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Health systems are placing increasing emphasis on improving the design and operation of clinical trials, with
the aim of making the health technology adoption process more value-based. We present a model of a value-
based two-armed clinical trial in which both the recruitment rate and trial length are optimized. The model
is value-based because it balances the cost of the trial with the expected benefit it generates for patients,
valued by the relative health benefits and costs of the technologies. We consider a wide range of regulatory
and practical contexts which address how patient health is valued (discount rate, time horizon, pragmatic
trials). We present comparative statics and asymptotic analysis, together with a retrospective application
to a recent health technology assessment, and an extension for adaptive trials. Results challenge traditional
perceptions concerning the efficiency, length, and knowledge that may be gained from clinical research for
trial managers or funders charged with delivering value efficiently: we highlight trade-offs between trial
costs and population health benefits influenced by trial outcomes and the importance of optimizing both

recruitment rate and trial duration rather than sample size alone.
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The need to establish value for money in health care systems is becoming increasingly important,
with service providers facing the dual challenges of rising demand for health technologies (HTs)
and growing pressure on their budgets. A particular concern surrounds the evaluation of the clinical
efficacy, effectiveness, and cost-effectiveness of HT's. With a large body of evidence suggesting that
there is a productivity crisis in biopharmaceutical research and development (Paul et al. 2014,
DiMasi et al. 2016), and with an estimated US$100 billion of public funds invested in medical
research worldwide (Chakma et al. 2014), there is a growing focus on trying to improve what is
often termed the ‘efficiency’ of clinical trials.

In this paper, we present a value-based, Bayesian decision-theoretic model of a two-armed clinical
trial for HT adoption, with the goal of improving the efficiency of the HT innovation process

by optimizing both the recruitment rate and trial duration within different regulatory contexts.



This topic is timely and important. In the United Kingdom (UK), the National Institute for
Health Research (NIHR) is funding programs that innovate methodological designs for operating
trials more efficiently (NIHR 2018, 2020). In the United States, the National Institutes of Health
have launched a drive to improve the quality and ‘efficiency, accountability and transparency’ in
clinical research (Hudson et al. 2016). Recently, the European Union (2021) introduced the ‘Clinical
Trial Regulation’, which seeks to harmonize the process of assessment and supervision of trials, to
increase their transparency and efficiency.

Efficiency in clinical research is not consistently defined. On the one hand, it may be understood
in terms of requiring fewer enrolled patients to identify the smallest clinically relevant difference,
while maintaining the predefined type I and type II error rates, or in terms of reducing the research
cost per patient. On the other hand, efficiency in HT adoption is commonly understood in terms
of adopting the most cost-effective technology (NICE 2014). The adoption process compares the
expected health benefits net of treatment costs of one technology with another. In this paper,
we view efficiency from the perspective of clinical trial operation and HT adoption. We model a
so-called value-based trial, whose objective is to maximize health benefits obtained for the patient
population that may benefit from the technology adoption, accounting for the costs of running the
trial and switching to the chosen HT, as well as the costs of the technologies themselves. Here,
health benefits are measured by converting health outcomes to monetary value — one example
being a standard conversion of quality-adjusted life years (QALYs) (Sharma et al. 2021). Thus, effi-
ciency here addresses misalignment between objectives for trial design (minimize cost) and health
economics (maximize cost effectiveness) by aligning a trial’s design with HT adoption decisions.

Our framework maximizes the value of the trial for the full patient population that may benefit
from the technologies under consideration, including those enrolled in the trial, those not enrolled
during the trial period, and those in the post-adoption population. We consider pragmatic trials,
which compare two technologies that are both in use by some health providers before the trial
commences, though explanatory trials, which compare a new technology with a known standard,
and which can fit the model if the trial population resembles the population to benefit from the
adoption decision. We also consider different regulatory contexts according to the discounting of
costs and health outcomes, the concern for enrolled patient outcomes (online or offline learning),
and the definition of the post-adoption horizon (one in which the number of patients affected by
the adoption decision is fixed, the other in which it is a function of the trial’s length, which can
occur when the right to market a new drug is protected by a patent). Because the value of a trial
can be time-sensitive in certain regulatory contexts, it may be insufficient to optimize over the

sample size alone (the usual approach taken in clinical trial design). We therefore optimize both



the recruitment rate and trial length, and show how doing so can create more value, in expectation,
for the health care system.

In comparison with exploration-exploitation methods in other applications, several specific fea-
tures of the problem make it interesting. Firstly, the regulatory context influences the valuation of
benefits accruing to the patient population and, in turn, the expected value of information obtained
from patients enrolled in the trial. Secondly, the recruitment capacity may be costly and nonlinear.
Hence, the problem is richer than merely selecting an optimal sample size. Thirdly, there may be
significant delays between the time a trial participant receives treatment and the time that health
outcomes and treatment costs are observed. By addressing these matters, the model assists diverse
groups of decision-makers in addressing a range of questions: (i) Clinical trial managers: What is
the optimal recruitment rate for the trial? How long should the trial run? (i) Funders of trials:
In assessing several proposed trials, which have higher expected health benefit? Is a trial worth
running? What level of resourcing is necessary? (iii) Public sector policymakers: How do the afore-
mentioned regulatory issues affect the value of optimal trial designs? More broadly, our analysis
may be of general interest in exploration-exploitation contexts where the value of an exploitation
decision is time sensitive, or learning costs are nonlinear in the sampling rate. Our results challenge
traditional perceptions concerning the efficiency, length, and knowledge that may be gained from
clinical research for trial managers or funders charged with delivering value. We note the impor-
tance of optimizing both recruitment rate and trial duration rather than sample size alone from a
social planner’s perspective.

We review background literature in section 1 and set up the model in section 2. Section 3
provides structural results to characterize the efficient trial, presents comparative statics analysis
and asymptotic results which shed insights about the trial’s sample size. Section 4 applies our
framework to a pragmatic trial from the UK. Section 5 shows how the trial length can adapted
sequentially, as patient outcomes are observed. Section 6 discusses our main results and section 7

concludes. The Online Companion provides supporting material.

1. Background literature

The classical approach to clinical trial design selects the sample size and null hypothesis rejec-
tion region to guarantee a type I error and a type II error for the smallest relevant difference
worth detecting (Lachin 1981). Claxton and Posnett (1996) and Claxton (1999) criticize this
approach because it ignores economic principles, such as the value of sample information and data
acquisition costs. They propose, as an alternative, a decision-theoretic approach using rules from
cost-effectiveness analysis. Many contributions which advocate a decision-theoretic approach have

followed (e.g., Claxton et al. 2000, Gittins and Pezeshk 2000, Eckermann and Willan 2007, Griffin



et al. 2010, Draper 2013, Montazerhodjat et al. 2017). These compare the cost of collecting infor-
mation with the value that it generates, using so-called value of information calculations (Raiffa
and Schlaifer 1961, Kunst et al. 2019).

We contribute to this stream of literature in several ways. Firstly, we show that it is important
to model the recruitment rate and trial duration, not just the sample size. Secondly, we consider
these decisions in a wide range of regulatory contexts. Thirdly, as well as addressing trials which
compare a new technology which is not in use in a health system with a known standard, our model
also addresses trials which address mixed clinical practice (when two HTs are used to treat similar
patients in ongoing medical practice), a scenario commonly encountered in clinical research, e.g.,
use of caesarean section (Betran et al. 2016) and fracture treatments (Costa et al. 2014). Fourthly,
we provide comparative statics and asymptotic analysis.

The majority of decision-theoretic models above concern one-shot trials. More recently, interest
has grown in adaptive approaches (Pertile et al. 2014, Ahuja and Birge 2016, Williamson et al.
2017, Chick et al. 2017, 2021, Villar et al. 2018, Villar and Rosenberger 2018, Pallmann et al. 2018,
Anderer et al. 2019). The related Bayesian ranking and selection literature has proposed various
combinations of discounted and undiscounted rewards and online and offline learning (Branke et al.
2007, Frazier et al. 2008, Ryzhov et al. 2012, Xie et al. 2016). Although our principal focus is on
one-shot designs, we also discuss extensions for adaptive trials in section 5.

Although it is natural for a Bayesian approach to maximize expected value, or to minimize
expected regret, it would also be possible to consider frequentist approaches to expected regret
(e.g., see Chick and Wu 2005 for frequentist regret in ranking and selection, or the rich literature
on asymptotic regret in bandit problems, Bubeck and Cesa-Bianchi 2012). It is also possible to
have Bayesian beta-Bernoulli models in clinical trial design for 0-1 trials (Williamson et al. 2017).
We use a Bayesian, value-based framework to be consistent with the UK’s NICE (2014) guidance
for uncertainty quantification for probabilistic sensitivity analysis for HT assessments and to give
an average-case rather than a frequentist worst-case analysis (Inoue and Chick 1998, Robert 2007).
Although Bayesian in nature, simulations of our model can give power curves, in line with US FDA
(2019) guidance regarding the communication of complex and innovative trial designs.

There exists a range of other approaches to related issues in clinical trial design. Some consider
changing the balance of allocation to treatment arms as a function of the past history of allocations
(Berry and Eick 1995, Ahuja and Birge 2016). Others maintain a balanced allocation, but allow for
the trial to stop at any stage as evidence accumulates (Berry and Ho 1988, Jennison and Turnbull
1989, Hampson and Jennison 2013, Pertile et al. 2014, Chick et al. 2017). We focus here on balanced

allocation in a two-armed trial as it is the most common type of trial in practice. We assess the two



arms for a given population, rather than focusing on determining which subpopulation benefits the
most from a given treatment as is the case in precision medicine.

It is becoming more common to carry out an economic evaluation of a health technology in
addition to assessing its effectiveness in a clinical trial. Drummond et al. (2015) note that economic
evaluations are most common in jurisdictions where a single authority is charged with making
reimbursement decisions for new health technologies. They note that approximately half of the
countries in the European Union, together with Canada, Australia and New Zealand, requested
the economic evaluation of pharmaceutical products and, sometimes, other health technologies (the
ProFHER case study described below is an example). Panteli et al. (2015) review evidence-based
approaches to the reimbursement and pricing of pharmaceutical products in 36 European countries
and find that measurement of both effectiveness and cost is important in the vast majority: 19
countries considered costs in their evidence-based decision-making process and 15 more of them
considered costs on a case-by-case basis (Panteli et al. 2015, Table S1). Emanuel et al. (2020) review
the purchasing of pharmaceutical products in the United States, Australia, France, Germany,
Norway, Switzerland and the UK. They find that all countries, except the United States, have
centralized state-level mechanisms in place that are designed to lower the prices of drugs that have
received marketing authorization.

To the best of our knowledge, the value-based framework that takes into account research costs
is not used to design trials today. However, as already noted, proposals to adopt such a framework
date to Claxton and Posnett (1996) and Claxton (1999) and growing interest in application of the
framework has led to the publication of two ‘good practice’ guides (Fenwick et al. 2020, Rothery
et al. 2020). Implementing a value-based trial in practice requires collecting cost and QALY data
(or other health outcome data which can be converted to monetary values). While many clinical
trials do not have QALY as a primary endpoint or monitor treatment costs, accounting for QALY
in clinical trials has seen increasing attention (Angus et al. 2001, Ferguson et al. 2013, NICE 2014),
as has the use of health economic criteria in informing trial design (Draper 2013, Flight et al. 2019,
NIHR 2020). Mitchell and Patterson (2020) review clinical trials registered on clinicaltrials.gov
that studied a drug and or a biological during 2004—2018 to establish the proportion that collected
economic endpoints (broadly defined as those recording resource utilization/costs). Of the 104,885
trials identified, 1,437 (1.37%) included economic endpoints and for phase 2/3 trials, 939 (2.54%)
did so. The proportion increased from 1.2% in 2004—2008 to 1.6% in 2014—2018. Costs and
QALYs are also part of the broader operations research literature on resource planning for health
interventions (Kaplan and Brandeau 1994, Long et al. 2008).

The societal perspective of value that is adopted in this work contrasts with Bayesian decision-

theoretic contributions which consider a trial’s optimal choice of the sample size from an industry



perspective (Gittins and Pezeshk 2000, Willan 2008). There, the terminal reward is a function of
the probability of approval by the regulator and the expected market share. Jobjornsson et al.
(2016) consider the optimal sample size and pricing decision for a new pharmaceutical product,
given uncertainty over an insurer’s willingness to pay and a prior distribution for efficacy. Kouvelis
et al. (2017) further link data from trials to a theoretical model of recruitment rate optimization to
improve a private firm’s profit. Rojas-Cordova and Bish (2018) also take a for-profit firm perspective
in optimizing group-adaptive trials with 0-1 outcomes. Our work focuses on uncertainties related
to the efficacy (incremental health benefits and costs) of a HT adoption decision relative to the cost
of research, rather than on uncertainties in patient accrual, and models the cost of effort to obtain
a given recruitment rate on an empirical basis. Bravo et al. (2018) study how the arrival stream
of new technologies might influence the choice of statistical threshold for a trial, and endogenize
QALY gains as part of optimizing a trial. Their insight about expected QALYs gained following a
technology adoption decision can inform our choice of the number of patients to benefit from the
decision. A public-private model setting raises issues about contracting and incentive alignment
between technology adopter and provider: our model bypasses this issue by focusing on the vast

body of clinical research funded by academic and regulatory organizations (NIHR 2019).

2. Mathematical model of a value-based clinical trial

We present a Bayesian decision-theoretic model of a clinical trial comparing two HTs on cost-
effectiveness grounds. The objective is to choose both the recruitment rate and recruitment duration
so as to maximize the monetary value of health benefits generated for the target population, minus
the cost of carrying out the trial and any costs incurred in technology adoption. This section
discusses decision variables, outcome measures, the objective function, and regulatory contexts

addressed by the model. Appendix A summarizes the principal notation.

2.1. Trial design and decision variables
A clinical trial compares two HTs — N (new) and S (standard) — on cost-effectiveness grounds. We
consider standard two-arm trials, in which no patients are treated with N before commissioning
(such as explanatory trials), as well as trials in which there is mixed practice (such as many
pragmatic trials). Define px € [0,1/2] as the fraction of the eligible population that is treated with
N prior to the trial’s inception, so that the fraction 1 — py is treated with S. Without loss of
generality, assume that a greater proportion of patients receive S (one can rename the two HTs to
satisfy this constraint).

The trial comprises three decisions: the adoption decision, D, the recruitment duration, 7', and
the recruitment rate, r. The adoption decision D € {S,N,M} is made at trial conclusion with the

information obtained in the trial and determines the treatment for post-adoption patients. If D =S,



all patients are treated with the standard HT; if D =N, all patients are treated with the new HT;
D =M implies that patients are treated according to the mix that was in place prior to the trial.

The trial design decisions made at the start of the trial are T" and r. The recruitment duration,
T, is constrained to lie in the interval [0, Tin..]. Regulatory or funding requirements might constrain
Tnax- The recruitment rate, r, is constrained to lie in [0, 7). The maximum recruitment rate,
Tmax, 18 determined by factors such as the availability of recruitment sites and the incidence rate
of the condition, ( € R.o. A decision to make T'=0 or r =0 means that the trial does not run,
and the adoption decision is made using information available at the start of the trial alone. We
assume that patients are randomized evenly to the two arms of the trial in pairs. Let Q =Tr/2
denote the sample size (of patient pairs, not of patients). In practice we may require @ € [0, Qnax]

for Qumax < TmaxTmax/2, but this constraint is implicit to simplify exposition.

2.2. Value-based criterion for a HT adoption decision
The value-based nature of the trial requires that we compare health outcomes and costs in a
common currency. We use the difference between the monetary net benefit of using treatment N

over S — the incremental net monetary benefit (INMB, Fenwick et al. 2020):
W =A(Ex — Es) — (Cx — Cs), (1)

where E; € R and C; € R measure expected effectiveness (health or quality of life improvement)
and cost of HT j € {N, S}, respectively. The parameter A € R. is the monetary valuation of one
unit of effectiveness, defined by the regulatory body responsible for the study population (Sharma
et al. 2021). We use £20,000/QALY, consistent with the National Institute for Health and Care
Excellence in England and Wales (NICE 2013). The value of W is not known a priori. Its prior
distribution is assumed to be W ~ N(ug, 0?), as might be informed by phase II trials, a pilot study,
or expert opinion. Observations of the INMB of each patient pair arrive with a fixed delay of A >0
units of time after treatment allocation, and all outcomes must be observed before the adoption

decision is made.

2.3. Objective function: expected net gain

The expected net gain of the trial is the difference between the expected values of: (i) running the
trial and treating post-trial patients with the HT recommended by its results, and (ii) continuing
to treat patients according to the practice in place before the trial commenced. Figure 1 shows
how the expected net gain of the target population may be divided into four constituent parts.
The horizontal axis plots time, where the trial starts recruitment at time zero. The vertical axis
plots the incidence and recruitment rates of patients. Areas labeled are: (A) patients recruited to
the trial; (B) patients not recruited to the trial during the recruitment period; (C) patients in the
waiting period; and (D) post-adoption patients treated with the recommended HT.



Figure 1  Each area represents the number of patients in the following classes: (A) recruited to the trial; (B)
not recruited to the trial during the recruitment period; (C) treated with current practice during waiting period;

(D) benefiting from the adoption decision.
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2.3.1. Patients recruited to the trial. During the trial, T /2 pairs of patients are random-
ized. For patient pair ¢ € 1,...,Quax, We can observe a noisy observation X; of INMB. The trial
incurs a variable cost, ¢, per patient. We assume that X; | W L (W, c%), where 0% is the known
sampling variance. The proportion (1 — 2py)/2 is the fraction of patients receiving treatment N
under randomization who would have received S had the trial not taken place. Thus, the expected

net gain for the T'r patients in the trial, net of per-patient costs, is Tr((1 —2px)/2)E[W | —cT'r.

