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7 Abstract: The adaptive morphology of a robot, such as shape adaptation, plays a significant role in 
8 adapting its behaviors. Shape adaptation should ideally be achieved without considerable cost, like 
9 the required power required to deform the robot’s body, and therefore it is reasonably considered 

10 as the last resort in classical rigid robots. However, the last decade has seen an increasing interest in 
11 soft robots: robots that can achieve deformability through their inherent material properties or 
12 structural compliance. Nevertheless, the dynamics of this type of robots is often complex and 
13 therefore it is difficult to substantiate whether the cost like the required power for changing its shape 
14 will be worthwhile to achieve the desired behavior. This paper presents an approach in the 
15 development and analysis of a shape-changing locomoting robot, which relies on the ability of 
16 elastic beams to deform and vibrate. Through a proper use of elastic materials and the robot’s 
17 vibration based dynamics, it will be shown both analytically and experimentally how shape 
18 adaptation can be designed such that it leads to desirable behaviors, with better power efficiency 
19 compared to when the robot solely relies on changing its control input. The results encourage 
20 emerging direction in robotics that investigates approaches to change robots’ behaviors through its 
21 adaptive morphology.

22 Keywords: Shape Adaptation; Power Efficient; Behaviors; Elastic Structure; Soft Robots.
23

24 1. Introduction

25 By observing examples from living and artificial systems, it has been shown that morphology 
26 plays a significant role in their behavior [1–4]. In robotics, behavior is commonly defined as the 
27 robot’s dynamics resulting from the interaction among its control input, body morphology and 
28 environment [3,4]. Recently, the importance of adaptive morphology, such as shape adaptation, is 
29 also emphasized as an emerging design principle that can extend dynamic performances which may 
30 lead to different behaviors and even contributes to added functionalities [5–7].
31 Nevertheless, one of the main challenges in shape adaptation is the need of materials or 
32 structures that can be deformed easily without considerable cost, such as the power required by the 
33 robots to deform them [8,9]. It is therefore reasonable that shape adaptation in classical rigid robots 
34 is commonly considered as the last resort or may not even be considered at all, and most of them 
35 reasonably rely on their control input to adapt their behavior. Classical examples of shape adaptation 
36 in robots made of rigid materials are modular robots, where different rigid modules controlled by 
37 dedicated planners are able to reshape themselves to adapt their behaviors and functionalities [5, 10–
38 13]. Nevertheless, due to the use of rigid components, modular robots are primarily used as proof of 
39 concept due to the mechanical complexity and high-power requirements [5].
40 In this regard, the last decade has seen a lot of interests in robots at least partially made of soft, 
41 deformable and elastic materials, commonly referred to as soft robots [8,9,14–18]. Due to the ability 
42 to flexibly deform, it is expected that the robots can be more adaptable, energy efficient and safer to 
43 use than the conventional rigid material robots. When it comes to soft robots, it is proposed that the 
44 key word is deformation [8,9]. In soft robotics, deformation can be achieved through inherent 
45 material compliance such as elastic bag filled with granular matter [19,20] or fluid driven elastomers 
46 (21; 22) as well as structural compliance like tensegrity structures [23, 24] or deformable elastic beams 
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47 [25–27]. Some of the applications of soft robots include grippers [19; 21; 28] assistive wearable devices 
48 [29; 30], medical robotics [31; 32] and locomotion [20; 22; 23; 25; 27; 36]. In terms of locomotion, in 
49 more details, different mechanisms have been investigated in the last few years including those 
50 driven by jamming mechanism[20], pneumatic based actuation [22], tensegrity structures[23; 24; 33–
51 35] as well as vibration induced locomotion [25–27; 36].
52 One of the most important features of soft robots is its potential shape adaptation ability. In soft 
53 robotics, shape adaptation has been investigated based on various approaches like origami, 
54 tensegrity structure, adhesive materials and growing soft robots (37–41). Nonetheless, among all the 
55 approaches, none of them attempts to quantify the balance between the cost for changing the shape, 
56 such as the required power or energy, and whether it results in the desirable behavior. Aside from 
57 shape adaptation, another active area where adaptive morphology is investigated is stiffness 
58 adaptation. Here, for example, the stiffness of the robot can be varied under certain stimuli such as 
59 temperature, electric or magnetic fields, and pressure (42–45).
60 From fundamental perspectives, there are studies that focus on demonstrating that complex 
61 control problems can be simplified by an appropriate choice of morphology such as in locomotion 
62 (46–48) or grasping (19; 21). The result, along with the possibility to adapt a robot’s behavior through 
63 adaptive morphology, leads to proposals of fundamental concepts to explain how both control and 
64 morphology affect a robot’s behavior (49–51). One of the latest proposals is known as the concept of 
65 control morphology (CM) space as shown in Fig. 1 (50). The concept emphasizes that if a robot can 
66 change its morphology, such as shape, then it can adapt the behavior by either changing its 
67 morphology, control input, or both. The term control input, such as motor control input, noticeably 
68 means the common control input used to change the robot’s behavior assuming that it is notable to 
69 change its morphology.
70 As previously explained, shape adaptation in classical rigid robots is reasonably considered as 
71 the last resort or may not even be considered at all. In other words, from the perspective of CM space, 
72

73
74
75 Figure 1. The motivation of this research based on the concept of Control-Morphology (CM) space 
76 proposed in (51). B1 until B6 show particular behaviors of a robot depending on the control input 
77 given to the robot and its morphology such as shape. The path Pi-Piv show the path taken in CM 
78 space to reach a particular behavior. Based on the concept, it can be seen that as traditional rigid 
79 body robots generally have a fixed morphology or require high cost such as the required power to 
80 change their morphology, the behaviors generally lie on a fixed point on morphology axis and 
81 moves along the control-space(e.g. path Pi or Piii representing rigid robot (52; 53)). On the other 
82 hand, as it may be less costly for soft robots to adapt its morphology, it should have more flexibility 
83 to travel the CM space by either changing the control input (e.g. path Pi or Piii),morphology (e.g. 
84 path Pii representing shape-changing robots such as origami robots (37; 38)) or both (e.g. path Piv (6; 
85 54))
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86 the robots commonly take the vertical paths, Pi and Piii, shown in Fig. 1. However, soft robots 
87 with compliant body, either based on inherent material properties or structural compliance, may take 
88 other paths shown in the figure through shape adaptation. Nevertheless, the dynamics of robots 
89 made of soft and elastic materials is commonly quite complex due to its deformability and compliance 
90 (8). Therefore, it is difficult to substantiate whether the cost to perform shape adaptation, such as the 
91 power required, will be worthwhile to achieve the desired behavior. Moreover, referring to Fig. 1, it’s 
92 intriguing to quantify and see whether taking the horizontal paths, i.e. changing the shape, in soft 
93 robots will be worthwhile in terms of cost such as power required compared to taking the vertical 
94 ones, i.e. changing the control input.
95 This paper presents an approach in the development and analysis of a shape-changing 
96 locomoting robot, which relies on the ability of elastic beams to deform and vibrate. The robot is 
97 elastic, easy to develop, low in cost, light in weight and can be developed easily by using 
98 commercially available. The robot can also be actuated by a single motor, meaning that it only 
99 requires one control input which will ease the analysis. Moreover, as the deformability of the robot 

