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Abstract

Complex processes in science and engineering are often formulated as multistage decision-making problems. In
this paper, we consider a type of multistage decision-making process called a cascade process. A cascade process is
a multistage process in which the output of one stage is used as an input for the subsequent stage. When the cost of
each stage is expensive, it is difficult to search for the optimal controllable parameters for each stage exhaustively.
To address this problem, we formulate the optimization of the cascade process as an extension of the Bayesian
optimization framework and propose two types of acquisition functions based on credible intervals and expected
improvement. We investigate the theoretical properties of the proposed acquisition functions and demonstrate their
effectiveness through numerical experiments. In addition, we consider an extension called suspension setting in
which we are allowed to suspend the cascade process at the middle of the multistage decision-making process that
often arises in practical problems. We apply the proposed method in a test problem involving a solar cell simulator,

which was the motivation for this study.

1 Introduction

A complex process in science and engineering problems is often formulated as a multistage cascade process. For
example, the production process of semiconductor chips consists of hundreds of process steps such as ingot growth,
wafer slicing, and polishing, device fabrication, and packaging as shown in Figure[Tl(a). Similarly, most manufacturing
processes, including garment manufacturing, automobile manufacturing, and building construction are multi-stage
processes. These multistage processes are often formulated as a cascade process in which the output of one stage is
used as a part of the input for the subsequent stage.

Figure [Tl (b) shows a schematic illustration of a cascade process. Each stage of a cascade process is formulated
as a function with two types of inputs: the controllable parameters of that stage and the output of the previous stage.

The former is controllable, whereas the latter is uncontrollable because of the uncertainty in the previous stage. The
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Figure 1: (a) Example of the cascade manufacturing process for semiconductor chips. (b) The left part shows a
cascade process with N stages, where the function f(™) is the black-box function representing the n*" stage for
n € [N]. The function f (") considers two types of inputs: the controllable parameters of that stage «(™ and the
output of the previous stage. The goal of the cascade process optimization is to identify the controllable parameters of
all the stages {w(")}ne[ ~1 that optimize the output of the final stage. The right part shows the fully black-box model
view of the problem, where the function F' collectively considers all the controllable parameters {w(") Fne[n) as the
inputs. By properly modeling each stage and incorporating the observable outputs in the middle of the cascade process

y® ..., y™N =1 more efficient optimization than that of the fully black-box model F is possible.

optimization of the entire cascade process can be formulated as a joint optimization problem by collectively consider-
ing the controllable parameters of all the stages as the inputs. Nevertheless, more efficient optimization is possible by
properly modeling each stage and incorporating the observable outputs in the middle of the cascade process.

In this study, we consider the problem of optimizing a cascade process composed of black-box functions with
expensive evaluation costs within the framework of Gaussian process-based (GP-based) Bayesian optimization (BO).
Each stage is modeled as a GP, whose inputs consist of controllable parameters and the outputs from the previous
stage. To optimize the output of the final stage, we consider the identification of the controllable parameters for each
stage by considering the uncertainties of the GP models. The difficulty with this problem is that when setting the
controllable parameters for each stage, decisions are made by considering the influence of the output of that stage on
the subsequent stages.

Considering the main contribution of this study, we propose a method that deals with the intractable predictive
distribution and develop two acquisition functions (AFs) based on the expected improvement (EI) and credible interval
(CI). The proposed AFs can quantify the uncertainties of the subsequent stages in the cascade process using techniques

developed in a multistep look-ahead strategy (IG_mslmurgszLan.d_L&_Rmhsl |2£le; ILam_e_t_al] |2_Q]A). The validity of the

AFs was clarified through theoretical analysis, and their effectiveness was demonstrated using numerical experiments.

Furthermore, as generalizations, we consider extensions of a cascade process optimization problem, such as the case
where suspensions and resumes are possible in the middle of the cascade process and where the cost of each stage

is different. Finally, we apply the proposed method to a test problem involving a solar cell simulator, which is the



motivation for this study.

Related Studies GP-based BO has been intensively studied as an efficient way to optimize black-box functions
with high evaluation costs (Shahriari et al), 2015; [Frazier, 2018). Various types of AFs were proposed for BO, such
as Gaussian process upper confidence bound (GP-UCB) (Srinivas et al., 2010) and expected improvement (Mockus,
1973; Jones et all, [1998). The GP-based BO framework was extended to various problem settings, such as con-
strained optimization (Gardner et all,[2014; Takeno et al.,2022b), multiobjective optimization (Couckuyt et al., 2014;
Suzuki et al!, [2020), and multifidelity optimization (Swersky et al., [2013; Takeno et al., 2020, 20224).

However, the only existing studies on cascade process optimization using a GP-based BO framework can be found
in (Dai Nguyen et all, 2016) and (Astudillo and Frazier, 2021). In CBO (Dai Nguyen et al!, 2016), the controllable
parameters for each stage are determined in a reverse order (i.e., starting from the controllable parameters for the last
stage, the second last stage, etc). That is, CBO selects the controllable parameters that are likely to produce the desired
output, which is defined through the inverse function of the predictive mean function of the GP model in the subsequent
stage. Importantly, since this desired output does not depend on the outputs from the previous stages, incorporating
the observed outputs of the previous stages is difficult in CBO. Furthermore, if the earlier stages cannot achieve the
desired output (which typically occurs when the range of each stage is unknown), the algorithm can become stuck. In
addition, the exploration-exploitation trade-off cannot be considered in their method because the uncertainty of each
stage is ignored when the desired output is predetermined by the predictive mean functions. Recently, a modified
version of CBO was proposed in material science (Nakano et all, |2022). However, their approach is to address the
practical application issues of CBO with some heuristics and does not fundamentally solve the drawbacks of CBO. EI-
FN (Astudillo and Frazier, 2021)) focuses on the optimization of a function network represented as a directed acyclic
graph (DAG). Whereas their problem settings include the cascade structure as one of the DAGs, decision-making at
each middle stage is not incorporated. In addition, noisy observations and suspension settings are not considered in
their study. Furthermore, their approach is based on EI with full sampling (even the final stage), whereas our EI-based
approach uses partial sampling, and we also provide a Cl-based AF. Thus, our proposed method is clearly different
from EI-FN.

One important related study is the study on multistep forward time-series prediction based on GP (Quinonero-Candela et al.,
2002). In their study, the output of the GP at a time point becomes the input of the GP at the subsequent time point.
This can be interpreted as a cascade process without controllable parameters. They introduced an iterative Gaussian
approximation method to approximate the predictive distribution for the multistep forward time points. However, their
method cannot be directly extended to cases with controllable parameters at each stage. Cascade process optimization
is partially related to BO under input uncertainty because the output of the previous stage with uncertainty becomes the
input of the subsequent stage. Recently, BO under input uncertainty was intensively studied (Beland and Nait, [2017;
Oliveira et al.,|2019; [Iwazaki et all, 2021); Inatsu et al.,2021,2022). However, these existing methods cannot be easily
extended to our problem because the uncertainties in multiple stages are accumulated in a complicated manner in a cas-
cade process. For example, an approach using the Bayesian quadrature framework (O’Hagan, [1991; Beland and Nair,
2017) cannot model the same cascade process correctly (see Appendix [Bl for details). In our proposed method, the
expected improvement in the cascade process is computed based on a multistage look-ahead strategy. Therefore, the
BO methods for multistep look-ahead (Ginsbourger and Le Riche, [2010; [Lam et al), [2016) are closely related to our
method. In general, the exact evaluation of a look-ahead AF is difficult owing to its computational complexity. Our
proposed method is based on several computational analyses developed in look-ahead type AFs, especially batch-type

approximations (Jiang et all, 2020).



Reinforcement learning (RL) (Sutton and Bartd,2018;Bertsekas,2019) is also formulated as a multi-stage decision-
making problem, which often involves several uncertainties similar to the output of each stage in the cascade process.
Thus, RL can be casted into the optimization of the cascade process by setting the state and action as the output from
the previous stage and the input of the current stage, respectively. On the other hand, it is difficult to directly apply the
RL algorithm to our cascade optimization problem because the problem setup differs in many aspects. For example,
while the goal of RL is to maximize cumulative rewards, the goal of cascade process optimization is to find opti-
mal input conditions for multiple stages. Furthermore, cascade process optimization has the limitation that function
evaluation is costly and cannot be performed many times, making it difficult to apply the RL algorithm under such a

limitation.

2 Preliminaries

2.1 Cascade Process Optimization

We consider a cascade process with N stages. Let (™) ¢ x(") ¢ RP ™ be a D™ -dimensional controllable input
and y(™ € V(") C R be a scalar output of the stage n € [N] := {1,..., N}. Each stage is formulated as a function
f) 2 yn=1) s () 5 P(n) and is written as

Yy = O (=D g e [N, W

where we define 3(°) = 0 and Y(©) = {0} for notational simplicity.
Combining all the inputs (1), . . ., V), the entire cascade process can be represented as y(N) = F(:c(l), ey cc(N)),
where F : X1 x ... x X(N) 5 YN is recursively defined using (). The goal of a cascade process optimization is

to solve the following optimization problem:
mgl),...,mgm =  argmax F(m(l),...,m(N)) 2)
(@D . xM)ecx
with a number of function evaluations as small as possible, where X' := X1 x ... x xV),
For simplicity, we consider the case in which the output of each stage is scalar. Furthermore, we assume that

the output 3(™) is observed without noise. Extensions to the case of multidimensional output and noisy observation

settings are described in the Appendix.

2.2 GP Models

In this study, we employed GP models as surrogate models for black-box functions. One simple way to model the
cascade process is the fully black-box model view, where we regard F as a single black-box function that outputs y(™)
for a collected input (), ... xN)). However, regarding the fully black-box model view, the outputs observed in
the intermediate stages of the cascade process cannot be effectively used. Therefore, we employ a cascade model , in
which all stages are modeled by independent GP surrogate models. We assume that the prior distribution for f() is
GP(0, k™), where GP(u, k) denotes a GP with mean and kernel functions . and k, respectively. From the properties
of a GP, given the observed data, the posterior distribution of f(™),n € [N] is also represented as a GP, and its mean

and variance functions can be obtained in a closed form (Rasmussen and Williams, [2005).



3 Proposed Method

In this section, we consider the sequential observations of a cascade process from stage 1 to N. For each it-

eration t € {0,N,2N,...}, users determine wgr)l, a controllable parameter of stage 1, and observe an output

(1) = (o, wg)l) Subsequently, users choose a,-ﬁ)z, a controllable parameter of stage 2, and observe yt(i)Q =

f(2) (y'2,, 2(),). By repeating this operation, users obtain yt+N = fWN(y EiVNl)l, fvgz)v)

Regarding the cascade process optimization problem in (@), the following two points should be considered: First,
because the optimization target is the output of the final stage, a multistep look-ahead is indispensable when a decision
is made in the earlier stages. Second, the input at each stage can be determined after observing the output of the previ-
ous stage. Therefore, when designing the AF for stage 7, we need to consider F (™) | (=1, where the output of
the final stage is represented as a function of the remaining controllable parameters (™) := (:c("), A )) given
the output of the previous stage y("~1). If the predictive distribution of F(m(":N ) | y("’l)) is available, appropriate
AFs can be easily derived for stage n. However, in the cascade model, the predictive distributions of F(w(":N ) |y("_1))
cannot be explicitly written because of the nested structure of the cascade process. To address this problem, we con-
sider two approaches. First, by utilizing the property that is easy to sample from nested predictive distributions, we
propose an El-based AF in section[31] Second, by constructing the credible interval of F’ (:c(”:N ) |y(”*1) ), we propose

a Cl-based AF in section[3.2]

3.1 El-based Acquisition Function

In this subsection, we assume that the true black-box function f() is sampled from the GP prior GP (0, k(™)) for each
n € [N]. Let Fpest = maxi<y<¢ yt(,N ) be the maximum value of the objective function F' observed up to iteration .
Thereafter, we define the improvement U, (z(™)|y("~1)) for the observation of stage n with input (y(»~1), 2(")) as
the expected improvement of Fi.g. First, in the case of n = N, Fjey is improved when f ) (y(N ’1), WV )) > Fhest.

Therefore, the expected improvement of Fieg, Un (w(N ) |y(N ’1)), is given by:

+
Un (@™ ™) = Ejon) [(F(w(N)|y(Nl)) ~ Fies) } : 3)

where (-)T = max(0,-). Equation (3) is the same formulation as in the ordinary EI, and its expectation can be
calculated analytically.

With regard to the case of n # N, we define U, (:c(")|y("_1)) as the maximum expected improvement of
F(w(nN)|y(n—l))

Un(@™]y™ ) = Egeo [max Unir (2 <"“>|y<">>] @

Equation (@) is a recursive expression that contains the max operator and expectation. Thus, it is difficult to calculate it
analytically. In the context of multistep look-ahead approaches, methods to avoid this problem through approximation
and sampling have been investigated (Lam et all, [2016; |Gonzélez et al., 2016b; [Wu and Frazier, 2019; Jiang et al.,
2020). We use the similar approach as in (Jiang et al!,2020) to approximate the lower bound of (). Using the Monte

Carlo integration with S samples and the exchange of expectation and max operators (note that (5a) contains the nested



max operators and expectation), @) can be approximated as follows:

Un(@™ g™ D) = B0 L%%...]Ef(w [rmn(%))c UN(w<N>|y<N1>)H (5
N N—-1
> e B o [Un(@®l )] (5b)
1 S
~ 1 (M)} (V1)
oD ZIUN(CC ™), (5¢)

where the inequality (3b) can be derived by (Jiang et all,[2020), and the sampling of ygN_l) is based on the GP model.

First, we generate each y£”> from the predicted distribution of £(™)(3("~1) 2(")) independently. Then, we calculate

the predicted distribution of £V (y{™ &("+1)) using the generated '™, and we generate 3" ™" based on that.

By repeating this process, ygN_l) can be generated. We propose the approximated utility function ﬁn (cc(”) |y(”*1)),

defined as (5d), as the El-based AF. Therefore, given the observation yﬁ;i)l of the previous stage, the observation
point of the subsequent stage n is given by:

2}, = argmax Uy (@ly1, ). ©)

z(m) e x ()

Although (3d) is the optimization problem for a stochastically determined function, deterministic gradient-based meth-
ods can be applied by applying the reparameterization trick (Kingma and Welling,2014). Compared to EI-FN, which
approximates all expectations by the Monte Carlo estimation, we analytically calculate the expectation with respect to
fW) in (8. Furthermore, we select the controllable input in each stage depending on the output from the previous

stage by using (6) in contrast to EI-FN which does not incorporate intermediate observations.

3.2 ClI-based Acquisition Function

Thus far, we assume that each f(™) is sampled from the GP prior. Hereafter, we assume that each f(") is an element
of a reproducing kernel Hilbert space (RKHS). Under this RKHS setting, we propose a CI-based AF that can be
interpreted as an optimistic improvement. First, we provide a credible interval of F'(x(™N)|y("=1)) and then, design

the AF. To construct a valid CI, we assume the following regularity assumptions.

Regularity Assumptions We assume that )~ x X'(") is a compact set, and let k(") be a positive definite kernel
with £ ((w, z), (w, z)) < 1 forany n € [N] and (w,z) € Y™~ x X, Furthermore, let ;) be an RKHS
corresponding to the kernel k(™). Additionally, for each n € [N], we assume that f (") € H,pny and IIf (")||k<n) < B,
where B > 0 is a constant, and || - ||,y denotes the RKHS norm on #;,»). There are several studies on BO using a
GP model for the black-box function assumed as an element of an RKHS (Srinivas et all, [2010; |Oliveira et al., 2019;
Iwazaki et all, [2021)).

To construct the credible interval of F'(x(™N)|y("=1)) we first formally define a posterior mean and variance of
a GP with independent Gaussian noise (0, o2). Note that what we have just introduced is the noise model NV(0, o2)
of a GP, and the actual observations are still noiseless. For each n € [N], (w,x) € y<”*1> x X(™) and t > 1, let
1™ (w, ) and 0.™?(w, x) be the posterior mean and variance of f(™) (w, x), respectively. The interval [p{™ (w, z) +
BY 201@ (w, )] with an appropriate trade-off parameter /3 is the credible interval for f(™) (w, ) (Srinivas et al},2010).
We apply this interval to construct a valid credible interval for F' (:v(”:N ) |y(”’1) ). However, it cannot be used directly

because it has an uncontrollable variable w. To avoid this issue, we additionally consider the following assumptions.



Lipschitz Continuity Assumptions We assume that () and a,g") satisfy the following assumptions:

(L1) Assume that f(") is L ¢-Lipschitz continuous with respect to L;-distance forany n € {2,..., N}, where L; > 0

is a Lipschitz constant.

(L2) Assume that a,gn) is L,-Lipschitz continuous with respect to L;-distance for any n € {2,..., N} and t > 1,

where L, > 0 is a Lipschitz constant.

This assumption enables us to give the CI of the output using the CI of the input. Since the output becomes the input
of the next stage in the cascade process, CIs of the subsequent stages can be constructed in a chain reaction.

Under these assumptions, we introduce a credible interval of F/(a(™N)|y("~1)) using a cascade model.

Theorem 3.1. Let
~\m nm n— m ~(m—1 nm— n— m
" @y D) = ™ (D @Dy ), 2

~(m n:m n— m ~(m—1 n:m— n— m ~(m—1 n:m-— n—
5™ @y D) = o™ (B @y ), @) 4 Ly @),
where ﬂg") (™ |y(n—1)) = uﬁ”’ (y™=1, 2™) and 6t(") (™ |y(n—1) = Ut(n) (y=1, 2(™). Assume that regularity
assumptions and the Lipschitz continuity assumption (L1) hold. Also assume that ;1§m) (:B(":m) |y("’1)) e Y forall
m € [N], t > 1 and ™™). Define 3 = B>. Then, the following holds:

[P (@ ]y ) — @™ @y )| < 51260 2Ny ).

From Theorem[3.1] a lower confidence bound LCB!"” (2N |3/("=1)) and an upper confidence bound UCB{! (z(7:M)|y(n=1))
of F(z(™N)|y("=1)) are given by:

F n: n— ~(N n: n— ~ (N n: n—
LB} (@ M|y V) = 2} @My V) — 51261 (2N [y, o
UCB" (@Ml = i) (@l D) 4 51260 @V ),

Based on the above credible intervals, we define the pessimistic maximum estimator of F(w(lm)) as Q; =
max, v LCBYY (2N, In addition, given the observation yi_’ﬁ;i)l in stage n — 1, we define the pessimistic
maximum estimator of F(z(™N)|y("=1)) as follows:

F n—1 F) (n: n—1
LOB{Y), (v ) = max LCBJD, (2|51, ®)

x(n:N

where the max operator is not necessary when n = N. Similarly, the optimistic maximum estimator of F'(z (") |y,§z;£)l)

is defined as follows:

UCBgle(:v(")|y§n7£)):— max UCB(fn( "N)|y(" 1))

+n—1 2(n+1:N)
Then, we define the optimistic improvement with respect to (y(”*l), cc(”)) as follows:
n n F) n n—1 F n—1)
az(e+)n( )| Yesn— 1) UCB§+n( ( )|y£+n—)l) — max {LCB§+;( Ytpn— 1) Qt+n} . C))
Furthermore, we define the maximum uncertainty

n n n—1 N n: n—1
bz(e-i-)n(m( )|y£+nf)1) = ({PﬁXN) Ut(+r)z 1(55( N)|y£+nf)1)' (10)



Using (@) and (I0), we propose a Cl-based AF cgi)n(:v(") |y§j_;i)1)

@yl 2 = max {af, @y ) b @l | (1)

where 7, is some learning rate and tends to zero. Therefore, the subsequent observation point is given by a:g’fr)n =

Arg MaX g ¢ xm o (@Yl 2.

