nc1ude5 60th ce115 and at0m5 and 
de5cr16ed a5 hav1n9 9enera1 (1.e. unre5tr1cted) type. 

15 51mp1 
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7he repre5entat10n5 f0r 0ur data-06ject5 are n0w 
f0110w1n9 dec1arat10n5 : 

8A5E CELL5 ; 
RE PR 

UCELL5 : L0CAL 5E7(~ CELL5 ) ; 
CAR p CDR : L0CAL 5MAP (6CELL5) 6ENERAL ; 
NEWCELL : CELL5 ; 
UCELL : 5MAP ( [6ENERAL, 6ENERAL])~ CELL5 ; 

END ; 

5pec1f1ed 6y the 

7he c0de f0r C0N5 and UC0N515 unm0d1f1ed, except f0r the rem0va1 0f 
the exp11c1t 1n5ert10n 0f NEWCELL 1n CELL5 1n f1ne 20f C0N5. 7h15 
1n5ert10n 15 perf0rmed aut0mat1ca11y 6y v1rtue 0f the dec1arat10n f0r 
NEWCELL a5 a e1ement 0f the 6a5e 5et CELL5 and the 5emant1c50f 6a5e 5et5. 
[3]. 

7he effect 0f the deC~arat10n5 a60ve 15 t0 rea112e f0r CAR and CDR the 
u5ua1 p01nter 5tructure 0n the 5et 0f ce115. UCELL rema1n5 0f c0ur5e an 
a550C1at1Ve 5truCture, a5 1t mU5t 1n any eff1C1ent 1mp1ementat10n. (5ee 
the carefu1 d15cu5510n 0f 1t5 rea112at10n 1n 1N7ERL15P 1n [5]) • 

V. REMA1N1N6 1NEFF1C1ENC1E5. 

7here are three rema1n1n9 1neff1C1enc1e5 1n 5t0ra9e U5a9e 1n the 
5y5tem we have 06ta1ned. 

6ecaU5e a ) 7hethe r ean9e 1ement 0f610ck5CA Rand 1ncDRcELL5ha5 are6een1ar9 de5c errthan16ed a a51an 15t06j cect e110fneed9ener6ea1• 

m°rewaY0n1 ytype f0• Pr ectherandthe15e5pac5E7th1 n1 eLf° pr0Ce550 rre4u1 w111at 10nredf0 rcea60utt0f0therreatheaa1112er an910catp01thn e terat1°nvaeach. 1 ue 5 ° f 1na0 f050meff u1CARthe 5e 1 mac w° rdand h 1ne5va1ue 5 CDRf° r, eachththere150 ccup1e.W1 th0may 156en0ut5 

(t01era61y) Wa5tefU1. 

basAT•MSEITHERingTh(whanisdeciche•s•imightementatrati•nsuati•nactua••findicates:thethe•y 6a6ere5e•u5efu11h°wever55en0tWaa5CELL5 y• a t°a 6a5eweakne555p ec1, •rsefytanathatin•s•)e•ementthethe.Uni•ncurrangerent•ftype•sthefsearcARteseti•insf 

any ca5e a65ent fr0m the data-de5cr1pt10n 1an9ua9e 0f 5E7L. 

6eca0ne° r d et°1nv° ke dPrUr ed 6 )pr 0 p05ee 5e rV e ) 7 h epath at h e Y15ed rte 1[ 1 a60vXt hed enem en th01 Y ]t e1 w°u5 ua 1f• 610Ck51 e56Ut theu1 d 1 tL1575em1 ead un" 1 nan t1C 517h4uecE LL51t0t 5e 1 f15 aadd edNAME ° f5 a r e1mc0 u1C0N5 "11 a r a pr 0d uC edd1 e 15°n0 t 1mp 1 emen tat 10n d7he1 a156 e r9 d efe r 1 nd 15pe n5a61 e r e6Ytha na111 n 1NEWA72e dt 10u5ua0n, whenev erf 6ec0 fUL 1 aa1571 f1u 5ec15 te1wea 5C0N 5t he1 c e1awa n tthea n1155 
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CELL5 W0U1d c0nta1n n0 dup11Cate pa1r50 1n the a65ence 0f the c0ncept 
MaCh1ne addre55 1n the 1an9Ua9e~ there 15 n0 0ther way 6Ut t0 Cre~ 
ar61trary ta95 t0 refer t0 d1fferent 5et e1ement5 wh05e 5trUCtUre may 
1dent1Ca1. 

c) ~ 7he th1rd 1neff1c1enCy appear5 1n the 5t0ra9e 0f the map UCEL1 
1t5 d0ma1n 15 a 5et 0f pa1r5 [X5 Y] ~ Where X and Y are the CAR and CDR 
50me uCe11• 7he va1ue5 0f X and Y mu5t 6e 5t0red 1n a pa1r ~ a5 a p01nt 
the d0ma1n 0f UCELLF even th0U9h the5e Va1ue5 a150 appear a5 the CAR 
CDR 0f the c0rre5p0nd1n9 e1ement 610Ck 1n the 6a5e CELL50 Care1 
hand-c0d1n9 0f the map (a550C1at1ve 5t0re) UCELL w111 U5e the e1ement 61( 
d1rect1y, 1~e. the entry C0rre5p0nd1n9 t0 a Certa1n ha5h-Va1Ue w111 p01 
t0 an e1ement 610Ck 1n CELL5 rather than t0 a 5eparate 0rdered pa1r [X,~ 
5UCh ref1nement5 are 0f C0Ur5e 6ey0nd the Capa6111t1e5 0f the f1Xed f0rm1 
pr0V1ded 6y the 5E7L data-5tructUr1n9 mechan15m5. 
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