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1. Introduction

Interest in interior point algorithms for linear programming was revived by the work of
Karmarkar [Karl]. In this paper we sometimes refer to Karmarkar’s algorithm also as the
projective rescaling algorithm. This reflects the property that the algorithm moves in the
direction of the gradient of the objective function after a projective scaling transformation
has been applied. A variation on this algorithm, which was proposed in various forms by
many people (e.g., [Bar, CaS, VMF]), is called the linear rescaling algorithm, reflecting
the property that here a linear scaling transformation is applied before the gradient step
is taken. The projective and the linear rescaling algorithms were shown in [GMSTW] to
be related to the logarithmic barrier function technique using Newton’s method. In this
paper we study the behavior of all these algorithms. We consider both continuous and
discrete versions of the algorithms. Our main interest here is in the boundary behavior of
these algorithms. We study the differences among the different algorithms through their
behavior near boundaries. We first introduce the algorithms and the notation to be used

later.

Interior point algorithms for linear programming usually update a point z, interior
to the feasible polyhedron P, by moving along a straight line in the direction of a vector
V(x) defined at x. The new point depends of course not only on the direction of V(x) but
also on the step size which is assigned at z. Thus, the new point can be represented in the
form

= 4+ a(x)V(x),

where a(x) denotes a real number that determines the step size. The iteration formula
defines a transformation of the polyhedron P into itself. We are concerned with the
properties of this transformation, or the vector field itself, near the boundary of P. We
denote the boundary of P by dP. In this paper we usually consider the linear programming

problem in standard form:

Minimize ¢’
(SF) subject to Az =b ,

x>0
where A € R™*" (m <n), b € R™ and ¢,z € R".
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1. The linear rescaling algorithm. Following the description of [VMF], the
algorithm is stated with respect to the linear programming problem in the standard form.
Also, it is assumed that a point x° is known such that Az° = b and x° > 0. Given a point
x € R", we denote by D = D(x) a diagonal matrix of order n whose diagonal entries are
the components of x. We frequently denote D = D, to emphasize the dependence on =x.
Let € R™ be any point such that Az = b and = > 0. The algorithm assigns to the point
x a “search direction”, that is, a vector £ (whose norm is not necessarily equal to 1) which

is computed as follows. Consider a transformation of space
T, : R - R"

given by
T.(y)=D7'y.

In the transformed space, the direction n = T,(£) is obtained by projecting the vector
De orthogonally into the linear subspace {n : ADn = 0}. Thus, 5 is the solution of the

following least-squares problem:

Minimize |Dec — 7]|?
subject to ADn =0 .

Assuming A is of full rank, the solution is
ne = [I—DAT(AD?*AT)"'AD] Dec .
In the original space, the linear rescaling algorithm assigns to a point x the vector
& = &(x) = D[I—-DAT(AD?*AT)"'AD] De ,

to define a search direction. We note that since the problem is in the minimization form,

the new point has the form

v — a(z)le(w)

where a(x) is positive.

2. The projective rescaling algorithm. Following [Karl], the algorithm is stated

with respect to the linear programming problem given in the following form (“Karmarkar’s
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standard form”):
Minimize ¢!z
subject to Ax =0

(KSF)

etxr=1

x>0,

where A € R™=1D>" (1 < m < n), z,¢ € R" and ¢ = (1,---,1)7 € R". In the original

statement of the algorithm it was assumed that Ae = 0 so the point 2° = %e 1s interior
relative to the linear subspace {Az = 0}. We do not use this assumption in our analysis.
Also, it was assumed that the optimal value of the objective function is zero, but the

algorithm is also well-defined without this assumption. Let A denote the matrix

A:<§>.

Let 2 € R" be such that Az = 0, el = 1, and z > 0 and continue to denote D =
D(z) = diag(x). The new point is computed as a function of x as follows. Consider a

transformation of space

T, : R" — R"

given by
1

-1
eTD_lyD Y.