Equation (8) denotes the pessimistic maximum when we observe in the subsequent stages with the previous output,
and @ represents the pessimistic maximum when the observation is performed from the first stage. Thus, the second
term of (9) indicates a pessimistic maximum estimator in the current iteration, and a§"> optimistically evaluates how
much the observed value exceeds the pessimistically estimated maximum value. Intuitively, CI-based AF selects the
point that has high optimistic improvement, and if no optimistic improvement is expected (i.e., a,E”) is small), it selects
the point with the highest uncertainty of the cascade process.

The Lipschitz constant L ¢ is a new parameter derived from our proposed method. Since each f (") is a black-box
function, it is difficult to obtain the exact value of L. In practice, we have to estimate L ¢, and one simple way is to
determine it from prior knowledge. Another way is to estimate it from a GP surrogate model. For any Lipschitz contin-
uous function f on a compactset X C R, L = maxgcx |V f(z)|1 satisfies the Lipschitz condition (Gonzélez et al.,
20164d). Additionally, it is known that if a GP is differentiable, its derivative is also a GP. Based on these facts, we can
estimate L ¢ by constructing a GP surrogate model of V f and using its sample paths and predictive mean (Sui et al.,
2015; |Gonzdlez et al!, [2016a). On the other hand, for the Lipschitz continuity assumption (L2), it depends on how
the kernel function is chosen. If we use a kernel that does not consider any similarity between different points, i.e.,
a pathological kernel such as k(x,x’) = 1 if @ = x’, and otherwise zero, the posterior standard deviation is dis-
continuous at the observed points, and (L2) does not hold. On the other hand, (L2) is shown to hold for commonly
used kernels such as linear kernels, Gaussian kernels, and Matérn kernels with more than one degree of freedom (see
Appendix[E for details).

We discuss the multidimensional output setting and the noisy observation setting in the Appendix. Particularly in
noisy situations, two different target functions can be considered. One is to maximize F' through noisy observations,
and the other is to maximize the expected final output with respect to the noise at each stage. We also propose the

modified version of CI-based AFs for both target functions and show the theoretical analyses of them in Appendix [Dl

4 Theoretical Results

In this section, we provide the theoretical guarantee for the CI-based AF. First, we define the estimated solution

(N)

(1) .
Ty &y

and regret r; at iteration ¢ as follows:

:igl), e ,:&§N) = argmax LCBEF)(:B(LN)), (12)
(N ex 1<i<t

re=F@M, 2™y~ F@®, e,
Then, the following theorem holds.

Theorem 4.1. Under the same assumptions as in Theorem[3.1) define the estimated solution (:i,gl), ey :&§N)) by (12).
Then, for any positive number £, the following holds:

max UCB (20*N)) — max LOB) (M) < ¢ (13)

2(1:N) 2(1:N)

= F@Y,. . 2" -FE, .2 <¢



Theorem[d.1] states that if the credible interval width for F' is small, then regret r; is also small. On the contrary,
it does not guarantee whether the credible interval width becomes small or not. Theorem [4.2] shows that the interval
width can be made arbitrarily small when is used as the AF. Let ”yt(") be a maximum information gain for f™ at
iteration ¢, and let v; = max, [N ”yt("). Here, the maximum information gain is a commonly used sample complexity
measure in the context of the GP-based BO (Srinivas et all, 2010). The exact formulation is provided in Appendix[Al

The following theorem also holds.

Theorem 4.2. Assume that the same conditions as in Theorem 31| hold. Also assume that the Lipschitz continuity
assumption (L2) holds. Let & be a positive number, and let n; = (1 + logt)™L. Then, the following inequality holds
after at most T iterations:

F, 2™y —r@d, . 2 <¢

where T is the smallest positive integer satisfying T € NZ>o = {0, N, 2N, ...} and

8BCIN? _aN-2

St S 71 < &2 14
1Og(1+0'_2)’YTTIT <€ ( )

Here, each constant is given by Cy = L,('Y? + Ly +1,C, = max{l,Lf,L;I},Cg = 4NQC§N_3CfV, Cy =
NCY,Cy = (2812 +2)NCY.

The inequality still has the variable y7. Nevertheless, the order of v for commonly used kernels such
as the linear and Gaussian kernels is sub-linear under mild conditions (Srinivas et al., 2010). Hence, the integer T'
satisfying (I4) exists in these cases. This indicates that a solution :i(Tl ), cee :%(TN) that achieves an arbitrary accuracy &
can be obtained in a finite number of observations.

In terms of the stopping criterion, if the accuracy parameter £ is provided, we can use the condition as the stop-
ping criterion for EI- and CI-based AFs. Although El-based AF is not necessarily terminated by this stopping criterion,

Theorem[4.2]shows that CI-based AF terminates after at most T iteration that satisfies (I4) when all assumptions hold.

5 Extensions

In this section, we consider an extension called suspension setting in which we are allowed to suspend the cascade
process in the middle of the multistage decision-making process. Suspension is beneficial, especially when the output
of a middle stage is significantly different from the prediction, and the output is not expected to be beneficial for the
subsequent stages. For example, if a suspension occurs at stage n, the output ("1 of the previous stage remains
unused, and this can be stored as a stock. If a stored stock turns out to be useful later, we can reuse the stock and

resume the cascade process from the middle stage.

Formulation Let St(") be the set of stocks at stage n € {0, ..., N — 1} in iteration t. Because the process can be
resumed from the middle stage in the suspension setting, the user’s task in each iteration ¢ is to select the best pair
(y=1 x(™) from the set of candidates {St(n) x X(MINZ L Because of a user’s choice, the used stock y(" 1) is
removed from the set of stocks, and the newly obtained output (") is added to the set of stocks. The difference in the
cost of each stage is important in the suspension setting because, for example, if the costs of the later stages are greater
than those of former stages, then the suspension strategy can be more beneficial. Therefore, we introduce the cost of

each stage \(") > 0 forn € [N]. Figure2lshows a conceptual diagram of the suspension setting.

e set St(o) = {0} for all ¢.
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Figure 2: Conceptual diagram of the suspension setting. shows the case where the output 3(™) is stored as a stock
in stage n, and the observation from the subsequent stage is suspended. shows the case where the observation is

reused from stage two using the stock ylgl).

Acquisition function for suspension setting We propose the following AF for the suspension setting:

N
ey Y 2l = arg max Us(y" 1,2/ Y A0 (15)
1€ s T
y(¢71)€$§i71)1 Jj=i
2 ex®

There are two differences between the AF in (I3) and the El-based AF in (3d). First, in (I3), based on the set of
stocks {St(i_l) }ie[n]» we determine which stage to resume from, which stock to use, and what input to use. Thus, @@
implicitly determines whether the sequential evaluation in cascade is suspended or not. Second, the utility is divided
by the total cost from stages n to N, which suggests that a cost-effective choice is performed. Resuming from a later
stage has advantages (considering cost) because the goal is to optimize the output of the final stage. The AF in (I3)
can be interpreted as an extension of the El-based AF in (3c) because it handles the two cases of starting from the
first stage and resuming from the middle stage using a stock. It is necessary to compute the utility function for many
candidates when solving the optimization problem in (13). Nonetheless, this can be done efficiently by exploiting the

fact that the evaluation of ﬁn in stage n does not depend on the observations in the earlier stages.

Stock Reduction In the suspension setting, having a larger number of stocks provides us a wider choice. However,
practically, it can be costly to store several stocks. In such a situation, it is necessary to be able to decide which stocks
to retain and which ones to discard. A reasonable way is to discard the stocks that are not expected to contribute to the
optimal solution. We implement this based on the credible interval.
For any stock y(") e 8™ in stage 0 <n < N — 1, let
Fy™)= max F(@"Mym)

2(n+1:N)

be the maximum function value when the observation is performed until the final stage using 3(™). Therefore, the LCB
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and UCB of F(y"™) are given as
LOB{" (y™) = max LCB (2 1My (),
x(n+1:N)

UCB; (y™) = max UCB}" (@) |ym).

z(n+1:N

Then, the following theorem holds.

Theorem 5.1. For anyn € [N — 1] and y™ € 8™, under the same assumptions as in Theorem[3.1) assume that the
following holds:

UCB (y™) < max  LCB(5). (16)
geUls' s

Then, F(y™) < F(:Bil), ce :BiN)) holds.

The proof of the theorem is presented in Appendix [Cl From Theorem the condition (I6) is used to decide
which stocks to discard. Theorem[5.1] only guarantees that the stock will not become the optimal value. Suboptimal

stocks may also be effectively used in the optimization process.

6 Experiments

We demonstrated the optimization performance of the proposed methods in both synthetic functions and a solar
cell simulator. Details of the experimental settings are provided in Appendix [El First, we compared the methods
in the sequential setting. We used CBO, EI-FN and random sampling (Random) as the comparison methods. In
Random, each (™ € X(") is randomly and uniformly selected. Regarding CBO, its AF is optimized by con-
sidering the output of the previous stage as the controllable variable. Because the range of the previous output is
unknown, we used a widely estimated range that was twice the actual range. Additionally, we set its hyperparam-
eters k1, ko to one. We also compared the proposed methods to a fully black-box BO that used EI and GP-UCB
under a fully black-box model (FB-EI, FB-UCB). The proposed methods with EI- and ClI-based AFs are labeled
as EI-BASED and CI-BASED, respectively. We set the number of Monte Carlo sampling to S = 1000, and we
used 7y = 107%(1 + logt)~! to calculate CI-BASED. In all the experiments, we employed a Gaussian kernel

k™ ((w,z), (v, 2') = cr}n) exp | — (7:;2%))2 - 5:(? %7(%)2) and we set the noise variance of the GP model
w d
as 02 = 10~%. The performance was evaluated by the simple regret F(wgl), cee :ciN)) - F(wgl), ce ng)), where

t=arg Max; <pr<t yt(,N ). Additional results comparing EI-BASED and EI-FN are shown in Appendix[Gl

6.1 Synthetic Functions

We used sample paths from the GP priors, Rosenbrock function, Sphere function, and Matyas function as the synthetic
functions. Regarding both functions, we constructed three- and five-stage cascade processes, and set D™ = 2 for
all n. Weused Ly =1, B2 = 2 for the calculation (7). In addition, 10 and 20 points for N = 3 and N = 5 were

randomly selected and provided as the initial data.

Sample Paths from GP Priors: We employed the random Fourier feature (Rahimi and Recht, [2008) to sample

f() from the GP prior and constructed F' using them. Each f(") was sampled ten times, and the experiments were

conducted with two different random seeds for each. The hyperparameters were set to cr}" ) = 15.02, éfin) =3, 65,3’ ) =

3. We also set the domain of the control parameter to X' (") = [—10, lO]D(n).
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For the following synthetic functions, we ran experiments with 20 different random seeds. Furthermore, we
scaled f(™ such that the range of the function value is equal to the input domain for numerical stability. The GP

hyperparameters were selected by maximizing the marginal likelihood at every iteration.

Rosenbrock Function: Each f (") js Rosenbrock function, whose domain of the control parameters were set to
X = -2, 2]D(n). We perform the experiments with the number of stages N = 3 and 5. We set (1) € R? and
x(™ ¢ R? foreachn = 2,..., N, and output ™) € R for n € [N].

Sphere function: Each f(") is Sphere function, whose domain of the control parameters were set to X' (") =
[—5.12,5.12]’3(”). Each output (™ € R for n € [N] and the number of stages is N = 3. We set (1) € R?
and (2, () ¢ R2

Matyas function: Each f(™) is Matyas function, whose domain of the control parameters were set to X" =
[—10, lO]D(n). Each output ™) € R for n € [N] and the number of stages is N = 3. We set () € R? and
) 203 e R,

Figure [3] shows the average value of the simple regret. We see that our proposed methods and EI-FN clearly
outperform other baselines including CBO. Although EI-BASED, which can be roughly seen as the adaptive version of
EI-FN, is comparable to EI-FN in most experiments, EI-BASED shows better performance than EI-FN in the Sphere
function. This can be seen as a benefit of adaptive decision-making. Although CI-BASED has superior theoretical
properties, CI-BASED is inferior to EI-BASED except for Rosenbrock (/N = 3) and Matyas functions. One of the

reasons for these results is the setting of the hyperparameters, such as § and L.

6.2 Solar Cell Simulator

We applied the proposed methods to the solar cell simulator. This simulator consists of three-stage processes. Stages
one and two are two-step annealing processes to diffuse phosphorus into the silicon substrate from the surface, form-
ing a p-n junction near the surface. The controllable parameters of stage one are the phosphorus concentration at the
surface, temperature, and time of the first-step annealing. In addition, the controllable parameters of stage two are the
temperature and time of the second-step annealing. The outputs of stages one and two are the four parameters that
indicate the distribution of phosphorus concentration in the depth direction. In stage three, the solar cell is constructed
using controllable parameters composed of wafer thickness and boron concentration of the substrate, and the perfor-
mance is evaluated under standard measurement conditions. The final output is the power generation efficiency of the
solar cell, and our goal is to maximize this output. Regarding the real-world simulators, the simulators of stages one
and two are based on the physical model (Bentzen, 2006). Moreover, the simulator of stage three was constructed using
the data collected from PC1Dmod6.2 (Haug and Greulich,|2016). In stages one and two, the simulators produce vector
outputs. However, CBO does not support vector outputs, so we calculated its AF by replacing the predictive mean
and variance with the mean vector and covariance matrix, respectively. The domain of the controllable parameters are
XM = [700,1050] x [100,5000] x [19,21.18], X = [700,1050] x [100, 5000], and X = [50, 250] x [14, 17].
We randomly chose 20 points as the initial data. In addition, we set Ly = 0.1, 3 1/2 = 2 in this setting. Furthermore,
we tuned the hyperparameters by maximizing the marginal likelihood and ran the experiment for 50 iterations using

20 different random seeds.
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Figure [ shows the average of the best observed value maxi<y <¢ y,E,N ). This result shows that the proposed
method outperforms the existing methods in the simulator experiments. It is also confirmed that the best value found
in 50 iterations in the existing methods is achieved in less than half of the iterations in the proposed method. In a
comparison between EI-BASED and EI-FN, the error bars are not overlapped after the 40 iteration. Thus, EI-BASED

shows a slightly small but substantial improvement by adaptive decision-making.

6.3 Hydrogen Plasma Treatment Process

We applied the proposed method to the hydrogen plasma treatment (HPT) process, which is a part of the production
process of solar cells. In the previous practical study, one of the authors (KK) optimized one-stage HPT process
parameters through real experiments using simple BO (Miyagawa et al.,2021b/d). In this study, we extended this HPT
process to the virtual two-stage cascade process. The first stage is the HPT process with 7 inputs, temperature, pressure,
flow rate, process time, electrode distance, radio frequency power, and cycle time, and 2 outputs, saturation current
density, and contact resistance. The second process is the solar cell production process in which surface electrode
width is the controllable parameter. The final output is the power generation efficiency of the solar cell, and our goal
is to maximize this output as in the case of the solar cell simulation. The domain of the controllable parameters are
XM = [50,300] x [0.25,4] x [100,1000] x [10, 100] x [270, 420] x [10, 40] x [15,60] and X®) = [0.01,0.1]. Since
the real dataset is small with respect to the input domain, we used surrogate objectives, which are sample paths of GPs
fitting to the real dataset for each stage. The details of these sample paths are shown in Appendix[H Other experimental
settings are set as with the solar cell simulator experiment.

Figure [3] shows the average of the best observed value maxi<y<¢ yE,N ). Our proposed methods EI-BASED and
CI-BASED are superior to other baselines including EI-FN and CBO. In particular, the difference between EI-BASED

and EI-FN implies the improvement by adaptive decision-making.

6.4 Suspension Setting

We also conducted experiments in a suspension setting using the proposed method (I3) (EI-BASED-SUS). In this
setting, we used the sample path function with N = 3 and 5. For the cost of each stage A = ()\(1), A2, /\(3)),
we consider two settings: A = (1,1,1), A = (1,1,10). Furthermore, we apply the stock reduction rule (I6) to
EI-BASED-SUS and executed it in both settings. We refer to this as EI-SUS-R. The results are shown in Figure [(a)]
and[d(b)] Comparing EI-BASED and EI-BASED-SUS, we can observe that the performance is improved by incorporat-
ing the suspension. Moreover, the performance did not deteriorate even when the stock reduction rule was applied. In
addition, the stocks are not consumed in the simulator, and once a stock is acquired, it can be used a number of times.
In this case, we can reduce the number of observations in the earlier stages by reusing the stock. We compared the
situation in which stocks are available only once (EI-SUS (1)) and the situation in which stocks can be used a number

of times (EI-SUS (c0)). From Figure we confirm that EI-SUS (oc0) performs a more efficient optimization.

Conclusion

We proposed a new BO framework for cascade-type multistage processes that often appear in science and engineering.
Moreover, we have designed two AFs based on CIs and EI by handling intractable predictive distributions using

different approaches. From both the theoretical analysis and numerical experiments, it is confirmed that the proposed
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Figure 3: Experimental results of the synthetic functions. The solid line represents the average performance, and the
error bar represents the standard error.
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methods have a superior performance.
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Appendix

A Generalization of Problem Setting

Hereafter, we consider the generalized settings, including vector output and noisy observations. First, we generalize
the problem setting in this section. In Appendix [Cl we consider the noiseless setting. We also consider the noisy
observation setting in Appendix [Dl and provide the optimization algorithm. Furthermore, we discuss the conditions
of our theorems in Appendix [El Details of our experiments and additional experiments are described in Appendix [H

and[G] respectively.
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Let Y™ RM™ be the M (™) -dimensional output space@, and vector-output black-box function of stage n is
denoted by (), and f,(f ) denotes the m-th function of ™). Output y™ corresponding to an input (y(”*l), cc(”))
is observed with noise €(™): y(™ = f) (y(”*l), cc(”)) + €™, The noiseless settings are the case of e = 0.
Furthermore, we consider that €™ is uniformly bounded and zero mean noise in Appendix Dl

In order to construct a surrogate model of f(™), we set GP(0, k(™) to the prior for each f,(,f ), where GP(u, k™)
represents the GP with mean function z and kernel function k(™). Additionally, we assume that k(™) is a positive-
definite kernel and V(y™=Y, z(™) € Y= x xm g0 ((yn=D M) (y"=1 gM)) < 1. Let Dt(n) =

L
{((yz(n_l)v wE")), yf")) } be observed data of stage n at iteration ¢. As the noise model of GP, we use e ~

N(0,0%1,;0n)), where Iy denotes M (™) x M (™) identity matrix. Note that this noise model is different from the

actual noise assumption. Given the observation Dt(n), the posterior of f,(,? ) is also GP, and the predictive distribution

of £ (y™=1,2(™) is given by:
FO (1) 2 o (), (D, @), g2y n=D) ()
T
oy @) =k (y 7,2 (K 4 0T 00) My,
05,11712(y("_1),w(")) —k(n) ((y("—l)7 m(n)), (y(n—l),w(n)))

— k(2 T (K + P T0) h(y Y, ™)

L
L -
Here, k(y™ V@) = [k® ((y"V,2), (yfnfl)vwgn)))}i; oy =[] and K
is a kernel matrix which has k(")((ygn_l),:cgn)), (y§n_1),m§"))) in (i,7)-th element. In addition, we define
iy a) = [u%(y(”*”, () } M:)
For a GP model of f,(,? ), we give a deﬁnitriz;l of the maximum information gain. Let Aln) = {a§”>, cey agpn)} C

Y= x X" be a finite set of sampling points. We define yfﬁn € RT as observation vector w.r.t. A(™), whose i-th

element is given by y((ln)m = f,(,f ) (a;) + a&")m Then, the maximum information gain '77(7?., )T is defined as:

n n
77(71)T: max I(yzz,ﬁfv(y?))v
; A Cy=D 3 ) | A0 = '

where I(yifzn; ,(,? )) is the mutual information between y(AnZn and f,(,? ). Furthermore, it is known that this mutual

information can be written in closed form as follows (Srinivas et all,2010):

N | o
I(yg_;n; W) = Elogdet (IIA(">| Yo 2}(2(2”) 7

0, = [k @™, al™)]
where KA(") k (a’L ’ a] ) aEn)GA(n), ayl)eA(") ’

Additionally, we define St(") as the set of stocks in stage n at iteration .

