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The virtual private network problem (VPN) models scenarios where traffic is uncertain or rapidly changing. The
goal is supporting at minimum cost a given family of traffic matrices, which are implicitly given by upper bounds
on the ingoing and outgoing traffic at each node. Costs are classically defined by a linear function (linear VPN),
but we consider here also the more general case of concave increasing costs (concave VPN).

In this paper we give the first constant factor approximation for concave VPN, and we improve the best known
approximation factor for linear VPN. Our approximation results build upon a novel reduction, based on Kénig’s
theorem, which allows us to turn uncertainty of traffic into non-linearity of the objective function. This way, we
are able to reduce linear VPN and concave VPN to the single-sink rent-or-buy problem (SROB) and the single-
sink buy-at-bulk problem (SsBB), respectively. Using the machinery developed for the latter two problems plus
additional ideas, we are able to improve the approximation ratio for VPN.

Along the way we also obtain, among other results, an improved approximation algorithm for SSBB, and a tighter
bound on the gap between the costs of arbitrary solutions and tree solutions for VPN. Furthermore, solving an
open problem, we show that VPN remains NP-hard even in the balanced case, where the sum of ingoing and
outgoing traffic bounds is equal.
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1. Introduction. In a classical network design problem, we are given a graph and a traffic matrix,
specifying the amount of flow that we need to route between any pair of nodes. The goal is reserving
capacity on the edges of the graph at minimum cost, so that the traffic can be routed without exceeding
the capacity. Different problems differ in the capacity cost function (linear, concave, etc.), in the nature of
the traffic matrix (single-sink, multi-commodity, etc.), and in the constraints on the flow paths (splittable,
unsplittable, etc.).

A common feature of the above problems is that the traffic matrix is fixed and known. However, real-
world applications often involve uncertain and dynamic traffic. Motivated by that, Fingerhut et al. [13]
and independently Duffield et al. [7] introduced the Hose model. In this model, the capacity reservation
must support a family of traffic matrices rather than just one matrix. This family is implicitly given
by imposing upper bounds on the total amount of flow that each node can send and receive. (Formal
definitions are given in Section Bl). The Hose model has been studied by many authors in several variants
I8, 9, 11, 4, 1R, 20, 23] 25, 27, 28, B8] (see also the survey by Chekuri []).
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In the variant considered here, the so-called (asymmetric) Virtual Private Network problem (VPN),
we are given an undirected graph G = (V, E), with edge costs (or weights) w : E — Qx¢, and two
integers b and b, for each node v € V. A traffic matrix is feasible if and only if the total amount of
flow entering and leaving each terminal v does not exceed its bounds b, and b}, respectively. Note that,
in general, the bounds do not need to be symmetric (i.e., possibly b, # b}), and even the cumulative
bound on the total ingoing demand R := )" b, can be different from the cumulative bound on the total
outgoing demand S := Y b (without loss of generality, we will always assume R > S). A solution to
the problem consists of a capacity reservation x. on each edge e, and a flow path P,, for each ordered
pair of nodes (u,v). This solution is feasible if any feasible traffic matrix can be routed according to
paths P,, without exceeding capacities z.. The aim is to find a feasible solution that minimizes the total
cost Y ..pw(e) -z of the capacity reservation.

We also consider a generalization of the problem, that we call concave VPN (CVPN), with objective
function ) . pw(e) - ¢(xe), where ¢ : R>g — R is a non-decreasing concave function, with ¢(0) = 0
(capacity cost function). This generalization combines traffic uncertainty with economies of scale.

1.1 Our Results. In this paper we give some new insights into VPN and related problemsﬂ. Our
main achievement is a technique to turn traffic uncertainty into non-linearity of the objective function.
To that aim, we crucially exploit Kénig’s theorem (see, e.g., [0 B4)): In a bipartite graph the maximum
cardinality of a matching equals the minimum cardinality of a vertexr cover. This reduction allows us
to turn the input VPN instance into a concave-cost flow problem, where the traffic matrix is fixed and
known in advance. The latter problem is then solved with existing approximation algorithms.

The concave-cost flow problems which we consider in this paper are the single-sink rent-or-buy problem
(SROB) and the more general single-sink buy-at-bulk problem (SSBB). Both problems are well-studied
in the literature [10, [[7, 19, 22, 23| 25, 29, B0, BT, B6, B7]. In SSBB, we are given an undirected graph
G = (V, E), with weights w(e) for each edge e, demands d(v) for each node v, and a capacity cost function
@(). A feasible solution is a capacity reservation z. on each edge e, which supports a simultaneous flow
of d(v) units from each node v to a fixed root z € V. The goal is minimizing ) ., w(e) - ¢(z.). SROB
is the special case of SSBB, where ¢(z) = min{z, M} for a given input parameter M > 1.

We next describe our results in more detail.

1.1.1 Concave Virtual Private Network. A O(logn)-approximation for CVPN can be obtained
by embedding the input metric into a tree metric with logarithmic average distortion [Il, [T2]. We give
the first constant factor approximation for CVPN, showing that a solution of expected cost at most 40.82
times the optimum can be computed in polynomial time.

The key-idea of our approach is showing that there is a solution of cost at most twice the optimum,
where all the traffic passes through a central hub node. Henceforth, for a proper choice of the hub and
of the capacity-cost function, we can reduce the original problem to a SSBB problem. A this point we
can exploit the machinery developed in the SSBB literature. In particular, any p-approximation for SSBB
leads to a 2p-approximation for CVPN.

The technique used to prove our results is substantially different from the previous approaches known
in the literature. In fact, we reinterpret the known fact that, given a set of paths, the minimal amount
of capacity to install on an edge can be computed by solving a bipartite matching problem on some
auxiliary graph. Using duality and Konig’s theorem, we rather focus on minimal vertex covers on such
graphs. This reinterpretation allows us to prove stronger results in a simpler manner.

As a byproduct of our analysis, we also show that there is always a tree solution (that is, a solution
whose support is a tree), with cost at most twice the optimum. This substantially improves the previous
known upper bound of 4.74 on the ratio between optimal tree and graph solutions in [8], which only
applies to the case of linear costs (i.e., to VPN but not to CVPN).

1.1.2 Linear Virtual Private Network. We improve the approximation factor for the virtual
private network problem with linear costs (VPN) from 3.39 [3, @] to 2.80.

The main insight in our proof is again a reduction, based on Kénig’s theorem, from VPN to a concave-

LA preliminary version of these results appeared in APPROX’09 [32] and ICALP’10 [I.
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cost flow problem, which this time is SROB. Observe that in VPN one has a linear cost function but
several traffic matrices to take into account, while in SROB the cost function is non-linear but the traffic
matrix is unique. A straightforward adaptation of the analysis for CVPN implies a 2pspos approximation
for VPN, where psgog is the approximation factor for SROB. This gives a 2 - 2.80 = 5.60 approximation,
which does not improve on the previous best result. In order to achieve the claimed approximation, we
use a more tailored algorithm and analysis. In particular, we combine the random sampling based VPN
algorithm in [9] with the Core-Detouring Technique developed in the context of SROB [I0.

Along the way, we also obtain a (2 + 5%)—appr0ximation algorithm for any fixed € > 0. Note that the
latter approximation factor is smaller than 2.80 when R = O(S) (quasi-balanced VPN).

1.1.3 Balanced Virtual Private Network. The balanced VPN problem is the special case of VPN
where S = R, i.e. the total ingoing demand equals the total outgoing demand. This subproblem attracted
some attention in the literature, due to its similarities with the symmetric version of VPN (see Section
[C2), which was recently discovered [I8] to be polynomial-time solvable. The authors of HEl 28] pose as
an open problem whether balanced VPN is polynomial-time solvable as well. We show that this not true
(unless P = NP), even with unit bounds on the nodes.

1.1.4 Single-Sink Buy-at-Bulk. We present an improved approximation algorithm for SSBB, with
expected 20.41 approximation ratio. This improves over the previous best 23.93 approximation [3] [T9)].
Note that our reduction from CVPN to SSBB implies a 2 - 20.41 = 40.82 approximation for the first
problem.

Our approximation algorithm in fact solves a variant CABSSBB of SSBB, which is better studied in the
literature. In CABSSBB, economies of scale are modeled by defining a set of cable types, each one with a
capacity and a cost. It is assumed that the ratio of cost to capacity decreases from smaller to larger cable
types. The capacity is reserved by installing a proper number of each cable type on each edge. This can be
seen as a discretization of the capacity cost function ¢(-) (or vice versa). Any approximation algorithm
for CABSSBB provides an approximation algorithm for SSBB with essentially the same approximation
factor (see Section B).

Our improved approximation for CABSSBB is based on a generalization of the Core-Detouring Theorem
in [T0]: the Multi-Core Detouring Theorem. The goal of the core-detouring technique is to bound the
cost of connecting a set of client nodes to a random subset of them. This is achieved by detouring
the connection paths through a proper connected subgraph (the core). This technique was successfully
applied in several network design problems, such as connected facility location and single-sink rent-or-buy,
where the choice of a proper core is natural and obvious. Our Multi-Core Detouring Theorem applies
also to more complex network design problems, such as CABSSBB, not exhibiting a convenient core.