2.3.2. Patients not participating in the trial during the recruitment period. During
the recruitment period, (( —r)T patients are not enrolled in the trial. We assume that these patients
continue treatment with the practice in place before the trial commenced. Hence, they do not affect
the expected net gain (they incur no additional cost, and their outcomes are the same as they

would have been had the trial not taken place).

2.3.3. Waiting period. The adoption decision is made at time T+ A. During the period
[T, T + A], patients receive treatment according to the practice in place before the start of the trial.

These patients do not contribute to the expected net gain.

2.3.4. Post-adoption patients. Define I as the total cost of HT adoption. We assume that
Iy = 0 because neither HT is adopted, and In,Is > 0. Let P be the number of post-adoption
patients, assumed to be known at the start of the trial. If D =N, the expected net gain for these
patients is P(1 —pn)E[W ] — In, where P(1 —py) is the number of patients who, absent the trial,
would be treated with HT S. If D =SS, the expected net gain is —PpyE[W ] — I5. If D =M, the
expected net gain is zero because the trial did not change practice. The expected net gain for this
portion of the population is E[1p_nx(P(1 —px)W — Ix) + 1p_s(—PpxW — Is) | T, 7], where 1 is
the indicator function, equal to one if F' is true and zero otherwise. D is a random variable because
it depends on the yet unobserved patients. We condition on 7" and r to clarify that the expectation

depends on the trial design because D is determined by the outcomes of T'r/2 patient pairs.



2.3.5. Trial setup costs. The setup and operation of a trial incur costs. We define a setup
COSt, Ceap(T), to model the cost of initiating a trial (including patient outreach and opening recruit-
ment sites), retention efforts, data analysis, and dissemination of results. For example, ce.p(7) =
cax + 7% is a setup cost model with a fixed cost and an increasing marginal cost of capacity.
This cost is assumed to be independent of the number of patients in the trial. Including variable
per-patient costs for patients completing the trial, the total trial cost is ceap(r) +cT'r.

Trials may have issues with recruitment and retention (Walters et al. 2017). Mechanisms to
increase recruitment and retention, with a view to achieving a defined recruitment target, can
relate to protocol (refine, simplify informed consent), sites (replace marginally performing sites, add
sites, regularly communicate with sites), physicians (professional incentives), patient engagement
(outreach channels, convenience, explanations) and so on (Achilleas et al. 2010, Bower et al. 2014,
Walters et al. 2017, Lock 2019). With this in mind, r and ¢ are assumed to be modeled as per

patient that delivers data, and c..,(r) models the cost to achieve a given average rate r.

2.3.6. Expected net gain. Define the expected net gain of a trial design by V(T,r). If a trial

is not run, the post-adoption population is the entire population and the expected net gain is:
V(T, 0) = V(O, 7") = E [ ]-D:N(P(l _pN)W — IN) + ID:S(—PPNW — Is) | T, ’I"] . (2)

If the trial recruits at least one pair of patients, then T',7 > 0 and the expected net gain is the sum
of the expected net gains of the enrolled and post-adoption patients, minus the cost of the trial:
V(T,r)=— (Ceap(r) +T7r) 4+ 6on(T7/2)(1 — 2pxn)E [ W]
trial cost trial participants (3)
+]E [ 1’D:N(P(1 _pN)W — IN) + 1D:S(—PPNW — Is) | T, ’I“l.

post-adoption

Use of the indicator variable, d,,, permits us to model online learning (d,, = 1), so that benefits
to trial participants are counted in the calculation of expected net gain, as well as offline learning

(0on =0), so that benefits to trial participants are not counted.

2.4. The regulatory context
We extend the model to handle two more issues concerned with the regulatory context: the size of

the population affected by the HT adoption decision and whether rewards are discounted or not.

! Online learning may be particularly relevant in trials for rare diseases because the enrolled patients represent a
significant fraction of the patient population.
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2.4.1. Post-adoption population. We allow the number of post-adoption patients to depend
on the duration of the trial: P(7T"), which we assume is non-increasing in 7". We model two scenarios:

1. There is a fized horizon, H > T, .« + A, defined prior to the start of the trial and covering
both the trial and adoption horizons, so that P(T) =((H — T — 17-0A).

2. There is a fized pool of patients, P(T) = P, that is not dependent on the length of the trial.

For new drug approvals, one example of the first scenario is the standard 20-year period of patent
protection that applies to new pharmaceutical products for the 159 countries which make up the
World Trade Organization (2006). Examples of the second scenario include jurisdictions which
grant exclusive marketization rights for a HT for a defined period post-authorization (US FDA
2015), often because it is argued that the period granted by patent protection is not long enough.?
For health technologies more widely, we note that reimbursement decisions can use review horizons
that are evidence-specific. For example, the National Institute for Health and Care Excellence in
England and Wales sets a time for review which varies according to both the available evidence

and knowledge about ‘when ongoing research will be reported’ (NICE 2018).

2.4.2. Discounted expected net gain. The preceding assumes that costs and benefits dur-
ing the trial are not discounted, an assumption which may be realistic for some jurisdictions but not
others.> With continuous time discount rate p > 0, define the discounted recruitment period dura-
tion as TP(T) and the discounted number of post-adoption patients as P,(7"), under the assumption

that P(T) patients arrive at a constant rate, ¢, over a duration of time P(T")/(:

- T P(T)/¢
TP(T) :/O e P°ds = p—l(l o e—pT); PP(T) :/0 Ce—psds — (C/P)(l _ e—pP(T)/()’

and T,(T) =T and P,(T) = P(T) if p=0.
We can handle discounting by substituting P(T) with P,(T) and T with T,,(T) in (2) and (3):

V(T,0) =V (0,7) =E[1p-n(P,(0)(1 — pn)W — IN) + 1p_s(—P,(0)pxW — Is) | T', 7], (4a)
V(T,r)=—(Ceap(T) + CTP(T)’F) + 50n(Tp(T)’I“/2)(1 —2pn)E [W]

(4b)
+ e PTHIE [1p_x (1 — pn) Py (T)W — In) + 1p—s(—pn P, (T)W — Is) | T, 7],

where (4b) applies when the trial runs (7'r > 0).

2 Marketing authorization agreements vary by country and the nature of the health technology; to provide an exhaus-
tive list is beyond the scope of this paper. We note here some prominent examples, which illustrate the variety of
agreements in place for new medicines: Rome et al. (2021) estimate that, in the United States, market exclusivity
lasts between 13 and 17 years; Lexchin (2021) estimate a period of approximately 1.5 years in Canada; the 27 states
of the European Union operate a period of ten years for orphan medicines.

3 Although traditional clinical trials do not tend to discount health benefits and costs — focusing as they do on the
estimation of average treatment effects for clinical outcomes — economic evaluations do. For example, in England and
Wales, the NICE ‘reference case’, which defines the baseline methodology for health technology assessment, requires
that a 3.5% discount rate be used to discount future streams of costs and benefits, with sensitivity analysis using a
rate of 1.5% (NICE 2013, Sec. 5.6). A recent review of the health care systems in 31 countries found that all of them
discounted costs and benefits, with 90% recommending sensitivity analysis (Sharma et al. 2021).
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2.5. One-shot optimal trial design problem

Our focal optimal value-based trial design problem is

V= max V(T,r)

(5)
S.t. T c [OaTmax]a re [O;TmaxL

where V(T r) is defined by (4a) when the trial does not run and is otherwise defined by (4b). The
expectations which determine V (T, r) are with respect to the prior distribution for W, as described
in section 2.2, and the likelihood for observations in section 2.3.1 which inform D. We refer to this
problem as a one-shot trial because it fixes the trial parameters T, at the start and does not vary
them as the trial progresses. The model is general, in the sense that it accounts for all regulatory

context options in section 2.4.

3. Analysis of the one-shot optimal trial design problem
We first identify the optimal adoption decision. Next, we explore optimal values for the recruitment
duration 7™ and rate r*. Some mild assumptions guarantee the existence of a solution. We then

provide comparative statics and explore the asymptotics of optimal trial designs.

3.1. Optimal adoption decision
Define Zr, as the posterior mean of W given that realizations of incremental net monetary benefit

for T'r/2 pairwise allocations will be observed:
Zr. =E[W | X1,..., X702 ]

Let no = 0%/o2 be the effective sample size of the prior distribution and define o% =

0% (Tr/2)/[no(ng+Tr/2)]. Then it can be shown that (DeGroot 1970)

_ Moko + 221/2 X;

2
n0—|—T7’/2 NN(IMOaO—Z)u (6)
and W | ZTr NN(ZTT»,O'E(/(nQ +TT/2))

ZTT

Thus, Z7, is a sufficient statistic for all the information obtained in the trial, and D is solely
determined by Zr, instead of the sequence X; of all observations.

The optimal adoption decision maximizes the benefits for the P,(7T") post-adoption patients:

D=argmax{ 0 , P,(T)(1—pnx)Zr, —In, —P,(T)pnZy, — Is },
M N S

where the terms inside the argmax operator are the post-adoption expected net gains for each

of M, N, and S, respectively. Let ax(T) = In/((1 —pn)P,(T)) and as(T) = Is/(pnP,(T')) be the
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Figure 2 Predictive distribution for the posterior mean and regions where it is optimal to select N, S, or M.

slope = (1 — pn) Po(T)
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expected per patient switching costs given adoption of technology N or S, respectively. To avoid

undefined expressions, we set

{0, Is=0 {0, Ix=0
os(T) = { so, pu=0or P(T)=0 & ox(T)= { 00, P,(T) =0.

The optimal adoption decision divides the open interval for posterior beliefs into three regions,
delineated by an(7) and as(T): if Zr, > ax(T), it is optimal to adopt N; if Zr, < —ag(T), it is
optimal to adopt S, otherwise it is optimal to continue with the current mix. We refer to ax(7T)
and ag(7T) as indifference points, because one is indifferent between N and M when Zr, = ax(T),
and one is indifferent between S and M when Zr, = —ag(T'). Figure 2 shows a distribution for Z,
and the rewards for the optimal adoption decision for a prior mean lying between the indifference
points. The slopes of the linear reward functions are given by —pnP,(7") when S is adopted and
(1 —pn)P,(T) when N is adopted.

3.2. Simplified objective function
Given the optimal adoption decision, we now simplify the expected net gain to exclude the explicit
dependence on D. By conditioning on Zr,, setting ™ = max{0,z}, and using the tower property
of expectations, (4b) simplifies to the following expression:
V(T,7) = = (Ceap () + T (T)1) 4 on (T, (T)1/2) (1 — 25 )E [ Zr,
+ e MTHAE [(P(T)(1 = px) Zrr — In)* + (= Py (T)pnZrr — Is) " .

Define the normal linear loss function ¥(z) =E[(Z —2)T] = ¢(z) — 2(1 — ®(z)), where Z is a
standard normal random variable with cumulative distribution function ® and probability density
function ¢. When Tr > 0, (7), and therefore (4b), can be computed as follows:

V(T.7) = = (ceap(r) & T, (1)) 4 on (T (T)r/2)(1 = 2p) 10

et Doy (1 pw (WD) g (i)

Oz Oz
The probabilities of adopting N, S, and M are, respectively, 1 —®((ax(T") — o) /0z), 1 = P((as(T) +
fo)/0z), and @((ax(T) = po)/0z) + ®((as(T) + po) /0z) — 1. When T'r =0,

V(T,r) =max{0, (1 — px)F,(0)po — In, =pnFp(0) 1o — Is}- 9)

(7)

These simplifications streamline the analysis below to solve (5).
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3.3. Structural properties of the optimal trial design

The following proposition proves the existence of an optimal fixed sample size trial design under two
reasonable assumptions. Firstly, we assume that c..,(r) is non-decreasing, i.e., additional recruit-
ment capacity is costly, and lower semi-continuous, a mathematical condition for the existence of
a solution. This assumption is not restrictive because it accepts any continuous, increasing func-
tion. Secondly, we assume that P(7T') is non-increasing, i.e., the post-adoption population does not
increase with a longer trial. To guarantee the existence of a solution, we assume that P(T) is
bounded and upper semi-continuous. The two models (fixed patient pool and fixed horizon) that
were introduced in section 2.4.1 both satisfy these conditions, as do the example cost of capacity

models in section 2.3.5. The proof of the following proposition is presented in Appendix C.1.

PROPOSITION 1. If ¢.up(r) is non-decreasing and lower semi-continuous, and P(T) is non-

increasing, bounded, and upper semi-continuous, then an optimal solution (T*,r*) to (5) exists.

A closed-form solution to (5) is not available, but first order conditions may be obtained (see
Appendix B). The function V (T, r) is not guaranteed to have a unique local optimum, so the global
optimum is found by starting a common optimization algorithm at several random points.* The

next section shows that the optimization can be made to be univariate in some contexts.

3.4. A taxonomy of value-based designs and their solutions

Table 1 presents a taxonomy of the fixed sample size clinical trials which may be solved using
our model. We label the categories as Cases I to IV, according to whether the setup cost, cc,p, is
constant and whether rewards are undiscounted with a fixed patient pool. The cases are described
in sections 3.4.1 to 3.4.4 where we show that, for Cases I to 111, the problem reduces to the optimal
choice of a single variable, namely T, r or the product of the two. For Case IV — which applies
when setup costs are not constant and either discounting is used or the patient pool is not fixed
(or both) — both T" and r must be chosen optimally.

Most traditional clinical trials do not model time discounting (suggesting the taxonomy’s left
column), but health technology assessments do (NICE 2013, Sharma et al. 2021). Because value-
based trials model technology adoption, the right column is typical. Traditional patent protection is
also in the right column. Although many trials have fixed initial budgets, the inclusion of additional
sites to improve recruitment entails greater setup costs (US HHS 2014). This justifies that most
trials are in the second row. Thus, Case IV is our main focus. We discuss the importance of

appropriately modeling the case of the trial in section 4.3.3.

4 In numerical experiments, we have not found more than two local optima for the product T'r.
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Table 1 A taxonomy of value-based designs for commonly encountered fixed sample size clinical trials

Undiscounted fixed patient pool Otherwise
I. Optimize sample size II. Fix 7* = rnax, optimize T
(section 3.4.1, Proposition 2) (section 3.4.2, Proposition 3)
III. Fix T* = T\ax, Optimize r IV. Optimize both r and T
(section 3.4.3, Proposition 4) (section 3.4.4)

Constant setup costs

Otherwise

3.4.1. Case I: constant setup costs, undiscounted rewards and fixed patient pool.
Choose the decision variables T" and r so their product optimizes the sample size, @Q*. This gives

some flexibility in selecting 7" and r, as long as () is optimized.

PROPOSITION 2. If Coop(T) = Ceap, p=0, P(T) = P, then all members of the set S ={(T,r) €
[0, Trasx] X [0, "max) : T7/2=Q*}, for some optimal Q* number of patient pairs, solve (5).

As a corollary of Prop. 2, the marginal benefit of an additional unit of recruitment rate for Case I
is exactly zero: an increase in r is accompanied by a proportional decrease in 7" to retain the same
optimal @Q*. The postponement of rewards is costless from the perspective of both marginal costs

of recruitment and the benefit to the post-adoption population.

3.4.2. Case II: constant setup costs and discounted rewards and/or variable patient
pool. For such trials, an increase in the recruitment rate accrues more benefits to patients by
permitting an earlier adoption decision, without incurring additional cost. It is optimal to recruit

as fast as allowed, by choosing r* = r,., and to optimize over 7.
PROPOSITION 3. If Coop(T) = Ceap, there is an optimal solution (T™*,r*) to (5) with r* = ryax:

V= max V(T,rnax)- (10)

T€[07Tmax]

3.4.3. Case III: non-constant setup costs, undiscounted rewards and fixed patient
pool. The presence of a fixed patient pool and undiscounted rewards means there is no penalty
for recruiting later rather than earlier. Without loss of generality, it is optimal to run the trial for

as long as possible and optimize the recruitment rate.
ProrosITION 4. If P(T) =P, p=0, there is an optimal solution (T*,7*) to (5) with T* = Typax.

V*= max V(Thax,7). (11)

TG[O,Tmax]

3.4.4. Case IV: nonconstant setup costs and discounted rewards and/or fixed hori-

zon. It is necessary to optimize both 7" and r to solve (5).
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Table 2 Comparative statics results for the value function and decision variables in selected trials.

1 2 3 4
Case I-IV trials (Proven) Case IV trials (Numerical, % of instances)
Parameter (b) dv+/db dQ*/db>0 dT+/db>0 dr*/db>0
P (fixed pool) >0 98.71 1.3 99.3
H (fixed horizon) >0 100.0 * 100.0 100.0
p <0 0.0 2.0 54.9
A <0 0.0 49.8 0.0
no <0 96.2 2 99.9 11.7
Ox >0 97.63 21.8 100.0
c <0 0.0 0.0 0.0
Cy <0 0.2 99.8 0.0

Notes: Column 1 presents proven results for the derivative of the value function with respect to the parameters
listed. Columns 2 to 4 present the percentage of instances for which a positive derivative is obtained in our
numerical analysis of Case IV trials. 'Positive when ax(T) = ag(T) = 0. ?In Case I, when ny > Q*/2, the
sign can only be negative. >Provably positive for Case I and III trials.

3.5. Comparative statics

We use comparative statics to investigate the impact of marginal changes in selected parameters,
b, on the maximized expected net gain, V*, and the optimal values of the decision variables Q*,
T*, and r*. Comparative statics for V* are obtained by assuming that the optimal values of the
decision variables lie in the interior of the domain and satisfy the relevant first order necessary

conditions. By the envelope theorem:

dvs oV (T*,r*)
db ab ’
Comparative statics for Q*, T™ and r* are obtained using the implicit function theorem and the

relevant first order conditions evaluated at optimal values. For example, for a Case IV trial:
—0*V /9T db 0*V /0T or
dr- —0*V/orob 02V /or?
db |A] ’

(12)

where |A| is the determinant of the Hessian of (5). Equation (12) simplifies to da*/db =
—(0?V (a*)/0adb)/(0*V (a*)/da?) for Cases I-1II, where a* = Q* for Case I trials, T* for Case II
trials, and r* for Case III trials.

