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Abstract

This paper analyzes a (1, A)-Evolution Strategy, a randomized comparison-based
adaptive search algorithm, optimizing a linear function with a linear constraint. The
algorithm uses resampling to handle the constraint. Two cases are investigated: first
the case where the step-size is constant, and second the case where the step-size is
adapted using cumulative step-size adaptation. We exhibit for each case a Markov
chain describing the behaviour of the algorithm. Stability of the chain implies, by
applying a law of large numbers, either convergence or divergence of the algorithm.
Divergence is the desired behaviour. In the constant step-size case, we show stability
of the Markov chain and prove the divergence of the algorithm. In the cumulative
step-size adaptation case, we prove stability of the Markov chain in the simplified case
where the cumulation parameter equals 1, and discuss steps to obtain similar results
for the full (default) algorithm where the cumulation parameter is smaller than 1. The
stability of the Markov chain allows us to deduce geometric divergence or conver-
gence, depending on the dimension, constraint angle, population size and damping
parameter, at a rate that we estimate. Our results complement previous studies where
stability was assumed.

Keywords
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1 Introduction

Derivative Free Optimization (DFO) methods are tailored for the optimization of nu-
merical problems in a black-box context, where the objective function f : R* — R is
pictured as a black-box that solely returns f values (in particular no gradients are avail-
able).

Evolution Strategies (ES) are comparison-based randomized DFO algorithms. At
iteration ¢, solutions are sampled from a multivariate normal distribution centered in
a vector X;. The candidate solutions are ranked according to f, and the updates of X,
and other parameters of the distribution (usually a step-size o; and a covariance matrix)
are performed using solely the ranking information given by the candidate solutions.
Since ES do not directly use the function values of the new points, but only how the
objective function f ranks the different samples, they are invariant to the composition
(to the left) of the objective function by a strictly increasing function h : R — R.
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This property and the black-box scenario make Evolution Strategies suited for a
wide class of real-world problems, where constraints on the variables are often im-
posed. Different techniques for handling constraints in randomized algorithms have
been proposed, see (Mezura-Montes and Coello, 2011) for a survey. For ES, common
techniques are resampling, i.e. resample a solution until it lies in the feasible domain, re-
pair of solutions that project unfeasible points onto the feasible domain (Arnold, 2011b,
2013), penalty methods where unfeasible solutions are penalised either by a quantity
that depends on the distance to the constraint if this latter one can be computed (e.g.
(Hansen et al., 2009; Arnold and Porter, 2015) with adaptive penalty weights) or by the
constraint value itself (e.g. stochastic ranking (Runarsson and Yao, 2000)) or methods
inspired from multi-objective optimization (e.g. (Mezura-Montes and Coello, 2008)).

In this paper we focus on the resampling method and study it on a simple con-
strained problem. More precisely, we study a (1, \)-ES optimizing a linear function with
a linear constraint and resampling any infeasible solution until a feasible solution is sam-
pled. The linear function models the situation where the current point is, relatively to
the step-size, far from the optimum and “solving” this function means diverging. The
linear constraint models being close to the constraint relatively to the step-size and far
from other constraints. Due to the invariance of the algorithm to the composition of
the objective function by a strictly increasing map, the linear function can be composed
by a function without derivative and with many discontinuities without any impact on
our analysis.

The problem we address was studied previously for different step-size adapta-
tion mechanisms and different constraint handling methods: with constant step-size,
self-adaptation, and cumulative step-size adaptation, and the constraint being handled
through resampling or repairing unfeasible solutions (Arnold, 2011a, 2012, 2013). The
drawn conclusion is that when adapting the step-size the (1, A)-ES fails to diverge un-
less some requirements on internal parameters of the algorithm are met. However, the
approach followed in the aforementioned studies relies on finding simplified theoreti-
cal models to explain the behaviour of the algorithm: typically these models arise from
approximations (considering some random variables equal to their expected value, etc.)
and assume mathematical properties like the existence of stationary distributions of un-
derlying Markov chains without accompanied proof.

In contrast, our motivation is to study the algorithm without simplifications and
prove rigorously different mathematical properties of the algorithm allowing to deduce
the exact behaviour of the algorithm, as well as to provide tools and methodology for
such studies. Our theoretical studies need to be complemented by simulations of the
convergence/divergence rates. The mathematical properties that we derive show that
these numerical simulations converge fast. Our results are largely in agreement with
the aforementioned studies of simplified models thereby backing up their validity.

As for the step-size adaptation mechanism, our aim is to study the cumulative
step-size adaptation (CSA) also called path-length control, default step-size mechanism
for the CMA-ES algorithm (Hansen and Ostermeier, 2001). The mathematical object to
study for this purpose is a discrete time, continuous state space Markov chain that is
defined as the pair: evolution path and distance to the constraint normalized by the
step-size. More precisely, stability properties like irreducibility and existence of a sta-
tionary distribution of this Markov chain need to be studied to deduce the geometric
divergence of the CSA and have a rigorous mathematical framework to perform Monte
Carlo simulations allowing to study the influence of different parameters of the algo-
rithm. We start by illustrating in details the methodology on the simpler case where the
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step-size is constant. We show in this case that the distance to the constraint reaches a
stationary distribution. This latter property was assumed in a previous study (Arnold,
2011a). We then prove that the algorithm diverges at a constant speed. We then apply
this approach to the case where the step-size is adapted using path length control. We
show that in the special case where the cumulation parameter ¢ equals to 1, the ex-
pected logarithmic step-size change, EIn(oy+1/0¢), converges to a constant r, and the
average logarithmic step-size change, In(o,/0¢)/t, converges in probability to the same
constant, which depends on parameters of the problem and of the algorithm. This im-
plies geometric divergence (if > 0) or convergence (if » < 0) at the rate r for which
estimations are provided.

This paper is organized as follows. In Section 2 we define the (1, \)-ES using re-
sampling and the problem. In Section 3 we provide some preliminary derivations on
the distributions that come into play for the analysis. In Section 4 we analyze the con-
stant step-size case. In Section 5 we analyze the cumulative step-size adaptation case.
Finally we discuss our results and our methodology in Section 6.

A preliminary version of this paper appeared in the conference proceedings
(Chotard et al., 2014). The analysis of path-length control with cumulation parame-
ter equal to 1 is however fully new, as well as the discussion on how to analyze the case
with cumulation parameter smaller than one. Also Figures 4-11 are new as well as the
convergence of the progress rate in Theorem 1.

Notations

Throughout this article, we denote by ¢ the density function of the standard multi-
variate normal distribution (the dimension being clarified within the context), and ¢
the cumulative distribution function of a standard univariate normal distribution. The
standard (unidimensional) normal distribution is denoted N (0, 1), the (n-dimensional)
multivariate normal distribution with covariance matrix identity is denoted N (0, 1d,,)
and the i*" order statistic of A i.i.d. standard normal random variables is denoted N;..
The uniform distribution on an interval I is denoted U/;. The set of natural numbers
(including 0) is denoted N, and the set of real numbers R. We denote R, the set
{z € R|lxz > 0}, and for A C R", the set A* denotes A\{0} and 1, denotes the indi-
cator function of A. For a topological space X, B(X) denotes the Borel algebra of X'. We
denote pi1ep the Lebesgue measure on R, and for A C R, p14 denotes the trace measure
pua : B € B(R) — pres(AN B). For two vectors x € R" and y € R”, we denote [x];
the i*®-coordinate of x, and x.y the scalar product of x and y. Take (a,b) € N? with
a < b, we denote [a..b] the interval of integers between @ and b. The Gamma function

is denoted by I For X and Y two random vectors, we denote X LYifXand Y
are equal in distribution. For (X;):cy a sequence of random variables and X a random

variable we denote X; 3 X if X, converges almost surely to X and X, B xif X
converges in probability to X. For X a random variable and 7 a probability measure,
we denote E(X) the expected value of X, and E,(X) the expected value of X when X
has distribution 7.

2 Problem statement and algorithm definition

21 (1, A\)-ES with resampling

In this paper, we study the behaviour of a (1, A)-Evolution Strategy maximizing a func-
tion f: R® — R, A > 2, n > 2, with a constraint defined by a function g : R® — R
restricting the feasible space t0 Xfeasible = {x € R"|g(x)>0}. To handle the constraint,
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Figure 1: Linear function with a linear constraint, in the plane generated by V f and
n, a normal vector to the constraint hyperplane with angle § € (0,7/2) with Vf. The
point x is at distance g(x) from the constraint.

the algorithm resamples any unfeasible solution until a feasible solution is found.
From iteration ¢ € N, given the vector X; € R" and step-size o; € R, the algo-
rithm generates A\ new candidates:

Y!=X;+ 0N, (1)

with i € [1..A], and (N{);efr..n 1.i.d. standard multivariate normal random vectors. If a
new sample Y7 lies outside the feasible domain, that is g(Y})<O0, then it is resampled
until it lies within the feasible domain. The first feasible ith candidate solution is de-
noted Y} and the realization of the multivariate normal distribution giving Y7} is N3},
ie.
Yi =X; +oNj 2)
The vector N is called a feasible step. Note that N is not distributed as a multivariate
normal distribution, further details on its distribution are given later on.
We define *x = argmax;c(; ) f (Y?) as the index realizing the maximum objective

function value, and call N7 the selected step. The vector X; is then updated as the
solution realizing the maximum value of the objective function, i.e.