Combining our approximation with a simple reduction, we also improve the approximation ratio of an
unsplittable variant UNSSSBB of CABSSBB from 148.48 [3], 29] to 40.82.

Our main results are summarized in Table [1l

1.2 Related Work. All the problems considered in this paper are well-studied in the literature. We
next describe some known results.

1.2.1 Virtual Private Network. The Hose model and VPN were independently defined by Fin-
gerhut, Suri and Turner [I3] and by Duffield, Goyal and Greenberg [7]. Since then, this problem was
studied by various authors in several variants. In particular, due to technological reasons, the solution is
constrained to induce a tree in some variants.

The version of VPN that we refer to in this paper is also called asymmetric VPN. VPN is APX-hard
even when restricted to tree solutions [23]. On the positive side, a O(log n) approximation can be obtained
by applying tree embedding techniques [ [T2]. The same approximation bound holds in the more general
polyhedral model, where one needs to support all the traffic matrices in a given polyhedron [H]. Constant
approximation algorithms are presented in [8, @, 23, 25, BY]. The current best 3.55 approximation is
due to Eisenbrand, Grandoni, Oriolo, and Skutella [9]. Using the recent improvement of the Steiner tree
approximation factor from 1.55 to 1.39 3], this approximation bound can be refined to 3.39. It is known
that the optimum solution is not always a tree. Curiously, the algorithms in [23, 25] construct a tree
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Table 1 Comparison between prior work and our results. Expected approximations are marked with .

| Problem | This paper | Prior work |
SsBB and CABSSBB 20.41* 23.93* B, 19
approximation
UNSSsBB 2pcansses < 40.82% | 148.48* B, 29
approximation
VpN 2.80* 3.39* [3, 9
approximation 24+ ¢eR/S 1+R/S [@
2pSros
CVPN 2psgps < 40.82* O(logn) [12]
approximation
gap tree/graph 2 4.74 [8]
solution for VPN
gap tree/graph 2 O(logn) [12]
solution for CVPN
complexity of NP-hard -
balanced VPN

solution, while the current best algorithm in [9] does not. We will use a variant of the latter algorithm
to achieve our improved approximation bound.

In 9] a (1 + R/S)-approximation is presented. This gives a 2-approximation for the balanced case
S =R, which improves on the 3-approximation by Italiano, Leonardi, and Oriolo [28]. Here we improve
the result in [9], by presenting a 2 4+ & approximation whenever R = O(S), for an arbitrary constant
e > 0. In |28 it is proved that, differently from the asymmetric version, an optimal tree solution for the
balanced case can be computed in polynomial time, and raise the question whether or not the problem
is polynomial-time solvable. Although it has been recently shown that the cheapest solution does not
always have a tree structure [33], the complexity of the balanced VPN problem is still an open question
H. 28]. We settle this question by showing that the problem remains NP-hard in that special case as
well.

An important well-studied variant is the symmetric version of VPN, where b} = b, for each v, and one
needs to use the same path to route the flow from u to v and from v to u. In [I3, 23] a 2-approximation
is given for this problem. In the same papers the authors show that an optimal tree solution can be
computed in polynomial time. The famous VPN tree routing conjecture states that symmetric VPN
always has an optimal tree solution, and hence can be solved in polynomial time. In a breakthrough
paper [I8], Goyal, Olver and Shepherd recently proved that this conjecture is true (see also [20, 27] for
former proofs of the conjecture on ring networks, which introduce part of the ideas used in [I]]).

In case of concave costs, only the symmetric version of the problem has been investigated so far.
Fiorini, Oriolo, Sanita, and Theis [T4] show that the generalization of symmetric VPN with concave costs
is APX-hard, and give a constant approximation for this problem. More precisely, they show that the
24.92-approximation algorithm for SSBB in [T9] can be turned into a 24.92-approximation algorithm for
symmetric VPN with concave costs. However, their reduction crucially relies on the fact that the bounds
are symmetric and that there is an optimal solution with a tree structure, which is not true in our setting.
Nevertheless, our results show that a constant approximation exists for the asymmetric case as well.

1.2.2 Buy-at-Bulk and Rent-or-Buy. SsBB has been extensively studied in the literature, in the
mentioned variant called CABSSBB. This problem is NP-hard, e.g., by reduction from the Steiner tree
problem. Meyerson, Munagala, and Plotkin [31] gave an O(logn) approximation for this problem. Garg,
Khandekar, Konjevod, Ravi, Salman, and Sinha [I7] described an O(k) approximation, where k is the
number of cable types. The first constant approximation is due to Guha, Meyerson, and Munagala [22]:
the approximation ratio of their algorithm is roughly 2000. This approximation was reduced to 216 by
Talwar [37]. Gupta, Kumar, and Roughgarden [25] described an improved 76.8 approximation algorithm,
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based on random sampling. Refining their approach, the approximation was later reduced to 65.49 by
Jothi and Raghavachari [29], and eventually to 24.92 by Grandoni and Italiano [T9].

One can consider an unsplittable version UNSSSBB of CABSSBB, where the flow from each source to the
sink must be routed along a unique path. The algorithm by Talwar is a 216-approximation for UNSSSBB
as well. Unfortunately, this is not the case for the following improved random-sampling algorithms (i.e.,
those algorithms do not guarantee that the flow is unsplittable). Jothi and Raghavachari [29] show how
to transform the 76.8 approximation algorithm for CABSSBB by Gupta et al. [25] into a 2 - 76.8 = 153.6
approximation algorithm for UNSSSBB. Their approach is algorithm-specific: it would not work with
an (even slightly) different algorithm. (For example, it cannot be applied to the improved CABSSBB
algorithm in the same paper). In Section B, we will describe a procedure which exploits (as a black box)
any p-approximation algorithm for CABSSBB to obtain a 2p-approximation algorithm for UNSSSBB. In
particular, this implies a 49.84-approximation for UNSSSBB using the CABSSBB algorithm in [T9], and a
40.82-approximation using our refined approximation for CABSSBB.

SroOB [23, B0, B6] can be interpreted as the special case of CABSSBB, with only two cable types, one of
very small capacity and cost per unit capacity = 1, and the other of cost M > 1 and very large capacity.
The current best approximation ratio for SROB is 2.92 [10].

The improved Steiner tree approximation algorithm in [3], trivially implies improved approximation
factors 2.80, 23.93, and 148.48 for SROB, CABSSBB (and hence SsBB), and UNSSSBB, respectively.

1.2.3 Core Detouring. In a seminal work, Gupta, Kumar, and Roughgarden [25] introduced a
random-sampling-based framework to design and analyze approximation algorithms for network design.
This way, they achieved improved approximation algorithms for VPN, SsBB and SROB (see also [, [9, [T0),
19,29]). Generalizations and adaptations of their approach were later successfully applied to several other
problems, including multi-commodity rent-or buy [2 B, 24], connected facility location [IU], stochastic
(online) Steiner tree [15 [16, 26], universal TSP [16, B5] and many others.

One of the key ingredients in Gupta et al.’s approach is connecting a set C' of client nodes to a
randomly and independently sampled subset of them. The shortest-path distances from the client set to
the sampled subset are then bounded against the cost of an optimum Steiner tree over the sampled nodes.
In a recent work, Eisenbrand, Grandoni, Rothvof}, and Schéafer gave an improved analytical tool, core
detouring, to bound the connection cost above [I0]. The crux of their method is designing a sub-optimal
connection scheme, and bounding its cost. In their scheme connection paths are detoured through a
proper connected subgraph (core). This technique is summarized in their Core Detouring Theorem.

This theorem is existential in flavor: it is sufficient to show the existence of a convenient core G’, of
small cost and sufficiently close to the clients C. For some network design problems, a natural candidate
core is provided by the structure of the optimum solution. For example, the optimum solution for
connected facility location and single-sink rent-or-buy contains a Steiner tree 7. Applying the Core
Detouring Theorem to T leads to improved approximation algorithms for those two problems [I0]. In
this paper we further extend this framework, by showing that core-detouring can be successfully applied
to other network design problems, where the optimum solution does not exhibit any convenient core. In
particular, this holds for VPN and SSBB. As we will see, the construction of a good core for the considered
problems involves a few non-trivial ideas.

1.3 Organization. The rest of this paper is organized as follows. In Section ] we introduce some
preliminary notions. In Sections Bl and Bl we give our results on VPN and VPN, respectively. In Section
H we show that balanced VPN is NP-hard. In Section Bl we give our improved algorithm for SSBB.

2. Preliminaries. Problems CVPN and VPN are formally defined as follows. A capacity cost function
is any non-decreasing concave function ¢ : R>g — R>q , with ¢(0) = 0.

CONCAVE VIRTUAL PRIVATE NETWORK (CVPN). The input consists of an undirected
graph G = (V, E), with edge weights w : E — Q>0, ingoing and outgoing traffic upper
bounds b~ € QY, and b+ € QY,, and a capacity cost function ¢(-). A traffic matrix
T e QZOXV is feasible if, for every v € V, 3>, Ty < by and ), Ty < bf. The goal is

to compute a set of paths P = { Py} (u,n)evxv and a capacity reservation z € ng such
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that: (1) the cost EeEE w(e) - ¢(xe) is minimized and (2) for any feasible traffic matrix
T, ZPwae Tyu,» < . for every e € E.