100 relies on a structural compliance of elastic beams, the deformation may not be as complex of robots 
101 made of softer materials, which will also make the analysis easier. It will be shown that due to the 
102 use of elastic materials, the required power to change the robot’s shape will not be significant. On the 
103 other hand, through a proper characterization of the vibration-based nature of the robot’s motion, 
104 the robot can be designed such that shape adaptation will lead to different desired behaviors. In other 
105 words, it will be shown both analytically and experimentally how shape adaptation can be designed 
106 such that it leads to desirable behaviors with better power efficiency, compared to when the robot 
107 solely relies on changing its control input to achieve them.
108 The rest of the paper will be organized as follows. In the second section, the basic concept and 
109 mathematical model of the robot will be explained including how it can be used to characterize the 
110 robot’s behaviors and the required power to change them. The third section explains the developed 
111 robot and experimental setup, while fourth section explains the experimental results that focus on 
112 the analysis of the required power to change the behavior of the robot by changing its shape and 
113 control input. Finally, the conclusion will be made in the last section along with possible future works.

114 2. Basic Concept and Relevant Mathematical Model 

115 The structure of the developed robot can be explained by Fig. 2 and made of elastic beams. The 
116 mass of the foot and the mass of the curved beam is negligible when compared to the mass of motors 
117 placed at the center point of robot body. Thus, we model the dynamics of the robot based on this 
118 figure as a mass spring system. Due to the use of elastic material to form its body, it is assumed that 
119 the robot can change its shape to two extreme configurations as also shown in the Fig. 3. The first one 
120 is referred to as upright position, while the second one is flat position. Because the shape resembles an 
121 inverted U-shaped curve and the robot will be mainly made of elastic beam, from this point onward, it 
122 will simply be called Inverted U-Shaped Curved Beam Robot (IUCBR). From application point of view, 
123 the robot is designed with the particular shape such that it will be straight forward for the robot to
124

125
126 Figure 2. Equivalent schematic diagram of the physical robot used in this paper.
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(a) (b)
127 Figure 3. A simplified version of the schematic diagram of inverted U-shape curved 
128 beam robot in the two of its configuration used for the purpose of mathematical modelling. 
129 (a) β the angle between the robot body and the vertical, being ≈ 30° referred as the upright 
130 position. (b) And, (90° – β), the angle between the robot leg and horizontal is ≈ 60° being 
131 referred to as flat position.
132
133 deform and change its shape to travel in con spaces, a common challenge in studies on soft robot 
134 locomotion (20; 22). It is therefore reasonable to see whether it is possible to have different behaviors 
135 that are more suitable to deal with normal or confined spaces through the robot’s shape changing 
136 ability, with the assumption that the required power to change the shape can be minimized due to the 
137 use of elastic materials.
138 In terms of modeling, for the sake of simplicity, we assume that the robot structure has negligible 
139 foot and curved beam mass as compared to the mass of motors that will be placed on the robot body. 
140 Also, lumped mass concentrated at a single point is assumed instead of distributed mass of different 
141 parts. As shown in Fig. 3, the mass of hind foot and front foot mh and mf are assumed to be concentrated 
142 at the middle and lowest most point of the robot legs. kL and dL represent the longitudinal springs 
143 stiffness and damping coefficients of the elastic material strips used to make the robots legs. Similarly, 
144 kβ and dβ symbolizes the elastic beam torsional spring stiffness and damping coefficient respectively. As 
145 mentioned in previous research (25), for the sake of simplicity dβ can be neglected.
146 The mass of the robot, which may include instrumentation required to change the shape of the 
147 robot and collect experimental data, is indicated by body mass, m, and is approximated to be located at 
148 the centre and topmost position of the robot body. l refers to the leg length that is considered to makes 
149 an angle with a vertical line at the top of the robot. Fig. 3a shows IUCBR in upright position and it is 
150 assumed that angle β ≈ 30° while for other configuration shown in Fig 3b that angle (90° - β) ≈ 60°.
151 All in all, the equivalent mass spring model of the robot shown in Fig. 3 is analyzed with the 
152 following assumptions for linearization and simplicity:
153 1. The wide feet of the robot are sufficient to balance the curved beam robot in frontal plane 
154 thus we focus primarily on the locomotion in the sagittal plane. In other words, the motion 
155 is only considered along the x and z axis shown in Fig. 3.
156 2. The combined mass of DC and servo motor is approximated at the top centre point while 
157 robot foot mass is at the bottom of the leg.
158 3. The linear and rotating ability of the elastic material is represented by longitudinal and 
159 torsional spring element placed at their dominant spots i.e. at the midpoint of the legs and 
160 at the centre top point of the body respectively.
161 4. The longitudinal and the torsional stiffness coefficients as mentioned in the previous 
162 assumption are linear and constant irrespective of the motion of the curved beam robot.
163 The key assumption related to the change of the expected behavior based on the design and shape 
164 changing ability is the difference of the resonance frequencies of the robot in different shape. Resonance 
165 frequency is a well-known concept in vibration dynamics which states that the induced vibration in a 
166 structure will show a distinct motion with large amplitude if the frequency that causes the vibration 
167 matches the natural frequency of the structure (25). As will be shown, the motion of the robot will be 
168 explained based on two resonance frequencies, denoted as torsional and longitudinal ones, whose 
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169 values will change due to the change of the robot’s shape. The longitudinal oscillations will cause the 
170 robot to swing back and forth in the sagittal plane along x axis while torsional oscillations will generate 
171 distinct up and down hopping in sagittal plane along z axis (25). Because of the distinct motion driven 
172 by different resonance frequencies at different shapes, it is hypothesized that the change of the robot’s 
173 shape can lead to the desired behavior in the context of moving in a vertically confined space. On the 
174 other hand, it is also assumed that the power required to change the shape will not be high due to the 
175 elasticity of the robot body. In relation to the assumptions, the next two sub-chapters will discuss deeper 
176 on the relationship between the two resonance frequencies and the robot’s shapes. Here, for the sake of 
177 simplicity, it is also assumed that when IUCBR in upright position the angle β approximately equals to 
178 0°, while for the flat configuration, the angle β is assumed to be 90°.
179 As derived in the appendix, for the upright and flat configuration the torsional resonance 
180 frequencies are as follows, where the subscript UT stands for upright torsional and FT stands for flat 
181 torsional: 
182