Sections 3.5.1 and 3.5.2 present results for the parameters which we believe are the most relevant

and interesting. Results for additional parameters are discussed in section 3.5.3.

3.5.1. Results for the maximized expected net gain. Results for dV*/db are shown
for selected parameters of interest in column 1 of Table 2. They are derived analytically in
Appendix C.3 and are the same for Cases I-IV. The maximized expected net gain is increasing
in P and H because a larger population translates into a larger value of the trial. It is decreasing

in p and A because a larger discount rate or delay represents a smaller effective population. It is
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decreasing in ny because more confidence in prior beliefs (a larger ng resulting from a smaller value
of o2 relative to 0%) reduces the value of information. For a fixed ng, an increase in ox increases
o2, resulting in an increase in the value of information. Increasing the enrollment (¢) or setup (c,.)

costs of the trial naturally decreases the maximized expected net gain.

3.5.2. Results for the decision variables. It is not possible to unambiguously sign ana-
lytical expressions for the comparative statics of the decision variables (for reasons outlined in
Appendix C.3). To draw insights, we numerically solved a large number of problem instances,
using as a baseline order of magnitude the parameter values from the application of section 4. We
then varied these by one order of magnitude above and below, computing numerical derivatives
of interest for each parameter combination using expressions such as (12). We used ce.p (1) = ¢,7°
as the setup cost function, with 6 = 1,2, or 3 for the sensitivity analysis, so as to model nonlinear,
convex, increasing costs. Columns 2—4 of Table 2 show the results for Case IV trials, presented as
the percentage of problem instances where the derivatives were positive and excluding instances
for which any optimal decision variable was at the boundary of its domain (these comprised 59%
of the 137,781 instances that we evaluated). Appendix D provides further details. We discuss the
results for Case IV trials in this section and present results for Cases I-III in Appendix D.

The analysis raises some interesting insights. For example, one might have expected dV*/db and
d@*/db to have the same sign: intuitively, a larger V* justifies a larger expenditure on enrolled
patients to make a better adoption decision. Although this intuition is confirmed by a large per-
centage of problem instances, it does not hold for all (see column 2 of Table 2). Further, results
for T* and r* are sometimes intuitive — such as those for ¢ and ¢, — but not always — such as the
derivative of T* with respect to P and H.

For example, results for the comparative statics of the sample size with respect to the post-
adoption population (dQ*/dP (fixed patient pool) and dQ*/dH (fixed horizon)) may be positive or
negative owing to two opposing forces. Increasing the size of the population means that observations
in the trial have more value (Q* increases). However, it also decreases the expected per patient
switching costs ax(T') and ag(7T'), making the adoption decision less costly (Q* decreases). If
an(T) = as(T') =0, the latter force disappears and Q* is increasing in P and H. Our results show
that the second force is weaker, suggesting that large switching costs are required to reverse the
direction of change.® For fixed horizon trials, both T* and r* are increasing with H. In contrast,

for fixed patient pool trials, T* is generally decreasing in H, but r* is generally increasing.®

5 If switching costs are sufficiently large, the trial would have a negative expected net gain and not be performed.

5 Appendix G.1 illustrates that, as the size of the population increases, the optimal recruitment duration approaches
an asymptote from below in fixed horizon trials and from above in fixed patient pool trials.



17

An increase in the discount rate, p, has a negative effect on Q* in all problem instances, but
it can have a positive or negative effect on 7™ and r*. Increasing the discount rate decreases the
present value of post-adoption patients, inducing similar opposing forces to those just discussed
for the population size. But costs are also discounted, so there is an additional force acting in the
positive direction. We found an increase in r* in 99.9% of fixed patient pool instances but only in
9.7% of fixed horizon instances, leading to an overall figure of 54.9%. Q* is decreasing in the delay,
A, for all instances because A reduces the post-adoption population. T* is increasing for 99.2% of
fixed patient pool instances and none of the fixed horizon instances.

The optimal values of all three decision variables are decreasing in the per-patient cost, ¢. An
increase in the marginal cost of the recruitment rate, by increasing c,, decreases QQ* owing to a
decrease in the recruitment rate. 99.8% of instances show an increase in recruitment duration.

In most instances, dQ*/dng is positive. This may be counter-intuitive, because it implies that
a less informative prior (a smaller ng) leads to the collection of less information (a lower sample
size). A larger my implies a narrower concentration of the prior distribution. Thus, in order to
change the adoption decision from that recommended by the prior mean, a larger sample size may
be needed. However, a sufficiently large ny can lead to a smaller sample size, as we observe in
many Case I and III instances in Appendix D, because the narrower concentration of the prior
distribution requires fewer observations to provide enough evidence to make an adoption decision.
Appendix C.3.3 shows that the optimal sample size Q* decreases in ng if ng > Q*/2 in Case I trials.

The sampling standard deviation ox has a positive effect on sample size in the majority of Case
IV instances. This follows the intuition that a larger sample size is required when observations are
noisier. In almost all instance, ox has a positive effect on the recruitment rate.

There are two results where the simulated statics are not consistent (near 100%, near 0%, or
near 50% owing to a split for fixed horizon and fixed patient pool). In a majority of instances, oy
has a negative effect on the recruitment duration, except for 21.8% of instances, of which the vast
majority have a large p in absolute value. And dr*/dng is usually negative, except for 11.7% of
instances with the smallest ny and largest o tested. Because a trial is often run because there is
uncertainty as to which alternative is best, it is plausible that g will be close to zero in practice,

in which case we expect d1'/dox and dr*/dng to be negative.

3.5.3. Results for other parameters. The signs of derivatives with respect to py and py are
indefinite due to symmetry. For example, an increase in py increases the size of the population that
benefits from adopting S, but it decreases the size of the population that benefits from adopting
N. There are two special parameter settings in which the optimal trial design is the same for any

pn- The first is when Iy = Is = pp = 0; the second is when Iy = Is =0 with undiscounted rewards,
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offline learning, and fixed patient pool. Notice that the effect of px on the optimal trial design is
highly dependent on Iy and Is. We explore this interaction with an application in Appendix G.1.3.

The sensitivity of decision variables to changes in other parameters can be assessed using the
comparative statics results in this section. For example, inspection of (8) shows that a shift from
offline to online learning is equivalent to a shift of (1 — 2px)uo/2 in c. Increasing the value of one

unit of effectiveness, \, can be assessed using the results for ox.”

3.6. Asymptotically large P(T)

We conclude this section by presenting results as the number of post-trial patients who benefit from
the adoption decision, P(T'), approaches infinity. Results are of methodological relevance because
they permit us better to understand the effect of some parameters on the solution. They are of
practical relevance because trials often target a large population, and the approximations can be

very accurate, as shown with the ProFHER application in Appendix G.

3.6.1. Undiscounted rewards. We study the limiting behavior of V* and @Q* as P —
for a fixed patient pool and as H — oo for a fixed horizon. We study these limits while ignoring
the constraints T < Ty.x and r < ry. unless they are necessary for the existence of a solution
to (5). We break the assumptions of the model on the bounds of the decision variables to allow
for the derivation of the theoretical properties that provide insights on the rate of growth of the
expected net gain and decision variables: for Cases I and II, we fix r = ry.. < oo and show that
T* — o0; for Case 111, we fix T = T}, < 00 and show that r* — oo; for Case IV, we show that both
T* and r* grow unboundedly. With finite bounds, we can show that T* — T,.., and 7" — ...
The use of these results as approximations in practice requires that the post-trial population, as
well as Tax and 7., are large enough. Appendix G.2 demonstrates with an application that the
approximations can be accurate for reasonable values of these parameters.

Prop. 5 presents this asymptotic behavior for the case of undiscounted rewards (i.e., Cases II and
IV are necessarily fixed horizon). It assumes that ¢ — don(1 — 2pn)p0/2 > 0; otherwise, the limits
often do not exist. It further assumes that ce.,(r) = cax + ¢,7 where ¢, =0 for Cases I and II with

constant setup costs and where ¢, > 0 for Cases III and IV with variable costs.

PROPOSITION 5. Assume ¢ — Jon(1 — 2pn)po/2 >0, p =0, and ceop(r) = cpp + c.r. Then, for
Cases I (¢, =0) and III (¢, >0)

Q" < V1005 ¢ (to/00) )1/2. v
A( )

¢ — don(1— 2pn)pin/2 lim 5 = (1 =pw)oo¥(=po/00) +proo¥ 10/ 0v).

lim

Pooo /P

P—oo

" Assume that Ex — Es ~ N (ugp,0%) and Cx — Cs ~ N (uc,08) with correlation ppc for Ex — Es and Cn — Cs.
Then, po = Mg — e and 0% /no = A\20% + 04 — 2Aopocprc. Assuming no is fixed, a § increase in \ shifts uo by
Sue units and changes 0% by nodor(2\oE + 6or — 20cprc). If the prior belief is that neither technology is more
clinically effective (i.e. ug =0, a typical default value), then there is no shift in po.
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For Cases II (¢,=0) and IV (c, >0)
: Vv
F}I—I&m = (1= pwn)oo¥(—10/00) + pnoo¥(po/00).

For Case II, where ¢, =0,

@ ook (/) "
Hooo \JC(H—A)  \ 4(e=0on(1—2pn)po/2) + 4¢o0 (¥ (1o/00) + (1 = pw) o/ 00) /Timax '

For Case IV, where ¢, >0,

@ ( Yookl /o) )/
o JC )\ A(e—dun(L— 2px)o/2)

Appendix C.4 proves Prop. 5. The proofs introduce additional results on the asymptotics of T™*
and r* that are particularly interesting for Case IV.

For a finite value of P(T), asymptotic approximations to the optimal value of the decision variable
and maximized value function may be obtained by multiplying the right-hand side constants by
the relevant denominators in the left-hand side of Prop. 5. Denote with (T,f’) the asymptotic
approximations. The approximations are accurate when P(T)ao, which we may think of as the
standard deviation of the prior distribution for expected benefits for the post-trial population, is
much larger than pug, In, Is and ¢T'#, and T is much larger than ny.

Prop. 5 provides three additional insights. First, the optimal sample size increases in the limit of
large P(T) as the square root of P (fixed patient pool) and the square root of H (fixed horizon).
Second, both the fixed patient pool and fixed horizon scenarios attain the same expected net gain

in the limit. Finally, the switching costs Ix and Ig do not appear in these propositions and can be

ignored if P(T) is large enough.

3.6.2. Discounted rewards. We now turn to the scenario with positive discount rate, p > 0.
This is only applicable to Cases II and IV (Cases I and III require undiscounted rewards). We
denote with subscripts the post-adoption scenario. For instance, Vi (T, r) refers to the expected
net gain with fixed horizon, while Vp (T, 7) refers to the expected net gain with fixed patient pool.
Unlike the asymptotic results for undiscounted rewards, V*, T, r*, and @Q* do not diverge in the
limit of large P(T'). Therefore, the results here take a different form. See Appendix C.5 for proofs.

It is easy to check that limp_,. P, = (/p with fixed patient pool, and limy_,. P,(T) = (/p
with fixed horizon. Define similarly oy =limp_,o an =limpy oo an(T) = Inp/((1 —px)(), and af =
limp_, o ag = limy o as(T) = Isp/(pn(). Prop. 6 states that V(T,r) converges to the following
expression with both fixed patient pool and fixed horizon, which is obtained by substituting P,(7")
with ¢/p, ax(T') with of;, and ag(7T") with of in (8) and (9):

~(Caap () + 1T (1)) + 80 (T, (1) /2) (1 — 23t
Voo (T,r) = ter Ty, [(1 — ) (M) +pn T (M)} Lif Tr >0 (13)

9z 9z

max{0, (1 —px)Cuo/p — In, —pnCito/p — Is}, it Tr=0.
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PROPOSITION 6. If p >0, then Vp(T,r) (as P — o) and Vy(T,r) (as H — o0) converge uni-
formly to Voo (T,r) on the compact domain {(T,7):0 <T < T, 0 <7 <7pax} and

lim V= lim V= max V(T,r).
P=oo H—o0 0<T< Timax
0<r<rmax

In addition, if (Ts,7s) = argmaxy,, Voo (T,7) is unique, then limp_ oo Tp = limy oo T} = Tie,
limp oo b =limpy oo 75 =Too, and limp_ o Q% =limpy o Q% = TooToo /2.
In summary, for finite but large P(7T"), we can approximate (5) with

max V., (T, )
T,r (14)
S.t. T (S [O,Tmax], re [07Tmax]'

The function V(7 r) matches the discounted fixed patient pool expected net gain with P, =(/p.
Thus, all previous results related to discounted fixed patient pool are also valid when solving (14).

Both the fixed patient pool and fixed horizon models converge to the same function and maximizers.

4. Application to the ProFHER pragmatic trial
We apply our model to data from the ProFHER pragmatic trial (Rangan et al. 2015, Handoll et al.
2015, Corbacho et al. 2016) using a series of numerical experiments. The application is illustrative
and is not intended to advocate for a given HT decision. The original analysis used discounted
rewards (Corbacho et al. 2016) and we assume nonconstant trial setup costs, so we model this as
a Case IV trial, for both fixed horizon and fixed patient pool. Hence, both T" and r are optimized.

The ProFHER trial was a multi-center, randomized clinical trial conducted in the UK National
Health Service (NHS) which investigated the use of surgery versus nonsurgical intervention (sling)
to treat patients with a displaced proximal humeral fracture. Over the course of approximately
two and a half years, 250 patients across 35 NHS hospitals were randomized, on an equal basis,
to the two arms of the trial. Follow-up of both the primary endpoint (the Oxford Shoulder Score)
and the cost-effectiveness endpoints (QALYs for health outcomes, together with treatment and
rehabilitation costs) took place after six, twelve, and 24 months. Results showed no statistically
significant difference between surgery and sling in terms of effectiveness, but that surgery cost,
on average, approximately £1,800 more than sling. Corbacho et al. (2016) concluded that surgical
treatment was ‘not cost effective for the majority of displaced fractures of the proximal humerus
involving the surgical neck in the UK’s NHS.’

We assess the performance of the trial design using the optimized expected net gain V*, recruit-
ment rate r*, recruitment duration 7% and sample size Q* = T*r* /2. We also use two probabilistic
metrics. The first, which is based on Bayesian principles, is the conditional probability of correct

selection (CPCS). The CPCS is the probability of adopting the correct HT given a specific value
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of W. Let D" be the oracle adoption decision, which selects the HT with the highest benefits for
post-trial patients, knowing the true value of W a priori. Then CPCS(w) = Pr(D =D | W = w).
The second probabilistic measure, which we call power, is akin to the frequentist concept of the
power of a hypothesis test, the probability of rejecting the null hypothesis that W =0, given W = w,
in a two-tailed test at the 5% significance level. We plot power curves showing the probability
that a 95% confidence interval for the unknown mean does not contain zero, as a function of w.®

Appendix E provides further details.

4.1. Parameter values

Our base case analysis uses the parameter values reported in Forster et al. (2021, Table SM.2),
obtained by referencing the ProFHER trial’s main publications and consulting its research team,
with some small variations which are described below. Define surgery as the new technology, N, and
sling as the standard, S. We consider offline learning (d,, =0) and set px =0.39, g = £0, no =2,
and oy = £4,400. We consider both fixed horizon and fixed patient pool trials, with parameters
H = 15 years, A = 1year, ( = 7,000/ year, and P = (H = 105,000. We set Iy = £0, Is = £0,
¢ = £2,040 and let the continuous discount rate be p = 3.44% /year, equivalent to the 3.5% annual
discount rate recommended by NICE (2013) and used in Corbacho et al. (2016). We estimate a
nonlinear setup cost function c.,,(r), described in section 4.2.9 For clarity of exposition, we use
subscripts to denote the post-adoption scenario. For instance, Vij and V¥ refer to the maximum

expected net gain for fixed horizon and fixed patient pool trials, respectively.

4.2. Estimating the setup cost function

Cost data by line-item exist for the fixed costs, site-specific costs, and patient variable costs of
large drug trials (US HHS 2014). ‘Cost-per-site’ data, obtained by averaging trial costs over all
sites, does not model potentially nonlinear setup costs. Additional factors suggest that cc,,(r) has
terms that increase at least linearly in r. For example, if trial sites with greater potential for the
recruitment of patients are prioritized by trial managers, then marginal setup costs, dcea,(r)/dr,
increase in the recruitment rate if more sites with lower potential are included in the trial.

We used data for the number of patients recruited at each site in the ProFHER trial (Handoll
et al. 2015, Fig. 5, page 37) to estimate the setup cost function, ce.,(r). We ordered the sites
8 CPCS and power quantify the probability of correctly adopting a HT, but they differ in two respects. Firstly, CPCS
uses prior information, whereas power considers only data collected during the trial. Secondly, CPCS makes use of

the optimal adoption decision according to our models, while the power calculations assume a rejection region that
guarantees a type I error probability.

® Our choices differ from the parameter values in Forster et al. (2021) as follows: H = 15 differs from the choice of
H =6 (reflecting the fact that gains from an adoption decision are likely to be acquired beyond a period of next
potential review in 6 years); we discount costs and benefits, whereas Forster et al. (2021) did not; Forster et al. (2021)
did not model site-specific setup costs.
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Figure 3 Cost of recruitsment rate assuming a constant cost of opening a site.
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according to the total number recruited and found the setup cost function which minimized the
mean squared error under the following simplifying assumptions: 1. half of the setup costs are
fixed and half are marginal; 2. the cost of opening sites is constant; 3. techniques mentioned in
section 2.3.5 can be used to achieve the desired recruitment rate (here, the rate at which patient
data is eventually observed, net of patients who decline participation or do not attend follow-up

visits). The resulting function was estimated to be cc,p (1) = 480,000 4 76613, See Figure 3.