Tf(y) =

Thus, Ty(z) = %e. In the transformed space, the direction 7, is obtained by projecting

the vector Dc¢ into the nullspace of the matrix
([ AD
=\ )

ny = [I_ZT(MT)—lz} De.

i

Thus,

The nullspace of the matrix A equals the intersection of the nullspaces of the matrices AD
and e¢”. However, e is orthogonal to every row of AD since ADe = Ax = 0. This property
implies that 7, can be obtained by projecting on the nullspace of AD and then projecting
the projection on the null space of ¢! (see Appendix C). It follows that the search direction
in the transformed space is given by

o 1
ny = I—AT(AAT)_lA} De = [I——eeT] [I — DAT(AD*AT)~' AD] De .

n
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The search direction ¢, in the original space is obtained as follows. The algorithm moves

in the transformed space from the point %e to a point of the form

1 P
p = —e TR
no mll
where p is a certain positive constant. The step in the original space is thus given by the

vector u = T71(p) — 2. The inverse transformation is given by

1
T, '(p) = eTDpr :
Denoting
p
= Tl
we have D%e — Dv —Dv + (:I;Tv):li
B T(D%e—Dv>_x - %—J}TU

Let us ignore the size of the step, and consider just a vector &, in the (opposite) direction

of u:
& = Dmp— (xTUp)w = [D - wa]np .

Note that z7e = 1, so we have

1 1 1
[D — 227 [I — —eeT] = D——zel —uza? 4+ ZaaTeel = D—aal .
n n n

Thus, the algorithm assigns to the point = the vector
& =&(x) = [D—aal] [I - DAT(AD?*AT)'AD] De ,

to define the search direction. As in the case of the linear rescaling algorithm, the new

point has the form
v — a(z)ép(r)

where «(x) is positive. Note that £, is well-defined even without the hypothesis that the

minimum of the objective function is equal to zero.

3. The barrier function technique. The logarithmic barrier technique considers

the nonlinear optimization problem

Minimize Fy(x) = cT:L'—/,LZIH:I;j

(SF(p)) subject to Ax =b

x>0



where > 0 is a scalar. If *(p) is an optimal solution for SF(u), and if a*(u) tends
to a point x* as p tends to zero, then it follows that z* is an optimal solution for the
linear programming problem (SF'). Consider the problem (SF(p)) where p is fixed. As
explained in [GMSTW], the Newton search direction v, at a point z is obtained by solving

the following quadratic optimization problem:

1
Minimize §vTV2F(:1;)v + (VF(:L'))TU
subject to Av =0,
where
VF(z) = ¢—puD;" e
and

V2F(z) = uD;? .

x

Let w, denote the vector of Lagrange multipliers. The vectors v, and w, must satisfy the

following system of equations

uD7? AT v, \ _ [c—uD;te
A O wy, | 0 '

Let , = D, pv,. Thus,
I D,AT Mu \ _  Dzc—pe
AD, 0] wy, ) 0 ’

ny = (I —D,AT(AD2AT)"'AD,)(D.c — pe)

It follows that

and

Vi(z) = pvy = Dy = Dy (I — Dy AT(ADZAT) ' AD, ) (Dyc — pe)

is the vector field corresponding to the fixed value of u. It was noted in [GMSTW] that

Ee(x) = lim V() .

pn—0

In this paper we study the boundary behavior of the above interior point algorithms
for linear programming. We study both the continuous trajectories of the vector fields

induced by these algorithms and the discrete orbits of the algorithms. In section 2 we
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show that, although the algorithms are defined on the interior of the feasible polyhedron,
the vector fields actually extend continuously to the whole closed polyhedron. This is true
even when the problem is degenerate. In section 3 we provide conditions under which
a vector field gives rise to trajectories that visit the neighborhoods of all the vertices of
the Klee-Minty cube. The linear rescaling algorithm satisfies these conditions. Thus,
limits of such trajectories obtained when a starting point is pushed to the boundary, may
have an exponential number of breakpoints. It is shown that limits of projective rescaling
trajectories may have only a linear number of such breakpoints. It is however shown that
projective rescaling trajectories may visit the neighborhoods of linearly many vertices. In
sections 4 and 5 we consider the behavior of the linear rescaling trajectories near vertices.
We show that all the trajectories have a unique direction of convergence to the optimum.
This direction is given by the vector of the reciprocal values of the reduced costs of the
nonbasic variables at the vertex. In section 6 we prove the differentiability (over the
closed polytope) of the vector field underlying the logarithmic barrier technique with a
fixed parameter, assuming nondegeneracy. The linear rescaling algorithm is a special case.
In section 7 a similar result is proven for the projective rescaling vector field. Section
8 analyzes the boundary behavior of the discrete linear rescaling algorithm. The unique
direction of convergence is proven for this case too. In section 9 the boundary behavior of
the discrete version of the projective rescaling algorithm is studied. The limiting behavior
is characterized in terms of reduced problems where the feasible domains are faces of the
given polyhedron. In appendix A we describe the behavior of the linear rescaling algorithm
on the unit hypercube. We show that each ascending sequence of adjacent vertices can
be approximated by a trajectory. In appendix B we consider the projective rescaling
trajectories on the unit simplex. We show that certain trajectories visit all the vertices.
Also, there are trajectories starting from the center and visiting the centers of linearly many
faces of the simplex. Appendix C proves a lemma on orthogonal projections. In appendices
D and E we present similar results on the barrier function technique in inequality form. In
appendix F we include an extension of section 2, proving the differentiability of the linear
rescaling vector field on the closed feasible polyhedron. We also represent this derivative