𝜔𝑈𝑇 =
2𝑘𝛽 ― 𝑚𝑔𝑙

𝑚𝑙2 𝜔𝐹𝑇 =
2𝑘𝛽 + 𝑚𝑔𝑙

𝑚𝑙2
1

183
184 Furthermore, the longitudinal frequency for both the configuration is defined as follows where the 
185 subscript UL and FL refer to upright longitudinal and flat longitudinal respectively,
186

𝜔𝑈𝐿 = 𝜔𝐹𝐿 =
2𝑘𝐿

𝑚
2

187 From the detailed mathematical model described in the Appendix section it is noticeable and later 
188 supported with experimental results, that we can vary the locomotion behavior of the robot by changing 
189 the configuration, i.e. shape of the robot. By observing equation 1, 2, 3 and 4, assuming that the torsional 
190 resonance frequency is larger than the longitudinal one, it is indicated that the two resonance 
191 frequencies will be closer to each other when the robot is in the upright configuration compared to 
192 when it is in the flat one. On the other hand, the opposite situation is expected if the torsional frequency 
193 is smaller than the longitudinal one.
194 At any case, as previously explained, the longitudinal oscillations are responsible to cause the robot 
195 to swing back and forth in the sagittal plane along x-axis while torsional oscillations are responsible for 
196 up and down hopping movement in sagittal plane along z-axis. Therefore, having the two resonance 
197 frequencies close to each other should cause the robot to display behaviors of attempting to hop 
198 diagonally forward. On the other hand, if the two frequencies are clearly separated, there’s a higher 
199 possibility to induce frequency close to the torsional or longitudinal frequency alone. In this case, it is 
200 reasonably more interesting to induce frequency close to the longitudinal frequency as it is supposed 
201 to cause the robot to have tendencies to purely slide forward instead of hop on its own place. Based on 
202 the characterization, the expected behavior when the robot is in upright and flat position should 
203 therefore be more suitable for normal and confined space respectively. It must of course be kept in mind 
204 that a robot’s behavior will also depend on the environment, i.e. surface, as behavior is a result of the 
205 whole interaction among control input, body morphology and environments. At this stage of the study, 
206 we perform the experiments on a fixed surface as will be explained further in the next section.

207 3. Experiment Setup

208 In this section, we will describe in detail the design and implementation of the IUCBR for real 
209 world experiment. The objective of the experiment is to verify the assumption that the robot can adapt 
210 its behavior as desired while minimizing the required power by taking advantage of its shape 
211 changing ability. In this study, we consider the minimization of power instead of energy because the 
212 calculation of energy would also depend on how frequent there is a need to change the robot’s shape 
213 and control input which depends on the application.
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214 3.1. The Developed Robot and General Setup

215

216
217
218 Figure 4. Inverted U-shape curved beam robot (IUCBR) whose components include DC motor, 
219 servo motors for shape changing ability and accelerometer to record the data.
220

221 Table 1. Mechanical parameters and their values of the real world Inverted U-shaped Curved Beam 
222 Robot (IUCBR).

Property Value Unit
Height of the robot 0.108, 0.124, 0.136 m
Length of the robot 0.183 m

Length of rotating mass 0.047 m
Mass of robot body 0.034 kg

Mass of DC motor with mount 0.022 kg
Mass of servo motor 0.017 kg

Mass of the accelerometer 0.040 kg
Rotating Mass 0.001 kg
Mass of IUCBR 0.127 kg

223
224 The inverted U-shaped curved beam robot (IUCBR) is made of compliant material in the form 
225 of an elastic metal beam referred as the body, attached to two horizontal metal strips called as the 
226 foot as shown in Fig. 4. The size, mass and relevant mechanical parameters are described in Table 1. 
227 The size of IUCBR is chosen as such to have a reasonable size for carrying out experiment easily on 
228 widely available standard wooden office tables. Additionally, the wooden surface of the table was 
229 also shown as adequately hard to demonstrate vibration-based locomotion (25; 26; 27). The curved 
230 beam robot is formed by cutting out two equal length long strips from electrical trunking, and acrylic 
231 foam tape with shear strength ≥ 200 gm/cm2 is used to attach them. The final robot dimensions can 
232 be seen from Table 1.
233 We attach a brushless DC motor and a rotating mass on the rear leg of the robot. A Gulf Coast 
234 Data Concepts X200-4 USB impact accelerometer which is used to collect the data is placed at the 
235 topmost centre part of the robot body. Two Power HD-1160A miniature servos are placed under the
236  
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(a) (b)
237

(c) (d) (e)
238
239 Figure 5. The complete real-world experimental setup. (a) & (b) show all the hardware 
240 components and software GUI to control the input to the IUCBR respectively. (c), (d) and (e) 
241 show the robot in different configurations namely 40, 30and 20. From application point of 
242 view, when it is necessary for the robot to go under potential confined spaces with different 
243 heights, shape changing ability enables the robot to achieve it. Also defined here is the 
244 configuration angle, which is measured as the angle between the horizontal and the shaft 
245 connected to servo motor.
246

247 joined strips in 3-D printed casing to hold them. The servo horns are replaced with 3-D printed shaft 
248 and is tied to the body near the foot. The presented structure is very easy and cheap to build, light 
249 weight and requires no complex control structure in order to move. The morphological design of the 
250 IUCBR is the main determinant of the robot locomotion in the presented design. The elasticity of steel 
251 strips makes the robot deformable and helps in its shape changing ability.