4.3. Numerical experiments
Inspection of (8) shows that, when po =0, online and offline learning have the same optimal one-
shot design and expected net gain. Since we assume that pg =0 for the ProFHER application,

results presented here are equally applicable to the cases of online and offline learning.'®

4.3.1. Optimal trial design and expected net gain for the base case parameters.
Figure 4 shows contour plots of the expected net gain as a function of the recruitment duration, T,
and the recruitment rate, r (left subfigure: fixed horizon; right subfigure: fixed patient pool). The
optimal design (T*,r*) is marked with a cross and the design of the actual trial, T = 32 months
and 7 = 7.8 /month, is marked with a square. With a fixed horizon, the optimal design is Tj; = 4.7
months and rj; = 10.5/month (Q}; = 25 patient pairs) and obtains Vjj = £85.0Mill. With a fixed
patient pool, the optimal design is 77 = 8.1 months and r§ = 9.3/month (Q% = 38 patient pairs)
and obtains Vg = £92.3Mill.

We point out three important implications of these results. Firstly, both the maximized expected
net gain of the trial and the optimal choice of the decision variables are sensitive to the post-
adoption scenario: the optimal expected net gain and sample size are larger under fixed patient

10 Appendix G.1 presents additional sensitivity analysis. Appendix G.1.4 shows little apparent variation in results
between online and offline learning when po # 0.



23

Figure 4 Contour plots of the expected net gain as a function of 7" and r for the ProFHER application with a

fixed horizon (left), and a fixed patient pool (right).
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pool compared to fixed horizon by £7.3Mill (8.6%) and 13 (52%), respectively.'* Secondly, the
expected net gain function is more sensitive to the design under the fixed horizon than the fixed
patient pool: extending the length of the trial reduces the size of the post-adoption population
in the fixed horizon, but not in the fixed patient pool. This is particularly evident by observing
the expected net gain of the actual trial’s design, which is £4.7Mill (5.1%) below the optimized
expected net gain under fixed patient pool and £15.0Mill (17.7%) under fixed horizon. Thirdly, the
expected net gain in both graphs, for both the optimal and actual trials in this example, is more
sensitive to a change in trial duration, as compared to a similar relative change in recruitment rate.
This is reassuring in case the anticipated recruitment rate differs from the realized recruitment

rate, e.g., when the drop-out rate is misestimated.

4.3.2. Selecting the recruitment rate. Figure 5 plots the marginal value of the trial’s
recruitment rate, mv, = d(V (T™,r) + ceap(r))/dr, the derivative of the expected net gain excluding
setup costs with respect to r, at the optimal choice of trial duration, T, together with the marginal
cost, mc, = deep(r)/dr = 2,344r%% as a function of r. The intersection of marginal value and
marginal cost functions corresponds to the optimal recruitment rate.

Figure 5 can assist a trial manager with the decision about whether or not to open an additional
site. At the actual recruitment rate of the ProFHER trial (7 = 7.8 patients /month), Figure 5
shows that the marginal value is £440,000 per additional recruit per month for fixed horizon and
£292,000 for fixed patient pool. A trial manager charged with maximizing the value of the trial
can think of these marginal values as representing the maximum willingness to pay (WTP) per
unit increase of recruitment per month. It is optimal to open an additional site if the cost of doing

so is lower than the WTP.

' When P = ¢H, the expected net gain is always larger under fixed patient pool because it treats a larger population
post-adoption.
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Figure 5 MaTginaI value and cost of the recruitment rate.
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4.3.3. Benefits of optimizing both the recruitment rate and duration according to
the regulatory context. In Section 3.4 we stated that Case IV trials — which optimize over both
the recruitment rate and duration — are commonly encountered in health technology assessment
and in drug trials. This section uses our application to explore the potential benefit of running
a trial as a Case IV trial by optimizing both the recruitment rate and the recruitment duration,
over and above optimizing only one of these two decision variables. It then explores the potential
impact on expected net gain if a modeler assumes a Case I context, as is implicit in traditional
clinical trial design settings, when rewards are consistent with a Case IV context.

Figure 6 (left panel) shows the percentage loss in expected net gain when, instead of optimizing
both decision variables, we fix the recruitment rate and optimize the recruitment duration (or,
equivalently, the sample size). A deviation of five recruitment rate units loses 2% of overall value,
and optimizing T only with a low rate of r =2 patients/month leads to 8-15% loss. These are
noteworthy amounts if one observes that the Case IV design has an expected net gain of around
£100Mill.

Figure 6 (right panel) shows the percentage loss if the modeler assumes a Case I trial instead of a
Case IV trial, and optimizes the sample size rather than both the recruitment rate and recruitment
duration. Loss is plotted as a function of the recruitment rate, so the recruitment duration is
adapted to keep the sample size constant at the optimal value of the Case I trial. The loss is more
substantial when we make decisions that assume no discounting and constant setup costs (Case
I), when the chosen objective function has discounting and increasing setup costs (Case IV). Here,
losses can range from 5% to 70%. Moreover, these assumptions affect the trial design by prescribing

sample sizes which are over four times larger.

4.3.4. CPCS and power plots for the optimal design. Figure 7 presents the CPCS and
power curves for the optimal designs with the base case parameters and the actual trial. Such power

curves may be useful, for example, in communicating with the US FDA (2019). The vertical lines
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Figure 6 The percentage loss in expected net gain. The trial is a Case IV trial, but: (left panel) only the

recruitment duration is optimized; (right panel) the modeler assumes a Case | trial and optimizes sample size.
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Figure 7 CPCS (left) and power (right) curves for the optimal design under fixed horizon and fixed patient

pool, and the actual design of the ProFHER trial.
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represent the smallest relevant difference for the frequentist sample size calculations.'? Because
In =1Is = £0 (so that ax(T) = as(T') =0), it is almost never optimal to choose D =M. This means
that the CPCS has a kink at w = 0, whereas it will have a kink at w = an(T") and w = —ag(T") when
an(T) #0 or ag(T) # 0. Both CPCS and power are higher under the fixed patient pool compared
to the fixed horizon due to the larger sample size in our application.

Figure 7 shows that the CPCS of the actual trial at the smallest relevant difference is 99.8%. The
optimal designs under a fixed horizon and a fixed patient pool obtain 89.4% and 93.9%, respectively.
While the optimal designs do not have a CPCS as high as the actual trial, they still make correct
decisions with high probability. The power curve shows a different story. At the smallest relevant
12 The sample size of the ProFHER trial was based on setting a type I error probability of o = 0.05, power of 0.8, and

a specified smallest clinically relevant difference for the primary outcome. The smallest relevant difference in terms
of INMB that equates the sample size calculations of the actual trial is £1105.
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difference, the actual trial obtains 80% power by the design criteria. The optimal designs obtain
23.9% for fixed horizon, and 34.0% for fixed patient pool.

In this application, the CPCS and power of the optimal value-based design is lower than the
frequentist design. This is not always true and is dependent on the parameters of the model. Based
on the results in sections 3.5-3.6 and in Appendix G below, the sample size, and hence the CPCS
and power, of the optimal value-based design can exceed the frequentist design by, for instance,
having a smaller discount rate, a larger post-adoption population (e.g., by extending the duration
of market exclusivity), or a smaller per-patient cost (using the comparative statics of Table 2).

More generally, such power curves can also indicate whether a larger sample size might be helpful
in achieving a minimum power if that is really required (in which case the trial would not create
as much value, given the parameters specified by the modeler), or whether the power is more
than satisfactorily addressed, given the value-based focus of the adoption decision. Prop. 5 and
Prop. 6 imply that the sample size grows without bound with undiscounted rewards, and therefore,

statistical power increases to 1 as P(T) grows without bound and as p goes to 0.

4.4. Further observations from the ProFHER trial

Appendix G.1 complements the comparative statics analysis of section 3.5 with sensitivity analysis
for the ProFHER trial. Appendix G.2 shows that the asymptotic approximations can be accurate
for Case I-11I trials, even when P(T') is not too large. We find that the asymptotic approximations
for fixed horizon can be slower to converge than for fixed patient pool. The reduction in post-
adoption patients for longer trials with a fixed horizon may be driving this. For large post-adoption
populations, the asymptotic approximations can be quite good. However, for smaller trials, such

as ProFHER, the optimization in (5) without asymptotic approximation is more appropriate.

5. Extension: Response-adaptive trial duration

The one-shot design above does not formally permit interim analysis of the data as it accumulates.
Section 1 notes strong interest in adaptive trials and other sequential sampling applications. Here,
response adaptive options include (a) adapting the trial duration T as data accumulates for a
given recruitment rate r, and optimizing over fixed r; (b) adapting the recruitment rate r as data
accumulates for a given 7' (or sample size Q) = T'r/2), optimizing over fixed T" (or @), or (c) adapting
rand T (or r and ) in a group sequential trial as data accumulates.

Here, we explore option (a), which fully adapts the duration as each outcome is observed and
allows recruitment rate to be optimized, with a limit of not adapting the rate. Options (b) and (c)
adapt the recruitment rate itself, which adds complexity. Kouvelis et al. (2017) adapt recruitment
rate through time and Rojas-Cordova and Bish (2018) adapt sample size per batch, for 0-1 trials,
under a somewhat different set of assumptions (e.g., for-profit setting, or with 0-1 outcomes).

Combining group rate-adaptive and value-adaptive trials is left for future work.
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Optimally adapting trial duration for optimal fized recruitment rate. For four special cases of the
general model in this paper, Appendix F shows that a modest adaptation of Chick et al. (2017),
Alban et al. (2018) allows us to (i) identify the optimal stopping time policy 7 for a fully adaptive
trial with fixed recruitment rate r, (ii) compute its expected net gain, V' (x*,r), and (iii) optimize
over 1 to obtain a trial design (r*,7) to optimize expected net gain V' (7,,7) over the class of all
fixed recruitment rate trials with fully response-adaptive sample sizes. This allows us to assess the
benefits of optimizing recruitment rate for a one-stage trial, as compared to optimizing the fixed
recruitment rate of a fully adaptive trial, at least for four special cases.

The four special cases each assume fixed patient pool (P(T") = P) and are: 1) current practice
is one treatment only (px =0); 2) rewards are undiscounted and one of the two technologies must
be adopted (p =0 and D € {N,S}); 3) rewards are undiscounted and there are no switching costs
(p=0, Iy =I5 =0); 4) there are no switching costs and the prior mean is equal to zero (p >0,
Iy =1Is=py=0). These settings cover the two scenarios noted in section 3.5.3.

Application to ProFHER trial. We use the context of the ProFHER trial to illustrate the relative
benefits of optimizing r for a fixed trial and for a fully sequential trial. We assume base case
parameter settings with fixed patient pool, which matches special case 4) above.

Figure 8 compares the expected net gain and expected sample size of the sequential and one-
shot designs as a function of the fixed recruitment rate and delay. The left panel shows that

*,5€q .
=~

the optimal rate of recruitment for the sequential trial, rp 7 is lower than the optimal rate,
r5 2~ 9.3/month, for a one-shot trial. If the recruitment rate is set to 7/month, the expected net
gain of the rate-optimal fully sequential trial is £0.4Mill (=92.5—92.1). Increasing the recruitment
rate to 9.3/month, the optimal rate for a one-shot trial increases the expected net gain by £0.2Mill
(=92.3—-92.1). Comparing the sequential and one-shot designs each with their respective optimal
recruitment rates, we see a difference of £0.2Mill (=92.5 —92.3). At high recruitment rates, there
is no benefit to running a response-adaptive trial over an optimal one-shot trial in this case (center
panel), because the number of pipeline patients is too large to obtain a benefit from adaptation.
The right panel of Figure 8 illustrates the expected net gain for optimal sequential and one-shot
trials with fixed recruitment rate as a function of the delay in observing patient outcomes (the delay
was 12 months in the left and center panels as in the baseline parameters of the application). The
gain from sequential, above one-shot, is largest for short delays, as there is more time to adapt the
length of the trial. The difference becomes zero for particularly long delays in observing outcomes

because the optimal sequential and optimal one-shot have the same expected net gain when delays

exceed the length of the optimal one-shot trial.
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Figure 8 Comparison of the sequential and one-shot designs as a function of the fixed recruitment rate in terms

of expected net gain (left) and expected sample size (center), and as a function of delay for outcomes (right).
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6. Discussion

Consistent with existing literature on value-based designs as noted in section 1, our results challenge
some traditional perceptions of the efficiency of clinical trials and their design. We confirm the clear
trade-off between value and statistical power argued previously, and contribute to this stream of
literature in several ways. Firstly, we show that it is important to model the recruitment rate and
duration, not just the sample size, because most trials arguably should be considered as a Case
IV trial in Table 1: trials with more patients are more expensive, and either patent expiration is a
concern and/or future cash flows for benefits from technology adoption are discounted. Secondly, we
consider these decisions in a wide range of regulatory contexts. Modeling the context appropriately
(especially discounted or undiscounted, fixed patient pool or fixed horizon) and cost structure for
obtaining a rate of data acquisition are important. Thirdly, we address mixed clinical practice
(when two HT's are used to treat similar patients in ongoing medical practice), a scenario commonly
encountered in clinical research. Fourthly, we provide comparative statics, asymptotic analysis, and
a numerical analysis based on the ProFHER trial and HT adoption decision. We now outline our
findings and recommendations for the stakeholders identified in the introduction.

Our model can support clinical trial managers tasked with maximizing value by informing the
optimal recruitment rate and duration. In section 4.3.2, we illustrate that the marginal cost of
increasing the recruitment rate (e.g., using techniques like those mentioned in section 4.2) should
be balanced against the marginal benefits of a more rapid rate of information gain. In addition, we
recommend that trial managers consider that pragmatic trials may have both HT's used in clinical
practice: the fraction using each HT can significantly impact both the optimal value and sample
size when the switching costs are large. Furthermore, our asymptotic analysis provides easy to
follow guidance for large populations. For undiscounted rewards, we find that the optimal sample

size is proportional to the square root of the post-adoption population. For discounted rewards,
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we show that fixed horizon and fixed patient pool are equivalent in the limit of an infinite horizon.
For trials in a clinical area with lower rates of innovation, determining the population size with an
infinite horizon discounted reward model makes sense. In clinical areas with rapid innovation, the
model of Bravo et al. (2018) may be useful to set the population size. Importantly, the optimal
sample size is proportional to the square root of the incidence (for a large incidence).

Funders of trials can use our approach to assess the value of different proposed trials under the
current regulatory context. Thus, funders of trials can use our model to identify trials worth running
and allocate the optimal amount of resources for the chosen trials. Moreover, our investigation on
the costs of increasing the recruitment rate in section 4.2 reveals the current challenges in estimating
the cost of setting up a trial with a target recruitment rate. This suggests a role for funders in
developing tools to match the supply of conditions tested in trials with demand from geographies
having relevant disease burden (e.g., Lock 2019). Our results also underscore the importance of
improving recruitment rates and sharing best practice (Bower et al. 2014, Walters et al. 2017,
Lipman et al. 2019) as an area for dialog between funders and trial managers.

For public sector policymakers and regulators, we have presented results about the impact of the
regulatory context on the value of the trial and the trial design. We find that value increases with
increasing post-adoption population, decreasing discount rate, and increasing monetary valuation
of effectiveness in the definition of INMB. From our application, we observe trends that are likely to
occur in practical settings. Firstly, the fixed patient pool scenario obtains higher value, recruits more
patients, and its value is less sensitive to the trial design. Secondly and most importantly, Figure 6
illustrates a large potential loss in expected net gain if a trial is designed without accounting
for variable trial costs and discounting, if discounting is used in the ensuing health technology
assessment decisions (i.e., if assuming Case I when Case IV is relevant).

While this paper focused on clinical trials and HT adoption, the results associated with the
different regulatory contexts may find application in non-health sectors, particularly for A/B tests
where observations occur long after exposure to the test stimulus, or when the value of a choice of
A or B is highly time sensitive (so that delayed decisions have lower exploitation value). Sequential

tests are enabled with techniques in section 5, even when both A and B are in current usage.

7. Conclusion

Several initiatives across the United States and Europe call for more innovative and efficient trial
designs (NTHR 2018, 2020, US FDA 2019, European Union 2021). In part, these initiatives are
designed to increase technical efficiencies in the way trials operate under the existing paradigm,
focusing on the clinical effectiveness of HT's. However, echoing authors mentioned in section 1, the

current drive for more value-based health care also raises questions about whether there exists a role
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for more value-based clinical trials in the HT assessments of the future. We have presented a model
that establishes the logical implications of implementing value-based trials, including the influence
of the regulatory context. In this model, trials are mechanisms to potentially improve health value,
rather than activities whose costs are to be minimized subject to statistical constraints.

We briefly consider future research. Firstly, the value-based model may lead to a different sample
size than that of a classical design. A change in sample size, higher or lower, may lead to a different
degree of adoption of the HT by practitioners (who differ from HT appraisers). The volume of
uptake as a function of the strength of evidence and degree of health improvement is an interesting
empirical question. Secondly, we focused on value in expectation in a risk-neutral system. Other
options include risk-averse utility functions or a robust optimization approach. Thirdly, one might
also wish to adapt the recruitment rate, going beyond finding the optimal fixed recruitment rate
for the response adaptive duration of section 5. Fourthly, we assumed a homogeneous patient
population. Identifying subpopulations for which treatments are particularly effective or ineffective
would be a useful addition. Fifthly, an assessment with respect to randomness in delays of outcomes
and of potentially missing data is an area for further work. Sixthly, although most jurisdictions
discount QALYs and cash flows the same (as do 27 of 30 countries studied by Sharma et al.
2021), allowing different discount rates for health and money would be an applicable generalization.
Finally, it would be interesting to pursue further analytical investigation of the benefits of co-
optimizing recruitment rate and duration, to complement the evidence that we present in our

application in section 4.
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Appendices

Appendix A summarizes the principal notation in the main paper. Appendix B gives technical
details for the derivatives of the focal objective function. Appendix C justifies mathematical claims
in section 3. Appendix D presents numerical comparative statics analysis. Appendix E provides
formalism for the probabilistic performance measures in the experiments of section 4. Appendix F
shows how the one-shot trial design of the main paper can be transformed to a response adaptive
trial. Appendix G displays supplemental figures for the application to the ProFHER trial. We pro-
vide Matlab code to reproduce the results at https://github.com/andres-alban/ValueBased Trials.