A.1 Proofs of Theorems

Theorem 311 is a special case of Theorem [C7] with M (™) = 1 for all n. Likewise, Theorems E.1] and are cor-
responding to Theorems and [C10 with M (™) = 1, respectively. The proofs of these theorems are given in the
generalized problem setting. Moreover, we also provide the proof of Theorem[5.1lin Corollary [C.8]

2Since we focus on single-objective optimization, the output of the final stage is assumed to be scalar (i.e., MV ) =1).
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B Prediction of Cascade Processes using Bayesian Quadrature

In this section, we consider the cascade process as a Bayesian quadrature (O’Hagan, |1991) framework and introduce
one of its problems. For black-box functions at each stage of the cascade process, we consider a predictive model
using GP. The problem is that it is difficult to predict each stage from the first stage because each stage contains
controllable variables and outputs from the previous stage that are not controllable. Nevertheless, the output from
the previous stage can be predicted using the posterior distribution. Therefore, integrating the black-box function of
each stage with respect to this posterior distribution, i.e., taking the expectation, allows prediction of each stage with
respect to the average case of uncontrollable inputs. This approach is known as Bayesian quadrature, and furthermore,
since each stage follows a GP, it is known that the integration of the black-box function is again a GP (see, e.g.,
(Papoulis and Pillai, 2002)). Therefore, the advantage of this approach is that it is easy to construct credible intervals
based on the properties of GP. However, this modeling has the problem that it cannot always correctly predict the target

it originally wants to predict.

Lemma B.1. Suppose that fi : R — R follows GP(0,ki(x,2')). Also suppose that f» : R? — R follows
GP(0, ka((z1,x2), (2], 25)). Assume that the first variable of fo is the output of f1. Then, the stochastic process

fa(f1(x1), 2) is not necessarily the same as

Et, (21)~gP(0,k1 (2,2 [f2(f1(21), 22)]. (B.1)

Proof. Let ky(x,2') = exp(—(x — 2')?) and ko(y,y’) = y ' y'. Since the expectation of GP with respect to inputs
is again a GP, follows GP. Therefore, the probability distribution given by at point z; = x2 = 0 follows
some normal distribution. On the other hand, since f1(z1) ~ GP(0, k1(z, ")), from the definition of k1 (x,z") we
have f1(0) ~ N(0,1). Similarly, we get f2(1(0),0) ~ N(0, f2(0)) < N(0,x2) < /X2N(0,1), where 2 is
the chi-squared distribution with one degree of freedom. The mean and variance of \/X_%N (0,1) are zero and one,

respectively. Furthermore, the fourth moment of 1/x%N (0, 1) is given by

E l(\/x?zv(o, 1))4

Hence, 1/X?N (0, 1) does not follow a normal distribution because the fourth moment of the normal distribution with

= E[(x1)’]E[N (0, 1))"] = (VIxi] + E[Xi]*)3 = 9.

mean zero and variance one, i.e., the standard normal distribution, is three. Thus, the stochastic process fa(f1(z1), x2)
is not the same as (B.1)). |

Although it is possible to construct a GP prediction model as an integral of GP, the final stage does not necessarily
follow GP. Hence, it is not always easy to judge whether the composition of the credible interval or the design of AF
based on the constructed GP prediction model is appropriate or not. Therefore, modeling the final stage of the cascade

process based on the integration of GP is not the most natural approach.

C Cascade Process Optimization Using CI-based AFs under Noiseless Set-
ting
In this section, we consider CI-based cascade process optimization methods without observation noise.
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C.1 Credible Interval

We construct a valid CI for the objective function F(ilt(l), A )). First, we assume the following regularity

assumption which is commonly assumed in many BO studies.

Assumption C.1 (Regularity assumption under noiseless setting). For eachn € [N], let Y™~ x X("") be a compact
set, and let M,y be an RKHS corresponding to the kernel k™). In addition, for each n € [N] and m € [M™),
assume that i € Hjony with ||f,(,f)||k<n) < B, where B > 0 is some constant, and || - ||;,c») denotes the RKHS norm

on Hyny. Furthermore, assume that the observation noise 65,’5 ) is zero.

Under this assumption, it is known that the following lemma holds.

Lemma C.2 (Abbasi-Yadkori 2012, Theorem 3.11). Assume that Assumption[C 1l holds. Define 3 = B2. Then, for
any n € [N] and m € [M™), the following inequality holds:

f,(,?)(w,cc) — u("?t(w,w) < ﬂl/zafrz)t(w,:c), Vw e YD Ve e x™, vt > 1.

m

Based on Lemma|[C.2] we construct the valid CI. However, we cannot use Lemma [C.2] to construct Cls directly
because the input w € Y1 is the output of the previous stage. In order to avoid this issue, we introduce additional

assumptions for Lipschitz continuity.

Assumption C.3 (Lipschitz continuity for f,(f )). Assume that f,(f Vis L ¢-Lipschitz continuous with respect to L -
distance for anyn € {2, ..., N} andm € [M™], where L; > 0 is a Lipschitz constant.

(n)

.t 18 Lo-Lipschitz continuous with respect to Lq-

Assumption C.4 (Lipschitz continuity for 07(,? )). Assume that o
distance for anyn € {2,...,N}, m € [M"] and t > 1, where L, > 0 is a Lipschitz constant.

Then, the following theorem gives CIs for the N-stage cascade process.

Theorem C.5 (CIs for N-stage cascade process). Assume that Assumptions|[C. 1l and hold. Define 8 = B? and

f(l)(ov w(l)) (n = 1)7

2" (cc(l), . ,w(")) =
f(n)(z(nfl) (m(lznfl))

1
I, .. a0 = |1 @) (n=1)
Hgn)(ﬂ(nfl)(m(l nfl))vm(n)) (2 <n< N),
Ur(ri,t(ovw(l)) n = 1),
(n) (~(n=1)/_(1in—1)\ ,.(n)
a, xT , L
5521)15(53(1), ey = ma(By 0 ( ) )
s M(nfl) ( 1) (2 STLS N)
+Lf Z 5.57; (m(lznfl))
s=1

Moreover, assume that ﬂgn)(:v(l), oo™y e YO foranyn € [N], t > Land (M), 2() € X x...x x™),
Then, it follows that

m

|2 (2 ™) — ﬂ(ny)t(w(l), ™)) < Bl/zéf,z)t(w(l), L)
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(n)

where m € [M™)], and 2, (-) and il

m,t

(n)

m.t(+), respectively. In particular,

(+) are the m-th element of 2 () and
whenn = N, it follows that

|F(w(1),...,w(N))—ﬁg{\t’)(w(l),...,m(]v))|§ 61/26§{¥)(:c(1),.. M),

Y

Proof. Fix w(l), .. .,w("), t>1landm € [M (")]. For simplicity, hereafter, we sometimes omit the notation
(z®, ..., &™) such as 2" and ﬂg:;)t. Then, for i € [M )], it follows that

F = i3 =12 - 1P D 2®) + £P 0, 2) - i)
< 22 — @ EW, 2®)| + |2 a0, 2?) - Mz,)|
— [ (=0, w<2>> I 0,20+ £ (a0, 2 ) - u) (@, =)
< Lllz® — 5[y + 57203 (5", =)
M(l)

=520 (@M a) + Ly Y 120 — A,
m=1

ML
< ﬁl/2a§i>(,1§”,w(2)) + L Z ﬁl/zgr(i))t((),m(l))

m=1

— ﬁl/z(;_g? (M, z2). (C.1)

|z

(3)

Similarly, | (3)

and [ satisfy that

27 =gl =127 = 1Y 2O 4 P ) = )
<57 = £, 2O+ 177 a2 - )

< L z® = a®||y + 8265 (@, 2®)
M@
= 820 (1 @) + Ly > 2P — ). (C2)

Hence, by substituting (C.I)) into (C.2)), we get

M2
3) _ ~(3) 3)/ ~ 2
57 =il < 07 o (B2 4 Ly 3 o, 2®)
= 51/25§i) (:c(l),a}@),:c(g)).
By repeating this process up to 7, we have Theorem[C.3] |

From Theorem[C33] we can construct the valid CI @\ (™, ..., ™) of F(z®, ..., 2(™) as follows:
F _(N (N
Qi (@W, .., a™) = [a{V(@W, ... a™) £ g2V (W, ... ™)

= [LCBY) (2, ..., ™)), UCBY ) (2, ..., ™). (C.3)

Next, we consider the property of estimated solutions based on the proposed CI (C3). For any ¢ > 1, we define

the estimated solution (:&gl) :c,EN)) as

(:i,gl), ce :ﬁEN)) = arg max LCBEF) (M, .. ™). (C4
(2@, z(M)ex 1<i<t

Then, the following theorem holds.
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Theorem C.6. Let (:i:gl), e ,:&§N)) be the estimated solution given by (C4). Assume that the same assumption as
in Theorem[C 3l holds. Then, for any t > 1 and £ > 0, it follows that

max UCB{(2®M) -~ max LCB{(20M) < ¢

z(:N)ex z(:N)ex

= P, a™M) - F@",... &) <¢

Proof. From the definition of CIs, using Theorem[C.3] we have

F®,. . 2™ <ucBM (@, ... a),
LeB @, &) < P, e,

r (F) ((1:N) - (1) - (N) ;
where t = argmax o), zyex,1<i<t LOB; *(x ). Similarly, from the definition of (&; ’,...,&; '), noting
that

max LCB{" (M) < LeB (&', &)
z(N)ex Tt
we get

(wgl), cey :ciN)) < UCBgF)(mgl), e ,mgN)) < max UCB ( (LN,

z(:N)ex
F : F)/~(1 ~(N 1 ~(N
z(llanag)éXLCB( Y@My < LB (@, &) < F@,... &™)
This implies that
F, . ey - F@",. . &™)
< max UCB (M) - max LCBI)(z(:M). (C.5)
z(1:N)ex z(:N)ex

Therefore, by combining (C.3) and

max UCB ( Ny max LCBEF)(CC(LN))<§,
c(:N)ex (x(:N))ex

we get Theorem[C.6 [

Finally, we consider the construction of CIs when the observations up to the s-th stage are given. Let s be an
integer with 0 < s < N — 1, and let y be an element of J(*). Then, for each n € {s+1,...,N},me [M(”)], t>1
and Y 2™ we define 2™ (x| 2(M]y), ﬁg")(m(”l) ., z™|y) and a(n)( 1) 2(™)y)

as

FED (y, at ) (n=s+1),

z(n)(m(sH)’ s cc(”)|y) —
F D (@ Dly) 2™) - (n > 5 +2),

pd ) (y, s+ (n=s+1),

= (1) (s+1) (n) _
H’t (:B gy x |y) n
p (ED (@D gy 2) (0> s 4 2),

ot (g, 21D (n=s+1),
n) ;~(n—1 s+1:n— n
- () [ (s4+1) ) oo (@ ) ()
Um,t(m yeees L |y) - Mr=D
~(n=1)/ (s+1in—1) (n2s+2).
+ Ly Guy (T y)
u=1

Moreover, we formally define 2(*) (z(+1), £ |y) = a{¥ (@(+D 2()|y) = y and a(s) (x5 2(9)|y) = 0. Then,

the following theorem holds.
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Theorem C.7 (Cls for N-stage cascade process under given observation). Assume that Assumptions[C. Il and[C 3 hold.
Define 3 = B2, and assume that ﬂi"’(m“H), o xMy) e Y™ foranys € {0,...,N =1}, n€ {s+1,...,N},
ye VO, t>1and (xHD, .. &™) e XCD x ... x X Then, it follows that

|Z7(T7Ll) (w(erl)’ R w(n)|y) - ﬂgg,)t(w(s+1)7 st 7$(n)|y)| S ﬁ1/2&§7?7)t($(5+1)7 trt w(n)|y)7
where m € [M™], and z,(,f)(|y) and ﬂg:y)t(-|y) are the m-th element of z4\ (‘|ly) and ﬂg:y)t(-|y), respectively.
Proof. By using the same argument as in the proof of Theorem[C.3] we get Theorem[C.7l [ |

Based on Theorem|[C.7] we give a stock reduction rule. Foreacht > 1 and y € V) with0 < s < N — 1, we
define F(y), LCB{")(y) and UCB!") (y) as

Fly)=  max M@, aMy),
F ~(N) /(s ~(N) (s
LCBg )(y) - Z(SJ}E%?;(N)(M&&)((B( +1)7 SRR m(N)ly) - ﬁ1/20§,t)($( +1)7 ) w(N)ly))v
UCBgF) (y) = z(ﬁrﬂgz(m(ﬂg]j) (2T aWy) + ﬁ1/26§{¥) (2 a™y)),
where ﬂg{\g) (x| xM|y) is the first element of ﬁﬁN) (x| x™)|y). Then, the following corollary

holds.

Corollary C.8 (Stock reduction). Assume that the same assumption as in Theorem|[C A holds. Let t > 1, and let St(u)

be a set of stocks at stage u € {0, ..., N — 1} in iteration t. Assume that an element y in St(s) satisfies

UCB{"(y) < max LCBY ().
geUl=y s

Then, it follows that F(y) < F(:cil), .. ,wSKN)).
Proof. From Theorems[C.3land[C.7] noting that y € St(u) is the observed value corresponding to some input, it follows
that

F(y) < UCB (y)

< max LCB")(g)
geUi=y i

< max 2™ (™ x™)0)
(@, eM)ex

= F(wgl), cel, :cka)).

C.2 Cascade Process Upper Confidence Bound

Here, we consider a UCB-based optimization strategy, and give a cascade process upper confidence bound (cUCB)
AF. For each iteration t > 1 and input ("), ... (™)), we define cUCB as

cUCB (M, ... ™)) = /lgj\p (™, ™))+ 61/26%,)(:13(1), L aM),

)
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Next, we consider the theoretical property of cUCB. Suppose that the next evaluation point is selected by

(:cgl, .. ,mgfl)) = argmax cUCB,(z™,... ™). (C.6)
(@), z(N)ex

Moreover, in order to evaluate the goodness of the optimization strategy, we introduce the regret r;, cumulative regret

R and simple regret T(TS ) as

r=F@l,. 2™ - P, ),
T
Z = min 7.
— 1<t<T
Then, the following theorem gives regret bounds for Rr and r(TS ),
Theorem C.9. Assume that Assumptions and hold. Define 3 = B? and assume that
ﬂgn)(w(s+1),...,w(")|y) € Y™ foranys € {0,...,N -1}, n € {s+1,....,N}, y € Y, t > 1 and
(:c(”l), e ,m(")) € X6HD ... 5 X Then, when the optimization is performed using cUCB, the following
inequality holds for any T' > 1:
8[302(1\[ 1)Mp2mde2um
RT < T’yTu
log(1 4 072)
2
PS8 <« p-1/2 850 MpmdezumWT
r = log(1 4+ 0—2) ’

where Cy = L061/2 + Lf +1, MPmd = Hr]jzl M™ and Mym = Zﬁle MM,
Proof. From the definition of ,(n )t (+), using Lipschitz continuity of a,(f;)t () we have

5(n_) (D), ... ™)

m,t
Mn—1)
n n— n— n ~ n 1 n—
:o’fn.’)t(z( VW, . 2r=D) 21 L, Z ( 2, ... z"D)
s=1

+ U,(,Z)t(ﬂgnfl)(w(l), el :13("_1)), :13(")) — U,(,Z)t(z("_l)(:n(l), e w("_l)), :B("))

Mn=1)
<otz V(@ et D) ey y Ly S (@, L D)
s=1
+ oz D (@D, 2 D) 2 — ol (@Y (@D, 2 D), 2 )]
Mn=1)
< U,(,?))t(z(”fl)(:n(l), oz My L, Z &g 1)( @ e
s=1
Mn=1)
+ L, Z |2V (™ gDy - ﬂg?;l)(w(l), Lz
s=1
Mn=1)
<ol (= V@D, e D) ey 1L 3 50D, et )
s=1
Mn=1)
+ LAY 3 (@, D)
s=1
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Mn=1)

) )

s=1
Mn=1)
< U,(,Z)t(z("_l)(m(l), .. ,w("—l)), w(n)) 1+ 0 Z 5&*1)@(1)7 o w(n—l))'
s=1
Thus, by repeating the same argument as (C.7) up to IV, we get
68? (w(l), o :B(N))
MON-1)
< Ug) (Z(N—l)(w(l), s w(N—l))7 w(N)) +C, Z &S\tfq)(w(l)’ L w(N—U)
s=1
< oM (zN=D (M) N1 g
MEN-1)
+C Z Ugﬁffl)(z(me (W, ... aN-2) g (N-1)
s=1
MN=2)
PGS D a)
u=1
<
< oM NN (-1 g0
N—-1 N M)
LY I MO Y [Ug)t(z("*l)(m(l), - _,m<nf1>>,m<n))}
n=1 s=n+1 m=1
N M™
< C(])VilMprod Z Z 0'7(,?1),5(2(”_1)(33(1), Ce ,m("_l)), m("))
n=1m=1
In addition, using the Cauchy—Schwarz inequality, it follows that
~(N
oit)z(w(l), e, :B(N))
N M(n) N M(n)
2(N—1 W2, (e o .
<Gyl )Mp2rod Z Z 1 Z am71 (z V(™ 2D ()
n=1m=1 n=1m=1
N M™
— NN M- S Y GUR (D (@D, () ),

Moreover, from Theorem|[C.3] and the selection rule (C.6), F (:vil), o wiN)) can be bounded as follows:

F(:cil), e ,mgN)) < cUCBt(mil), ce mgN))
(

< cUCB,(Y,,...,alY))

~(N) (1 N ~(N),_ (1 N
AN, e 4 82 M @D o),
. . (1) (N)
Similarly, since F'(x; ', ..., ;) can be bounded as
1 N _(N) (1 N ~(N) (. (1 N
Pl ael) 2 ) dyoafl) - 8200 @iyl
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we get