252 Based on the model explained in previous section and the discussed assumptions, we conduct 
253 experiment with the detailed experiment bench setup shown by Fig. 5. Fig. 5a exhibits the IUCBR 
254 with power supply and DFRduino board placed on a standard wooden office table with a size of 
255 1.5’W x 6’L x 2.5’H. The top surface is laminated high pressured board with 18mm thickness. To 
256 measure the actual the input voltage and DC current across the terminals of DC motors, voltmeter 
257 and ammeter are connected in parallel and series respectively. Fig. 5b shows the software GUI to 
258 input the values for the used DC and servo motors, while Fig. 5c-5e shows the different 
259 configurations, i.e. shapes of the robot, through the use of the servo motors. The three values are 
260 chosen because they demonstrate different behaviors in different shapes.
261 Fig. 6 shows the IUCBR in motion for 30° configuration on experiment bench. The straight 
262 marking lines with spacing of 10 cm from each other served as a reference for measuring the distance.
263 Based on the research and analysis of previous research (25), it is easier to directly determine the 
264 relevant resonance frequencies rather than the involved stiffness in the model. Thus, similar to the 
265 procedure explained in (25), verifying equation (1) & (2) and (3) & (4), we determine the torsional and 
266 longitudinal frequencies by fixing the robot on the wooden table and gradually increase the voltage 
267 supplied to the DC motor that actuates the rotating mass while observing the vibration patterns of 
268 the robot when the robot is in the upright position, i.e. 40 configuration, and flat position, i.e. 20° 
269 configuration. Based on the observation, torsional vibration and longitudinal vibration of the IUCBR 
270 in upright position, induced by the rotating mass, has frequencies ωUT = 23.4 Hz and ωUL = 19.3 Hz 
271 respectively. While for the horizontal configuration of IUCBR, the torsional vibration and 
272 longitudinal vibration frequencies were recorded to be ωFT = 27.2 Hz and ωFL = 17.6 Hz respectively.
273  
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(a) (b) (c)

(d) (e) (f)
274 Figure 6. Snapshots of IUCBR in motion in 30 configuration on experiment table with four 
275 straight lines drawn at spacing of 10cmeach and top right value shows the time taken to reach 
276 that point from the starting point x = 0 at t = 0. The two rows differ in the input power supplied 
277 to the IUCBR which are 0.029W (V = 1.1V, I = 0.026A) and 0.078W (V = 1.7V, I = 0.046A) 
278 respectively. (a), (b) & (c) show the points reached by the robot at the same time but different 
279 supplied power.
280
281 The set of these values aligns with the derivation above, showing that if the longitudinal 
282 frequency is lower than the torsional one, then the two resonance frequencies are closer to each other 
283 when the robot is in the upright position compared to the flat position.

284 3.2. Experiment Procedure

285 In order to analyze the control-morphology space of the IUCBR, we investigate how its behavior 
286 is affected by both control inputs (voltage amplitude, V thus affecting driving frequency that actuates 
287 the rotating mass shown in Fig. 4) and morphology (in this context, shapes of the robot). To observe 
288 the behaviors, we measure the acceleration in different coordinates and then find the resultant 
289 magnitude

M = ||(𝑃𝐹𝑥,𝑃𝐹𝑧)|| 3

290 and arctan,

arctan𝛾 =  ∠ (𝑃𝐹𝑧,𝑃𝐹𝑥) 4

291 where PFx and PFz are values of power coefficients of the vibrations obtained from accelerometer 
292 and calculated by using FFT (Fast Fourier Transform) in x and z direction. Here, M is the magnitude 
293 of power coefficients and is measured from the ground. We ignore power coefficient in y axis because 
294 as already mentioned that the legs are wide enough such that it can be assumed that there’s no 
295 significant difference in motion about the sagittal plane.

296 To analyze the robot’s behavior in different shapes, we run 10 trials for the robot for each shape 
297 over a distance with a certain input voltage supplied to the DC motor. At each of this voltage V , we 
298 also record the supplied current I and thus calculate the power P supplied to the robot using P = V*I. 
299 To change the control input, we increase voltage V that rotates the rotating mass shown in Fig. 4 from 
300 0.9V to 1.8V and as a result the current I from 0.020A to 0.055A. It means we gradually increase the 
301 power P from 0.018W to 0.097W. To change the shape, we use servo motor shown in Fig 4. The power 
302 required to actuate the servo motor is 0.008W. Both the change of control input and the change of 
303 shape happens instantaneously.
304
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305
306
307 Figure 7. The schematic representation of the resultant magnitude M and its direction based 
308 on the value of the power coefficients PF_x & PF_z. Here the robot is in 30 configuration. The 
309 inset figure shows the resultant of magnitude and direction at the top of the robot 
310 corresponding to different input voltages.
311
312 By installing an accelerometer, we record the acceleration in the three axis and then use FFT to 
313 convert the data in frequency domain to get the power coefficients. The magnitude and phase of the 
314 obtained power coefficients of the resulting vibrational power PFx and PFz indicates the behavior of 
315 the robot as shown in Fig. 7. The shape of the robot is changed until all the three possible 
316 configurations (40, 30 and 20) are covered and the results for each shape can be compared. Here, the 
317 assumption is that because the change of the shape will change the values of the two resonance 
318 frequencies of the robot, it will be dominant in changing the robot’s behavior while the required 
319 power to change the shape is minimized due to the use of elastic material.
320 The result will also be analyzed compared with the explained mathematical model, although we 
321 would like to emphasize that in real world experiment it is not possible to achieve a completely 
322 upright and flat shape such as assumed in the model. Nevertheless, as will be explained later, the 
323 results show adequately similarities with the model.

324 4. Experiment Result

325 The main goal of the experiment is to verify the main assumption that the robot’s ability to 
326 change its shape will have significant role for adapting the robot’s behavior while the required power 
327 for the purpose can be minimized. As explained in the previous section, changing the shape of the 
328 robot is supposed to lead to two main behaviors: when the robot is in upright position, its two 
329 resonance frequencies will be close to each other and will cause the robot to have tendencies to hop 
330 diagonally forward. On the other hand, when the robot is in flat position, it is possible to induce 
331 frequency close to the longitudinal frequency alone such that the robot will have tendencies to purely 
332 slide forward. For simplicity sake, the first behavior will be called “tendencies for hopping” or simply 
333 ”hopping” and the second one will be called “tendencies for sliding” or simply ”sliding” throughout 
334 the rest of the paper. While it is not the focus of the study, as explained in the previous section, from 
335 application point of view the two behaviors should be useful to deal with normal and confined spaces 
336 respectively. 
337 The result and analysis will be presented based on the experiment procedure explained in the 
338 previous section. In the next sub-section, we will firstly present the result and analysis on how the 
339 change of control input and shape of the robot will change its behavior. Afterward, we will present 
340 the result and analysis that verifies whether and when the robot’s ability to change its shape aside 
341 from its control input will have an important role to minimize the power required to change its 
342 behavior.
343
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(a) (b) (c)
344
345 Figure 8. The magnitude of power coefficients PF_x and PF_z as recorded by the accelerometer, in the 
346 x and z axes respectively for the three configurations 40, 30 and 20, plotted against the input power P 
347 due to control input V and the resulting current I

(a) (b) (c)
348
349 Figure 9. The magnitude and phase plot of the power coefficients of IUCBR over the entire input 
350 power range for 40 configurations based on the result shown in Fig. shown and explained in Fig. 9. (a) 
351 & (b) shows the line plot of magnitude and angle respectively while (c) is analogous to polar plot which 
352 graphically points the resultant magnitude, M, acting in a direction γ as experienced by IUCBR as 
353 shown and explained in Fig. 7.

