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This paper optimizes dynamic pricing and real-time resource allocation policies for a platform facing non-
transferable capacity, stochastic demand-capacity imbalances, and strategic customers with heterogenous
price- and time-sensitivities. We characterize the optimal mechanism, which specifies a dynamic menu of
prices and allocations. Service timing and pricing are used strategically to: (i) dynamically manage demand-
capacity imbalances, and (ii) provide discriminated service levels. The balance between these two objectives
depends on customer heterogeneity and customers’ time-sensitivities. The optimal policy may feature strate-
gic idleness (deliberately rejecting incoming requests for discrimination), late service prioritization (clearing
the queue of delayed customers) and deliberate late service rejection (focusing on incoming demand by
rationing capacity for delayed customers). Surprisingly, the price charged to time-sensitive customers is not
increasing with demand—high demand may trigger lower prices.

By dynamically adjusting a menu of prices and service levels, the optimal mechanism increases prof-
its significantly, as compared to dynamic pricing and static screening benchmarks. We also suggest a less
information-intensive mechanism that is history-independent but fine-tunes the menu with incoming demand;

this easier-to-implement mechanism yields close-to-optimal outcomes.
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1. Introduction
Consider an on-demand platform (e.g., Uber, Lyft, TaskRabbit), a delivery company (e.g., UPS,
FedEx, Rivigo, Amazon), and a cloud computing provider (e.g., Microsoft, Google, Amazon).
Clearly, they operate in very different environments; yet, they share common features. These plat-
forms leverage a limited supply base (service providers for the on-demand platform; vehicles and
staff for delivery; and servers for cloud computing) which does not accumulate over time—leaving
capacity idle does not increase capacity thereafter. They all face stochasticities leading to excess
demand in peak periods and excess capacity in off-peak periods. And they all deal with customers
who have heterogeneous price-sensitivity and time-sensitivity—some are willing to pay a premium
for expedited service while others are willing to wait more in exchange for a discount.

To manage these systems effectively, companies need to get access to real-time information and
to react dynamically. While these abilities used to be out of reach in traditional markets, they are

now common features in online markets—enabling online platforms to implement novel solutions
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to long-standing economic and operational problems. Motivated by these opportunities, this paper
formalizes a problem of dynamic pricing and real-time resource allocation for a platform facing
three core features: non-transferable capacity, stochastic demand-capacity imbalances, and strategic
customers with heterogeneous price- and time-sensitivities.

This environment gives rise to two objectives: demand-capacity management and discrimination.
To balance these objectives, the platform can use service timing and pricing as strategic devices.
For demand-capacity management, timing and pricing can be leveraged to delay customer requests
arising under high demand (potentially, at a price discount). And for discrimination, timing and
(personalized) pricing can be leveraged to delay service to customers with high willingness to wait,
and charge higher prices to customers with high willingness to pay.

To optimize timing and pricing, typical approaches make use of dynamic pricing and screening
mechanisms. Dynamic pricing is commonly employed to manage demand stochasticity and capacity
limitations—with significant revenue upsides for airlines, hotels, online advertisers, retailers, etc.
(Talluri and Van Ryzin 2006). At the same time, dynamic pricing policies often rely on posted
prices, which may lead to lost revenue opportunities and mismatches between service offers and
customers’ (private) preferences. Screening mechanisms, in contrast, elicit customers’ preferences
and tailor service offerings accordingly—for instance, by differentiating quality (Mussa and Rosen
1978) or by differentiating wait times (Afeche 2013). Such approaches often rely on static menus,
thus potentially failing to adjust service offers based on real-time information.

Instead, this paper proposes a dynamic screening menu—rthe most general mechanism in our
environment—combining principles of dynamic pricing and screening mechanisms. In our earlier
examples, this menu would translate into a set of options with different prices and service levels
(e.g., a menu of prices and wait times for the on-demand platform; of prices and lead times for
delivery; and of prices and completion times for cloud computing). Ultimately, this paper provides
guidelines to enhance the economic and operational performance of online markets, where com-
panies can implement such dynamic menus by personalizing service offers for different customer
segments and updating them based on real-time information.

We formalize this approach by designing a dynamic pricing and allocation mechanism in an envi-
ronment featuring non-transferable capacity, stochastic demand-capacity imbalances, and customer
heterogeneity. Non-transferrable capacity is captured by a perishable mass of suppliers arising in
each period. Demand-capacity imbalances are captured by stochastic realizations of over-capacity
and under-capacity demand. Customer heterogeneity is captured by a mix of time-sensitive cus-
tomers (with high willingness to pay and low willingness to wait) and price-sensitive customers

(with low willingness to pay and high willingness to wait). By specifying the timing of services, the
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mechanism leads to a partially-endogenous demand structure, creating inter-temporal dependen-
cies. In each period, the platform elicits customers’ (privately-observed) preferences, and optimizes
the price and the probabilistic allocation of capacity to (i) incoming time-sensitive customers,
(ii) incoming price-sensitive customers, and (iii) delayed price-sensitive customers. The problem
is formulated as an infinite-horizon dynamic program that maximizes the platform’s expected
profit, subject to incentive compatibility, individual rationality and capacity constraints. We find
that the platform prioritizes service to time-sensitive customers and extracts all the surplus from
price-sensitive customers. The critical trade-off then lies in dynamically allocating capacity to
price-sensitive customers and setting the price charged to time-sensitive customers.

We obtain the optimal policy, and show that it is history-dependent—highlighting the benefits of
the dynamic menu of prices and allocations. Specifically, the optimal mechanism varies over three
regions, depending on customer heterogeneity and the time preferences of price-sensitive customers:

— When heterogeneity is strong, the platform implements extreme discrimination by delaying

all price-sensitive customers to maximize the price charged to time-sensitive customers. The

policy features strategic idleness: customers can be delayed even when some suppliers are idle.

— When heterogeneity is weak and price-sensitive customers are mildly sensitive to wait times,
the optimal policy involves late service prioritization: the platform prioritizes delayed price-
sensitive customers over incoming ones. The policy may still feature strategic idleness if the

platform chooses not to serve all incoming requests after fulfilling late demand.

— When heterogeneity is weak and price-sensitive customers are more sensitive to wait times,
no capacity is left strategically idle. The platform may even forego late demand in order to
prioritize timely services, resulting in a deliberate late service rejection policy.

Surprisingly, in a dynamic mechanism, the optimal price is not increasing with incoming demand:
higher demand may trigger lower prices. Consider an instance where, under low demand, the
platform delays service to price-sensitive customers to: (i) charge a higher price to time-sensitive
customers, (ii) serve delayed customers, and (iii) create a demand backlog for the next period.
Under high demand, the same strategy would result in a larger demand backlog, which the platform
may not be able to fulfill in the next period—especially if demand is high again in the next
period. The platform may instead provide more timely services to price-sensitive customers under
high demand, and hence charge a lower price to time-sensitive customers in order to maintain
incentive compatibility. The main driving force is that, as demand increases, discrimination becomes
relatively less prominent and demand-capacity management becomes relatively more prominent.
Using a numerical analysis, we show that this result generalizes: the price is non-monotonic with

the non-expiring portion of the demand (i.e., the customers who will not renege if left unserved).
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As compared to first-best allocation, the optimal mechanism induces a trade-off between the
surplus generated and information rents. Under weak heterogeneity, the mechanism maximizes
social welfare but leaves information rent to time-sensitive customers; under strong heterogeneity, it
induces a surplus loss but the platform may capture all the surplus. Moreover, the proposed mech-
anism increases platform profits significantly vis-a-vis baseline pricing schemes based on dynamic
pricing and static screening menus. We also propose an intermediate mechanism that adjusts the
menu with incoming demand but not with history. It is less information-intensive but achieves
close-to-optimal outcomes—thus providing an easily implementable approximation of the optimal
mechanism. Yet, the optimal mechanism achieves further gains—up to 3-4% in additional profits.

Ultimately, this paper makes the following contributions to the literature and practice. First, it
studies a novel problem: designing a dynamic screening mechanism under non-transferable capac-
ity, stochastic demand-capacity imbalances and strategic customers with heterogeneous price- and
time-sensitivities. Second, it derives the most general mechanism in this environment, which trans-
lates into a dynamic menu of prices and allocations—and cannot be implemented by means of
posted prices or static menus. Third, the paper provides novel insights for managing online plat-
forms by balancing rent seeking and system efficiency. The optimal mechanism gives rise to endoge-
nous dynamics, alternating between queue-building and queue-clearing periods based on customer
heterogeneity and customers’ time preferences. These dynamics leads to the counterintuitive result
that, in a dynamic mechanism, optimal prices do not necessarily increase with incoming demand.
Finally, it demonstrates that the proposed mechanism achieves higher expected profits than base-
line approaches based on dynamic posted prices and static screening mechanisms; moreover, it
proposes a less information-intensive approximation of the optimal mechanism, which can be more

easily implementable in practice and achieves close-to-optimal outcomes.

2. Related Literature
This paper relates mostly to the dynamic pricing literature. Extensive work has considered myopic
customers (see Lazear (1986), Gallego and Van Ryzin (1994) for seminal work and Talluri and
Van Ryzin (2006), Ozer and Phillips (2012) for reviews). We instead focus on strategic customers.
Dynamic pricing with strategic customers started with Coase (1972), who conjectured that, when
a monopolist does not have commitment power, the optimal price path converges to the marginal
cost of production. Gul et al. (1986) formalized this result. Conlisk et al. (1984) and Sobel (1991)
introduced dynamic customer arrivals into this problem, leading to cyclical price paths. Stokey
(1979) showed that, when the monopolist has commitment power, the price remains constant—
and positive—over time. Golrezaei et al. (2018) showed that the price path may decrease over

time when customers are heterogeneous in price- and time-sensitivities. Board (2008) integrated
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stochastic customer arrivals in this literature. Besbes and Lobel (2015) extended this literature by
introducing heterogeneous time preferences with stochastic customer arrivals. In this line of work,
and in contrast to our setting, the firm does not face capacity restrictions.

Next, revenue management involves dynamic pricing for a firm with limited capacity to sell
over a finite horizon. Su (2007) derived markup and markdown policies when customers with
heterogeneous price- and time-sensitivities strategically time their purchase. Aviv and Pazgal (2008)
showed that price commitments can benefit the firm. Liu and Van Ryzin (2008) showed that the
firm may strategically ration capacity to drive early purchases at a higher price. Other studies have
proposed dynamic screening mechanisms for revenue management. Vulcano et al. (2002) modeled a
new group of buyers arriving and leaving in each period, with inter-temporal dependencies driven
by the transfer of capacity over time—as opposed to the transfer of customer requests in our setting.
Pai and Vohra (2013), Gallien (2006) and Board and Skrzypacz (2016) identified conditions under
which the optimal mechanism can be implemented with an index rule or with posted prices.

As opposed to the revenue management literature, our setting features perishable capacity that
cannot be transferred over time. This connects our paper to the problem of dynamic resource
allocation. Extensive research has studied interventions such as load balancing, scheduling and
staffing in queuing systems (e.g., Keskinocak and Tayur (2004) in manufacturing, Harchol-Balter
(2013) in computer farms, Green (2006) in healthcare). We focus instead on pricing interventions.

Naor (1969) and Mendelson (1985) proposed static congestion pricing schemes to maximize
welfare, and Maglaras and Zeevi (2003) designed static prices to maximize revenue in a heavy-
traffic queuing system. Low (1974) proposed the first dynamic pricing scheme in a queuing system.
Maglaras (2006) jointly optimized dynamic pricing and sequencing policies in a multi-class queue.
Chen and Frank (2001), Besbes and Maglaras (2009) and Kim and Randhawa (2018) introduced
customers that are both price-sensitive and delay-sensitive, using exact analysis, an asymptotic
fluid approximation and a large-scale diffusion-based approximation, respectively. In these papers,
customers make strategic purchasing decisions immediately upon arrival but are not forward-
looking—Ileading to inter-temporal queuing effects but no inter-temporal effects on the demand
structure. In contrast, Ahn et al. (2007) optimized production and pricing decisions when demand
comprises incoming customers and already-delayed customers. Customers are modeled by a demand
function, as opposed to an explicit model of strategic behaviors. Borgs et al. (2014) optimized a price
path that guarantees service to each paying customer in a setting related to ours, featuring non-
transferrable capacity and customers with heterogenous willingness to pay and time preferences.
In practice, successful applications of pricing schemes for resource allocation include time-of-use
pricing in electricity markets (e.g., Borenstein et al. 2002), time-dependent pricing in data markets

(e.g., Ha et al. 2012), and pay-as-you-go solutions in cloud computing (e.g., Xu and Li 2013).
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Our paper differs from that branch of the literature in that the firm proposes a menu of options,
as opposed to a single posted price to all customers. Specifically, we design a screening mecha-
nism, under which the platform elicits customer preferences to provide differentiated prices and
service levels (Mussa and Rosen 1978, Rochet and Choné 1998, Deneckere and McAfee 1996).
Several studies have designed price/lead-time menus in related operational settings with demand-
capacity imbalances and strategic customers (Mendelson and Whang 1990, Lederer and Li 1997,
Van Mieghem 2000, Aféeche and Mendelson 2004, Maglaras and Zeevi 2005). In particular, Afeche
(2013) proposed, in a setting with time-sensitive and price-sensitive customers, a menu with strate-
gic delay, which involves delaying service to some customers for discriminatory purposes (also a
feature of our menu). Afeche and Pavlin (2016) and Maglaras et al. (2017) extended this approach
to multiple customer delay costs and multi-server systems, respectively. These studies propose
a static, state-independent policy in a continuous-time queuing environment, whereas our paper
designs a dynamic, state-dependent menu in a discrete-time setting.

As such, our paper relates to dynamic mechanism design (see Bergemann and Said 2011). Several
papers have proposed dynamic menus prices and lead-time quotations (i.e., lead-time guarantees
made upon customer arrivals) for resource allocation in service and manufacturing systems. Celik
and Maglaras (2008) proposed a menu with dynamic prices and lead times chosen within a set
of predetermined options. Customers are represented by means of a demand function, which does
not give rise to incentive compatibility issues—the menu is not a screening menu in that the
items are not tailored to separate customer segments. Plambeck (2004) designed a screening menu
with dynamic lead-time quotations but static prices. Akan et al. (2012) proposed a fully dynamic
screening menu in a welfare-maximization setting—which differs from our profit-maximization
problem. Ata and Olsen (2013) considered a single-server queuing model with two customer classes
that have heterogeneous delay costs (using a convex-concave function) but homogeneous valuations.
They proposed a dynamic screening menu and showed, using a heavy-traffic approximation, that
the menu is asymptotically optimal—although not necessarily optimal otherwise.

Ultimately, our paper contributes to the dynamic resource allocation literature (i) by considering
an environment featuring non-transferrable capacity, stochastic demand-capacity imbalances, and
strategic customers with heterogeneous price- and time-sensitivities, and (ii) by developing a fully

dynamic menu of prices and probabilistic allocations—the most general mechanism in this setting.

3. Model
3.1. Setting and Assumptions

A platform operates continuously over a discretized infinite time horizon, and matches capacity

with a demand of customers (“agents”). The components of our model are described below.
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Non-transferrable capacity: We consider a constant continuum of suppliers, normalized to

unit mass without loss of generality. Each service completion takes one period.

Stochastic demand-supply imbalances: In each period, a mass D of agents request a service.
Demand can be high (D = H) or low (D = L).! We assume that 0 < L <1< H, so that the platform
faces an excess of supply under low demand and a shortage of supply under high demand. Demand

realizations are independent and identically distributed over time, with k=P(D = H).

Agent heterogeneity: The demand comprises: (i) time-sensitive agents (r-type for “rush”),
and (ii) price-sensitive agents (n-type for “non-rush”). An r-type agent derives a positive utility
(normalized to 1) only from timely services. An n-type agent has a lower willingness to pay but
higher willingness to wait, deriving a utility vq < 1 from a timely service, v; < vg from a service with

a one-period delay, and zero from a service with a higher delay.? This is summarized in Figure 1.

T T+1 T+2 T+3 T T+1 T+2 T+3
| | | | | | | | | |
{ { { { { { { { { {
1 0 0 0 Vo v1 0 0
(a) r-type agents (b) n-type agents

Figure 1 Time-dependent utility of r-type and n-type agents joining the platform in period .

Agent types are identically and independently distributed over time. We denote by o the (time-
invariant) probability that an incoming agent is of r-type.®> The value of o is commonly known but
each agent’s type is private information—leading to information asymmetries.

Assumption 1 states that serving all r-type agents is always feasible, even under high demand.*
AssuMPTION 1. oH < 1.

Platform problem: The platform optimizes service prices and the allocation of capacity to
service agent requests. It maximizes expected discounted profits—with a discount rate of § < 1.

We abstract away from supply-side incentives by assuming homogeneous suppliers with a con-
stant outside option, normalized to 0.° The demand side thus comprises the only information
asymmetry, and the platform accrues all the revenue without leaving surplus to suppliers.

From the revelation principle, we focus without loss of generality on direct mechanisms in which
agents report their types upon entering the platform (Myerson 1981). The mechanism specifies,

for each type, an allocation rule—that is, a probability of service provision—and a per-service

! We relax this restriction numerically in Section 7 by considering a general demand distribution.

2 We relax this restriction numerically in Section 7 by considering multi-period patience horizons.

3 We relax this restriction in a simplified setting in Section 7 by introducing stochasticity in the customer mix.
4 Otherwise, the solution would simply consist of serving r-type agents only and charging them a price of 1.

5 We relax this restriction in a simplified setting in Section 7 by introducing endogenous supply-side participation.
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payment rule.’ Specifically, the platform makes six decisions. For an agent reporting an r-type, the
mechanism specifies the price p, and probability ¢, of a timely service. For an agent reporting an
n-type, the mechanism specifies (i) the price g, and probability ¢, of a timely service, and (ii) the
price ¢; and probability g; of a late service conditionally on not getting a timely service. The pricing
and allocation rules are determined prior to the agents’ reports; after the reports, the platform
commits to the pricing and allocation rule specified at the beginning of the period. The mechanism

in each period is then defined in a sequentially rational manner.

3.2. Dynamic Programming Formulation

The platform’s profit-maximization problem is formulated as an infinite-horizon dynamic program.
The pricing and allocation policy is state-dependent but time-invariant, which is without loss of
generality since the system follows stationary dynamics. The state variable includes (i) incoming
demand D, and (ii) late demand (i.e., the number of n-type agents waiting for a late service,
denoted by T'). We assume that (D,T") is publicly observed by the agents upon reporting their
types—as we shall see, this assumption is without loss of generality.

Let (D', T"(D,TI')) be the state in the next period. Incoming demand D’ is exogenous, equal to H
or L with probabilities k and 1 — k. In contrast, I'(D,I") is history dependent, given by I''(D,I") =
(1—=q(D,T")(1—0)D: amass (1—0)D of n-type agents are incoming, a fraction ¢,(D,I") of them
receives a timely service, and the rest are transferred to the next period.

The expected payoffs of r-type and n-type agents are denoted by U,.(D,I") and U, (D,T"), respec-

tively. For an r-type agent, the expected payoff depends solely on timely service provision:
U.(D,T")=gq.(D,T")(1-p.(D,T)). (1)

The payoff of n-type agents includes the expected utility from a timely service, assigned with
probability ¢;(D,I") at price p,(D,I"), and the expected utility from a late service, assigned with
probability (1 —¢,(D,I")) ¢(D’,I"(D,I')) at price p,(D’,I"(D,I')). We obtain:

kq(H,T"(D,T)) (v — pi(H,T'(D,T))) ) 2

Let V(D,T') be the value function. We refer to the platform’s problem as (P). It is given by:

V(D,I)= max  p.q.0D+piq(1—0)D+pql +8[kV(H,I')+ (1 - k)V(L,I)] (3)
s U.(D,T) > q(D,T)[1—p(D,T)], (ZC,) (4)
U.(D,T) ZQr(DaF)['UO —pT(D,F)], (Icn) (5)

5 We consider per-service payment rules because, in most applications, agents can opt out from the transaction after
placing a request. This opt-out option translates into an ex post individual rationality constraint, i.e., each agent must
receive a non-negative payoff after each realization of the stochastic allocation rule. But any mechanism satisfying ex
post individual rationality can be implemented with per-service prices that agents pay only if services are provided.
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pr <1, p, <wvo, py <1, (6)
1>qoD+q(l—-0)D+ql, (7)
I'=(1-q¢)1-0)D. (8)

Equation (3) maximizes the platform’s expected discounted profit. The term p,.q,.0 D is the expected
profit from timely services provided to r-type agents; similarly, p;q;(1 — 0)D and p;q,I" are the
expected profits derived from timely and late services provided to n-type agents. Equations (4)
and (5) list the incentive compatibility constraints for r-type and n-type agents (referred to as ZC,
and ZC,,, respectively). If an r-type agent misreports his type, he derives a value of 1 — p,(D,T)
with probability ¢,(D,I") (no value is derived from late services). If an n-type agent misreports his
type, he will not be provided a late service by the platform, so he receives a value vy — p,.(D,T")
with probability ¢,(D,T"). The individual rationality constraints (Equation (6)) ensure that service
prices lie below agent valuations. The resource constraint (Equation (7)) limits the number of

services provided to the unit capacity. Equation (8) defines the system’s transitions.
PROPOSITION 1. There exists a solution to problem (P).

3.3. Initial Results and Problem Transformation

We outline in Proposition 2 important properties of the optimal mechanism.

PROPOSITION 2. The optimal solution to problem (P) satisfies, in each state (D,T’):
(i) p:(D,T) =vg, and p)(D,T) =v;.
(i) 4:(D,T) =1, and p.(D,T) > vo.
(iii) IfT >0, then q(D,T) = min {1, 1*"’3*‘175(”)(1*")’3}.

T
(iv) Constraint ZC, is binding, and hence p,.(D,T') =1—q,(D,T')(1 — vp).

The first result asserts that the platform extracts all the surplus from n-type agents, who are
always charged a price equal to their valuations (i.e., p; = vy and p; = v1). Any smaller price would
induce a profit loss for the platform without altering agent incentives.

The second result states that the price p, is at least vp—any lower price would violate incentive
compatibility for n-type agents. Constraint ZC,, is thus automatically satisfied. Moreover, the
platform always serves r-type agents, since they generate the highest profits. In each period, the
platform thus provides timely services to oD r-type agents and to ¢;(D,T')(1 —o)D n-type agents.

The third result asserts that any remaining capacity is used to serve late demand. Keeping
capacity idle with extra demand for late services would induce a profit loss without affecting

incentives. Nonetheless, late requests may still be rejected due to insufficient capacity.
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The last part highlights the key trade-off faced by the platform between the quantity of timely
services and the price. From the incentive compatibility constraint ZC,, as ¢;(D,I") increases, n-
type agents become more likely to receive a timely service, so misreporting becomes more attractive
for r-type agents. The platform thus needs to charge a lower price p,.”

Proposition 2 yields five relationships between six decision variables. Hence, we reformulate the
platform’s problem with a single decision variable I", defined as the number of n-type agents
transferred to the next period.® Note that I'" is bounded above by (1 —o)D: no more n-type agents
can be transferred than the number of incoming n-type agents. Moreover, I is bounded below
by H — 1 under high demand (from Equations (7) and (8)), which reflects that all n-type agents

cannot receive a timely service under high demand. This is summarized as follows:
If D=H, then I" € [['y,Ty], where Ty =(1—0)H and Ty = H — 1.
If D=L, then I" € [[';,T;], where I';, = (1 — o)L, and I';, = 0.
Let I'*(D,T) € [Lp,T'p] be the optimal policy function. We also denote by T' = [, 5] U [, 1]

In any state (D,T') and for an arbitrary choice of I € [[p, T'p], let f/(D, I',T") be the value function,

given that the optimal policy will be applied thereafter. From Proposition 2, we have:

V(D,I\I")= oD <1 _ (Zo)bor’ —vo)> v (1—0)D—T"w +min{T,1—D+T"}u,

(1—0o)D

r-type agents timely services, n-type agents late services, n-type agents

+6(kV(H,T') + (1—k)V(L,I). (9)

future value

All constraints are embedded into Equation (9). Problem (P) is therefore equivalent to:

V(D,T)= max V(D,I,T"). (10)

I'e[lp,T'p)

Proposition 3 establishes important properties of the value function V.

PROPOSITION 3. The value V(D,I') is a non-decreasing and concave function of I', and is dif-

ferentiable almost everywhere with respect to I'.

3.4. Discussion: Platform Commitment, Information and Strategic Behaviors
Before eliciting the optimal policy, we discuss a few elements of our model to (i) clarify the issue of
commitment, (ii) show that the mechanism does not rely on the agents observing the state variable

(D,T'), and (iii) show that our mechanism does not permit additional deviations from the agents.

7 Since p, is the only pricing decision, we refer to it simply as “price” in the remainder of this paper.

8 There is a one-to-one mapping between ¢;(D,T) and I per Equation (8).
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Platform Commitment and Sequential Rationality. Our mechanism assumes within-
period commitment—and no future commitment. It is therefore sequentially rational. Under this
formulation, the platform optimizes, in each period, the prices and allocations of the services pro-
vided in that period (that is, p, and g, for incoming r-type customers, p;, and ¢, for incoming n-type
customers, and p; and ¢, for already-delayed n-type customers).