Xt+1 = ?: = Xt + O'tN: . (3)

The step-size and other internal parameters are then adapted. We denote for the
moment in a non specific manner the adaptation as

Ot4+1 = Utft (4)

where & is a random variable whose distribution is a function of the selected steps
(N7¥)i<t, Xo, 0o and of internal parameters of the algorithm. We will define later on
specific rules for this adaptation.

2.2 Linear fitness function with linear constraint

In this paper, we consider the case where f, the function that we optimize, and g, the
constraint, are linear functions. W.Lo.g., we assume that |V f|| = [|Vg|| = 1. We denote
n := —Vyganormal vector to the constraint hyperplane. We choose an orthonormal Eu-
clidean coordinate system with basis (e;);c1..,) With its origin located on the constraint
hyperplane where e; is equal to the gradient V f, hence

f(x) = [xh ©)
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and the vector e, lives in the plane generated by V f and n and is such that the angle
between e; and n is positive. We define § the angle between V f and n, and restrict
our study to 6 € (0, 7/2). The function g can be seen as a signed distance to the linear
constraint as

g(x) =x.Vg = —x.n = —[x]; cosf — [x]2sinf . (6)

A point is feasible if and only if g(x)>0 (see Figure 1). Overall the problem reads

maximize f(x) = [x]; subject to

@)

g(x) = —[x]1 cos 0 — [x]28in >0 .

Although Ni and N7 are in R, due to the choice of the coordinate system and the
independence of the sequence ([N?];)e[1..., only the two first coordinates of these vec-
tors are affected by the resampling implied by g and the selection according to f. There-
fore [N?]), ~ N(0,1) for k € [3..n]. With an abuse of notations, the vector N will denote
the 2-dimensional vector ([N, [N{]2), likewise N} will also denote the 2-dimensional
vector ([N7]1, [N7]2), and n will denote the 2-dimensional vector (cos 6, sin #). The co-
ordinate system will also be used as (e, e2) only.

Following (Arnold, 2011a, 2012; Arnold and Brauer, 2008), we denote the normal-

ized signed distance to the constraint as ¢, that is

Ot

We initialize the algorithm by choosing Xy = —n and 0¢ = 1, which implies that
dp = 1.

3 Preliminary results and definitions

Throughout this section we derive the probability density functions of the random vec-
tors Ni and N7 and give a definition of N¢ and of N} as a function of é; and of an i.i.d.
sequence of random vectors.

3.1 Feasible steps

The random vector Nf;, the ith feasible step, is distributed as the standard multivariate
normal distribution truncated by the constraint, as stated in the following lemma.

Lemma 1. Lef a (1, \)-ES with resampling optimize a function f under a constraint function
g. If g is a linear form determined by a vector n as in (6), then the distribution of the feasible
step N only depends on the normalized distance to the constraint &, and its density given that
0, equals ¢ reads
¢(x)1r; (6 —x.m)
= . 9

Proof. A solution Y] is feasible if and only if ¢(Y$)>0, which is equivalent to
—(X¢ 4+ 0¢N%).n>0. Hence dividing by o, a solution is feasible if and only if §; =
—X;.n/o;>N¢.n. Since a standard multivariate normal distribution is rotational invari-
ant, Ni.n follows a standard (unidimensional) normal distribution. Hence the proba-
bility that a solution Y? or a step N is feasible is given by

Pr(N(0,1)<5;) = @ (5;) .
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Therefore the probability density function of the random variable N%.n for §; = § is
z = @(x)1r: (6 — z)/®(5). For any vector n' orthogonal to n the random variable
Ni.nt was not affected by the resampling and is therefore still distributed as a standard
(unidimensional) normal distribution. With a change of variables using the fact that
the standard multivariate normal distribution is rotational invariant we obtain the joint
distribution of Eq. (9). O

Then the marginal density function p; 5 of [Ni]; can be computed by integrating
Eq. (9) over [x]; and reads
P ( d—xcosf )

sin 6

p1s (7) = ¢ (2) T B0) (10)

(see (Arnold, 2011a, Eq. 4) for details) and we denote F} ;5 its cumulative distribution
function.

It will be important in the sequel to be able to express the vector N as a function
of §; and of a finite number of random samples. Hence we give an alternative way to
sample N rather than the resampling technique that involves an unbounded number
of samples.

Lemma 2. Lef a (1, \)-ES with resampling optimize a function f under a constraint function

g, where g is a linear form determined by a vector n as in (6). Let the feasible step N be the
random vector described in Lemma 1 and Q be the 2-dimensional rotation matrix of angle 6.
Then

o
N LA win Nt =t (M () an
t

where F; " denotes the generalized inverse of the cumulative distribution of Nj.n ', U ~ Ujg 1,
N~ N(0,1) with (Uf)sep. z) ten Lid. and (Nf)iep. zeen Lid. random variables.

Proof. We define a new coordinate system (n,n') (see Figure 1). It is the image of
(e1,e2) by Q. In the new basis (n,n"), only the coordinate along n is affected by
the resampling. Hence the random variable NZ.n follows a truncated normal distribu-
tion with cumulative distribution function £, equal to min(1, ®(z)/®(d;)), while the
random variable Nf;.nl follows an independent standard normal distribution, hence

Ni £ (Nin)n + Ajnt. Using the fact that if a random variable has a cumulative dis-
tribution F, then for F~! the generalized inverse of F, F~'(U) with U ~ U 1) has the

same distribution as this random variable, we get that F(;:l (U} < Ni.n, so we obtain
Eq. (11). O

We now extend our study to the selected step N7.

3.2 Selected step

The selected step N} is chosen among the different feasible steps (Ni)ie[l“ »] to maxi-
mize the function f, and has the density described in the following lemma.

Lemma 3. Let a (1, \)-ES with resampling optimize the problem (7). Then the distribution of
the selected step N} only depends on the normalized distance to the constraint o, and its density

1The generalized inverse of Fy is F{l(y) = inf,er{F5(z) > y}.
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given that 0, equals 6 reads

PE(X)=Aps (x) Frs([x])M 1, 12)
¢(x)1r; (6 — x.n) [x]1 @(W) A-1
=A 0] </£(U)T6)9du>

where ps is the density of Ni given that 6; = & given in Eq. (9) and F ; the cumulative
distribution function of [N%]; whose density is given in Eq. (10) and n the vector (cos 6, sin 6).

Proof. The function f being linear, the rankings on (N};)ie[l” 5] correspond to the order
statistic on ([N] 1)ie[1..a]- If we look at the joint cumulative distribution Fj of N?

Fj (a.y) = Pr (IN; ], < . [Nj2 < )
—gPr (N < (1) N0 < N forj 1)

by summing disjoints events. The vectors (Ni)ie[l_ »] being independent and identi-
cally distributed

Fitep) = ape (N < () 0N < N forj 1)
= )\/_; /_yoo ps(u,v) ﬁQPr([NZ]l < w)dvdu

x Yy
= )‘/ / ps(u,v)F1 5(u)* Tdodu .

Deriving F} on z and y yields the density of N7 of Eq. (12). O

We may now obtain the marginal of [N?]; and [N}],.

Corollary 1. Let a (1, \)-ES with resampling optimize the problem (7). Then the marginal
distribution of [N}, only depends on &, and its density given that 6, equals § reads

Pis (@) = Aprs(@)Frs(@) ", (13)

P 571'0059
= oy 2R - Ly sl |

and the same holds for [N}], whose marginal density reads

d—ysin @

Phs () = A% [ 7 etwrser (14)

Proof. Integrating Eq. (12) directly yields Eq. (13).
The conditional density function of [N}]y is

* N * = 7p§((517,y))
ool =) = P
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Aspss(y) = Jp pg)é(y“N;]l = x)pj s(x)dz, using the previous equation with Eq. (12)
gives that pj 5(y) = [z Aps((z,y))F1,s(z)* " dz, which with Eq. (9) gives

p5s(y) = )\% /Rgp(x)lm (6 - (’y”) .n> Fy s(x)*'da.

The condition § — x cos § — y sin >0 is equivalent to ©<(d — ysin 6)/ cos 6, hence Eq. (14)
holds. O

We will need in the next sections an expression of the random vector N7 as a func-
tion of §; and a random vector composed of a finite number of i.i.d. random variables.
To do so, using notations of Lemma 2, we define the function G : R x ([0,1] x R) — R?

as -
G(6,w) = Q1< Fy ([wh) ) : (15)

(W2

According to Lemma 2, given that U ~ U}y and N' ~ N(0,1), (F5 1 (U),N) (resp.
G(8,(U,N))) is distributed as the resampled step N in the coordinate system (n,n™)
(resp. (e1,e2)). Finally, let (w;);c(1.5 € ([0,1] x R)* and let G : R x ([0,1] x R)* — R?
be the function defined as

G0, (Wi)iep.\) = _argmax f(N) . (16)
Ne{g(o,wi)lic[1..A]}
As shown in the following proposition, given that W} ~ (U1}, N'(0,1)) and W, =
(Wi)ie[l” A, the function G(d;, W) is distributed as the selected step N;.

Proposition 1. Let a (1, \)-ES with resampling optimize the problem defined in Eq. (7), and
let (Wi)ie_u..,\],teN be an i.i.d. sequence of random vectors with Wi ~ U017, N(0,1)), and
Wt = (W%)’Le[l)\] Then

Ny £ 66, W) (17)
where the function G is defined in Eq. (16).
Proof. Since f is a linear function f(Y}) = f(X;) + o:f(N}), so f(Y}) < F(Y) i
equivalent to f(N}) < f(N{). Hence » = argmax;c; y f(Nj) and therefore N}

argmaxye (i jic1.n) / (N). From Lemma 2 and Eq. (15), Ni £ G(5,, Wi), so N*
argmaxye (g(s, wiic[1..n]} J (N), which from (16) is G(6;, W} ).