(a)
(b) (c)

354
355 Figure 10. The polar plot shown in Fig. 9(c) can be used to indicate different behaviors of the robot 
356 by applying different thresholds to the γ = arctan (PFx; PFz) acts on the robot. Here, three thresholds 
357 are set at 30, 25 and 20 shown in Fig. 10. As a result, “sliding” behavior is shown by a dashed red line 
358 while “hopping” behavior is shown by a solid green line. When the robot is in different configuration 
359 of 40, 30 or 20, the dominant behavior will change.

360 4.1. Change of Behaviors

361 The experiment result in this section can be analyzed based on few figures, namely Fig. 8, 9 and 
362 10. Fig. 8 shows the plot of two parameters to analyze the behavior of the robot. The first one is the 
363 power P used by the robot, resulting from the multiplication of voltage V as a control input that 
364 rotates the robot’s DC motor and resulting current I. The second is the power coefficients of the 
365 robot’s vibration, PFx and PFz, in x and y direction respectively. Fig. 8a shows the plot of these 
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366 parameters when the robot is in upright position, i.e. 40° configuration, while Fig. 8b and 8c shows 
367 the plot when the position is flatter, i.e. 30° and 20° configuration respectively. As can be seen, when 
368 the robot is in upright position, PFx and PFz occurs quite close to each other while in the case of 30 
369 & 20 configuration they tend to be quite apart with PFx is significantly larger than PFz. The average 
370 difference between PFx and PFz for 40°, 30° & 20° configurations are 0.828 ± 0.598, 3.081± 1.205 and 
371 2.615 ± 1.548 respectively. Also, the difference of these values between 40° configuration and the other 
372 two is statistically significant, while it is not between 30° & 20° configurations.
373 The shown pattern aligns with the basic idea and mathematical model explained in section Basic 
374 Concept and Relevant Mathematical Model. The model explains that when the robot is in upright 
375 position, the longitudinal and torsional resonance frequencies will be closed to each other and 
376 therefore the robot’s oscillations will be dominant in both the x and z direction indicated by a close 
377 value between PFx and PFz shown in Fig. 8a. On the other hand, when the robot is flatter, it is possible 
378 to induce vibrations close to the longitudinal frequency, causing the robot to oscillate only along the 
379 x, i.e. forward, direction. The condition is indicated by a larger value of PFx in comparison with PFz 
380 shown in Fig 8b and 8c.
381 As also shown by Fig. 8 the change of control input, i.e. input voltage V that leads to different 
382 input power, does not change the pattern and therefore the effect of changing the shape is dominant. 
383 Probably the most important effect of changing the control input shown by the figure is in the case of 
384 upright position, i.e. 40° configuration, resonance of both torsional and longitudinal frequencies 
385 occurs at a moderately high value thus causing both PFx and PFz to reach their maximum value when 
386 the input power is approximately 0.07-0.08W. On the other hand, in a flatter position, i.e. 30° and 20° 
387 configurations, resonance of the longitudinal frequency occurs at a low value and causes PF to have 
388 a large value when the input power is approximately at 0.020.04W. The pattern is also expected by 
389 the model explained in Basic Concept and Relevant Mathematical Model section.
390 Having confirmed the hypothesized behavior, PF and PF are plotted into M and according to 
391 equation (19a) ad (19b). Fig 9a shows M plotted against power P given to the robot for all the three 
392 different shapes of the robot. Fig. 9b shows similar figure for γ. Finally, Fig. 9c is a polar plot that 
393 characterizes the robot’s behavior through a graphical representation of the effect of magnitude M 
394 and angle to the robot’s motion. It can be seen that for 20° configuration the magnitude decreases 
395 quite significantly at high control input V because the longitudinal and torsional frequencies occur at 
396 values which are farther from each other. Nevertheless, irrespective of the magnitude, is used to 
397 categorise the behavior which here is referred to as tendencies for ”hopping” or ”sliding” forward. 
398 Considering that the robot moves from left to right, it can be seen that when the robot is in upright 
399 position, the arrows shown in the polar plot tend to point diagonally upward. On the other hand, 
400 when the robot is in flat position, the arrows tend to point forward.
401 In order to clearly distinguish different behaviors for analysis purpose, several threshold values 
402 are applied to and Fig. 10 shows the definition of the robot’s behavior based on Fig 9 by using the 
403 threshold values. To be more specific, in Fig 10a, it is defined that only when γ exceeds 30, the 
404 behavior can be categorized as “hopping”, while the rest of the behaviors are defined as “sliding”. 
405 The dashed and the solid line bars refers to sliding and hopping behavior respectively for 40°, 30° 
406 and 20° as shown. Fig. 10b and 10c show similar result with different definition of the threshold 
407 values, i.e. 25 and 20 respectively. From application point of view, the threshold values will depend 
408 on the environment, i.e. how vertically confined the space to be travelled by the robot. For the first 
409 value for the threshold used in this study, i.e. 30 , it can be seen from Fig. 10a that “hopping” is the 
410 dominant behaviors for 40 configuration, while “sliding” is the dominant behaviors for the other two 
411 as predicted by the model in section 2. When the threshold is lowered, then it will be easier for a 
412 behavior to be categorised as ”hopping”. Therefore, “hopping” becomes more dominant in the 30° 
413 and 20° configurations as well, as shown in Fig. 10b and 10c.
414 We also measure the average velocity at each shape over the entire input power range and the 
415 results are 0.060 m/s, 0.050 m/s, 0.048 m/s for 40 , 30 and 20 configuration respectively. As have been 
416 explained, the dominant behavior in the 40 configuration is tendencies for ”hopping” while in 30 and 
417 20 configuration is tendencies for ”sliding” forward. The results shows that while the ”sliding” 
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(a) (b)
(c)

418
419 Figure 11. The bar plot showing the power difference for the IUCBR for three different configurations 40°, 
420 30° and 20° plotted against the input power P based on the given control input V as explained in the Experiment 
421 Procedure section. Here, the term power difference refer to the increasingly input power P as the control input 
422 V is increased. The sliding and hopping behavior defined in Fig. 10. demarcated into separate regions by 
423 using transition lines for different threshold values of 30, 25 and 20.
424

(a) (b)
(c)

425
426 Figure 12. The required power (in Watts) by the IUCBR to change its behavior for each 
427 configuration with different thresholds of (a) 30, (b) 25 & (c) 20 respectively, that define hopping or 
428 sliding behavior. The first two bar on the left of configuration shows the required power to achieve 
429 ”hopping” and the next two bar shows the required power to achieve ”sliding”. The robot always starts 
430 from its initial static behavior. The two adjacent bars for each configuration in the figure show the 
431 required power based on the two possibilities to achieve each behavior. The left one shows the required 
432 power if the robot is able to change both its shape and control input, while the right one shows the 
433 required power if the robot is only able to change its control input, i.e. it can only keep increasing its 
434 control input V without the ability to change to other possible configurations of 40, 30 & 20. The number 
435 on top of the stacked bars show the configuration that the robot needs to change its shape into, in order 
436 to minimize the power requirement to achieve the intended behavior.