An alternative (but ultimately equivalent) mechanism would optimize the services provided to
the agents who arrive in that period (that is, p, and ¢, for incoming r-type customers, and py, q;, p;
and ¢, for incoming n-type customers). That mechanism would require inter-period commitment.
But the two mechanisms are in fact equivalent—this alternative mechanism would thus also be
sequentially rational, despite requiring inter-period commitment. Indeed, in our mechanism, the
platform extracts all the surplus from late services (Proposition 2) so it has no incentive to promise

prices and allocations for late services that it will deviate from later on.

Information Our incentive compatibility and individual rationality constraints implicitly
assumed that the state (D,I") is publicly observable. This turns out to be without loss of generality.

Indeed, our mechanism specifies immediate services and an “uncertain component” governing
late services for n-type agents. Immediate services (p,, ¢, p; and ¢;) will be directly available to
the customers, so the observability of the state does not play any role there. In theory, it could
impact customer beliefs about the “uncertain component” (i.e., the price and allocation in the
next period). However, the platform always leaves zero utility to n-type customers (Proposition 2).
Customers thus do not benefit from observing the state. Stated differently, if the state (D,T)
was privately observed, the platform would employ the same optimal mechanism—it would not
benefit from hiding/signaling information regarding the state of the system. Technically, the main
force driving this result is that all customers are effectively short lived: (i) r-type customers are

short-lived by definition; and (ii) n-type customers do not derive any surplus from late services.

Strategic Behaviors In principle, two additional deviations need to be prevented by the incen-
tive compatibility constraints. First, agents may strategically postpone their arrival time—similar
to the strategic timing of purchase considered by Borgs et al. (2014) and Besbes and Lobel (2015).
In our setting, this would not be a relevant option for r-type agents (who only derive a positive
utility from timely services). This would not be beneficial to n-type agents either as they would
get charged a price of at least vy (Proposition 2) while their valuation v; is strictly less than ;.

Second, an n-type agent may re-enter the platform—that is, arrive in period 7, exit upon not
receiving or rejecting a timely service, and re-enter in period 7 4+ 1. This leaves three possible

outcomes: (i) receiving an “immediate” service in 7+ 1 at price p, > vy or p, = vy when he is only
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willing to pay vy < wp; (ii) receiving a “late” service in 7+ 2 at price v; when he is willing to pay
zero; or (iii) receiving no service. Either way, the deviation is not profitable.
Thus, the optimal mechanism, obtained without explicitly considering these deviations, satisfies

the stricter incentive compatibility constraints that would be obtained by considering them.

4. Characterizing the Optimal Policy
We define three regions based on customer heterogeneity and the time preferences of price-sensitive

agents. We derive a closed-form expression of the optimal policy in each region.

4.1. Policy Structure

Recall that three groups are present on the platform: (i) a mass oD of incoming r-type agents,
(ii) a mass (1 —o)D of incoming n-type agents, and (iii) a mass I' of delayed n-type agents. All
r-type agents are always served (Proposition 2). The structure of the optimal policy depends on
how the remaining capacity mass of 1 — oD is allocated across incoming and delayed n-type agents.

To facilitate the interpretation, we denote by ((D,T") the capacity left for late service provision:
((D,T)=1-D+T*(D,T). (11)

From Proposition 2, we know that the number of late services provided is equal to min{T",{(D,T")};
in other words, the platform can serve all late demand if and only if {(D,T") >T.
Moreover, let x(D,T") be the minimal number of incoming n-type agents that need to be trans-

ferred to the next period to keep sufficient capacity to serve all late demand in the current period:
X(D,F):max{min{f’D,F—i—D—l},ED}. (12)

At one extreme, if D+1T" <1, the queue is short enough so all late demand will be served regardless
of the policy. Vice versa, if ' > 1 — oD, the queue is too long to serve all late demand regardless
of the policy. In-between, the platform’s ability to serve late demand depends on its policy.

We identify the following structures of the optimal policy:

(i) late service prioritization : I'*(D,T') > x(D,T'). Upon serving r-type agents, the platform
serves late demand up to capacity. If capacity remains available (for low values of '), the platform
determines whether to also serve incoming n-type agents, yielding two possible outcomes:

— strategic idleness: T'*(D,T") > x(D,T"). The platform transfers strictly more n-type agents than
required to serve all late demand. We then have ((D,T") > I': the platform intentionally keeps
capacity idle for discriminatory purposes.

— no strategic idleness: T*(D,T') = x(D,I"). The platform transfers exactly as many n-type
agents as necessary to serve all late demand. As long as effective demand exceeds capacity (i.e.,
D +T >1), the platform utilizes its entire capacity (i.e, ((D,I')=T'). When D+ 1T < 1, some
capacity is left idle (i.e., {((D,T") >T'), but this does not arise from discriminatory purposes.
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(ii) deliberate late service rejection : I'*(D,I') < x(D,T"). The platform rejects requests from some

or all delayed n-type agents, in order to provide more timely services to incoming n-type agents.

High demand Low demand
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Late service prioritization ,/ /
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Figure 2 Policy structures based on the comparison between I'*(D,T") and x(D,T"), when o <0.5.

Figure 2 depicts x(D,I") (dashed line) and these policy structures as a function of D and T,
when n-type agents comprise the majority of the demand (o < 0.5).° The optimal policy will be
represented as a function that associates I'*(D,T") (on the vertical axis) to each value of D and I'. As
we shall see, the optimal policy never “crosses” the dashed line. In other words, the optimal policy
either (i) features late service prioritization (i.e., lies above or on the dashed line); or (i) features
deliberate late service rejection (i.e., lies below or on the dashed line). Moreover, in case (1), if the

policy lies strictly above the dashed line for some values of I', then it exhibits strategic idleness.

4.2. Preliminary Steps
We denote by V'(D,T') the partial derivative of V(D,I") with respect to I' (which exists almost
everywhere from Proposition 3). From Equation (9), we obtain for each (D,I') € {H,L} x I':

8V(D,F,F’) (1 —wp) - Omin{l',1 - D+T1"}v, +6 (kV/(H,T') + (1 — k)V'(L,T)). (13)

- - 0
or’ l1-0 ~— ar
N——~—— timely inter-temporal effects
r-type n-type late, n-type

This equation highlights the core trade-off. Increasing I'' € [['p, ' p] has a negative effect: reducing
the number of timely services provided to n-type agents, inducing a profit loss at rate vy. But it also
has one positive effect: increasing the price charged to r-type agents due to service differentiation.
And it has two non-negative effects: providing more late services if 1 — D4+T" <T (i.e., if some late
demand remains unserved), inducing a profit gain at rate v;; and increasing future late demand.

9 The problem’s structure depends on whether o < 0.5 or o > 0.5. We identify the optimal policy in both cases but,
for expositional ease, we focus on o < 0.5 throughout this paper. This does not result in any loss of insight.
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We now identify general properties of the optimal policy I'*(D,IT"). Lemma 1 shows that I'*(D,T")
weakly increases with incoming and late demand. Lemma 2 asserts that, if some capacity is left

idle, then the optimal policy does not depend on marginal deviations in late demand.
LEMMA 1. The optimal policy function T'*(D,T") is weakly increasing in D and T'.

LEMMA 2. If the optimal policy is such that some capacity is left idle in (D,Ty) € {H,L} xT,
that is ((D,Ty) > Ty, then we have I'*(D,I") =T*(D,Ty) for all T <T.

Given the model’s rich set of parameters, we impose two restrictions on the demand structure
to ensure analytical tractability (Assumption 2). First, demand is symmetric, i.e., excess demand
under high demand is equal to excess supply under low demand. Second, demand fluctuations are
large enough so the platform effectively faces the two objectives of managing demand-capacity
imbalances and of discrimination. Under this assumption, the minimum number of n-type agents
transferred to the next period under high demand (i.e., 'y = H —1) is too large to be served entirely
if realized demand is also high in the next period (¢ H + H — 1> 1). The inter-temporal effect is

thus zero when demand is high in consecutive periods, i.e., V/(H,T') =0 for each T' € [['s, Tx].

ASSUMPTION 2. The parameters governing the structure of incoming demand satisfy:
i) There exists d € (0,1) such that H=1+d and L=1—d.
it) The following inequalities are satisfied: H—1>1—0cH < d> ;—g

4.3. Optimal Policy

We define three regions in Figure 3 as a function of (i) inter-type heterogeneity, measured by the
dispersion in valuations for timely services (i.e., 1 vs. vy) and (ii) time preferences, measured by the
dispersion in the valuations of n-type agents for timely vs. late services (i.e., vy vs. v;). Region 1 is
characterized by strong inter-type heterogeneity (vy < o). Regions 2 and 3 are both characterized
by weak inter-type heterogeneity but Region 2 (0 < vy <o+ (1 — 0)v,) features comparatively
weaker time preferences than Region 3 (vg > o + (1 —0o)vy).

The optimal mechanism is shaped by the platform’s two objectives—discrimination and demand-
capacity management. As we shall see, discrimination becomes relatively less prominent and
demand-capacity management becomes relatively more prominent as we move from Region 1 to
Region 3 (i.e., as customer heterogeneity becomes weaker and as the time preferences of n-type

agents become stronger) and as incoming demand increases.
Region 1: Strong inter-type heterogeneity We have from Equation (13):

OV(D,T,T") _ o(1—wp) o — g . _
> — Vg = > .
S 22— vo=T— >0, V(D,T)e{H,L} xT, VI € [['p,T'p] (14)
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Figure 3 Definition of Region 1, Region 2 and Region 3.

Any loss from transferring incoming n-type agents is offset by the price increase alone. The optimal
policy is thus to provide no timely service to incoming n-type agents and to charge a price p, =1 to
r-type agents (thus leaving no information rent). Therefore, due to strong customer differentiation,

the platform focuses on discrimination only with no regard for demand-capacity management.
PROPOSITION 4. In Region 1, the optimal policy is: T*(D,T')=Tp, V(D,T)€{H,L} xT.

Extreme discrimination results in idle capacity for low values of ', when I' < ((D,I') =1 —oD.
When I' > ((D,T') =1 — oD, all n-type agents are still transferred to the next period, but no

supplier is idle due to the high demand for late services.

KEeEY FINDING 1. In Region 1, the platform implements an extreme form of discrimination: no

timely service is provided to n-type agents. The optimal policy exhibits strategic idleness.

Region 2: Weak inter-type heterogeneity, weak time preferences The price increase
resulting from an increase in IV no longer offsets, by itself, the loss in timely services provided to
n-type agents. Nonetheless, transferring n-type agents remains profitable as long as it enables the

platform to serve more late demand in the current period. Specifically, we have, from Equation (13):

OV(D,I,T") _ o(1—w) o—vy+v1(l—0)
> — = >
o T 1-g otw -0 20,

The platform thus transfers to n-type agents as long as 1 — D+I" < T, so that I'*(D,T") > x(D,T").

if1-D4+I'<T.  (15)

LEMMA 3. In Region 2, the optimal policy satisfies T*(D,I') > x(D,TI"), V(D,I") e {H,L} xT.

The policy thus features late service prioritization: the platform first serves all r-type customers,
then fulfills late demand as much as possible. If capacity is insufficient (i.e., if ' >1— 0 D), some
late requests will be rejected. Otherwise, the platform clears the entiere queue and then determines
whether or not to provide timely services to incoming n-type agents. Unlike in Region 1, transfer-

ring more n-type agents than necessary to serve late demand induces a loss in the current period;
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nonetheless, it may remain optimal if the resulting demand backlog provides sufficient future bene-
fits. In this case, the optimal policy features strategic idleness, that is I'*(D,I") > x(D,T"). Formally,

this occurs when, for ¢ — 0:

V(D,LT) _ o(l=w) — v+ (KV'(H,T')+ (1 —k)V'(L,I") >0, for I' =T*(D,T) —e. (16)

oI 1—0
—_— >0
<0 =

From these observations, we elicit the optimal policy in Proposition 9 (Appendix A). Unlike in

Region 1, the optimal policy is now state-dependent. In general terms, the optimal policy satisfies:
I*(D,T) = max{*(D,0),x(D,T)}, ¥(D,T) € {L, H} xT.

The optimal policy function I'*(D,T") thus stays constant at I'*(D,0) as long as it does not fall
below x(D,T"). If T*(D,0) > x(D,0), the policy features strategic idleness for low values of I". Once
I grows to a point where x(D,T") =T*(D,0), I'*(D,I") increases with slope 1 as long as feasible.

KEeY FINDING 2. In Region 2, the optimal policy features late service prioritization. Some n-

type agents may receive timely services but the optimal policy may still feature strategic idleness.

Region 2 is divided into three sub-regions (Sub-regions 2a, 2b and 2c, sorted by increasing order
of vg). Figure 4 shows the optimal policy I'*(D,T") (rows 1 and 2), the allocation of capacity across
r-type agents, incoming n-type agents, and delayed n-type agents (rows 3 and 4, with colored areas
representing agents who receive a service), and the price p,.(D,I") (row 5).

Note, first, that I'"*(D,T") lies consistently above x(D,T"), underscoring late service prioritization
(Lemma 3). This property is also reflected in capacity allocation: if some late demand remains
unserved, all incoming requests from n-type agents get transferred. Moreover, the policy may
exhibit strategic idleness: for low values of D and I', some incoming n-type agents may be trans-
ferred while fewer services are provided than capacity. In Sub-region 2a (small v,), discrimination
is still a strong motive for the platform so the optimal mechanism involves strategic idleness; yet,
some incoming n-type agents are served under high demand and low I'. In Sub-region 2b, dis-
crimination becomes less desirable and no capacity is left strategically idle under high demand. In
Sub-region 2¢, the optimal policy features no strategic idleness regardless of the demand, i.e., the

platform exactly transfers the minimum number of n-type agents to serve late demand.

Region 3: Weak inter-type heterogeneity, strong time preferences Any revenue loss
from transferring an n-type agent cannot be offset in the current period, even if it generates more
late services (the first three terms of Equation (13) always sum up to a negative value). Therefore,
I'*(D,T") > T'p only if late demand generate higher future benefits than the current-period loss.

The optimal policy, given in Proposition 10 (Appendix A), is again state-dependent. Transferring

n-type agents can only be beneficial if it generates more late services in the current period. In



Abhishek, Dogan, Jacquillat: Strategic Timing and Dynamic Pricing

17
Sub-Region 2a Sub-Region 2b Sub-Region 2c
Ty I Ty Ty
1—-0L >
7
> 4 = B
= L7 —I*(H4,T) 2 =
£ o - —x(#H,T) S £
7
4
’
4
Ly Ly Ly
T r
Iy > T, > Iy
’ ’
’ ’
’ ’
. Vi 7 .
& p g |—rzD Y &
= v 2 |l = ’ 3
£ 4 & XL, 4 £
’ ’
’ ’
’ ’
’ ’
EL _________ . £L _________ ’ EL
r r T
Unserved (D = H) Unserved (D = H) Unserved (D = H)
" Served (D = H) ”, Served (D = H) " Served (D = H)
% 7 %
5 n-type (late) E n-type (late) 5 n-type (late)
g 2 g
g A g
Z (I5o0)H n-type (incoming) 2 (1-0)H n-type (incoming) Z (10)H n-type (incoming)
£ _1 i g_1
a}H r-type O{H r-type a}H r-type
r r r
Unserved (D = L) Unserved (D = L) Unserved (D = L)
Served (D = L) Served (D = L) Served (D = L)
g g g
& g &
El g El
2 2 2
= = =
3, n-type (late) 3 n-type (late) 3, n-type (late)
= 2 z
1 7} o)L n-type (incoming) (1 7{0)L n-type (incoming) 1 7} o)L n-type (incoming)
oL r-type oL r-type oL T-type
r r r
1 1 1
(o) j5) (o)
S = S
— — —
[a¥ =™ [a¥
—p:(H.T) —p:(H.1) —p(HT)
o —p(L,T) 11 Vo —p(L,T) 11 Vo —pe(L,T) |

r r r

Figure 4  Optimal policy I'*(D,T"), capacity allocation, and price p.(D,I") in Region 2, when o < 0.5.

other words, the inter-temporal benefits are not strong enough to justify transferring n-type agents
on their own. Therefore, I'*(D,0) = I'p. The optimal policy then increases along x(D,I") until a

threshold, after which is remains constant:

There exists T'p € [I'p,T'p] such that I*(D,T) = min {X(D,P),fp} ,V(D.T) e {L,H} xT.
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First, this equation shows that I'*(D,I") < x(D,T") in all states (D,T"); therefore, the optimal policy

exhibits no strategic idleness. As long as x(D,T") < r D, all late demand is served. In contrast, when

x(D,T) > fD, the optimal policy involves deliberate late service rejection.

KeYy FINDING 3. In Region 3, the optimal policy may exhibit deliberate late service rejection.
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Figure 5 Optimal policy I'"(D,T"), capacity allocation, and price p,.(D,I") in Region 3, when o < 0.5.
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Region 3 is also divided into three sub-regions (Sub-regions 3a, 3b and 3c, sorted by increasing
order of vg). The optimal policy is shown in Figure 5. Note that the optimal policy may exhibit
deliberate late service rejection: in some cases, the platform serves some incoming n-type agents
while leaving part of the late demand unserved. Also, the mechanism never results in strategic
idleness: the number of services provided is either equal to the effective demand (D +1I') or to
capacity. In Sub-region 3a, the platform serves all late demand as long as x(D,I') <1—oL (i.e.,
as long as transferring n-type agents increases the number of late services if demand is low in the
next period). Under high demand, when x(D,T') > 1 — oL, transferring additional n-type agents
does not increase the future value; as a result, the policy features deliberate late service rejection.
In Sub-region 3b, the platform only provides timely services under high demand, foregoing all
late demand; under low demand, it keeps transferring n-type agents under the expectation that it
will (at least partially) serve them in the subsequent period. In Sub-region 3c, the platform fully

prioritizes timely services regardless of the incoming demand.

4.4. Non-Monotonicity of the Prices

In Region 1, the platform extracts the entire surplus (p, = 1). But, in Regions 2 and 3, the platform

leaves some information rent to r-type agents by trading off price vs. quantity of timely services.
Note, first, that the optimal price p, (weakly) increases with late demand. Indeed, higher values

of I" result in more n-type agents transferred to the next period (Lemma 1), hence in higher prices.
One could expect a similar monotonic relationship with respect to the incoming demand D.

However, this is not the case: the price p, can be strictly higher under low demand than under

high demand in Sub-regions 2a, 2b (Figure 4) and in Sub-regions 3a, 3b (Figure 5).
KEY FINDING 4. The optimal price does not increase monotonically with incoming demand.

To see the intuition behind this result, consider an instance where the platform transfers a large
proportion of n-type agents to the next period under low demand. This is motivated by three
factors: (i) charging a higher price to r-type agents, (ii) reserving capacity to serve late demand,
and (iii) creating a demand backlog in the next period. Under high demand, transferring the same
proportion of n-type agents would result in a larger backlog, which the platform may not be able to
take full advantage of—especially if demand is also high in the next period. Instead, the platform
may serve a larger proportion of incoming n-type agents under high demand, resulting in a higher
price charged to r-type agents to maintain incentive compatibility. The main driving force behind
these dynamics is that, among the two objectives of the platform, discrimination becomes relatively
less prominent and demand-capacity management becomes relatively more prominent as incoming

demand increases—so that the price may be higher under low demand than under high demand.
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This phenomenon occurs for low values of I' in Region 2 and for high values of I in Region 3. In
Regions 2a and 2b, the platform adopts extreme discrimination under low demand—by transferring
all incoming n-type agents (Figure 4). Under high demand, the demand-capacity management
objective becomes stronger and the platform serves more incoming n-type agents (as long as late
demand is small enough), resulting in a lower price charged to r-type agents. In Regions 3a and 3b,
the demand-capacity management objective is stronger altogether. Under high demand, it is so
strong that the platform may adopt deliberate late service rejection—especially when the late
demand is large. Under low demand, the platform still prioritize late requests over timely requests
from n-type agents in order to clear the queue and charge a higher price to r-type agents.

This result stems from the combination of the three features of our setting: (i) information
asymmetries, (ii) capacity restrictions, and (iii) non-transferable capacity. Without information
asymmetry, the platform would charge customer valuations regardless of incoming demand. With
unrestricted capacity, the platform would focus on discrimination by serving either all customers
or only r-type customers, regardless of incoming demand. And ig the platform was able to transfer
idle capacity from one period to the next, it could leverage this extra degree of freedom to focus on
discrimination more effectively, thus transferring a (weakly) higher proportion of n-type customers

and charging a (weakly) higher price under high demand than under low demand.

4.5. Steady State and Transition Dynamics

To conclude, Figure 6 shows the steady-state distribution of the optimal mechanism. Each node
denotes a value of I and each edge denotes a demand realization. The steady-state probability of
each value of I" is depicted within the corresponding node. We find that I' takes at most five values
in the steady state: [, =0, T, =(1—-0)L,Ty=H—-1,1—0L, and Ty = (1 —0)H.

The main takeaway is that the optimal policy is history-dependent in the steady state—and thus
cannot be implemented with posted prices and static mechanisms. In two extreme situations, the
policy is state-independent: under very strong heterogeneity (Region 1) where the platform always
ignores all requests from incoming n-type agents and under very weak heterogeneity (Regions 3b
and 3c) where the platform always prioritizes timely requests. In-between (arguably, the most
relevant instances in practice), the optimal policy depends on incoming and late demand. For
instance, in Region 2c, the platform provides timely service to n-type agents only when I' is low.
These results indicate that the optimal mechanism gives rise to endogenous late demand dynamics:
it alternates between queue-building periods—by creating a demand backlog for discrimination—
and queue-clearing periods—by taking advantage of the queues for demand-capacity management.

Finally, Table 1 reports the steady-state probability of timely services for n-type agents (g;),

and the price charged to r-type agents (p.). As vy increases, more n-type agents receive timely
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Steady state transition dynamics, with o < 0.5.

(c) Sub-region 2c

(e) Sub-regions 3b and 3c

services and r-type agents are thus charged a lower price. Importantly, our finding that the price

does not monotonically increase with incoming demand is observed in steady state, and is thus not

an artifact of the transient dynamics of the system (colored cells in Sub-regions 2a, 2b and 3a).

o 1—0H
“ =0 —oH
s (1—=20)d
qs =

(1-0)H
pr=1-¢(1—wvo)
pl=1-q (1-v)

0<qf<qf‘<1
vo<pd<pl<l1

Table1  Steady state allocations and prices, shown as (¢:(D,T'),p,(D,T")), when o <0.5.
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5. Welfare Implications

This section compares the steady-state surplus generated by the optimal mechanism against two
benchmarks: (i) the first-best allocation rule in the absence of information asymmetry and (ii) a
dynamic pricing mechanism that does not elicit agents’ preferences (aimed to replicate, at a high

level, prevalent practices in online markets such as surge pricing and congestion pricing).

5.1. First-best Allocation

First-best allocation can be interpreted in two ways. It captures the decisions of a surplus-
maximizing social planner, who optimizes the allocation rule without specifying any payment rule.
Equivalently, it captures the platform’s profit-maximizing decisions in the absence of information

asymmetry, in which case each agent is charged a price equal to his valuation (i.e., 1, vy and v;).

The first-best allocation rule is defined by the variables ¢f2(D,T),q¢/2(D,T),qf?(D,T)—
analogous to ¢,.(D,T"),q:(D,T"),q(D,T'). This problem, referred to as Problem (Prg), does not
include incentive compatibility and individual rationality constraints. It is subject to the same

resource constraint (Equation (18)) and transition function (Equation (19)) as Problem (P).

Ves(D,D)= _max  ¢"%0D x 14/ *(1 = 0)Dvg + gf “Tvy + 5[kVi (H, 1) + (1= k) Ve (L, T)] (17)
ay 2,qy 7 4q;

st. 1>¢/PsD+¢q/"(1—0)D+4¢/"T, (18)

I’ =(1-¢%)(1-0)D. (19)

As in Section 3, all -type agents are served, and late demand is served as long as capacity allows
(Lemma EC.1). We can again simplify the problem with the single decision variable I, as follows:

Vep(D,I)= max oD+ ((1—0)D—-T")vyg+min{l',1 —D+TI"}v,

Ie[lp,Ip]

+6 (kVpp(H,I") + (1 = k)Vrp(L,I7)). (20)

The only difference with Problem (P) lies in the first term. In Problem (P), this term included
the price derived from the incentive compatibility constraint for r-type agents. In (Prp), it includes
their valuation (equal to 1). Proposition 5 shows that Problem (Prp) is equivalent to Problem
(P) by transforming the parameter vy into 9y = o + (1 — o)vy. Note that 9y € (0 + (1 — o)vq, 1).
Therefore, Problem (Prp) is isomorphic to Problem (P) in Region 3 (see Figure 5). This reflects
that the social planner focuses on demand-capacity management as opposed to discrimination—Dby
determining whether to serve late demand and delay service to incoming n-type agents vs. provide

more timely services at the risk of leaving some late requests unserved.