1 N 1 N
TtZF(wi),---7 ( ))_F( 1(5—1—)17"' §+1))
<2820 @), .. 2. (C.9)

Here, from the Cauchy—Schwarz inequality, R2 can be evaluated as

T 2 T
R = <Z rt> <TY rf. (C.10)
t=1 t=1

Hence, by combining (C.8)) and we have

N M™

2(N—-1 n2 (n— 1 n—1 n
Zrt < 42 FCo ( )MprodMsumZ Z ) Y wl(f-l-)l"' $§+1 )) wl(f-l-)l)

n=1m=1
M™ T
< 4602(1\[ 1)A4prod]\4sumSU7n =1 Z[ 2 (1) wz(f )17 s wgil 1)) wgi)l)} (C-ll)
m=1 t=1
Furthermore, by using the same argument as in Lemma 5.3 and 5.4 of (Srinivas et all, [2010), under the assumption
EM(., ) <1 we get

(m)2 (5 (1=1) (5,1 (n=1)y (n)\ 2 (n) 2 C12
Za (s )mt“)_log(l—f—a )’YmT_log(l—i—a )”yT. (C.12)

Thus, from (C.11)) and (C.12) we obtain

8ﬁC Va2 M2

T
prod*"~*sum
. C.13
; i log(1 +072) s (C.13)

Hence, by using (C.10) and (C.13), it follows that

8RC2N VN2 M2

prod*"*sum

R, < TAr.
b= log(1 4+ 072) T
Finally, since rgps ) satisfies
T 2(N=1) 3 r2
88C, M?2 M2
S) Z : _ prod*"*sum
S s Ty = RT S lOg(l + 0__2) TFYT)

the following inequality holds:

2 2
T(S) < T,1/2 8ﬁc MprodMsum’_YT.
= log(1 4 02)

C.3 Optimistic Improvement-based AF

In this subsection, we consider sequential observations of a cascade process from stage 1 to N. For each iteration

t € {0,N,2N,...} = NZs>, users determine wgr)l and observe yt = (o, :cg ) 1). After that, users choose
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:131(e +)2 and observe y§ +)2 =f@ (y,g +)1, :135332) By repeating this operation, users obtain y§ Y z)v =fWM(y Efgi)l, :vgj)v)

finally. We design the Cl-based AF according to the following strategy: (1) given an observation y("), we seek the
maximum of F'if it is expected to be found; (2) if the maximum is not expected to be found, we collect the information

by using another policy. We use the optimistic improvement for (1), and we adopt uncertainty sampling (US) policy

for (2). First, we define the pessimistic maximum of F(x(®), ... &™) as
N ~(N
Or = (m(l)...é.l,m(N)) (M( T)(w(l)’ ) ﬂl/QU;’T)(m(l)’ o w(N))) '
(n—1)

In addition, given the observation y in stage n — 1, we define the pessimistic maximum of F’' obtained through

y(= 1 as follows:

LCBgF) (y(n—l)) — max (ﬂg{\,{) (w(n:N)|,y(n—l)) _ ﬁ1/2&§f¥) (w(n:N)|y(n—1))) 7

2(n:N)
where the max operator is not necessary when n = N. Similarly, the optimistic maximum for given the input
(y=1, (™) is defined as follows:

UCBi(EF)(w(n)ly(n—l)) —  max (ﬂgf\g)(aj(n:N”y(n—l)) +ﬁ1/2&§{\t[)($(n:N)|y(n—l))) '

z(n+1:N)

Then, we define the optimistic improvement w.r.t. (y(»~1), (")) as follows:
a" @™y Y) = UCB{ (@ ]y V) — max{LCB}" (y "), Quni }- (C.14)
Furthermore, we define the maximum uncertainty

bg (x ")|y e 1)) = max 5;{;,)(:13("), ... ,:B(N)|y("_1)). (C.15)

(z(n+D) . ()

Using (CI4) and (CI3), optimistic improvement-based AF (presented as Cl-based AF in section [3.2)
™ (2™|y™m=1) is defined as

o (@ ly ") = max {af" @y "), nbf"™ @y D)},

where 7, is some learning rate tends to zero. Therefore, given the observation y("~1) at iteration ¢, the next observation
point is given by

wgi)n = argmax c( (:B(")|y(" b 1, (C.16)
2 ex ()

where y(©) = 0.

Theorem C.10. Assume that Assumptions[CI [C3and[CA hold. Also assume that ﬁﬁ") (Gt x™)y) € Y
foranys € {0,...,N -1}, ne{s+1,...,N},y € YO, t > land (V) ... x™)c x0T x ... x x™),
Let & be a positive number, and define 3 = B? and 1, = (1 + logt)~L. Then, when the optimization is performed

using (CI6), the estimated solution (cfcgpl), ce aA}SfN)) satisfies that
FeM, ™M) —r@®, .. ) <¢

where T is the smallest positive integer satisfying T' € NZ>q and

8[304 mm —2N -2
log(1+072) T

Here, Cy is the positive constant given by

T <&

Cy =max{1,Ly,L;'},Co = 4ANM,

M CoN 2CN  Cs = NCY €y = (282 +2)N Y.
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In order to prove Theorem|C.10l we give four lemmas.
Lemma C.11. Assume that the same condition as in Theorem[C 10 holds. Let s € {1,...,N — 1} and n € {s +
1,...,N}. Then, for any iteration t > 1, element m € [M™)] and input V), ... &™), the following inequality
holds:
.t

o (" (@, @) ) — ol (" @D e D), )

n—s—1 M"=1=P)
< 2MpdeN 1 Z Z { (n—1— ZD) En 2— P)(w(s:n—2—p)|z(s—1))7w(n—l—p)) '

Proof. From Lipschitz continuity of o,(g )t (+), the following holds:
n) ¢ ~(n—1 s n— s— n n)  ~(n—1 s n— s n
o ("™ @) 2D |2) 2 0) o (" @2 2), 2))
~(n—1 s n— s5— ~(n—1 s n— s
< Lofla" (@, e D j0D) - P @ et D)y
Mn—1)

s n— s— ~(n—1 s n— s
= L, Z [ O ) Tl C I N L ]

7y

M(" 1)
n—2 sm— s5— n— n—1) ~(n—2 s m— s n—
=L, Z I T G Gl P I ) B e Tl ELD I D I (SR )

Here, noting that

By, ) — 8260, (y, @) < P, (y, 2)
< [P (y, ) + Y200, (y, 2),

we have

k
1y, 2) — 1, (o )|

< |f® (y,z) — fP(y, @) + 87200, (y, ) + 820y, @)
<P (y,x) — fB (', 2)| + Y20l (y,2) — o, (v )| + 28200, (v, 2)
< (Ly+ B%Lo)|ly — v/l + 28720, (¢/, ). (C.18)

Therefore, by substituting (C.18) into (C17), it follows that

osr (" @, 2D ]), @) — ol ("D (@, a2 2 ()

m

M(n 1)
<28'2L, Z oD (AP (@Y, (D20 g (D) 4 L MY (Ly + Y2L,)

A 2><w<s>, I P I el LS MG PO

(n—1)
<28'2L, MZ o (5T (@, 2D |20y g (D)
Jj=1
M(n—2)
+ LMLy +82Le) Y7 i @ 200) — D (@l ) 20|
=1
Mn=1)
<26'2L, Z o\ (" (D 257D g (nm )y
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M(n 2)

+28' 2L, MV (L; + BY/*L,) Z o (E! T (@), a7 D) g2y
M(n 3)
LM TOMOD Ly 4 821, 37 (Il (@ |00) - Al (@l 0))
q=1
<

< 282 Ly Myoa(Lf + 8/*Ly + 1)V 2

n—s—2 M™—1-p)

Z Z |: n—1-—p) (~§"—2—P)(m(s:n72fp)|z(sfl)>,m(nflfp)):|

M)
+2Mprodﬂ 1/2 L (L +ﬂ1/2L —|—1 N-2 Z o's z(s 9] :B(S))
qg=1
n—s—1 M—1-p)
< 2Mpoa(Ly + 2L + DVTE YT Y [ v p)(~§"_2_p)(w(5:"*2*p)Iz(s’l)),:c(”’“p))}
p=0 i=1
n—s—1 M(—1-p)

< WMiyrog O 2 Z Z { n—1-p) (n—2—10)(m(s),.”,m(n72fp)|z(sfl))7m(nflfp)):|'

Lemma C.12. Assume that the same condition as in Theorem[C 10 holds. Let s € {1,...,N — 1}, and let j > 0 be
an integer with s+j < N. Then, for any iteration t > 1, element m € [M(")] and input V) . .

., &N, the following
inequality holds:

M)
5D (@, e WD) < Gpa™ D (@) eV D) Gy 3 o (2 )

i=1
4 Cog NI () NIy,
where
&t(ij) (w(s), o IB(N_j)|z(S_1))
N—s p MN—p)
= Z H M(N—q-i-l)L;; Z |:O.Z(,];]_p) (ﬂi(gN_p_l)(m(S)’ cee m(N_p_1)|z(S_1)), m(N_p)):|
p=j g=1 i=1

and Cy = ANM?2,  ,MunC3N 2CN.

Proof. From the definition of &t( =9 (), ..., &=z the following inequality holds:

NN () gN=0)|5(s=D)

go ey

N—s p MN=P)
_ N—p),~(N—p—1 s —p— s— _
D 5 | TGRS S el PN PO
p=j q=1 i=1
N—s MN-p)

< MproaCY 1 Z Z [ (N— p) (N—P—l)(m(s)7'.',m(N7p71)|z(571))7m(pr))}
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N—s—1MN-P)
= prodCN ! Z Z [ (= p) N P 1)(.’1}(S+1) .,_7m(N7p71)|z(5))7m(N*P))

N—s—1MWN-P)

+ MyroaCy' ™ Z Z (<N P (NP0 (g(9) | p(N=p=1)| 5 (=) g (N=p))

M)
ol A (@) @ N |0) V) MO Y ol (207D, 2,
i=1
Thus, from LemmalC. 1 1l we get
|O,(N p)(~(1\f—p—1)(ac(8)7 A e PIC e W1 2))
_ 01(1;’ p) (ﬂgN*P*U(w(sH)’ a9y g (V=)
N—p—s—1
< 2J\4pr0dcvé\]_1 Z
r=0
MV —p—1-7)
Z [ J(J;f p—1-r) (ﬂEprfzfr)(w(s)j o ,w(N—p—2—7‘)|z(s—l))7 w(N—p—1—r)>]
j=1
By using this, 5" 7 (z(®), ..., (¥ =9)|z(5=1)) can be written as
@Eij) (w(s), o w(ij)|z(sfl))

N—s—1 MNP
<Mpr0dCN 2 Z Z U(N P) (~§N7p71)(:c(s+l),...,:I:(N_p_l)|z(5))7$(N—p))

M(S)
+ MypoaCY 723" 05 (2671, &) 4 202, O3 My
=1
_ 1M(N p—1—17)

— —p—
N—p—1—r ~(N—p—2—r S:IN—p—2—7r S— —p—1—T

DI S S e e

p=j r=0 j=1

Here, we set v = p + r. Then, noting that |{(p, ) | p + r = a}| < 2a, we obtain

5£N7j) (w(s), ol :B(N_j)|z(s_1))

N—s—1 MNP
<Mpr0dCN 2 Z Z U(N P) (~§N7p71)(:c(s+l),...,:I:(N_p_l)|z(5))’w(N—P))

N—s—1 MN-v=1)
+2M, rodO2N 2]\4sum Z 2N Z U](<7JZ_U_1) (ﬂéN—U_z) (:13(5)7 e m(1\7*1272)|z(571))7 m(vafl))

M)
+ MprodCQ Z g; Z(s D :c(s))

N—s—1 MW =P)
< AN M;oaCo™ ™ Mum Z Z oY (~§N*P*1>(w<s+1>,,_.,$<N—p—1>|z<s>),w<zv-p>)

N—s—1MW-v=D
+4NM, rodO2N 2]\4sum Z Z O';)]Z_v_l) (ﬂ,gN_v_m (m(s), . ,m(N*’U72)|z(571))7 m(vafl))
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M)

+4N prodOQN 2]\4sumC'l Z g, S) Z(S D) m(s))
=1
< éz&gN—J)( (s+1) .’B(N 7) |z S>)—|—O ~(N—j— 1)( (S),...,m(N7j71)|z(S*1))
M)
+ Cy Z Uz(st) (z(sfl),w(s))
i=1

Lemma C.13. Assume that the same condition as in Theorem[CI0 holds. Let s € {1,...,N — 1} and n € {s +

1,...,N}. Then, for any iteration t > 1, element m € [M™)] and input £V, ... &™), the following inequality
holds:
M)
5.5{;7)(w(s:N)|z(s—l)) < 035§§)(w(s+1:N)|z(s)) + Oy Z Ul(;)(z(s—l)7w(s))-
i=1

Proof. By repeatedly using Lemma[C.12] we obtain

5 ( .’I:(N |z s— 1))
— t( )( ) g (N=0)| 5= 1)y
M)
< Cos N (g1 g (N=0)|5()) 4 G, Z gz(?(z(sfl)’m(s)) 4 G N Y (@O, p(N-D -0y
=1
M) M
< C*,Q&gN—O)(m(erl)’”'7m(N70)|z(s)) +Cy Z UZ(;)( s—1) s) +02 Z o (s— m(s))
=1
+ C’g&t(N_l)(:c(S“), ce, m(N*1)|z(S)) + C’g&EN_m(m( ) m<N*2)|z(S*1))
<
M)
<(Co+ G+ CY N (@ N0 4 (Cy + CE 4+ O Y 0l (207D, )
i=1

M)
< (N =16V (@D, a™ @) 4+ (N = 1)1 Y ol (2070 2®),
=1

In addition, (N — 1)C2 ~! can be bounded by

(N-1)CNt < NCN-?
= N(AN M MaunCgN 2O )N

< N(ANM2 MO )N 3NN +2

< N(ANM2 MO )N CIN* AN 4N

= N(AN M2 MaunCgN 2O
= NCY = Cs,

we get LemmalC. 13|
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Lemma C.14. Assume that the same condition as in Theorem[C_IQ holds. Let n € [N] and y™~Y) € Y=V, Then,
for any iteration t > 1 and input x™ € X", the following inequality holds:
by @]y ") < o @™y )
< (28" + n)by" @™y ).

Proof. From the definition of ¢\ (x ”)|y n=1) it is clear that nb{" (™ |y™=D) < (™ (2™ |y("=1)). On the
other hand, from the definition of UCBt ( ()| 4y (n=1)), letting

@D, 3 ™) = argmax  (pY (@ y D) + 51250 @y (D)

(@D (V)

.....

we obtain

UCB() (2 yn=0) = 5 (@) g0+D) | gM|yn=1) 4 /25N (300 gt g(N)|y(n=1)).

Similarly, LCB(F)( ~1) can be bounded as follows:

LCB F)(y(n 1)) g (z (n) gntD) ,:i(N)|y(n*1)) _ ﬂl/Zggﬁ)(m(n),i(nH)’ N .755(N)|y(n71))_

Hence, from the definition of ! (z(™|y(™=1) and b{™ (2 |y, we get

af (@|y ") < UCB{T (@M |y 1) - LCB (y " Y)
< 281260 (M D) 5V |yn=D))

Therefore, ci™ (2™ |y(»—1)) can be written as

") (@ |y ") = max{af™ (@ [y"V), b (2 |y ")}
< max{28"/20" (2™ |y ") md (2 y "))
< (28" 4 )by (@ [y ).

|
By using these lemmas, we prove Theorem[C. 10l
Proof. Lett € NZ>¢. Then, from LemmalC. 14 mt +1 satisfies that
1)
et (@(1]0) < (26" + m)by ! (2 ]0)
=282+ )5y @), 82, ... #V)|0). (C.19)
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Thus, by combining (C.19) and LemmalC13] cgl) (wt 4110) can be bounded as follows:

eRICHY)
M
<2682 +0)Cs Y o (0,20)) + (28Y2 4 0) O3V (@@, &V yD)
1=1
ML
< (282 4+ 1) C5 Z a0, :vt )+ 282+ n)CabP (2 |y ™)
=1
ML
< (282 + )03 Y o (0,21)) + (282 + m) Can el (2P |y D)
=1
ML
< @87 + )0y Y ol (0.2(h) + (28" + ) ef (D ")
=1
ML
< @82 4 m)Cs 3 0 (0. 2y + (28" + m)* Oy by (i ply ™)
1=1
M
< (28" 4005 Y- 00,2 + (28 + ) Cony - 61 (@D, @, @My ).

=1

Hence, by using LemmalC. 13|again, we have

N M™
1 1 n n
e @10) < @62+ + DYCY VS0 Y oD 2
n=1 i=1
N M™
<A1+ )N N YT N e Y 2
n=1 i=1
N M™
= Cyny N Z Z o; wgi)n)
n=1 =1
This implies that
N MM
1)2 n— n
Cz(e ) ( 1|0) < 04 sum]y ;2N Z Z o; y( 2 mz(e+)n)7
n=1 i=1

where the inequality is given by the Cauchy—Schwarz inequality. Next, let ' € NZ>q and K = T'/N. Then, the
following inequality holds:

KN N M™ T
1)2 n— n
> @0 < i sumnT”Z > > o)
teENZ>g n=1 i=1 tENZxo
9 N M™
< I /4 . _oN sum
~ log(l1 4072 ) nT nzl ; o
2CIM2
= 177T77T2N
og(l+o072)
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(1)2(

Similarly, let 7 = argminge vz, 1<7 ¢ th |0). Then, we obtain

KN
1)2 1)2
K@l 00 < S V(@ |o)
tENZ>q
2 EMSQum —2N

= Togll+0-2) 1"
This implies that

(1) 207 M., —2N g1
(Tpi 1|0 — K-1 C.20
Cr (wT +1| ) < \/10g(1+cr )7T77T ( )
Furthermore, from the property of CIs and the definition of the estimated solution, the following inequalities hold:
F(:cil), . wiN)) < min UCBgF) (:cil), ce :BiN)) < UCBS}:) (:cil), ey wiN)),
tENZ>(,t<T
(1) &(N)y S (F) (1) (N)y > () (1) (V)
F(zy’,...,xp ) > tGNI%l;fthLCBt (', .., 2') > LCBy (s, .. s ).

This implies that
F®M,. . e - F@d, . a) < 2ﬁl/25§f¥* (..
< 2ﬁ1/2b(1)(wi1)|0)
< 28V *10(Tl* (m* 0) < 2[31/277T10(Tl*)(wT*+1|0)

ng))

)

Finally, noting that K = T'/N, from (C.20) we obtain

203 M,
F il) iN) _F - (1) = (N) <2 1/2 71 sum 72NK_1
(iL‘ 9 ) xr ) (wT 9 ) w ) /3 log(l + o— )/YTT]T

8602 sum —2N -2
—moarsumt T-1
\/10g(1 +o~ )VTnT

<Ve=c¢

D Cascade Process Optimization Using CI-based AFs under Noisy Setting

In this section, we consider CI-based cascade process optimization methods with observation noise. Hereafter, we

assume that the observation noise eﬁff ) is a random variable with E[eﬁff )] =0and —A < 657? ) < A, where A is some

positive constant. In addition, we assume that egl), e , are mutually independent, and the distribution of the

» S M(N
noise vector € = (egl), e gg()m )T is known. Finally, we also assume that noise vectors with respect to iteration ¢,
€1,..., €, are independent and identically distributed random variables having the same distribution of €.