437 behavior reasonably has lower velocity due to possible friction, the corresponding shape and 
438 direction of motion is more suitable or tasks like going under the confined space, a common 
439 challenge in soft robotics research.

440 Finally, based on Fig. 11, the power required to change the robot’s behavior by changing the 
441 control input or shape can be analyzed as will be explained more in the next section.

442 4.1. Power Requirements for Changing Behaviors

443 In the previous section, it has been shown how the change of control input and shape affect the 
444 robot’s behavior. In this section, more results will be presented to analyze whether and when it is 
445 possible for the robot to minimize the required power to change its behavior by taking advantage of 
446 its shape changing ability.
447 The first figure used to analyze the result is Fig. 11 that shows the plot of the power difference, 
448 ΔP, given to the robot, based on the control input V and resulting current I as explained in Experiment 
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449 Procedure subsection. The power difference is shown for each shape and, as can be seen, Fig. 11 aligns 
450 with Fig. 10 which show two behaviors of the robot, namely tendencies for “sliding” (dashed line) 
451 and “hopping” (solid line) forward, defined based on different threshold of γ shown in Fig. 7. It must 
452 also be noted that, as mentioned in the Experiment Procedure subsection, due to the elasticity of the 
453 robot’s body, the change of the shape can simply be realized by a servomotor with a required power 
454 of 0.008W.
455 Based on Fig. 11, the power required, ΔP to change the robot’s behavior can be analyzed through 
456 Fig. 12. To be more precise, Fig 12 shows the power required to achieve hopping (first two bars for a 
457 configuration) or sliding (next two bars of the same configuration), starting with zero control input 
458 V , for each of the three shapes for the three defined thresholds i.e. 30, 25, 20 respectively.
459 In Fig.12, the two horizontally adjacent bars, for a configuration, show the minimum power 
460 requirement to change the behavior assuming the robot can or cannot change its shape respectively. 
461 For example, Fig. 12a shows the required power to achieve hopping starting from zero control input 
462 V and therefore zero power P when the threshold is 30. In 40 configuration, referring to the top left 
463 figure of Fig. 11 it is meaningless for the robot to change its shape because the minimum power 
464 requirement is achieved if the control input, V , is simply increased until the robot switches its 
465 behavior from sliding to hopping i.e. having input power of 0.0287W or the first solid green bar 
466 shown in the figure. On the other hand, referring to the other figures of the first column in Fig 11, if 
467 the robot starts at 30 and 20configuration, having the ability to change shape is beneficial. Here, the 
468 minimum power requirement will be achieved if the control input, V , is increased up until certain 
469 level such that input power, P, equals to 0.0287W (the 3rd red bar shown in the figure) before the robot 
470 change its shape to 40 configuration. The total required power if the robot can change its shape is 
471 shown by the stacked bars, while the total required power if the robot cannot change its shape is 
472 shown by the standalone bar.
473 Observing all the sub-figures in Fig. 12, it can be seen that, to change its behavior, the power 
474 requirement if the robot can change its shape is always either equal or less than if the robot can only 
475 change its control input. In fact, seven out of eighteen studied conditions will have lower required 
476 power to change behavior, if the robot can change its shape. Therefore, it can be seen that the ability 
477 to change the shape leads to the desirable behaviors, with better power efficiency compared to when 
478 the robot solely relies on changing its control input.