PROPOSITION 5. Problem (Prp) with parameter vy is equivalent to Problem (P) with param-

eter 99 = o0 + (1 — o)vg. The optimal policy is identical to the optimal policy of Prob-

14+6(1—k)+62(1—k)?
1+5(1—Fk)

(H‘S(llfg;;iig_k)g vy, (14+0(1— k:))vl} , and in Sub-Region 3¢ when vy € ((1+0(1—k))vy,1).

lem (P) in Sub-Region 3a when vy € (1)1, v1|, in Sub-Region 3b when vy €
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5.2. Dynamic Posted Prices

The dynamic pricing mechanism does not elicit agent preferences and thus charges a uniform price
in each period. The system evolves as follows: (i) the platform posts a price in each period, (ii) each
agent decides to accept the service, or not, (iii) the platform allocates capacity uniformly across all
agents who accept the service (regardless of their types), and (iv) agents who decline the service
may leave the platform or wait for a late service, depending on their type and history. We refer to

the dynamic pricing problem as (Ppp). The posted price, denoted by py, is optimized as follows:

Vpp(D,I') =max po x z(D,I',po) +6 (kVpp(H,I") + (1 = k)Vpp(L,1")) (21)
Po
oD Po > Vg,
st. x(D,T,po)=¢ min{D,1} po € (v1,v0], (22)
min{D+T,1} po <wi.
(1-0)D Po > Vo,
=) Q1—0)D|1—2BIed | g0 e (1)), (23)

(1—0)D |1 —“BLeod | py <y

Equation (21) maximizes the platform’s expected discounted profit. The per-period profit is
equal to the posted price py times the number of services provided, denoted by x(D,T',py). Con-
straints (22) and (23) specify the relationship between pgy, 2(D,T',py) and IV. When py > vg, only
r-type agents accept the service; the platform thus provides oD services and the full mass (1—o0)D
of n-type agents is transferred. When v; < pg < vg, all incoming agents are willing to accept the
service.' But given the platform’s finite capacity, only min{D,1} services can be provided, and

a mass (1—o0)D [1 — W} is transferred. Last, if po < vy, all agents are willing to accept the

z(D,T',pg)
12,

service, so the number of services is then equal to min{D +TI',1}, and I'=(1—0)D [

PROPOSITION 6. Problem (Ppp) admits an optimal solution py(D,I"). It satisfies pi(D,T') €
{1,v0,v1}. Moreover, p5(D,I') € {1,v0} for each (D,T') if and only if vi <max{cL,voL}. In this
case, for each I € T', we have under high demand: pi(H,I') =1 if vo < oH and pj(H,T') = v, if

vo > o H. Under low demand, we have: pi(L,I") =1 if vo <o and p5(L,I') =vq if vo > 0.

If v; <max{oL,voL}, the value of a late service for n-type agents is sufficiently low for the
platform to never charge v;—the corresponding price reduction would offset the increase in the
quantity of services provided. In this case, the platform provides only timely services and the pricing
policy is myopically optimal. Problem (Ppp) is then equivalent to maximizing current-period profits
based on incoming demand.

(i) When vy < o, the platform only serves the r-type agents by setting a price of 1. The platform’s
expected profit is then o(kH + (1 — k)L).

1011 theory, n-type agents could reject the service and wait for a late service if they anticipate a lower price in the
next period. This, does not occurs as the platform never charges a price strictly lower than v; at the optimum.
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(ii) When o < vy < o H, the platform serves all the incoming demand in low-demand periods by
setting a price of vy, but only the r-type agents in high-demand periods by charging a price
of 1. The platform’s expected profit is then equal to ko H 4 (1 — k)vo L.

(iii) When vy > o H, the platform always sets the price of vg—but cannot serve all incoming requests

under high demand. The platform’s expected profit is vy (k+ (1 —k)L).

5.3. Performance Assessment
We now compare our mechanism to the two benchmarks based on three steady-state met-
rics: (i) the platform’s expected discounted profit before the first-period demand realizes, i.e.,
V(0)=(1-k)V(L,0)+kV(H,0), (ii) the expected consumer surplus, denoted by CS, and (iii) the
total expected surplus generated within the platform, denoted by T'S. For tractability, we focus on
the case where v; <max{oL,voL}, and apply the result from Proposition 6.

Figure 7 shows the surplus generated by each policy (Figure 7a) and its distribution under the

optimal mechanism and the dynamic pricing policy (Figure 7b), as a function of vy.

Total surplus
Platform profit and consumer surplus

Valuation vg Valuation vg

(a) Total surplus (b) Platform profit and consumer surplus

Figure 7 Surplus from the optimal mechanism, dynamic pricing (“DP”) and the first-best mechanism (“FB").

As compared to the first-best outcome, the optimal menu induces a trade-off between the surplus
generated and information rents. For the highest values of v, (Regions 3b and 3c), the optimal
mechanism maximizes social welfare—by focusing on demand-capacity management rather than
discrimination. However, the platform leaves some surplus to time-sensitive agents due to informa-
tion asymmetries. For lower values of vy, discrimination is an important concern for the platform,
which induces a surplus loss. In Region 1, the platform extracts all the surplus without leaving any
rent. In-between, the optimal mechanism induces both a surplus loss and information rents.

KeY FINDING 5. Under weak inter-type heterogeneity and strong time preferences, the optimal
mechanism maximizes social welfare; yet, the platform leaves information rent to the agents. Oth-

erwise, it induces a surplus loss; under strong heterogeneity, the platform captures all the surplus.
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Next, eliciting agents’ preferences through a dynamic menu increases the platform’s expected
profit, as compared to the dynamic pricing policy. The relative improvement can be significant, and
increases with inter-type heterogeneity. The main benefits of our mechanism stem from person-
alization and targeting. Indeed, the dynamic pricing mechanism ends up rejecting some requests
from r-type customers when the posted price is vy and demand is high, and losing all time-sensitive
customers when the posted price is 1. Instead, by proposing a menu of prices and service levels,
our mechanism can select which customers to serve or transfer, and can manage the queue of
delayed customers more effectively. In some cases, the optimal mechanism even provides a Pareto

improvement—higher platform profits and larger consumer surplus.

6. Benefits of Dynamic Menus

We compare our dynamic mechanism to a static benchmark. We also propose a “demand-dependent
mechanism” that (i) adjusts the menu as a function of incoming demand, and (ii) allocates late ser-
vices freely based on realized contingencies. Results shows that the static benchmark yields subop-
timal outcomes. The demand-dependent mechanism achieves close-to-optimal outcomes, providing
an easily-implementable approximation of the optimal mechanism. Yet, the optimal mechanism

increases the platform’s profits by up to 3-4% as compared to the demand-dependent mechanism.

6.1. Static Menu

The static mechanism proposes a state-independent menu. Its components (still denoted by
¢, q1, Prs Pt, P1) Temain constant regardless of the state variable (D,T"). Each menu defines a steady-
state distribution with four values: {{H,L} x {T# TL}}, where T'Y =(1—¢,)(1 —0)H and Tk =
(1—¢)(1 —0o)L. For each (D,T') € {{H, L} x {T,T%}}, the value function Vs(D,T') satisfies:

Vs(D,T) =q,0Dp, + q;(1 —0)Dp, + qTp, + 6 (kVs(H,T§) + (1 — k)Vs(L,T'F)) .

The platform’s problem, referred to as (Pg), maximizes the expected discounted profit before the
first-period demand realizes, when I" = 0. The constraints are similar to Equations (4)—(8); for
conciseness, we defer their full formulation to Appendix B.1. Problem (Pg) is defined as follows:

Vs(0)= max {

qr;qt,4d1,Pr,Pt>Pl

k(q.0Hp, +q(1 —0)Hp, +0Ep [Vs(D,TH)]) }
+(1— k) (0 Lp, + ¢:(1 — o) Lp, + 0Ep [Vs(D,TE)))

st. IC,., ZC,, IR, CC, TC (Appendix B.1).

PROPOSITION 7. The solution to problem Ps satisfies q, =1, p; =vg and p; =v,. Moreover:

e I[fugy<o+d(l—o)vy (Region 1, part of Region 2): ¢ =0, q = %, p.=1.

o [fvg>0+d(1—o0)vy (part of Region 2, Region 3): g, = (tgg{, ¢=0,p.=1- é:gg{(l —p).
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The static menu exhibits a “bang-bang” structure. The platform impleents extreme discrimina-
tion when vy <o + (1 — o)v; by providing no timely service to n-type agents; and it implements
extreme late service rejection when vy < o + §(1 — o)v; by only serving incoming requests. This
contrasts with the dynamic mechanism, which adjusts the menu based on the system’s state in
Regions 2, 3a and 3b. Moreover, when the platform prioritizes timely services, it cannot serve all
incoming requests under low demand, due to capacity constraints that would otherwise be violated
under high demand. Last, the static mechanism results simultaneously in idle capacity and late
service rejection under low demand (¢, = 0)—unlike the dynamic mechanism, which uses remaining

capacity to serve late demand after providing timely services (Proposition 2).

6.2. Demand-dependent Menu

The demand-dependent mechanism enhances the static one in two ways. First, the menu varies with
realized demand D € {H, L}. The prices and probabilities of timely services are thus denoted by
pr(D), pi(D), q-(D), and ¢;(D). Second, the platform allocates late services depending on realized
contingencies, independently from the menu—motivated by the fact that late services can enhance
capacity utilization without altering the incentives of r-type agents. Let p;(D,T") and ¢;(D,T") thus
denote the price and allocation variables. Each menu defines a steady-state distribution with four
values: {{H,L} x {T#, TL,}}, where T2 ) = (1 —q,(H))(1—0)H and T}, = (1 —q,(L))(1 —0o)L.
For each (D,T') € {{H, L} x {T'8,,T',}}, the value function Vpp(D,T) satisfies:

Vop(D,T') =¢q.(D)oDp,(D) + q:(D)(1 — o) Hp:(D) + (D, ) 'p (D, T')
+6 (kVop(H,Tpp) + (1= k)Vop(L,T5p)) -

The platform’s problem, referred to as (Ppp), is given by:

VDD (O) = max
qr(D),qt(D),q;(D,I")
pr(D),pt(D),py(D,T)

[6pt] s.t. ZIC,, IC,, IR, CC, TC (Appendix B.1).

{k (q-(H)oHp,(H) + q,(H)(1 — o) Hp,(H) + 6Ep [Vpp (D, T} )]) }
+(1=k) (¢r(L)o Lpr (L) + (L) (1 = o) Lpi(L) + 0Ep [Vop (D, T'E p)])

Proposition 11 (Appendix B) elicits the optimal demand-dependent mechanism. It identifies three
regions: Region A (Region 1, part of Region 2), Region B (part of Region 2), and Region C (part
of Region 2, Region 3). Figure 8 shows the optimal policy and the price charged to r-type agents.

The demand-dependent mechanism exhibits three main differences with the static benchmark.
First, it does not involve extreme discrimination in Region B; instead, the platform only transfers
n-type agents as long as the resulting late demand can be served in the next period if demand
is low—by delaying 1 — oL agents under high demand. Second, by differentiating service levels

as a function of demand realizations, the demand-dependent mechanism can serve all incoming
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Region A (Region 1 and part of Region 2) Region B (part of Region 2) Region C (Region 3 and part of Region 2)
Ty s e Ty - T
’ 1-oL 7 - ’
’ ’ ’
’ ’ ’
R ’ o ’ ’
g , —T*(H,T) g ,’ —T*(H,T) g ,/ —T*(H,T)
S - -x(H,T = - =X(H,T S - -x(HT
5 R X(H,T) £ R4 X(H.T) £ ! X(H,T)
’ ’ ’
’ ’ ’
’ ’ ’
’ ’ ’
T r T
V) I Iy -
’ ’ ’
’ ’ ’
’ ’ ’
’ ’ ’
’ ’ ’
& —raon ’ Bl—raDn y & —raon ’
Sl D) ,’ £z -xD ~ gz ~x&1) &~
’ ’ ’
’ ’ ’
’ ’ ’
’ ’ ’
Ty pomimimimimmimmim ‘ L £ r, -
T r T
1 1 1
@ @ @
2 2 2
~ - -
[a¥ a9 [a¥
p(H,T) —p:(H,T) —pr(H,T)
Y - - p»(L,T) Y —»(L,T) [ Yo —p:(L,T)
T r T

Figure 8 Optimal policy and corresponding price under the demand-dependent mechanism, when o < 0.5.

requests under high and low demand in Region 3—by setting ¢;,(H) = (}:Zg{ and ¢;(L) = 1. Third,
adjusting the provision of late services as a function of realized contingencies ensures that no late
request is rejected when capacity remains available upon provision of timely services.

Note, importantly, that the optimal price charged to r-type agents is lower under high demand
than under low demand in Region B. This stems from a similar intuition as in the optimal mech-
anism. The platform provides no timely services to n-type agents under low demand—in part, for
discriminatory purposes and, in part, under the expectation that these requests will be served in
the next period. Under high demand, however, delaying all incoming requests from n-type agents
would result in a long backlog that could not be served entirely, even under low demand. Therefore,
only 1 — oL n-type agents are transferred, resulting in a lower price to maintain incentive compat-
ibility. This underscores that the non-monotonicity of prices is not an idiosyncratic feature of the
mechanism proposed in this paper but, instead, holds for broader classes of dynamic mechanisms.

KeY FINDING 6. Under the demand-dependent mechanism, the price does not increase mono-

tonically with demand.
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6.3. Performance Assessment and Implications
Figure 9 compares the platform’s expected discounted profit under the optimal mechanism V (0),

the static benchmark V¢(0), and the demand-dependent mechanism V pp(0), as a function of vy.

//
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L ———===e
______________________ //
&
S
—
8,
g
=
=2
= ———————— Regim A Region B Region C
s}
Region 1
Region 2
Region 3
—V(0)
--Vpp(0)
—Vs(0)
0
Valuation vy

Figure 9 Comparison of dynamic mechanism with the static and demand-dependent mechanisms.

Recall that the optimal menu does not depend on I" under strong heterogeneity (the platform dis-
regards timely requests from n-type agents) and under weak heterogeneity (the platform maximizes
timely services). In these cases (Regions 1, 3b and 3c), the static benchmark is sub-optimal anyway
by failing to adjust late services as a function of I', hence failing to maximize capacity utilization.
In contrast, the demand-dependent mechanism is optimal. In-between, the optimal mechanism
tailors prices and allocations as a function of history—incoming and late demand. In these cases,
the demand-dependent mechanism still performs much better than the static benchmark; yet, the
optimal mechanism induces higher profits than the demand-dependent mechanism.

To quantify these points, let RE% denote the maximum relative gain from the optimal mecha-

nism, as compared to the demand-dependent mechanism. It is defined as:

max

V(0)—Vpp(0)
= max R , here R = =
bp =, max Bpp(vo), where Rpp(vo) Von(0)

Proposition 8 provides a lower bound of R}% (from the boundary between Regions B and C)
and a tighter lower bound (from the boundary between Regions A and B) when k£ = 0.5 (i.e., when

the expected demand is equal to the capacity and the system is in balance).

PROPOSITION 8. When o < 0.5 and § — 1, we have R5% > R}, (k,d,vy,0), where

(1—0)Lvk*(1—k)?

Lo (k,d - .
Bopk.d.vn,0) = o S o A T (= 20)dunk + (1 — o) Lor(1 —h + 1)+ (1 — oL, (1= )k
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In a balanced system (k=0.5), we have REZ% > max{R},,(0.5,d,v,,0), R%p(d,vi,0)}, where:

(1—20)dv .
80+2(172U)dv1+6(1fa)1Lv1+2(17¢7L)v1 if o+ 5(1 B U)kvl = U1,

2 _
RDD(dv U170) - (1720)d%

otherwise.

U] —0
l1—0o

40+2(1—-20)d +3(1—0)Lvy+(1—oL)vy

Figure 10 plots R%%" and its lower bounds from Proposition 8. The lower bound R}, is relatively
tight for low values of k£ but the optimal mechanism achieves stronger benefits otherwise. In a
balanced system (k = 0.5), R%,, achieves a much tighter lower bound, thus providing a good

approximation of the maximum relative gain of the optimal mechanism.
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Figure 10 Maximum relative gains (R5%°) of the optimal vs. demand-dependent mechanisms.

Overall, the optimal mechanism increases the platform’s profits by up to 3-4%, as compared to
the demand-dependent mechanism—Dby tailoring the items of the menu as a function of the system’s
history. By proceeding similarly, we find that the optimal mechanism increases the platform’s profit
by around 20%, as compared to the static mechanism (for a balanced system with k= 0.5).

These results also suggest that the optimal mechanism provides strongest improvements when
the demand is volatile and the demand composition induces stronger trade-offs. Specifically:

e The optimal mechanism is most beneficial under demand uncertainty. Small k& values lead to
small demand backlogs hence limited benefits of tailoring the menu based on late demand.
Larger k values create higher backlogs, hence stronger improvements of the optimal mecha-
nism. In-between, the system exhibits strong volatility, resulting in high variability in I". As a
result, adjusting the menu as a function of the system’s history yields strongest benefits.

e The optimal mechanism is most beneficial under strong demand shocks (high d values), which
lead to strong gains from the tailoring the menu with the system’s history. The relative gains
are also high with smallest d values, adjusting the menu based on incoming demand with the

demand-dependent mechanism becomes marginally beneficial when H and L get closer.
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e The benefits of the optimal mechanism are stronger when the demand composition induces
stronger trade-offs. Indeed, as o decreases, more capacity is available to serve n-type cus-
tomers, strengthening the platform’s degrees of freedom when allocating remaining capacity
across timely and late services (vice versa, higher proportions of r-type customers increase
the incidence of “obvious” decisions for all mechanisms).

In summary, the optimal mechanism comprises a menu of options, each catered to a specific
customer segment and dynamically adjusted based on (exogenous and endogenous) contingencies.
As compared to its static counterpart, this mechanism results in strong profit improvements. We
also proposed a demand-dependent mechanism that adjusts the menu as a function of exogenous
demand realizations. We showed that this mechanism—Iess information intensive and hence more
easily implementable than the optimal mechanism—can yield close-to-optimal outcomes. Yet, the
optimal mechanism still improves the platform’s profits, by up to 3-4%, as compared to this

approximation—by tailoring the menu as a function of the system’s history.

7. Robustness Checks

To this point, we have considered a simplified environment to analytically characterize the dynam-
ics of pricing and allocation under non-transferable capacity, stochastic demand-capacity imbal-
ances, and customer heterogeneity. We now relax key assumptions to capture general demand
distributions, multi-period patience horizons, endogenous supply-side participation, and stochastic
customer mix. As we shall see, the structure of the optimal policy and the non-monotonicity of the
optimal price with incoming demand do not result from idiosyncrasies associated with our simpli-
fied setting but instead hold in each of these extensions. In fact, we generalize our main insight by

showing that the optimal price is not monotonic with the non-expiring portion of the demand.

7.1. General Demand Distribution
Let D follow a general distribution. We derive the optimal policy computationally through value
function iteration. All properties of the optimal policy remain valid. For instance, strategic idleness
occurs under lower demand and deliberate late service rejection occurs under higher demand.
Figure 11 reports p, as a function of I', for different values of D—obtained with a discrete
uniform distribution between L and H. Note that the optimal price is not monotonic with demand.
In Region 2 (Figure 11a), the platform focuses primarily on discrimination, leading to extreme
discrimination and a price p, =1 under lower demand values. Under higher demand, the platform
focuses more on demand-capacity management by providing more timely services and thus charging
a lower price. For low values of I', p, is actually weakly decreasing with demand. In Region 3
(Figure 11b), the platform focuses primarily on demand-capacity management. For higher demand

values, it only provides timely services. Under lower demand, the platform instead prioritizes
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clearing the queue by transferring incoming n-type agents to serve them (at least partially) in the

next period. This yields non-monotonic prices for high values of T'.

D=H

1 - D=H 1
=
" D=L ; D=L
0 r o T
(a) 0 =0.45, vo = 0.6, v1 = 0.4 (akin to Region 2b) (b) 0 =0.45, vo =0.72, v1 = 0.4 (akin to Region 3b)

Figure 11 Optimal price p, for multiple values of incoming demand D, as a function of late demand T'.

7.2. Multi-period Patience Horizon

Let us assume that n-type agents can wait up to M > 1 periods for a late service. Let v,, be the
utility derived from a service delayed by m =0, --- , M periods, with vy >v; > --- > vy,. Let “Group
m” refer to n-type agents already delayed by m periods, for each m € {1,2,---, M}. The platform
optimizes prices and allocations for incoming agents and n-type agents in Groups 1 to M.

Let (D, ?) denote the state variable, where ? = (Ty,---,Tyr) tracks the mass of agents in Group
m=1,---,M. We still denote by pr(D,?) (resp. pt(D,?)) and QT(D,?) (resp. qt(D,?)) the
price and allocation for incoming r-type (resp. n-type) agents. Let p,, (D, ?) and ¢,,(D, ?) be the
price and allocation for agents in Group m. The generalized problem, (Pg), is given by:

M

_>

Ve (D, F) =, pmax - p.g.oD+pg(l—o)D+ meqml“m +0Ep [VG(D7 F’)] (24)
Qr, e a1, g m=1

s.t. ZC, and ZC,, (25)

prglv pmﬁ“m? va{O,l,"',M}, (26>
M

1>q,0D+q(1 =)D+ gnlm, (27)
m=1

I=(1-¢)(1-0)D, (28)

I =(1—-¢u1)Tp_1, Yme{2,--- , M}. (29)

Equation (24) maximizes the platform’s expected profit, subject to incentive compatibility con-
straints (Equation (25)), individual rationality constraints (Equation (26)), and capacity con-

straints (Equation (27)). The incentive compatibility constraint of r-type agents is identical to



Abhishek, Dogan, Jacquillat: Strategic Timing and Dynamic Pricing

32

Equation (4). The one of n-type agents involves additional terms reflecting the longer patience
horizon; however, as in Problem (P), it is not binding. The transition constraints define I'} as the
number of incoming n-type agents that are not served (Equation (28)) and, for eachm € {2,--- , M},
IV, as the number of n-type agents in Group m — 1 that remain unserved (Equation (29)).

In Appendix D, we provide an analogous version of Proposition 2, and reformulate Problem (P¢)
with ﬁ as the decision variable. We solve Problem (Pg) computationally using value iteration.

The platform still serves all r-type agents and extracts the entire surplus from n-type agents.
It thus faces a similar trade-off between the quantity of incoming n-type agents served vs. the
price charged to r-type agents—to balance discrimination and demand-capacity management. But
the longer patience horizon introduces a new queue clearing dimension—that is, the allocation of
remaining capacity (upon provision of timely services) across the M groups of delayed agents.

Two natural queue clearing strategies are first-come first-served (FCFS) allocations—from Group
M to Group 1—and last-come first-served (LCFS) allocations—from Group 1 to Group M. The
optimal policy features these strategies in some cases; for instance, FCFS (resp. LCFC) naturally

arises when is large (resp. small). However, the optimal policy does not necessarily fall into

[
these two categories: in some instances, the platform’s queue clearing policy does not strictly
prioritize one group over another. This is illustrated in Figure 12, when M =2 and I'; is large (i.e.,
I'y =Tgy). For instance, in Figure 12a, under low demand, the queue clearing policy follows FCFS for
lower values of I'y, but the platform shifts from serving Group 2 to serving Group 1 (thus deviating
from FCFS) for higher values of I';. The figure also shows the interdependencies between capacity
allocations across groups: in some instances (e.g., in Figure 12b under high demand), increasing
the population of Group 1 alters the allocation of capacity between Group 2 and incoming demand.

Turning to the price p,., the observations are twofold. First, p, may be lower under high demand
than under low demand, generalizing the non-monotonicity of the price with incoming demand.
Second, we extend this insight by noting that p, is not monotonic with the non-expiring portion
of the queue in a dynamic mechanism (i.e., with I'; here, or with I'y,--- ,T'y;_; with an M-period
patience horizon).!' This new insight can be explained as follows. When T'; is sufficiently small,
the platform delays timely requests from n-type agents in order to (i) charge a high price to r-type
agents, (ii) serve agents in Group 2, and (iii) create a demand backlog for subsequent periods. But
when T'; gets larger, this would result in longer aggregate queues (across Groups 1 and 2), which
the platform may not be able to satisfy. In this case, the platform foregoes more late requests from
Group 2 and instead provides more timely services to n-type agents—resulting in a lower price p,.

Key FinDING 7. With a multi-period patience horizon, the optimal price is not monotonically

increasing with incoming demand and with the non-expiring portion of the queue.

1 The price p, is non-decreasing with T'as (the expiring portion), as p, was non-decreasing with I' in our baseline.
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Figure 12 Optimal capacity allocation and price p., as a function of I'; (with v1 = Svg and vz = Suv1).

7.3. Other Extensions: Endogenous Capacity and Stochastic Demand Composition
Finally, we relax the constant customer mix (by modeling o as a stochastic parameter) and constant
capacity (by introducing strategic suppliers). To retain tractability, we solve the model in a two-
period horizon. Although less rich than our infinite-horizon model, the two-period problem captures
(i) the tradeoff between the price charged to r-type customers and the timely services provided to
n-type customers; (ii) the tradeoff between timely and late services provided to n-type customers;
and (iii) intertemporal dynamics. The models and results are reported in Appendix C.

We find that the main results (that is, the structure of the policy and the non-monotonicity
of the price) are robust to variations in the mix of customers and to the endogeneity of supply-

side participation. At the same time, all additional results in these two extensions are expected:

the price charged to r-type customers is monotonically increasing with the proportion of r-type
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customers; and the wage paid to suppliers is monotonically increasing with incoming demand. This

suggests that the model presented in the paper captures the essential elements of our problem.

8. Conclusion

This paper studies a problem of dynamic pricing and real-time resource allocation for a platform
facing non-transferable capacity, stochastic demand-capacity imbalances, and strategic customers
with heterogeneous price- and time-sensitivities. In this environment, the platform uses service tim-
ing and pricing to balance demand-capacity management, and discrimination across heterogeneous
customers. Discrimination becomes relatively more prominent and demand-capacity management
becomes relatively less prominent as customer heterogeneity increases and as price-sensitive cus-
tomers become more time-sensitive. We characterize the most general mechanism, which translates
into a dynamic screening menu of prices and probabilistic allocations—catered to each customer
segment and dynamically updated based on real-time information. This mechanism gives rise to
endogenous demand dynamics—alternating between queue-building and queue-clearing periods.