Appendix A: Table of principal notation

Table EC.1 Table of principal notation.

Parameter Description

pNn €10,1/2] Fraction of patients treated with HT N under the current practice
Ex,EseR Effectiveness of technologies N and S, respectively

Cn,Cs €R5g Patient-level costs of using technologies N and S, respectively
AeRsg Monetary value of one unit of effectiveness (e.g., £30,000 / QALY)

X €R (random variable)

WeR

O'g( €R>0

o €R, 0'(2) €R.o
no=o%/0j

Incremental net monetary benefit of technology N over S
Unknown expected value of X

Known variance of X

Mean and variance of prior distribution for W

Effective sample size of prior distribution

Thax € Ryg Maximum time duration of recruitment in trial

CeRyg Incidence rate of the condition in the population

Tmax € [0,(] Capacity of rate of recruitment

Qmax €N Maximum sample size for the trial

T €0, Tinax] Recruitment period duration (decision variable)

7 € [0, Tmax] Average recruitment rate to the trial (decision variable)

Q=Tr/2 Sample size of the trial

De{M,N,S} Adoption decision to implement the current practice (mix of technologies)
M, the new technology N, or the standard technology S (decision variable)

Zpy Posterior mean to be obtained, given uo and T'r patients to be observed

Acl0,H) Delay in observing realization of pairwise allocation (in time units)

P(T)eRso Number of patients to receive implemented technology once adoption
decision is made at T+ A

HeR. Maximum time horizon for decision, in the case of fixed horizon

PeRy Number of patients affected by adoption decision, in the case of fixed
patient pool

Pyr Annual discount rate, e.g., 3.5% for UK NICE

p€[0,1) Continuous time discount rate, p =1In(1 + p,,)

T,(T) Effective discounted recruitment period duration

P,(T) Effective discounted number of patients to receive implemented technol-
ogy once adoption decision is made at T+ A

Jon 1 = online learning; 0 = offline learning

ceRsg Variable per-patient cost per patient completing the trial

Ceap(T) Fixed setup cost of a trial to achieve recruitment rate r

Cfix, Cry 0 Parameters of setup cost function, e.g., ceap(r) = cx + ¢, 77

Ip eR5g Fixed cost of switching to technology D from standard technology

ax(T),as(T) eR

Expected costs per patient if technology N or S is adopted
Standard normal loss function, U(z)=E[(Z —2)T ]| = ¢(z) — 2(1 — ®(2))
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Appendix B: Derivation of partial derivatives of V

The first order conditions for interior solutions of (5), assuming that P(T") and c.,(r) are differ-

entiable, are given by
ov (T ov (T
7( ’T) =0 and 7( ,T)

oT or

In this appendix, we show the main steps to find the partial derivatives of V' with respect to T

=0.

and r. We first introduce some derivatives that will be used repeatedly:

OoT) __anD)AET) Ousll) __as(T) dBT)
aT P(T) dI (T ’
dog Ngo%r noox T
or —\| (2ng+Tr)3T’ (2ng+1Tr)3

The following equations are useful relationships in deriving the partlal derivatives:

I(an(T))/oz) _  an(T) < 1 dP,( 1 302)

oT os \P(T) dT T, or
IN(as(T))/oz)  as(T) < 1 dP,(T) 1 oy
oT oz \P,(T) dT O'Z or
doz oxr B Nyoz
oT — o07(2ng+Tr)2  (2ng+Tr)T
0oy o3 T Moz

or N Uz(2n0 + CTT')2 N (2710 +TT>7".
Consider first

a% <e—ﬂ<T+A>Pp(T)aZ\1/ (aN(T)_“O»

0z
=—pe” (T+8) p (T)UZ‘II an (T) — Ho + e P(T+A) de(T) o, an(T) — o
dT (4
+ePT+A p aUz \I/ <04N >
—p(T+A) p an(T B ~oan(T) (1 dB,(T) | 1 oz | po 0oz
e ( ( ) 1)( o, \BT) dr o, 07 ) oz ar
_ dP ( ) 80’2 aN (T) — Mo
— o P(T+A4) —Z _
e [ <O’ 1T +P,(T) 5T Pp(T)UZp> v ( o

(D (P ) B o ()
Similarly,

;T (e"’(T+A)Pp(T)UZ\IJ (aS(T)W)»

0z

< dz; ) -I—Pp(T)a;; - P,,(T)azp> v (O‘S(T) +“°)

" <“ijT> @ﬂ%ﬂ + B(T) %‘;) + Do ‘3;) (1 o <0‘<?+“>) ]

— e P(T+A)
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Thus, we get

8V6§§, r) e *T <;(50nr(1 — 2pN) o — cr) (EC.1)
_ dP,(T) 0o an(T') — po
_ p(T+A) P .
+(1—-pn)e <UZ T + P,(T) 5T P,,(T)azp> G (UZ

+ (O‘“;(ZT) (sz%;T) +P,(T) %UTZ> — P”((Z;)”O %‘?) (1 — (O‘N(?Z_“O»]

dP,(T 0 T
+ pe PR [ (Uz C;; ) +Pp(T)% — Pp(T)azp> T <as< U) +“°)
zZ

. (asm (UZde<T> +p @) ) \ B(T)puo 0o ) (1 s (asm +uo>> ] |

Oy dr 8T Oz 8T Oz

The partial derivative with respect to r follows similar steps to the ones to find the derivatives
with respect to T, so we only present the final result:

ov(T,r) B OCcap(T)

or or oT,(T) + 50nTp(T)(1 — 2pN) o /2

e e (R e e e e |

or oy

Appendix C: Proofs of mathematical claims

C.1. Proofs in section 3.3

Proof of Prop. 1. Weierstrass’ theorem states that the optimal solution of max,cs f(z) exists
if f is upper semi-continuous and S is closed and bounded (Andreasson et al. 2007, section 4.2).
A function f:S — R is upper semi-continuous at x if limsup, ., f(z) < f(zo), or equivalently, if
for every € > 0 there is a neighborhood S’ around x, such that f(z) < f(z)+ € for all x € 5".

The domain of V(T,r)is D={(T,r) |0 <T <Thax, 0 <7 <7Tpax}, which is closed and bounded.
Hence, to prove the existence of a solution, it is sufficient to show that V(7,r) is upper semi-
continuous.

It is easy to check that P,(T) is upper semi-continuous given that P(7") is upper semi-continuous.
Because ccap(7) is lower semi-continuous, —c,,(7) is upper semi-continuous. It follows that V (7, r)
is upper semi-continuous in {(7,7) |0 < T < Thax, 0 <7 < 7.} and we only need to show that
V(T,r) is upper semi-continuous when either 7'=0 or r = 0.

For T'=0, first consider the neighborhood when T is exactly zero. Then, V(0,r +J,) = V(0,r)
for any 4, in the domain D by the definition in (9). Now, let 7 > 0 and consider the following
inequality using (8):

V(8,7 +8,) = —(Ceap(r +8,) +c(r +6,)T,(57)) + Son[(r + 8.)T,(57) /2] (1 — 2px) o
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+ e POTHAE [(P(80) (1 = pN) Zsptrron) — IN) T+ (= Bp(07)D8 Zog(rrar) — 15) ™ ]
< Gonl(r+6,)T,(57) /2](1 — 2px) 1o

+e Te P2R [ (B,(0)(1 = px) Zsp(rts) — In) T 4 (—Po(0)pnZsprisny) — 1) T ] -

The inequality holds because ccap(r) > 0 and P,(T') is non-increasing, so P,(dr) < P,(0). The right-
hand side of the inequality is further continuous in d7 and is such that it converges to V(0,7) as
dr — 0. Thus, we can conclude that V(61,7 +9,) < V(0,r) + € for any € > 0 if we make Jr small
enough, and that V (T, r) is upper semi-continuous at 7'=0.

For r =0, consider first the neighborhood when r is exactly zero. Then, V(T + ér,0) = V(T,0)
for any dr in the domain of V(7 r), by the definition of V' in (4a). Now, let 6, > 0 and consider

the following inequality that follows from c.,(7) >0 and P(T") being non-increasing:

V(T +067,0,) = —(Ceap(8,) + €0, To(T + 1)) + 6ol (6.) T, (T + 67) /2] (1 — 2px) o
+ e PTHTHIE[(P, (T + 67) (1 = px) Zirvsps, — In)*
+ (=P,(T + 07)pnZ (145775, — Is) ]
< Gon[0,T,(57) /2)(1 — 2px) o
+e P THIE[(B,(0)(1 = px) Zirtop)s, — In)*

+ (—PP(O)pNZ(TJr&T)zST - IS)+]'

The right-hand side of the inequality is continuous in dr and 4, and is such that it converges to
V(T,0) as 67 — 0 and 6, — 0. Therefore, we can conclude that V(T + dr,d,) < V(T,0) + € for any
e > 0 if we make |07| and 4, small enough, and that V (T, r) is upper semi-continuous at r =0. [
C.2. Proofs in section 3.4
Proof of Prop. 2. 1t is sufficient to show that V(T,r) is the same for all members of the set
S={(T,r) €0, Tmax] X [0,7max) : Tr/2=Q}. If @ =0, then V(T,r)=V(0,0) for all members S.
This follows directly from the definition of V' in (4a). Now suppose that @ > 0, and let 0% =
0% Q/(no(2no + Q)). Then, we obtain, for all members of the set S, the same expected net gain:
V(T,r) =00nQ(1 = 2px)H0/2 — 2¢Q — Ceapp + Pz [(1 —px)¥ <aNU_ZMO> +pn¥ <Oés+uo>} g

Oz
Proof of Prop. 3. Let (T*,r*) be an optimal solution to (5). First, observe that if 7* =0 or
r* =0, then (0, 7max) is also an optimal solution by the definition of V in (4a).
Now, consider the case T* > 0 and r* > 0 such that Q* = T*r*/2 > 0. We will show that any
trial design with the same sample size @Q* but with a larger recruitment rate (r > r*) and shorter

duration (T'=2Q*/r < T*) obtains equal or larger expected net gain.
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The posterior mean variance, 0%, is the same for any design that has the same sample size.
The non-increasing assumption of P(7) implies that P,(7’) is non-increasing, and, hence, P,(T*) <
P,2Q*/r), ax(T*) > an(2Q*/r), and as(T*) > as(2Q*/r). Because ¥(-) is decreasing, we can show
that the post-trial rewards, R*, under the optimal design are smaller than the post-trial rewards
obtained when the recruitment rate r is larger than r* while maintaining the same sample size Q*:

R*=P,(T")o, [(1 —pn) U (OM> +onV <aS(T>+MO>}

0z 0z

SCEALE P LR

0z Oz

<P,(2Q"/r)oz [(1 —pn) ¥ <

The cost and online rewards may however be larger with a larger recruitment rate. Therefore,
it is not clear that increasing the recruitment rate obtains larger expected net gain, which is what
we will now prove.

To simplify notation, let C' = ¢ — (1 — 2pn)po/2 be the per patient cost net of online rewards,

such that the optimal expected net gain is given by
V* = —Coap — CTT,(T*) + e P T +2IR*,

Because Q* > 0, we know that the optimal expected net gain is positive: ccp + CT‘*TP(T*) <
e P(T"+8) R* The expected net gain for the design that maintains the same sample size but uses a

larger recruitment rate can be bounded below by the function f(r):
VI(Q /r,1) 2 f(r) = —ceap = CrT,(2Q" fr) + e PO/ RY

because we have shown that the post-trial rewards are larger when the recruitment rate is larger.
We show that the derivative of f(r) is non-negative for r > r*, which will show that expected

net gain is non-decreasing as the recruitment rate increases. Basic calculus gives us

C * 2 * * 2 * *
F0y=-C (1 e 22 ) 2 o
p r r
and because the optimal expected net gain is positive, we can use e P2R* > Cr*(1 —

e=20Q°/m") [(pe=2¢2"/7") to obtain

* * % —2pQ% )r*
f/<’l“) > _g <1 _em20Q% /T _ mesz*/r> n @672PQ*/T Cr (1 e—20Q%/ )
r r

pe_QpQ*/T.*
2 —pT*
:—g <1—6_pT—PT6_pT—pT e_pTl_e ’ ) :
p

The second line inputs 7' = 2Q* /r and T™* = 2Q* /r* and is a function of r through T'. To show that
f'(r) >0 for r >r*, it is sufficient to show that

. _ B pT? _ 1—erT"
g(T,17) = <1€ pTipTe - T et e—pT* <0
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for any T'<T™*.

It can be shown that g(7,T*) is increasing in 7™ by taking partial derivatives with respect to
T*. Thus, it is sufficient to show that g(T,T) =1— e *T — pT <0, which can be easily shown by
taking derivatives with respect to 7. We can conclude that f(r) is nondecreasing.

We have shown that the expected net gain is nondecreasing when the recruitment rate is
increased and duration shortened to maintain the same sample size. Thus, we have shown that
the design given T = T*r* /ry.. and r = ., obtains at least the same expected net gain as the
optimal design: V(T™r* /Tmax, 'max) > V(I*,7*). Because (T*,r*) is optimal, we have established
that V(T*7* /T max, Tmax) = V (T*,7*) and that an optimal solution with r =r,,, exists. [

Proof of Prop. 4. Let (T*,r*) be an optimal solution and consider the alternative solution
(Tonax, T*7* [ Tinax)- It is straightforward to show that the alternative solution is also optimal by

following the same procedure as in the proof of Prop. 3. [
C.3. Comparative statics results in section 3.5

In this appendix, we present the algebra that leads to the results of comparative statics of
(5) presented in section 3.5. For simplicity, we present the results with undiscounted rewards
for Cases I and II (Ceap(T) = Ceap), i-€., it is sufficient to optimize only T for a fixed r (V* =
MAXTe0,Tmax] V (157)). The results are, however, as general as presented in section 3.5.

We aim to find the sign of the derivatives dV*/db = OV (T, Tmax)/0b and AV (T*, 1) /db =
—(O?V (T, Pimax) /OT D) [ (O*V (T, Tmax) /OT?). The right-hand side of the second equation only
holds when 92V (T*, 7y ) /OT? < 0. While it is guaranteed to be non-positive at an interior solution
by the second order necessary conditions (Andreasson et al. 2007, Theorem 4.17), we assume that
it is strictly negative to exclude the rare cases when it is zero. Thus, the algebra we show in this

section only shows the sign of the numerator &2V (T*,r)/dTb.

C.3.1. Post-adoption population. For fixed patient pool, the optimal expected net gain is

increasing in P:

T _
M:(l_pN)oﬂ, WNTH gy Q5T
oP Oz Oz

+ (1 - px)an <1—c1><0‘N_“0)> + paos <1—<1> <O‘S+’”‘0>> > 0.
Oz 0z

Using the implicit function theorem, the sign of 97* /0P is the same as the sign of:

(1-pn)o (OW)) +pno <as +MO)
0z

0z

*V(T,r) doy
oror — oT

an(an — o) aN — Ho as(os + o) Qs + o
+(1—pn) 2 ) ( . > + PN 2 ) s
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The first two terms in brackets have a positive effect on the optimal trial length, because the value
of information is higher when P is higher. The third and fourth terms come from the change in the
adoption decision rule because an and ag decrease as P increases. When an < pig there is a negative
contribution from the third term but positive from all other terms. Similarly, when ag < —pug there
is a negative contribution from the fourth term but negative from all other terms. In general, we
cannot conclude that the optimal T is increasing with P, but this is often the case. For instance,
if —ag < po < an, or equivalently, it is a priori optimal to adopt M, then T is increasing with P.

For fixed horizon, we perform the sensitivity analysis on the time horizon H. The results are

very similar to fixed patient pool. The expected net gain is again increasing in H:

== moaw (LI g (256500
+ (1= py)an(T) <1 — % (O‘N(?Z_“O» +pas(T) (1 9 <O‘S(TU)Z+’“‘°)>] >0

The derivative that determines the direction of change of the optimal trial length is

(1o (It g (D) 00

A 0z

O*V(T,r) _CGJZ
OTOH — ~ oT

aN(T)(aN(T)—Mo)¢(aN(T)—Mo> +pNOés(T)(as(T)+uo)¢<as(T)+/~Lo>

1—
+(1=py) 0% oy 0% oz

PR () A (20)

Comparing this expression to that for 92V (T,r)/dTOP, we have two additional terms with a
negative effect which capture the reduction in the post-trial patients for a longer trial. The direction
of change of T is not definitive through comparative statics.