in terms of projections on nullspaces.



2. Interior point algorithms continuously extend to the boundary

As seen in Section 1, the core of the interior point algorithms under consideration is a
projection of a certain vector on a certain subspace. In this section we study the behavior

of the resulting vector as the current point of the algorithm tends to a boundary point.

Let A denote any fixed matrix of order m xn. Let N = {1,--- . n} andlet N = Iy U I,
be a partition of N (I; NIz = ). Let A; denote a submatrix of A consisting of the columns
of A with indices in I; (¢ = 1,2). Similarly, for any n-vector v, let v; denote the subvectors
of v consisting of the components of v corresponding to the sets I; (i = 1,2). Let D(v)
denote a diagonal matrix whose diagonal consists of the components of v. Let ¢ denote

any fixed n-vector and let ¢; and ¢2 denote its subvectors as defined above.

Given z, a step of the linear rescaling algorithm amounts to the evaluation of the
orthogonal projection of a vector D(x)c on a linear subspace L(x) = L(x;A) = {y :
AD(x)y = 0}. We are interested here in the behavior of this projection when x tends to a
limit point T. The interesting case is when some of the components of T are zero. Let I3
denote the set of indices j for which z; # 0. For simplicity of notation, we assume z; > 0
(j € I) but this is not really necessary for the argument. If 7 is a feasible point then of

course this condition holds.

The orthogonal projection of D(x)c on L(x) is equal to the point in L(a) which is
closest to D(a)e. Thus, it is the solution of the following optimization problem (where the
decision variables are the components of y):

Minimize |D(z)e — sz
subject to AD(x)y =0

With the notation introduced above, the latter is equivalent to

Minimize |D(z1)er —w1l|* +  ||D(22)er — ya2l)?

subject to A1D(z1 )y + Ay D(x2)y2 =0.
Let us denote this projection by y(x), and also let y1(x) and y2(2) denote the restrictions
to the sets of indices I; and I, respectively. Obviously, if = tends to T then the point
D(z)c tends to the point D(T)c. The distance between = and y(x) is always less than or
equal to ||z|| since the origin is in the linear subspace. It follows that the point y(x) is

bounded while @ tends to T. Since x5 tends to zero, the vector Ay D(x3 )y2(x) also tends to
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zero (since yz(x) is bounded). Observe that the point y;(2) is the orthogonal projection
of the point D(x)c on the affine flat

O(x) = {u : AiD(x1)u = —AsD(a2)y2(x)} .

Consider the point-to-set mapping ® that takes every x € R" to the affine subspace

®(x). First, recall the definition of a continuous point-to-set mapping:

Definition 2.1. Let ¥ be a point-to-set mapping that takes points © € R"
to subsets ¥(z) of R™. The mapping V¥ is continuous at T if for any sequence {x*},
converging to a point T, the following is true
(i) for any convergent sequence {z*}, where z* € U(z¥), necessarily z = lim z* € ¥ (7).
(ii) for any point 2’ € ¥(7T), there exists a sequence {2¥} converging to z' where 2% €

Proposition 2.2.  The mapping ®(v) is continuous at T.