9]

O sl

4 Constant step-size case

We illustrate in this section our methodology on the simple case where the step-size is
constantly equal to o and prove that (X,).en diverges in probability at constant speed
and that the progress rate ¢* := E([X;41]1 — [X¢]1) = oE([N?]1) (see Arnold 2011a,
Eq. 2) converges to a strictly positive constant (Theorem 1). The analysis of the CSA
is then a generalization of the results presented here, with more technical results to
derive. Note that the progress rate definition coincides with the fitness gain, i.e. p* =
E(f(Xs+1) = f(X4))-

As suggested in (Arnold, 2011a), the sequence (d;),.y plays a central role for the
analysis, and we will show that it admits a stationary measure. We first prove that this
sequence is a homogeneous Markov chain.

8 Evolutionary Computation Volume x, Number x
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Proposition 2. Consider the (1, \)-ES with resampling and with constant step-size o optimiz-
ing the constrained problem (7). Then the sequence §, = g(X;)/o is a homogeneous Markov
chain on R and

6t+1 = 5,5 — N:n g 515 — g(5t, Wt).n s (18)
where G is the function defined in (16) and (Wy)ien = (W})ie[1..x),ten is an iid. sequence
with W ~ (U1, N(0, 1)) for all (i,t) € [1..A] x N.

Proof. Tt follows from the definition of &, that 6,4, = 2551 — —(RetoNi)n 5 —

Ot41 g

N;.n, and in Proposition 1 we state that N; 4 G(6¢, Wy). Since d;41 has the same
distribution as a time independent function of ¢, and of W, where (W;)en are i.i.d., it
is a homogeneous Markov chain. O

The Markov Chain (d;),.y comes into play for investigating the divergence of

f(X¢) = [X¢]1. Indeed, we can express M in the following manner:
X, - X 1
=X IS (el - Xaly)
k=0
o =1 -
== D INgh = < D [60k Wil (19)
k=0 k=0

The latter term suggests the use of a Law of Large Numbers (LLN) to prove the conver-
gence of M which will in turn imply—if the limit is positive-—the divergence of
[X¢]1 at a constant rate. Sufficient conditions on a Markov chain to be able to apply the
LLN include the existence of an invariant probability measure 7. The limit term is then
expressed as an expectation over the stationary distribution. More precisely, assume

the LLN can be applied, the following limit will hold

X - X a.s,
B Xoh o o [ (166 W) wls) 0)
t t—o0 R’

If the Markov chain (;), .y is also V-ergodic with [E([G (4, W)]1)| < V() then the
progress rate converges to the same limit.

B(X, ] - (X)) — o / E ([G(6, W)]1) (do) . @1)

t——+oo "
+

We prove formally these two equations in Theorem 1.

The invariant measure 7 is also underlying the study carried out in (Arnold, 2011a,
Section 4) where more precisely it is stated: “Assuming for now that the mutation strength
o is held constant, when the algorithm is iterated, the distribution of §-values tends to a station-
ary limit distribution.”. We will now provide a formal proof that indeed (d;),. admits
a stationary limit distribution 7, as well as prove some other useful properties that will
allow us in the end to conclude to the divergence of ([X;]1).en.

4.1 Study of the stability of (5;),

We study in this section the stability of (d;),.y. We first derive its transition kernel
1:)(57 A) = Pr(5t+1 S A|5t = 5) forall 6 € Rj_ and A € B(Rj_) Since Pr(5t+1 S A|5t =

Evolutionary Computation = Volume x, Number x 9



A. Chotard, A. Auger, N. Hansen

§) = Pr(0; — Nfm e A|d; = 9) ,
P(5,A) = /]R2 14 (6 —un)pj(u)du (22)

where p} is the density of N7 given in (12). For ¢ € N*, the t-steps transition kernel P*
is defined by P'(4, A) := Pr(d; € A|dy = 9).

From the transition kernel, we will now derive the first properties on the Markov
chain (d;),.y. First of all we investigate the so-called v-irreducible property.

A Markov chain (6;):cn on a state space R*. is ¢-irreducible if there exists a non-
trivial measure ¢ such that for all sets A € B(R? ) with ¢/(A) > 0 and for all 6 € R*,
there exists ¢ € N* such that P*(5, A) > 0. We denote B+ (RR?.) the set of Borel sets of R
with strictly positive i-measure.

We also need the notion of small sets and petite sets. A set C € B(R") is called
a small set if there exists m € N* and a non trivial measure v,, such that for all sets
AecB(Ri)andallo € C

P8, 4) > vm(A) . (23)

A set C € B(R?) is called a petite set if there exists a probability measure o on N and a
non trivial measure /i, such that for all sets A € B(R* ) and all 6 € C

Kq(z, A) = Z P (x, A)a(m) > pa(A) . (24)

meN

A small set is therefore also a petite set. As we will see further, the existence of a small
set combined with a control of the Markov chain chain outside of the small set allows
to deduce powerful stability properties of the Markov chain. If there exists a v1-small
set C such that 4 (C) > 0 then the Markov chain is said strongly aperiodic.

Proposition 3. Consider a (1, \)-ES with resampling and with constant step-size optimizing
the constrained problem (7) and let (), be the Markov chain exhibited in (18). Then (6;),cy
is pire -irreducible, strongly aperiodic, and compact sets of R’ and sets of the form (0, M] with
M > 0 are small sets.

Proof. Take § € R* and A € B(R? ). Using Eq. (22) and Eq. (12) the transition kernel
can be written

P((S,A):/\/

R21A(5 - (i) .n)MF175(:E)’\_1dydx .

o(9)

We remove § from the indicator function by a substitution of variables u = § —
xcosf — ysinh, and v = zsinf — ycosf. As this substitution is the composition of
a rotation and a translation the determinant of its Jacobian matrix is 1. We denote
hs : (u,v) = (8§ —u)cos® + vsinb, hi : (u,v) — (§ —u)sinf — vecosd and g(5,u,v) —
Ap(hs(u,v))p(hg (u,v))/®(8) Fy 5(hs(u,v))* L. Then z = hs(u,v), y = hy (u,v) and

P((S,A)z‘/ﬂQ‘élA(u)g((S,u,U)dvdu. (25)

For all 6, u, v the function g(d, u, v) is strictly positive hence for all A with pg- (4) > 0,
P(6,A) > 0. Hence (0;),.y is irreducible with respect to the Lebesgue measure.

In addition, the function (4, u,v) — ¢(d,u,v) is continuous as the composition of
continuous functions (the continuity of § — Fj s(x) for all # coming from the dom-
inated convergence theorem). Given a compact C of R, we hence know that there

10 Evolutionary Computation Volume x, Number x
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exists gc > 0 such that for all (§,u,v) € C x [0,1]?, g(§,u,v) > gc > 0. Hence for all
6eC,

=vc(A)
The measure v¢ being non-trivial, the previous equation shows that compact sets of R,
are small and that for C'a compact such that ug- (C N [0,1]) > 0, we have vc(C) > 0
hence the chain is strongly aperiodic. Note also that since lims_,o g(d,u,v) > 0, the
same reasoning holds for (0, M| instead of C' (where M > 0). Hence the set (0, M] is
also a small set. O

The application of the LLN for a v-irreducible Markov chain (d;):en on a state
space R requires the existence of an invariant measure 7, that is satisfying for all A
B(EY)

w(A) = / P46, A)m(dd) . (26)
R

If a Markov chain admits an invariant probability measure then the Markov chain is

called positive.

A typical assumption to apply the LLN is positivity and Harris-recurrence. A -
irreducible chain (d; )+ on a state space R?, is Harris-recurrent if for all sets A € B (R*.)
and for all 6 € RY, Pr(na = oo|dp = ) = 1 where 74 is the occupation time of A, i.e.
na = 101 14(8;). We will show that the Markov chain (), is positive and Harris-
recurrent by using so-called Foster-Lyapunov drift conditions: define the drift operator
for a positive function V' as

AV (0) = E[V (0¢41)]6: = 6] = V(6) . (27)

Drift conditions translate that outside a small set, the drift operator is negative. We
will show a drift condition for V-geometric ergodicity where given a function f > 1,
a positive and Harris-recurrent chain (d;);ey with invariant measure 7 is called f-
geometrically ergodic if w(f):= [, f(6)m(dd) < oo and there exists ry > 1 such that

> rblIPY(8,) — 7l < o0 VWS ERY (28)
teN

where for v a signed measure ||v||; denotes sup. ;< | fRi g(x)v(dx)|.

To prove the V-geometric ergodicity, we will prove that there exists a small set C,
constants b € R, e € R% and a function V' > 1 finite for at least some Jp € R’} such that
forall 6 € R}

AV (0) < =€V (0) + b1 () . (29)

If the Markov chain (6;), .y is ¥-irreducible and aperiodic, this drift condition implies
that the chain is V-geometrically ergodic (Meyn and Tweedie, 1993, Theorem 15.0.1)?
as well as positive and Harris-recurrent’.