C.3.2. Discount rate p. To show the effect of the discount rate, we need to assume here dis-
counted rewards. Instead, to make the algebraic expressions more manageable, we assume that

pn = 0 noting that the results hold equally for any py. We obtain
oT,(T)

ov(T,r)

5 on(T) — Mo)

= (—cr 4 Gonr(1 — 2pn) 10 /2) —(T+A)ePT*+2 P (T)o, T <
0z

dp
4 e—p(T+A) aPP(T) O'Z‘Ij an (T> — Ho + e—p(T+A) 1—® CYN(T) — Ho OéN(T) 8PF(T)
ap Oz Oz 8,0

The second line above is negative so we only need to show that the first line is negative:

(—er + Gonr(1 = 2px) 1o /2)8%;T) <(T+A)e? T P,(T)o, ¥ <O‘N(?Z_ “O>
1 9T, (T)

) <(T+A)e TP (T)o,¥ (O‘N(?Z—FLO)

(cr — 50117“(1 — ZPN),U«O/z)Tp(T) <_T (T) op
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To show that the first line is negative at the optimal design, we need to make use of the non-

negativity of the optimal expected net gain, V(T™,7*) > 0, equivalent to

~ . T7) —
(Ceap + € = Sonr™ (1 = 2px) 1o /2)T,(T*) < e P FX P, (T*) 03, W <QN( 02 MO)
Z
aN(T*)—Mo>

(cr" = Bour* (1= 2p )10 2)T,(T") < T+ P (1), 0 < p-
zZ

Thus, the problem simplifies to showing that

L L) s
T,(T) Op
1—e T (pT +1)

<T4+A
pl—crt) =0 7%

which requires some simple additional algebra to show that it indeed holds.
The comparative statics for T* require the calculation of 8?V (T, r)/dTdp. While it is straight-
forward to calculate, it results in a long expression that does not elucidate any interesting results

and we do not show it here.

C.3.3. Effective sample size of the prior distribution. To analyze the sensitivity of V' to ny,

we compute

e = Po a=pgo (=) 4o (5B <o

8710 Gno Oz Oz

where do/Ong = —0%(2no+T7)/(2n0(no+Tr)) < 0. The optimal expected net gain is decreasing
in ny because ng is a measure of the confidence in the beliefs, and therefore, the lower the confidence,
the higher the rewards obtained from learning through a trial.
To analyze the sensitivity on the optimal recruitment duration, we obtain the following derivative:
0*V(T,r) 0?0y ax(T) — po as(T) + o
" _p 1— N/ e P L )
Tome " oTong |1 PN\ T o, )T,
ax(T) — po'\ (ex(T) — po)* 9oz Doz
1—pn)P
+ A=) Po < oy o oT Onyg
as(T) + o\ (as(T) + po)? doz oz
Oz O’% 8T 8”0 '

+pxPo (

The terms in the second and third line are negative because doz/Idny < 0, which correspond to
the effect of a larger ny requiring a smaller sample size to achieve the required confidence in a
decision. These two terms correspond to the intuitive effect of a less informative prior requiring
more evidence to be gathered. However, an additional effect is found in the first term which is
positive for ng < Tr/4 because 0?05 /0TOng = o7(—4ng + Tr)/4(2ne + Tr)*T. Therefore, T* often

increases with ny when ny is small, as we observe in the numerical results of Appendix D.
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C.3.4. Sampling standard deviation ox The analysis here is similar to the analysis for ng:

OVT.r) _ pOos [(1 —px)@ <O‘N(T)“> pxo (””ﬂ >0,

80’){ aO’X (oA (o4

where 9o /00 x =/Tr/(2ne(no +Tr/2)) >0

s~ aae; |19 (“N(T”‘) o (55022

Oz
— fo) 2802 0o 4
+(1- )P¢< ) 3 0T oy
s(T )+Mo (as(T) + po)? 302 doyg
+pNP¢< 3 T 80’X > 0.

Here we obtain a definitive sign because %0 /9T 00 x = \/nor/((2ne +Tr)*T) > 0.

C.3.5. Per-patient cost c. We can easily obtain

88—‘0/ =-Tr<0
&V =—r<0
0T dc ’

which confirms the intuitive result that the optimal expected net gain and optimal enrolled patients

in Cases I-III is decreasing with variable per-patient cost.

C.3.6. Delay in observing outcomes A. We obtain

ﬂ:_pe—p(TJrA)Jpr (1—pn)¥ AN~ Ho +pa T as + Ho <0
OA 0z Oz

C.3.7. Cost of recruitment c,. We obtain

ov p
dc, r=

and for Case III trials (only recruitment rate is optimized), we obtain

o*V

— _ 0—1 < .
orode, ori <0

C.3.8. Fraction of patients in new technology pyn. It is straightforward to check that

oV (Tyr) %6, Truo+ P(T)os <\I, (aS(T)W)) ¥ (aN(T)_“O»

Opn Oz Oz

(-0 -0 (22)) ]

There are three summands in this expression. The first is the online learning effect. The second is the

+ P(T)

effect due to post-trial benefits. The third is a correction due to the change of the optimal adoption

decision rule. The magnitude of the second summand depends on the magnitude of P(T)o, while
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the magnitude of the third summand depends on the magnitudes of P(T)ax(T") and P(T)as(T).
When P(T)oz; dominates, the effect depends on the expected gains of adopting technologies N or
S; if W ((as(T) 4 po)/oz) > ¥ ((an(T) — po)/0z), then an increase in py (increase in the number
of people who would benefit from the adoption of S) would increase the expected net gain.

The second derivative 0?V (T, r)/0Tdpy is a long expression that does not elucidate any inter-
esting insights. We present a special scenario, Iy = Ig =0, with some interesting results. Note that
an(T) = as(T) =0 and we obtain

From this expression, observe that under some additional conditions the optimal trial length

becomes independent of py. One possibility is pg = 0. The second possibility is under fixed patient
pool and offline learning. The optimal expected net gain is independent of py under the former,
but not the latter, condition.

C.4. Proofs for asymptotic results of Prop. 5 in section 3.6.1

Claims are proved separately for the four cases of section 3.4 in Lemmas EC.1 to EC.4. The
combination of the four lemmas completes the proof of Prop. 5. The proofs assume that ¢ — d,, (1 —
2pN)fo/2 > 0 and that there is no discounting, p = 0. The proofs further assume that ce.,(r) =
cux + ¢, v where ¢, =0 for Cases I and II with constant setup costs and where ¢, > 0 for Cases 111
and IV with variable costs.

C.4.1. Case I: constant setup costs, no discounting, fixed patient pool. If ¢ — §.,(1 —
2pn)po/2 <0 in this case, the effective cost of sampling is less than or equal to zero, and, given the
trial is run, it is optimal to sample infinitely for any P. We, therefore, analyze the more interesting
setting where ¢ — do, (1 — 2pn)p0/2 > 0. Because Q* grows unbounded with P (shown below), we

let 7. = 00 and T, = 00, i.e., there is no upper bound on the decision variables.

LEMMA EC.1. If Ceap(r) = Ceap, p=0, P(T) =P and ¢ — don(1 — 2pN)po/2 >0, then

lim Q" \/71003(@/5(/10/00) v
A( ))

P_)OO\/?_ C_éon(l_ZpN)M0/2

‘; = (1 =pn)oo¥(—po/00) +prnoo¥(0/00).

lim
P—oo

Proof of Lemma EC.1. For functions f and g, we use the notation f(P) ~ g(P) to denote
limp_,, f(P)/g(P)=1. Without loss of generality, the proof assumes that r is fixed and T is the
decision variable. For clarity, we make the dependence of T on P explicit with 7*(P). We need

to show that

5 1/2
TT*(P) ~ ( V nOUX¢(¢WOM0/UX)P> )

Cc— 5on(]- - 2pN)HO/2
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We know that T*(P) either satisfies the first order condition OV (T,r)/0T =0 or T*(P) = 0.
However, T*(P) =0 is not optimal for sufficiently large P. The expression OV (T,r)/0T =0 was

derived in Appendix B. By rearranging terms, we obtain

e

Ver Vor
_ \/ (2n0 +rT*(P))3T*(P)

neo%r

1—px _no(2f;o-f-rf*(P))(aN_#0)2 N —"O(QT;OJrTf*(P))(aS—s-uO)Z
F’( p 202 rT*(P) n p o 20%rT(P) (EC.2)

(er — onr (1 —2pN) 100/2).

The left-hand side approaches infinity as P — oo, so that the right-hand side needs to approach
infinity as P — oo. Hence, limp_,,, T*(P) = oo, and the right-hand side satisfies the following

relationship:

- 50!1(]- - 2pN)N0/2

Vnoo%

Because ax = In/(1 —px)P and ag = Is/px P, which approach zero as P — oo, the left-hand side

\/<2no+rT*<P>>3T*<P) (7 = bour (1 — 2px)pio2) ~ & I P)”

Neo%T

of (EC.2) satisfies the following relationship:

e X

Vor V2m

p(l‘pN B TR R E—W(as+uo)2> P -7
V2or '

Combining results, we obtain

__"0 1,2 _ _
P Eg‘ o c 60n(1 2pN)MO/2T‘2(T*(P))2

\/ﬁ \/’I’ZQO'%

and, by rearranging terms, the desired result for Q*/ VP.

Using the previous result, the asymptotic result for V* =V (T™) is straightforward to find. Let o3,

be o evaluated at T™. Because limp_,,, T* = 0o, we know that limp_,, 0} = 0x/\/ng = 09. Then,

V™ =—cCeap — rT" + Son (1 —2px)porT™ /2 + Poy ((1 —pN) ¥ (%) +pnT (C“STJZ”O>)
z z

V* ~—erT* + don(1 — 2pn) piorT* /2 + Poy <(1 —pn) W (_lio) +pn ¥ ('uf ))
Oz Oz

V"~ —erT" +0on(1 — 2pN)porT™ /2 + Poo ((1 —pN)V (_UMO) +pnY <?>)
0 0

V7 ~(=c+ don(1 = 2px)po/2) < Vook ol motio/ ) >1/2 VP + Pog ((1 —pn) ¥ (_;;O) +pNT (%))

(¢ — Gon (1 — 2pN) 0 /2)12
V7 ~Pog ((1 —pN)¥ (;—‘f) +pNT (Z—z)) :

and the last line is the statement in the lemma. [
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C.4.2. Case II: constant setup costs, no discounting, fixed horizon. Because we assume undis-
counted rewards, Case II is necessarily fixed horizon. If ¢ — §,,(1 — 2px)po/2 < 0 in this case, then
the first order condition for T is never satisfied, and it is optimal to sample infinitely. We therefore
analyze the setting where ¢ — 6o, (1 — 2pn) /2 > 0. In addition, we allow T,,., = 00, i.e., there is
no upper bound on T, because T* — oo as P — 0o, as shown below. Prop. 3 shows that r* =,

is optimal. By multiplying 7™ with r,.,/2, we obtain asymptotic results for Q*.

LEMMA EC.2. If oup(r) = Ceap, p=0, P(T)=C((H —T — 1750A), ¢ —6on(1 —2pn)i0/2 >0, and

Trnax = 00, then

L Voo oo/ ) "
H—=oo \/C(H — A) (¢ = 0on(1 = 2pN) 1o/ 2)r30x + CTmax00 (¥ (1o /00) + (1 — pw) o/ 00)
(EC.3)
Jim CH=A) ™ (1—pwn)oo¥(—po/00) +pNoo ¥ (po/00)-

Proof of Lemma EC.2. For functions f and g, we use the notation f(H) ~ g(H) to denote
limy o f(H)/g(H)=1. For clarity, we make the dependence of T on H explicit with T*(H). We
need to show that

1/2
T*(H) ~ V1oo%d(yMopo/ox)((H — A) .
(¢ = on(1 = 2pn)po/2)r2 + Crox /\/mo (¥ (poy/no/ox) + (1 = px)por/T0 /0 x)
We know that T™*(H) either satisfies the first order condition OV (T*(H))/0T =0 or T*(H) =0.
Because T*(H) = 0 is not optimal for sufficiently large H, T*(H) satisfies OV (T*(H))/0T = 0.
Using the expression derived in Appendix B, dV (T*(H))/dT =0 is equivalent to

ot 111 - 8) 25 g (L)

er — O0ont (1 —2pn)1o/2 =(1 —pn) 5T O'*((H
z

o (H)C <O‘N(T;}(@))_MO> —an(T"(H))C <1 By (O‘N(ngl(—{;))_ﬂ())) ]
ot (1) - )22 (L)
— o3 (H)CW <“S(T;;£I))+“O> (T*(H))¢ <1 —® (“S(Tlélf}f)ﬁ MO)) ] |

where o3 (H) is 0z evaluated at T*(H ). Because the left side of the equation is bounded for any
H, the right side must be as well. Thus, (H —T*(H)— A)Jdo}(H)/IT is bounded and implies that
limy o T*(H) = 00, limy oo (H—T*(H)—A) =00, and (H —A) ~ (H —T*(H)— A), with the use
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of expression for doz /0T derived in Appendix B. Using this observation on the above equation,

()

N
* noox T Ho+/To
e ‘A)\/ it ()

By rearranging and some additional asymptotic approximations, we obtain

The desired result is obtained by rearranging the terms and setting r = r,.x, which we know to

we obtain the following relationship:

er — Oont (1 — 2pn) 10/ 24+C

be an optimal decision from Prop. 3. Using this result and following a similar procedure as in the
proof of lemma EC.1, we can obtain the asymptotic result for V*:

V* = — coap(r) — erT" + 6on (1 — 2px)porT” J2 + P(T")o ((1 ) (M) 4N (MD

* *

z Oz

V*~—erT* + Gon(1 = 2pn)porT™ /2 + C(H — T — Aoy <(1 —pN) W (7‘7110) +pN U (?))
0 0

V* ~C(H — Ao ((1 — )T (;—’;0) +paT (@)) . O

oo

C.4.3. Case III: affine setup costs, no discounting, fixed patient pool. If ¢—d,,(1—2pn)po/2 <
0, then the first order condition is never satisfied and it is optimal to sample infinitely. In that
scenario, a solution to (5) does not exist unless r is constrained and r* = r,,,. We therefore
analyze the setting where ¢ — d,,(1 — 2pn)po/2 > 0. Because the optimal recruitment rate grows
unboundedly with P (as shown below), we assume that 7., = 00, i.e., no upper bound on r. To
obtain asymptotic results on Q*, we only need to multiply the results of r* with T},../2, as Prop. 4

shows that T =T,,,, is optimal.

LEMMA EC.3. If Ceop(r) = cfis + ¢,1 where ¢, >0, p=0, P(T) =P and ¢ — 6on(1 —2pn)10/2 >0
then

1/2
* 2
lim —— = V100 6 {110/ %) , (EC.4)
P—oo P [CTmax + Cr — 5011(1 - 2pN)MOTmax/2]
Hm == a0[U(po/00) + (1 = pw)po/o0]-

Proof of Lemma EC.3. Prop. 4 shows that it is optimal to have T* =T},,.. The optimal r has to
satisfy the first order optimality condition OV (T, 7)/Or =0 for large enough P. The optimality

condition is equivalent to

_n0(2n0+7'* (P)Tmax) _ 2 _n0(27L0+T'*(P)TmaX) 2
p 1—pn . W(aN o) PN e W(as +10)
V2T V2T

* 3k
_ \/(2”0 +r (P)Tmax) " (P) (CT + CTmax - 50nTmaX(]‘ - 2pN)N0/2)

2
nOUX Tmax
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The optimality condition is the same as (EC.2) with the exception of exchanging 7*(P) with r*(P),
exchanging r with T,,.«, and an additional ¢, on the right-hand side. The rest of the proof follows

as the proof of Lemma EC.1 and is not reproduced here. [

C.4.4. Case IV: affine setup costs, no discounting, fixed horizon. If ¢—d.,(1—2px)po/2 <0 in
this case, the effective cost of sampling is less than zero, and, given the trial is run, it is optimal to
sample infinitely for large H. We, therefore, analyze the more interesting setting where ¢ — d,,(1 —
2pn)0/2 > 0. Notice that, unlike the previous cases, ¢ — 0o (1 — 2px) o /2 = 0 is considered here and
gives interesting results that differ substantially from the scenario when ¢ — §,,(1 — 2pn)uo/2 > 0.
Because both T* and r* grow unbounded with P (shown below), we let T},., = 00 and 7. = 00,

i.e., there is no upper bound on the decision variables.

LEMMA EC.4. If p=0, ceop(r) =cpiz+ ¢,1, where ¢, >0, P(T)=((H —T —17-0A), ¢ —on(1 —
2pN) /2> 0, and Thax = 00 and Ty = 00, then

A CH-A) "~ (1 —pn)oo¥(—po/00) +prnoo¥ (po/00).
In addition, if ¢ — 0on(1 —2pn)10/2 >0, then

r* KT+ ( K?\/ngo% ¢(1o/00) )1/4

P CH — AN~ % (C(H )1~ \ e bon(1 — 2p)jin/2

ifC— 50n(1 - 2pN):u0/2 = 07 and

1/3
r* . KT* <K2\/n00§(¢(u0/00)>
c, ’

lim lim =

tovoe (C(H = M)V~ isoe (((H = M)~
if ¢ = 0on(1 —2pN)p0/2 =0, where K = o x((¥(1o/00) + (1 —pn)o/00)/(y/10:)-

Proof of Lemma EC.4. For large enough H, the optimal trial design satisfies T*r* > 0 and the
first order optimality conditions OV (r*,T*) /0T =0 and OV (r*,T*)/0r = 0. Using the expressions

derived in Appendix B and the property do,/0r = (r/T)Jo /0T, the first order optimality con-

ditions are equivalent to

=122+ (1= ) (1 (LI ) () )]

7z ik EC)
+ N [Cas(T*) (1 - (OW)) +GECW(<W>]
—((H-T" - A)aa(;} {(1 —px)o (W) Tone (W)]

and

*

(cr 4 (¢ = don(1 —2pn)p0/2)T) T* =C(H =T~ A)aa} [(1 Rl <aN(T0)_MO> ToNo <aS(T*Z+M)ﬂ

"
Z Oz

(EC.6)

T
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where o7, is 0z evaluated at (T, r*). Notice that the right-hand side of both conditions are the

same so we can formulate a third condition:

(1) [can(r) (1= 0 (221 ) ) g (=) (BC.7)
ST o L B

We first show that limyg_,. H — T* — A = co by means of contradiction. Assuming that
limg ,oo H — T* — A < oo implies that limg ., 7" = oco. Then, the right-hand side of (EC.5)
approaches zero as H — oco. But the left-hand side is larger than zero so that (EC.5) cannot be
satisfied for large enough H and we have reached a contradiction.