Proof: Let {z*} be any sequence converging to . By assumption, ; > 0 and
72 = 0. Notice that ®(T) = {u : A1 D(x1)u = 0}. Obviously, condition (i) is satisfied
since Ay D(x%)y2(2*) tends to zero. In other words, the set € of all limits of sequences
{u*}, such that u* € ®(2*), is contained in the subspace ®(7). It is easy to check that
Q) is a linear subspace, which is in a sense the limit of the affine subspaces ®(x*). The
dimension of € is the same as the common dimension of the all ®(x*)’s for k sufficiently
large. This dimension is obviously equal to |I;| — rank(A4;1). On the other hand, ®(7) is
a linear subspace of the same dimension (since T3 > 0). It follows that ®(7) = 2 and

this completes the proof.

Proposition 2.3.  If x tends to T (where T; > 0 and Ty = 0) then the point yi(v)
tends to the projection of D(T1)cy on the linear subspace ®(T).

Proof: Given the interpretation of the orthogonal projection as the closest point,

the proof is immediate. g



Corollary 2.4. The limit of the orthogonal projection of D(x)c on the subspace
{z : AD(x)z = 0} is equal to the orthogonal projection of D(T)c on the subspace {z :
AD(T)z = 0}.

Proof: This claim follows immediately since T, = 0.

The vector £ = £(x) assigned by the linear rescaling algorithm to a point = can be
described as £(x) = D(a)y where y is the projection of the vector D(x)c on the subspace
{y : AD(x)y = 0}. Thus, we have the following proposition:

Proposition 2.5.  Suppose x € R" satisfies Ax = b, has positive components, and
tends to a point T such that T3 > 0 and Ty = 0. Then the vector {(x) of the linear
rescaling algorithm at x > 0 in the problem (SF) tends to the vector £(T1) assigned by

this algorithm at T, wn the problem
Minimize ¢!z
subject to A1z =15

z>0.

The argument for similar results about the projective rescaling algorithm and the

barrier function technique are essentially the same:

Proposition 2.6. Suppose x € R" satisfies Ax = 0 and e’z = 1, has positive
components, and tends to a point T such that Ty > 0 and T, = 0. Then the vector £,(x)
assigned by the projective algorithm at a point x > 0 in the problem (IXSF') tends to the
vector £,(T1) assigned by this algorithm at Ty in the problem

Minimize cipz
subject to A1z =0
T

e1z=1

z>0.

Proof: We have



where y is the projection of D(x)e on the subspace {z : AD(x)z = 0} and the proof

follows easily. g

Proposition 2.7.  Suppose © € R" satisfies Ax = b and has positive components,
and tends to a point T such that ©1 > 0 and To = 0. Let u > 0 be fized. Then the
vector Vy(x) assigned by the Newton logarithmic barrier function method at x > 0 in
the problem (SF(u)) tends to the vector V,(T1) assigned by this algorithm at Ty in the

problem
Minimize ¢z —p Z In z;
7€l
subject to A1z =15

z>0

Proof: The vector V),(z) assigned to = can be represented as D(z)(y' —y") where ¢/
and y'" are the projections of D(x)c and pe, respectively, on the subspace {z : AD(z)z =
0}. The argument about the vector y' is the same as in Proposition 2.5. The argument
about the vector y" is similar. The vector e is a sum e = ¢’ + ¢ of vectors where e} =1
for j € I and € = 1 for j € I. The projection of the vector ¢” on the subspace
{z: AD(z)z = 0} tends to zero and this establishes the proof.
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3. Interior point algorithms and the Klee-Minty cube

Some variants of the simplex method require exponential numbers of pivot steps in
the worst case. The first examples of such behavior were provided by Klee and Minty
[KM]. The “tilted cube” described in their paper is a very useful construct which we also

use here.

The n-dimensional Klee-Minty cube in defined by the following inequalities:

r<z1<1-—vo
(K M)
vejp <ax;<l—vzjy (j=2,--,n),

where v 1s any positive number less than % The associated linear programming problem is
to maximize the value of x,, subject to the set of inequalities (KM ). It can be verified that
the maximum is attained at a unique point, namely, the vertex (v, v?, -+ v"71 1 — ™).