The proposed dynamic menu can be implemented by leveraging online or mobile technologies,
which enable platforms to fine tune prices and service levels over time and across customer seg-
ments. In the context of our motivating examples, such a menu could be implemented as follows:

— For an on-demand platform, the menu would propose different prices and wait times (e.g.,
$10 service in 5 minutes, $5 service in 30 minutes). Many platforms use dynamic pricing
(e.g., surge pricing). Some also provide differentiated services (e.g., Uber X, Uber Pool, Uber
Express Pool), leveraging dynamic pricing and dynamic waiting (Korolko et al. 2018). Our
mechanism achieves similar objectives without resorting to separate service lines.

— In manufacturing and logistics, the menu would propose different prices and lead times (e.g.,
same-day delivery for $30, 2-day delivery for $10, 1-week delivery for free). Such differentiation
is common in e-commerce. Our mechanism would dynamically update prices and lead times
based on incoming demand, demand backlogs, delivery capacity, and customers’ preferences.

— In cloud computing, the menu would propose different prices and computing resources—
leading to different completion times. Currently, differentiation stems from guaranteed pay-as-
you-go services vs. “best effort” services on a spot market. In practice, providers use dynamic
pricing but perhaps insufficient service differentiation (Kilcioglu and Maglaras 2015).

One of our main findings is that the price charged to time-sensitive agents does not increase with
demand—driven by information asymmetries, capacity restrictions and non-transferable capacity.
To charge a high price, the platform needs to create service differentiation by delaying (or rejecting)
requests from a high proportion of price-sensitive agents. Under higher demand, this strategy may

result in a longer queue, which the platform might not be able to fulfill. As a result, under high
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demand, the platform may provide more timely services to price-sensitive customers, resulting in
a lower price charged to time-sensitive customers to maintain incentive compatibility.

Our results show that this dynamic mechanism provides significant profit improvements, as com-
pared to dynamic posted prices and static menus. We also propose a demand-dependent mechanism
(less information-intensive and easier to implement) that is close to optimal; yet, the optimal mech-
anism achieves higher profits, by up to 3-4%. Ultimately, this paper combines principles of dynamic
pricing and screening mechanisms by designing a dynamic menu of prices and service levels, each

catered to a customer segment and dynamically adjusted based on real-time information.
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Appendix A: Optimal Policy in Regions 2 and 3

Region 2 We already know from Lemma 3 that the optimal policy satisfies I'*(D,T") > x(D,T") for all
D{H,L},T eI In other words, the optimal policy involves late service prioritization. But within that regime,
the platform can adopt a strategic idleness policy (in which case I'*(D,T") > x(D,T")) or not (in which case
I'(D,T) = x(D,T)). Lemma 4 asserts that, if the platform policy does not feature strategic idleness for a

certain I'g, then it does not feature strategic idleness too for any I' > T'g (for the same incoming demand D).

LEMMA 4. In Region 2, if the optimal policy function satisfies ((D,Ty) =Ty in some state (D,Ty) €
{H,L} xT, then for each T >Ty, we have ((D,T') =min{l',1—D+Tp}.

Lemmas 2, 3 and 4 imply that the entire optimal policy function I'*(D,T") in Region 2 can be determined
from T'*(D,0). Indeed, I'*(D,T) stays constant at I'*(D,0) as long as I'*(D,T") < x(D,T), that is as long as
rel0,1—D+T*(D,0)).*2 In this range, the optimal policy involves strategic idleness. Then, I'*(D,T) =
x(D,T) for each T' > 1— D+T*(D,0)]—in which case the optimal policy no longer involves strategic idleness.

Proposition 9 elicits the optimal mechanism in Region 2, which is further divided into Sub-regions 2a, 2b
and 2c—sorted by increasing order of vy. Note that the optimal policy depends on whether the n-type or
the r-type agents comprise the majority of the incoming demand (i.e., 0 < 0.5 vs ¢ > 0.5).'3 Figure 4 shows

the optimal policy when ¢ < 0.5 but the other case where ¢ > 0.5 is not qualitatively different.

5+652(1—k)k

PROPOSITION 9. We denote by vi =0+ (1 —0)6(1 —k)vi and vy =0+ (1 —0) =75

v1. The optimal
policy in Region 2 is characterized as follows:

Sub-region 2a: When vy € (0, v1],
’ min{l’'+ H-1,Ty} 4 I'>(1—0)L.

Sub-region 2b: When vg € (v1,01],
T+H-1 ifT<1-0oH,

I*(H,T) =
(H,T) Tu ifT>1—0cH.

I'*(L,T)=min{l —cH,[,} V[ €T.

Sub-region 2c: When vg € (01,0 + (1 —o)v1],

. T+H-1 ifT<1-0oH, 11
F(H’F){ r ifT>1—0cH (L,T)=q . ; - l.f Z ’
H = : min{l'+L—-1,T,} ¢ T'>1-1L.

Region 3 Lemma 5 shows that the optimal policy remains invariant as I' increases as long as some late
demand remains unserved, regardless of whether it comes from deliberate late service rejection (I'*(D,T") <

x(D,T)) or from a large demand backlog (I'*(D,T') = x(D,T') =Tp).

LEMMA 5. In Region 3, if the optimal policy is such that some late demand is unserved in (D,Tg) €
{H,L} xT, that is ((D,Ty) <Tg, then we have I'*(D,T') =T*(D,T'g) for allT' >TY.

12 This initial range is just a single point when D = H and I'*(H,0) =T#x.
3 The two thresholds 1 — o H and (1 — o)L satisfy 1 —oH < (1 —0)L <= ¢ > 0.5 (Assumption 2).
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Next, Lemma 6 indicates that, if there is no late demand, the platform provides as many timely services
as possible. In this case, transferring n-type agents to the next period would not generate more late services

in the current period, and the inter-temporal effect is too weak to offset the associated current-period loss.
LEMMA 6. In Region 3, the optimal policy satisfies IT'*(D,0) =Tp, for each D € {H, L}.

Proposition 10 elicits the optimal mechanism, which is further divided into Sub-regions 3a, 3b and 3c—
sorted by increasing order of vg. As in Region 2, the exact form of the optimal policy depends on whether

the n-type or the r-type agents comprise the majority of the incoming demand (i.e., ¢ < 0.5 vs o >0.5).14

PRrROPOSITION 10. We denote by vi =0+ (1 — U)W’Ul and vy =0+ (1 —0)(14+6(1—k))v;.

The optimal policy in Region 8 is characterized as follows:

Sub-region 3a: When vg € (0 4 (1 —0)vy,v1],

min{l+ H —1,T5} ifI<(1-0)L, 0 fT<1-1L,

F*(HI):{ min{l — oL, Ty}  ifT>(1—0)L. F*(LI):{min{F—i—L—l,fL} fT>1-L.

Sub-region 3b: When vo € (v1,01],

I'*(H,I')=Tg, VI. *(L,T) = 0 ) if T <1—1L,
’ min{l'+L—-1,I,} fT>1-L.

Sub-region 3c: When vg € (v1,1),

I*(H,T) =Ty, VT [*(L,T) =T, VT

Appendix B: Static and Demand-dependent Mechanism
B.1. Formulation of Static Mechanism

The full formulation of Problem (Pg) is given as follows:

Vs(0)=  max k(g.cHp, +q:(1—0o)Hp, +0Ep [Vs(D,TH)))
S aracanrrpen | +(1=k) (g0 Lp, + (1= 0)Lp, + 6Ep [Vs(D,T'g)])

st. IC:q(1—p,) = q:(1—py),
ZC, : qi(vo — pi) + @u(v1 — 1) = @i (vo — po),
IR :p, <1,p; Swo,pr S w1,
CC:q.0D+q,(1—0)D+qT' <1, V(D,T')€{H, L} x {Fg,Fé},
TC:TY=(01~-¢q)1—0)D, VDe{H, L},
SS:Vs(D,T')=q.0Dp, +q;,(1 —o)Hp; + ¢I'p, + 6Ep (VS(DQF?)) , V(D,T)e{H, L} x{T'd,T'5}.

B.2. Formulation of Demand-dependent Mechanism

The full formulation of Problem (Ppp) is given as follows:

k(q.(H)oHp,(H) + q.(H)(1—0)Hp,(H) + 0Ep [Vpp (D, 'R )]) }

Vop(0)= ) max { +(1 = K) (¢, (D)o Lp, (L) + . (L)(1 — 0) Lp,(L) + 0E p [Vion(D, Th )

ar(D),qt(D),q: (D,I")
pr(D),pt(D),p1 (D,I")

4 The two thresholds 1 — oL and (1 —o)H satisfy 1 — oL < (1 —0)H <= ¢ < 0.5 (Assumption 2).
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s.t. IC.:q,(D)(1-p.(D))>q(D)(1-p:(D)), VD € {H,L}
ICy : q(D)(vo — pe(D)) + @ (D, T)(v1 = pu(D,T)) > (D) (vo — pu(D)), Y(D,T) € {{H,L} x {T5p,T5p}}
IR :p,(D) < 1,p(D) < vo,pu(D,T) < vy, Y(D.T) € {{H,L} x {T5.T5p}}
CC:q.(D)oD+q,(D)(1—0)D+q(D,T)I <1, ¥(D,T) e {{H,L} x{T4,.T5,}}.
TC:T2,=(1—q(D))(1-0)D, VD€ {H,L},
88 :Vpp(D,T) = q,(D)o Dp,(D) +q.(D)(1 — o) Hp,(D) +q(D,T)T'pi(D,T) +6Eps (Voo (D', T5p))

¥(D.T) € {{H,L} x{T'5p.Thp}} -

B.3. Optimal Policy under Demand-dependent Mechanism

Proposition 11 elicits the optimal policy under the demand-dependent mechanism.

PROPOSITION 11. The solution to problem Ppp satisfies ¢, (D) =1, p;(D) =vg, and p,. (D) =1—¢,(D)(1—

vo) for each D € {H,L}. Moreover:
o When o <0.5.
— Region A: If vg <o+ 6(1 —o)vik, then q,(H)=0,q,(L) =0.
— Region B: If 0 +6(1 — o)vik <vg <o+ (1 —0o)vy, then q.(H) = ‘Zgl 02)27%@) =0.
— Region C: If vg >0 +6(1 —0)vy, then q,(H) = 2 (L)=1.

—oH
=y 1

o When o >0.5.
— Region A’: If vg <o +0(1 —o)vi(1—k), then ¢,(H) =0, ¢, (L)=0.

— Region B’: If 0 +6(1 —o)vy (1 — k) <wo <o +0(1 — o)y, then q(H) =0, q,(L) = 422=1

(1-0o)L
— Region C: If vg >0+ 3§(1 —0o)v1, then ¢,(H) = (}’W,qt(L) =1

Appendix C: Two-period Model and Extensions

We first replicate our model in two-period setting (Section C.1). We then add stochasticity on the composi-

tion of demand across r-type and n-type customers (Section C.2) and endogenous supply-side participation

(Section C.3). All proofs are reported in Appendix EC.4.

C.1. Baseline Two-period Model

We formulate the model presented in the paper in a finite horizon consisting of two periods, indexed by

7€ {1,2}. We assume that there is no late demand in Period 1 (i.e., 'y =0) and that n-type agents cannot

be served after Period 2. The platform’s problem is thus given as follows:

Vo(Do,T'y) = g JHBX Pr2Gr20 D + Dy 2qs2(1 — 0) Do+ progi 2T,
Pr2.Pt.2.Pl.2

s.t. ICTQ and ICmg,
pr,2 S 1a pt,2 S Vo, pl,2 S V1,

1> ¢, 20D+ ¢ 2(1 —0)Dy+ q 2T ,.

Vi(D1,0) = max  p.1G-10D1 +pi1qi1(1—0)Dy + 0 (EVo(H,T') + (1 — k)Va(L,IV)),

qr,1,9¢,1
Pr,1,Pt,1

st. ZC,p and ZC, 1,
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Pra1 <1, pi1 <o,
1>¢,10D1 +q1(1—0)Dy,

I'=(1-¢.1)(1—0)D;.

The platform still extracts all the surplus from n-type customers, serves all r-type customers, serves late
demand as long as capacity is sufficient, and faces a trade-off between the price charged to r-type customers
and the timely services provided to n-type customers. We reformulate the problem by optimizing the number

of n-type customers transferred to the next period denoted by IV (D,,I';). The Bellman equations become:

Vi(D1,0)=  max  oDy(1- 52250 (1 - vg)) + (1 - 0) Dy — T vg + 6Ep, (Va(Da, 1)),
riellp, . Tp,]l !
Va(Dy,To) = max_ oDy(1— 322285 (1 — ) + ((1— ) Dy — Ip) vo +min {Ts, 1 — Dy + T } vy,

€l p, Toy)

where I'. € [0,(1—0)L] if D, =L and I'". € [H —1,(1 — 0)H] if D, = H.

PROPOSITION 12. The optimal solution is given in Table 2.

Region Definition Period 1 policy Period 2 policy

Region 1 Vg € [v1,0) I (L)=T,,T,\(H)=Ty No timely service to n-type customers
Region 2-1 vy € [0,0+ %Ul) I'Y(L)=T., T4(H)=1—0cL Prioritize late services

Region 2-ii vy € [0+ (1711);511::))”1 ,o+ u;f:;i”l) [(L)=T,, T\(H)=Ty, Prioritize late services

Region 2-iii vy € [0+ q;g;é vy, o+(1—o)vy) TY(L)=T,, T(H)=L, Prioritize late services

Region 3 vo € [o+(1—0)vy,1) rL)=r,, I'NH)=C, Maximize timely services

Table 2 Optimal policy in the baseline setting

The optimal policy is similar—albeit less rich—than that in the infinite-horizon setting. Under strong
inter-type heterogeneity (Region 1), the platform adopts extreme discrimination by providing timely services
only to r-type customers. Under weaker inter-type heterogeneity (Regions 2 and 3), the platform prioritizes
late services when time preferences are weak and timely services otherwise.

Moreover, the price charged to r-type customers is not monotonic with demand in Period 1. For instance, in
Region 2-i, the platform provides timely services to n-type customers under high demand (so that p, ;1 (H) < 1)
but not under low demand (so that p, 1 (L) =1). In Period 2, the price p,.2(D2,T'2) is non-decreasing with Dy

due to the absence of inter-temporal dynamics—a crucial feature underlying our non-monotonicity result.
COROLLARY 1. The price p,1(D1,I'1) is not an increasing function of D .

C.2. Stochastic Demand Composition

In practice, many platforms face variations in the customer mix over time. For instance, demand composition
may vary between peak periods (with perhaps a higher fraction of time-sensitive customers) and off-peak
periods (with perhaps a higher fraction of price-sensitive customers). To address this situation, let o, denote
the fraction of incoming r-type customers in period 7 =1,2. We assume that o, follows a binary distribution

over {g,7} with ¢ <7 and P(c =7) = p.
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We extend Assumptions 1 and 2 by assuming that H < 1 (the platform can always serve all r-type
customers) and that H —1>1—¢H (the platform cannot serve all the late demand in Period 2 if demand
is high in both periods and if it provides no timely services in Period 1).

The state in Period 7 becomes (D,,I';,0.). The full formulation is given in Appendix EC.4.2. We reformu-

late the problem by optimizing the number of n-type customers transferred to the next period I'”.(D,, T, 0, ):

Vi(D1,0,01) = max 01Dy (1 _ (oDl (g —’UO)) (1= 01)Dy —T,) vy + E (Va(Ds, T, 53)) -
1

(1-01)D1

Va(Dg, 'z, 00) = max 02D; (1 - %(1 —vo)> + (1 —02)Dy —T%) vg+min{I's,1 — Dy + T} vy,
2

(1—02)D>

where (1-0,)D, —min{l—0oD,,(1—0,)D,}<I"(D,,T.,0,)<(1—0,)D,.

Proposition 13 shows that the optimal policy follows the same structure as in the baseline model. The only
distinction is that, as the r-type customers comprise a larger fraction of the demand, Region 1 becomes larger

and Region 3 becomes smaller—so the platform becomes less likely to serve incoming n-type customers.

ProrosSITION 13. The optimal solution in Period 2 is given in Table 3.

Region Definition Period 2 policy

Region 1-02 v € [v1,02) No timely service to n-type customers

Region 2-05 g € [02,02 4+ (1 —03)v1) Prioritize late services

Region 3-02 wg € [o02+(1 —02)v1,1)  Maximize timely services

Table 3 Optimal policy in Period 2 with stochastic demand composition

Proposition 14 shows that, again, the price charged to r-type customers is not monotonic with demand.
This stems from the same dynamics as in the baseline setting. It suggests that this result is not an artifact

of the assumption that ¢ remains constant but holds in more general settings.
PROPOSITION 14. The price p,1(D1,T'1,01) is not an increasing function of D;.

Finally, Proposition 15 shows that the price charged to r-type customers p, ,(D.,I';,0,) is monotonic
with the fraction of r-type customers o,. This is an expected result, showing that the baseline model (with

a constant o) captures the main elements of our setting.
PROPOSITION 15. The price p,,(D,,T';,0.) is an increasing function of o, .

C.3. Endogenous Capacity

In practice, many platforms face endogenous supply-side dynamics—when suppliers are self-scheduled based
on on-platform revenue opportunities. To address this situation, we still consider a unit mass of suppliers but
each supplier now has an outside option wu, uniformly drawn between 0 and @. The distribution of outside
options is publicly known but each supplier’s outside option is private information. In each period 7 € {1, 2},
the platform optimizes its pricing and allocation policy as well as a per-service wage w,. The choice of w,

impacts the platform’s capacity, denoted by S(w,) = min {%, 1}.
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The full problem formulation is given in Appendix EC.4.3. We reformulate the problem with two decision

variables—the number of transferred n-type customers I’ (D,,T",) and the wage w,(D,,T';):

VA(D1,0) = ma min{o Dy, S(wi)} (1= L2255 (1= vo) = wy ) + (1= 0) Dy = T) (v — wy)
’ +6 (1= k)Va(L,TY) + kVa(H,TY)),

min{o Dy, S(wy)} (1 - (1(1”)5)217 Iz 2(1—wg) — ) +((1=0)Dy—T%) (v — wg)}

wy, I’

wa, I

+m1n{F2, ( )7D2 +F }(Ul U/Q),
where (1 —0)D, —max{S(w,)—oD,,0} <I" (D,,I',)<(1—-0)D,, and 0 <w, <.

Va(Dy,Ty) = max {

We assume that u is small enough so that it is always optimal for platform to increase wages in order
to serve r-type customers or to provide late services to n-type customers—as shown in Lemma 7. Then,
the platform determines whether to serve incoming n-type customers based on the discriminatory incentives
under demand-side information asymmetries (as in earlier versions of the model) and the quadratic cost of

service provision under supply-side information asymmetries (a new feature due to endogenous capacity).

ASSUMPTION 3. u < 4.

LEMMA 7. The platform increases the wage until (i) all r-type customers are served; and (ii) if some late

demand remains unserved, it is not possible to further increase supply (i.e., S(w)=1).

PROPOSITION 16. The optimal solution in Period 2 is given in Table 4.

Region Definition Period 2 policy

Serve r-type customers and late demand
Region 1-u  vg € [v1,0 +2(1 —0)uoL) No timely service to n-type customers

U}Q(DQ, Fg) = min{ﬁ, (O’D2 + Fg)"u}

Prioritize late services

Region 2.i-4  vg € [0 +2(1 —0)tuoL,0 +2(1 —0)d) Provide timely services as long as wy (D2, Ty) < 2’?‘{:3)

wy (Do, T'y) = max {min {1, (6 Dy +T'y)u}, min { 2“(%1):3) ,(Dy —Q—I‘z)ﬂ}}

Prioritize late services
Region 2.ii-4 vo € [0 +2(1 —0)u,0+ (1 —0)v1) Provide as many timely service as possible

U}Q(DQ, Fg) = min{ﬁ, (DQ + FQ)’FL}

Maximize timely services
Region 3-u v € [0+ (1 —0o)vi,1) Provide as many late services as possible

UJQ(DQ, Fz) = min{’&, (D2 + FQ)’ZTL}

Table 4 Optimal policy in Period 2 with endogenous supply-side

Proposition 16 shows that the optimal policy has the same structure as the baseline. The platform still
serves no incoming n-type customer in Region 1, prioritizes late services in Region 2 and prioritizes timely
services in Region 3. Yet, there are two novelties. First, the platform may serve incoming n-type customers
without providing as many timely services as possible. Indeed, in Region 2.ii—u, the platform increases the
wage up to a certain point—thus leaving some incoming n-type customers unserved (unlike in Region 2.i-).

This does not stem from discrimination (unlike in Region 1) but from the added cost of service provision



Abhishek, Dogan, Jacquillat: Strategic Timing and Dynamic Pricing

45

due to supply-side information asymmetries. Second, extreme discrimination is more prevalent than in the
baseline model. Indeed, when vy € (0,0 + (1 — o)uc L), the platform would serve incoming n-type customers
with exogenous capacity, but does not with endogenous capacity. This is also due to the added cost of service
provision—so the capacity is just sufficient to serve r-type customers and late demand.

Next, Proposition 17 shows that the price charged to r-type customers is not monotonic with demand.

Again, this result is not an artifact of our setting with exogenous capacity but holds more generally.
PROPOSITION 17. The price p,1(D1,T'1) is not an increasing function of D;.

Finally, Proposition 18 shows that the wage is monotonic with incoming and late demand. Again, this
suggests that the baseline model (with exogenous capacity) captures the main elements of our setting.
PROPOSITION 18. The wage w,(D,,T';) is a non-decreasing function of D, and T,.
Appendix D: Reformulation of Problem (Pg)
Proposition 19 extends Proposition 2 to Problem (Pg). The proof is identical, thus omitted for conciseness.
PROPOSITION 19. The optimal solution to problem (Pg) satisfies, in each state (D,?):
(i) pm(D,?) =,,, for each m e {0,1,--- , M}.

(Z’L) QT(D??) = 1; and pr(D7?) Z Vo -

1-0D-0:(D.F)1-0)D= & am(D.T)Ln

(iii) If Tay >0, then gy (D, T ) =min { 1,

T

(iv) Constraint IC, is binding, and hence p,. (D, ?) =1-q(D, ?)(1 —p).

We now reformulate Problem (Pg) with ?’ =(T%,---,T%,) as the unique choice variable:
M—1
Ve(D,T)=max oD (1= 42855 (1= 00) ) + (1 =)D = T5)vo + Y V(T = Tlpyr)
m=1

m=1

M-1 M
—l—min{FM,l—D— Z L, + F’W}UM—HSED [VG(D,?/)] ’
m=1
st. T, €[lp,Tp), with[p=(1-0)D and I'p, =max(D —1,0),

T, €[0T, ¥me{l, -, M—1},

m
M—-1

M
1>D+ Y T,,— > T,.
m=1

m=1



Abhishek, Dogan, Jacquillat: Strategic Timing and Dynamic Pricing 1
ec

Proofs of Statements

Appendix EC.1: Proofs on the Pricing and Allocation Mechanism

In this appendix, we proceed to prove the statements related to the characterization of the optimal
policy under the pricing and allocation mechanism defined in the paper. For notational ease, let V'
be the unconditional value function before the realization of the demand takes place, i.e., V(T') =
kV(H,T)+ (1 —k)V(L,T') for each I € I'. We also denote its partial derivative with respect to I'
by V', so V/(I')=kV'(H,T) + (1 — k)V'(L,T),¥I' €T.

EC.1.1. Proof of Proposition 1
The spate space of Problem (P) is included in X ={H, L} x [0,(1 — oc)H]. Let B(X) be the set
of bounded functions defined over X. We know that (B(X),|-]|) defines a complete metric space

(where |- | denotes the supremum metric).

Moreover, let T'= B(X ) — B(X) be a mapping such that, for all f € B(X) and (D,T") € X:

Tf(D,T)= max p-(D,T)q,.(D,T)oD +py(D,1)q:(D,T)(1—0)D +p;(D,T")q(D,T)
qr(D,T),q¢(D,T"),q;(D,T)
pr(D,T),pt(D,I"),py(D,I)

+olkf(H,T")+ (1 —k)f(L,T)]
st. ZC, and ZC,,
pr(D,T) <1, p(D,T) wo, pi(D,T) <y,
1>¢.(D,T)oD+q(D,T)(1—-0)D+q(D,I)T,
I'(D,T) = (1 — ¢;(D,T))(1 - o) D.

We note that T'(-) satisfies Blackwell sufficiency conditions (i.e., monotonicity and discounting) to
define a contraction mapping (Blackwell 1965):
o Monotonicity: If for f,g € B(X), f(D,I') > g(D,TI') for all (D,I') € X then we have T'(f) >
T'(g). This immediately follows from the definition of T’
e Discounting: There exists a 5 € (0,1) such that T'(f(D,T') +¢) <T(f(D,T') 4+ Bc. Again, this
immediately follows from the definition of T', with 5 =4.
Therefore T'(+) is a contraction mapping. It follows directly that the equation 7'(-) has a unique
fixed point (from Banach’s fixed point theorem), hence Problem (P) admits a unique solution

(Blackwell 1965, Bertsekas 2012).