479 5. Discussion

480 This article presents the development and analysis of a locomoting robot with shape changing 
481 ability that relies on the ability of elastic beams to deform and vibrate. It has been shown both 
482 analytically and experimentally that, through a proper use of the elastic materials and the vibration 
483 dynamics of the robot, the shape adaptation of the robot leads to desirable behaviors with better 
484 power efficiency compared to when the robot solely relies on changing its control input. The 
485 approach shown motivates investigation of new approaches to efficiently change robots’ behaviors 
486 by changing their shape or morphology, instead of solely relying on changing the robots’ control 
487 inputs. As also explained in the introduction section, the approach is motivated by an increasing 
488 interest in using soft and elastic materials for robotic systems. To be more specific, in this particular 
489 work, our approach is to relate the shape of the robot with its resonance frequencies to determine 
490 how the robot can adapt its behavior by changing its shape while minimizing the required power.
491 Conventional methods to change a robot’s behavior by changing its control input brings about 
492 a lot of interests on high level programming of a robot with a fix body morphology, which is 
493 commonly applied in rigid robots (52; 53). On the other hand, the approach shown encourages 
494 investigation of approaches to change robots’ behavior by changing their shape and morphology. 
495 While the idea that the morphology of a robot can facilitate control has been argued in previous 
496 studies (2; 3; 5; 54), to the best of our knowledge this work is the first that systematically shows that 
497 a robot’s shape adaptation, as an example of morphological adaptation, can lead to the desired 
498 behaviors with better power efficiency than when the robot only relies on its control input. We have 
499 also argued that the use of elastic materials is the key factor that enables the robot to easily change its 
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500 shape with a minimum amount of power. In this work, we rely on the use of elastic beam and 
501 resonance frequencies to determine the change of shape that will lead to significantly different 
502 behaviors with minimum power. While here we use a curved beam robot with inverted U-shaped 
503 but the results can generalize to other shapes as long as the relationship between the shape and the 
504 resulting resonance frequencies is clarified. For instance, in (28), the relationship between the 
505 resonance frequencies and the shape of the robot was explained in a C-shaped hopping robot 
506 although the robot did not have any mechanism yet to adjust its own shape. Moreover, a systematic 
507 study on whether the changes of morphology leads to significantly different behaviors while the 
508 required power is minimized can also be explored in other methods that enable adaptive morphology 
509 such as morphing wings in flying robot or morphing wheels in a ground mobile robot (5). We believe 
510 that a proper use of soft and elastic materials should be the key factor to minimize the required power 
511 to change the robot’s morphology.
512 In the analysis of the robot behaviors, we use a combination of simple linear and rotational 
513 springs and even with this simplified model, the simulation and experimental results that explain the 
514 behaviors match reasonably well. Nevertheless, as mentioned in the last paragraph in the Basic 
515 Concept and Relevant Mathematical Model section, it must also be kept in mind that a behavior will 
516 always depend on the whole interaction among its control input, body morphology and 
517 environments. In this context, the appendix shows the ground interaction model that we used and 
518 verified in our previous work (26). The vertical ground interaction forces are approximated by 
519 nonlinear spring-damper interactions and the horizontal forces are calculated by a sliding stiction 
520 model. The vertical and horizontal ground reaction forces depend on several parameters such as the 
521 friction and damping coefficients which will depend on the environment. While the calculation of the 
522 resonance frequencies is not directly related with the model, the effect of the ground interaction forces 
523 is encapsulated in the power coefficients recorded by the accelerometer (PFx and PFz along the x and 
524 z direction respectively). In this study, while the effect of the ground reaction forces is already 
525 incorporated, it is not explicitly modelled. Therefore, a more detailed explanation of how ground 
526 surface interaction can be modelled as part of a future work is mentioned in the Appendix section. In 
527 this paper, the motion of the robot is considered in two direction, along x and z-axes, which is 
528 measured using an accelerometer during the motion and the values are used to calculate PFx and 
529 PFz. Thus, PFx and PFz contain the information of ground reaction force although it’s not explicitly 
530 modelled. For example, if the surface is not sufficiently hard and the vertical reaction force is low, it 
531 may lower down the value of the power coefficients along the z direction even if the robot is in an 
532 upright position. While in this work we choose a wooden surface where the effect of different 
533 resonance frequencies has been shown to be significant (25; 26; 27); which showed some initial works 
534 that discuss the importance of morphology and energy efficiency, it is interesting to perform 
535 experiments in other types of surfaces as a future work. Aside from that, it will also be interesting to 
536 model the relationship between resonance frequency and the dynamic motion of the robot, such as 
537 explained for other types of motion like swimming motion (55). It is also possible to relate the 
538 optimum energy with resonance frequency (56), which is not the focus of this paper. The main goal 
539 of this paper is to explain and demonstrate that adaptive behavior can be achieved in a more power 
540 efficient manner through the use of a shape changing elastic body.
541 Last but not last, there are surely several limitations of this work. Here, we only explore shape 
542 changing ability enabled by the elastic body while there are also other approaches to realize 
543 morphological adaptation in a robot. In our previous works, we have also investigated other 
544 parameters, i.e. different types of morphology, such as different shapes, leg configurations and 
545 masses. For example, we have shown that the increasing value of the rotating mass would increase 
546 the centripetal force that drives the robot’s motion (25; 26). However, unlike shape changing 
547 mechanism, it may not be feasible to have a mechanism that enables the robot to adjust its own mass 
548 and quantify the required power. Another interesting example of morphological adaptation will be 
549 stiffness changing ability. In the mathematical model shown in the appendix, the effect of different 
550 stiffness for the developed robot is also outlined. For instance, the larger the torsional stiffness of the 
551 robot, the torsional resonance frequency of the robot will become larger as well. Nevertheless, 
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552 enabling the robot to adjust its own stiffness is far from trivial either (5; 57) and therefore at this stage 
553 we focus on shape changing ability as an example of morphological adaptation. All in all, to the best 
554 of our knowledge, this work is the first that systematically shows how shape changing ability enables 
555 the robot to adapt its behavior while minimizing the required power compared to when the robot 
556 solely relies on changing its control input through a proper use of elastic materials.

557 6. Conclusions and Future Work

558 The advancement in the field of soft robotics that studies robots that can achieve deformability 
559 through their inherent material properties or structural compliance opens new perspectives on how 
560 robots should change their behaviors. Nevertheless, this type of robots generally have quite complex 
561 dynamics and thus it is difficult to substantiate whether and when it is beneficial for the robot in 
562 terms of cost such as the required power to adapt its behavior by taking advantage of its shape 
563 changing ability. In this paper, we have presented the development of a vibration based locomoting 
564 robot made of elastic materials with structural compliance and analyzed the power requirements for 
565 changing its behavior. We have shown through mathematical modelling and real-world experiment 
566 that the robot will adapt its behavior as desired when it changes its shape. Moreover, due to the 
567 elasticity of the body, the power required to change the shape of the robot is minimized. In this work, 
568 we have also analyzed whether and when it is possible for the robot to minimize the required power 
569 to change behavior by taking advantage of its shape changing ability. In our experiment setting, it is 
570 shown that in order to change the robot’s behavior, the power requirement if the robot can change 
571 its shape is always either equal or less than if the robot can only change its control input. In other 
572 words, the ability to change the shape enables the robot to adapt its behaviors, with better power 
573 efficiency compared to when the robot solely relies on changing its control input.
574 As discussed in the previous section, the proposed concept and design approach encourages 
575 alternative research directions as compared to the classical approach of changing a robot’s behavior, 
576 i.e. by changing its control input. The classical approach, for example, brings about a lot of interests 
577 on high level programming of a robot’s behavior with a predefined body. On the other hand, the 
578 approach shown motivates investigation of new approaches to change robots’ behaviors by changing 
579 their shape and morphology, while being able to substantiate that the change of the robot’s shape 
580 will lead to the desired behaviors.
581 Nevertheless, as explained in more details in the discussion section, there are also a number of 
582 limitations to the current study which can be explored in the future. For example, in this current 
583 work, we only explore shape changing ability enabled by the robot’s elastic body while there are 
584 other possible approaches for morphological adaptation such as varying the robot’s stiffness. The 
585 proposed design alone also has some other parameters that can be varied to see how they change the 
586 robot’s behavior, such as the mass and size of the robot. It must also be kept in mind that a robot’s 
587 behavior is essentially its dynamics resulting from the interaction among its control input, body 
588 morphology and environment. Therefore, it will also be interesting to perform experiments on 
589 different environments such as different surfaces and see how they affect the robot’s behavior, as well 
590 as to explicitly model the effect of the ground reaction forces. Last but not least, another possible 
591 future work is the investigation of how to embed the robot with autonomous decision-making 
592 capability on when it’s supposed to change its behavior by changing its shape.
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602 Appendix A: Mathematical Modeling

603 To analytically determine the effect of torsional and longitudinal resonance frequencies in the 
604 two configurations as shown in Fig. 3, we use Lagrangian method. Consider the mass spring system 
605 with massless & inertia less link and inertia less point mass as shown in the Fig. 3. The following 
606 combination of the kinetic and potential energies (  and  respectively) can be written as:𝑇 𝑉
607