If « is a vertex of the (KX M) cube then obviously each x; equals either the lower or
the upper bound implied by the values of the other components of . This suggests a
correspondence between vertices of the (K M) cube and vertices of the unit cube. Thus,
we use a (0,1)-vector v = (vy,---,v,) to describe the vertex x of (KX M) where ©7 =
(1 —v)v 4+ v1(1 —v), and for every j > 2, z; = (1 — vj)vej_1 + v;(1 —va;_y). We
say that v is the characteristic vector of the vertex x. Some simplex variants visit all
the vertices of (K M) (or an analogous construct) in a nice order which can be described,
inductively, as follows. The case n = 1 is trivial (the two vertices are the numbers v
and 1 — v). Let v' -+ v™ be the sequence of characteristic vectors of the vertices of the
(n — 1)-dimensional (K M) cube in the order they are visited (m = 2"~1). Then, the 2™
vertices of the n-dimensional (K M) cube ((v’,0),(v?,1), j = 1,---,m) are visited in the

following order:
(vlvo)v (vzvo)v B (vmvo)v (vmv 1)7 (vm—17 1) B (vlv 1) :

Faces of the (K M) cube can be easily described by the characteristic vectors. Thus, a d-
dimensional face @ is described by n — d equations of the form v/ = ¢/, where ¢/ € {0,1}.
We denote the relative interior of a face ® by &. It is interesting to note that every face
® has a unique point *(®) where the value of z,, is maximized over ®. We call this point

the optimal point of ®.
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We shall later consider the vector field induced by the linear rescaling algorithm over
the (M) cube. However, we first discuss the subject in a more general context. Let us

identify the linear programming problem

Maximize cla

(P)

subject to Ax > b

with the triple (A,b,¢). We are interested here in algorithms that can be described by
vector fields as follows. The underlying vector field A is defined for quadruples (x; A, b, ¢)
where A € R™*™ b € R™ and ¢, € R", such that Az > b. The vector field assigns

a vector y = A(x;A,b,¢c) € R™ such that A(x 4+ y) > b. The vector field describes an
iterative algorithm defined by

ghTl = ¥ —I—_&(J};A, b,c) .

We need our algorithms to be defined in a slightly more general context. First, the
algorithms extend to minimization problems in the obvious way that the direction assigned
in the “minimize ¢T2” problem is the same as the direction assigned in the “maximize
—cT'2” problem. Also, we assume the algorithm is defined for affine objective functions
c¢Tx + ¢, and the vector field is independent of the constant ¢,. Similarly, if an inequality

is given in a more general form,
dle + 6 > gT:L'—I—’y,
then the algorithm converts it into

(d—g)Tx > 6—7.

The vector field A and the algorithm A will be referred to interchangeably. Concep-
tually, the discrete iterates of the algorithm approximate the solution curves of the vector
field A. We now state conditions on the algorithm A which are needed for establish-
ing “long” paths in the (KM) cube. The corresponding linear programming problem is

nondegenerate. Thus we need these conditions to hold only for nondegenerate problems.

1. Reversibility. The algorithm is called reversible if, when the objective function
vector is multiplied by —1, the direction of movement from x is reversed:

_&(:1;; A, b, —c) B _&(:1;, A, b, c)

| Al A b, )| IR
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In other words, the directions computed by the algorithm in the minimization and the

maximization problems (with the same data) are precisely opposed to each other.

2. Independence of the representation.  First, this condition includes all the as-
sumptions listed above with respect to the extensions of the algorithm to problems in the
minimization form and inequalities in nonstandard form. In addition, we require the fol-
lowing: (i) The vector field is invariant under permutations of the set of inequalities. In

other words, if () is a permutation matrix then
A(2;QA,Qb,c) = A(a;4,b,¢) .

(ii) The vector field is invariant under “affine scaling automorphisms” in a sense as follows.

Consider an affine transformation of R",
T(x) = Mzx+q,

where M is diagonal. Denoting the new variable y = T(x) (so x = M~'(y — q)), the

problem (]5) is transformed into
Maximize ¢! M~y

subject to AM ™'y > b+ AM ™y

Thus, the quadruple (x; A, b, ¢) is transformed into
('3 A0, ) = (Ma4q; AM™Y b+ AM g, M~ T¢) .

A translation Az maps to a translation Ay = MAz (since y + Ay = M(x + Ax) + ¢).
Suppose the new problem (A', b, ¢') is the same as (A, b, ¢) up to permutation of the set of
inequalities (that is, there exists a permutation matrix ) such that A' = QA and b’ = Qb),
and up to changing the sense of the optimization from maximization to minimization or
vice versa, that is, ¢’ is in the direction of +e¢. In this case our condition requires that
the direction assigned in the transformed problem to the transformed point be equal to
the transformed direction assigned to the original point in the original problem. In other

words,,

_&(:p';A',b',c') = M.&(:L';A,b,c).