EC.1.2. Proof of Proposition 2
We consider a given state (D,I') and consider the optimal policy of Problem P. For notational

ease, we denote the policy by (p., pt, Pis ¢, Gi, 1), and removing the dependency on (D,I"). To prove
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each statement in sequence, we will reason by contradiction and construct an alternative solution
(Pr, Dty D1, Grs Gt @y) that strictly increases the platform’s objective function.

Proof that the incentive constraint ZC, is binding: Let us consider an optimal solution and assume
by contradiction that the incentive constraint ZC, is not binding, i.e., ¢, (1 — p,) > ¢;[1 — p;]. Then
we necessarily have p, < 1, and we define an alternative solution by setting p, =p, +¢, with € >0
such that p, <1 and ¢, (1 —p,) > ¢;[1 — p;]. By construction, Constraints (4) and (6) are satisfied.
Moreover, Constraints (7) and (8) remain unchanged. Finally, Constraint (5) is also satisfied as
the right-hand side decreases with p,.. Therefore, the solution remains feasible. Moreover, we have
g > 0, so the platform’s value function strictly increases when p,. is increased to p,.. This contradicts
the optimality of (p,,ps, P1, Gry @i, @1)-

Proof that p, > vy: Let us assume by contradiction that p, < vg.

If ¢, > q:, then we consider the deviation such that p, = vy, p; = vg, and p; = v, and ¢, =q,, G = q;
and ¢, = ¢;. By construction, Construction, Constraint (6) is satisfied. Since p, = vy, Constraint (5)
is also satisfied. Constraint (4) is also satisfied since p, = p; and ¢, > ¢;. As we did not change
the allocation variables, Constraint (7) is also satisfied. Finally, the platform’s objective function
strictly increases, as p,.G.cD > p,.q.0D, ¢p,(1—0)D > qp;(1—0)D and §p;(1—0)D > qip)(1—0)D,
and the future value remains unchanged since the value of I" = (1—¢,)(1—0)D = (1—¢,)(1—0)D =
I. This contradicts with the optimality of (p,,p:, D1, ¢, @, @1)-

If 0 < ¢q, < g, then we consider the deviation such that p, = vg, p; = vo, and p; =vy, ¢, = G =
sq¢, + (1 —0)q; and ¢, = ¢;. By construction, Construction, Constraint (6) is satisfied. Since p, = p;
and ¢, = ¢;, Constraint (4) is satisfied and since p, = vy, Constraint (5) is satisfied. Moreover, by
construction, we have p.G.cD + ¢;p;(1 — o)D + ¢l = p,q.0D + ¢;p;(1 — 0)D + ¢q,I' < 1, so Con-

straint (7) is satisfied. Finally, the platform’s objective function strictly increases as follows:

prGroD + pug(1 — o) D+ pg T+ 0V (TY)
=vo(oq. + (1 —0)q)oD +vo(og.-+(1—0)q)(1 —0)D +viql" + 6V((1 —q)(1—0)D)

= q,v00 D+ qvo(1 — o) D+ v, T +5V((1—§)(1 — o)D)
—— —/
>qrproD >qipt(1—0) D >piql >V ((1—g¢)(1—0)D)

> p,q-0D + pqi (1 —0)D + pg I + 5V(I")

Ifg, = 0, then in order not to violate ZC, we must also have p, = 0. In this case, the platform

could simply deviate to an ¢, =1, p, =1, =¢ =0, ¢ = M, Py = v, and can get strictly

better off by not violating any of the constraints.!®

1511 this case the value of p; is irrelevant as there are no timely rides are allocated to price-sensitive agents.
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Note that the last inequality stems from the fact that ¢, = sq, + (1 —0)¢; > ¢; and V(D,T') is
non-decreasing in I', which can be easily verified. This again contradicts with the optimality of
(Prs Dty P15 vy @, @) - Notice that this also proves that g, > ¢;.

Proof that p, = vy and p; = vy: Let us assume by contradiction that p; < vy (resp. p; < v1). From
the results above, we restrict our attention to the case where the incentive constraint ZC, is binding
and p, > vg. In the case where ¢; =0 (resp. ¢; =0), we can set p; = vy (resp. p; = v;) without loss
of generality. We now assume that ¢; > 0 (resp. ¢; > 0). Since p; < vy (resp. p; < v1) and p, > vy,
Constraint ZC,, is not binding. We consider p; = p; + & (resp. p; = p; + ), with € > 0 such that
pr +¢e < vy (resp. p; + € <wv;) and such that the incentive constraint ZC, remains satisfied. By
construction, this new solution does not violate Constraints (5) and (6). Constraints (7) and (8)
remain unchanged, while Constraint (4) is loosened. Moreover, the new solution strictly increases
the value function (Equation (3)). This contradicts the optimality of (p., ps, p1, G, Gt q1)-

Proof that q, = 1: Suppose ¢, < 1 to get a contradiction. If the resource constraint (Constraint (7))
is not binding, then the platform could increase ¢, by an arbitrarily small € and can get strictly
better of. This contradicts with the optimality.

If, on the other hand, the resource constraint (Constraint (7)) is binding, then ¢.0D + ¢;(1 —
0)D + ¢I' = 1. In the earlier steps we have already shown that p; = vy, p; = v1, and (due to the
binding ZC,) p, =1 — (1 —vy) = vo.

e If ¢; > 0, then consider the following deviation, ¢, =¢q, +¢, and ¢, = q; — 5% without altering

any other variable (we obviously have I' > 0 since ¢, > 0). Clearly, under this deviation all
the constraints of problem P are satisfied. Moreover the platform’s objective value strictly

increases as follows:

B:G:0D +Gpe(1 =)D + @il + 6V (1)
=pr¢ro D+ qipi(1 = 0)D + qp T+ 6V (') + p,o De — pio De
> prqroD + qpi(1 —0)D + qp T +5V(I')  because p, > vy > vy = p

This contradicts with the optimality of (p,, pt, P, @y @i, q1)-

e If g =0, then we must have ¢, > 0 since the resource constraint (Constraints (7)) is binding,
and we always have oD < 1 from Assumption 1. Consider the deviation in which ¢, = ¢, + ¢,
G =q—155¢,and p, = 1— g—:(l —1y). By construction, ¢,.(1—p,) = ¢ (1 —1vy), so Constraint (4)
is satisfied. Moreover, we have by construction ¢,c D+ ¢;(1 —0)D+¢I'=q.cD+ ¢, (1 —0)D +
qI', so Constraint (7)) is also satisfied. Finally, Constraint (5) is also satisfied, since it was
satisfied under the original 6-tuple (p,.,p:, i1, ¢, G:, @), and now we have p,. > p,.. Note that the

platform’s objective function strictly increases as follows:

prGro D+ p(1 — o) D+ pg T + 0V (1Y)
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= <1 — Z—(l — UU)> GroD +vyq;(1 — o) D + pg " + 5‘7(f/)
= (¢ — @)oo D + GrvoD +sz1F+5V(fl)
= (¢, —qi)oD + <€+ 8) oD+ qvgD —

> (g, — q)o D + quuoD + g T + 6V (I) because vy < 1 and T > T

f —voDe -+ pigil + 8V (1)

=0,¢,0D + p,;q.(1 — o) D + pig T + 5V (I) because Constraint (4) is binding

This again contradicts with the optimality of (p., ps, D1, ¢, @, @1)-
Proof that If T' > 0, then q;(D,T') = min{l, I_UD_‘“(?’F)“_U)D }: Let us assume that I' > 0 and,

by contradiction, that ¢, <1 and 1> ¢.0D + q;(1 —0)D 4 ¢I'. Then we can define ¢, = ¢, + ¢, with
e >0such that ¢ <1 and 1> ¢.0D+¢(1—0)D+ gI'. By construction, Constraint (7) is satisfied,
and Constraints (4), (6) and (8) remain unchanged. Moreover, note that, since we have proved
that p; = vg, p; =v; and p, > vy, Constraint (5) is automatically satisfied. Finally, since p; =v; >0
and I' > 0, the new solution strictly increases the value function. This contradicts the optimality
of (pr,pe, D1, v 41 @1)-

Proof that p, =1—q;(1—wvp): We have already shown that the incentive constraint ZC,. is binding,
ie., ¢ (1 —p.)=q[l —p. Since ¢, =1 and p; = vy, it yields directly p, =1 — g;(1 — vp).

This completes the proof.

EC.1.3. Proof of Proposition 3
Let us first re-write the Bellman equation for Problem (P):
V(D,I)= max V(D,T,T")

Ve[l p,I'p]

= {UD (1 _Go)bory v0)> +((1 =)D —T")vo + min{T, 1 — D+T"}v, +5V(r’)}

I'ellp,Ip (1=o)D

To see that the wvalue function V(D,I') is non-decreasing in I, note that
oD (1 - %(1 - UO)) +((1=0)D —T")vg +min{I',1 — D +I"}v, is non-decreasing in I', and
that the term V(I") does not depend on T'. Therefore, we directly obtain, for any D € {L, H} and
any I'y <T'y:

V(D,T,) >V (D,T,,I'*(D,T,)) > V(D,I,,I'*(D,T',)) =V (D,T,)

Let us now turn to the proof of concavity. We define I'y = AI', + (1 — A)T',, and aim to show that
V(D,I'y) > AV(D,I',) + (1 = \)V(D,T,). We proceed by value iteration. Specifically, we initialize
Vo(D,T)=0,VY(D,T') € {H,L} x I, and consider the following recursive sequence of functions, for
n > 0:

V,1(T) = kV,,_y(H,T) + (1= k)V,_1(L,T),¥T €T,



Abhishek, Dogan, Jacquillat: Strategic Timing and Dynamic Pricing 5
ec

V(D,I,I") = oD (1 —eaDer() v0)> +((1—0)D — ") + min{T, 1 — D +T"}v, + 6V, _1(I"),

V.(D,T)= max V, (DT T).

I"ellp.,I'pl
By value iteration, we know that the sequence V,, converges to the optimal value function V' (Bert-
sekas 2012). We will show by induction over n > 0 that V,,(D,I'y) > AV,(D,T',) + (1 —=\)V,(D,T).
By taking the limit when n — oo, this will yield concavity of V. First, note that the property is
clearly satisfied for n =0. We now assume that it holds for some n — 1 and show it for n > 1.
For each I e T', we introduce the following notations:

I (D,T) = argmax V,(D,T,T").

Ie[lp,Ip]

We also define y, = A\I'%(D,T,) + (1 — M)I'(D,T}). We have: V,(D,T) > V,(D,T'y,y,), which
yields:

Vo (D,Ty) > oD (1 — eabon (g - v0)> (1= 0)D — ya)vo +min{Ty, 1 — D+ ya Yoy + V1 (y2)
Moreover, we have:

AV(D,To)+ (1 =XV (D,Ty)
- [UD (1 — (=)D-To(Dla) (7 vo)) +((1=0)D —T%(D,Ta)) vo +min{Ta,1— D +T5(D,Ta)} o1 + Vi (F;“L(DIG))]

(1—0o)D

F(1-N) [UD (1 — Q)P Ta(DTe) () vo)) +((1=0)D —T%(D,Ts))vo +min {Ty, 1 — D +T%5(D,Tp)} v1 + 6Vp_y (I5(D, rb))]
=oD (1- U252 (1 - w0) ) + (1= 0) D~y )Jvo
+Amin{Tq,1 = D+Tp(D,To)}vi+ (1 —=A)min{Ts, 1 — D +T5(D,Ts)}v1

+ 6 [AVuo1 (T3 (D,Ta)) + (1 = A)Voer (T (D, )]

Note that the first line of the last equality stems from the fact that the first two terms of the
function V,, are linear in I". Moreover, from the induction hypothesis, we know that V,,_;(yy) >

AV, 1 (T5(D,T,)) + (1 = X))V, (T%(D,T})). Therefore, a sufficient condition is to show that:
min{l'y,1 - D+y } > Amin{l',,1 - D417 (D,T,)}+ (1 —X)min{l',,1 - D+T(D,I';)}

We separate four cases:
1. I, <1-D+TI%*(D,I',) and I', <1—D+T%(D,I'}), then we have I'y <1— D +y,, and we
directly obtain:

min{l'y,1 - D+y } =Amin{l',,1 - D+I7(D,T,)}+(1 = A)min{l,,1-D+T7(D,T)}.

=I'y =Iq =I'y

2. Ifr,<1-D+TI%(D,I';) and I'y, >1—D+T7%(D,I'}), then we distinguish two sub-cases:
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~If T\ <1—D+yy, we write \[', + (1 = A) (1 =D +T%(D,Ty)) < ALy + (1 = AT, =Ty,
which yields:

min{I',1 - D+y,} > Amin{l',,1-D+TI(D,I'))} +(1—A) min{I',,1 - D+TI7(D,I',)}.
=T’y =T, —1-D4T%(D,Ty)
STy >1— D4y, we write ATy + (1 — A) (1= D+T%(D,T})) < A(1— D+T%(D,T.)) +
(1-N)(1-D+T%(D,I',)) =1— D+ y,, which yields:

min{I'y,1 - D+y,} > Amin{l,,1-D+TI}(D,I')} +(1—A) min{l',,1 - D+TI7(D,I)}.
=1-D+yy =Tq =1-D+T(D,Ty)
3. fI',>1-D+TI%(D,T',) and I', <1—D+T%(D,T'}), we proceed as in Case 2. by symmetry.
4. fT,>1-D+TI*(D,I',) and ', >1 — D +T17(D,TI'), then we have I'y > 1 — D +y,, and we
directly obtain:

min{l'y,1 - D+y,} =Amin{l,,1—D+T}(D,I',)}+(1 —A)min{l,1—D+T}(D,T})}.
—1-Dtyy, —1-D4T%(D.Ta) =1-D4T%(D,Ty)

This proves that V,,(D,T'y) > AV, (D,T',) + (1 — A\)V,,(D,I'}), and completes the proof that the

value function V is concave in I'. We conclude by invoking the fact that a concave function is

differentiable almost everywhere.

EC.1.4. Some Remarks on the Partial Derivative of V(D,I")
In the remainder of the appendix, we extensively use the partial derivative of the value function
V(D,T') with respect to I', denoted by V'(D,I"). From Equation (9), we have:

(1-o)D-T*(D,T) | o .
T W) (=D =T (D)

+min{l,1— D +T*(D,T)}v, + V(I'*(D,T)).

V(D,T)=0D (1 -

Therefore we can get the derivative of V(D,I") as follows:

or*(D,T') fo—vy =, Omin{I',1-D+I*(D,T")}
a0 < + V(T (D,F))) + 5T 1.

V'(D,T) = I

ar*(D,I)

As we will see = is either equal to 1 or 0. Moreover, the second term on the RHS can have

two different values: v; and 0. Therefore, V'(D,T") can take four different expressions:

It (W —0and 1— D+T*(D,T) <T, then V'(D,T') =0 (EC.1)
It 3F*é1r77f) —0and 1— D+I*(D,T)>T, then V/(D,T) = v, (EC.2)
If (wzgllf’r) —1and 1—D+T*(D,T) <T, then V/(D,T) = Oi:zo +V/(*(D,1)) (EC.3)
n ar*é()?,r) =Tand 1= D+T"(D,1) > T, then V/(D,T) = T=2 4 o, + V/(I"(D,T))  (EC.4)

Before proceeding further, we highlight the intuition behind each of these four cases:
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e We have Equation (EC.1), because in this case, increasing the value of I does not change the
number of agents transferred to the next period, and the number of late rides.

e We have Equation (EC.2), because in this case, increasing the value of I" increases the number
of late rides at a 1:1 rate, without altering the number of agents transferred to the next period.

e We have Equation (EC.3), because in this case, increasing the value of I', increases the number
of agents transferred to the next period at a 1:1 rate, without altering the number of late
rides.

e We have Equation (EC.4), because in this case, increasing the value of T', increases both the
number of late rides, and the number of agents transferred to the next period at a 1:1 rate.

EC.1.5. Proof of Lemma 1

av(D,I, 1)

It is sufficient to show that =—73

is a weakly increasing function of I' and D. Notice that the
first two terms of the RHS of equation (13) are constant. The fourth term (i.e., the intertemporal
effect) does not depend on the value of I" and D. Therefore, we just need to show that the third
term (i.e., the effect on late rides) is weakly increasing function of I' and D. Notice that this term

is a step function of IV, and satisfies:

Omin{[',1-D+I"}v;  [v; fIV<T+D-1,
or’ 10 ifIV>T+D-1.

oV (D,I, 1)
or/

This directly shows that is a weakly increasing function of I' and D.

EC.1.6. Proof of Lemma 2
Let us consider T'y such that (*(D,Ty) > Ty, ie., 1 — D — I'*(D,Iy) > I, We have

dmin{ly,1-D-T*(D,Tp)}vy
ar’

tion (13):

= 0. Since V is differentiable almost everywhere, we have from Equa-

OV (D,T,I*(D,Ty) —¢) _o(1—vo) vo+ 6V (I'*(D,T) —£) >0

or” l1-0o
V(D,Ty,T*(D,T 1— _
oV (D, O’ar(f ) 0)“):"(1 %)y 4 57T (D,To) + €) < 0.
— 0

Let us now consider I' <Ty. We have ((D,I',T*(D,Ty) >Ty>T, so ami“{r’l_%ﬁf*w’ro)}”l =0.

We therefore obtain, as earlier:

dV(D,I,T*(D,Ty) —¢) _o(1—w) oy £ 6V(T(D.To) —£) > 0

orv 1—0
V(D,T,T*(D,T 1— _
ovV(D, ’ar('7 0)+E):U(1 ”0)—v0+6V’(r*(D,F0)+s)§0.
— 0

In other words, we have proved that:

oV(D,I\T*(D,Iy) —¢) _9V(D,I,T*(D,T) —¢)
o1’ - o1’
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oV(D,I,T*(D,Iy)+¢) oV(D,I,T*(D,Iy)+e¢)
or B or
Therefore T'*(D,T) is also an optimal choice in state (D,T") too.'

EC.1.7. Proof of Proposition 4
We have, from Equation (13):
OV(D,T,T") _ (1 —w,) o — 1
> — U=
o1 l-0o l—0o
Therefore we always have: I'*(D,T) =Tp, V(D,T)¢€ {H,L} x I'. Notice that at the boundary

vo =8, I'*(D,T') =Tp is not necessarily unique, but is still an optimal solution.

>0, V(D,T') € {H,L} xT, VI € [[p, T p].

EC.1.8. Proof of Lemma 3
By contradiction, let us consider I'y such that ¢(*(D,Ty) < Ty and ¢*(D,Ty) <1— D +Tp (ie.,
1— D+T%(D,Ty) <T and I*(D,T) < T'p). This implies that:
Omin{ly,1 — D +T*(D,T)}v,
ar -

In consequence:

3V(D,F0,F*(D,F0)) > 0'(1 - ’Uo)
or - 1-0
This contradicts the fact that I'*(D,T'y) is optimal in state (D,Iy). Notice that at the boundary

—Uo+’U1>O

vo =0+ (1 —o)vy, the claim is correct without loss of generality.

EC.1.9. Proof of Lemma 4

Let us consider I'y such that ¢*(D,Ty) = min{ly,1 — D + 'p}. First, if (*(D,Ty)=1—- D +Tp,
then I'*(D,Ty) =I'p and from Lemma 1, we know that for each I' > Ty, we have I'*(D,T") =T'p, so
¢*(D,T)=1—D+Tp. We now assume that I'*(D,T) < T'p. This implies that ¢*(D,Ty) =T, i.e.,

I'*(D,T'y) =1— D +Tgy. Therefore, Bmin{Fo,l—gr—tF*(D,Fo)}vl =0, and then, for an arbitrarily small

€ >0, we know that:

OV (D,To,T*(D,To)+¢) o(1—wp) o
= — <0.
ar/ 1—o Uo+6V(F (D,F0)+E)_0
Let us consider I' > Ty and assume by contradiction that (*(D,T') > I'.!" This can be re-written as
1-D+T*(D,T')>T, or I''(D,I') > D — 1+ TI'. This implies that, for some &’ > 0 arbitrarily small,

we have:

OV(D,T,D—1+T+¢&)  o(l—wp)

or - 1l-o0
But for sufficiently small ¢/ and ¢ we must have D — 1+ T + ¢’ > T*(D,I'g) + . Due to the
concavity of the value function V, we therefore have V/(D —1+T +¢') < V/(T'*(D,Ty) +¢). This

—vo+8V'(D—1+T+¢)>0.

is in contradiction with the two inequalities above.

16 These arguments are based on the assumption that the value of T*(D,T) is in the interior of the interval [['p,T'p],
so that it is possible to take the partial derivative at I'*(D,T'g) & €. However, the result goes through for boundary
values as well, we just need to consider +¢ or —e for lower and upper bounds respectively.

7 Notice that, in Lemma 3, we already argued that ¢*(D,I") > min{l',1 — D +Tp}.
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EC.1.10. Proof of Proposition 9
We already showed that, in region 2, the optimal policy function will be automatically pinned

down once we figure out the value of I'*(D,0), as follows:

I'*(D,0) if ' <1-D+T%(D,0),

I'*(D,T) = _
(D.T) {min{F+D—1,FD} if I >1—D+T*(D,0).

We therefore aim to determine I'*(D,0) for D € {H, L}. Note that I'*(D,0) can be (i equal to the
lower bound T (ii an interior solution in the interval (I'p,'p), or (iii equal to the upper bound I'p

In the following, we list all these possibilities for each demand realization D € {H, L} separately.

H1) I'*(H,0) =Ty L1) T*(L,0) =T},
H2) I'*(H,0)=T,€(Ly,x) L2) T*(L,0) =Ty € ([,T')
H3) T*(H,0) =Ty L3) T*(L,0) =T}

Now, we elaborate on all of these cases separately to find out whether and when these possibilities
can be part of an optimal policy function I'*(D,T"). Before doing so, we first point out some initial
observations regarding each of these cases. These observations will be useful in later stages. While
describing underlying properties of these cases, the parameter value of o becomes particularly
important. In some cases, we further need to consider two subcases depending on whether o < 0.5
or o > 0.5.

Case H1: If the optimal policy function satisfies H1, then we must have the following:

T+H-1 ifT<1-oH,

I'"(H,I') = ,
(H#,T) { 'y ifl’>1—0H.

0. V(H,0,l'y) o—w + 6V, (Ty) <O0.

oI C1l-0
V'(H,T) = T2+ +dV/(C+H-1) #I'<l1-0H, (Equation (EC.4))
0 ifI'>1-o0H. (Equation (EC.1))

Notice that at ' =1 — o H, the derivative V'(D,T") does not exists. The two expressions provided
above, the first one is when I' <1 — ¢ H, and the other is when I' > 1 — o0 H, are respectively the
left and the right derivatives of V/(D,T") at ' =1 — o H. In what follows, we follow this convention,
in that the expressions provided at a kink point of a piece-wise defined derivative are respectively

the left and the right derivatives at the kink point.
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Case H2: If the optimal policy function satisfies H2, then we must have the following:

r, ifr<I'y+1—-H
M“(H,T)={T+H-1 iflel+1-H,1-0H]
Ty ifI'>1—-0cH

O,V(H,O,Fl) g — Vg =/
= > ().
o 3V (1) 2 0

0.V(H,0,InTy) o —wp +0V(Ty) <0.

or Cl-o
vy itIr<Ih+1-H (Equation (EC.2))
V(HT)= =0 4u;+6V'(P+H—-1) ifTel+1-H,1-0H] (Equation (EC.4))
0 ifI'>1—-0H (Equation (EC.1))

Case H3: If the optimal policy function satisfies H3, then we must have the following:

I'*(H,T)=Ty, V[ €T.
8_‘7(H,0,FH) . g — Vg
or” C1l-0

v, tI'<l—ocH (Equation (EC.2))
0 ifI'>1-cH (Equation (EC.1))

+6V' (Ty) >0

V’(H,I‘)—{

Case L1: If the optimal policy function satisfies L1, then we must have the following:

0,V (L,0,0) o—wp —,
= <0.
oI 1-0 +OViLL) <0

Subcase L1a: If 0 > 0.5, then

<1
'+L-1 ifr'>1-1L
VI(L.T) = vy ifI'<1-L (Equation (EC.2))
TR o +6V(T+L-1) T >1-L (Equation (EC.4))
Subcase L1b: 1If o < 0.5, then
0 ifIr<i-1rL
I"(L,T)={T+L-1 ifl-L<T<1-0oL
I, fr>1-oL
v itI'<1-L (Equation (EC.2))

V(LT)={ 2= 4, 4 6V'(T+L—1) if1-L<T<l-0¢L  (Equation (EC.4))
0 itI'>1—-0L (Equation (EC.1))
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Case L2: If the optimal policy function satisfies L2, then we must have the following:

8_V(L,O,F2) g — Vg =
= > 0.
— 5V (1) 20

8+V(L,0,F2) o g — Vg

= V! (T'y) <0.
o1 1-0 +OVi(IL) <0

In this case we define subcases based on i) whether o < 0.5, or ¢ > 0.5, and ii) whether I'; <1—cH
or 'y >1—0H. Notice that when I'y; > 1 — 0 H, we automatically have o > 0.5. Therefore we have
three subcases in total.