Because sets of the form (0, M] with M > 0 are small sets and drift conditions
investigate the negativity outside a small set, we need to study the chain for ¢ large.
The following lemma is a technical lemma studying the limit of E(exp(G(d, W).n)) for
J to infinity.

2The condition 7(V) < oo is given by (Meyn and Tweedie, 1993, Theorem 14.0.1).
3The function V of (29) is unbounded off small sets (Meyn and Tweedie, 1993, Lemma 15.2.2) with (Meyn

and Tweedie, 1993, Proposition 5.5.7), hence with (Meyn and Tweedie, 1993, Theorem 9.1.8) the Markov chain
is Harris-recurrent.
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Lemma 4. Consider the (1, \)-ES with resampling optimizing the constrained problem (7),
and let G be the function defined in (16). We denote K and K the random variables
exp(G(0,W).(a, b)) and exp(al[G(6, W)]1| + bl[G(6, W)]2]). For W ~ (Uo7, N(0,1))*
and any (a,b) € R?, lims, 00 E(K) = E(exp(aNi.))E(exp(bN(0,1))) < oo and
lims_ 4 o0 E(K) < 00

For the proof see the appendix. We are now ready to prove a drift condition for
geometric ergodicity.
Proposition 4. Consider a (1, \)-ES with resampling and with constant step-size optimizing
the constrained problem (7) and let (6;),.y be the Markov chain exhibited in (18). The Markov
chain (0t),cy is V-geometrically ergodic with V' : 6 — exp(ad) for o > 0 small enough, and
is Harris-recurrent and positive with invariant probability measure .

Proof. Take the function V : § — exp(ad), then
AV () = E (exp (a(d — G(6,W).n))) — exp(ad)

AV
v

With Lemma 4 we obtain that

(0) = E(exp(—aG(6,W)mn)) — 1 .

lim E (exp (—aG(d,W).n)) = E (exp(—aNy.x cos8)) E(exp(—aN(0,1)sinf)) < oo .

d——+oco

As the right hand side of the previous equation is finite we can invert integral with
series with Fubini’s theorem, so with Taylor series

, (—acos ) E(N}, (—asinf)' E(N(0, 1)
5L1TOOE (exp (—aG(6,W).n)) = (Z i p ( ’\’\)> <Z : i!( )> )

S ¢€N

which in turns yields

622100%(5) =(1— aEWNx.x)cosf + o(a)) (1 +0(a))—1

= —aE(N.\) cos + o(a) .

Since for A > 2, E(Mx.x) > 0, for a > 0 and small enough we get lims_, yoc 3% (5) <
—e < 0. Hence there exists ¢ > 0, M > 0 and b € R such that

According to Proposition 3, (0, M] is a small set, hence it is petite (Meyn and
Tweedie, 1993, Proposition 5.5.3). Furthermore (d;),.y is a t-irreducible aperiodic
Markov chain so (d;),.y satisfies the conditions of Theorem 15.0.1 from (Meyn and
Tweedie, 1993), which with Lemma 15.2.2, Theorem 9.1.8 and Theorem 14.0.1 of (Meyn
and Tweedie, 1993) proves the proposition. O

We now proved rigorously the existence (and unicity) of an invariant measure 7
for the Markov chain (d;),., which provides the so-called steady state behaviour in
(Arnold, 2011a, Section 4). As the Markov chain (d;),.y is positive and Harris-recurrent
we may now apply a Law of Large Numbers (Meyn and Tweedie, 1993, Theorem 17.1.7)
in Eq (19) to obtain the divergence of f(X;) and an exact expression of the divergence
rate.

12 Evolutionary Computation Volume x, Number x
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Theorem 1. Consider a (1, \)-ES with resampling and with constant step-size optimizing the
constrained problem (7) and let (01),. be the Markov chain exhibited in (18). The sequence
([Xt]1)ten diverges in probability to +oco at constant speed, that is

X:—Xol1 P

T e “Breuw (19 (0,W)]1) > 0 (30)

and the expected progress satisfies

@ = B (X1 = Xil) ,— 0Brauy (G GW)]) >0 (31)

where ©* is the progress rate defined in (Arnold, 2011a, Eq. (2)), G is defined in (16),
W = (W)ien.\ with (W) an iid. sequence such that W' ~ (Ujo 17, N'(0,1)), m
is the stationary measure of (J;),.y whose existence is proven in Proposition 4 and iy is the
probability measure of V.

Proof. From Proposition 4 the Markov chain (5t)teN is Harris-recurrent and positive,
and since (W, )sen is ii.d., the chain (&, W) is also Harris-recurrent and positive with
invariant probability measure 7 x pyy, so to apply the Law of Large Numbers (Meyn
and Tweedie, 1993, Theorem 17.0.1) to [G]; we only need [G]; to be 7 ® py-integrable.

With Fubini-Tonelli’s theorem Erou ([[G(6, W))1]) equals to
E.(E,, ([[G(5,W)]1])). Asd > 0, we have &(§) > ®(0) = 1/2, and for all z € R
as ®(z) < 1, Fis5(z) < 1and ¢(z) < exp(—z?/2) with Eq. (13) we obtain that
|z|p7 s(z) < 2)\|z| exp(—2?/2) so the function z + |z|p] s(z) is integrable. Hence
for all & € Ry, E,, (|[G(5,W)]1]) is finite. Using the dominated convergence the-
orem, the function § — Fj s5(z) is continuous, hence so is § — pj s(z). From (13)
|zp} s(z) < 2A|z[p(z), which is integrable, so the dominated convergence theorem
implies that the function § — E,,,, (|[G(, W]1]|) is continuous. Finally, using Lemma 4
with Jensen'’s inequality shows that lims_, 4 o E.,,, (|[G(6, W)]1]) is finite. Therefore the
function 6 — E,,, (|/[G(4, W]1|) is bounded by a constant M € R... As 7 is a probability
measure E.(E,,, (|[G(6, W)]1])) < M < oo, meaning [G]; is 7 ® pyy-integrable. Hence
we may apply the LLN on Eq. (19)

~
I

1

(G Wit , =5 0By (19(5,W)1) < oo .
=0

| 9Q

El

The equality in distribution in (19) allows us to deduce the convergence in probability
of the left hand side of (19) to the right hand side of the previous equation.

From (19) [Xis1 — Xii £ 0G0 W) so B(Xep — Xii|Xo = x)
oE(G (0, Wi)|do = x/0). As G is integrable with Fubini’s theorem E(G(d;, W,)|do
x/0) = Jar Buw (G(y, W) P! (x/0,dy), s0 B(G(3t, Wr)|do = x/0) = Brsxyuy (G(6,V)) =
fR: E,.,, (Gly, W))(P'(x/o,dy) — m(dy)). According to Proposition 4 (d;),.y is V-
geometrically ergodic with V' : § — exp(ad), so there exists Ms and » > 1 such that
| P(d,-) — 7|l < Msr—*. We showed that the function ¢ — E(|[G(J, W)]1|) is bounded,
so since V(§) > 1 forall 6 € R and lims_, 4 V(§) = +o0, there exists k such that
E,, ([G(6,W)]1]) < kV () for all 6. Hence | [E,,, (|[G(z, W)]1])(P!(6,dz) — 7(dz))| <
k|| P8, ) —=|lv < kMsr—t. And therefore |[E(G (8¢, Wi)|60 = x/0) —Erx i, (G0, W))] <
kMsr—t which converges to 0 when ¢ goes to infinity.

As the measure 7 is an invariant measure for the Markov chain (d;),., using (18),
E gy (0) = Exgun (6 — G(6, W).n), hence Erg,, (G(6, W).n) = 0 and thus

Erguw ([900,W)h) = —tan 0Erg,, ([9(6, W)]2)

Evolutionary Computation Volume x, Number x 13



A. Chotard, A. Auger, N. Hansen

Figure 2: Normalized progress rate ¢* = E(f(X;+1) — f(X;)) divided by X for the
(1, M)-ES with constant step-size ¢ = 1 and resampling, plotted against the constraint
angle 6, for A € {5,10,20}.

We see from Eq. (14) that for y > 0, p5 5(y) < p5s(—y) hence the expected value
Ersu,, ([G(6,W)]2) is strictly negative. With the previous equation it implies that
E s, ([G(6,W)]1) is strictly positive.

O

We showed rigorously the divergence of [X;]; and gave an exact expression of the
divergence rate, and that the progress rate ¢* converges to the same rate. The fact that
the chain (d;),. is V-geometrically ergodic gives that there exists a constant r > 1 such
that >, r*||P'(8,-) — w|lv < co. This implies that the distribution 7 can be simulated
efficiently by a Monte Carlo simulation allowing to have precise estimations of the
divergence rate of [X;];.

A Monte Carlo simulation of the divergence rate in the right hand side of (30)
and (31) and for 10° time steps gives the progress rate of (Arnold, 2011a) ¢* =
E([X;+1 — X¢]1), which once normalized by o and A yields Fig. 2. We normalize per
A as in evolution strategies the cost of the algorithm is assumed to be the number of
f-calls. We see that for small values of , the normalized serial progress rate assumes
roughly ¢* /A & 62. Only for larger constraint angles the serial progress rate depends
on A where smaller A are preferable.

Fig. 3 is obtained through simulations of the Markov chain (d;),. defined in
Eq. (18) for 10° time steps where the values of (d;),. are averaged over time. We
see that when 6 — 7/2 then E;(J) — +oo since the selection does not attract X; to-
wards the constraint anymore. With a larger population size the algorithm is closer to
the constraint, as better samples are more likely to be found close to the constraint.