3. Continuity. The vector field A is continuous at every x such that Ax = b.
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4. Invariance of faces. The vector _&(:1;, A, b, c) is tangent to any face ® of the feasible
polyhedron such that © € ® and is equal to the vector field of the problem restricted to
the face. Note that this condition necessitates that _&(:1;, A bye) =0if x is a vertex.

5. Convergence. For every bounded face ® of the feasible polyhedron and every
2° € @, the orbit induced by the the vector field A ata converges to a maximum of the

Ty over ®.

function ¢
Definition 3.1. A vector field A (or, equivalently, an algorithm subject to the
interpretation given above) that satisfies the conditions of reversibility, independence of
the representation, continuity, invariance and convergence, defined above (in nondegen-

erate problems), will be called proper.

Note that by the reversibility assumption, the orbit induced at a point 2° € ® (where
® is bounded) by a proper algorithm, converges at one end to a maximum point and at the
other end to a minimum point of the face ®. Also, the restriction of a proper algorithm

to any face of the feasible polyhedron is itself a proper algorithm.

Lemma 3.2. If.& 18 a proper algorithm then all the orbits induced by A on the
(KM) cube are symmetric with respect to the hyperplane

1
H = {:I;ER"::I;”:§}.

More precisely, if © is one such orbit then a point x = (xq,---,x,)1 is on 7 if and only

if the point T = (21, -+, pn_1,1 — x,)T is on 7.

Proof: The given problem is

Maximize T
(Py) v < gz < 1—v
7 < z; < l—wvajy (j=2,---,n)

Consider the transformation of reflection with respect to the hyperplane H, that is,
T, = 1—2a, .

Denote

T = (xl,---,xn_l,l—xn)T
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The affine transformation is given by the matrix

1
1
M =
1
-1
and the vector ¢ = (0,---,0,1)T. The substitution x, = 1 — T, transforms the original
problem into the following:
Maximize 11—z,
v < 1 < 1—v
P. P P .
(P2) 7 < T < l—vaj (j=2,---,n—1)
VTp_1 < 1-7, < 1-vw, ,
which is equivalent to
Minimize Tn
v < x < 1—v
P, P P .
(Ps) 7 < z; < l—vajy (j=2,---,n—1)
VTp_1 < 7, < 1l—-vr,

—

The latter is simply the minimization problem with the same data as in (P1). Let A;(«)
denote the direction assigned at any point point « in the problem (F;), (i = 1,2,3). By

the properties of independence of the representation and reversibility,
Ai(r) = M~'Ay(T) .

Also,

By reversibility,

As(T) = —A4(T)
Thus,
A(z) = —M7'A(T)
Note that M~ = M so
(Ar(2); = —(Ay(@); (=1, n—1)
(Ai(@)n = (Ai(@))a -



In particular, if @, = % then + = T and we get (_&1(:1;))] =0forjy=1,---,n—1. 1Tt
follows that the point sets of the orbits through = and T coincide, and also if time is
reversed in the upper half of the cube, then the orbit startingat + and the one starting
at T reach reach the hyperplane H at the same time, hitting it perpendicularly. g

We are now ready to state a theorem on long paths.

Theorem 3.3. If A isa proper algorithm then for every e > 0, there exists an
orbit m, which 18 induced by A on the (KM) cube, such that for every vertex v of the

cube, the distance between v and the orbit w 18 less than e.

Proof: ~We prove the theorem by induction on the dimension of the cube. The
theorem is trivial for n = 1. Consider the general case n > 2. Consider the restriction
of the (KX M) problem to the “base” of the cube, that is, the face & characterized by
the equality =, = vx,—1. Thus, the problem of maximizing x, on ® is equivalent to
the problem of maximizing x,_1 on @, that is, the (KX M) problem in dimension n — 1.
It follows by the induction hypothesis that for every e there exists an orbit 7', that lies
completely within the base ®, such that the distance between any vertex of ® and =’
is less than e. Given € > 0, let y denote a point in ® such that for every vertex v of
the base @, the distance between v and the orbit through y is less than e. If x is an
interior point of the (KX M) cube which is sufficiently close to y then, by continuity, also
the distances between the orbit through = and all the vertices of the base are each less