Subcase L2a: If 'y <1—0oH, and o > 0.5, then

T <1
'+L-1 #I'>1-L+4T,.
vy itI'<1—-L+T,, (Equation (EC.2)

+v 46V (T+L—1) ifT>1-L+T,  (Equation (EC.4))

l—0o

Subcase L2a’: If 'y <1—0H, and o < 0.5, then

I, T <1—L+T,,
I*(L,T)={0+L-1 ifle[l-L+Ts1—0ol],
i) if>1-0L.
vy it <1—-L+T,y, (Equation (EC.2))
VI(LT)=q %2 +u, 40V (T +L-1) ifTe[l-L+Ty1-0L], (Equation (EC.4))
0 itI'>1—oL. (Equation (EC.1))

Subcase L2b: 1f 'y >1—0H, then
I“(L,I")=Ty, V[ eT.
V'(L,T) =v;, VI €T.
Case L3: If the optimal policy function satisfies .3, then we must have the following:

I'*(L,I)=T,, VI'eT.

a_V(L,(),fL) U_UO =
= >
o oV ([1) 20

In this case, we have two subcases depending on the value of o.

Subcase L3a: If 0 >0.5, then I', >1—oH and:

V'(L,T') =v,, V[ €T. (Equation (EC.2))
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Subcase L3b: If o0 < 0.5, then I';, <1—0H and:

vy fI'<l—oL, (Equation (EC.2)
0 ifI'>1-oL. (Equation (EC.1)

~—

V(L) :{

~—

We carry out an analysis by separately examining the cases that are based on the value of
I'*(H,0), i.e., the cases H1 H2 and H3. Since the problem that we deal with is of a discrete nature,
we are likely to end up with corner solutions. For the sake of a clarified exposition, as long as it
does not cause any loss of generality, we focus on the corner solutions.

We first examine the instances in which we must have an interior solution for I'*(H,0), i.e., the
case H2. Suppose I'*(H,0) =T, € ([, Tx). The question is which one(s) of the cases L1, L2, and
L3 may coexist with H2 in the optimal mechanism. The fact that we must have an interior solution
for T*(H,0) implies that:

o — Uy

+6V'(Ty) > 0.

1—0
Therefore, we can immediately preclude the case L1. We can also preclude L2, because it would
require that I'(H,0) =T, =Ty =T'(L,0); and since I'; > T'y > 1 —0 H, this is possible only in subcase
L2b. However in subcase L2b, we know that V'(L,I';) = v;. In addition, since I'; € (I'y,Ty), we
must have V'(H,T;) =0 (Case H2). Therefore, V'(I';) = kV'(H,T:) + (1 — k)V'(L,T,) = (1 — k)v;.

O_V(HOTY) 5 () o 0+VHOIY)

Then in order to comply with the optimality conditions of H2, i.e., ST ST

0, we must have vy =0 + (1 — k)(1 — o)v;. But in this case, the platform is indifferent between
setting I'; and 'y in state (H,0), and simply can choose the former. Therefore we do not have to
have an interior solution for I'*(H,0). An analogous contradiction follows in subcase L3a.

Thus, only Case L3b can co-exist with an interior solution for I'(H,0). To comply with the
optimality conditions of H2, we must have I'y =1 — oL, since the value of V'(L,T") changes only
at 1 —oL. Finally, since V' (1 — oL) = v;, Condition H2 implies that =% + §(1 — k)v; > 0. All of

these arguments regarding the case H2 is summarized in the following claim.

Cram EC.1. In Region 2, if the optimal solution T'(H,T") is unique and satisfies Case H2, then
we have:
i) I'1=1-0L.
it) 0 <0.5, and I'*(L,T") satisfies L3b.
1) vo <o+ (1—0)d(1—k)v;.

Next, we focus on Case H3, i.e., the case in which we have I'*(H,0) = I'y;. The underlying

optimality condition in this case, =% + SV'(Tx) > 0. By concavity of V (Proposition 3), this

implies that =2 + §V/ (L) > 2= 4 6V’ (I'5) > 0. This excludes Cases L1 and L2 and we only

left with Case L3. Let us assume that Case H3 co-exists with Case L3b. However, we know that
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V'(H,Ty) =0 (Case H3), and also V'(L, ') = 0 (Case L3b). Therefore, 2=20 + V' (Iyy) = =2 < 0,
where the strict inequality follows from the fact that we are in Region 2 (vy > s). This contradiction
the above condition; hence, Case H3 can only co-exist with Case L3a. We then have V' (T'y) = vy,

$0 7= 46V (I'g) > 0 implies vo < o+ (1 —0)6(1 — k)vy. This is summarized in the following claim.

Cramm EC.2. In region 2, if the optimal solution of T'(H,T) satisfies Case H3, then we have:
i) 0>0.5 and T*(L,T") satisfies L3a.
it) vo<o+(1—0)d(1—Fk)v;.

Finally, we turn to Case H1, i.e, I'*(H,0) = I'y. Following the same strategy as before, we consider
all the cases L1, L2, and L3, and and see which one(s) can coexist with HI.

Let us first consider the coexistence of Case L3 with Case H1. Starting with Subcase L3a, we
we know that V/(L,I") = vy, for each I" € I'. Also, from Case H1, we know that V'(H,L'y) = 0.

Therefore, aV(g{F,9,r’) = 2=%0 4+ §(1—k)v; <0 constant along I € [y, T'yy]. Moreover, in Subcase L3a,

we have I';, > 1— o H, therefore Assumption 2 implies that V’'(H,T';) = 0. Therefore, we must have:

a’v(;li? o) T=0 +6(1 — k)vy > 0. This together with the earlier expression requires that =2 4

d(1 —k)v; =0. Hence, % =0, and the platform is indifferent between choosing anything in
the interval 'y, '] at (H,0). This possibility, however, is already covered in Case H3 (Claim EC.2).

Now consider the coexistence of Subcase L3b together with Case H1, for which a necessary
condition is ', < T'y. This condition, however, is automatically satisfied since o < 0.5. Moreover,

we have the following optimality conditions.

8+V(H,O,]:H) _ g — Vg

+ 5V+/(EH) <0.

or’ C1l-0
B_V(L,O,fL) g — Vg E
= > 0.
P — HOV/ (L) >0

From Case H1, we know that V'/(H,Ty) = 0. In addition, since I';, < Ty < 1 — oL, we have
V'(L,Ty)=V'(L,I') =v, (Case L3b). Finally, as we have I', < 1 — o H in Case L3b, the condition
of Case H1 implies that V' (H,T';) = 2= + v, + 6(1 — k)v;. We therefore obtain:

1—0o

0.V (H,0,Ly) o—wv +5(1—k)v, <0.

or’ T 1-0¢
a_f/(L,O,f‘L) g — Vg o — g
or’ e +5<k[1_0+v1+6(1 k)v1]+(1 k)v1>_0

The following claim summarizes all of these arguments to characterize the conditions under which

the optimal solution satisfies Cases H1 and L3b.

Cramm EC.3. In region 2, if the optimal solution I'*(H,T") satisfies Cases H1 and L3b together,

then we must have:
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i) 0<0.5.
ii) vo€ o+ (1—0)d(1—k)v,o+(1 —U)‘H‘Si(r%mvl].

We now investigate the coexistence of Case H1 and Case L1. We then have:

. V(L,0,0) o—vy .,
= <0.
ar =5 TOViln)=0

We have V'(L,0) =v; (Case L1). Moreover, we obtain from the conditions of Case H1:

V/(H,0) = i:zo vy +0kV] (H, H—1)+6(1—k)V! (L, H— 1)
g — 7 — U

g /
= U°+v1+5(1—k)(1 ;+v1+5kv+(H,0)+5(1—k)vl>

We obtain:

, _o—v [ 14+6(1—k) 1+8(1—k)+6*(1—k)?
Vill,0)=3—7 (152(1k)k>+vl< 1= 02(1—k)k )

Therefore the condition that is needed for the optimality of ', in state (L,0) translates into:

5+62(1—k)k

w20+ (1-0)= 05

v1. Then the next claim summarizes these arguments.

Cramm EC.4. In region 2, if the optimal solution I'(H,T") satisfies Cases H1 and L1, then we

2
must have: vy > o+ (1 — 0—)‘”%&#“’€ L.

We examine whether it is possible to have H1 and L2 in an optimal solution. First, consider
Case L2b, i.e., when I'y; > 1 — o H, which also requires that ¢ > 0.5. We know that 1 — L+ T, >
1—-L+1—0H=(1—0)H per Assumption 2. Therefore, ' <1—L+T, for all T' € I'. Since we are
in Region L2, this implies that V'(L,T") = v; for all I' € T'. Therefore,

OV(L,0,T") o —wp
- §(kV'(H,T)+ (1 —-k)V'(L,T
or’ 1—0+ (RVIE D)+ VD
_ o]i_/UO —’—6(1 . ]C)’U]_ because V’(er) =0 (Case H].) and V/(L)P) =U1
-0

If 7=2 4+ 6(1 — k)v; > 0, then I'; would be suboptimal at (L,0), since the platform could simply
choose I';, and get strictly better off. Therefore, we must have =0+ 6(1 = k)vy 0. If =0 +
§(1 — k)v; =0, then all the values within the interval [1 — o H,T';] are optimal in state (L,0). If
on the other hand, 5= + (1 — k)v; <0, then 1 — o H is strictly better than all the other values
included in the interval [I — o H,T'] at state (L,0). In consequence, I'y = 1 — 0 H without loss of

any generality. We further need to make sure that setting 1 — o H — ¢ is not strictly better at (L, 0).

In other words, we must have:

a_viaLffO7F - 01_ 2t (V' (H,T")+ (1 —Kk)V/(L,I") ) > 0.
— 0
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But we know that:
o—

v
1_00 +v+0(1—k)vy.

V'(H,1—0cH)=

Then by using this we can get the corresponding necessary condition. The following claim summa-

rizes these findings.

Cramm EC.5. In region 2, if the optimal solution T'(H,T") satisfies Cases H1 and L2b, then
I'y =1— o0 H without loss of any generality. Moreover, we have:
i) 0>0.5.

i) vo € [0+ (1 0)5(1 — k)vy, 0+ (1 — o) HEORE )

If we have Case H1 together with Case L2a, i.e, I'y <1 —0cH, and ¢ > 0.5, then following some

algebra one can show that:

T Tl +6(1—k) if I <T,
V/(H,T) = § 5220 ({H3005) oy (BRgE0ER0) i T e 1,1 — o]
0 ifl'e[l—ocH,(1—0)H]|
V(LT Uy itI'<1—-L+T,
o 01_,1;0 (1_512:?f_k)>+’01 <#(51—k)> Hfr>1—-L+T1,

The optimality conditions can be written as follows:

a,V(L,O,FQ) o g — Vg

= V! > (.
o1’ =, TOV-(T2) 20
8+V(L,O,F2) g — Vg =
= <0.
o V() <0
It yields:
“_”0+5k<“_“0+v1(1+5(1_k))>+5(1—k>v1>o
l1—0 l—0
o — v o—vy [ 14+6(1—k) 1+6(1—k)+06*(1—k)?
1—k)v, <
1—o +6k<1—a (1—5%(1—1@ o 1= 5°k(1—k) o=k <0

Following some simple algebra, one can find that these inequalities respectively boil down to:

i:?(1+5k)+v1(5+62(1—k:)k) > 0.
g — Vg 2
- (1+0k) +v1(0+0%(1 —k)k) <O0.

These two conditions are satisfied together if and only if

g — Vg
l1—0

(14 6k) +v, (0 +6*(1 —k)k) =0.
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We obtain, for each IV € (I',1 — o H|:

VALOL) _ o=t s jyr (1) +(1— k) V(L T)
o1 1—o0o N’ N——
=V/(H,I'g) =V/(L,I'3)
_0—1y o—vy [ 14+6(1—k) 14+06(1—k)+6*(1—k)?
R +5k[1—0 (1—5%(1—@ o 1—02k(1— k) +oll=kju
=0

The equality stems from the fact that V'(H,I"), and V'(L,I") stays constant over I" € (I'y, 1 — o H].
Therefore, the platform does not get hurt by increasing I'*(L,0) up to 1 — o H. Hence it is without
loss of generality to assume that 'y =1 — o H, and this case is already covered in Case L2b
(Claim EC.5).

If we have Case H1 together with Case L2a’, i.e, 'y <1 —0cH, and o < 0.5, then following some

algebra one can show that:

7210 4y (1+6(1—k)) T <T,
_ _ 2,1 132 .
VI(H.T) = = (133;1(13)) +; (H&(f,(s@ﬂff;) ) ) if T' € [Ty, (1 —0)L]

’ L ifTe[(1-0)L,1—oH]
0 ifl'e[l—cH,(1—0)H]|
(1 lfl—‘g 1—L+F2

VILT) =4 2= (5 ) oy (it ) T E€[l—L+Ty1-0l)

0 ifl'e[l—oL,(1—-0)H]|

Then checking the conditions that guarantee the optimality of I'y at (L,0), we get the same
expressions above when we analyzed coexistence of Case L2a and Case H1. More precisely, putting
the optimality conditions together, we reach that, it is possible to sustain Case H1 together with

Case L2a’ in an optimal policy, only if the following condition holds.

g — Vg

(1+6k) +v1(0 +8*(1 —k)k) =0.

1—0

This in turn implies that:

aV(gfc/),r ) _ (’1:? +6 (kV! (H,T')+ (1— k)V' (L,T")) =0, ¥I" € (T, (1 — o) L].

Then the platform is indifferent between setting anything in (I's, (1 — o)L] in state (L,0). Then
this possibility is already covered in the coexistence of Cases H1 and L3b (Claim EC.3).
We conclude by putting Claims EC.1, EC.2, EC.3, EC.5, and EC.4 together.
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EC.1.11. Proof of Lemma 5

Let us consider a state (D, T'y) such that (*(D,Iy) < Ty, i.e., the number of drivers that the platform
can assign a late ride in state (D,I'y) is lower than the number of agents waiting for a late ride.
Thus transferring more people to the next period in this optimal outcome would also increase
the number of late rides that the platform generates in this period. However, it is sub-optimal to

do so. Therefore, for € > 0 sufficiently small, we obtain from Equation (13), using the fact that

dmin{ly,1—-D—T*(D,Iy)

v o,
ar’ =l

OV (D,To,T*(D,T - -
D, Lo, D, Lo) +6) _ 0 =% 4 4 5510+ (D, Tg) +¢) <0

or’ Cl-o0
Moreover, for each I' > T'y, we have 8mi“{ro’1_§1§r*(D’F0)}”1 =y, so for € > 0 sufficiently small:

8V(D,F,F*(D,F0) +€) . g — Vg =, %
o =1, + v + V(I (D,Tg) +¢)
_aV(D7F07F*(D7FO)+€)

or’

<0

Therefore, at each state (D,T") satisfying I' > T'g, we have I'*(D,I") <T'(D,T'y). At the same time,
we know from Lemma 1 that I'*(D,T") >T*(D,T'y). This concludes the proof.

EC.1.12. Proof of Lemma 6
In order to prove Lemma 6 we first show that V'(D,T") <w,; for each D € {H,L}. And for this we
consider the two cases D =L, and D = H separately.
e Let us prove that V'(L,T") <w;. Note, first, that V'(L,0) = v;. Indeed, from Lemma 2, we
already know that I'*(L,I") is constant over [0,1 — L] because ¢*(L,I')=1—-L+T*(L,T") >T
for each I' <1 — L. Therefore % =0, and since 1 = L+ T« (L,I') >T when '€ [0,1— L),
we have V'(L,0) = v; (Equation (EC.2)). Given the concavity of V(D,T') as a function of T’
(Proposition 3), we obtain V'(L,I") <wv, for each T' €T
e We now prove that V'(H,I") <wv;. We consider two possibilities separately: 1) I'*(H,0) > L'y,
and 2) T*(H,0) =Ty
—If T*(H,0) > 'y, then ¢*(H,0) > 0. This implies that I'*(H,I") = I'*(H,0) for all I €
[0,*(H,0)) (Lemma 2). In other words, we have % =0,and 1 - H+I*(HI)>T
for all I € [0,¢{*(H,0)). Then from Equation (EC.2), we must have V'(H,0) = v;. Then
V'(H,T') <w, for all ' € T per concavity.
— We now treat the case where I'"(H,0) =Ly.
If I'*(H,T)=Tyg=H —1 for all ' € I'. We have % = 0. Moreover, 1 — H +
HT)<1-H+(1—-0)H=1—0H and ' =H —1>1— 0H per Assumption 2.
Therefore, ami“{r’l_g“LF*(H’F)} =0and V/(H,T)=0foallT €T.
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If T*(H,T') is not constant over I', then we prove that there exists & > 0 such that
I'(H,e) =Ty + ¢ for all € < &. Indeed, let us assume that I'*(H,e) > 'y + €. Then
(*(H,e) > ¢ and, from Lemma 2, I'*(H,0) =I'*(H,¢). This contradicts that I'*(H,0) =Ty
Conversely, if I'*(H,e) < 'y + ¢ for every € > 0, then (*(H,¢) < e so from Lemma 5, we
need to have I'*(H,I") =T*(H,0) for all I'. This contradicts the fact that I'*(H,IT") is not
constant over I'.

Then we have % =1 so per Equation (EC.4):

V'(H,0)=

V/(H,H —1)

We now prove that V'(H,H — 1) = 0. First, note that: 1 — H + I'*(H,I") > T for
each ' >H —1, since 1l —H—-Ty=1—-0H < H —1 by Assumption 2m so we have

ami“{r’l_;+r*(H’F)} = 0. We now show that I'*(H,I") stays constant for I' > H — 1. By

contradiction, suppose I'*(H,T") does not stay constant for I' > H — 1. Then by monotonic-
ity (Lemma 1), there exist I'y and I'; satisfying H — 1 <T'y < Iy, such that I'*(H,T';) >
I'*(H,Ty), and I'*(H,T'y) is not optimal at (H,I';). Therefore:

V(H,T))=0cH (1 — (oL (g uo)) +((1—o)H —T*(H,T,))vo+
(1— H+T*(H,T,)) + 0V (I (H,T,))
> oH (1- U= (g v0)> (1= 0)H —T*(H,Ty))vo+

But from the optimality of I'"*(H,T'y) in state (H,Ty), we know that:

V(H,I\)=cH (1_M 1_00))

(1—0)H

(
(1—0)H —T*(H,To))vo+ (1 — H+T*(H,Ty)) +6V(I*(H,Ty))
ZO'H( (1—o)H—T*(H,I'1) (1- ))
)vo

(1—0)H

(1—0)H —T*(H,Ty))vo+ (1= H+T*(H,T')) + 6V (I"(H,I'))

This gives us a contradiction. Therefore, I'*(H,I") stays constant for I' > H — 1 and
% =0. It comes V'(H,H — 1) =0. We also showed that V'(L, H — 1) < wv;. Finally
we have 52 +v; <0 since we are in Region 3. Therefore , V'(H,0) <046 x (kx 04 (1 -
k) x v1) = vy, and hence by concavity V'(H,I") < v, for each I' € T".

In summary, we have shown that V'(D,T') <w, for each (D,T) € {H, L} x I". We now use that
result to show that I'*(H,0) =T'p, for each D € {H, L}. Suppose by contradiction that I'*(D,0) >
I'p for some D e {H,L}. If I'*(H,0) >I'y, then there exists an arbitrarily small € > 0 such that:

OV (H,0,I"(H,0) —¢) 0~
or” 1—

4OV (I"(H,0) —<)
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g — U

1 0 4 o, from the claim above
—0

<

<0 because vy > 0 + (1 — o)v; (Region 3)

This contradicts the fact that I'*(H,0) is optimal is state (D,0). An analogous logic follows to
show that I'*(L,0)=T.

EC.1.13. Proof of Proposition 10

Following the preliminary steps that we had in the main text, we can conclude that, in region 3,
the policy function I'*(H,T") can be in three different shapes, which we denote by A1, A2, and A3:
A1) Tt is constant and equal to 'y for each T' € T

A2) It increases with slope 1 up to the upper bound I'.

'+H-1 ifI'<l—oH

r'“(H,T)= .
'y Hfr>1-ocH

A3) It increases with slope 1 up to I'y € (I'y,['y) and stays constant afterwards.

'+H-1 ifI'<lh—H+1
I ifr>r—H+1

r%HJU:{

We already know the optimal policy satisfies I'*(L,I') =Tz, =0 for all I' <1 — L. For the same
reason that we had three possible values for I'*(H,T"), the policy function I'*(L,T") can be in three
different shapes in this region, which we denote by B1, B2, and B3:

B1) It is constant and equal to I';, =0 for each ' e T.

B2) It stays constant over I' <1 — L, and then it increases with slope 1 as long as it is feasible.

— Sub-case B2a: If 0 > 0.5, then I'*(L,T") :{ 0 Tfr s1-L
r-1+L ifI'>1-1L
0 ifIr<i1i-1L
— Sub-case B2b: If 0 < 0.5, then I'*(L,I") =< I'—1+L ifl1-L<I'<1l-0oL
Iy ifr>1-oL

B3) It stays constant over I' <1 — L, and then it increases with slope 1 up to a certain value

e . T ) and stays constant afterwards.

0 fIr<1-1L
I"(L,T)={T+L-1 i#Tel—LTy+1-1I]
T, frely+1-L,(1—0)H]

In what follows, we analyze the three cases A1, A2, and A3 separately, and try to see under what
circumstances these cases may arise in the optimal solution. This step involves in analyzing the
coexistence of these cases with the three possibilities that we addressed for the function I'*(L,T"),

i.e., cases B1, B2, and B3.
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Case A1: In this case V(H,T") is constant, and hence V'(H,T") =0, VI" € I. Moreover, since it is

optimal to set I'*(H,T") to its minimum value, i.e., 'y = H — 1, we have % < 0. It therefore
yields, from Equation (EC.4) that:
g — Vo ,
-0

Let us first consider the case in which "1%10 + vy + (1 — k)v; <0. In this case we must have
I'“(L,T')=0, VI' e T, since V(D,T') is concave and V'(L,0) = v;. Then I'*(D,T") remains constant
over ', so Cases Al and Bl can coexist.

Let us now consider the case where =22 +v; +6(1 —k)v; > 0. We already know that I'*(L,I") =0,

l1-0o

and V'(L,T") = vy, for each ' € [0,1 — L]. Now, since =2 + v; + §(1 — k)v; > 0, we must have

1—0o

I'(L,I')=T'+L—1aslong as I'+ L — 1 <1— L. This immediately rules out Case B1. We also

know that w <0, for each I' e I". But we have:

o.V(L,I,L—-1) 0,V(HT,Ty) o
o1’ N o1’ N

%y 4 6V(1—L)<0, VT >1—L.
g

Therefore, I'"*(L,I") <T'y = H — 1 =1 — L without loss of generality, for each I € I'. This yields
I'*(L,T) =min{l'z,1 — L,I'+ L —1} for all ' > 1 — L. In addition, note that, from Assumption 2,
we have 'y —14+ L <1—L,sol' =1+ L <1— L for all I". Therefore, this is incompatible with
Case B3. Hence, the only remaining possibility is B2. In order it to coexist with A1, we need to
make sure that Equation (EC.5) is satisfied. Since V[ (L,1 — L) = 7=2 +v; +6(1 — k)v, , this is

equivalent to:
g — Vg

- (1+5(1—k))+v (14+6(1—k)+6*(1—k)*) <0.

The following claim summarizes these findings.

Cram EC.6. In region 3, if the optimal solution T'(H,T') satisfies Case A1, then there are two
possibilities:
i) vozo+(1—0o)vi(14+0(1—k)), and I'*(L,T") satisfies Case B1.
ii) vo € o+ (1—0)vy L0k 457 (1-k)® o+ (1—o)v(14+0(1— k:))) , and I'*(L,T") satisfies Case

THo(1—k)
B2.
Case A2: In this case, we have, forall >T'+1—H, % > 0. Note that we have, in Case
A2 T*(H,T') =Ty, so % =0forI'>I"y —H+1 . Moreover, 1 - H+T*(H,T)<1—-H+(1—

0)H=1-0cH and Ty = H—1>1-0H per Assumption 2, which yields amin{r’17£1+r*(D’F)}vl. Per
Equation (EC.1), we obtain V' (H,Ty) =0. This implies that

1_”0 o+ 61— K)V(L,Ty)) >0
— 0
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Due to the concavity of V' (Proposition 3), it implies:

g —

1_00 +u+6(1—k)V'(L,T)) >0, V[ €T.

Therefore, the optimal solution of I'*(L,I") must be of the form B2. Moreover, we must have o > 0.5,
because otherwise we would have 1 — oL < Ty and V'(L,['y) = 0, which contradicts the above
inequality vy > 0 + (1 — o)v; in Region 3. Then the derivative of the value functions V(L,I"), and
V(H,T') can be written as follows:

Vi) ={ T Tt V' (I+H—1) ifI'<l—oH,  Equation (EC4)
)= 0 ifI'>1—-0H. Equation (EC.1)

vy ifI'<1-1L, Equation (EC.2)
+v, +6V'(C+L—-1) ifI>1-L. Equation (EC.4)

VI(L,T) = {a_vo

1—0o

Since 'y +L—1=1—0H and 'y + L —1<1— L due to Assumption 2, we have:

g —

- O 4oy +0kV (H,1—oH)+06(1—k)v,.
— 0

Moreover, we have:

V! (H,1—oH)= "1_”0 Yo +8(1—k)V'(L,(1—0)H) because V' (H,(1—o)H)=0
— g
g —U —

=7 °+u1+5(1—k)<i 0+v1+5k:V_’(H,1—aH)+6(1—k)v1>
g

—0
because (1 —o)H >1— L due to Assumption 1

_o—v [ 1+6(1—k) 14+06(1—k)+06*(1—k)?
- (1—52(1—k)k>+vl< 1—02(1—k)k >

Hence we can get:

, — 00— 140k $
VI(L,Ty)= l—o <1_52(1_k>k> tu (1—52(1—/€)k>'

Therefore the following comprises a necessary condition:

o—vy [ 1+6(1—F) 146(1—k)+6%(1—k)?
1—0<1—62<1—k>k>+“< 1—02(1—k)k >>0-

The following claim summarizes these findings regarding the case A2.