Next, we define several notations. For each n € [N], let 5)(") (> y<">) be a set satisfying

vw e Y v e X("),f(")(w,m) + €M e Yy,

where Y© = {0} and e™ = (&{™, ..., Egzn)) . Note that 2" (™), ... 2() ¢ Y™ < Y In addition, for
any realization € and input V), ..., (™ we define 2" (W, ..., x™) as
) ) &) =
2 (@ gy = F0,2M) + € (n=1),

f(n) (zénil) ($(1)7 ceey w(n_l)), w(n)) -+ e(n) (n Z 2)
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Furthermore, we define the function G(z™), ... ")) as
G, .. 2™ =E [z (D, ... ™))

The function G(x(V), ..., ™)) is the expected value of the final-stage output with respect to € when () ... (V)
is used. We emphasize that F(x(®), ... &) £ G(z™, ... xN)) in general. Similarly, we define the optimal

solution of each function as

(m%l,...,wg\?)z arg max F(:I:(l),...,:n(N)),
" " (),....zN))ex
(mg)*,...,méNz) = argmax G(zW, ... ™).
’ ’ (M, .a(N)ex
By using these, for the selected input wgl), cee :vgN) at iteration ¢, we define the expected regret ¢ ;, cumulative

expected regret R 7 and simple expected regret rg )T as

rgt = G(wg,)*’ s aw(GJ\,[*)) - G(wi(fl)v RS mEN))v
d (S)
s ,
Rg: = ;TGH ror = Wil TG

We also define the regret 7, cumulative regret R 7 and simple regret T%S)T as

TRy = F(:B%l)*, . ,wgﬂ)) — F(:B,gl), o :I:,EN)),
a (S)
— S _ 3
Rpi = ;Tﬂ7 Tpr = 1§IntlélT TRt

Finally, let (335?13:7 cee :fc%]\;)) and (cfcg))t, cee :%(GA);)) be respectively estimated solutions of (w;ﬂl)*, cee :c%]\;)) and
(mg)*, e w(GNj ) at iteration ¢. Then, we define the regrets for estimated solutions, 7z ¢ and 7 ¢, as

. 1 N (1 (N

Pt = F(:B%)*, .. ,:B%Q) - F(:B%i, ey ingt))a

. 1 N (1 (N

gy =Gxy), ..., xl)) — G@G), ..., 20)).

D.1 Credible Interval

In this section, we construct a valid CI under the noisy setting. First, we introduce the following regularity assumption
instead of Assumption[C.1}

Assumption D.1 (Regularity assumption under noisy setting). For each n € [N], let Y1 5 X pe g compact
set, and let M,y be an RKHS corresponding to the kernel k™). In addition, for each n € [N] and m € [M ™),
assume that f,(,f) € Hym) with Hf7(7?)Hk(”) < B, where B > 0 is some constant. Furthermore, assume that the
observation noise e§,’$) is a random variable with ]E[é,’;)] =0and —A< eﬁ,’f’ < A, where A is some positive constant.
All elements of € = (egl), e

, eM(N)) are mutually independent, and €1, €2, . . . are i.i.d. random variables having the
same distribution of €.

Then, the following lemma holds under the noisy setting.

Lemma D.2 (Abbasi-Yadkori2012, Theorem 3.11). Assume that Assumption[D 1l holds. Let § € (0, 1), and define

() _ A 2 g () 2
By = (B+ ;\/Iogdet (IL@ +072K,; ) —|—210g(1/5)) .
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Then, for any n € [N] and m € [M™), the following inequality holds with probability at least 1 — §:

£ (w, ) — i (w, )| < (87200, (w, ), vw € YD, va e XV, v > 1.

Proof. From Theorem 3.11 of (Abbasi-Yadkori, [2012), it is sufficient to show that eﬁ,’; ) has A-sub-Gaussian property,
ie.,
Elexp(Ael™)] < exp(A\2A4%/2) VA €R. (D.1)

Noting that 652 ) is a zero mean and bounded random variable, using Hoeffding’s lemma (Massart, 2007) we have
Elexp(Ae;))] < exp(A*(A — (—4))/8)
=exp(A\?A4%/2) VA ER.
Thus, eﬁff ) has A-sub-Gaussian property (D). |
From Lemma[D.2] we have the following uniform bound.

Corollary D.3. Assume that Assumption|D 1 holds. Let 6 € (0,1), and define

(n) _ A o g (n) 2
B = (B—i—;\/logdet (IL@ 02K )+2log(Mmm/5)) ,

Bi= max B, (D.2)

1<n<N,1<E<t

Then, for any n € [N] and m € [M ™), the following inequality holds with probability at least 1 — §:
150w, @) = uli(w, )| < 870l (w, @), Vw € P, Vo e X, vi > 1.

From Corollary [D.3] we can also construct a valid CI for the N-stage cascade process under the noisy setting.

First, we construct CIs for ze")( MW 2™) and G2, ..., ™). For any iteration t > 1, realization € and
input (2™, ..., ("), we define z( )( a ) cox™)as
W + u(l)(O x) (n=1)
(n) (1) (n)y — ’
Fer (@ @) = (n) (52D
€M 4 (20T (2D 2 D) 2™ (n > 2).

Similarly, we define aé 721 t(w(l), ce cc(”)) as
~(n n n —1 n— n
s @, a™) = o (T (@0, e ) 2

M(n 1)
+ Ly Z R DN

where m € [M(™)] and &S;t(w(l)) ol )(0 x(1)). Then, the following holds.

Theorem D.4. Assume that Assumptions[C3l and[D.1 hold. Also assume that z( )( W z2™y e Y for any
n € [N], iteration t > 1, realization € and input (V... x(™). Let § € (0, ), and define B, by[D.2] Then, the
following inequality holds with probability at least 1 — §:
|2 (2D
Vn € [N],m € [M(”)],t > 1€, (:13(1), ... ,w(")),
(n) (n) (n) (n)

where ze . and zg ., . are the m-th element of ze ’ and z. {, respectively.

™) — 2 (@ 2 < gl/25! (") @ 2™)

€e,m,t ’
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Proof. By using the same argument as in the proof of Theorem[C.3] we get Theorem[D.4l [ |

From Theorem[D.4] taking expectation with respect to €, we get the following corollary.

Corollary D.5. Assume that the same condition as in Theorem[D.A holds. Let § € (0, 1), and define B; by (D.2). Then,
with probability at least 1 — 6, the following inequality holds for any n € [N], m € [M ™), iteration t > 1 and input
:13(1), e, x(");

Ec [z (a®, ... 2™) — g2 (D). 2]
n) (w(1)7 s w(n))]

" (W e ™) 48260 (@D M),

emt

In particular, when n = N and m = 1, it follows that

N 1/2 ~(N
E [ él)t(w(l)v"'vm(N)) _ﬂt/ Uiyl?t(ic(l),...,w(N))]
<Gz, ... W)
1/2 - (N
<Ec[z 2,1,)1:( @ ~'-,$(N))+ﬁt/ ai)l?t(:c(l)’,,',w(lv))]_

D.2 UCB-based Optimization Strategy for Expected Regrets

Here, we give a UCB-based AF and regret bounds for k¢, and rg)T We define an expected cascade process upper

confidence bound (EcUCB) as

EcUCB, (2, ..., a™) = E [z, (@D, ..., ™) + g/260) (zM) 2],
By using this AF, we select the next evaluation point (ccgr)l, . wgfl)) by
(iltgr)l, A :B,Efl)) =  argmax ECUCBt(EB(l), o :B(N)). (D.3)
(), x(N))ex
Moreover, let A = {@1,...,ar} be a subset of 37("_1) x X and let y(") be a random vector, where the i-th
element of y( " given by y( ) = fm n)( i)+ 8(") Then, the maximum information gain ”y( ") at iteration T is
given by
Ty = max Iy £30).

ACY(n=1 x X () |A|=T
Furthermore, we define yr = max; <, < N 1<m< M ”77(:; )T Then, the following theorem gives regret bounds for Rg 7

and TS)T

Theorem D.6. Assume that Assumptions[C3| [C4| and D] hold. Also assume that ig?(w(l), cx™) e YO for
any n € [N), iteration t > 1, realization € and input (), ... ™). Let § € (0,1), and define B; by (D.2). Then,
when the optimization is performed using[D.3) the following holds:

P | Rar < y|32M2, M2, TC2Y. ( log(5Mum/d ) yrs1)>1-926
( GT = \/ prod="" sum <Og( : / )+ 210g(1 +U_2) - = l
P(r&y <T V2 [32M2 M2, C3N. (1og(5Mum/6 T ) yrs1)s1-95
(rG,T — prod="" sum Og( / )+ 210g(1 ¥ 0,,2) = = )
where Cy s = (1 + L,)f; M2y Ly+1
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Proof. From Theorem [D.4] and the definition of &gln)%t(-), noting that 07(:),5() is Lipschitz continuity, the following
inequality holds with probability at least 1 — d:

FECIONN)
Mn=1)
=0 (I @2 ) 2 4L S 5D @) )
s=1
+ a,(vz)t(éiz_l)(m(l), . ,m("*l)), m(")) — af,’fi(zé”*l)(m(l), e, :c(”*l)), cc(”))
Mn=1)
Safﬁ(zﬁ"*”(m(l),... (n=1)) gy 4 L, Z Uéztl)(m(l)w”’m(n*l))
s=1
n n— n— n n) r~(n—1 n— n
oy (D@D, @), 20 — o @, 2 ), 2
Mn=1)
Saf,z)t(zénfl)(m(l) a1y M)y 4 L, Z Uéns tl)(m(l)v'_'vm(nq))
s=1
Mn=1)
+ Lo Z 2D (@D, e D) = 2D (@D g
Mn=1)
_Uﬁz)t(é"_l)(fv(l)w.- =1y 2™y 4 L, Z 0(" 1)(w(1) L ammh)
s=1
Mn=1)
+ L, 1/2 Z ~£17t1)(m(1),...,m("’1))
s=1
M(" 1)
n n— n— n 1/2 n—
= ol (20 (@D, e D) 2™+ (Lo + Z (D (gD D)
Mn=1) -
o )t(z(" Di®, . z0=D) 2M) 4 ¢, Z ains tl)(m(l),...,m("_l)). (D.4)
s=1
Therefore, by repeating (D.4) we get
N (@W, . 2™y
MN-1)
<oMEN D@D, e ) 2™y 1o 3 6N (@, 2N )
s=1
MN-1)
gagﬁ)(zéNfl)(m() e 1)) w(N)—I-Cot Z U(N 1)( 2 72)(:6(1),...,w<N*2)),m(N71))
s=1
MEN=2)
+C§,MNY Z ~§]Zt2)( I )
u=1
N M™

<G Mo Z oW (2D (@D, D) g,

n=1 m=1
where z£°> (cc(l), m(o)) = 0. Hence, from the Cauchy—Schwarz inequality, it follows that

&Ef\{?f(m(l), cel :c(N))
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N MM N M™
<G TIMEG [ XD ] X Y e, ) )
n=1m=1 J n=1m=1
N M™
= NI M2 Mo 30 3 [P D @D, ), 200)). (D.5)

Next, from Corollary [D.3land the selection rule (D.3), the following holds:

G(@),, . m,) <EUCB (2., 2())

*9°

< EcUCBq; (ilft_,_)la wz(f-]i\-zl))

Ny (1 1/2(N) /(1 N
=E[z il)t(wz(ﬁ-i-)lv 2l + 8y ilt($§4217~-7w1(e+1))]-
Similarly, since G (:cgi)l, .. ,wgﬂ) satisfies that
1 N 1 N)\2l/2(N) /(1 N
G(mEJr)p . §+1)) > Ee[Z 57 )t(wt(EJr)lv cee 33§+1)) t/ Ui,l?t(mEJr)u .. aw§+1))]7

the regret rg ¢ can be bounded as follows:

N N
rGtzG(w(G})*,... w(c;z)—G( 1(5_121,... §+1))
<26, "By, @V, . 2. (D.6)

Therefore, by using (D.6), RZ , can be written as

T 2
R2G7T = <Z TG,t)

t=1
T
< TZ TQG,t
N
< Tz4ﬁt wt+)17 $§+1))])
< szt A CH U @7

where the first inequality is given by the Cauchy—Schwarz inequality, and the last inequality is given by Jensen’s

inequality. Thus, by substituting (D.3) into (D.7), we obtain
T
R% 1 < ATBrCF Y ™Y M2y Maum Y Ee[Se.], (D.8)

where S, ; is given by
N M™

n2 (n— 1 n—1 n
Et_zz () Y ml(f-i-)l""’mg-i-l ), m§+)1)

n=1m=1

Here, since k(")(-,-) < 1, the random variable S satisfies 0 < Se; < Mguym. Hence, from Lemma 3
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of (Kirschner and Krause, 2018), the following holds with probability at least 1 — 4:

Seiir,t +4Mgmlog(1/0) + 8 Mgm log(4Mem) + 1
Seiir,t + 8Mgmlog(1/0) + 8 Meum log(4Mgum) + 8 Mgym log 1.25

T
=2 Se,.,.t + 8Mum1og(5Mun/9). (D.9)

Therefore, by combining (D.8) and (D.9), we have

R < 320 BrCy0 ™Y M2 M2, 10g(5Mium /0)

T N MM

2(N— 1 n—1 n
+ 8770y M2 Mo >SS [ 20 V(@ e, 2 (D.10)

t=1n=1 m=1

Furthermore, by using the same argument as in Lemma 5.3 and 5.4 of (Srinivas et all, 2010), we get

T
()2, (n=1) (1) (n=1)y _ (n) 2 ~(n)
Ot (Ze, (), ., x <——m
; m,t +1 t+1 t+1 ) t-‘,—l) 10g(1+0’ 2) T
< #~ (D.11)
~ log(1 + U*Q)VT' '

Hence, from (D.I0) and (D.T1), noting that 37 < CZ - we obtain

16 -
R 7 < 32TBTCO T M rodMsum log(5Msum/0) + WTBTCO T M rodMs2um7T
2(N-1 yr
= 32TﬂTOo,T )MPQrOdMSQum <10g(5Msum/5) + W)
2 Ir
< 32TC pm dMim (10g(5MSum/5) + STog(l 1 02)) )

Therefore, with probability at least 1 — 29, R, can be bounded as follows:

Re.r < 4|32M?2 762N (1og(5Mum/6) + — T
G, T > \/ prod sum 0,7 <Og( / ) 210g(1 + 0__2)
Similarly, from the definition of TSV)T, it follows that
T
TT(GS,)T < Zra,t = Rg 1
t=1
3202 TC2Y, (1og(5Maum/8) + b ).
prod sum 0,7 9 lOg(l ¥ 0_2)
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D.3 Optimistic Improvement-based AF for the Expectation of the Final Stage Output

We give an optimistic improvement based AF for G under the noisy setting. Let s € {0,...,N — 1} andy € Y,

Then, we define z(")( ly), 2 ( ly) and & ae m., t( ly) as

(S+1) + f(S“Fl) (y w(5+1)) (n =S+ 1)7

A0 (@, ay) = 1
e+ f (2" (@ D)2 ™) (0> s +2),

s+1 (5+1) s+1 _
2(7?(w(s+1),,$(n)|y) _ 6( ) + Ky ( :E( )) (n—5+1)a
’ e + N(n)( (n 1)( (S+1:n—1)|y),w(n)) (n>s+2),
U (@ aMy) = a&,&(éﬁ‘”(wn, Lz Dly) a™)
Mn=1)

+ Ly Z D (@ gDy,

where &S,)n_’t(:c(sﬂ), ...,z |y) = 0 and 20 (2D x))y) = iist) (xG+D) . x®)|y) = y. Then, the

following theorem holds.

Theorem D.7. Assume that Assumptions[C.3land[DIhold. Also assume that 22? (Gt x™y) € Y™ forany
s€{0,...,N—1},ne{s+1,...,N}, iterationt > 1, realization €, given y € Y*) and input (x=+1) ... x),
Let 6 € (0,1), and define B; by (D.2). Then, the following inequality holds with probability at least 1 — §:

2 (@D My = 20 (@Y M) < 8760 (@6 a™y),

em,

where m € [M™], and 28 m( ly) and 3 +(-|y) are the m-th element of 2" ( |y) and 2 z 4 ( ly), respectively.

€,m

Proof. By using the same argument as in the proof of Theorem[C.3] we have Theorem[D.7l |
From Theorem[D.7} taking expectation with respect to €, we get the following corollary.

Corollary D.8. Assume that the same condition as in Theorem[D.ZAholds. Let § € (0, 1), and define B; by (D.2). Then,
the following inequality holds with probability at least 1 — §:

n s n 1/2~(n s n
Eepy 270, (20D, e y) — 87600 (26D, a™]y)]

< By [ (2040, 2 y)]

n s n 1/2~(n s n
SESHJ[ ( ) (.’B( +1),...,$( )|y)+ﬂt/ Ué,'r?l,t(m( +1)a"'7m( )|y)]a

where B¢y [-] is the conditional expectation of (-) given y.

Based on this lemma, we give valid AFs. Let n € [N] and y("’l) S )7(”*1). Then, for any ™ e X and
iteration ¢ > 1, we define the optimistic maximum value at the final stage under given ¢~ 1), UCBgG) (x(™)]y(n=1),
as

UCBy? (2 y ") =
n n— 1/2 (N n n—
Eeyon |G @™, ey D) + 87250, 2, aMy=0))],

max
(2(+D),. . 2(\N)
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where the max operator is ignored when n = NN. Similarly, we define the pessimistic maximum value at the final stage
under given 31, LOB{?) (2™ |y("=1)), as

LCB{? (y" 1)
_ max  Eg o {(gg?t(m(n), . ,m(N)|y("*1>) _ ﬁt1/25£f\1f?t(m(n), . ,m(N)|y(”*1)))}.

(@) ..o (V))

Moreover, for each T' > 1, we define the pessimistic maximum value at the final stage as

N 1/2 (N
QT:(mu)H.l.%ﬁ(m)E [(221)T( ()7"'7$(N))_ﬁT/ (1)T( ()7""w(N)))]'

Then, we define the pessimistic improvement for the final stage with respect to (™) by
~(n n n— G n n— G n—
a" @™y V) = UCB{P @]y V) — max{LCB (y" ), Quin}.
We also define the maximum uncertainty for the final stage with respect to (") as

5§") (w(")|y("_1)) = max E¢jym-1 [62\1,))15(33("), . ,w(N)|y("_1))].

(z(n+D) ... (V)
Then, we give the AF &™ (z(™|y("=1) by
" (@) = max{al™ @y ), nd{” @y ) |,

where 7); is a given learning rate. Furthermore, we select the next point :cg ) by

wgi)n = argmax c( (w(")|y(" b ),

() ex ()
vt = PO ) el (D.12)
where yt(o) = 0. Finally, we define the estimated solution (:vg )T, PN :iz(G %) by using the pessimistic maximum value
as follows:
(G BGr) =
arg max E. [(Eéf\lf?t(cc(l), e, :c(N)) — Bg/zﬁiﬁ?t(m(l), e w(N)))} .

(2., 2N))ex 1<t<T

Then, the following theorem holds.