5 Cumulative Step size Adaptation

In this section we apply the techniques introduced in the previous section to the case
where the step-size is adapted using Cumulative Step-size Adaptation. This technique
was studied on sphere functions (Arnold and Beyer, 2004) and on ridge functions
(Arnold and MacLeod, 2008).
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ee® -5
A A X=10
107" m m A=20

Figure 3: Average normalized distance ¢ from the constraint for the (1, A)-ES with con-
stant step-size and resampling plotted against the constraint angle ¢ for A € {5, 10, 20}.

In CSA, the step-size is adapted using a path p:, vector of R”, that sums up the
different selected steps Ny with a discount factor. More precisely the evolution path
p: € R" is defined by py ~ N(0,1d,,) and

Prs1 = (1—0)ps + V(2 — )N} . (32)

The variable ¢ € (0,1] is called the cumulation parameter, and determines the “mem-
ory” of the evolution path, with the importance of a step N decreasing in (1 — ¢)*.
The backward time horizon is consequently about 1/c. The coefficients in Eq (32) are
chosen such that if p, follows a standard normal distribution, and if f ranks uniformly
randomly the different samples (Ni)ie[l“ ) and that these samples are normally dis-
tributed, then p;y; will also follow a standard normal distribution independently of
the value of c.

The length of the evolution path is compared to the expected length of a Gaussian
vector (that corresponds to the expected length under random selection) (see (Hansen
and Ostermeier, 2001)). To simplify the analysis we study here a modified version
of CSA introduced in (Arnold, 2002) where the squared length of the evolution path
is compared with the expected squared length of a Gaussian vector, that is n, since
it would be the distribution of the evolution path under random selection. If |p;||
is greater (respectively lower) than n, then the step-size is increased (respectively de-

creased) following ,
c
Ot+1 = Ot €Xp (ﬁ (@ - 1)) ) (33)

where the damping parameter d, determines how much the step-size can change and
can be set here to d, = 1.

As [N7]; ~ N(0,1) for i > 3, we also have [ps]; ~ N(0,1). It is convenient in the
sequel to also denote by p, the two dimensional vector ([p;]1, [p¢]2). With this (small)
abuse of notations, (33) is rewritten as

2+ K
Oty1 = 0t €Xp (% (”I)tJrl”% - 1)) ; (34)
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with (K¢)ten an iid. sequence of random variables following a chi-squared distribu-
tion with n — 2 degrees of freedom. We shall denote n} the multiplicative step-size
change o1 /0y, that is the function

C — C)Pt¢ Cclz—C ts t 2 t
né(pt,a,wt,m)_exp(ﬁ <||<1 Ipct /a2~ G W + K _1>> .

Note that for ¢ = 1, ] is a function of only §;, W, and K, that we will hence denote
7’]{(515, Wt, Kt)

We prove in the next proposition that for ¢ < 1 the sequence (J;, p¢)+cn is an ho-
mogeneous Markov chain and explicit its update function. In the case where ¢ = 1 the
chain reduces to 6;.

Proposition 5. Consider a (1,\)-ES with resampling and cumulative step-size adaptation
maximizing the constrained problem (7). Take 6, = g(Xy)/or. The sequence (0, pt)ien IS a
time-homogeneous Markov chain and

5,5 - g(ét, Wt).n
né(pta 6157 Wta Kt) ’
Pt £ (1= )pe + /(2= )G W) 37)

with (K)ien a i.id. sequence of random variables following a chi squared distribution with
n — 2 degrees of freedom, G defined in Eq. (16) and W; defined in Proposition 1.
If ¢ = 1 then the sequence (0;),c is a time-homogeneous Markov chain and

Il

Ot41 (36)

1) 4 0 — g(5t7Wt)'n
o exp (i (w N 1))

Proof. With Eq. (32) and Eq. (17) we get Eq. (37).
From Eq. (8) and Proposition 1 it follows that

(38)

5 - Xt+1.n d Xt.n—i—athl';.n
o Ott1 ons(Pt, 61, W, Kt)
d 5,5 —g(dt,Wt).n

B 77§(Pt7 5157 Wtu Kt) '

So (¢+1, Pi+1) is a function of only (4, p;) and i.i.d. random variables, hence (J;, p;)ien
is a time-homogeneous Markov chain.

Fixing ¢ = 1 in (36) and (37) immediately yields (38), and then §;4, is a function
of only é; and i.i.d. random variables, so in this case (J;),. is a time-homogeneous
Markov chain. O

As for the constant step-size case, the Markov chain is important when investi-
gating the convergence or divergence of the step size of the algorithm. Indeed from
Eq. (34) we can express In(oy/00)/t as

—1
1 1n ¢ e (1 (Zfzo Ipitall® + Ki) | o
t na_o " 2d, n - (39)
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The right hand side suggests to use the LLN. The convergence of In(o;/0¢) /¢ to a strictly
positive limit (resp. negative) will imply the divergence (resp. convergence) of o; at a
geometrical rate.

It turns out that the dynamic of the chain (d;, p:)ien looks complex to analyze.
Establishing drift conditions looks particularly challenging. We therefore restrict the
rest of the study to the more simple case where ¢ = 1, hence the Markov chain of
interest is (d¢),.y. Then (39) becomes

= 4
t (o) 2dU n ( 0)

1. o044 c <%Zf_é 1G(6:, Wi)|I? + K )
-In—=_— -1
To apply the LLN we will need the Markov chain to be Harris positive, and the
properties mentioned in the following lemma.

Lemma 5 (Chotard and Auger 2015, Proposition 7). Consider a (1, \)-ES with resampling
and cumulative step-size adaptation maximizing the constrained problem (7). For ¢ = 1 the
Markov chain (0y),cy from Proposition 5 is 1-irreducible, strongly aperiodic, and compact sets
of R* are small sets for this chain.

We believe that the latter result can be generalized to the case ¢ < 1 if for any
(00, Po) € RY x R™ there exists ¢5,,p, such that for all ¢ > 5, ,,, there exists a path of
events of length ¢ from (o, po) to the set (0, M] x B(0,r) for M > 0 and r > 0 small
enough.

To show the Harris positivity of (J;),.y we will use the drift function V' : § € R} —
0% + 6~ “. From the definition of the drift operator AV in (27) and the update of ¢ in
(38), we then have

_ (5 — g(5v W)'n)a 77*(5’ Wa K)a o —«
AV ‘E( WK )+E<<5ig<a,w>.n>“) T )

To verify the drift condition of (29), using the fact from Lemma 5 that for 0 < m < M
the compact [m, M] is a small set, it is sufficient to show that the limits of AV/V(§) in
0 and oo is negative. These limits will result from the limits studied in the following
lemma corresponding the the decomposition in (41).

Lemma 6. For o > 0 small enough

- +157a ((5771 i f/VWK ) o BiBaBa< oo (42)
e(Esena)
5o JrlafaE ((5 3 ZVWK )aﬁ = 0 (44)
® ((5771 2 EVWK >5 00 (45)
where By = E(exp(—5775 (N3, — 1)), B2 = E(exp(—575 (N(0,1)* — 1)), and E3 =

E(exp(—577 (K — (n — 2)))); where G is the function defined in Eq. (16) and n} is defined
in Eq. (35) (for c = 1), K is a random variable following a chi-squared distribution with n — 2
degrees of freedom and W ~ (Uo 1, N'(0,1))* is a random vector.
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The proof of this lemma consists in applications of Lebesgue’s dominated conver-
gence theorem, and can be found in the appendix.

We now prove the Harris positivity of (d;),.y by proving a stronger property,
namely the geometric ergodicity that we show using the drift inequality (29).

Proposition 6. Consider a (1, \)-ES with resampling and cumulative step-size adaptation
maximizing the constrained problem (7). For ¢ = 1 the Markov chain (6;),.y from Proposi-
tion 5 is V-geometrically ergodic with V' : § € R +— 0% + 6~ for a> 0 small enough, and
positive Harris with invariant measure ;.

Proof. Take V the positive function V' (§) = §*+J~“ (the parameter « is strictly positive
and will be specified later), W ~ (U[o,1],N'(0,1))* a random vector and K a random
variable following a chi squared distribution with n — 2 degrees of freedom. We first
study AV/V (0) when § — +o0. From Eq. (41) we then have the following drift quotient

Av(é) _ 1 E ((5_g(67 W)'n)a) 1 E ( nf(éuqu)a
V() V(o) n; (0, W, K)~ V(6) \(6-G(6,V)n)*
with 7] defined in Eq. (35) and G in Eq. (16). From Lemma 6, following the same

notations than in the lemma, when § — +oo and if & > 0 is small enough, the right
hand side of the previous equation converges to £ E,E3 — 1. With Taylor series

(~aim W22 - 1)
E,=E|> o

keN

)—1, (46)

Furthermore, as the density of N, at z equals to A\p(z)®(x) ! and that
exp |a/(2d,n) (2% — 1) Ap(2)@(2) 1 < Xexp(1/(2d,n)) exp(a/(2dyn)x? — 2% /2) which
for o small enough is integrable, hence

k
|-z (VZa - 1)
E Z o :/Rexp

keN

Sdn (z*—1) ' o(z)®(x)* tdz < oo .