Cramm EC.7. In region 3, if the optimal solution T'(H,T") satisfies Case A2 only if:

i) 0>0.5, and T*(L,T) satisfies B2a.

14+6(1—k)+6%(1—k)?

i) vo <o+ (1—o0)v 1+3(1—k)
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Case A3: Asisin Case A2, for each T' € I'y, T'y], I'*(H,T) is constant, and 1 — H +T*(H,T) <T;
therefore we have V'(H,T") =0 from Equation (EC.1). Thus, if the optimal policy I'*(H,T) is of
the form A3, then for all I' >T'; + 1 — H we must have:

O_V(H,IT.T,) o

. /
ar T, Tu ol =k)VI(L,I) 20, (EC.6)
V(H,T,T -

mV(aE/ ,T) :Ul_zo +uy +8(1—k)V(L,T;) <0, (EC.7)

Moreover we have:

Vi) = | TR AT dA-RViC+H-1) #D<Di+1-H
0 fr>r+1-H

We distinguish three cases.
A3-1) If ', >T';, and s > 0.5, then I'*(L,T") is of the form B2a. To see this, first note that, due
to the optimality of I'; at I'y — H + 1, we know that:

o —

V, _
1_;4wh+5V4Pg20.

But then, for each I' > 1 — L, setting the value IV equal to L — 14T, which is feasible, is optimal.

In other words:

OV(LIT.T+L—1 — -
(L, &j‘ ):i_Z%HH+MWF+L—Dzo,Vle—L

This stems from the fact that V/(T'+L—1) > V'(T;) since I+ L —1 < T, and V(D,T) is a concave
function of I'. In this case, we also know that:

, (% 1fF§1—L
V()= -
1) {””“Hh+ﬂ%P+L—U fr>1-1

1-0o

Suppose I' <T'; +1— H, then we have

o —

11“+m+6u—mV%LF+H—n.
— 0

V/(H,T) =
Moreover, since H —1=1— L (Assumption 2), we have '+ H —1>1— L , and:

—

Y 4 vy 4+ 6kV'(H,T) +6(1—k)V'(L,T)
(o

V@I+H—D:i

In addition, when I' <T'; +1 — H, from Assumption 2 we must have ' <1—L since 'y +1— H <
(1-0)H+1—-H=1-0H<H—-1=1- L. Therefore, V'(L,I') = v;. It comes:

g — Uy g — Uy

+vy+M1k)<1

V/(H,T) =

l1-0 —0

+v; +0kV'(H,T)+6(1 — k:)vl) .
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Therefore,

o—vg ( 1+5(1—k) >+U1 (1+5(17k)+62(17k)2) WD<T,+1—H

V'(H,T)=<¢ !¢ 1-62(1—k)k 1-02(1—k)k
0 fr>r+1-H
VI(L,T) = =5 (17612J(r155k)k) +u (%) fre[l—L,Ij
Tt (1+0(1-k)) if T >T,

Then the inequalities (EC.6), and (EC.7) can be written as:

g — Vg g — Vg 1+(5k 1+5
1- 0 ) )
1= Tutol—k) ( -0 (1—52(1—k)k> o (1—52(1—k)k>> 20,

N ) (‘; 0 +v1(1+5(1—k))> <0.

— 0

— U

—0
After rewriting these conditions we get:

o—vy [ 14+6(1—k) 1+6(1—k)+06*(1—k)?
1—0(1—52(1—k)k)+v1< 1= 02(1—k)k >

TN 04601 —k) 01 (1+8(1— k) +82(1 - k)?) <0,

0
l1—-0

AV

0,

These conditions can hold at the same time if and only if both holds with equality. But this means
that the value function V(H,T') is constant and hence I'*(H,T) could be increased up to I'y; (the
value function would be unchanged). This, however, is already covered in case A2

A3-2) If 'y >T';, and s < 0.5, then by proceeding as previously, we show that I'*(L,T") is of the
form B2. But since not all the values of I'+ L — 1 are included in [[',T'] because Ty — L+1>T,
(since 0 < 0.5), I'*(L,T") is now of the form B2b. Note that V'(L,T") =0, for every '€ [1 —o L, (1 —
o)H]. This implies that we must have I'; <1 — o L; because otherwise V'(H,I'1 +1— H —¢) =

=0 49+ (1 —k)V'(L,I'+ H — 1) for € > 0 infinitesimally small. Then by following similar steps

l1-0o

with the previous case, we reach:

vy ifr<1—1L
V/(L,F) — oi__é;o <1—512<€ffk)k> +'U1 (%) lf P 6 [1 - L,Fl]
T2 +u (1+6(1-k)) if T ely,1—ol]
0 ifle[l-oL,(1—0)H]

Following the arguments of the previous section one can see that I'y =1 — ¢ L, and the following

constitutes a necessary condition.

g — Vg g — Vg 1+(5k 1+5
1- — ) | >
1= Tt k)<1—a (1—62(1—k)k>+v1 (1—52(1—k)k>> 20,

which is equivalent to:

o—vy [ 14+6(1—k) 1+0(1—k)+06*(1—k)?
1—0(1—52(1—k)k)+vl< =52 (1—h)k >20'
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A3-3) If T'; <T'z, then I'; is amongst the possible realizations of I'*(L,T"). However, in this case,
the value of I' + L — 1, the maximal value of I"” in state (L,I"), is always less than I';. To see this
note that '+ L —1<(1—-0o)H+L—-1=1—-0H < H —1<T; from Assumption 2. This suggests
that the optimal policy I"(L,T") is linearly increasing with slope 1 when I' > 1 — L, but it never

reaches to the maximal value. The former point follows from the fact that 2= + v, + V/(I';) >0,

and due to the concavity of V, =0 vy + V' (I") > 0 for each IV <T';. In consequence, the optimal
policy function T'*(L,T') is in form of B2a and o > 0.5. We conclude as in the case where I'; > T
and 0 > 0.5 (Case A3-1).

The following claim summarizes our analysis in Case A3 . It points out that, if the policy function

I'*(H,T) is of the form A3, then we can only have the second possibility (A3-2) out of the three.

Cram EC.8. In region 3, if the optimal solution T'(H,T') satisfies Case A3 only if:
’l) Pl =1-0oL.
it) 0 <0.5 and T'*(L,T) is of the form B2b.

2 2
) S (1o 0L

We conclude by putting Claims EC.6, EC.8, and EC.7 together.

Appendix EC.2: Proofs on First-best and Dynamic Pricing
Mechanisms
EC.2.1. Proof of Proposition 5

We first characterize properties of the optimal solution in Lemma EC.1, analogous to Proposition 2.

The proof of these properties follows from the same arguments, and is thus omitted for conciseness.
LEmMA EC.1. The optimal solution to Problem Prp satisfies:
(i) ¢*B(D,T) =1 for each (D,T') € {H,L} xT.
(ii) IfT >0, then ¢"?(D,T) = min {1, 1=oD—af B;DT)“*")D}.

We now turn to the proof of Proposition 5. We have, by definition, 0o = o+ (1 — 0)v,. By construc-

tion, the following equality is satisfied:

oD (1 - %(1 - 170)> +((1=0)D-T")g=0D+((1—0)D —T") v,

From Equation (9), Problem P with valuation parameter 7, is given by:

V(D,T)= max | {JD (1—(1_")M(1—50)) +((1=0)D —T")i+min{T',1— D —T"}u,

r'ellp,Ip (1—0)D

+0(kV(H,T)+ (1 —-k)V(L,T)) }

= max oD+ ((1—0)D—-T")vyg+min{l',1—D+T1"}v; +6 (kV;(H,I')+ (1 — k)V;(L,T))

I"e[l'p,I'p]



Abhishek, Dogan, Jacquillat: Strategic Timing and Dynamic Pricing 95
ec

From Equation (20), we obtain that the problem is equivalent to Problem Prp. The optimal
policy is then obtained by applying the result of Proposition 10 by noting that 9y € (04 (1 —0)vy, 1)

for any vy € (vy,1) and that the relationship between vy and 7y is monotonic. Specifically, we have:

~ . . _ 2071 _1)2
o Uy € (0+(1—0)vy,v1], if and only if vy € (vl, 1+6(11+k§(t6_k()1 k) vl}.

[} ’(70 € (7:)171:)1], if and only if Vo € (1+5(11__~_k6)(—~1_6_2k()1_k)2 V1, (1 + 5(1 — k’))’Uli| .

e 7y € (v1,1), if and only if vy € ((1 + (1 — k))vy, 1).

EC.2.2. Proof of Proposition 6

From the formulation of Ppp, the Blackwell sufficiency conditions (monotonicity, and discounting)
are clearly satisfied, hence a solution to Problem Ppp always exists. Moreover, since the quantity
of rides provided z(D,T", py), as well as the number of people transferred to the next period I'" both
stay constant over (0,v;], (v1,vp], and (v, 1], the optimal price always satisfies po(D,T") € {1, vg, v }.

In a given state (D,I'), we assume, without loss of generality, that in case the platform is
indifferent between charging po € {1,v0} and vy, it chooses price p,. We first prove that, if pj(D,I") €
{1,v0} for each (D,T'), then the optimal policy follows the one given in the proposition. We then
show that this policy is applied if and only if v; < max{oL,v,L}.

We assume that pi(D,T") € {1,v,} for each (D,T"). In this case, Vpp(D,T") does not depend on the
value of I'. Therefore, the platform determines the price py by optimizing the current-period profit,
ie. po x (D,T,py). Specifically, for each I', p5(H,I') =1 if 0 H > vy, and pj(H,T") = vy otherwise.
Similarly, p§(L,I') =1 if oL > voL, and pj(L,I') = vy otherwise. We therefore obtain the policy
given in the proposition.

We now show that this policy is applied if and only if v; <max{oL,voL}.

e Let us assume that pi(D,I') € {1,v,} for each (D,I') and, by contradiction, that v; >

max{oL,voL}. Note that, since p;(D,T') € {1,v0}, Vi(D,T') does not depend on I'. Let us
consider I'y > 1 — L. We have:

If p;(L, Fo) = 1, then VDP(L,F()) =olL + ) (kVDP(H, (1 - O')L) + (1 - k’)VDP(L, (1 - O')L))
If pg(L, Fo) = o, then VDP(L, Fo) = UoL +6 (kVDP(H, 0) + (1 - k)VDp(L, O))
However, if the platform deviates in the period under consideration by charging a price v; with-

out changing the policy in any of the subsequent periods, then its total expected discounted

profit, denoted by V,(L,Ty,v;), becomes:

- 1
VDP(L,F(),’Ul) = +6(kVDP(H,P/) + (1 - I{?)VDP(L,F/)) where IV = (]. —O')L |:]. — L+T :|
0

Since, by assumption, v; > max{oL,voL}, and Vpp(D,T') does not depend on I', we obtain

that VDP(L,FO,vl) > V,(L,Ty). This contradicts the optimality of p§(L,T).
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e Let us assume that v; <max{oL,v,L}. Note that setting po = v, can bring a per-period profit
of at most v;. However, we have identified above a policy that yields a per-period profit of
max{oL,voL} in low-demand periods and of max{c H, vy} in high-demand periods. Therefore,

this policy dominates any policy that involves charging v; in some states.

Appendix EC.3: Proofs on Static and Demand-dependent Mechanisms
EC.3.1. Proof of Proposition 7

For each (D,T') € {H,L} x {T#,TL}, we have:
Vs(D,I)=n(D,T)+ 6 (kVs(H,I'S) + (1 — k)Vs(L,TY)),
where 7(D,T") = q,.0 Dp, + q:(1 — o) Dp; + q;'p; is the within-period profit. Following some algebra:
Vs(0)=kn(H,0)+ (1—k)x(L,0)
ﬂ%cg (K*m(H,TH) + k(1 — k)n(H,T%) + (1 — k)kn(L,TH) + (1 — k)*x(L,TL))
Under the optimal static menu, the capacity constraint must bind in state (D,T') = (H,T'H):

¢oH+q(l1—-0)H+q(1-q)(1-0)H=1.

—_1TH
_FS

From this equation, we obtain:
1—ocH
G < m7
_1-0H—-q(1-0)H
w0 -oH

Following the same logic as in Proposition 2, we can see that the optimal solution satisfies:

¢ =1, Pt = Vo, P =i, Pr=1—q:(1—w).

Therefore, the platform’s profit-maximization problem becomes:
kloH(1—q(1 =)+ quo(l—0)H]+ (1—k)[cL(1—q:(1—1v0)) + qvo(1—0)L]

2 —oH— —o
g [aHu — (1 —v0)) + rvo(1 — o) H + Sl (1 g y(1 J)Hvl]

max +755 (1-qt)(1~o
< 1—cH
M=oyl

Sk(1—k) {O_H(l_qt(l_UO))qutvO(l_J)HJr%Q_qt)(l—a)Lvl}

+w [O’L(l —q(1 =) +qvo(1—0)L + M(l —q)(1— O')Hvl]

(1—qt)(1—0)H

(1—qt)(A1—0)H

—k)? —oH— —0o
+5(i_5) [UL(l_Qt(l_UO))+QtU0(1—U)L+M(l—qt)(l—a)h)l}

Following some algebra, the problem becomes:

max Constant + b [kH + (1 —k)L] [g:(vo — 0 — (1 — 0)vy)]

@t < (i:gfi-] 1 - 5
Therefore the optimal solution satisfies: ¢, = 0 and ¢; = % ifvg<o+d(1—0)vy, and ¢; = %

and ¢; =0 otherwise.
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EC.3.2. Proof of Proposition 11
For each (D,T') € {H, L} x {T'8,,T'%,}, we have:

Vop(D,T)=7n(D,T)+6 (kVop(H,T'pp) + (1 —k)Vop(L,THp)),

where 7(D,I") = q,.(D)oDp,(D) + q.(D)(1 — 0)Dp;(D) + q;(D,T")T'p;(D,T') is the within-period
profit. Following some algebra, we get:
Vop(0)=kn(H,0)+ (1—k)x(L,0)

+%5 (K°n(H,T3p) +k(1—k)m(H,T'pp) + (1= k)kn(L, T3 ,) + (1 — k)*n(L,T5p))

Following the same logic as in Proposition 2, we can see that the optimal solution satisfies:

q-(D

, VDe{H, L},
pi(D

, VDe{H,L},

)

)
p(D,T)=vy, Y(D,T) € {{H,L} x{TD5.TEp}}

)

)

pr(D)=1-q(D)(1—wvy), VD€ {H, L},
1—O'H
q:(H <7( H

For a given menu, the number of late services provided in state (D,T') € {{H, L} x {T'#,, TL,}} is
given by min{Rp,I'}, where Rp=1—0D — ¢,(D)(1 —0)D is the number of suppliers that remain
available upon provision of timely services. The platform’s problem becomes:

k[UH(l—qt(H)(l—Uo))+qt(H>U0(1—U)H] )
+(1 = k) [oL(1 = q:(L)(1 —v0)) + q:(L)vo(1 — o) L]

+ [ H (1 — q(H) (1 —v9)) + qu(H)vo(1 — o) H + vy min{R¥ , T¥ }]
max Sk(1—k

e e | 420 [ H (1~ g,(H)(1— ) + g (H)oo(1 — o) H + vy min{R" Tk}
()| 2B (511 g (L)(1— v0)) + u(L)vo(1 — o)L + vy min{RE, T, )]

)
UK (51— qu(L)(1 - v0)) + qu(L)vs(1 — o)L + vy min{ RF, T )

Note that 1 —oH — q,(H)(1 —0)H < (1 — q,(H))(1 —0)H, since 1 —ocH < (1 — 0)H; therefore
min{R” TH,} = R”. Similarly 1 — oL — ¢;(L)(1 — o)L > (1 — ¢:(L))(1 — 0)H, since 1 — oL <
(1—0)L; therefore min{ R, T )} =T'%,,. We then distinguish two cases, following simple algebra:
1) If q,(H)H — ¢(L)L > 20222 then min{R”,T'5,} = R" and min{R",T%,} =T4
2) If q,(H)H — q,(L)L < d(%j‘), then min{ R Tk} =T%, and min{R*, TH } = RL.
In order to solve the above problem, we define two sub-problems, which we refer to as (P;,,) and
(P2,,), based on whether ¢,(H)H — ¢, (L)L > %= (2:) or not. Then by comparing the solutions of

Problems (Pp,p) and (P3,,) , we will derive the optimal solution of the overall Problem (Ppp).
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Problem (P},,) With min{R? , T5,} = R¥, min{RY,TE} =T#, the problem becomes:

1 {qt(H)Hk [vo— 0o — v (1 —0)(2— k)] }

max  Constant+ 375 Lo (D)L — k) [0y — 0 — 6v, (1 — 0)(1 — k)]

ot (H)< =57

d(1—20)

st q(H)H —q(L)L 2 ——

e When o <0.5
— When vy <o+ 6(1 — o)vy, the solution to Problem (P},,,) satisfies:

d(1—20)

Qt(H):m7

(L) =0.

— When vy > o+ 6(1 — o)vy, the solution to Problem (P},,,) satisfies:

Qt(H) = &:Zﬁ_]; Qt(L) =1

e When o > 0.5.
— When vy <o+ 6(1 —0)vy(1—k), the solution to Problem (P}, ) satisfies:

¢(H)=0, ¢(L)=0.

—When vy € [0 +6(1 —0)vy(1—k),0+ (1 —o)v], the solution to Problem (P},,) satisfies:

at)=0. a(t)= 2.

— When vy > o +6(1 — o)vy, the solution to Problem (P},,,) satisfies:

q(H)= &:Z;fqa q@(L)=1

Problem (P3,) With min{R¥ , T%,} =T%,, min{R*,T¥,} = R", the problem becomes:

1 @(H)Hk [vg— 0 — v (1 — 0)k]
max  Constant+ 3773 {+qt<L>L<1 — k) [vo— 0 —vi(1— o) (1 + k)]
ae(H) < 4=
st q(mH - g(nr< U2,
— 0
e When 0 <0.5

— When vy <o+ 6(1 —o)vk, the solution to Problem (P3 ) satisfies:
@(H)=0, q(L)=0.

— When vy € [0+ (1 — 0)vik,0 4+ §(1 — 0)vy], the solution to Problem (P3,,) satisfies:

@ (H) = ?;1_02)2, q:(L)=0.



Abhishek, Dogan, Jacquillat: Strategic Timing and Dynamic Pricing 99
ec

— When vy > o + (1 — o)v,, the solution to Problem (P ) satisfies:

0ll) = = adD) =1

e When o > 0.5.
— When vy <o+ (1 — o)vy, the solution to Problem (P}, ) satisfies:

d(20-1)

@(H)=0, q(L)= U—oH

— When vy > 0+ §(1 — o)vy, the solution to Problem (P}, ) satisfies:

alll) = = all)=1

Now by using the solutions of (P}, ) and (P%[,), we characterize the solution to Problem (Ppp).

e When o < 0.5, the solution to problem (P3 ) solves the global problem. Indeed, the solutions
of (PLp) and (P%,) differ only when vy < o + §(1 — o)v,k; in this region, the solution to
Problem (P% ) (p:(H)=p:(L)=0) yields a higher value of the objective function.

e When o > 0.5, the solution to problem (P ) solves the global problem. Indeed, the solutions
of (P,p) and (P3,) differ only when vy < o + (1 —o)vi(1 — k); in this region, the solution
to Problem (PLp) (p:(H)=p:(L)=0) yields a higher value of the objective function.

EC.3.3. Proof of Proposition 8

Recall that the maximum relative gain is defined as:

Rma,g; = max R(Uo), Where R('UO) f— V(Ol_ VDD(O) )
'UOG('UI 71) VDD (O)

Proof that R,,ae > Ri(k,d,v,,0). Let us denote vy =0 + (1 — o)v;, which defines the boundary
between Regions B and C for the demand-dependent mechanism. Moreover, as § — 1, v4 converges
to the boundary between Region 2¢ and Region 3a for the optimal mechanism.

Demand-dependent Mechanism.:

In Region B, I'5, = (1 —0)L and T, =1—0L. Let Vpp be the vector of steady-state values:

Voo 7o i)

We have:

_ (1—k)[cL+ (1 —0)Lv,]| + k[oHp? + (1 — 20)dvy + (1 — o) Lv,] 1—-k) k|
VDD == +5 X VDD7
(1—k)joL+(1—oL)v|+k[cHp? + (1 —20)dvy + (1 — ) Lv,] —k) k

where
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Moreover, we have:
Vop(0)=(1—k)[ocL]+k[cH]+6[(1—k) k] x Vpp
After some algebra, we get:

Vop(0) =5 |oL(1—k)+ o Hplk + (1 — 20)dvok +6(1 — o) Loy (1 — k+ k) + 6(1 — o L)vy (1 — k)k

_ B vg—o
=ocHk+(1-20)d 1ok

General Mechanism:

In Region 2c, there are 5 steady-state values of I 0 < (1—0)L<H—-1<1—-0L<(1—-0)H.
Moreover, we know that V(1 —oL) =V ((1—0c)H), since the first-period and continuation profits

are identical with these two different values of I'. Then, let V be a vector defined as:

We have:
(1—k)[Lvo) + k[eHp> + (1 — o H) vy (1-k) 0 kO
_ |(1=k)[Lvg+ (1 —0)Lvi]|+ k[cHp? + (1 — 20)dvy + (1 — ) Lv, ] (1-k) 0 0k
V= +0 xV,
(1—k)[Lvo +dv ]+ k[oH + (1 — o H)v,] (I-k) 0 0k
(1—k)[oL+ (1 —oL)vy]|+kjcH +(1—0cH)v] 0 (1-k 0k

F A

where
1-cH (
(1-0)H

Then V = (I—6A)"'F yields:

— 1 ! i .
V(0)=—— F )
©) 1_5<ZH1+M2+M3+M4 (l)>

i=1

1—-20)d
pr=1— 1—1y), and pf—l—((l_a)}{(l—vo).

where

p =1+ 06°k* — 6k — 6%k,

o = 63k — 6°k3,

ps =0k + 08°k* — 6%k* — 6°k?,
g = 6%k,

Then by denoting ji = 1 + pio + 3 + pa = 1+ 6%k* — 6%k, and after some algebra we get:

v

(0)= L <LU0(1_k)(M1+M2+M3)+UL(1_k)M4+0Hku+(Hl(l—UH)+H2(1—20)d)Ulo_;k
T (1-9)n

+(1 — U)Lvl,u2 +dU1(1 — k)ug + (1 — O'L)’Ul(]. — k:),u4 + (1 — UH)Ulk(/,Lg +M4)

)
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Relative Gain at vy = v :
We get:

<(M1 + o+ p3) L(vg —0)(1— k) + pa (1 — o H) vﬁ__:k — (1 + p3 4 pa) (1 — 20)d“§_;”k+dv1(1 - k)ﬂs)
+(1 =o)Ly (o —6(1 =k +k*)fi) + (1 — o L)vy (1 — k) (p1a — 0kji) + (1 — o H)v1 k(3 + pa)

R(vd) =
(v) oL(1—k)+oHplk+ (1 —20)dvi k+6(1 — o) Loy (1 —k+k2) + (1 —oL)v, (1 — k)k

By using the fact that vy =wv7, and taking the limit when § — 1, we get:

(1—0)Lvk*(1—k)?
oL(1—k)+oHk+ (1—-20)dvik+(1—0)Lv;(1—k+k*)+ (1 —oL)v, (1 —k)k

. +) —
(lsl_rﬂ R(vy) =

Proof that R,,,.. > Ra(d,vy,0) when k=0.5. Let us denote v, =max{v;,0+3(1—o0)kv,}, which
either defines the boundary between Regions A and B for the demand-dependent mechanism, or
the case where vy = v; (if Region A does not exists). Moreover, when k = 0.5, we know that,
when vy =04 6(1 — 0)kvy, v, defines the boundary between Regions 2a and 2b for the optimal
mechanism. When v, =1, v, may belong to Region 2b or to Region 2c.

Demand-dependent Mechanism:

In Region B, 'L, =(1—0)L and T'#, =1—oL. We already know that:

Vop(0) =55 [aL(l —k)+oHk+ (1-20)d%=2k+6(1—0)Lvi (1 —k+k*)+0(1 —oL)vi(1—k)k

1—

General Mechanism
There are 3 steady-state values of I': (1 —o)L <1—0L < (1—0)H. We know that V(1 —oL) =
V((1—0)H). Let V be a vector defined as:

v-[Hiocs)

We have:
— |(1-k) [JL—I—(l—U)Lvl]+l<:[apr—|—(1—2U)dvo+(1—a)Lvl}] [(1—k) k‘] —
V= +4 xV,
(1—Fk)oL+(1—oL)v]+k[ocH + (1 —0cH)v] —k)
where
Pf =1- ((1:331)5( —Uo)-

From Region 2b’s optimal policy (I'*(H,0)=H — 1, and T*(H,H — 1) = (1 —0)H) we get:

V(0)= (1 — k) [oL] + k[0 Hp® + (1 — o H)vy] + k(1 — k) [0L + dv] + k2 [0 H + duy]
F 81— k) V(1 —0)L) +6°k(1 — k)V((1 — o) L) + 82k*V((1 — o) H)

This can be rewritten as follows:

LAY /Y L [(1—k) 6k] F

V(0)= (1= k)oL(1+ k) + ko H (1+0k) + k(1 — o H) T — 1-5
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After some algebra, we get:

OL(L— k) + 0 H + (1 — §)k(1 — 0 H) =2 4 §(1 — 8)kduv, + (1 — 20)d“=2 k(1 — k)
+6(1 —o)Lvy(1—k)+6*(1 —oL)vi k(1 — k) +6*(1 — o H) v, k?