Theorem D.9. Assume that Assumptions[C3| [C4A and D1 hold. Also assume that Zg) (Gt z2M)y) e Yy
forany s € {0,...,.N —1}, n € {s +1,...,N}, iteration t > 1, realization €, given y € V) and input
(D xM). Let 6 € (0,1) and € > 0, and define B; by (D.2) and n; = (1 + logt)~'. Then, when the
optimization is performed using (D12)), the following inequality holds with probability at least 1 — (N + 1)6:

Gal),....a8)) — G@h).... .80 <€,

where T' is the smallest positive integer satisfying T' € NZx> and

N
\/02““2) Cr + CsTr) < €.

Here, Cs 1, C7 and Cs are given by Co 4 = 4NMpmdemOg§_2C’fv, Cs: = NC’é\ft, Co.r = 2C3,m; (2 [31/2

2 aM?
2),C5 = (14 Ly)N MppaMuum, C7 =2 (8Cslog 252N)~, Cs = Toa(TT ey
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In order to prove Theorem[D.9] we give two lemmas.

Lemma D.10. Assume that the same condition as in Theorem D4 holds. Then, the following holds with probability

at least 1 — 6:
M)
g\l[?t(w(s), .. .,:B(N)|z25_1)) < Cg)ﬁg\lf?t(w(sﬂ) w(N)|z(s +Cs Z o, z(s 1) :B(S))
i=1
Proof. By using the same argument as in Lemmal|C. 13| we have Lemmal|D.10| ]

Lemma D.11. Assume that the same condition as in Theorem[DA holds. Then, the following inequality holds:
by @y D) < & @y V) < (2807 + nby" @y ).
Proof. By using the same argument as in LemmalC.14] we get Lemmal[D. 111 |
By using these lemmas, we prove Theorem[D.9]
Proof. From Lemmal[D.11] the following holds:
& (wi]0) < (28, + m)b" (@i}, 0)

1/2 1) .2
(25/ +n)E [21)t(wz(e-|r)1=$§+)17--- t+1|0)]

In addition, for the positive integer NK =T € NZx>¢ satisfying the theorem’s inequality, &E )(:ct 11/0) satisfies that

T T
~ 1 1/2 N 1 ~(2 ~ N
S oaP @0 < @8 +2) > EfolD (i 2 2]0)]
tENZ>o tENZ>q

12 1 ~(2
42 Y Bl Eeen [500 @ 2@ 110) €],

tENZ>o
Here, the conditional expectation E, ) [5, i 1>t(m§1+>1, iﬁ)l, . t 1 |0)|e (1] is a non-negative random variable with
respect to €(1), and satisfies that
Egen [0 u(@iy @2, 23010)|eV] < (14 L) Moo Maum = Cs,

where the inequality is given by k(™) (-,-) < 1. Hence, from Lemma 3 of (Kirschner and Krause, 2018), the following
holds with probability at least 1 — 4:

~ 1 ~(2
S B [Egen 60y 2470, 23110) €]
tENZ>o

T
+8C5log(4Cs) +1+2 > E, wloiyi (@&, 20]10)]e)]

teNZso

1
< 4C5s log 5

T
5C% (N 1 2 L (N)
< 8Cslog 5 +2 E EE|E§1) [oi)l?t(wgﬁl, :ci_ir)l, . w§+1 |O)|e ]
tENZ5o
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Moreover, from Lemma[D.10 with probability at least 1 — § the following inequality holds uniformly:

E, 0600, (@), 5

B Caroey(@

TSR

Therefore, it follows that

~(N 1 2
> Eew[Egem V(@ &)

t410

1
& )10)]et”)]

MO

+C3TZU

(0, w(l

t+1 |yt t+1

L2 10)eM]]

teNZo
5C5 (2 ()
< 8C5log 7" 42 S E, enlaeri@ a3 2 j0)le")]
teNZs
5Cs T M® T
< 8Cs log 5 +2C3,r Z Z 0(11 (0, mEJrl) + 2031 Z E, (1)[ 21)t(wg)1v e t+1|yt+1)]
tENZso i=1 tENZs>o
5Cs LRA
<8O5logT+2CgT ST 3 o 0,2 + 205 gt Z b (@2, 1y
teNZsq i=1 teNZ
T MO T
5Cs .
< 8Cj5 logT +2Cs.1 Z Z o.1.(0, cc,EH) +2Cs, 101 Z c§2 (mt+1|yt+1)
teNZsq i=1 teNZ
T MO T
5Cs .
< 8Cs logT +2Cs.1 Z Z 0e14(0, m§+1) +2C5 1t Z c§2)(wt+2|yt+l)
teNZsq i=1 teNZ
T MY
5Cs
< 80510g7 +2C5r > > ol (0,al)) + 205 mnp (28,77 + 2) Z B (@, |yl
teNZsq i=1 teNZs
50 T MY
< 8C5 logT +2C570 Y. Y ol (0,2 + 205 707t (28,7 + 2)
tENZsq i=1
2 3
Z E5(2)|: <1> 6(2)[ & )($§+)27 1(£+)27"' t+2|yt )| @) H
teNZsg
MO
<8C510g—+CGT Z ZU Owg_l
teENZsq i=1
T
- 2) .3 L(N)
+Cs,1 Z Eew {EEIyﬁm 5<2)[ & )($§+)27$§+)27-- $§+2|yt+l)|€ H

teNZs

By repeating this process, with probability at least 1 — (N + 1), the following holds:

T
N 2 ~ N
S Eaw[Eqen 60 (xfy 23, 2 ]0)[eD))
tENZ>g
C T M
n—1 n
< 80510gTNCéVT+CéVT Z Z Z ezt yt(+n )17$i(5+)n)'

tENZ>on=1 i=1
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By combining this and

T

~ 1/2 1 2 ~(N
S A0 < 05 42) Y Bl Eqje [507 (@ 831, - 2(1110) 1]
tENZ>g tENZ>o
T

1 2 ~ (N
<Cor Y Een B [50Ys(@,23, . 2010)1eV]],
tENZs

we get

T N M™

~(1 1 505 n—1 n
> &V (@ih]0) < 8Cslog =" NCY + Cilft! S Y Y o)
teENZ>o tENZ>on=1 i=1

Thus, noting that (a + b)? < 2a? + 2b%, using the Cauchy—Schwarz inequality and 77 we have

2

(D.13)

T N M™
N 5C n n
S @ @0)] <2 (805 log T5Ncg;1> + 205 Y T M > N oy Y 2l
tENZ>o n=1 i=1
5Cs . N ? 2(N+1) 2MamYT
8C5log —=NC{t* 2C, T Mgum7—————5~
< 50875 6.7 > t2Cor Mog(1+ 072)
= Cg,(:/]“\lﬂ)(c? + CsTAr).
This implies that
T
S @@ [0) < /2N (Cr + CsTr).
tENZ>o
Furthermore, letting £ = arg max,c yz_ ;<7 &E )(actJr1 |0) we get
T
(1), (1 (1)
Ke@ o)< Y Vil o)
teNZs

< XY (0r + GeT5

< 6,T 7+ CsTAT).
By dividing both sides by K, we obtain

Eg ( t+1 |O) <K~ \/CQ(NJrl (07 + CgT’}/T)
N ~
\/C2<N+1) 07 + CgT’yT).
Finally, from the definition of the estimated solution and CIs, we get
Gal,....a)y<  min UGB @D, ... al)) <UCBD @l ad)),

tENL>0,t<T

(1) ™)y 5 (@) (1) V) = 70RO (40 W)
G@grps-ZGr) tENIZn;:)),(tSTLCBt (,...,2) > LOB; (gl T )

Thus, it follows that

1 N 1 ~ (N 12 N 1 N
Gy, i) = G@Gy, . ey < 28 "Belol ) (@G, 2]

<26, (2, [0)

< 28,07 1d 0 (G, |0) < 267 *n7t e

i (= t+1|0)
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Hence, by combining this and (D.13)), we have

Ga@D, 2l = Wy, &) < 28Y \/02<N“ (Cr + CsTA7)

< Cor pe\/C2X (O + CsTa)

N
\/02<N” (Cr + CsTAr) <&

D.4 Optimistic Improvement-based AF for the Final Stage Output

We give an optimistic improvement-based AF for F' under the noisy setting. First, we define the sum of the squares of

the observation noise €g,, as
N M™

€sum — Z Z n)2

n=1m=1
Note that €y, is bounded by MoumA? under Assumption Moreover, we assume the following assumption for

esum-

Assumption D.12. Under Assumption[D.1} there exists a positive constant C such that P(eg,, < V) > CV for any
Vwith0 <V < MgmA2.

For example, if g, is a discrete random variable with P(egy, = 0) > 0, then Assumption holds. Similarly, if
€sum 18 @ continuous random variable whose probability density function p. () satisfies p., (x) > K > 0, where x
is an arbitrary element of some interval [0, U]. Then, Assumption also holds. Thus, Assumption[D.12] guarantees

that eg,m can take values within an arbitrary neighborhood of zero. Next, we define the variable Cy ; as
Cot = 2[31/2 _1(251/2 + 2)NO3 Y,
where 7; = (1 + logt) . Then, we assume the following assumption.

Assumption D.13. For any T > 1, Cy ; satisfies that
209}2 — 00 (ast' — o0).

Note that Cy ¢ is a polynomial function on 3;. Furthermore, by considering the definition of j3,, the closed form
of the mutual information, and 7,, we can show that the order of C ; is expressed as the polynomial function of ;.
Here, under certain conditions, it is known that the order of 7, for commonly used kernels such as Gaussian kernels
and linear kernels is a logarithmic order (Srinivas et all, 2010). Then, Assumption [D.13]holds if we use such kernels.

Under this setting, we propose an algorithm to the regret T%S)T

(1) - (N)

First, for each ¢ > 1, we define the estimated solution & Fis-- > Ly asfollows:
(1 L (N ~(N 1/2 ~(N
m%i, ce :c%)t) = argmax (z&l?t/(w(l), S D) ﬂt/ 0871?15,(:6(1), ).
1<t'<t
(@M, z™Mex
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Then, we give the optimistic improvement-based AF. For any n € [N], given an observation ("~ 1) of stage n — 1,

optimistic maximum estimator ITC\BE )( )|y (=) w.rt. (™ is defined as:

 (F) o)
UCB, (w()|y( 1))

N n n— 1/2 (N n n—
(()1) (:B( )7"'7$(N)|y( 1))+ﬁt/ 0((),1?15(1:( )7"'7$(N)|y( 1)))7

.....

. . o . . —=(F)
where the max operator is not needed when n = N. Similarly, pessimistic maximum estimator LCB, ~(y™~1)

under given an observation ("~ 1) is defined as follows:

—_— F
£CB, (v 1)

n n— 12~N n n—
(m(n;naim)(zsm 2, @My ) = 6 @, ey ) ).

Moreover, pessimistic maximum estimator of F' is given by:

A (N 1/2 (N
Or = (:cu)maﬁ(m)(Z((”l?T(w(l)’ 2™ =5 ((’ )T(w(l) ’w(N)))'

Then, we define the optimistic improvement with w.r.t. (") as

) ()1 (e  (F), ) —(F), R

0" @y ") = UCB, (@ [y ") — max{LCB, (¥ ), Qrynr}. (D.14)
Furthermore, we define the maximum uncertainty w.r.t. (=), 2(")) as:

@) = e g @ ey ), (D.15)

(@(n+D), . (V)

.....

From (D.14) and (D.13), the AF &{™ (z(™ |y(»=1)) for this setting is given by:

& (@™ ]y 1) = max{a™ (™ |y V), b (@ [y )},

where 7, is some learning rate tends to zero. Using this AF ég") , we propose the following selection rule:

z(n) ex(n)
i =10 <ytin”1,w§1z>+egza, .16

(0)

where y, ’ = 0. Then, the following theorem holds.

Theorem D.14. Assume that Assumptions D1 and hold. Also assume that
iint) (Gt x™My) € Y™ forany s € {0,...,N —1}, n € {s+1,...,N}, iteration t > 1, realization e,
giveny € Y and input (xCFTD, . x™). Let§ € (0,1) and € > 0, and define B; by (D.2) and n; = (1+1logt) ™!

Then, there exists a sequence 0 = Ty < Ty < T < --- suchthat T, € NZ>o and

6_5

m2k2’
Moreover, when the optimization is performed using (D.16), the following inequality holds with probability at least
1—26:

P(3t € NZx s.t. Th—1 <t < Tr, 2C5 ; Mym€ms < §/2) > 1 — (D.17)

1 N 1 (N
Fzl), ... .aW)) —F@hh ,....a) ) <e
where Tk is an element of the sequence {T},} 72, satisfying

46‘92 Tk mm ~ K- 9.
W’YTK <§ /
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In order to prove Theorem[D.14] we first give four lemmas.

Lemma D.15. Assume that the same condition as in Theorem [D.14 holds. Then, for any s € {1,...,N — 1},
ne{s+1,...,N}, m e [M™), iteration t > 1, realization € and input £V ... N, the following holds with
probability at least 1 — 6:

oD @), 2D D) 2 () ol (5D (@A (D (290) g ()

n—s—1 M"—1-p)
§2Mpmdcé\jt_1 Z Z (n 1— p)( ént 2— p)(w() “'7w(n—2—p)|zgs—l)),w(n—l—p))

M)
+ 2Mpmdcé\)[t71 Z |6((15)|
q=1

Proof. By using the same argument as in the proof of LemmalC.11] the following holds with probability at least 1 — J:
ot (E5 D @@, 2D ), 2 ™) — o (25D (2L 2 ) 2 ()
M(n 1)

<2[31/2 Z (n 1)( n— 2)(w(5+1) ”.7m(n72)|z£s))7 (n— ))+L A1) (L +ﬁ1/2 L)

M(n=2)

z(n—2 s n— s— z(n—2 S n— s
> [IEP @O, D) < AP @ a2 )
i=1

Mn=1)

<2Bl/2L Z 0(" 1) 0t )(:B(S),...,w("_2)|z§5_1)),:13("_1))
M(n 2)

+ 2[33/2L ML, + ﬂl/z Z U(" 2) 0.t "3 (2. 23|27 g (n=2))

+ L, M=) ppn— 2)(L +[31/2 6)2

M(nfS)

~(n—3 s n— s— 5(n=3 s n— S
3 [|z(()1q1t)(w(),...,m( DzeV) = 20D (@D, a2
q=1

IN

< 2B} Ly Myoa(Ls + Bt/* Ly + 1)V 2

n—s—2 M("—1-p)

Z Z [ (" 1-p) [()”t 2-p) (.’B(S), . ',m(n72fp)|z£sfl))7m(nflfp)):|

M)
+ 2Mypoa Lo (Ly + B2 Lo + )N 72 3 22070, 2()) = £ (2070, 2) — ]
q=1

S 2JZ\4pr0d(Lf + 6751/2-[/0 + 1)N71

n—s—1 M=1-p)

Z Z [ (n—1-p) E)nt 2—p) (a:(s)7 . _,w(n—Z—p)lzgs—l))7w(n—l—p))}

M(S)
+ 2Mproa (L + B2 Lo + V13T €]
g=1
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n—s—1Mm—1-p)
n—1— n—=2— n—2— Ss— n—1—
= Mo O Z Z [ -p) (()t (@), ... 2P |- gn-1 p)ﬂ

M(‘)
+ 2MpoaCoy Z el

q=1

Lemma D.16. Assume that the same condition as in Theorem[D.I4 holds. Then, forany s € {1,...,N —1},j >0
with s + j < N, iteration t > 1, realization € and input £V ... 2N, the following holds with probability at least
1-46:

&(()J\t[ Dz, aWN=9)|z6-1)
<Oy, ta(N ])( (s+1) . ,m(ij)|z£S)) + Co t&éj\tf_j_l)(w(s), ey m<N*j*1)|z£S*1))
M) M)
+Cot Y oD ) 4 oy Y 1),
i=1 i=1
where
6((){\£7j)(w(s), IS e P Sl
N—s p M(N*P)
- N-— N—p-1), (s —p— s— -
=Y [ M™ ey S { NP (NP () NPl gV ”))]
p=j q=1 =1

Proof. From the definition of &
least 1 — §:

5oy (@), .., W=D |z87 V), the following inequality holds with probability at

(N J)(w(s) LoV

MN—p)

N—s p
TGRS [ (NP (5 (N (g <>,___,m(N—p—1>|z§s—1>)7m(zv—m)}
p=j q=1 i=1
N—s MWN-P)
prodCN ! Z Z [ (N p N P 1)($(S),...,w(N7p71)|Z2571)),ilt(Nip))}

p=j i=1
N—s—1 MN-P)

= Mg CY 1 Z Z [ (N=p)( ({Z—P—l)(m(erl)’”'7m(N7p71)|225)),m(N7P)):|

N—s—1MWN-P)

+ MpoaCp' " Z Z [( (V- P>( 2N () _,7w<N—p—1)|z£s—1>),w(N—p))}

M)
_UZ(J: p)( (N p— 1)(w(s+1) .'.7m(prfl)|z£s))7m(pr))) + Mg CN 1 Zo,gft)(zgsfl),m(s)).
=1
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Hence, from Lemmal[D.153] it follows that

b Foy T @l N e ), (V) — o (TP (2T (N D2 [0) 2 (Vo))

log s
N—p—s—1 MN-p=1-7)
< 2Mprodcév_1 Z Z [Uj(_fszpflfr) (2(()1)\1{7;)72*7”) (w(s:N—p—2—r)|z£s—1))’w(N—p—l—r)):|
M)
+ 2Mproa Gy 1 > e,
q=1
Hence, using the same argument as in the proof of LemmalC.12| we have the desired result. |

Lemma D.17. Assume that the same condition as in Theorem[D. 14 holds. Then, for any s € {1,..., N —1}, iteration

t > 1, realization € and input V), . .., ™), the following holds with probability at least 1 — §:
N s
Gon (@, ML)
M M
<Cgt0'0)(ilt(s+1)... N)|ZS) +CthU (s=1) () +Cgt2|6
i=1

Proof. By repeating Lemmal[D.16 the following holds with probability at least 1 — ¢:
5N (), ... ™)) zl=D)

0g,1,(x
= &8{\7/; 0) (w(S)v L) m(N—0)|z£S—1))
M) M)
< Cauigy @t e NT0) 4 Gy 3T ol (2D 2+ 0y Y 1]
1=1 1=1
+ Coyagy P(@®, .. eV D)
M) M)
< Cgf(N o)( (s+1),“',$(N70)|z£s)) + Oy Z Ul(;)(zgsf1)7m(s)) + Co Z |e§5)|
1=1 =
M) M)
CQ ~(N 1)( (s+1) .’B(N 1)|z s) +O2tza (s—1) s) _,’_02 Z |€(s
1=1
~(N=2 _ s—
02215 (()t )( ()""’m(N 2)|z£ 1))

IN

< (Cop + 022,t + -4+ 0 t)af)]\t[ 0 (m(SH), c :c(N*O)|z£S))

M) M
+ (Co + 022,15 -t 02 t Z U(S) D 2 4 (Cay + 0227,5 + -+ C'é\)[t) Z |ez(-s)|
M M)
< N ) 3, 5 e, v 5
1=1 i=1

Lemma D.18. Assume that the same condition as in Theorem[D_I4| holds. Then, for any n € [N], iteration t > 1,
y=b ¢ =1 and input ™ € X", the following holds:

mi)g")(m(n”y(nfl)) < égn) (.’1}(")|y("*1)) < (2[33/2 + m)l}g") (m(n)|y(n71))_
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Proof. By using the same argument as in the proof of Lemma[C.14] we get Lemma[D.18 ]
Using these lemmas we prove Theorem[D.14l
Proof. Lett € NZxq. Then, from Lemma[D.18] wgr)l satisfies that
et (i 110) < (28, + )b (2 10) = (26, + m)ag (@i &P, 3W0). D.1g)

In addition, from (D:18)) and Lemmal[D.17, using the same argument as in the proof of Theorem[C.10}, with probability

atleast1 — 4, ¢ “(1 (th |0) can be bounded as follows:

M M
e (@10) < 2817 + ) Cae > o6 (0,2h) + (287 + ) CstZIe
=1
+ (28,7 +m)Cau560, (@), 8Ny
MM M
< @287 +m)Cs0 Y 08 (0,2) + (287 + o) cgtzk
=1

1/2 —1~(N 2 - 1)
+ (2515/ + Wt)203,t77t 1‘7((),1?t(m§+)27 < T N)|y§+1)-

By using Lemma[D.17] again, it follows that

M

N
e @110) < 282+ + YO Y Y 3 o) (w2,
n=1 i=1
N M™
+ @28 A DO N ST Y e
n=1 i=1
N M™

< @87 + 1+ )V CN Y Z Z oo (Y &)

N n)
1/2 — (n
(25/4'1"‘1]\] éVtWtNZZ )|

Thus, multiplying both sides by 2[33 / 277; 1 we get

N M®
2600w 10) < 26! @87 + ) YC Y Y Z Ly i)

N
+26, %071 (28,7 + N O Z el

N M

M
_Cgtzzaom =D, @{D,) + Cog Z

n=1 =1

o

Here, using (a + b)? < 2a® + 2b? and the Cauchy—Schwarz inequality, we obtain

N M™
(261/2 71A§1 ($t+1|0)) < 209215 sumz Z %o n)2 y Y w(n )+209 +Msum€sum-

n=1 =1
Next, we show the existence of the sequence Ty < T < - - - satisfying

60

P(3t € NZxg s.t. Ty—1 <t < Ty, 205 ;Mm€qums < £7/2) > 1— 5
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From Assumption[D.12] we have
o¢?