Next, we show that limg .., T* = co by contradiction. Assuming that limg ., T* < oo, (EC.5)
implies that limy_, . r* = co. We reach a contradiction in (EC.7) because the left-hand side is
bounded and the right-hand side is not.

Because we have established that limy_, . 7% = oo, (EC.7) implies limy ., 7* = c0. In fact, (EC.7)

"= [ca ~ ) [aNa’*) (1 @ (Q(Tg)_”» o <a(1;)_ﬂﬂ

o [asr) (10 (BTIEI) ) 4 g (5000 )

Oz

implies

~KT", (EC.8)

where K = ox((¥(po/00) + (1 — px)po/00)/(/noc,). The asymptotic equivalence follows due to
limyg_,oo T* =00 and limgy_, 7" = 00.

The rest of the proof has to consider the two cases ¢ — don(1 — 2pn)p0/2 =0 and ¢ — don(1 —
2pn)o/2 > 0 separately.

Assume first that ¢ — 0o, (1 — 2pn) /2 > 0. Combining (EC.6) and (EC.8), we obtain

noox K

K(c, + (¢ = don(1 —2px)po/2)T") ~ C(H =T — A)\/(Qno + K(T%)?)3 P(v/nopto/ox),

and with further simplifications

x \/TTUUX¢(\/TT0MO/JX) o e
g <K2<c—aon<1—2pN>uo/2><H m) |

From (EC.8) it follows

. K2\ /ngox ¢(\/nopo/ox) B 1/4
' < ¢ —0on(1—2pN)iio/2 C(H A)) )
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and we are done with the proof for the case ¢ — don (1 — 2pn)po/2 > 0.
Now, assume ¢ — 0o, (1 — 2pn) 0/2 = 0. Combining (EC.6) and (EC.8), we obtain

noag(K

KCT NC(H_T* _A)\/(2no +K(T*)2)3 ¢(\/TTOM0/O-X)7

and with further simplifications

e <ﬁgx¢fg\5fﬂo/ax) C(H ~ A)) "

From (EC.8) it follows

. (K\/%UXM\/?TOMO/UX)C(H - A)> 1/37

Cr

and we are done with the proof for the case ¢ — o, (1 — 2pn) /2 =0.

Using the asymptotic behavior of T* and r*, it is easy to show that

V'~ ((H —A) (1= px)oo¥(—po/o0) +pnoo¥(poe/00)) . O

C.5. Proofs for asymptotic results of Prop. 6 in section 3.6.2

Proof of Prop. 6 1t is easy to check that limp_, . P, = (/p with fixed patient pool and that
limy o P,(T) = ¢/p with fixed horizon, where convergence is uniform on the bounded domain
0 <T < Tpax. Similarly, o = Inp/((1 —pn)C) =limp_, o an = limpy o an(T), and af = Isp/(pnC =

limp_, o as =limg . ag(T). Consider first Tr > 0:

Voo (T, 7)) = V(T,7)| = e ?TH2g, ’i - Pp(T)‘ ((1 —pN)

() (5
iﬂ@ﬂlemw<%;%)@CMZJMN

() -e (25

where the inequality uses o, < 0y and e ”(T+2) < 1. Because ¥(-) is a bounded function in the

+ PN

<oy

+ PN

domain, there is a constant C', independent of T" and r, such that

Vel -Vl e - p).
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Because P,(T") converges uniformly to (/p, it follows that V(T',r) converges uniformly to V.. (7', r)

when T'r > 0. Consider now Tr =0:

Vie(Tor) — V(T,r)| = f)max{o, (1= px)to — Inp/Cs —putio — Isp/C)

— Po(T) max{0, (1 —px)po — In/B,(T), —=pxpo — Is/ Pp(T)}

< i — P,(T)| max{0, (1 —pn)po — Inp/¢, —pxpro — Isp/ ¢}

Again, because P,(T") converges uniformly to (/p, it follows that V(T,r) converges uniformly to
Voo (T,7) when Tr =0 and we are done proving that V(T,r) converges uniformly to V., (T,r) as
P — o0 or H— oo.

Due to uniform convergence, it follows that limp_,. Vj = limpy_, Vif = maxr, Vo (T, 7). We
cannot guarantee a unique maximizer of V, (7T, 7). However, uniform convergence also guarantees
that, if a unique maximizer (T, 7+ ) = arg maxr,. Vo (T, r) exists, then limp_, . Tp =limy .. T} =

T, and limp_, o 7 =limpy o iy = 7oo. Thus, limp_, o QF =limy oo Qf = 7T /2. O
Appendix D: Numerical comparative statics

This appendix provides the technical details for the numerical investigation of the sign of the
following derivatives with respect to parameter b: dV*/db, dT* /db, dr*/db, and dQ* /db. The results
are based on exploring the parameter space by evaluating the optimal design and expected net gain
at representative points in the parameter space and recording the finite difference computation of
the derivatives at each point using the envelope and implicit function theorems.

We consider only offline learning (d,,, = 0) because it is equivalent to a shift in per-patient cost
as discussed in section 3.5. We consider both fixed patient pool and fixed horizon, and let P =(H
for fixed patient pool. To explore different shapes of setup costs, we consider polynomial functions
Ceap(T) = c,r’ and explore values for ¢, > 0 and 6 > 1. We assume no fixed costs because those only
affect the decision whether to run the trial or not, while we are interested in the effects when the
trial is run. We use 6 > 1 to consider the more realistic scenario of convex setup costs because
recruitment becomes harder as the trial size increases.

To explore the parameter space, we split the procedure in the four cases described in section 3.4
which are defined based on the setup cost function c..,(7), the post-adoption population, either
fixed patient pool or fixed horizon, and discount rate p.

We consider the range of parameters in Table EC.2 chosen with the following reasoning. We
need to set a scale for value/money and time. We set the scale for value and money by fixing

the sampling cost ¢ = 1,000 and sampling standard deviation ox = 1,000; this is without loss of
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generality because it is easy to check that a change in these parameters is equivalent to a scaled

problem with appropriate compensation in other parameters':

V(T7T;/BC7 CT?C) :,BV(T,T’;C7 CT/IBJC//B)
V(T,r;v0x,¢ o) =V (T, r;0x,7C, to/7)

V(Tvr;BC”YU)OCr)ChuOuINvIS) = IBV(T,T;C, UXycT/BvCV/ﬁ?MO/’Y)IN//BaIS/B)

for any 5 >0 and v > 0. We choose 1,000 as the fixed value to keep the units in the same scale as
the application in section 4 for ease of interpretation.

We set the scale of time by fixing the time horizon at H = 200. We choose 200 again to keep the
units in the same scale as the application in section 4, where each unit is a month.

Thus, we set all parameters in terms of ¢, ox, and H, using base case values similar in magnitude
with the application in section 4, and exploring values one or two orders of magnitudes smaller or
larger than the base case values.

Table EC.2 includes the parameters for all four cases but we present the results for each case
independently because some parameters are only relevant for some cases (e.g., the discount rate
is not relevant for Cases I and II because the discount rate needs to be zero) and to identify
trends that differ in different cases. There are 10 degrees of freedom in these 13 parameters, after

normalization of the values of ¢, ox, and H.

Table EC.2 Parameters explored in the numerical results
Parameter Range of values

Ceap(r) =c,7’ ¢, =0;1,000;100; 10,000, 6 =1,2,3
H (P=(H) 200

Post-adoption fixed patient pool, fixed horizon

P 0,0.5,0.1,0.01/H

ox 1,000

no 1,0.1,10

Lo 0; —1,000; 1,000

c 1,000

In, Is 0,0.01,0.1 X Pox/\/Tig

PN 0,0.2,0.4

A 0.1,0.01,0.3 x H

¢ 100,000; 10,000; 1,000,000/ H

Tmaxyrmax H— A) 200

We report the fraction of instances where the derivatives are larger than zero. We exclude

instances where the optimal design is found at a boundary, i.e., @* =0, or T* =T}, (for Cases I,

13 The notation V(T,r;b) makes the dependence of V' on the parameters b explicit.
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II, and IV), or r* = ry,., (for Cases I, III, and IV). We exclude this instances because the deriva-
tives of the design variables are zero at these points (small changes cannot push the design out of
extreme points) and we do not want the fractions to be biased by these instances.

Two computational issues are present in this analysis. First, the optimization problem to find
T* and r* is nonconvex. We find the optimal design by initializing local optimization algorithms!*
at ten random starting points. To validate that errors in the optimization algorithm do not sig-
nificantly bias the results, we compared the optimal design for 10,000 randomly selected instances
using 100 vs. 10 random starting points and found a discrepancy in the optimal value in less than
0.2% instances. Second, we use finite centered differences to compute the derivatives at the optimal
points. These computational issues explain a slight inconsistency between a few of the theoretical
results in Appendix C.3 above and three of the entries in the numerical results of Table EC.4 and
EC.6 below. However, the errors are not large enough to alter the insights of this analysis.

In Table EC.3, we summarize the results of the numerical comparative statics for Case IV trials.
The “number of instances” column represents the number of instances with an optimal design
found in the interior of the domain. The number of instances for P and H are smaller than
the rest because they are only valid for fixed patient pool and fixed horizon, respectively. The
other derivatives pool the results for fixed patient pool and fixed horizon together. The number of
parameter combinations tested for Case IV were 137,781 and we found an optimal design in the

interior of the domain for 56,272 (41%). We discuss these results in section 3.5.

Table EC.3 Numerical comparative statics for Case IV trials
Parameter b Number of instances dV*/db>0 d7*/db>0 dr*/db>0 dQ*/db>0

P 28,224 100% 1.3% 99.3% 98.7%
H 28,048 100% 100% 100% 100%

0 56,272 0.0% 2.0% 54.9% 0.0%

A 56,272 0.0% 49.8% 0.0% 0.0%

no 56,272 0.0% 99.9% 11.7% 96.2%
Ox 56,272 100% 21.8% 100% 97.6%

c 56,272 0.0% 0.0% 0.0% 0.0%

Cy 56,272 0.0% 99.8% 0.0% 0.2%

In Table EC.4, we present the results for Case I trials. Because A has no impact on the expected
net gain in such trials, we only considered A = 0. The number of parameter combinations tested
was 729 of which 648 (89%) were in the interior of the domain. We see the presence of numerical
error due the optimization and numerical computation of derivatives: dV*/dox and dQ*/dox are
theoretically greater than zero but we find 1.1% and 1.9%, respectively, of instances where this

does not hold and dV*/dng is theoretically smaller than zero but we find 0.2% instances where

14 We use the MATLAB® fmincon function with the SQP algorithm.
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this does not hold. This provides further evidence that the errors induced by the analysis exist but
are small enough not to affect the insights of the analysis.

The results yield similar insights to those yielded by the discussion of Case IV trials with some
notable differences. First, 92.0% of instances have dQ*/dP > 0 compared to 98.7% in Case IV
trials. While both have the same direction in a majority of instances, the proportion is significantly
different. Second, 72.7% of instances have dQ*/dny > 0 compared with 96.2% in Case IV trials. The
difference between Case I and IV may be due to the optimal sample size for Case I (mean=1,630)

being much larger than the that for Case IV (mean=210).

Table EC.4 Numerical comparative statics for Case | trials
Parameter b Number of instances dV*/db>0 dQ*/db>0
P 648 100% 92.0%
Mo 648 0.2% 72.7%
ox 648 98.9% 98.1%
c 648 0.0% 0.0%

In Table EC.5, we present the results for Case II trials. Of 15,309 parameter combinations, we
find interior solutions for 10,957 (72%). We see small errors in the expected net gain derivative
with respect to ox. The most notable difference with the results for Case IV is that d7%/dox >0
for 73.2% of instances compared to 97.6% of Case IV in which d@Q*/dox > 0.

Table EC.5 Numerical comparative statics for Case |l trials
Parameter b Number of instances dV*/db>0 d7T*/db>0

P 5,093 100% 63.2%
H 5,864 100% 100%

p 10,957 0.0% 0.0%

A 10,957 0.0% 0.0%

no 10,957 0.0% 97.7%
Ox 10,957 100% 73.2%

c 10,957 0.0% 0.0%

Finally, Table EC.6 presents the results for Case III trials. Of 6,561 parameter combinations,
we find interior solutions for 5,624 (86%). We have small numerical errors that do not match the
theoretical results for the derivatives with respect to ox and ng. The most relevant result is that
dr*/dng > 0 for 75.2% of instances compared to 96.2% of Case IV trials in which d@Q*/dny > 0.
Appendix E: Computation of CPCS and power

In section 4, we defined the CPCS as the conditional probability of correct selection of a technology

for adoption, given W = w:

CPCS(w) =Pr(D=D"* | W =w),
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Table EC.6 Numerical comparative statics for Case Il trials
Parameter b Number of instances dV*/db>0 dr*/db>0

P 5,624 100% 95.7%

no 5,624 0.1% 75.2%

Ox 5,624 99.6% 99.3%

c 5,624 0.0% 0.0%

cr 5,624 0.0% 0.0%

where D°7%¢ is the oracle’s adoption decision. In this section, we show how to compute it.
First of all, note that the optimal adoption decision depends on Zr,, which given W has the

following distribution:

Do | W s <n0uo+TrW/2 2Tro% ) .

n0+TT/2 ’ (2710+T7’)2
If W > an(T), the oracle adoption decision is N. Thus, the CPCS simplifies to

CPCS(w) =Pr(Zz, > an(T) | W =w).

We can then compute CPCS(w) =1— ®(Uy), where
U = 2n0(an(T) = po) + Tr(an(T) —w)
N oxV 2Tr '

If w < —ag(T), the oracle’s adoption decision is S, and we obtain CPCS(w) = Pr(Zr, < —as(T) |
W =w)=1-®(Us), where

_ 2ny(as(T) + o) + Tr(as(T) + w)
Jx\/ﬁ .

Similarly, if —as(T) <w < ax(T'), the oracle adoption decision is M, and we obtain CPCS(w) =
Pr(—as(T) < Zr, <ax(T) | W =w) = ®(Uy) + ®(Us) — 1.

Us

The final closed-form expression of CPCS is then

1—(I)(UN), w>aN(T)
CPCS(w) =< 1—®(Uy), w < —ag(T)
Q(Un)+@(Us) =1, —as(T) <w < an(T)

The computation of power requires the following definitions. Let a be the type I error and ¢,
be the 1 — z quantile of a standard normal distribution. A two-sided hypothesis test, rejects the
(null) hypothesis that the population mean W is zero if the sample average X =2/(Tr) ZZT:TI/ * X,
is larger than q,,20x/+/T7/2, or smaller than —gq,/,20x/+/T7r/2. The power is the probability of

rejection given W = w:

Ox S Ox
ower(w)=Pr| X > —quoUX <———qun|W=
P (w) < Tr/2q /2 Tr/2q /2
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Appendix F: Some special parameter settings that allow fully sequential trials

In a fully sequential trial, the decision to continue the trial or to stop sampling is made after the
outcome of each patient pair is observed, as for an optimal stopping time problem. The sequential
version of the one-stage optimal trial design problem in section 2.5, with fixed rate of recruitment
r, is written in Appendix F.1 below. If we can show that this problem is equivalent (after suitable
reparameterization) to an existing fully sequential trial model, then the one-shot trials proposed in
section 2.5 can be run as fully adaptive trials, at least for the case of a fixed rate of recruitment. The
fixed recruitment rate can then be optimized. Appendix F.2 affirms that this can be done for four
special parameter settings to match the model of Chick et al. (2017a). For these special settings,
then, we can allow the duration of the trial T" to be response adaptive to observed outcomes, for
any given fixed rate of recruitment r > 0, with a simple transformation of a few parameters.

This section assumes a fixed patient pool (P(7) = P) and that the recruitment rate r is fixed.
The results of this section are used in numerical experiments in section 5 to assess the benefit of
optimizing recruitment rate in a one-shot trial, of shifting from a one-stage trial to a sequential
trial that adapts trial duration, or of optimizing the recruitment rate of a sequential trial that
adapts trial duration (if one of the four special parameter settings holds).

F.1. Optimize fixed recruitment, with optimal adaptive stopping time.

The model in section 2 assumes that T' and r are continuous, whereas the decision epochs are
discrete. We first recall a related discrete-time sequential model to introduce notation and fix ideas.
We then adapt the continuous-time model of section 2 to a corresponding discrete-time model.

Chick et al. (2017a) provided a fully sequential two-armed trial with optimal adaptive stopping
time, and which essentially assumes py =0 and fixed patient pool in terms of our model. Alban
et al. (2018) extended that model to allow for pragmatic trials with more general py. Following
that model, we define decision epochs t =0,1,...,Qmax — 1. At each decision epoch, measurements
of health outcome and treatment cost are observed (with appropriate delay) for a pair of patients
randomized to each arm of the trial. An action a, € {0,1} is made to continue sampling (a; = 1) or
stop sampling (a; = 0) before enrolling each patient pair (hence the term fully sequential). Once
recruitment stops, at stopping time @@ = min{¢: a; = 0}, we observe the outcomes of patients in
the pipeline — those who have been randomized but whose outcomes have not been observed yet
— before making the adoption decision. A policy, m, maps available knowledge (prior information,
plus acquired data) to an action at each decision epoch. Let E, [-| K] denote the expectation
induced by policy 7 given the prior information set Ky = (19,n0). If Q =0, the trial does not run,
and the adoption decision is made immediately, based on the prior information alone.