VIRTUAL PRIVATE NETWORK (VPN). The special case of CVPN with ¢(z.) = ..

By duplicating nodes, we can assume without loss of generality that, for each v € V, (b, by ) is either
(0,0), (1,0) (sender node), or (0,1) (receiver node). Of course, this is not a polynomial reduction.
However, our algorithms and their analysis can be easily adapted to perform this node duplication
implicitly (see also [25]). We next denote as S and R the set of senders and receivers, respectively. That
is, the total ingoing demand is R = |R| and the total outgoing demand is S = |S|. By symmetry reasouns,

we can assume |R| > |S| without loss of generality.

Given a collection of paths P, the optimal choice of the capacities z. can be computed in polynomial
time with the following approach [0, 23, 28]. Consider the bipartite graph G. = (S U R, E.), where
E. ={(s,7)|e € Ps.}. Then the value of . is the maximum cardinality of a matching in G..

We next define SSBB and SROB.

SINGLE-SINK BUY-AT-BULK (SsBB). The input consists of an undirected graph G =
(V,E), with edge weights w : E — Qx0, a set of sources D C V, with demands d :
D — N, a sink node z € V, and a capacity cost function ¢(-). The goal is to compute
a capacity reservation # € QE such that: (1) the cost Y. w(e) - ¢(a.) is minimized
and (2) it is possible to route simultaneously d(v) units of flow from each v € D to z.

SINGLE-SINK RENT-OR-BUY (SROB). The special case of SSBB where ¢(z.) =
min{x., M}, for an input parameter M € Q1.

Also in this case, by duplicating nodes, without loss of generality we can assume that d(v) = 1 for each
source v (see, e.g., [25]). Observe that SROB (and hence SSBB) is also a generalization of the classical
Steiner tree problem (ST): in that case D U {z} gives the set of terminals, and M = 1. We remark that
an optimal solution to SROB consists of a Steiner tree containing the root, whose edges support at least
M paths each, and a shortest path from each source to the Steiner tree.

It is known that SSBB always admits an optimal tree solution, see e.g. the proof given by Karger and
Minkoff B0]. (A tree solution is a solution which reserves positive capacity on a subtree of the input
graph). Adapting the proof in [30], it is possible to transform any given solution into a tree solution of
the same or smaller cost in polynomial timed: this will be needed in our CVPN algorithm to guarantee
that any SSBB approximation algorithm can be used as a black box.

LEMMA 2.1 Given any solution to SSBB, there is a polynomial-time deterministic algorithm to obtain a
tree solution which costs no more.

It remains to define CABSSBB and UNSSSBB.

CABLE SINGLE-SINK BUY-AT-BULK (CABSSBB). The input consists of an undirected
graph G = (V, E), with edge weights w : E — Qx¢, a set of sources D C V, with
demands d : D — N, a sink z € V, and a set of cable types 1,2,..., k, with capacities
< pe < ... < ui and costs (per unit length) o1 < 09 < ... < oy, where §; := % is
a decreasing function of i (economies of scale). The goal is to find a cable installation
{nie}1<i<k,ecm, with n; . € N, minimizing Zi,e w(e) oy n; e and such that d(v) units of
flow can be routed simultaneously from each source node v € D to the sink without
exceeding the capacity ). f; n; . on each edge e.

UNSPLITTABLE SINGLE-SINK BUY-AT-BULK (UNsSsBB). The same problem as CAB-
SsBB, with the extra constraint that the flow from each source to the sink must be routed
along a unique path.

Once again, by duplicating nodes, without loss of generality we can assume unit demands [25]. In order
to obtain a good approximation for SSBB, it is sufficient to obtain a good approximation for CABSSBB.

2All the lemmas of this Section are proved in the Appendix for the sake of completeness.
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Algorithm 1 cVPN algorithm

(i) For any possible choice of a hub sender s’ € S:

(a) Compute a pgspp-approximate SSBB solution for the input graph, with sources D = S U R,
sink z = ¢/, and capacity cost function ¢'(-) = ¢(min{-,|S|}). Turn it into a tree solution
z € QF, which costs no more.

(b) Compute paths P = {Ps, }ses,rer and capacities 2/, with path P, being the unique simple
path between s and r in the tree defined by the support of z., and z/, = min{z., |S|}.

(ii) Return the pair (P, z’) of smallest cost.

LEMMA 2.2 For any ¢ > 0, given a p-approzimation algorithm for CABSSBB, there is a (1 + €)p-
approximation algorithm for SSBB.

REMARK 2.1 As noted in [TJ)], the (1 + €) factor can be avoided with the current best algorithms for
CABSSBB. This is because they implement a preliminary cable-selection step, where consecutive selected
cable types differ in cost and/or cost per unit capacity at least by some multiplicative factor o > 1. This
selection step can be mimicked by performing O(log |D|) binary searches over ¢(-).

The proof of the following simple reduction is implicitly given, e.g., in [I7, B7. We explicitly prove it
in the Appendix, for the sake of self-containedness and clarity.

LEMMA 2.3 Given a p-approximation algorithm for CABSSBB, there is a 2p-approximation algorithm for
UNSSSBB.

For a given instance Z of an optimization problem P, we denote the corresponding optimal cost as
OPTp(Z). We sometimes use OPTp(Z) also to denote any fixed solution of that cost. When no confusion
is possible, we will sometimes omit Z or P (or both). All the problems that we are considering are
NP-hard minimization problems. In this context a p-approximation algorithm, p > 1, is an algorithm
which produces in polynomial time a feasible solution of cost at most p - OPTp(Z). The best known
approximation factor for the Steiner tree problem is denoted by pgr. Currently psr < 1.39 [B]. For a
given undirected graph G = (V, E), with edge weights (or costs) w : E — Qxo, we let w(u,v) denote
the shortest path distance between nodes u and v. We also define w(u,V’) := min,ey-{w(u,v)} and
w(E") = cp w(e), for any V' C V and E’ C E. For notational convenience, we sometimes identify a
subgraph G’ of G with its set of nodes V(G’) or its set of edges E(G’). In particular, we use w(u,G")
and w(G') as shortcuts for w(u, V(G')) and w(E(G")), respectively. We also use v € G’ and e € G’ in
place of v € V(G') and e € E(G).

3. Concave Virtual Private Network. In this section we present the first constant factor ap-
proximation algorithm for CVPN.

Let T = (G,w,S,R,¢) be a CVPN instance. Recall that S and R denote senders and receivers
respectively, and |R| > |S| by assumption. Consider Algorithm [ Note that ¢'(z) = ¢(min{z,|S|})
is a non-decreasing concave function, with ¢’(0) = 0: hence the SSBB instance constructed in Step
is well-defined. In Step we also exploit the fact that given any solution to SSBB, it is possible to
compute a tree solution of the same or smaller cost in polynomial time (by Lemma 2.TI).

LEMMA 3.1 Algorithm [ computes a solution to CVPN in polynomial time.

PROOF. The claim on the running time is trivial. Let us show that the capacity reservation z. in
fact suffices. Consider an edge e, which is used by k paths in the SSBB solution. Then the capacity
reservation is z/, > min{k, |S|}. It is easy to see that this is sufficient for the constructed CVPN solution.
O

It remains to bound the approximation factor of the algorithm. To that aim, we let s* be a sender
chosen uniformly at random, and focus on the iteration of the algorithm with s’ = s*. Then, it is sufficient
to show that the solution computed in that iteration is cheap in expectation.
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Consider the SsBB instance Z%. computed in Step for sender s*.
LEMMA 3.2 Algorithm [ computes a solution of cost at most psspp - E[OPTsspp (L )].

PRrOOF. For any choice of s*, the SSBB solution computed in Step equals the cost of the CVPN
solution computed in Step The claim follows by an averaging argument. O

We will now prove that E[OPTgsps(Zh-)] is at most 2 - OPTgvex(Z). To do that, it is useful to define
a modified CVPN instance Z,« with the following traffic bounds:

oy gt 1 if .
:{|S| if v =s5% and b_:{ ifveSUR;

b+
0 otherwise, v 0 otherwise.

v
In other terms, s* can send up to |S| units of flow, and each node in S U R can receive one unit of flow.

LEMMA 3.3 OPTsgps(Zhe) = OPToven(Zs).

Proor. Let Ps«, be the paths in a CVPN solution for Z,«. Consider an edge e € FE and let
v1,..., 0 € SUR be the nodes, such that e € Pys,,. If k < |S| we can define a traffic matrix in which s*
sends 1 unit of flow to all v;’s. If k& > | S|, we may send 1 unit of flow from s* to each node in vy,...,vg.
In any case, the needed capacity of e is 2. = min{k, S|}, which costs w(e) - $(min{k,|S|}). This is the
same amount, which an SSBB solution pays for capacity k on e € E. The claim follows. o

S R
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Figure 1: Example of a CVPN instance in (a), where terminals are depicted as rectangles, senders are
drawn solid. Only paths, crossing edge e are shown. In (b) the graph G. with vertex cover C. is visualized,
implying that x. = 2.