P 202 Msum sum. 2 2 = sum, M IO 2 4 _—
(20 Momtome < €/2) = Plewns < MinCs. €14 > 77 o7

This implies that
Cce?

—P(2C2 , Myum€sum 2/ <1— —
(205 Mimesams < €/2) < 1= gy

Therefore, using 1 + =z < e* we get

t’ t’ 052
2 2
H(l - ]P)(209-,quum63um)q < 5 /2)) S g (1 - 4Mum037q>

q=t

2 v
=exp | — ¢ ZC;j . (D.19)
q=t
Moreover, from Assumption[D.13] the right hand side of (D.19) tends to zero when ¢ — co. Thus, we can construct
the sequence T, Ty, . . . satisfying (D.17). Then, with probability at least 1 — §, the following holds:
= = 2 2
Vk € N, T, st. T <T, < Tk, 2097'kosum€sum,Tk <§ /2
On the other hand, for the positive number K satisfying the theorem’s inequality, we define

1/2 71 @ 2
T= Sﬂgﬁ?m 7 g, O, (@, 110))7

Then, it follows that

12, -1, (1) 2
(28507 eP (@, [0))

Mw

1/2 71A(1) (1) 2
K280 @) 10))? <

~
Il
—

N M™

< K€ /24 2C2 sumZZZ o5 2 (y D )

t=1 n=1 =1

5,1 M
< K¢? 2—|— K -
S (i o) T
By dividing both sides by K, we obtain
4C3 1, M2
1/2 — 1 1 9,7 sum ~
(28 0zt L) [0))? smﬁ Yo K
<&2+&2=¢
This implies that
/2, -1,
28" 02" ¢ (@) 10) < (D.20)
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Finally, from the definition of the estimated solution and CIs, F(-) can be bounded as follows:

1) (V) : goa WM (V)
F(xp, . Tp,) teNng;ggTKUCBt (Tpo o Tpy)
—_— F
< TUCBy (2l wfl),
F(& gsz,...,:ﬁ%JY%K) > max LCBt (ilt(l),...,ilt(N))

- tGNZZO,t<TK

Therefore, the following holds with probability at least 1 — 2:

(1) (NV)

@) os@in)) = F@ne o @02,) < 28160 @il i)
< 28)°50) (2 )]0)
<2ﬁ1/2 -1, ;)( )|O) :1F/2n;10; (x T+1|0) (D.21)
Hence, by substituting into (D.21)), we have Theorem[D.14] [ |

E Sufficient Conditions and Modifications for the Proposed Method

In this section, we consider theorem’s conditions and its modifications. First, in the noiseless setting, we assume
that u(m)( () xm|y(=1) ¢ Y(m) (o construct the valid CI . For this assumption, the following sufficient

condition exists.

Theorem E.1. Assume that each X is a compact set, and each observation is noiseless. Also assume that each

( ) is a function defined on [—2B,,_1, ZBn,l]M(nil) x X" and satisfies fr(rtl) € Hyny, where B,, is some positive
constant satisfying ”fm)”?'lk(n) < B, and By = 0. Then, pﬁ")(m@, <,z e [-2B,, 2Bn]M(n)f0ranyn € [N],
t>1landx™,... x™.

Proof. From the reproducing property of (™), noting that k(™) (a, a) < 1 we have

@] = [ O kD a))a, o |

<13, ) kM (@, @)? < By

In addition, since X1 is the compact set, [—2By, 2BO]M(0) x X is also the compact set. Hence, from Lemmal[C.2]
the following holds for any m € [M(M)], ¢ > 1 and (w,z) € [~2By, 2Bo|M"” x x1):

e, )] = |l (w0, @) — F50 (w0, ) + £ (w, )
< ), (w,2) — [ (w, 2)| + | [ (w, z)|
< B;+ B; =2B;.

This implies that ugl) (0,2 = ﬁgl)(m(l)) € [-2By, 2B1]M(1). By repeating this process, we get

n n— n— n ~(n n o
(" @D, 2 ™) = g (@M 2) € <2828,
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Theorem [E.l implies that by defining Y™ as [—2Bn,2Bn]M(n) and B = maxi<p<ny Bn, we ob-

tain Assumption [CI] and uﬁ"’( M, ... ,w(")) € Y™, Similarly, under the same assumption we have
Ngm)( (n),”'7 m)lyn 1))€ym).
Next, we consider the condition 22? (M, ... xM) e V™) for the noisy observation setting. In the noisy setting,

it is not easy to give a sufficient condition for this condition to be satisfied. Nevertheless, we can avoid this condition
by modifying the definition of z( )( MW, ... z™). Let £L = [~L, L]¢ be a d-dimensional hypercube. For each
a = (a1,...,aq) € R% suppose that P(M, a) is a projection of a onto M, where the i-th element of P(M, a),
P;(M, a), is given by

Pi(M,a) = argmin |a; — .
le[-L,L)]

Then, the following theorem holds.

Theorem E.2. Assume that each X™ is a compact set, and each observation noise 65,? ) is a zero mean random

variable with —A < 55,?) < A. Also assume that each f,(ﬁ) is a function defined on [—A,_1 — Bp—1,An-1 +
Bn,l]M(nil) x X" and satisfies f,(,?) € Hymy, where Ag = By = 0, A, = A and B,, is some positive constant
satisfying ||f,(,?)||q.[k(n) < B,. Foreacht > 1and (), ... ™), define

W+ PO, u(0,21)) (n
e(")—|—’P(y n) H(")( éz—l)(w(l:n—l)),w(n))) (n

1
A0, a) = .

gee ey

| \/

where Y(") = [~ B, Bn]M(n). Then, zAEnt) (xzM,... 2™) € [-A, — B,, A, + Bn]M(") = Y™ foralln € [N],
t>1, eand (:13(1), ... ,w(")). Moreover, f(") satisfies f(”) (w, ) + e ¢ Y forallw € Y= 2 c x™ gnd

€™,

Proof. From the reproducing property of k(™) (-, -), and the assumptions k(™) (-, -) < 1 and Hfr(ﬂf) %,y < Bn,wehave
(") (w,x) € [—By, By]. Therefore, noting that —A < 55,’;) < A, we get f(" satisfies f() (w,x) + e ¢ Y,
Similarly, from the definition of P () ("), a), it follows that

PO P @D, 2 Y), 2 ) e Y = (B, BV
Thus, we obtain 22"2 (... ™) e Y, ]
In this modified 22? (M, ..., x(™), similar results given in Theorem[D.4] hold.

Theorem E.3. Assume that the same condition as in Theorem[E2lholds. Given § € (0, 1), define B = maxi<np<n B
and B; as in (D.2). Moreover, assume that Assumptions[C3l and[C-4 hold. Then, with probability at least 1 — 8, the

following holds for any realization of €:
2@, =2 @, e M) <8260 @), )
¥n € [N],m e [M™],t > 1,
é 1 IS the m-th element ofzE ¢, and U( n) t(:v(l), ..., x™) is given by

n)
where Z¢ .

sl (@D, ™) =

Mn=1)
n) z(n—1 n— n n—1 n—
oL @D, 2 ey Ly 3 Gl @D, 2,
s=1

and 6{") ,(zW) = ¢{})(0,2).

€,s,t
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Proof. Foranyt > 1,n € [N],m € [M(")], W, ... (™ and realization of e, it follows that
£ ES (@D, ey e ) - 0D @M () )
= AP EG @D, D), 2 ) = P (VO (20 @D, ), )]
+ [P (Y™ ,u(")(z(” V@™, am=D), s — ull 0V @D, e D), 2]

)t

> (@D, 2D, M) P, (90, ™ (2l ”(w“% oz D) g,

where the first equality is derived by f4) (221;1) (M, ... 2= D) 2() € Y and the definition of P(Y™, a).
Thus, for i € [M )] and ("), 2(?), the following inequality holds with probability at least 1 — &:

28 (@M, 2®?) —2222 (W, z®?)|
<P W (@), 2®) - 12z (@), 2?))

+ 1P EN @D),2?) = P (v, w200 (W), 23))))
< Lyl £V (0,20) = PD, uV (0,2 >>||1

U e @), 2®) = P, (20 D), 2®)))
ML

<Ly Zlf (0,0) — 2,V 1D (0, z1))]

+|f(2( B @), 2?) - P, 1 (2 (@V), 2))

€,

MO
<Ly Yo 170.20) - ) (0,20)
j=1
2),5(1
+ |fz( )(zé,t) (w(l))u iB(Q)) /L( t)(z( t)( (1)), w(z))|
MO
1/2 _(2), 401 1/2 1
< 870 (20 @), @) + L5 Y o) (0,20)
j=1
1/2 (2) (w(l) (2))_
Therefore, by repeating this process up to n, we get the desired inequality. ]

We emphasize that by using the same technique as used in this proof, it can also be shown that Theorems[D.6} [D.9]
and [D.14 hold when using 28? (W, ..., x) instead of z(n) (D, ..., z™),

Finally, we provide the sufficient condition for the Lipschitz continuity assumption (L2).
Theorem E.4. Let k(x,y) : R? x RY — R be one of the following kernel functions:
Linear kernel: k(x,y) = a’x "y, where a is a positive parameter.
Gaussian kernel: k(x,y) = a® exp(—||x — yl|?/(2p?)), where a and p are positive parameters.

() . ()

where a and p are positive parameters, v is a degree of freedom with v > 1, I is the gamma function, and K,

is the modified Bessel function of the second kind.

Matérn kernel:
k(z,y) = a®
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Moreover, assume that a user-specified variance parameter o2 is positive. Then, for any t > 1 and observed points

&1, ...,&4, the posterior standard deviation oi(x) satisfies that
Yz.y €RY, |oy(@) —ou(y)] < Cllz — ylh, (E.1)

where C'is a positive constant given by

a if k(x,y) is the linear kernel,
C = % if k(x,y) is the Gaussian kernel,
% 25 ifk(x,y) is the Matérn kernel.
Proof. First, we show the case of the linear kernel. Let the matrix X; be X; = (z1,...,x;) . Then, oZ(x) is given

by

oi(x) =d’x x —a'x" X (* X, X, +0*L,) " X2
=d’x'x —d’x" X (X, X, +a %) Xz
=ad’x" (I, - X[ (X; X, +a %0°L,) " X))z
The matrix X can be decomposed as
X, =HAH',

where H' = (h),...,h})" and H = (hy,...,h,) " are orthogonal matrices, and A is the ¢ x d rectangular diagonal
matrix whose (j, j) element is the jth singular value s; > 0 of X;. Thus, I; — X" (X; X, +a~20%I;)~* X, can be
rewritten as follows:

I— X (X; X, +a7%°L)"'X, = HOH ",

where O is the diagonal matrix whose (j, j) element is 1 — s? / (s? + a~20?). Thus, the posterior standard deviation

o(x) can be expressed as

oi(x) = Va2e THOH Tz = a||©@?H "z|.

Hence, using the triangle inequality we have

lov(@) — ov(y)| = al @2 H "a|| — @2 H y|||
< a||®1/2HTw _ @1/2HTyH
=a|®?H (z —y)|. (E.2)

Noting that the diagonal element 6; of © satisfies 0 < §; < 1, from ||z — y|| < ||z — y||1 we get

|0 H (z - y)| = \/(x ~y) HOH (x ~ y)

<@y THLH (& —y) = o —y| < ||z —y].. (E3)

Therefore, by substituting (E3) into (E2), we have the desired result.
Next, we show the case of the Gaussian kernel. From Bochner’s theorem, the Gaussian kernel can be rewritten as

follows (see, e.g., section 4.2.1 in (Rasmussen and Williams, 2005)):

Kz, ) :az/ (2mi@—u)T A (07 2)/20=27 A gy
Rd
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where i is the imaginary unit. Furthermore, for each natural number s € N, let Z, and C, be families of sets given by

L .
IS_H—H]% ,—s—i—%) |j—1,...,2525},

CSZ{IlX---XId|Il,...,Id€IS}.

In addition, for each element C j, = [ag,l, bgllz) X+ [agfl,z, bgd,z) of Cs, (k= 1,...,(252%)%), we define the represen-

tative point A, ;, of C 1 as

1) | .1 @ |, @\ "
a’;+b a’l+b
As,k _ < s,k s,k s,k s,k) _ (/\(1) )\(d))T

5 ey 5 ok ek
Moreover, let ¢s(x) be the (252°)?-dimensional vector whose kth element ¢ ; () is given by

d/2
. 1
Gui () = ae?™® Xk (27 p?) A/ e P IA I (§> :

Then, the inner product {(¢s(x), ds(y)) = qbs(:v)Tqbs (y) satisfies
(252°)¢

d
. o 2 2mi(—aty) Ao (o 2vd/2,—2720% | Aul? [ L
lim (¢ (x), ps(y)) = lim ;;—1 a‘e (2mp”)™%e ( )

s—00 28
_ CL2/ eQﬂ'i(fery)T)\(27Tp2)d/2672772p2H}\HQdA
Rd
— 42 / eQﬂ'i(mfy)TA(27Tp2)d/26727r2p2||)\||2d)\ _ k(cc, y)'
Rd
Furthermore, we define 57 () and ¢, () as

57 o(x) = (¢s(@), ¢s(@)) — ((fs(2), (1)), - ., (Bs(), Ps(0)))
(Kt +0°L) " (s (@), ds(@1)), - .. (@s(), ps(0))) T
ers(x) = k(x,x) — (k(z,x1),..., k(x, ) (K + 02 L) (k(x, 1), ..., k(x,x)) "
— 07 5(x)
=0 (x) — o7 (),
where K, s and K, are ¢ x t matrices whose (4, j) elements are given by (¢ps(x;), ps(x;)) and (¢ps(x;), Ps(x;)),

respectively. Then, noting that lim;_, o (¢s(x), ¢s(y)) = k(x,y) we get

lim &) (x) = oj (@), lim e(x) = 0.

We now consider o () and o (y). Without loss of generality, we can assume that o¢(x) > o;(y). Then, we have

lot(x) — ou(y)| = ou(x) — ou(y). (E.4)

In addition, the following inequality holds:

ou(®) = \JoR (@) = \[52 (@) + v @) <

57,(@) + 1/ lecs(@)] (ES)
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Similarly, if €; s(y) > 0, then o, (y) satisfies

oi(y) = /52, ) + esw) > 52, w) > \Jo2. (1) — \Jlers(w)

On the other hand, if €, s(y) < 0, then o (y) satisfies

01(y) = /o7 (0) + es®) = /52, (0) — lees®)] > /02 (0) — y/levs(w)

where the last inequality is given by v/u — /v < y/u — v, (u > v > 0). Hence, for both cases, the following holds:

or(y) > \/ a7 s ( \/ ler,s( (E.6)

Thus, by substituting (E.3) and (E.6) into (E.4), we obtain

o1(2) = 0] < /57 (@) = /57 (0) + \Jlers@)] + \/lers(v)] (E7)

Furthermore, we define the matrix X; s as X; s = (¢s(x1),. .., ¢s(xt))*, where A* is the conjugate transpose of

A. Then, 6?75 (x) can be rewritten as follows:
67.,(@) = 6@ sy = Xio(Xea X+ L) 7 X)),
Therefore, by using the singular decomposition of X , we have
52.(@) = B.(@) UBU" ¢,(a),

where U and ® are unitary and diagonal matrices, respectively. By using the same argument as in the case of the

linear kernel, it can be shown that the (k, k) element 6, of © satisfies 0 < 6, < 1. Hence, noting that
G1,s(x) = ([0} (@) = |©2U* ¢ ()|

and (E.J), from the triangle inequality we get

o1() — 00(y)] < ©2U" ()| — 1©V2U" b, ()| + 3/ lev.s(@)| + \/ler,s (w)]
< 102U ¢ (@) — ©'2U" ¢ ()| + \/lev.s(@) |+ /levs (w)
= 72U (¢s(x) — ¢4 (w))]| + ¢ ers(@) [+ \/les (1)
< [bs(x) = D)+ lecs@)| + \/lers ()], (EB)

where the last inequality is given by 0 < 6, < 1. Moreover, for each j with 1 < j < d — 1, let z[j] =
(Y1, YjsTjt1,---,Ta) ", and let z[0] = x and z[d] = y. Then, the following inequality holds:

||¢s( ) S Z{¢s ] - 1 Cbs(w[]])}

Z s ([ — 1]) — s (2[5))]]. (E.9)
Thus, by substituting into (E.8), we obtain
d
jou(@) — ()] < 3 ga(@li — 1) — du(@liDl + /lers(@)] +/lecs)]. (E.10)

j=1

60



In addition, for any j and k with 1 < j < dand 1 < k < (252°)?, from the definition of ¢s,1(x) we have

25

. 1 j—1 j+1
D — 62771('911---7yj717xj+1 ..... Id)()\i’,)c ..... Ai],k ),)\S’z )

d/2 )
1 )
¢s,k(w[j _ 1]) _ ¢s,k($[]]) _ aD(27Tp2)d/4€7772P2H>‘31k||2 (_) (6271'196])\(1) . e27‘l’1yj>\(s‘7,3€),

vvvv s,k

)\(d))T

Hence, it follows that

(0.1 (w[f = 1)) = @5k (@[i])) (@51 (2]j = 1]) — dsk(2[5]))
= |psr (@l —1]) = s p ([

d
5 22 2 (1 NG} sy ()
a2(2ﬂ'p2)d/26 2777 || As ke |l (§) |627T1m])‘s,k — ezﬂlyJ)‘s,k|2.