We now adapt the model in section 2 to discrete-time. Let 7= [rA/2] be the number of patient

pairs enrolled in the trial during the follow-up period of length A and let p = e?*/” — 1 be the
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discrete discount rate per patient pair. We write the expected net gain for a discrete time trial

with recruitment rate r and policy 7, which sequentially determines @ € {0,1,...,Qmax}, as:
V() 1 c QZ —2pn) Xy —2¢ K
T™T)=— ca
Q>0 p — 1 +p) 0
1p_n((1 —PN) P,(2Q/r)W — In) + 1p_s(—pnF,(2Q/r)W — I5)

+ Eﬂ' — KQ .

(1 + p)1Q>o(Q+T)
(EC.9)

A policy 7} that maximizes V(m,r) over non-anticipative policies 7 is said to optimize the trial
duration for a given fixed r. An optimum can be found by solving the univariate optimization
max, V (7, r), assuming the computability of 7* and V (7%, r), for r € [0, ryax-
F.2. Equivalence for four special cases
If we assume a fixed patient pool (P(T') = P), we may identify four special parameter settings
that permit the computation of the optimal sequential policy 7 and expected net gain V(7*,r) in
(EC.9) for any given r using the methods of Chick et al. (2017a,b):

To this end, we recall the objective function of the fully sequential trial in Chick et al. (2017a).

Q-1
_C+6onXt+1 IDZN(PpW—I)
{tg(; (1+p) }+(1+ﬁ)1Q>0(Q+7) : (EC.10)

Vir)=E,

Here, the policy 7 is a nonanticipative function which selects an action a; to either continue
sampling, or to stop, on the basis of prior knowledge and any observations seen by time ¢, for
t=0,1,2,...,Q. After stopping and observing all the data, the new alternative is selected as best
it B,W —12>0.

We first explore the differences between (EC.9) and (EC.10) related to the fixed costs of the
trial. The fixed cost ccp(7) in (EC.9) only affects the decision of running the trial or not, captured
by action ag. Such decision can also be made by computing the value of the optimal design with
zero fixed costs, and then evaluating whether it overcomes the fixed costs. Thus, fixed costs do not
disturb the equivalence of the optimal trial design once the decision to observe the first patient
pair is taken, even though they do affect the optimal choice of ay.

We now explore equivalence of the sequential sampling models, assuming aq indicates the first

patient pair is to be observed, for some parameter settings.

F.2.1. Current practice is standard treatment. When py =0, (EC.9) becomes

V(?T) = —1Q>Occap — (1 _’_ﬁ)1Q>O(Q+‘r)

Qz: (SonXt-i-l ] E [ 1D=N(PpW - IN)

which is equivalent to (EC.10) by letting ¢/ =2c and I' = Iy.



ec24

F.2.2. Forcing the decision to adopt one of the two HTs, undiscounted rewards. When the
adoption decision is forced to be N or S with undiscounted rewards'® (p=0), we can use 1p_g =

1 —1p_y such that (EC.9) becomes

V(T[') = _1Q>Occap(r) _pNP,UO - IS +E7T

Q-1
> Gon(1=2px) X141 — 2¢ + Lpon (PW — (I — IS))]

t=0
If px < 1/2, then we can divide through by 1 — 2py and add the constant Ppypuo — Is without

changing the optimal 7. Thus, the optimal 7 maximizes:

Q-1
2c P IN _IS
E Xy —————+1p- —
| S e (- 150
which is in the form of (EC.10) when we let ¢’ =2¢/(1 —2pn), P’ =P/(1 —2px), and I’ = (Ixy —
Is)/(1 = 2px).

If py =1/2, the optimal 7 maximizes

Q-1
E. [Z 2¢+ 1DN(PW—(IN—IS))] ,

=0
which is in the form of (EC.10) when ), =0, ¢ =2¢, P'=P, and I' = Iy — Is.

F.2.3. No switching costs and undiscounted rewards. When Iy = Is =0, then it is optimal to
adopt N or S. When rewards are not discounted (p =0) the transformation in Appendix F.2.2 is

also valid in this setting.

F.2.4. No switching costs and 1o =0. When Iy = Is = g = 0, whether rewards are discounted or
not, we obtain a special case of the above subsection that can additionally accommodate scenarios
with discounted rewards. We again use 1p_g=1— 1p_y in (EC.9) to obtain

Q-1
(5011(]- — QPN)Xt-H —2c 1D:N(Ppw)
V(ﬂ) = _1Q>Occap(T) +En Z (1 + ﬁ)t + (1 + ﬁ)1Q>0(Q+T) ’

t=0

If py < 1/2, then we can divide through by 1 — 2py and obtain the optimal 7 by solving (EC.10)
with ¢ =2¢/(1 - 2px) and P, = P,/(1 — 2px). If px = 1/2 we obtain the optimal 7 by solving
(EC.10) with §;, =0, ¢’ =2c, and P)=P,.

Appendix G: Supplementary figures for the application to the ProFHER trial

This section provides supplementary numerical analysis for the application to the ProFHER trial
in section 4. Appendix G.1 gives sensitivity analysis for the expected net gain of a trial and optimal
trial as a function of several key parameters that describe the value of a trial. Appendix G.2 illus-
trates numerically the quality of the asymptotic results for the various scenarios. Appendix G.1.4

explores online versus offline learning.

!5 Alban et al. (2018) incorrectly claim that this result is also valid with discounted rewards.
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G.1. Additional sensitivity analysis

Appendix G.1.1 gives sensitivity analysis to assumptions to the size of the post-adoption popula-
tion. Appendix G.1.2 does so for the discount rate. Appendix G.1.3 gives sensitivity analysis for
the fixed costs of changing technology, and the fraction of patients on the new health technology.

G.1.1. Sensitivity to the post-adoption population. For ease of exposition, we fix P =(H
and analyze the effect of a change in H for both fixed horizon and fixed patient pool, while
keeping the remaining base case parameters constant. Figure EC.1 presents the results for the
optimal expected net gain, sample size, recruitment duration, and recruitment rate, along with
the asymptotes derived in section 3.6.2. The optimal sample size is increasing in H. The more
interesting result is how the additional patients are obtained in terms of recruitment duration
and rate. The optimal recruitment rate is increasing under both fixed horizon and fixed patient
pool. However, the optimal recruitment duration is increasing for fixed horizon but decreasing for
fixed patient pool: T}; approaches the asymptote from below, while T} approaches it from above.
In numerical experiments for fixed patient pool, a longer trial penalizes the expected net gain
more for larger P than for smaller P due to greater discounting of a larger value. In contrast, for
fixed horizon, the penalty of discounting is moderated by a decreasing value of the post-adoption
population for longer trials. The optimal expected net gain V* is increasing in H as shown in
section 3.5. Due to the high incidence rate in this application, it is optimal to run the trial even
for a short time horizon. However, a time horizon shorter than 20 months does not justify the trial
under a fixed horizon.

While the asymptotic approximations are accurate for Cases I-III, particularly in undiscounted
scenarios (see Appendix G.2 below), the asymptotes are not good approximations in the range of
interest of our application. However, the optimal expected net gain and trial design do approach

the asymptotes for larger time horizons.

G.1.2. Sensitivity to the discount rate. Figure EC.2 shows the optimal expected net gain,
sample size, recruitment duration, and recruitment rate as a function of the discount rate, keeping
all other parameters constant. We note two important observations. First, the optimal expected
net gain and design for a fixed patient pool are much more sensitive to the discount rate than for
the fixed horizon: the recruitment duration increases steeply as the discount rate goes to zero. In
section 3.4 we showed that in a scenario with fixed patient pool and no discounting, it is optimal
to set the recruitment duration to T},.., where Ty, can be arbitrarily large. If T,,., = 10 years,
the optimal sample size under the undiscounted fixed patient pool scenario is 170, an example of

a situation where the value-based design recruits more patients than the classical design.
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Figure EC.1 Optimal expected net gain, sample size, recruitment duration, and recruitment rate as a function

of the time horizon.
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Second, with a fixed horizon, both recruitment duration and rate are decreasing with the discount
rate. With a fixed patient pool, we observe a decrease in recruitment duration but an inverse U-
shaped optimal recruitment rate, increasing for an annual discount rate below 7%. The U-shaped
behavior illustrates two opposing effects: (i) a larger discount rate prompts quicker action through
a larger recruitment rate; (ii) a larger discount rate reduces the potential gains by reducing the

effective post-adoption population, prompting reduced spending and lower recruitment rates.

G.1.3. Sensitivity to the fraction of patients on the new HT, pyn and fixed costs of changing
technology. Our base case parameters include Iy = Is = o =0, so there are no fixed costs associ-
ated with changing health technology, which imply that py has no effect on the expected net gain
or optimal trial length (see section 3.5). Here, we consider scenarios where Iy = Is = £10Mill and
Iy = Is = £100Mill and a range of values for py while keeping the remaining base case parameters
fixed. Figure EC.3 shows the optimal expected net gain and sample size as a function of py. For
Iy = Is = £10Mill, px has a negligible effect on @* and a small effect on the expected net gain. For
In = Is = £100Mill, there is a substantial effect on expected net gain and a noticeable difference

in the sample size for the fixed patient pool scenario.
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Figure EC.2 Optimal expected net gain, sample size, recruitment duration, and recruitment rate as a function

of the discount rate.
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We observe that Iy, Is, and py are only relevant to the optimal design when the switching costs
are large. By inspecting (8), we see that the switching costs only appear in ax(7") and ag(7"), which
are further divided by oz. If ax(T) or ag(T) are similar in magnitude to oz, then the design will
have a significant dependency on Iy, Is, and py. As an example, for a fixed horizon with py = 0.39,
the ratio an(1};)/0z is 0.072 for Iy = £10Mill and 0.723 for Iy = £100Mill, respectively, explaining

why we observe a noticeable difference only for the latter scenario.

G.1.4. Online vs. offline learning. Consider the base case parameters introduced in section 4.
Because online and offline learning are equivalent when g =0, we evaluate the difference between
online and offline learning for a range of values taken by py. We do not see any difference in
Figure EC.4 as the lines overlap. We do not observe much larger differences by reducing the post-
adoption population (P for fixed patient pool and H for fixed horizon).

G.2. Asymptotic analysis

This section provides numerical results for variations on the ProFHER trial, in order to give insights

as to the asymptotic behavior for the four cases in the taxonomy of value-based designs in Table 1

of the main paper.
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Figure EC.3  Optimal expected net gain (left) and sample size (right) as a function of pn.
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Figure EC.4 Optimal expected net gain and sample size as a function of 1o and the type of learning.
140 —— ‘ ‘ ‘ ‘ 40— ‘ ‘ ‘ ‘

____________
......

35 o S

n
o

w
o
s

Optimal sample size Q
8 &

o
S

®
S

60 -

o

Optimal expected net gain v (millions of £)

a0l —— V. offline| ——aq;, offline
0 H 10} o
.......... v}, online e QL online
20 - - -V, offline 5t - - -Qy, offline
----- Vp, online -----QP online
0 . . . . : 0 . . i . .
-2000 -1000 0 1000 2000 -2000 -1000 0 1000 2000
o Ho

G.2.1. Asymptotics (P(T)— o0) for Cases I and II. Consider the base case parameters intro-
duced in section 4. To force Cases I and 11, we let cq.p(r) = £960,000 independent of the recruitment
rate, and let rp,,, =7 =7.8/month. Figure EC.5 shows how the optimal sample size increases as a
function of H (left subfigure, for the fixed horizon case) and P (right subfigure, for the fixed patient
pool case) when p is as in the base case parameters and p = 0. Similarly, Figure EC.6 plots the
optimal expected net gain. Plotted with dotted and dash-dotted lines are the asymptotic approxi-
mations that were derived in section 3.6. Horizontal dotted lines correspond to the approximations
with discounted rewards, increasing dash-dotted lines to those without discounted rewards.

The approximations with undiscounted rewards are close to the actual values in the range plotted,
with a better fit for fixed patient pool (the lines are overlapping in the figures). This is due to
In=1Is=po=0,and P(T*)oq > ciT*. The approximations for discounted rewards are accurate for
the optimal sample size under a fixed patient pool, but, for the range of values under consideration,

the discounted approximations are less accurate.
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Figure EC.5  The optimal sample size as a function of H for fixed horizon (left) and P for fixed patient pool

(right) for Cases | and II.
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Figure EC.6 The optimal expected net gain as a function of H for fixed horizon (left) and P for fixed patient

pool (right) for Cases | and II.
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G.2.2. Asymptotics P(T) — oo for Case III. We can force Case III by letting cc., (r) = cux + ¢, 7,

p=0 and a fixed patient pool. The results are similar to Cases I and II (data not shown).

G.2.3. Asymptotics (P(T) — oo) for Case IV. In Appendix G.1.1, we showed the asymptotic
approximations for Case IV with p > 0. Here, we explore the asymptotic approximations with
undiscounted rewards (p =0). We assume a setup cost function of the form: ce.,(r) = cax + ¢,7.
We assume that half of the setup costs of the trial were fixed (as in section 4) and the other
half represent marginal costs, obtaining the following estimates: cux = Ceap(7)/2 = £480,000; ¢, =
Ceap(T)/2/T7 = £5,080 per year. Figure EC.7 shows the results for the optimal expected net gain
and design variables. We find that the approximations for the optimal design variables are poor
but for the expected net gain are reasonably close.
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Figure EC.7 Optimal expected net gain, sample size, recruitment duration, and recruitment rate as a function

of the time horizon.

300 T T T T T T T T T T T T
—V; undiscounted 350 - —Q;4 undiscounted 1
& e Asymptotic approx. V. undiscounted| </ || e Asymptotic approx. Q;, undiscounted
5 250 H H
2 300 i
9
E200 1 Cosot ]
- 2
£ [0}
] a L 4
2150 | g
15} <
c 1}
o ©
o} 150 1
g 100 1 %.
< o
° 100 ]
<
E 5 i
§ 50 ]
0—= (e
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
Time horizon H (year) Time horizon H (year)
9 T T T T T T
—T'H undiscounted B : : : : '
sl . 120 ||~y undiscounted 1
---------- Asymptotic approx. TH undiscounted . . X
---------- Asymptotic approx. i undiscounted
s

w S o =)
IS © o
S S S

n
Optimal recruitment rate 3 (mo‘1)
(2]
3

20

Optimal recruiment period duration T (mo)

. . . . o
10 15 20 25 30 35 0 5 10 15 20 25 30 35
Time horizon H (year) Time horizon H (year)

o

o
3

Andreasson N, Evgrafov A, Patriksson M (2007) Introduction to Continuous Optimization (Studentlitteratur
AB).

Chick SE, Forster M, Pertile P (2017a) A Bayesian decision-theoretic model of sequential experimentation
with delayed response. Journal of the Royal Statistical Society, Series B 79(5):1439-1462.

Chick SE, Forster M, Pertile P (2017b) htadelay package. https://github.com/sechick/htadelay.



	Background literature
	Mathematical model of a value-based clinical trial
	Trial design and decision variables
	Value-based criterion for a HT adoption decision
	Objective function: expected net gain
	Patients recruited to the trial.
	Patients not participating in the trial during the recruitment period.
	Waiting period.
	Post-adoption patients.
	Trial setup costs.
	Expected net gain.

	The regulatory context
	Post-adoption population.
	Discounted expected net gain.

	One-shot optimal trial design problem

	Analysis of the one-shot optimal trial design problem
	Optimal adoption decision
	Simplified objective function
	Structural properties of the optimal trial design
	A taxonomy of value-based designs and their solutions
	Case I: constant setup costs, undiscounted rewards and fixed patient pool.
	Case II: constant setup costs and discounted rewards and/or variable patient pool.
	Case III: non-constant setup costs, undiscounted rewards and fixed patient pool.
	Case IV: nonconstant setup costs and discounted rewards and/or fixed horizon.

	Comparative statics
	Results for the maximized expected net gain.
	Results for the decision variables.
	Results for other parameters.

	Asymptotically large P(T)
	Undiscounted rewards.
	Discounted rewards.


	Application to the ProFHER pragmatic trial
	Parameter values
	Estimating the setup cost function
	Numerical experiments
	Optimal trial design and expected net gain for the base case parameters.
	Selecting the recruitment rate.
	Benefits of optimizing both the recruitment rate and duration according to the regulatory context.
	CPCS and power plots for the optimal design.

	Further observations from the ProFHER trial

	Extension: Response-adaptive trial duration
	Discussion
	Conclusion
	Table of principal notation
	Derivation of partial derivatives of V
	Proofs of mathematical claims
	Proofs in section 3.3
	Proofs in section 3.4
	Comparative statics results in section 3.5
	Post-adoption population.
	Discount rate .
	Effective sample size of the prior distribution.
	Sampling standard deviation.
	Per-patient cost c.
	Delay in observing outcomes .
	Cost of recruitment cr.
	Fraction of patients in new technology pn.

	Proofs for asymptotic results of Prop. 5 in section 3.6.1
	Case I: constant setup costs, no discounting, fixed patient pool.
	Case II: constant setup costs, no discounting, fixed horizon.
	Case III: affine setup costs, no discounting, fixed patient pool.
	Case IV: affine setup costs, no discounting, fixed horizon.

	Proofs for asymptotic results of Prop. 6 in section 3.6.2

	Numerical comparative statics
	Computation of CPCS and power
	Some special parameter settings that allow fully sequential trials
	Optimize fixed recruitment, with optimal adaptive stopping time.
	Equivalence for four special cases
	Current practice is standard treatment.
	Forcing the decision to adopt one of the two HTs, undiscounted rewards.
	No switching costs and undiscounted rewards.
	No switching costs and prior mean 0.


	Supplementary figures for the application to the ProFHER trial
	Additional sensitivity analysis
	Sensitivity to the post-adoption population.
	Sensitivity to the discount rate.
	Sensitivity to the fraction of patients on the new HT, pn and fixed costs of changing technology.
	Online vs. offline learning.

	Asymptotic analysis
	Asymptotics (infinite P(T)) for Cases I and II.
	Asymptotics infinite P(T) for Case III.
	Asymptotics (infinite P(T)) for Case IV.