The next lemma is the heart of our analysis: here we crucially exploit Konig’s theorem.
LEMMA 3.4 E[OPTcvex(Zs+)] <2 OPToyen(T).

ProoOF. Let P ={Ps. | s € S,r € R} be the set of paths in the optimum CcVPN solution for Z and
x. be the induced capacities. We next construct a ¢VPN solution for Z,~, consisting of s*-v paths P..,
for v € SU R. Choose a receiver r* € R uniformly at random as a second hub. Take P.., := Ps, as
the s*-r path. Furthermore concatenate Pl  := P« + Prsg to obtain a s*-s path. More precisely, we
shortcut the latter paths, such that they do not contain any edge twice.

We define a sufficient capacity reservation x/, as follows: Install |S| units of capacity on the path Pg«p«.
Then for each sender s € S (resp., receiver r € R) install in a cumulative manner one unit of capacity
on Ps.« (resp., on Pg,). Note that =/ is a random variable, depending on the choice of s* and r*. We
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show that F[z]] < 2z.. Once we have done this, the claim easily follows from Jensen’s inequality and
the concavity of ¢:

E[OPTevin(Te)] < B[ Y w(e)o(el)] < 3 w(€)o(Blal]) < 2- OPTeven ().
ecE ecE

Now consider an edge e € E. Since we want to bound the quantity E[z] in terms of the original capacity
Ze, let us inspect how this capacity is determined. Define the bipartite graph G, = (SUR, E.) containing
an edge (s,r) € E, if and only if e € P;,.. Then z. must be the cardinality of a maximal matching in
G.. Kénig’s theorem says that there is a vertex cover C. C S U R with z. = |C,| (see Figure [ for an
illustration).

We now distinguish two cases and account their expected contribution to E[z.].

Case: s* € SNCe or r* € RNC,.. We account the worst case of | S| units of capacity. The expected
contribution is then

IRI>|S]
ri(s- € S5NCe) VvV e RNCe))| - < + . <
Pri(s* € SN OV (€ RN G - 18] < (18NCel | [RNCN g c

5 7 S

Case: s* € S\C. and r* € R\C.. We bound the probability of this case by 1. We know that edge
(s*,7*) cannot exist in G, since all edges need to be incident to C,. Consequently e does not lie on the
path Ps«.«. Thus we have to install 1 unit of capacity for each sender s, such that (s,r*) € E.. But only
senders in S N C,. may be adjacent to r* in G, thus this number is at most |[S N C,|. A similar argument
holds for the receivers. The expected contribution of this case is consequently upperbounded by

Pr[(s* € S\ C)A(* € R\ C)] - (ISNCe| +|RNC) <1-(1SNCe| + RN CL]) = |Cl.

Combining the two bounds above we obtain E[z}] < 2|C,| = 2x., which implies the claim. O

Lemmas Bl B2 and B4 imply the following theorem.

THEOREM 3.1 Given an (expected) pssss approzimation algorithm for SSBB, there is an (expected) 2psspn
approximation algorithm for CVPN.

We will prove in Section Bl that there is a randomized approximation algorithm for SSBB with psgps =
20.41. Together with Theorem Bl this immediately gives the following corollary.

COROLLARY 3.1 There is an expected 40.82-approzimation algorithm for CVPN.

Observe that the solution computed by Algorithm [l is a tree solution. In several frameworks, the
computed solution is constrained to be a tree due to technological reasons. Hence, an interesting question
is how large is the gap between the best tree solution and the best (graph) solution. As a byproduct of
our analysis, we obtain that this gap is at most 2, improving on the previous best bound 3 + /3 ~ 4.74
due to [§] (which only worked in the special case of linear costs).

COROLLARY 3.2 Any CVPN instance admits a tree solution of cost at most twice the optimal cost.

4. Linear Virtual Private Network. In this section we present an expected 2.80 approximation for
VPN (in its classical formulation with linear costs). This improves on the previous best 3.39 approximation
for this problem [3, @]. We start by presenting in Section Bl a (2 + ¢)-approximation for the quasi-
balanced case, where |R| = O(|S]) (recall that |R| > |S| by assumption). In Section we give a
2.80-approximation for the case |R| > |5].

4.1 The Quasi-Balanced Case. The next lemma is a specialization of Theorem Bl

LEMMA 4.1 Given a psros approximation algorithm for SROB, there is a 2pspos approximation algorithm
for VPN.
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Algorithm 2 VPN algorithm.

(i) Choose a receiver r* € R uniformly at random.

(ii) Mark each receiver uniformly at random with probability % Let R’ be the marked receivers.

(iii) For each s € S, compute a pgr-approximative Steiner tree T spanning {s,7*} U R’ and install
cumulatively 1 unit of capacity on T.

(iv) Install 1 unit of capacity cumulatively on the shortest path from each receiver r to the closest
node in R' U {r*}.

PrROOF. Consider Algorithm[ Observe that ¢(min{z., |S|}) = min{z., |S|} since ¢(z) = = for VPN.
Hence the SsBB instance considered in Step is indeed an SROB instance with M = |S|, sink s’, and
sources D = S U R. Hence in that step we can use any psros approximation algorithm for SROB. The
claim follows. O

The above lemma does not directly imply an improvement of the approximation ratio for VPN, since
the best known approximation factor for SROB is currently 2.80 [3} [[0]. However, when |R| = O(|S]), we
can exploit a better approximation algorithm for SROB given in [I0].

THEOREM 4.1 For any € > 0, there is a (2 + ¢|R|/|S|)-approzimation algorithm for VPN.

ProoF. In [I0] it is shown that, for any § > 0, there is a 1+ 6‘—]@‘—approximation algorithm for SROB.
Combining this result with the reduction from Lemma BTl and choosing § = /4, we obtain the claimed
approximation factor:

D]

2(1+6W):2+25

R +|S] R R
— = <2440 =2+
5] 5] 5]

O

4.2 The Unbalanced Case. Given the result from Section BTl we next assume that |S| < e|R| for
an arbitrarily small constant € > 0.

Suppose to be given a VPN instance Z. We consider Algorithm B which is a slight adaptation of the
VPN algorithm in [9]. The quantity « is a positive constant to be fixed later.

From an intuitive point, the analysis proceeds as follows. Replace all the senders with a unique sender
s, chosen randomly, with b7 = |S|. We will prove that, on average, the optimum cost of the VPN instance
does not increase. The optimum solution to the new instance will be a tree, consisting of a core Cy (a
tree) with capacity |S|, and paths Uy, from any r € R to Cs, each one contributing with one unit of
capacity to the corresponding set of edges. Let Xg be the total cost of the cores Cs and let X be the
average of ) _pw(Us,,) (over all 5). Then ¥g+¥¢c < OPTypy. It is not difficult to bound the expected
cost of the Steiner trees Ty in terms of X5 and X¢. For any sender s, we can bound the expected distances
of the receivers in R to the nearest marked receiver by applying the Core Detouring Theorem with core
C, and paths Us ,. By averaging over all s, we again obtain a bound in terms of £g and X¢.

For any sender s € S, let Z be the SROB instance with sources D = R, root z = s and parameter
M =|S|. We will first bound the cost of the solution output by the algorithm with respect to O PTsgos(Z%),
and then compare OPTggop(Z:) with OPTypx(Z).

Let Cs be the Steiner tree in OPTggop(Z,), and U, the shortest path from r € R to Cs. Define
g i= Y esw(Cs) and B¢ i= 35 > g > cpw(Us,r). First we upper bound the cost of the M = |S]
Steiner trees computed by Algorithm B

LEMMA 4.2 E[Y  qw(Ts)] < psr - Bs + psr(a+¢) - Xe.

PrROOF. Recall that M/|R| = |S|/|R| < €. For each s take the core C and attach the path U, , for
all r € R'. Each U, r € R, is used with probability at most 7 + |17|, thus there exists a Steiner tree

over {s,r7*} U R of expected cost w(Cs) + (57 + IIWI) > rerw(Us). Multiplying this quantity by the
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Steiner tree approximation factor, and summing over all s we obtain

ZE )] < psr (Zw(05)+ ( |R|> ZZ ) < psrEs + psr(a+€)ce.

ses sES SESTreER
O

We next bound the cost of connecting each receiver to the closest node in R’ U {r* E To that aim, we
exploit the following Core Detouring Theorem developed in the context of SROB [0

THEOREM 4.2 (CORE-DETOURING) [I{)] Given an undirected graph G = (V, E), with edge weights w :
E — Qxo, clients C CV, a connected subgraph G', a root z € V(G'), and a probability p € (0,1], mark
each client independently with probability p, and denote the marked clients by C'. Then

E[ > w, ' U} < 0'8067w(G’) +2> wv,@).

vel vel

With this tool at hand, the next lemma is easy to prove.
LEMMA 4.3 E[Y cpw(r, R U{r*})] < 28075 4 25,

ProOOF. Let s € S. Applying the Core Detouring Theorem with C = R, G’ = C,, z = r*, and
p=o/M,

E[Z (r,R' U {r })] 05;067 D+23 w(

reR re€R
Averaging this bound over all s, we obtain
0.8067M 1 O 8067
/ *
E[Zw(r,R u{r })]STZM +2—ZZ S +25c.
reR seS seSTreR

a

The crucial part is now to relate the cost of OPTgpop(Z7) to the optimum cost OPTypy(Z). Similarly
to Lemma B4l the next lemma relies on Kénig’s Theorem.