Therefore we can use Fubini’s theorem to invert series (which are integrals for the
counting measure) and integral. The same reasoning holding for F; and E3 (for Es3
with the chi-squared distribution we need «/(2d,n)xz — z/2 < 0 for all z > 0) we have

lim éz@)_<L5£§Em&x4mmm»<_ a]ﬂN@Jﬁ—U+da»

400 V 2d,n

(1- B0 2~ (1= 2)+ofe)) -1

and as E(NV(0,1)?) = land E(x2_,) =n — 2

. AV e

§—400 V B (N)%)\ B 1) + O(a) '

From (Chotard et al., 2012a) if X > 2 then E(N},) > 1. Therefore, for a small enough,
we have lims_, oo A—VV(5) < 0 so there exists ¢ > 0 and M > 0 such that AV(§) <
—€e1V(5) whenever 6 > M.
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Similarly, when « is small enough, using Lemma 6, lims,ocE((6 —
g(s, W))a/nf(év W, K)O‘)/V(é) = 0and lims_o E(nf(év W, l{)a/((S - g(67 W))O‘)/V(é) =
0. Hence using (46), lims_,o AV(6)/V(6) = —1. So there exists €2 and m > 0 such that
AV (§) < —eV(0) for all § € (0, m). And since AV () and V (§) are bounded functions
on compacts of R, there exists b € R such that

AV(5) S —min(el, EQ)V((S) + bl[m,]\ﬂ (5) .

With Lemma 5, [m, M] is a small set, and (d;),y is a t-irreducible aperiodic
Markov chain. So (), satisfies the assumptions of (Meyn and Tweedie, 1993, Theo-
rem 15.0.1), which proves the proposition.

o

The same results for ¢ < 1 are difficult to obtain, as then both ¢; and p; must be
controlled together. For p, = 0 and §; > M, ||pi+1] and 6,41 will in average increase,
so either we need that [M, +00) x B(0,r) is a small set (although it is not compact), or
we need to look 7 steps in the future with 7 large enough to see 0., decrease for all
possible values of p, outside of a small set.

Note that although in Proposition 4 and Proposition 6 we show the existence of
a stationary measure for (5t)teN, these are not the same measures, and not the same
Markov chains as they have different update rules (compare Eq. (18) and Eq. (36)). The
chain (d;),.y being Harris positive we may now apply a LLN to Eq. (40) to get an exact
expression of the divergence/convergence rate of the step-size.

Theorem 2. Consider a (1, \)-ES with resampling and cumulative step-size adaptation maxi-
mizing the constrained problem (7), and for ¢ = 1 take (6+),cy the Markov chain from Proposi-
tion 5. Then the step-size diverges or converges geometrically in probability

%m(ﬁ)i L (Brop (196W)[2) - 2) (47)

oo ) t—oo 2dsn

and in expectation

E(m(%)) L ®ae (IGGEW) ) —2) (48)

o t—+oo 2d,m

with G defined in (16) and W = (W");c(1..x) where (W*);cp1. ) is an i.i.d. sequence such that
W' ~ (Uo7, N(0,1)), pyy is the probability measure of W and my is the invariant measure of
(0¢) ;e whose existence is proved in Proposition 6.
Furthermore, the change in fitness value f(X,+1) — f(X,) diverges or converges geomet-
rically in probability
1[I X)) = fX)| P, 1

t 09 t—oo 2d,n

(Emouw (IGGW)17) —2) (49)

Proof. From Proposition 6 the Markov chain (5t)teN is Harris positive, and since
(Wi)ien is 1i.d., the chain (§;, W;)ien is also Harris positive with invariant probabil-
ity measure m x gy, so to apply the Law of Large Numbers of (Meyn and Tweedie,
1993, Theorem 17.0.1) to Eq. (39) we only need the function (6, w) — ||G(5, w)|* + K to
be m X pwy-integrable.

Since K has chi-squared distribution with n — 2 degrees of freedom,
Er xuw (|G(6 W) + K) equals to Er, x iy, (| G(6,W)||?) + n — 2. With Fubini-Tonelli’s
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theorem, E, x,,, (|G, W)|?) is equal to E (E,, (]|[G(6,W)[?)). From Eq. (12)
and from the proof of Lemma 4 the function x — |x||?p}(x) converges simply to
1%/12pAr,. ([X]1)¢([z]2) while being dominated by A/®(0) exp(—||x[|?) which is inte-
grable. Hence we may apply Lebesgue’s dominated convergence theorem showing that
the function § — E,,,,, (|G(6, W)||?) is continuous and has a finite limit and is therefore
bounded by a constant Mg=. As the measure 7 is a probability measure (so 71 (R) = 1),
Ex, (Eu, (|G(6,W)[2|6: = §)) < Mg= < oo. Hence we may apply the Law of Large
Numbers

GO, WP+ K; as
Z” ( t)H t—>—> Eﬂlxuw(”g(d Wl ) n—2.

=0
Combining this equation with Eq. (40) yields Eq. (47).

From Proposition 1, (32) for ¢ = 1 and (34), In(oy41/04) < 1/(2dyn) (|G (8¢, Wh)||* +
Xn—a — n) so E(ln(or11/04)[(60,00)) = 1/(2den)(E(|G(6:, Wo)II*|(b0.00)) — 2)
As ||G||?> is integrable with Fubini’s theorem E(||G(0;,Wi)|?(60,00)) =
fR* HW Hg yv )||2)Pt(607d3’)/ SO E(|‘g(5t,Wt)H2|(5o,00)) - E7"'1><NW(HQ(§7 W)Hz) =
fR* ww (1[G, W)1?) (Pt (x/0,dy) — m1(dy)). According to Proposition 6 (6;),cy is

V- geometrlcally ergodic with V' : 6 — 6% + 67, so there exists Ms and r > 1 such that
| P(6, ) —m1||v < Msr—t. We showed that the function 6 — E(||G(5, W)||?) is bounded,
so since V(§) > 1 for all § € R, there exists k such that E,,,, (||G(5, W)||?) < kV (6) for
all 5. Hence | [ E,,,, (|G(z, W)|*)(P!(d,dz) — mi(dz))| < k||PY(6,) — m||v < kMsr—*
And therefore |E(||G(6:, W)[1?|(00,00)) — Enyxpuw (IGEW)|?) < EkMsr—t which
converges to 0 when ¢ goes to infinity, which shows Eq. (48).

For (49) we have that X1 — X; < 0,G(5,, Wy) so (1/6) In |(f (Xes1) — £(X4)) /00| <
(1/t)In(o¢/00) + (1/t) In | f(G(0¢, Wr)) /00| From (13), since 1/2 < &(x) < 1forallz >0
and that Fj 5(z) < 1, the probability density function of f(G(d;, W:)) = [G(6¢, Wi)]1 is
dominated by 2A¢(z). Hence

Pr(ln [[G(5, W) | /¢ > €) < / Lt oo (I [2]) 220 ()

+o00 — exp(et)
§/ 2Ago(:v)d:v+/ 2 p(z)dx

xp(et) —00

For all ¢ > 0 since ¢ is integrable with the dominated convergence theorem both
members of the previous inequation converges to 0 when ¢ — oo, which shows that
In|f(G(d:, W))|/t converges in probability to 0. Since In(oy/0¢)/t converges in proba-
bility to the right hand side of (49) we get (49). O

If, for ¢ < 1, the chain (J;, p:)reny Was positive Harris with invariant measure 7, and
V-ergodic such that ||p:41]|? is dominated by V' then we would obtain similar results
with a convergence/divergence rate equal to ¢/ (2don)(Er, o (||P]%) — 2).

If the sign of the RHS of Eq. (47) is strictly positive then the step size diverges
geometrically. The Law of Large Numbers entails that Monte Carlo simulations will
converge to the RHS of Eq. 47, and the fact that the chain is V'-geometrically ergodic
(see Proposition 6) means sampling from the ¢-steps transition kernel P* will get close
exponentially fast to sampling directly from the stationary distribution ;. We could
apply a Central Limit Theorem for Markov chains (Meyn and Tweedie, 1993, The-
orem 17.0.1), and get an approximate confidence interval for In(o;/00)/t, given that
we find a function V for which the chain (6;, W)+en is V-uniformly ergodic and such
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10° 1072 10! 10°

Figure 4: Average normalized distance § from the constraint for the (1, \)-CSA-ES plot-
ted against the constraint angle 6, for A € {5,10,20},¢c =1/ V2, d, = 1 and dimension
2.

that ||G(d, w)||* < V(8,w). The question of the sign of lim; 1~ f(X:) — f(Xo) is not
adressed in Theorem 2, but simulations indicate that for d, > 1 the probability that
f(Xy) > f(Xo) converges to 1 as ¢t — +o0. For low enough values of d, and of 6 this
probability appears to converge to 0.

As in Fig. 3 we simulate the Markov chain (d;, p+)+cn defined in Eq. (36) to obtain
Fig. 4 after an average of J, over 10° time steps. Assuming that the Markov chain
(01, Pt)ten admits an invariant probability measure 7., the expected value E_ () shows
the same dependency in A as in the constant case. With larger population size, the
algorithm follows the constraint from closer, as better samples are available closer to
the constraint, which a larger population helps to find. The difference between E_(J)
and E(¢) appears small except for large values of the constraint angle. When E(J) >
E. () we observe on Fig. 6 that E;_(In(o¢+1/0¢)) > 0.