Thus, noting that | cos(u) — cos(v)| < |u — v| and |sin(u) — sin(v)| < |u — v| for any u, v € R, we get

| 271'1w])\(” _ 271'1y )\('7 |

|cos(27rx])\(J)) + 1Sln(271’$])\(])) cos(27ryj)\g ,)c) - 1sm(27ry])\(J))|

= \/| cos(27m:j/\gl)€) - cos(2ﬂ'yj)\g) )2+ |sm(27mzj)\(”) — s1n(27ryj)\(J))|
< \/872)\§{1)€2(xj — ;)%
Therefore, by substituting (E12)) into (E.IT), we obtain
(¢S,k($[j - 1]) - ¢S,k($[]]))(¢87k(w[] - 1]) - (;5571@(:13[]]))

d
1 .
a2(27rp2)d/2e_2”2’”2”>‘5‘k”2 (—25) 8w2A§fiQ(xj —y5)°.

This implies that

(252%)¢ d
. . . 71.2 2 2 1 ]
[6.(ali 1) = SulIP < Y- aeng?)2e 2l (L) 520 - 2
k=1

Moreover, the following holds when s — oo:

(252%)¢ d
—on2,? 2 (1 2
Jlim. E 2(2mp?) ¥ 2e 72 IRk (2—> 872 (@) — )

= a2(277p2)d/287r2(a:j — yj)2/ 6_2”2p2)‘T>‘)\?d)\
Rd

d
= a287T2(£L'j _ yj)2 (/ (27.‘_p2)1/2)\?e—27r2p2>‘?d)\j> H (/ (27Tp )1/2 —27r2p2)w d\: )
R it R
By putting 27pA; = u; for each ¢ with 1 <7 < d, we have
2 242 d 2 242
st - ( [ty VT ([ endynesesia)
R A R
_ a22p72(17j _yj>2/( ™" 12, 2 2/2du H </ -1/2, “?/Qdui)
R i#j
i#j
2a2
= F(xj —y;)°.
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Thus, (E.13) can be rewritten as follows:

s ([ — 1]) — ¢s([j])|I°
< 2;12(1: —y;)?
=2 Yy

(252 )d d 2
1 i 2
+ Z a2(27rp2)d/2€727"2p2”>‘8«kH2 (§> 872/\;})@2($]’ o yj)Q _ %(xj _ yj)Q
k=1

2a?
< ?(xa‘ ~y5)°

(252%)¢ d 2
1 ; 2
+| > aP@mp?) ezt hl” (—> 8T (w5 — ) = S (a5 — u)?
k=1 20 7 e
2a -
= 7(%‘ — ;) + &,
where €, ; satisfies that lim_, « |€5 ;| = 0 from (EI4). Hence, we get
. ) 2a2 By V2a _
l¢s(x[j —1]) = ds([j])] < \/7(%‘ —yj)? +&,; < 7|%‘ — Yl + Vés- (E.15)

By substituting (E.13) into (E.10), we obtain

p

d
(@) — W) < L2 =yl + 3 Vg + yleen@] + @]
j=1

Furthermore, because the number s is an arbitrary natural number, and

d
Tim (3 Vas +les@] + () | =0,
j=1

we have
V2a

lot(x) — ot(y)| < 7”‘3 — 9yl

Finally, we show the case of the Matérn kernel. From Bochner’s theorem, the Matérn kernel can be rewritten as

follows (see, section 4.2.1 in (Rasmussen and Williamsg, [2005)):

dA.

. 9dd/2] d/2) (V) /2 —(v+d/2)
blavy) =a [ e n IR (20 4 a2
Rd L(v)p p

For each s € Nand k with k = 1,...,(2s2%)%, we define Z,, Cs, the element Cs = [ag)l,)g, billz) X e [aifl,z, bgd,z)
of Cs, and the representative point A, of C; i as in the case of the Gaussian kernel. Similarly, let ¢s(x) be the

(252%)9-dimensional vector whose kth element ¢ i () is given by
Ds,k (w)

1/2
ominTa . [ 20T (v +d/2)(2v) (2w, N\ "EFNT g
= qe”™® Aok = + 47| s k| — .
F(V)pQV p2 ’ 9s
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Then, by using the same argument as in the case of the Gaussian kernel, we obtain the following inequality similar to

(E.I0):
d
|Ut( - Ut Z |¢S j - 1 d)s(w[]])” + |€t,s($7y)|7 (E16)
where lim,_, o |€;,s(2, y)| = 0. Moreover, for any j and k with 1 < j <dand1 < k < (252°)?, from the definition
of ¢s 1 (x) we get
Gs.k (@[ —1]) — b5,k (2[5])

1/2
5 2d7rd/2F(l/—|—d/2)(2V)” 2% W 2” ”2 —(vtd/2)\ 1\%2
= Q s, —_—
L'(v)p* p? : 2¢
7)

(627Tiwj)‘i,k _ 627Tiyj>\£‘]v;€)

)

D _ 627ri(y17~~~;yj71733j+17~~~;1d)(>\8))€ )\(J 1) )\(J+1) )\(d))T

It follows that

(@s.k(®[j —1]) = ¢sk(®[5]) (5.1 (2]j — 1]) — ¢s.k(2[5]))
= ds i (@lj — 1)) = ds i (2[i])

2472 (v + d/2)(2v)" (2v TR CIN a0 iy AY)
<a’ L(v)p? ( -wiwxmﬁ) (§>|¥ Pk — T (BT)

By substituting (E12) into (E17), we have

Gor @ = 1)) = o @D (e(@li — 1]) — dun(li]))
PET A @ (2 TR CINY oG
< DLLIEY (B s awinal?)  (5) s - w

This implies that

s (z]j —1]) = s (]I

(2529, 4 —(v+d/2) d
297421 (v + d/2) (2v)” [ 2v 1 ;
<> IE(V) 2,{ il ( + 47 2||)\sk|2) (;) 82N (@) — ;)2
k=1 P
Furthermore, the following holds when s — co:
(252°)¢ d_d —(v+d/2) d
, 2474/ (v + d/2)(2v)" [ 2v 1 ;
Jm >, P((u) ) < AR k|2> <2_) SN (25 = wi)?
=1 P p?
247d/2D (v 4 d/2)(2v)" (2w ~(vd/2)
_ 2q 2 2 201y (2 2
_a&m%—w)éd Hoa ( +4|MH) X2dA.

In addition, by putting 2v = 7 and ¥ = (47%p?)~11,, we obtain

drd/21(y )W 2 —(v+d/2)
F((u+d)/2)
[(7/2)0/27d/2|5[1/2

(o+d)/2
(1 + T)\TE‘U\) = f(\ 7, %)
1%
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Note that f(X; 7, 3) is the probability density function of T} (0, X), where T} (0, X) is the multivariate ¢-distribution

with location parameter 0, scale matrix 3 and v degrees of freedom. It is known that the mean vector and covariance

matrix of T} (0, X)) are respectively given by 0 and 5%2 when 7 > 2 (see, e.g., (Kotz and Nadarajah, 2004)). From

the assumption v > 1, noting that 7 = 2v > 2 we have
9dd/21 d/2)(2v) /2 —(v+d/2)
/ mTT W +d/2)(2) ( - +47r2|>\|2> A2dA
R? L(v)p*” p?
= / S5 7, Z)ATdA
R4
1% 1 v 1

C p—24n2p2 v —14w2p?

This implies that

(252°)4 dd —(v+d/2) d
247421 (v + d/2)(2v)" [ 2v 1 ;
. 2 2 2 N2
3 SRR (Geaal) O (5) i
2a2 9 V
=7 (@5 —9i)" =

Therefore, by using the same argument as in the case of the Gaussian kernel, we obtain

¢s(x[j — 1]) — bs(x[j H<—\/ Tl =yl lEsl,

where lim,_, |és,;| = 0. Hence, by substituting (E.I8) into (E.I6), and taking s — co we get

low(z) — o (y |<— || — 9yl

(E.18)

The condition that o2 in Theorem [E-4]is positive is necessary only for the inverse matrix calculation. Note that

2

0~ is a user-specified variance parameter of a formal GP model, and is different from the true noise variance. That

is, Theorem [E.4] holds even when the variance of the true noise is zero, i.e., in the noiseless setting. Also note that

C in Theorem[E4]is a constant independent of o2. The result for the Matérn kernel is for the case of v > 1 degrees

of freedom, and it is a future work to clarify whether the same result holds for » < 1 as well. On the other hand,

unfortunately, it can be shown that (E.1)) does not hold for » = 1/2, which is often used in practice for Matérn kernels.

Theorem E.5. In the setting of Theorem[E-4 the Matérn kernel with v = 1/2 does not satisfy (EJ).

Proof. Let C be an arbitrary positive number. The Matérn kernel with v = 1/2 is given by
k(z,y) = a® exp(—|lz — yll/p)-
In addition, suppose that ; = - - - = x; = 0. Moreover, we define K as
K, = a21t1;r + o2I,.
Then, the inverse matrix K, I can be expressed as

a2 1t1T

K '=072I—
1 + 5t
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Therefore, the posterior variance at point O is given by

t a’o?

02 +a?t - o2 +a?t’

02(0)=da®> - a1/ K7 '1, = a® — a*
Next, let s be a number with 0 < s < p/2, and let x = (s,0, ..., O)T. Then, we have

o2(x) = a® — a* exp(—2s/p)1] K; 11,
t
= a2 — CL4 exp(—?s/p)m

::aQ-a4(14—exp(—25/0)“1);5fFZ§¥
T (1 exp(—2s/p))

02 +a?t

att

=07 (0) +

Thus, from u > 0 we get
|o¢(x) — 0 (0)] = o¢(x) — 04(0) = 0¢(0)vV1 + u — 04(0).

Furthermore, by using Taylor’s expansion of f(u) = /1 + w at point u = 0, we obtain

1 1
vV1i+u> 1+§u— §u2.
Moreover, for each ¢, there exists a number s such that 0 < s < p/2 and u < 1. Therefore, it follows that
1 1 1 1 3
\/1—|—u21+§u—§u221+§u—§u:1+§u.

By using this, we have

lov(@) — 00(0)] > Suoy(0) ol

3
3 = gm(l —exp(—2s/p)).

In addition, noting that exp(—2s/p) < 1 —2s/p+ (2s/p)?/2and 1 — s/p > 1/2, we get

1 —exp(=2s/p) > 2s/p— (25/p)*/2 = 25/p(1 — 5/p) > s/p.

Therefore, the following inequality holds:

3 a't/p a*/p
|o¢ () — 04(0)] > 8o, |z — 0]

3
0)(02 +a2t)” ~ 804(0)(02/t + a?)
Hence, since lim;—, o, 0+(0) = 0, the following inequality holds for sufficiently large ¢:

3 a*/p

(@) =012 T i)

|z = 0[[, > Cllz - 0]

F Details of the Experimental Settings and Pseudo-codes

In this section, we describe the experimental settings.
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F.1 Common Settings

We used a multi-start L-BFGS-B method (Byrd et all,[1995) (SciPy (Virtanen et al),2020) implementation) to perform
various optimization such as optimizing AFs, finding the optimal value of synthetic functions. First, we sample 1000
initial points using Latin hypercube sampling (LHS) (McKay et all, 2000). Then, we run L-BFGS-B with parameter
ftol = 1073,gtol = 1073 for each initial point and pick the top 5 results. Finally, we run L-BFGS-B with
default parameters for these five results and return the best result. We implemented GP models and all the comparison
methods mainly using PyTorch (Paszke et al., [2019) and GPyTorch (Gardner et al!, 2018). By utilizing the automatic

differentiation of PyTorch, we can easily apply gradient methods to optimize AFs.

F.2 Comparison Methods

CBO In CBO, a scalar output is assumed for each stage. For each iteration ¢, it first chooses the controllable
(N) (N-1

parameter of the final stage x; ’ and desired output of previous stage ydesire) by maximizing EI:

( (N—1) (N)): arg max aﬁfl)(y(N_l),fB(N))(Zq)(Z)+¢(Z))7

Ydesire » Lt
y(N—1) p(N)

where @, ¢ are the cumulative distribution function and probability density function of the standard normal distribu-
tion, respectively, Z = 0 if O'(N)( (N=1) 2(N)) = 0and be Z = (uﬂ (yWN =1 (V) — Fhest) /o) (yV 1) x)
otherwise. We could not find any description about the range of optimization parameters in (Dai Nguyen et all,2016).

We used X'Y) for the range of "), and we used the range twice as wide as the actual range for the range of y(N =1,
(N=2) _(N-1)

which is supposed to be unknown. Then, CBO chooses (Yjqqire » L: ) of stage N — 1 as follows:
Whemne 2" 0) = argmin (w10 4 wz0) lm =yl 1 + cost(y ™ 2N D), (R

y(N=2) (N=1)

where m = p{N; D (=2 gWN-1D) 4 = VD2 (N=2) g(N=1)) cost(-) is the cost function, and k1, iy are
hyperparameters. By repeating this operation, a controllable parameter of stage 1 :cgl) is determined finally. We used
cost(-) = 0 for simplicity and set k1 = 1, k2 = 1.

In the solar cell simulator experiments, output of stage 1 and stage 2 are vectors. To deal with vector output, we
replace a predictive mean and variance in (EI) with a mean vector and covariance matrix. Therefore, for the vector
output setting, the following AF was used instead of (E):

w2l = argmin [(m-y2) (037 m3) (m-wl)].

y(nfl) ,a';(m)

where m = (n) Ly~ x(™) and ¥ is a diagonal matrix whose (i,i)-th element is defined as
(n) (y(n 1) w(n))

FB-EIL, FB-UCB In FB-EI and FB-UCB, the next sampling point is determined by using a fully black-box GP
model. To construct this model, we employed an ARD Gaussian kernel and set the noise variance of GP to 1074,
The kernel parameters were estimated by maximizing the marginal likelihood. In particular, FB-UCB used GP-UCB

method (Srinivas et al,12010), and we set its exploration parameter Bé/szUCB = 2.

El-based Since El-based AF is computed through sampling, we have to use stochastic gradient methods to op-
timize it in a naive implementation. However, L-BFGS-B can also be applied by utilizing reparameterization-

trick (Kingma and Welling, [2014). At the beginning of the optimization, we draw base-samples w™ € RS from
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standard multivariate Gaussian distribution for each middle stage. Then, instead of sampling each {y§”>}§:1 directly

from Gaussian distribution, we sample it as follows:

(n)

y! m.

= 0 (myw
Frym + y™

(™) respectively. The

Here, [, ()5 T () are the mean and standard deviation of the Gaussian distribution that follows y
El-based AF becomes a deterministic and differentiable function with the above modifications, and the L-BFGS-B
method can be applied. Moreover, El-based AF can also be applied to the vector output setting. We only need to
change it to sample ygn) instead of ygn) in the middle stage.

In EI-SUS-R for the suspension setting experiments, we applied the stock reduction rule (13) except for the stock

obtained in the last iteration.

F.3 Synthetic functions and Solar Cell Simulator

Sample Paths: In the sample path experiments, we used random Fourier features (RFFs) to draw continuous func-
tions from GP priors. We first sampled 1000 RFFs and built Bayesian linear regression (BLR) model. From the BLR

model, we sampled weight parameters and constructed functions.

Rosenbrock Function: For any d > 2, d-dimensional Rosenbrock function is defined as follows:

d
F@) =" (100(zi41 — 22)> + (2 — 1)?) .

=1

In our experiments, we used negative Rosenbrock functions, which are multiplied by —1.

Sphere Function: For any d > 2, d-dimensional Sphere function is defined as follows:

In our experiments, we used negative Sphere functions, which are multiplied by —1.

Matyas Function: Matyas function (d = 2) is defined as follows:
f(x) = 0.26(x? + 23) — 0.48x1 25.

In our experiments, we used negative Matyas functions, which are multiplied by —1.

Solar Cell Simulator: The simulators for stages one and two are Python implementations of the physical models
described in Section 4 of (Bentzen,[2006). The simulator of stage three is based on PC1Dmod 6.2 (Haug and Greulich,
2016), which is the software for simulating solar cells. We confirmed that PC1D sometimes caused errors due to
convergence failure of the internal calculations. However, standard BO frameworks cannot handle the situation where
the observation fails. Thus, we used a kernel ridge regression model constructed using the data collected from PC1D
as the simulator of stage 3. To create this simulator, we ran PC1D on each of the 2000 input points sampled using the

LHS, and used the 1935 data points among them that could be run without error.
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Algorithm 1: Cascade process optimization in sequential observation

Input: Initial data {D}N_,, B, m,
1 fort=0,N,2N,...,T do
2 | Fit GP models using {D{") }_,

3 forn=1,...,Ndo

4 Select ccgi)n by maximizing (3d) or

5 Observe output yt(i)n corresponding input (ygigi)l, mgi)n)
n n n—1 n n

6 D§+)n — ng-l—)n—l U {((ng-ﬁ-n—)l’ wi(EJr)n)v y§+)n)}

7 end

8 t+—t+N

9 end

Output: Estimated solution jzgl), ce :E,EN)

Algorithm 2: Cascade process optimization in suspension setting

Input: {Dén)}gzl, B, n¢, stage cost {A\(MIN_ budget Apay
t 1,8 « {0},{S™ « 9}N-]', spend cost A < 0

2 while A < A\, do

3 | Fit GP models using {D{"),}"_,

4 Select ny, y§”"1>, mﬁ”) by (@3

s | Observe y"*

o | D" DI Uy 2™y}

7 | Remove stock SV «— ST\ (el

8 if n, # N then

9 ‘ Add observed stock 8™ « 8" U {y")}

10 A=A+ et 41

-

11 end
1 ~(N

A

Output: Estimated solution &

Hydrogen plasma treatment process: The real-world datasets for the first
and second stages are from (Miyagawa et all, 2021a) and the simulator in
https://www.pvlighthouse.com.au/equivalent-circuit, respectively. = For both stages, we
fitted the GPs with a Gaussian kernel, in which hyperparameters are selected by the marginal likelihood maximization.
Then, as with sample paths, we sampled 1000 RFFs, built BLR models, and generate continuous sample paths once.

We used these sample paths as the surrogate objectives.

F.4 Pseudo-codes of the proposed methods

We describe the proposed method of section[3]in algorithm[Il Additionally, we also describe the proposed method of

extension setting in algorithm 2]
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E
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100

Sample path (N = 5)

101 —— El-based EI-FN
6 x 10°
4 x 109
0 25 50 75 100
Iteration

Figure 7: Results of comparison between EI-BASED and EI-FN

G Additional Experimental Results

We additionally show the comparison between EI-BASED AF and EI-FN (IAs_m_djlkLan.d_Emzjﬂl, |2£mJ). In this experi-
ment, we used a three- and five-stage cascade consisting of GP pre-distributed sample paths. We set ESI") =1, éSﬂ") =1,

and the other experimental settings are the same as those described in Section[6] Figure[7]shows the results of 20 runs

with different random seeds. Since the parameters E;") and &(ﬂn) are relatively small, the sample paths can be sensitive

to the input uncertainty. Therefore, in this experiment, EI-BASED AF that performs adaptive decision-making using

intermediate observations clearly outperforms EI-FN, which is nonadaptive.
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