LEMMA 4.4 Y, g OPTspos(ZL) < |S| - OPTyen(Z).

PROOF. In order to prove the lemma, it is convenient to define a VPN instance Z, with the same
receiver set as Z, and with sender set {s}, where the out-traffic bound for s is b7 = |S]. (Recall that
bf = 1 for the original problem). Then using Lemma B3 we obtain OPTSROB( ) = OPTVPN(I)
We now prove that > g OPTven(Zs) < |S| - OPTypn(Z) by showing that, for a random sender s*,

E[OPTypx(Zs«)] < OPTypx(Z). The claim follows by an averaging argument.

Let P = {Ps }(s,ryesxr be the optimal paths for 7 and let © = {c}ccr be the induced capacities.
Consider the bipartite graph G. = (S U R, E.), with (s,r) € E. iff e € Ps,.. Let C, C SUR be a
vertex cover for G, of size x. (which exists by Kénig’s Theorem). Counsider the solution to Zs« induced
by paths {Ps«r}trer and let 2 = {al}.cr be the corresponding capacity reservation. Clearly z/ <
min{|N,(s*)|,|S|}, whereby N.(s*) are the nodes adjacent to s* in Ge. Let us show that E[xl] < z..

The event {s* € SN C.} happens with probability S0 E lel In this case we can upper bound z/, with |S].

In the complementary case we can upper bound z/ with |N.(s*)| < |R N C.|, where we exploit the fact
that s* can be only adjacent to nodes of RN C. (otherwise C. would not be a vertex cover). Altogether

snc. snc.
Ele)] < %-wu (1—%) JRNC| < |SNCul + [RNCL| = [Co| = ze.

The claim follows since

E[OPTyex(Zs-)] < E[Z w(e)x;} < 3" w(e)ze = OPTyu(T).

eckE ecE
O

3In [I0], the right hand side of the inequality contains an extra term e~PICl.|C|-w(G’). Since adding dummy clients in
the root does not change the connection costs, our simplified version of the formula follows by a limit argument.
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Figure 1 VPN instance Zypy. Edges are labeled with their cost. Senders and receivers are depicted as
gray and white squares, respectively.

2
@ kM @ 43
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LEMMA 4.5 For a suitable choice of o and |R|/|S| large enough, Algorithm @ gives an expected 2.80
approzimation for VPN.

PrROOF. From Lemma B4

Y+ 2o = i Mw(CS) + w(UW) < i OPTSROB(I;)
M M

ses reR seS
1
< 37181 - OPTyex(Z) = OP Ty (Z). (1)

By Lemmas and B3 the expected cost of the solution computed by the algorithm is at most

0.8067 a=0.5748 @
(psr - s + psr(a+e)Xc) + o Ys+2X¥¢ < 2.80(3¢c + Xs) < 2.80- OPTypy.
O
THEOREM 4.3 There is an expected 2.80-approximation algorithm for VPN.
ProOF. The claim follows from Theorem Bl and Lemma O

5. Hardness of Balanced Virtual Private Network. In this section we consider the balanced
case of the VPN problem, i.e. |S| = |R|. Solving the open problem in [, 28], we show that even this
special case if NP-hard via a reduction from the Steiner tree problem.

We start by describing the reduction from Steiner tree. Consider a Steiner tree instance Zgy, consisting
of a graph G = (V, E), with edge weights w : E — Qx>¢, and k + 1 > 4 terminals {vy, va,...,vg, 2}. We
construct an instance Zypy of the balanced VPN problem on a graph G’ = (V’/, E’) as follows. First,
introduce two large numbers: C := 3 _pw(e) + 1, and M > (k + 1)C. To construct G’ from G,
add a node a4 and make it adjacent to the nodes vy, vs,...,v; by edges of cost C. Then, add a path
z,a1,as9,as,aq, where the first two edges of the path have cost M, while the last two edges have cost
kM. Finally, add k nodes W = {wy,ws, ..., wy}, each of them adjacent to as with a zero cost edge, and
add 2k — 1 nodes U = {uy, ua, ..., usr—1}, each of them adjacent to as with a zero cost edge. Define the
set of senders as S := {a1} UU and the set of receivers as R := {v1,v2,...,v;} UW. Note that indeed
|S| = |R|. Figure [ illustrates this reduction.

We next show that the optimal solution to the Steiner tree instance Zg; has cost W* if and only if the
optimal solution for the balanced VPN instance Zypy has cost Z* = 2k2M + 2M + kC + W*. We split
the proof in the if (Lemma B2) and only if (Lemma BI) parts.
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LEMMA 5.1 Given a solution to Zgr of cost W*, there is a solution to Iypx of cost at most Z* =
2k*M +2M + kC + W*.

PrOOF. Let T™ be the considered Steiner tree. We denote as T, the unique simple path between
nodes v and v in T*. We construct a solution to Zypy by defining the following paths:

o P, ={a1,a2} U{ag,w;}, fori=1,... k;

® Puw, ={a1,2}UT},  fori=1,...k;

o Pyw, ={uj a3} U{as, a2} U{az, w;}, fori=1,...,kand j=1,...,2k - 1;
o Py, ={uj,a3} U{as,as} U{ag,v;}, fori=1,...,kand j=1,...,2k - 1.

Finally, we install the following amount of capacity on the edges of the graph G':

k if e ={az2,a3},{as,as};
. =40 ifeeE\E(T*);

1 otherwise.

The cost of this capacity reservation is W* + 2k2M + 2M + kC = Z*. To see feasibility, observe that no
path uses the edges F \ E(T*), while edges {a1,a2}, {a1,2}, and E(T*) are used by a; only (hence one
unit of capacity is sufficient). Edges {a2,w;}, {a4,v;}, and {as,u;}, i =1,...,kand j =1,...,2k — 1,
are used by at most one sender/receiver in every feasible traffic matrix. Edges {a2,as} and {as3, a4} are
used only by receivers w; and v;, ¢ = 1,...,k, respectively. Hence k units of capacity are sufficient on
those edges. O

LEMMA 5.2 Given a solution to Iypy of cost Z* = 2k?>M + 2M + kC +W*, there is a solution to Is: of
cost at most W*.

PROOF. Let (P, ) be the considered solution to Zypy with cost Z*. Recall that we may assume z to
be an integer vector. We next argue that in fact this solution must be of the same structure as suggested
in Lemma BTl

Claim 5.1 Fori=1,...,k, one has {a1,z} € Py, and {a1,a2} € Py ;-

PROOF. Assume for a contradiction that {a1,z} ¢ P, for some v;. Then P,,,, must contain
{a1, a2}, {a2,as}, and {as, as}. We now investigate how much capacity must be installed on such edges.
First, Za,a, > 1 (since {a1,as} is used by at least one path). Now, consider the feasible traffic matrix in
which a7 sends 1 unit of flow to v; and the remaining senders send 2k — 1 units of flow to the remaining
receivers. All senders different from a; must use a path containing either {as,as} or {as,as}, while the
path from a; to v; uses both. This means, that the capacity to be installed on the latter edges fulfills
Tasas T Tagay > (2k — 1) +2 = 2k + 1. Therefore, for k > 2, the cost of the emerging solution is at least
2k2M + kM + M > Z*, yielding a contradiction.

A symmetric argument proves the second part of the claim. O

Claim 5.2 One has Taya; + Taga, > 2k.

PROOF. Let e = {as,as} and ¢’ = {a3,as}. All 2k — 1 senders U must use a path containing either e
or ¢’, therefore z,+x > 2k—1. Let us prove that in fact the inequality is strict. Assume by contradiction
that . + zo» = 2k — 1. Define the bipartite graphs G, and G,/ as usual, and remove node a; from them.
Let C, and C. be corresponding minimum vertex covers. Claim Bl implies that the paths of a; use
neither e nor ¢’. Hence the edge set of G, and G- with or without node a; is the same. We can conclude
by Kénig’s theorem and the feasibility of the solution that

2k — 1=z + e > |Ce| + |Cer|.
As a consequence, there is at least one receiver ' € R that does not belong to any of the two covers.

Now observe that G, and G are edge disjoint, since no path can use both e and ¢’. Furthermore,
G UG is a complete bipartite graph on U x R. This is because any sender u; is forced to use either e
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or ¢’. Suppose that there exists a sender v’ € U \ {C. UC¢ }. Then edge {u/,r'} is neither covered by C,
nor by C.s, a contradiction. As a consequence, C. U Cr 2 U. Since |C.| + |Cy| < 2k — 1 = |U|, we can
conclude that C. UC, = U and C, N Cy = 0.