𝐿 ≡ 𝑇 – 𝑉 5

608 and is called the Lagrangian L of the system. Based on , the Euler-Lagrange equation which can be 𝐿
609 used to derive the equation of motion is written as:
610

𝑑
𝑑𝑡(∂𝐿

∂𝑞) ―  
∂𝐿
∂𝑞 =  𝐹 6

611 where q represents the possible generalized coordinates and the conservative forces are assumed 
612 to be zero. Furthermore, based on the left figure of Fig. 3, the kinetic energy,  can be broken up into 𝑇
613 the radial and tangential parts, so we have:
614

𝑇 =  
1
2𝑚𝑙2 +

1
2𝑚(𝑙𝛽)2 7

615 The potential energy  comes from both gravity, , and the two springs and thus  can 𝑉 𝑚𝑔𝑙cos𝛽 𝑉
616 be written as:
617

𝑉 = 𝑚𝑔𝑙cos 𝛽 + 2 ∗
1
2𝑘𝐿𝑙2 + 2 ∗

1
2𝑘𝛽𝛽2 8

618
619 Therefore, by using (5), the Lagrangian,  becomes:𝐿
620

𝐿 ≡
1
2𝑚𝑙2 +

1
2𝑚(𝑙𝛽)2 ―  𝑚𝑔𝑙 cos 𝛽 ― 2 ∗

1
2𝑘𝐿𝑙2 ― 2 ∗

1
2𝑘𝛽𝛽2 9

621 As the problem involves more than one generalized coordinate, i.e. l and β, equation (12) & (13) 
622 must be applied for each coordinate. Differentiating (9) with respect to β, i.e. l is assumed to be 
623 constant, and with l, assuming β to be constant the homogeneous part of the Euler-Lagrange equation 
624 can be written as shown in (14) and (17).
625

𝑑
𝑑𝑡(∂𝐿

∂𝛽) ―  
∂𝐿
∂𝛽 =  𝑚𝑙2𝛽 ― 𝑚𝑔𝑙sin 𝛽 + 2𝑘𝛽𝛽

𝑑
𝑑𝑡(∂𝐿

∂𝑙) ―  
∂𝐿
∂𝑙 =  𝑚𝑙 + 𝑚𝑔cos 𝛽 + 2𝑘𝐿𝑙 ― 𝑚𝑙𝛽2 10

626
627 Similarly, when the robot is in flat position, the Lagrangian L and the relevant angle (90° - β), 
628 defined as being measured in anti-clockwise direction from the horizontal line.
629

𝐿 ≡
1
2𝑚𝑙2 +

1
2𝑚(𝑙𝛽)2 ―  𝑚𝑔𝑙 sin (90° ― 𝛽) ― 2 ∗

1
2𝑘𝐿(𝑙)2 ― 2 ∗

1
2𝑘𝛽𝛽2 11

630 Differentiating with respect to the two variables, i.e. l and β, for each coordinate separately the 
631 homogeneous part of the Euler-Lagrange equation can be written as shown in (14a) and (14b).
632

𝑑
𝑑𝑡(∂𝐿

∂𝛽) ―  
∂𝐿
∂𝛽 =  𝑚𝑙2𝛽 ― 𝑚𝑔𝑙sin 𝛽 + 2𝑘𝛽𝛽

𝑑
𝑑𝑡(∂𝐿

∂𝑙) ―  
∂𝐿
∂𝑙 =  𝑚𝑙 + 𝑚𝑔cos 𝛽 + 2𝑘𝐿𝑙 ― 𝑚𝑙𝛽2 12

633
634 For IUCBR in the upright and the flat position we assume , therefore  and when 𝛽 ≈ 0 sin 𝛽 ≈ 𝛽
635  then 𝛽 ≈ 90 sin 𝛽 ≈ 1
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636
𝑚𝑙2𝛽 ― 𝑚𝑔𝑙𝛽 + 2𝑘𝛽𝛽 = 0 𝑚𝑙2𝛽 + 𝑚𝑔𝑙𝛽 + 2𝑘𝛽𝛽 = 0 13

637
638 The general form of the equation of motion involving the torsional frequency  is as follows:𝜔𝛽

639
𝛽 +  𝜔2

𝛽𝛽 = 0 14

640 By comparing the above two equations, we obtain the torsional resonance frequency as:
641

𝜔𝑈𝑇 =
2𝑘𝛽 ― 𝑚𝑔𝑙

𝑚𝑙2 𝜔𝐹𝑇 =
2𝑘𝛽 + 𝑚𝑔𝑙

𝑚𝑙2
15

642
643 Similarly, applying (13) with respect to l, i.e. ωβ is assumed to be constant, the homogeneous 
644 part of the Euler-Lagrange equation can be written as shown in (20a) and (20b).
645

𝑚𝑙 + 2𝑘𝐿(𝑙) = 0 𝑚𝑙 + 𝑚𝑔𝛽 + 2𝑘𝐿(𝑙) = 0 16

646 The general form of the equation of motion involving the longitudinal frequency  is as follows:𝜔𝛽

647
𝑙 +  𝜔2

𝐿𝑙 = 0 17

648 therefore, the longitudinal resonance frequency is of the form
649

𝜔𝑈𝐿 =  𝜔𝐹𝐿 =
2𝑘𝐿

𝑚
18

650 Appendix B: Ground Interaction Model 

651 The vertical ground interaction forces can be approximated by nonlinear spring-damper 
652 interactions where the horizontal forces are calculated based on a sliding-stiction model (26). In the 
653 model, the switches between sliding and stiction depends on whether the velocity of the foot is lower 
654 or higher than a specified limit which is determined by the sliding and stiction friction coefficients, 
655 μslide and μstick, respectively. All in all, the vertical and horizontal ground reaction forces, Gyi and Gxi 
656 respectively, can be calculated as:
657

𝐺𝑦𝑖 =  ― 𝑎|𝑦𝑐𝑖|
3(1 ― 𝑏𝑦𝑐𝑖) 19

𝐺𝑥𝑖 =  {𝜇slide𝐺𝑦𝑖
𝑥𝑐𝑖

|𝑥|𝑐𝑖
,  𝑖𝑓 𝐹𝑥𝑐𝑖 >  𝜇stick𝐺𝑦𝑖

𝑥𝑐𝑖

|𝑥𝑐𝑖|
𝐹𝑥𝑐𝑖,  otherwise

 
20

658
659 where the horizontal velocity and vertical distance of the contact point, i from the ground surface are 
660 denoted as  and  respectively, and the computed force at the foot contact point, i is denoted as 𝑥𝑐𝑖 𝑦𝑐𝑖

661 Fxci and the friction coefficients (μslide, μstick) in the model depend on the environment.
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