Relative Gain at vy = v :

We get:
Rlue —((1=0)k+0%k)(1 —20)d%=2 —§(1 — o) Lv1k* + 0*(1 — o H)v1k* — (0 — 6*)(1 — o L)v1 (1 — k)k
(vo) = oL —k)+oHk+ (1 —20)d%=2k+ (1 —0) Loy (1 — k+ k) + 6(1 — o L)v; (1 — k)k

By using the facts that § — 1, k= 0.5 and v, =max{o + (1 —o)kvy,v,}, we get the ratio:

(1—20)dv . -
80+2(1—2a)dv1+6(1—U)ILU1+2(1—0L)1)1 if vy =0 +0(1—0)kvy,

R(vy) =

(1—20)a1pL)e

UII:UU +3(1—0)Lvi+(1—oL)vy

if vy =wv;.

40+2(1—20)d

Appendix EC.4: Proofs of Appendix C
EC.4.1. Baseline Two-period Model

The following lemma asserts that the initial findings provided in Proposition 2 carry over to the

two-period setting. The proof uses identical arguments, and is thus omitted for conciseness.

LeMMA EC.2. The solution to above problem satisfies, at each T € {1,2}, in each state (D,,T';):
(Z) th(Dra FT) =, G/ﬁ,d pl,T(DT) F‘r) ="1.
(i) q¢.-(D.,I';)=1, and p, . (D,,I';) > v,.
(iii) I T+ >0, then g (Dr,Ty) = min { 1, F=tex(Enlolobeits Do L0elbe |,

(iv) Constraint IC, . is binding, and hence p, (D, I';)=1—q;.(D,,I';)(1 —wp).

EC.4.1.1. Proof of Proposition 12
Period 2: The problem in Period 2 can be written as follows:
Va(D5,T5) = max Va(Dy,T5,T,), where:
r
Vo(Dy, Ta,T) = 0Dy (1 _ ()bl (g —UO)> +((1 = 0)Dy — ) vo + min{Ty, 1 — Dy + I} }vy.

(1—0)D2

Taking the partial derivative with respect to I', we get:

OVa(Ds, Ty, TY) _{Ng) IfTy<1— D, +T) (EC5)

1

Vi (Da,I'y,T%
8 /

In Region 1, we have vy < g, so ) > 0. Therefore, the platform provides no timely

2
service to n-type customers.
In Region 2, we have vy € (0,0 4+ (1 —0)vy], so %’F”Fé’) >0 if and only if 'y > 1 — Dy +T7%.
2
Therefore, the platform rejects timely services to n-type customers as long as it increases the

number of late services. In other words, the platform prioritizes late services.
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dVa(Dy,I',I)

In Region 3, we have vy € (6 + (1 —0)vy,1), so =
2

< 0. Therefore, the platform provides
as many timely services as possible.

Period 1: The problem in Period 1 can be written as follows:
Vi(D1,0) =max Vi(D;,0,T"), where:
r
Vi(D1,0,T") = oD, (1 — LB —UO)) +((1 = 0)Dy —T%) vo + 0Ep, (Va(Ds,T%)).

Taking the partial derivative with respect to I'} we get:

OVi(D1,0,T) o—w ) )
- alrg == 1_UO+5ED2 (V3(Do, 1)) - (EC.9)

From the optimal policy in Period 2, we know that, when o < 0.5:

k=2 + v if',e€[0,1—-0H),
E (VDo (1—Fk)v, ifl'ye[l—ocH,H-1),
0 (Va(D2:T2)) =4 (—"1—_1;;) +v1) ifTye[H—1,1-0oL),
0 ifl'y>1—-0L.
In Region 1, %’?’FD >0, so the platform provides no timely service to n-type customers.

In Region 2, the sign of %{“Fg) depends on the value of Ep, (V;(D2,I'))).

e Under low demand, I'{(L,0) < (1 — o)L <1 —oH. Therefore, Ep, (V5(D,I'))) = kF=2 + v,

nd avl(;r’?’rl) = 2= (1+0k)+dv;. We obtain that %’?’Fl) >0ifand only if vy <o+ %

(Regions 2-i and 2-ii). So I} (L,0) =T, in Regions 2-i and 2-ii and I'}(L,0) =T, in Region 2-iii.
e Under high demand, I'}(H,0) € [H — 1,(1 — o) H], so:

OVi(H.0.T) {2_10<1+6<1—k>>+6<1—k>v1 rie[H-L1-ol), oo

a2 <o ST, €[l oL, (1—0)H].
Therefore, I} (H,0) <1—o0L in Region 2. We obtain I'} (H,0) =1 —0oL if vg < o + %01
(Region 2-i), and I'}(H,0) =I'j; otherwise (Regions 2-ii and 2-iii).

In Region 1, % < 0, so the platform provides as many timely service as possible.
1

EC.4.2. Stochastic Demand Composition
The platform’s problem is given by:

Vo(Ds, Iy, 00) = g DA Dr2Gr202Ds + Dt 2qi2(1 — 02) Do + proqol's
r,2:9t,2,41,
Pr.2,Pt,2,P1,2

s.t. ICT’Q and Icn’g,
Dro <1, pro< vy, pra2< v,

1> q200D5 4 qi2(1 — 09) Dy + g o1s.
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V1(D1,0a 01) = qfrlug{l pr,lqr,ﬂth +pt,1Qt,1(1 - J1)Dl + 5ED2,02 (VQ(DzaF/a 02))
Pr1pEd

s.t. ICM and Icn,la

Pra <1, pi1 <o,
1> ¢ 101D14q1(1—01)D,

FI = (1 — Qt,l)(l — 0'1)D1.

Lemma EC.3 provides analogous statements to Proposition 2. The proofs of Lemma EC.3 and

Proposition 13 follow usual arguments and are omitted for conciseness.

LEMMA EC.3. The optimal solution to above problem satisfies, at each T, in each state (D,,T',):
(Z) ptﬂ'(‘DT? FT’ UT) = Yo, and pl,‘r(DT7 F‘ry UT) =U1.
(1) q’l‘,T(DT7 [.,0.)=1, and pr,T(D'ra [;,00) 2.

(iii) IfT; >0, then g-(Dr, Ty, 07) = min { 1, 0nrPlolordetn (e Lron)(oonbe |,

(iv) Constraint ZC, , is binding, and hence p,.(D,,I'.,0,)=1—¢q, (D, I';,0,)(1 — ).

EC.4.2.1. Proof of Proposition 14
It suffices to show that there exists oy € {¢,7}, and I'; such that p, 1 (H,T'1,01) <pr1(L,T'1,07).

Recall that the platform’s problem in Period 1 is given by:

Vi(D1,0,01) = max‘z(Dl,O,Ul,F’l), where:
1‘\/

1

Vi(D1,0,01,T) = 01D, (1 - %(1 - UO)) +((L=01)D1 = I') 0o+ 0Ep, 4, (Va(D2, I}, 02)) -

We obtain:

8‘71(1)170’01,{‘3) 01—
or, C1l-o0y

+0BDy .0y (V3 (D2, 1, 02)) -

Let us assume that @ < g + (1 —o)v; and that vy € [7,0 + (1 — o)v;]. In this region, the optimal

policy in Period 2 involves late service prioritization (Region 2-0). Therefore, for any o, € {0,7}:

L1}0+F2U1 1fF2€[0,1—L)7
Va(L, T, 03) = § oL (1= S22 (1 ) ) + (1= 02) L= Ta)ug + Towy i Ty € [1— L, 1 - 0L),

02L+(1—02L)U1 lfF221—UgL
VuH.Tavon) oo H (1= U522 (1)) + (1= 03) H —Ty)ug +Tyvy i Dy € 0,1~ 0, H),

O'QH"‘(l—O'QH)’Ul lfF221—O'2H
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From our assumptions, we know that 1 —6H <1—cH <1—-L<1—¢gH <1—3L. Therefore:

(1—k)( (Z=20) 4 (1 — p) (2=t “0))—1—1)1 if Ty <1—oH,
(1= k)(1 = u)(2222) + (1 — kpr)on it T, e[l —oH,1—oH),
, (1—k)v, if Tye[l—oH,1- L),
Foues BP0 =0 (1) () + (- (20) +01) it Tae[1- L1 L),
(1-k)1-p ((" gj)ﬂl) ifTye[l-3L,1—oL),
0 ifI'y>1—oL.

Let us focus on the case with o7 =@. Let us then define v, < vy € [7,0 + (1 — 0)vy] as:

; _0(1—o)A 461 —k)p)+o(1-7)5(1—k)(1—p)+ (1 - 0)(1 —7)d(1 - k)
- (1-0)A+0(1=k)u)+ (1 -7)5(1 —k)(1 - p) 7
5 - 01=0)+a(1-7)6(1 —k)(1 —p)+(1-0)(1-0))(1 k)
’ (1-0)+(1=2)0(1—k)(1—p) '
After some algebra, we can check that vy € [vy, o] C [7,0 4 (1 — o)vy], that I'}(L,0,5) = (1-7)L,
and that I} (H,0,6) =1—-0L < (1 —7)H. Therefore, p,1(L,0,5) =1, and p,1(H,0,7) < 1.

EC.4.2.2. Proof of Proposition 15

Let us first prove that I (D,,I';,0,) is non-decreasing with o,. Starting with Period 2, we have:

OVy(Dy, Ty, 04,T%) _ if [y <1— Dy —TY%,
81—‘/2 012 01)20+v1 if FQZl—DQ—F/Q

Va(Dg,Tg,09,T%) -

Since or7

is non-decreasing with oo, we obtain I'y(Dy, 'y, 09) > T, (D3, 'y, 0}) if 093 > 0.
Similarly, we have, in Period 1:

a";vl(Dlaan-lvr/) _ 01—
af’l 1—0'1

—|— (SED2 o9 (‘/Q(D%FUO'Q))

Vi (Dy,I'1,01,I)

Again, ) is non-decreasing with oy, so I'}(Dy,I'y,01) > T(D1,I'y,0%) if o1 > 0.

For any 7=1,2, let us consider o, > o.. We have:

V% (D I 0‘):1_(1_UT)DT_F/(DT,FT70'T)

(1 —wp)

(1—0,)D,
r'(D,.T.,0,)
= B —— 1 —
Vo + (1_0'7—)D7- ( UO)

F’(DT,FT,U’T)(l
(1 - O';-)D‘r
:pT,T(DT’FT’U'Ir)

> vy + —'Uo)

EC.4.3. Endogenous Capacity
The platform’s problem is given by:

Vo(Ds,Tp) = max (Pr2 — w2) @r20 Do+ (pr2 — W2) Gr2(1 — 0) Do+ (pr2 — w2) @121
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S.t. Ichg and Icn,Za

Dr2 <1, pr2<wvg, pPr2 <0y,
S(wz) > 20Dy + g o(1 — 0) Dy + 21 s.
Vi(D1,0) = max (Pr1 —w1) @rao D1+ (pra —w1) qea(1 —0) Dy + 0 (KVo(H,TY) + (1 — k)Vo(L,T7))

qr,1,9¢,1
Pr,1,Pt,1

s.t. ZC,; and ZC, 1,
Pra <1, pr1 <o,
S(wy) > 10Dy +q1(1—0)D,
I'=(1-q.1)(1—0)D;.

Lemma EC.4 is the analog of Lemma EC.2. Its proof is omitted for conciseness.

LEmMMA EC.4. The optimal solution to above problem satisfies, at each T, in each state (D,,T';):

(Z) pt,‘r(D-mFT) =19, and pl,t(DT7FT) =;.
(i) (D7) =i {1,222} and p, (D) > 00

’ oDy

(iii) IfT >0, then q,(D.,T,)=min {1, S il o B e el e }

(iv) Constraint IC, , is binding, and hence p,.(D;,I';)=1—q;.(D.,I';)(1 —wp).

EC.4.3.1. Proof of Lemma 7

We first show that the platform always serves r-type customers. Suppose by contradiction
that ¢, .(D,T') < 1. From Lemma EC.4, we know that the platform serves only r-type customers
(@-(D,T')=¢q.,(D,T') =0) and charges a price p, .(D,,I';) =1. We obtain that S(w,(D,,I';)) =
% < 1. The platform’s profit is then:

w
I, =—(1- .
T ﬂ( wT)

Let us now increase the wage by € > 0. The platform can serve more r-type customers without
serving any n-type customers, so that p,,(D,,I';) =1. The resulting profit is

Il, = (wT+€> (l—wT—s):%(l—wT)-i-

u u

(1-2(w,+¢€)).

Sl ™

Note that w, < u < %1 < %, so 1 — 2w, > 0. For ¢ > 0 sufficiently small, we thus obtain ﬁT > I1,.

We now show that, if some late demand is left unserved in Period 2, then S(wq(D2,T's)) = 1.
Suppose by contradiction that g 2(D2,I's) <1 and S(wa(D2,I'3)) <1 (i.e., wo(D2, ') < @). Then,
note that the cost of service provision is S(wq(D3,T'2)) X wo(Dy,I'y) = “’2(D+’F2)2. Let Revy be the
platform’s revenue in Period 2. Its profit is then given by:

2

w
I, = Revy, — —2 ,
U
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Now, consider increasing the wage by € > 0. This increases the capacity by <. Let us allocate

the additional capacity to provide more late services. This deviation does not change the price

pr2(D2,T'2). The platform’s revenue thus increases by Sv;. Its profit becomes:

(w2:*‘5)2

ﬁngevg%—ivl— :H2+§(U1—2w2—5).
U U

Note that w, < u < ”71, so vy — 2w, > 0. For € > 0 sufficiently small, we thus obtain ﬁT >I1,.

EC.4.3.2. Proof of Proposition 16

First, we prove that in Region 3—u (v > o + (1 — 0)v;), the platform prioritizes timely services
over late services. Suppose by contradiction that ¢ 2(Da,T'2) >0 and g 2(D9,I'2) < (1 — 0)Ds.
Denote the number of timely (resp., late) services by A; (resp., 4;), and let wy(Dy,T'y) be the
corresponding wage level. Then the platform’s profit in Period 2 is given by:

(w2(D3, I'y))? .

A
HQZO'DQ 1-— i
( u

m(l — v0)> + Ay + Ay —
Let us increase A, and decrease A; by € > 0. This does not change the total number of services
provided nor the wage level. The platform’s profit in Period 2 becomes:

Ai+e

_Ate (w2(Dy,T2))*
(1—0)Dy u '

ﬁQZO'DQ <1—
u

(1— v0)> + (A +e)vg+ (A —e)vy —

But then % = W >0, so ﬁ2 > II,. Thus, in Region 3—u, the platform provides as many
timely services as possible, and then serves late demand as much as possible.

Second, we show that in Region 1-u and in Region 2—u, the platform prioritizes late services
over timely services provided to n-type customers. Suppose by contradiction that g »(D2,I'2) >0
and g 2(D2,T'2) <T'5. Let us increase A; and decrease A, by € > 0. This does not change the total
number of services provided nor the wage level. The platform’s profit in Period 2 becomes:

ﬁgzap2(1_(Af‘5 (wa(Ds,T5))"

?)Dg(l —v0)> + (A —e)vg+ (A +e)vy — -

Then aa—ﬁf = —W > 0, so for € > 0 we obtain IL, > IL,. Thus, in Region 1-u and in Region 2—
u, the platform first serves r-type customers, then the late demand, and then it may provide timely
services to n-type customers. Let, again, rewrite the problem by changing the decision variable into
the number of timely services provided to n-type customers, denoted by A;. We know that A; =0
when oDy + 'y > 1. To distinguish between Region 1-u and in Region 24, we now focus on the
case where 0Dy +1T'y < 1. Let I7(D2,F2,At) be the platform’s profit in Period 2 in state (Dq,T's)

for a given choice of A; € [0,min{1 — oDy + Ty, (1 —0)D,}]. We have:

%(DQ,FQ,At) = O'DQ (1 %(1 —’UO)) +AtU0 +F2’U1 — (O'D2 +F2 +At)2ﬂ

- (1-o)
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We obtain:

8‘72(D27F27At) U —O0
0A, 1l-0
o

. Vo —
At:maX{O,mln{M—O'DQ—FQ,I—O'DQ—FQ,(l—O')DQ}}.

- 2(0’D2 + FQ + At)ﬂ,

After serving r-type customers and the late demand, the platform can thus increase the wage

vg—0O

up to 5(1—0) to provide timely services to n-type customers.

e In Region 1-u, vg <0 +2(1 —0)tucL, so 0Dy +T's > 0L > ;7. Therefore, A; = 0: no n-type

customer receives a timely service. We obtain wq(Ds,I's) = mm{u (cDy+Tg)u}.

vg—0
2(1-0)u

e In Region 2.i-u, oL < < 1. The platform increases the wage to provide timely

vg—0
2(1—0)"

20y (D2 +T2)u } Otherwise, the wage is @ if

O'DQ + FQ > 1 or (UDQ + FQ)’ITL when 2((1)73 S O'DQ + FQ < 1. We obtain wQ(DQ,FQ) =

max{mln{u (0Dy +Tg)u}, mm{ U? Z) (D2 +T2)a }}

e In Region 2.ii—u, 2(”10 :)u >1,s0 Ay =min{l —oDy —T'5, (1 —0)Dy}: the platform increases

services as long as it is feasible and wQ(Dg,Fg) < If the platform provides

timely services, the wage is mm{

the wage as long as it can provide timely services. Thus, wy(D2,I'y) = min{u, (Dy +T's)u}.

EC.4.3.3. Proof of Proposition 17
Recall that the platform’s problem is given by:

Vi(Dy,0) =max V;(Dy,0,I"), where:
v}
Vi(D,,0,T,) = oD, (1 R s v0)> +((1—0)Dy —T},)vo — (D1 — T,)2@+ 6Ep, (Va(Ds, TY).

Therefore:

6‘71(D170a1—‘/1) _ 0 — g
or, 10

+2u(Dy —T') 4+ 0Ep, (V5 (D2, T7).

Let us focus on Region 2.ii-u. We have:

L’Uo +F2’U1 - (L+F2)2'lj/ if FQ S [07 1-— L),
Va(L,Ty) = aL((l—%(l—vo))+((1—U)L—F2)UO+F2U1—6 ifTye[l—L,1—oL),

oL+ (1—oL)v;—u ifI'hy>1—0oL.
Vo(H.Ty) = oH((l—(l(_f_)#(l—vo))+((1—0)H—F2)UQ+F21)1—@ if Iy €[0,1—cH),

cH+(1—oH)v, —u ifI'y>1—0H.

Indeed:
o If Dy=1L and I'; €[0,1 — L), the platform provides oL services to r-type customers at price
v, I's late services, and (1 — o)L timely services to n-type customers. Overall, the platform

provides L+ T'; services by setting a wage equal to (L +T'y)%*u
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e If Dy=L and I'; € [1—-L,1—0L), the platform provides oL services to r-type customers
at price 1 — (1(_1‘7_)#(1 — ), I'y late services, and 1 — oL — I'y timely services to n-type
customers. The platform sets its capacity to 1 by setting a wage of .

e If Dy=L and I'; > 1 — oL, the platform provides oL services to r-type customers at price 1,
and 1 — oL late services. The platform sets its capacity to 1 by setting a wage of .

o If Dy=H and I'; € [0,1 — 0 H), the platform provides o H services to r-type customers at price
1— %(1 —vp), I'y late services, and 1 — o H —I'y timely services to n-type customers.
The platform sets its capacity to 1 by setting a wage of «.

e If Dy=H and I'; > 1 — oH, the platform provides o H services to r-type customers at price
1, and 1 — o H late services. The platform sets its capacity to 1 by setting a wage of .

With 0 < 0.5, we have (1-0)L<1—-cH<H—-1=d=1-L<1—-0L<(1—-0)H. We obtain:
—2u(L+Ty) ifTye(0,1-1L),

‘/Q/(L,FQ): %—F'Ul lfFQE[l—L,l—UL)7
0 ifl'y>1—0L.
og—ug : o

iy = {0 e o),
0 ifI'hy>1—0H.
k (f’—_—; —|—v1> F(1—k) (v —2a(L+Ty)) ifTye[0,1—oH),

, 1—k) (v —2a(L 4T if Ty e[l —oH,H-1),

) (Vi(Du L)) — 4 (1) (01 =2(L+T) el )
(1—k:)<" ”0+v1) if Ty e[H—1,1-0L),
0 if'y>1—-0oL.
We know that I} (L,0) < (1—0)L < 1—0H. Therefore, we obtain, from the first-order conditions:

I’ (L) = min {max {o, s +;(1 ) (‘; (14 6k) + duy + 2L (1 - 5(1 - k:))) } (1 a)L} .

Similarly, we know that I'| (H,0) > H — 1. Clearly, I'| (H,0) < 1—oL; otherwise, Ep, (V5 (D5,T'5)) =
0 and, since we are in Region 2.ii-u, we get avl(grllo ) = 720 +2u(D, — I'}) < 0. Therefore,
Ep, (VJ(Ds,T2))=(1— (” %0 4 v1> We obtain, from the first-order conditions:

g —
1—0

O(1+6(1—k))+6(1— k:)v1> } (1 U)H}

Suppose that vg =0 +2(1 — o)u (which is admissible in Region 2.ii-u). Then:

(L) =min {max {0, Sa(l +;(1 ) (—2a(1+0k) 4+ dv1 +2aL(1—0(1— k)))} (1= O')L} ,

1
F&(H):min{maX{H—l H+<

F’l(H):min{max{H—l,H—l—é(l—k:)—i-W},(l—a)H}.

Then, let us set k is sufficiently large, and consider u € 17‘;%1';)(11’1%), 2(1+5k)+L((‘;7fU)5(17k)7 )]. This

is possible because, as k — 1, this interval converges to |0, 2(1&%} C [O, 5 ] For these values of

u, we obtain I} (L,0) = (1 — o)L, and I} (H,0) = H — 1, and thus p,.;(H,0) <p,1(L,0)=1.
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EC.4.3.4. Proof of Proposition 18

Recall that the platform adjusts the wage to match capacity with the number of services. From
Lemma 7, the platform increases the supply as much as possible to provide more late services. The
number of services, hence the wage, thus increases with late demand. We now show that they also
increase with incoming demand. In period 7 =2, this result follows from Proposition 13:

e In Region 1-u, the platform never provides a timely service to n-type customers. The number
of services is then min{1,0D; + I';}, which is clearly non-decreasing with with D,.

e In Region 2.i-u, the platform provides oD, services to r-type customers and min(1 — oDy, ')
services to m-type customers. If the platform does not provide any timely service to n-
type customers, it thus provides min(1,0D, + I'y) services—which is non-decreasing with
D,. Otherwise, the number of timely services provided to m-type customers satisfies A; €

{ﬁ —0Dy—T9,1—0Dy—T5, (1 — J)DQ}, so the total number of services falls within

%ﬂ, 1, or Dy +T'y, which is also non-decreasing with D-.
e In Region 2.ii—u and Region 3—u, the platform aims to satisfy all the demand, and thus provides
min{1, Dy + 'y} services—which is again non-decreasing with D.
Turning to Period 1, let us denote the number of timely services provided to n-type customers
by Ai(D;)=(1—-0)D; —T"|. Moreover, the wage level satisfies w,(D;,0) = (¢ Dy + A;(D;))u and

the cost of service provision is (6D + A;(D;))*u. We can write the platform’s problem as follows:

Vi(Ds,0) = max Vi(Dy, A), where:
wi,
- A
%(Dl,A) = O'Dl (1 — m(l — 'UQ)) +A'UQ - (UD1 +A)2a+5ED2 (‘/Q(Dg, (1 — O')Dl — A)) .
- 1

Moreover, the value function V5 is concave. This can be shown using the same arguments as in
the main paper. The proof is omitted for conciseness.

It is sufficient to show that the number of services is larger under high demand than under low
demand. Suppose by contradiction that cH + A;(H) < oL + A;(L). From the optimality of A;(L)
and A;(H), we have, for € > 0 sufficiently small:

o

OVi(L, A) _ : ;
T’A:AI@H = (=) + v —Ep, (V;(Ds, (1= 0)L = Ay(L) +¢)) — 2a(0 L+ Ay (L) — £) > 0,

oVi(H, A , )
lé_A_)‘A—Al(H)JFEZ 1i0_(]. —U0)+U0—ED2 (‘/Q(Dg,(l—U)H—Al(H) —E)) —2U(O'.H+A1(H)+€) <0.

Therefore we have:

Ep, (V3(Ds,(1—0)H — Ay (H) —¢)) > 1 ja(l—v0)+v0—2ﬂ(aH+A(H)+s)
> 1ia_(l—UO)+U0—21_L(0L+A(L)—|—€)
> Ep, (Vi(Ds, (1 - 0)L — Ay (L) —2).

For small e >0, (1—0)H — A(H) —e>(1—0)L — A(L) —e. It contradicts the concavity of V;.