The disjointness of C, and C,s implies that all senders in C, (resp., Ce/) route to the 2k receivers on
paths containing e (resp., ¢’). Consider any choice of k senders U’ C U. Define a traffic matrix as follows:
if u; € Ce NU’, send one unit from u; to some v;, and otherwise from u; to some w;. This can be done
in a feasible way, since there are enough receivers v; and w;. This way each sender in U’ uses both edges
{a1,z} and {a1,as}. Hence x4,, > k and 24,4, > k.

Therefore, for k > 3, the cost of the emerging solution is at least kM - (ze + 2e/) + M - (X gy 2 + Tayay) =
kM - (2k — 1) + 2kM > Z*. This gives the desired contradiction. O

Claim 5.3 Fori=1,....,k and j =1,...,2k — 1, one has {a3,as} € Py,», and {az,a3} € Py;u,.

Vi

PROOF. Assume by contradiction that there is a path from some u; to some v; that does not contain
e = {as,as}. Necessarily, it must contain the edges {a1,a2} and {z,a1}. Consider the feasible traffic
matrix in which u; sends 1 unit of flow to v; and a; sends 1 unit of flow to some vy, h # 4. From Claim
BT {z,a1} is used by two paths and therefore z,,, > 2. Similarly, one can show 4,4, > 2. Therefore,
by Claim B2 the cost of the emerging solution is at least kM - (Zay05 + Tagas) T M - (20, + Tayay) =
2k2M 4+ 4M > Z*, a contradiction.

A symmetric argument shows that there is no path from some u; to some w; that does not contain
e = {as,as}. O

Claim 5.4 One has Zi:l,...,k Tagw; = k.

PrOOF. Consider a feasible traffic matrix where k senders in U simultaneously send %k units of flow
to v1,...,v,. From Claim B3 all these senders use paths containing {as, a4}, and therefore each of those
paths contains at least one edge {a4,v;}. O

From Claims Bl B2 and B4l the cost of edges not in E is at least

M - (220, + Tayas) + kM - (Tayay + Tagas) + C - Y Tagw, > 2k>M + 2M + kC.
i=1,....k

Finally, let T be the subset of edges of E that are in the support of the solution. From the discussion
above,

w(T) < Z* — (2k*M + 2M + kC) = W*.

Assume by contradiction that 7' does not contain a Steiner tree on nodes v1, ..., vk, z. Then there exists
at least one node v; such that the path from a; to v; contains at least 2 edges with cost C. But in this
case, we would have Zi:l Kk Tayu, = k+1: In fact, we can define a traffic matrix where a; sends one
unit of flow to v; and the remaining v;’s receive one unit of flow from k — 1 senders in U. Thus the cost
of the solution would be at least 2k>M +2M + (k+ 1)C > Z*, a contradiction. We conclude that indeed
T contains a Steiner tree T'. Its cost is w(T") < w(T) < W*. The claim follows. O

THEOREM 5.5 The balanced VPN problem is NP-hard.

PROOF. The claim follows from Lemma Bl Lemma B2 and the NP-hardness of the Steiner tree
problem [5]. O

REMARK 5.1 Note that the above reduction is not approrimation preserving. In particular, the APX-
hardness of Steiner tree is not conveyed to balanced VPN. Hence, our reduction does not exclude the
existence of a PTAS for balanced VPN: This is an interesting open problem.
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Figure 2 All the edges have cost 1, besides the edges incident to the root, which have cost M > 1. In
the optimum CABSSBB solution (left side) exactly one cable on each edge is installed, as shown in the
picture. The graph G’ = G is disconnected. On the right, edges of T, with edge labels m,.. Edges of the
connected subgraph G = {e € T' | m. > ~/2} (given that v = 3) are drawn bold.

0'1:1,/11:1

o9 = 1.5, g =2

o3 =2, u3 =3
—

@ source

[ ] sink

6. Single-Sink Buy-at-Bulk. In this section we present our improved 20.41 approximation algo-
rithm for CABSSBB (and hence for SSBB).

The main novelty in our approach is the following generalization of the Core Detouring Theorem. For
a given edge-weight function w(-), and a given (possibly disconnected) subgraph G’, we let wegr (v, u) be
the distance from v to u in the graph resulting from the contraction of the connected components of G’.
In other words, wgr (v, u) is the cost of the shortest v-u path, if edges in G’ are for free.

THEOREM 6.1 (MULTI-CORE DETOURING) Given an undirected graph G = (V, E), with edge weights
w: E — Qxo, clients C CV, a subgraph G', a root z € V, and a probability p € (0,1], mark each client
independently with probability p, and denote the marked clients by C'. Then

E [ Z w(v,C"U {z})} < 0'806710(6”) +2 Z wer (v, 2).

velC veC

PROOF. Let 0,(C,G") := 23 .o wer (v, 2) +yw(G") with v := %. We will find a connected
subgraph G” of G with z € V(G"), having 6,(C,G") < 6,(C,G"). The claim then follows by applying
the Core Detouring Theorem E2to G”'. Let P,. be the path, attaining the length weg (v, 2), i.e. it is a
shortest v-z path in G, where edges in G’ have cost 0. Since these paths are shortest paths, we may assume
that | J,co Po- induces a tree T', rooted at z (see Figure Bl). For e € T', let m, := [{v € C | e € P,.}| be
the number of v-z paths that contain e. Let G” be the graph, induced by the edges e € T with m, > 7/2
(G"” := {z} if no such edge exists). Moving from a leaf of T to the root z, the quantity m. can only
increase, hence the subgraph G” is connected and z € V(G"). To upper bound 6,(C, G"), we still use P,
as the v-z path, even if wgr (v, 2) is attained by a different path. Any edge e € T contributes with a term
~w(e) to 0,(C,G) if e € G, and with a term 2m.w(e) otherwise. Note that yw(e) < 2m.w(e) if and
only if m. > ~/2. By the definition of G”, the contribution of e to 6,(C,G") is min{2m.w(e),yw(e)},
which is never larger than the contribution of e to 6,(C,G’). Applying the Core Detouring Theorem to
the core G” yields

E[Zw(v,c’u{z})] <0,0.6" < S 2mew(e)+ Y yule)

vel eeT\G” ecG"’
=Y min{2men(e), @l < S mae)+ 3 qule) = 6,(C, ),
eeT eeT\G eeG’
and the claim follows. O

Next consider the input CABSSBB instance. By adding dummy sources in the sink, we can assume
that |D| is a multiple of all the capacities p;. We will use the aggregation algorithm in [25]. Given a set
of demands z(v) € [0,U), whose total value is a multiple of U > 0, and a tree T', this algorithm computes
a random flow along T" to aggregate the demands such that:

(1) The amount of flow along each edge of T is at most U;
(2) The final demand 2’(v) at each node is either 0 or U;
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Algorithm 3 CABSSBB algorithm.

(i) Select a subset of cable types i(1),...,i(k’) in increasing order of capacity, where i(1) = 1 and
i(k) = k.
(ii) For t=0,1,..., k"

(a) (Collection) Let D; be the set of nodes with positive demand. Each node in D; is marked
with probability p; = ao)/0i41) (probability 1 if ¢ = 0). Let Dj be the set of marked
nodes. Each node sends its demand to the closest node in Dj U {r} along a shortest path,
using cables of type i(t) (type 1 for t = 0). Let d;(w) be the new demand collected at each
w € DU {r}.

(b) (Aggregation) If ¢ < k’, compute a pgr-approximate Steiner tree Ty on D; U {r}. Apply
the aggregation algorithm to T; with U = p;441) and z(w) = di(w) (mod j;(41y) for each
terminal node w. The corresponding flow is supported by installing cables of type (¢t + 1)
(at most one for each edge of T3). Let d}(w) be the new demand aggregated at each node
w.

(c¢) (Redistribution) If ¢ < £/, for each node w € Dj U {r}, consider the subset of nodes
Di(w) C D; that sent their demand to w during the collection step (including w itself, if
w # 7). Uniformly select a random subset Dy(w) of Dy(w) of cardinality d(w)/ Li(t+1)-
Send f14(;41) units of flow back from w to each node in Et(v) along shortest paths, installing
cables of type i(t + 1).

(3) The expected demand at each node is preserved, that is: Pr[z'(v) = U] = z(v)/U.

We consider the CABSSBB Algorithm[B which is a slight variant of the algorithms in [T9]. For notational
convenience, we assume o, 41) = 00 and i(0) = 0. The algorithm initially selects a subset of k' cable
types i(1),i(2),...,i(k"): this step is explained in more details below. Then there is a sequence of k' + 1
rounds. In each round the demand of the sources (which is initially 1 for each source) is aggregated in a
smaller and smaller subset of sources. At the beginning of round ¢ > 1, the demand at each source is in
{0, pi(ty}. Each round ¢ consists of three steps. Initially the demand is collected at a random subset of
aggregation points (Collection Step). The quantity « in this step is a proper constant to be fixed later.
Then a Steiner tree is computed on the aggregation points, and the demand is aggregated along such
tree via the aggregation algorithm in multiples of y;;41) (Aggregation Step). This is possible since the
sum of the d}(w)’s, and hence of the x(w)’s, is a multiple of j1;;41). Eventually, the aggregated demand
is redistributed back to the source nodes (Redistribution Step). Only cables of type i(t) and (¢t + 1) are
used in round ¢. At the end of the round the demand at each source is in {0, ui(tﬂ)}.