In Fig. 5 the average of §; over 10° time steps is again plotted with A = 5, this time
for different values of the cumulation parameter, and compared with the constant step-
size case. A lower value of ¢ makes the algorithm follow the constraint from closer.
When 6 goes to 0 the value E,_ (§) converges to a constant, and limg_,q E-(d) for con-
stant step-size seem to be limy_,o E,_ (J) when ¢ goes to 0. As in Fig. 4 the difference
between E_(0) and E () appears small except for large values of the constraint angle.
This suggests that the difference between the distributions 7 and 7. is small. Therefore
the approximation made in (Arnold, 2011a) where 7 is used instead of 7. to estimate
In(oy41/0¢) is accurate for not too large values of the constraint angle.

In Fig. 6, corresponding to the LHS of Eq. (47), the adaptation response A; :=
In(o¢41/0¢) is averaged over 10° time steps and plotted against the constraint angle 6
for different population sizes. If the value is below zero the step-size converges, which
means a premature convergence of the algorithm. We see that a larger population size
helps to achieve a faster divergence rate and for the step-size adaptation to succeed for
a wider interval of values of 6.
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Figure 5: Average normalized distance ¢ from the constraint for the (1, A)-CSA-ES plot-
ted against the constraint angle 6 with ¢ € {1,1/+/2,0.1,0.01} and for constant step-size,
where A = 5, d, = 1 and dimension 2.

1.2

® 0 \=5

Ew{,(ln(o-wrl/at))

Figure 6: Average of the logarithmic adaptation response A; = In(oyy1/0¢) for the
(1, \)-CSA-ES plotted against the constraint angle 6, for A € {5,10,20},c = 1/v2, d, =
1 and dimension 2. Values below zero (straight line) indicate premature convergence.
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Figure 7: Average of the logarithmic adaptation response A, = In(o41/0;) for the
(1, \)-CSA-ES plotted against the constraint angle ¢, for A = 5, ¢ € {1,1/1/2,0.1,0.01},
d, = 1 and dimension 2. Values below zero (straight line) indicate premature conver-
gence.

In Fig. 7 like in the previous Fig. 6, the adaptation response A; is averaged for
10° time steps and plotted against the constraint angle 6, this time for different values
of the cumulation parameter c. A lower value of c yields a higher divergence rate for
the step-size although E._(In(os41/0+)) appears to converge quickly to an asymptotic
constant when In(c) — —oo. Lower values of ¢ hence also allow success of the step-size
adaptation for wider range values of 6, and in case of premature convergence a lower
value of ¢ means a lower convergence rate.

In Fig. 8 the adaptation response A, is averaged for 10* time steps for the
(1, M)-CSA-ES plotted against the constraint angle 6, for A = 5, ¢ = 1/ V2, d, €
{1,0.5,0.2,0.1,0.05} and dimension 2. A low enough value of d, implies geometric
divergence of the step-size regardless of the constraint angle. However, simulations
suggest that while for d, > 1 the probability that f(X:) > f(Xo) is close to 1, this
probability decreases with smaller values of d,. A low value of d, will also prevent
convergence when it is desired, as shown in Fig. 9.

In Fig. 9 the average of In(o;11/0:) is plotted against d,, for the (1, A\)-CSA-ES min-
imizing a sphere function fspere : X > [|x|[|, for A = 5, ¢ € {1,0.5,0.2,0.1} and dimen-
sion 30, averaged over 10 runs. Low values of d, make the algorithm diverge while
convergence is desired here.

In Fig. 10, the smallest population size allowing geometric divergence on the linear
constrained function is plotted against the constraint angle for different values of c.
Any value of A above the curve implies the geometric divergence of the step-size for
the corresponding values of 6 and c¢. We see that lower values of ¢ allow for lower
values of \. It appears that the required value of A scales inversely proportionally with
6. These curves were plotted by simulating runs of the algorithm for different values
of § and ), and stopping the runs when the logarithm of the step-size had decreased
or increased by 100 (for ¢ = 1) or 20 (for the other values of ¢). If the step-size had
decreased (resp. increased) then this value of A became a lower (resp. upper) bound
for A and a larger (resp. smaller) value of A would be tested until the estimated upper
and lower bounds for A would meet. Also, simulations suggest that for increasing
values of A the probability that f(X;) > f(Xo) increases to 1, so large enough values of
A appear to solve the linear function on this constrained problem, as expected.
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Figure 8: Average of the logarithmic adaptation response A; = In(oy1/0¢) for the
(1, \)-CSA-ES plotted against the constraint angle 0, for A\ = 5, ¢ = 1/V/2, d, €
{1,0.5,0.2,0.1,0.05} and dimension 2. Values below zero (straight line) indicate pre-
mature convergence.
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Figure 9: Average of the logarithmic adaptation response A, = In(o;1/0) against d,
for the (1, A\)-CSA-ES minimizing a sphere function for A = 5, ¢ € {1,0.5,0.2,0.1}, and
dimension 30.

c=1.0
c=05
c=0.2 ||
c=0.1
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minimal value of )\ for divergence

Figure 10: Minimal value of A allowing geometric divergence for the (1, \)-CSA-ES
plotted against the constraint angle 6, for ¢ € {1.,0.5,0.2,0.05}, d, = 1 and dimension
2.
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Figure 11: Transition boundary for ¢ between convergence and divergence (lower value
of c is divergence) for the (1, A\)-CSA-ES plotted against the constraint angle 6, for A €
{5, 10,20} and dimension 2.

In Fig. 11 the largest value of ¢ leading to geometric divergence of the step-size
is plotted against the constraint angle ¢ for different values of A\. We see that larger
values of A allow higher values of ¢ to be taken, and when 6 — 0 the critical value of ¢
appears proportional to 6. These curves were plotted following a similar scheme than
with Fig. 10. For a certain 6§ the algorithm is ran with a certain value of ¢, and when the
logarithm of the step-size has increased (resp. decreased) by more than 1000+/c the run
is stopped, the value of ¢ tested becomes the new lower (resp. upper) bound for c and a
new c taken between the lower and upper bounds is tested, until the lower and upper
bounds are distant by less than the precision 6#?/10. Similarly as with ), simulations
suggest that for small enough values of ¢ the probability that lim;_,,  f(X¢) > f(Xo)
is equal to 1, so small enough values of ¢ appear to solve the linear function on this
constrained problem.

6 Discussion

We investigated the (1, A)-ES with constant step-size and cumulative step-size adap-
tation optimizing a linear function under a linear constraint handled by resampling
unfeasible solutions. In the case of constant step-size or cumulative step-size adapta-
tion when ¢ = 1 we prove the stability (formally V'-geometric ergodicity) of the Markov
chain (d;),. defined as the normalised distance to the constraint, which was presumed
in Arnold (2011a). This property implies the divergence of the algorithm with con-
stant step-size at a constant speed (see Theorem 1), and the geometric divergence or
convergence of the algorithm with step-size adaptation (see Theorem 2). In addition, it
ensures (fast) convergence of Monte Carlo simulations of the divergence rate, justifying
their use.

In the case of cumulative step-size adaptation simulations suggest that geometric
divergence occurs for a small enough cumulation parameter, ¢, or large enough pop-
ulation size, A. In simulations we find the critical values with constraint angle # — 0
following ¢ o 62 or A oc 1/6. Smaller values of the constraint angle seem to increase the
difficulty of the problem arbitrarily, i.e. no given values for c and A solve the problem
for every 6 € (0,7/2). However, when using a repair method to handle the constraint
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instead of resampling with the (1, A)-CSA-ES, fixed values of A\ and ¢ can solve the
problem for every 6 € (0, 7/2) (Arnold, 2013).

Using a different covariance matrix to generate new samples implies a change of
the constraint angle (see Chotard and Holena 2014 for more details). Therefore, adap-
tation of the covariance matrix may render the problem arbitrarily close to the most
simple one with # = 7 /2. The unconstrained linear function case has been shown to be
solved by a (1, A)-ES with cumulative step-size adaptation for a population size larger
than 3, regardless of other internal parameters (Chotard et al., 2012b). We believe this
is one reason for using covariance matrix adaptation with ES when dealing with con-
straints, as has been done in (Arnold and Hansen, 2012), as pure step-size adaptation
has been shown to be liable to fail on even a very basic problem.

This work provides a methodology that can be applied to many ES variants. It
demonstrates that a rigorous analysis of the constrained problem can be achieved. It re-
lies on the theory of Markov chains for a continuous state space that once again proves
to be a natural theoretical tool for analyzing ESs, complementing particularly well pre-
vious studies (Arnold, 2011a, 2012; Arnold and Brauer, 2008).
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Appendix
Proof of Lemma 4.

Proof. From Proposition 1 and Lemma 3 the density probability function of G(d, W) is
p;, and from Eq. (12)

p << . )) ) /\cp(ac)so(y)lw+ (6— ( z )n) .

Y ®(9)

where F} ; is the cumulative density function of [G(4,V)]1, whose probability density
function is p1 5. From Eq. (10), p1,s5(z) = p(x)@((0 — x cosh)/sinb)/P(4), so as §>0 we
have 1 > ®(§)>®(0) = 1/2, hence p1 5(z)<2¢(z). So p1,5(z) converges when § — +co
to p(x) while being bounded by 2¢(x) which is integrable. Therefore we can apply
Lebesgue’s dominated convergence theorem: F ;s converges to ® when § — +o0o0 and
is finite.

For § € R* and (z,y) € R? let hsy(z) be exp(az)p;((x,y)). With Fubini-Tonelli’s
theorem E(exp(G(,W).(a,b))) = [; [z exp(by)hsy(x)dzdy. For § — +00, hs,(x) con-
verges to exp(ax)\p(z)p(y)®(z)*~! while being dominated by 2\ exp(az)p(z)p(y),
which is integrable. Therefore by the dominated convergence theorem and as the
density of Ny is  — Ap(z)®(x)*"!, when 6 — +oo, [; hsy(z)dz converges to
¢(y)E(exp(aNin)) < .
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So the function y — exp(by) [ hsy(x)dz  converges  to
y > exp(by)p(y)E(exp(aNy.n)) while being dominated by vy >
2Xp(y) exp(by) [ exp(az)p(x)de which is integrable. Therefore we may ap-
ply the dominated convergence theorem: E(exp(G(d, W).(a,b))) converges to
Jz exp(by)e(y)E(exp(aNy.a))dy which equals to E(exp(aNx.a))E(exp(bN(0,1)));
and this quantity is finite.

The same reasoning can be applied to E(K). O

Proof of Lemma 6.

Proof. Asin Lemma 4, let £, E> and E3 denote respectively E(exp(—57; N2, — 1)),
E(exp(— 577 (N (0,1)? = 1)), and E(exp(—g55 (K — n + 2))), where K is a random
variable following a chi-squared distribution with n — 2 degrees of freedom. Let us
denote ¢, the probability density function of K. Since ¢, (z) = (1/2)=2/2/T'((n —
2)/2)2("=2)/2 exp(—2/2), Fs is finite.

Let hs be a function such that for (z,y) € R?

|6 — az — by|™
eXp( (@ +y? 2))7

hé('rvy) =

where a := cosf and b := sin 6.
From Proposition 1 and Lemma 3, the probability density function of (G(d, W;), K)

is p5py. Using the theorem of Fubini-Tonelli the expected value of the random variable
(6-G(6,Ws) m)*
N7 (6, W, K)

[0 — az — by|*p5((x, y)))ox (2)
E‘;_// 2 exp (5 (yn( ,y>||2+zy_i)) dedydz

el it s
///Rexp x? 4y —2))exp(—(2—(n—2)))ddyd

2dn

///Rez;s)x - y)p; (=, z;)ix;)))) dzdydz .

Integration over z yields Es = fR Jz hs (2, y)p5 (2, y))dydzEs.

We now study the limit when § — +o0o of E5/d“. Let ppr,,, denote the probability
density function of NV.». For all § € R%, ®(6) > 1/2,and forall z € R, Fy 5(z) < 1,
hence with (9) and (12)

, that we denote Fj, is

o(x)p(y)1r: (6 — az — by) A1 o(x )go(y)
p5(z,y) = A Fis(a)™ ™ S A=Zme= (50)
and when § — 400, as shown in the proof of Lemma 4, pé((:v,y)) converges to
Oy (2)e(y). For 6 > 1,16 — ax — by|/6 < 1+ |az + by| with the triangular inequality.
Hence

. hs(z,y) p()p(y) (1 + |ax + by|)®
P ) =g <A ®(0) eXP( — (a2 + g2 —2))

ford > 1, and (51)

() 52)
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Since the right hand side of (51) is integrable, we can use Lebesgue’s dominated con-
vergence theorem, and deduce from (52) that

/ / BC0ob) e () dyda By — e / /R - (“W* E;)f(yy)_m) dyda By

E,
andso =2 — FE1FyF3 < 0o .
0% =40

Since §° /(0% 46~ %) converges to 1 when § — 400, E5/(d%+6~*) converges to E4 E2Es
when § — +o0.

We now study the limit when 6 — 0 of §¢ Es, and restrict § to (0,1]. When § — 0,
d%hs(z, y)p5((z,y)) converges to 0. Since we took § < 1, [0 + az + by| < 1 + |ax + by|,
and with (50) we have

(1 + Jaz 4+ by|)*p(2)p(y)
B(0) exp (ﬁ (22 + y2 — 2))

6%hs(x,y)p5((z,y)) < A for0<d6<1. (53)

The right hand side of (53) is integrable, so we can apply Lebesgue’s dominated con-
vergence theorem, which shows that §*E; converges to 0 when § — 0. And since
(1/0%)/(6% +6~*) converges to 1 when 6 — 0, Es/(6* 4+ §~%) also converges to 0 when
d—0.
Let H; denote E(exp(a/(2d,n)(K — (n +2)))). Since ¢, (z) = (1/2)"=2/2/T((n —
2)/2)2("=2)/2 exp(—2z/2), when « is close enough to 0, Hj is finite. Let Hs denote the

expected value of the random variable %’ then

e / / / P (@ )ex () exp (57 (Z‘<"‘2)))dzdydx.

hé('rv y)

Integrating over z yields Hs = [; [ % hé(m y) ) dydaHs.
We now study the limit when § — 400 of Hs/é*. With (50), we have that

Pi() _  plately) o (o (@ 592 =)
dohs(z,y) — o(0) 06 — ax — by|™

With the change of variables & = z — §/a we get

b+ 8y _ o0 (C5FE) e e (o (@) 4 -2))
5hs(Z + 2,y) V27 ®(0) 0%|aZ + by|~
- el o (ot @+ 0* - 2) e (5 - ) (285 + 5))
- o(0) |aZ + by|® 0
o P@ply) 1 P ((Min é) (23@ N 2_2))
- @(0) ho(Z,y) exp(aIn(d)) '

An upper bound for all § € R of the right hand side of the previous inequation is a
function of an upper bound of the function ! : § € R} — (a/(2d,n) — 1/2)(2(6/a)T +
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§2/a?) — aIn(d). And since we are interested in a limit when § — +o00, we can restrict
our search of an upper bound of [ to 6 > 1. Let ¢ := «/(2d,n) — 1/2. We take o
small enough to ensure that c is negative. An upper bound to ! can be found through
derivation:

ol(9) <

C .

25524255 —a=0
a a

«

The discriminant of the quadratic equation is A = 4(c?/a?)#? + 8ac/a®>.  The
derivative of [ multiplied by J is a quadratic function with a negative quadratic co-
efficient 2c/a?. Since we restricted § to [1,+o0), multiplying the derivative of [ by
0 leaves its sign unchanged. So the maximum of [ is attained for ¢ equal to 1 or
for ¢ equal to 6y := (—2c/az — VA)/(4c/a?), and so 1(6) < max(I(1),1(drr)) for all
§ € [1,+00). We also have that lim;_,o, VA/Z = 2|¢|/a = —2ca, 50 limz 00 Ops /& =
(—2c/a — (—2c/a))/(4c/a®) = 0. Hence when |Z| is large enough, 6y; < 1, so since
we restricted 0 to [1, +00) there exists m > 0 such that if |Z| > m, [(§) < (1) for all
d € [1,400). And trivially, {(4) is bounded for all Z in the compact set [—m,m] by a
constant M > 0, so 1(6) < max(M,I(1)) < M + |i(1)|forall Z € Rand all § € [1, +00).
Therefore

p3(E+21y) _ pl@)ely) 1
@t 2y) " B(0) ho(@y) exp(M +[I(1)])
p(@)ply) 1 ¢ c
a0 i o ()

For o small enough, the right hand side of the previous inequation is integrable. And
since the left hand side of this inequation converges to 0 when § — 400, according
to Lebesgue’s dominated convergence theorem Hs/6* converges to 0 when § — +o0.
And since 6% /(0% 4+ 6—%) converges to 1 when § — +o0, Hs /(6% + §—<) also converges
to 0 when § — +o0.

We now study the limit when 6 — 0 of Hs/(0“ + §—%). Since we are interested in
the limit for § — 0, we restrict § to (0, 1]. Similarly as what was done previously, with
the change of variables z = = — d/aq,

WGrEy) e 1 oo (s —3) (2854 5))
(6o +6-hs(E+2,y) — ®(0) ho(Z,y) 0 07
p(@)e(y) a 1N\ (,0. o

g (a7 -3) (474 ))

Take « small enough to ensure that a/(2d,n) — 1/2 is negative. Then an upper bound
for 6 € (0,1] of the right hand side of the previous inequality is a function of an up-
per bound of the function k : § € (0,1] — 26%/a + 6*/a®. This upper bound can be
found through derivation: 9k(8)/9§ = 0 is equivalent to 23 /a + 2§/a® = 0, and so the
upper bound of k is realised at 65 := —aZ. However, since we restricted ¢ to (0, 1],
for # > 0 we have dj; < 0 so an upper bound of k in (0, 1] is realized at 0, and for
Z < —1/a we have d); > 1 so the maximum of % in (0, 1] is realized at 1. Further-
more, k(0p) = —232 + 3% = —7% so when —1/a < & < 0, k(§) < 1/a®. Therefore
k(8) < max(k(0),k(1),1/a?). Note that k(0) = 0 which is inferior to 1/a?, and note that
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k(1) = 2ci/a + /a®. Hence k(8) < max(2%/a + 1/a? 1/a?) < |2%/a + 1/a?| + 1/a?, and

) p3(E+4.9) <A w(j)w(y))exp« - _l>(2 +%)>

(6% +6-)hs(Z+ 2,y) —  (0)ho(Z,y 2don 2
For a small enough the right hand side of the previous inequation is integrable. Since
the left hand side of this inequation converges to 0 when § — 0, we can apply
Lebesgue’s dominated convergence theorem, which proves that Hs/(6* + 6—%) con-
verges to 0 when ¢ — 0.

:Z“+1
a a?

O
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