It remains to specify how the cable types i(1),...,i(k’) are chosen. Let 8 > 1 be a constant to be
fixed later. Differently from prior work on the topic, we use a randomized cable selection rule.

RANDOMIZED CABLE SELECTION RULE. Let i(1) = 1. Given i(t), 1 < i(t) < k, i(t + 1)

is chosen as follows. Let i'(¢) > i(t) and ¢”(t) > i(t) be the smallest indexes such that
f;_’—((:)) < % and U;;(i;‘) > (3, respectively. If no proper i'(t) (resp., i"(t)) exists, we let
i'(t) = k (resp., i'(t) = k). If '(t) > i"(t), i(t+1) = ' (t). Otherwise, i(t+1) =4"(¢t)—1

a’iu(t)fﬁoi(t) . o .
— 22 and i¢(t+ 1) =4"(t) otherwise.
Tt () =T/ (4)—1 ? ( ) ( )

with probability
Note that, as required (1) = 1 and (k') = k.

LEMMA 6.1 For any t € {1,2,..., k' — 2} and h € {0,1,..., k' —t — 1}, and for any s € {1,2,...,k},
i) <s<it'+1):

1 . it 51 ’
@b < oy O o] 2 Bl (©F fmin {200 MO <

o s
PROOF.

(a) By economies of scale, 0;141) < 07y < 051)/B. A simple induction implies (a).
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(b) Ifd'(t) > i"(t), oy(t+1) = B oi) deterministically for any value of o). Otherwise

) o — Boy < ginw) —Boy )
EO'Z' 1(t) = = 01 1+ 1 - — a;n :60'.
[ (t+l)| ( ) T]] Ui//(t) — O'i”(t)fl (t) ! Ui”(t) — O'i”(t)fl (t) K
Summing over 7, we obtain Elo;41)] = B Eloiy)] for i'(t) < i"(t). Altogether, E[o;41)] > B Elojw].

Property (b) follows by induction.

c) Property (c) is trivially true for s = 1, so assume s > 1. Let us condition over t = 7 > 1. For
y y
i'(1) > "(7), either s = i(T + 1) and hence Z&+Y — 1 or G < — i 3 by the minimality of
os Os Oi(r+1)—1
/(7). Otherwise (i'(7) < i”(7)), being o5 > 0;(~) and by the same argument as above,
& () y g

T |:O'i(7—+1):| <E [Ui(r-i-l)] _ Boi _s

Os Oi(T) Ui(T)

The claim follows by summing over all the possible values of 7. O

Let A; be the cost of the ¢-th round, ¢t € {0,1,...,k’}. Let moreover Af, AY and A} denote the
collection, aggregation, and redistribution costs of the ¢-th round, ¢t € {1,..., k" — 1} respectively. By
OPT(s) we denote the cost paid by the optimum solution for cables of type s. The following lemma is
an adaptation of a similar result in [I9] (proof in the appendix).

LEMMA 6.2 Fort' € {1,...,K'} andt € {1,..., kK — 1},

ag; 57(
(1) Pr[d S Dt/|’U S DO] = u-(t/); (2)A0 < psr Z %OPT(S), ( ) [Ak/] Z 6(k )OPT( )
5; i 5
(4)E[Af] < E | Y min {psTaﬁ, pSTM} OPT(s) (5) (23 Ac]
s 65 Os

Hence it remains to bound E[A{]. Following [T9, 25], it is not hard to show that E[A{] < 2 E[A¢]. We
next present an improved bound based on the Multi-Core Detouring Theorem BTl

c ‘Swt Ti(t
LEMMA 6.3 For allt € {1,2,...,k' —1}, E[A]<E[Z mln{2 S 08067 (*”}OPT(s)}.

[e3 o

PrOOF. Let j € {1,2,...,k} be an integer value to be fixed later. We denote by G; be the graph
induced by the edges where OPT installs at least one cable of type s > j. Note that this graph might
be disconnected. (See Figure B). By the Multi-Core Detouring Theorem Bl applied with C = Dy, z = r,

p=p and G' = G},
0 8067
|:Ui(t) ( E ’LUG d T (GJ)):|

deD, p

E[A7) =

airy »_ w(d, Dju{r})

deD,

By definition,

0.8067 0.8067 o; 0.8067 i
E [ az-@)c(Gj)] =E {wc(cj)] <E S 2D 0 pr(s)
Dt «

« - o
s>7 s

By Lemma E2(1), Pr[d € D;|d € D] = T . Therefore

l(t) Z’LUG d 7"

/’L’L (t) deD

E 205 Z wg, (d, )

de D,

E 251(,5) Z wa,; (d, 7")‘| .

deD

Let Ly ; be the cost of routing the flow as in OPT', but paying zero on the edges of G, and d;(;) per unit
of flow on the remaining edges. Then trivially d;¢) > 4cp wa, (d,7) < Ly j. In turn, OPT pays at least d,

per unit flow on each cable of type s < j, which implies L; ; <3~ 63“) OPT(s). We can conclude that

0
<E|2)] :5(“0PT(5)

S

E |20 Z wg, (d,T)

de D,

s<J
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Altogether

| 08067 ¢~ 0
BlA < E (23 : it LOPT(s S 2 opT(s)
« Os
s<j 8>j

Since, deterministically, d;)/ds is decreasing in ¢ while 0;(;41)/0 is increasing in ¢, the claim follows by
choosing j properly. O

We can now state the main result of this section.

THEOREM 6.2 There is an expected 20.41 approzimation algorithm for CABSSBB.

Proor. From Lemmas and B3], the cost A of the approximate solution computed by Algorithm
satisfies:
k' —1
E[A] = Ao + E[Ar] + > (E[A{] + E[A7] + E[A]])
t=1
K —1

<psr 2 L LOPT(s) Z 5 OPT(s +ZE

z(tJrl t) 0 8067 o Ti(t+1)
1+ OPT
(1 52 ) Eomin {2532, 2 20 orr |

k-1
z(t)

+Y E
t=1

Zmln {psTa i) , PST UZ(tH }OPT(S)

Define

ag; 61 ’
(1) + (k)+
o Js

k-1
51‘ 0.8067% . 51' g;
+z(< t+l>)mm{2 <f>,_ﬂ}+mln{pSTaﬂ,pST M}),
O « O O O

so that E[A] <" Elapz(s)]OPT(s). By Lemma BE1)a),

k' —1
o S . 1 J; 0.8067 1 oy
o) < pn g2+ 250 S min{ (2005 ) ) 0 (BT (1) ) 202

t=1

apx(s) :=psr

o | i)

k' —1
- 1 0.8067 1 Sity Ti(t41)
< pgr—mt 4 ZHE) 2(14+ = —— (1+= E: i )
S psr . + 3. +max{ ( +6)+psTOZ, o < +ﬁ>+PsT} 2 mln{ 5. o

b 1 0.8067 1 KL (i o
S%+max{2(l+5>+pma, - (1+B>+psT}Zm1n{%,%}.

t=0 s

Consider any cable type s, and let i(t') < s <4i(t' +1). Assume t’ < k' — 2 (the analysis is analogous for
t' =k —1). By Lemma Gl

K —1 k' —1 t'—1
. [ %) Tigt+1) diw) Tir+1) 1
E Z min {6—5, O_—S < 6_ Z E z(t ] + F |min 55 T + O'_ Z E[Ui(t+1)]

t=0 t=t'+1 S t=0

t/+1) i72_+5+ Z_ < 5 Eli41))
=P T e

Let us set a = 0.531 and § = 2.80. Observe that
Siery _ Eldia—1)] _ Eldiw11)] 1 0.8067 1 E[6;41))
< < < 2(1+ = 3 — 14+ =
55 = 55 = 556k/_t/_2 _ma‘X{ ( + 6) +p5Ta7 a < + ﬁ) +pST} 55(6_ 1)6k/_t/_2

Hence

Elapa(s)] < max {2 (1 +

1 0.8067 1 2 a=0.531,3=2.80
—) + psro, —— (1+—> +psT} : (—ﬁ-i-ﬁ) < 20.41.
B a B p—1

The claim follows. O
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COROLLARY 6.1 There is an expected 20.41 approzimation algorithm for SSBB.

ProOF. The claim follows from Lemma and Theorem (the rounding mistakes in the proof of
the theorem absorb the extra factor 1 + ¢). O

COROLLARY 6.2 There is a 2 -20.41 = 40.82 approzimation algorithm for UNSSSBB.

PRrROOF. The claim follows from Theorem and Lemma O
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Appendix A. Omitted Proofs.

ProOOF oF LEMMA Il  Let 2 = {z.}.cr be a given non-tree solution to SSBB. The cost of this
reservation is g(x) := ) .y w(e)é(x.). Observe that g(-) is concave. We will describe a polynomial-time
procedure which computes a different (feasible) capacity reservation 2’ of not larger cost and such that
the number of edges with zero capacity in 2’ is strictly larger that the same number in z. By applying
this procedure a polynomial number of times one obtains the desired tree solution.

Let Py, ..., Py, be the flow paths corresponding to x (each one carrying a positive amount of flow). We
can assume h < |E| + |V| by standard max-flow techniques. Let f(e) be the flow along edge e. Without
loss of generality, f(e) = x.: otherwise we could decrease x. hence getting a cheaper feasible solution.
We can also assume that each (undirected) edge e = {u, v} carries a flow directed from u to v or vice
versa. In fact, otherwise we could decrease f(e) (and hence z.) and obtain a cheaper feasible solution.
Let us replace {u, v} with the directed edge (u,v) in the first case, and with (v,u) otherwise. For a node
v, by f(v) we denote the sum of the flows of edges entering v minus the sum of the flows of edges leaving
v. Observe that f(v) = 0 for all nodes but the sources v, where it is —d(v), and the sink z, where it is

Z’UGD d(’l})
Since x is not a tree solution, there must be two conflicting paths P; and P; that, after meeting, split
at some node w. Let k, h € {i, ]} h # k. We define P| as the subpath of P from w to the sink z, and

P, = P/ \ P}. In particular, P; U PJ is the symmetric difference of P/ and P’ Observe that P; and P
are non-empty sets of (directed) disjoint paths.

Let yx := min,p {f(e)} > 0 be the minimum flow over any edge of Py,. Consider the flow f* which

is obtained by decreasing f by yj on the edges of Py, and i increasing f by the same amount on the edges
of Ph Let E, be the edges of Pk U Ph incident to v. One of the following two cases must occur: (1)
FE, contains an even number of edges of both ]5k and I:’h; (2) E, contains exactly one edge of ]5k and
one of P, and these two edges either both leave v or both enter v. It is easy to check that in any case
fF(v) = f(v), and hence f* is a feasible flow.

We constructed two feasible flows f? and f7, which induce two capacity reservations z* and 27, respec-
tively. Note that both z? and z7 contain at least one more zero entry with respect to 2. Observe also
that z = a2’ + (1 — a)z’, where a = 4. Being g(-) concave, g(z) > a g(2?) + (1 — a)g(z’), and hence

yity;

g(z) > min{g(x?), g(z7)}. In words, one of the two capacity reservations x* and 27 is not more expensive
than x. The claim follows. O

Proor oF LEMMA 22 By Lemma BTl there is always an optimal tree solution, and consequently
a capacity reservation with integral values in {0,1,...,|D|}.

Hence, it is sufficient to construct a cable of capacity (1 + €)’ and cost ¢((1 + ¢)¢) for each i =
0,1,...,[log,,.|D|]. This induces a (polynomial-size) CABSSBB instance of cost at most (1 + ) times
the optimal cost for the input SSBB instance. In fact, any time the optimum solution installs a capacity
x. on edge e, we can rather install a cable of capacity 2/, x. < 2/, < (14 &)z, on the same edge. The
cost of this cable is ¢(z,) < ¢((1 + €)xe) < (14 &)d(xe). The claim follows. m

Proor oF LEMMA Z3  Let Z be the input UNSSSBB instance. Of course, OPTcapsses(Z) <
OPTyxssses(Z). Hence, it is sufficient to show that any CABSSBB solution S to Z, and in particular
a p-approximate solution, can be turned into a tree solution U of cost at most twice the cost of S:
this solution U induces a feasible solution to the original problem of cost at most 2p - OPTcapsses(Z) <
2p - OPTuxssses(Z).

Let ¢*(x.) be the minimum-cost of a multi-set of cable types of capacity at least x. > 0. Define
0 if x, = 0;
di(we) = .
oi +0; - xe ifxe >0,

and let ¢(ze) := min—; . x{di(ze)} (see also [B7 and Figure B). Observe that ¢(-) is concave and
piecewise linear (for x. > O) with at most k slopes. It can be easily computed in polynomial time.

We next show that
o (me) < o(xe) < 20" (xe)-
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Figure 3 Example of functions ¢*(z.) and ¢(z.), . > 0.
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For x. = 0 this trivially holds. Now fix a value of x. > 0 and let ¢ be the largest cable, used for obtaining
capacity z. at cost ¢*(z.). Then ¢*(z.) > o; and ¢*(x) > d; - ., hence @;(x.) = 05 + 0; - e < 20" ().
On the other hand choose i such that ¢(ze) = ¢i(z.). We can then install z. units of capacity with [ ]
copies of cable i. Thus ¢*(z.) <[]0 < 07 + T - i = Pi(we) = P(e).

Now, let = {z.}cer be the capacity reserved by S, and g*(x) := > . pw(e)¢*(ze) be its cost.
Consider the SSBB instance associated to the capacity cost function ¢(-), of total cost
g(@) =Y w(e)p(ze) <2y w(e)d*(z) = 29" (x).
eceE e€E

By Lemma Bl we can construct a new tree solution 2’ of cost g(z') < g(z). We eventually install on
each edge e, [z} /u;] copies of cable type 4, where ¢ minimizes the cost o; [, /u;]: this defines the solution
U.

Let j be the cable minimizing ¢ (), i.e. ¢;(aL) = ¢(z.). Observe that o; [z, /u;| < oj[xl/n;] < oj+
x,-0; = ¢j(x,) = ¢(x,). We can conclude that the cost of U is at most ) ., w(e)p(x,) = g(z’) < 2¢*(x).
The claim follows. O

Proor or LEMMA [

(1) We prove the claim by induction. The claim for ¢ = 1 is a straightforward consequence of the
properties of the aggregation algorithm. Assume that the claim is true for some ¢ > 1. Consider any
d € D;. Let w be the sampled node which collects the flow from d during the ¢-th collection step, and
let dj(w) = b pu;(s), for some integer b > 1. Given b,

1 Eld) 1d 1 bu; ;
Prid € Dyy1ld € Dy] = - [df (w)] _z () e N[0 '
b pige+1) braerry O M1y Hie4)

We can conclude that

i 1 1
Prd € Dys1|d € D) = Prld € Dyyy|d € D] - Pr[d € Dyld € D] = —— _

Hi(t+1) Hi(t) B Hi(t+1) '

(2) The subgraph G’ induced by OPT satisfies ¢(G') < > ULSOPT(S). Since G’ spans Do U {r}, the
latter quantity is also an upper bound on the cost of an optimum Steiner tree T* over Dy U {r}. The
claim follows by observing that Ag < o1 pgr c(T*).

uppose we could route the flow along the same paths o , but at cost 0;(xy = 0r per unit
(3) Supp 1d he fl long th paths of OPT, b Sy = Ok P i

capacity. Let C’ be the cost of this routing. Observe that ¢’ < 3", 2OPT(s). Now replace each flow
path with a shortest path to the sink, and let C” be the corresponding cost: trivially, C"” < C’. By (1),
in the final step each demand sends pj units of flow to the sink with probability ul_k’ and at a cost of J

per unit flow and unit length. Hence E[Ay/] = C”. The claim follows.
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(4) We will construct, for any given j, a random graph G, spanning D; U {r}, of expected cost

[0 51(15
Ele(G)] <> SOPT +Zm0PT( ).
§>7 s<j
The latter cost, multiplied by psroj(;41), gives the desired bound for a proper choice of j.

We initially add to G} all the edges where OPT installs at least one cable of type j 41 or larger. The
cost of these edges is at most ) _ >; L =—OPT(s). Then we consider each d € Dy. Let Pi,..., P, be the
flow paths carrying the (unit) demand of d in OPT, and let f; € (O 1] be the flow carried by P;. (Observe

that Zi:l fi = 1). If d € D}, which happens with probability —— =20 — m, we choose one of the

Hi (r) Oi(t+1) Oi(t+1)

flow paths P; at random, accordmg to the probability distribution induced by the f;’s, and add it to G;.
Observe that the final graph Gy spans D} U {r} as required. Consider any edge of G; introduced during
the second phase only. For the sake of simplicity, assume a unique cable of type s < j is installed on e

by OPT. (The same type of analysis can be carried over on a cable-by-cable basis). Each path P; using

a61(t) fz

e, makes e belong to Gy with probability — . It follows from the union bound that e belongs to G,

with probability at most % where z* § s is the flow carried by the cable installed on e. Therefore

c(e)adiq) s
Ti(t+1)
c(e)os for the cable installed on e. Hence the total cost of the edges added to G; in the second phase

only is at most > . CQLLIOEY L_OPT(s) =%, @%0_OPT(s). The claim follows.

s<j oit+1)  cle) $<J 0i(14+1)0s

e contributes with at most to the cost of Gt in expectation. On the other side, OPT pays

(5) Let us charge to each d € D, the corresponding collection and redistribution cost during the ¢-th

round. Source d pays o;yw(d, Di U{r}) to send ji;;) units of flow to the sampled nodes during the ¢-th
Mi(t)

collection step. By the proof of (1), with probablhty , d receives pi;(;4.1) units of flow back during

the t-th redistribution step, at a cost of o;1)yw(d, D U {r}) Hence the redistribution cost of d is, in

: gi i 9; : . .
expectation, ZUHRE® L %ttY timeg the collection cost of d. The claim follows. O
T Ri(e+1)  Ta(t) 04(t)