than e. Moreover, by the symmetry proved in Lemma 3.2, also the point
T = (21, ,Tp_1,1 —ap)

has the property that the distances between the orbit through T and all the vertices of
the “ceiling” (that is, the face characterized by the equality =, = 1 — va,,_1) are each
less than e. However, these two orbits are actually the same by Lemma 3.2 and this

completes the proof. g

It is easy to see that for e sufficiently small, the path (whose existence was proven
in Theorem 3.3) visits the e-neighborhoods of the vertices of the cube in ascending order

with respect to the n-th coordinate, so in a certain sense it approximates the behavior of
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the simplex method. It is also interesting to note that not every ascending sequence of
adjacent vertices can be approximated by an orbit of the algorithm. The latter follows
from the symmetry property since the sequence of visited vertices of the base determines
the sequence of visited vertices of the ceiling. Interestingly, on the regular unit hypercube
every ascending sequence of adjacent vertices can be approximated by an orbit of the

algorithm. This is shown in Appendix A.

The linear rescaling algorithm was stated originally for problems in standard form.
For problems in the form (]5) we can do one of two things:

(i) We can introduce surplus variables
s = Az —b
constrained to be nonnegative. We then eliminate the « variables. Assume without loss of

(1

where B € R" " is nonsingular and N € R(™~™>"  Represent s = (sg,sy) and b =

generality that

(bp,bn) accordingly. Thus,
x = B! (bB + SB)

and the problem is

Maximize ¢! B lsg
(Ps) subject to NB 'sg—sy = by — NB 'bp

s > 0

It can be verified that if (2'; A', b, ¢') is obtained from (x; A, b, ¢) by a general affine trans-
formation as above, then both these problems have the same representation in the form
(Py).

(ii) We can develop an analogous algorithm, for problems in inequality form, based on
similar principles. This is included in the Appendix D. The search direction is then given

by the vector
v = v(x) = (ATDs_zA)_lc

where

D, = Dy(x) = diag(Aix — by, -, Apa —by) .
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We now prove that the algorithms outlined in (i) and (ii) above are actually the same.

Proposition 3.4. The vector v = (ATD§2A>_1 ¢ 18 equal to the vector u assigned
at x by applying the affine rescaling algorithm n standard form to the corresponding

problem (Ps).

Proof: Let Dp and Dy denote, respectively, the diagonal submatrices of D of
orders n x n and (m —n) X (m — n) corresponding to B and N. The direction As in
the space of the s variables is obtained by projecting the vector (DgB~1¢,0) € R™
orthogonally into the nullspace of the matrix (NB~'Dpg,—Dy) € RUm=m)xm and then
multiplying the result by Ds;. Thus As = (Asp,Asy) is the solution of the following
problem

Minimize |[DpB~"c—Dz'Asp|® + ||Dy Asn|?
subject to NB™1Asg — Asy = 0.

This is equivalent to

Minimize ||DpB~Te— D3'Asp|? + |DY'NB 'Asp|? .

Thus
—D3'(DpB e —D3'Asp) + BTINTDNB 'Asp = 0
or
(D5 + BT'NTDYNB™ ') Asp = B Te.
Since

ATD;?A = B'DZ*B + NT'DN

1t follows that
(ATD72A)B™'Asp = ¢

which completes the proof. g

Proposition 3.5.  The linear rescaling algorithm, applied to problems (]5) 18 proper
in the sense of Definition 5.1.
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Proof: In view of Proposition 3.4, we can rely on either form of the algorithm for
proving the required conditions. Reversibility is trivial to verify. Independence of the

representation follows from the fact that the vector s = Ax — b is invariant; thus,

1 1

(AM~TD2(AM™) (M Te) = (M TATD?AM™) " M~ Te

= M (ATD;?4) ¢,

Continuity and invariance of faces were proven in Section 2. Appendix D contains anal-
ogous proofs for inequality form. We now consider the convergence of linear rescaling
trajectories. First, note that the objective function is monotone increasing along trajec-
tories. Thus, all the accumulation points of a trajectory must have the same objective
function value. Moreover, if x is neither a vertex nor an optimal point, the objective
function strictly increases along any trajectory in a neighborhood of . By continuity,
this implies that the only candidates for accumulation points are vertices of the feasible
polyhedron and optimal solutions. In sections 4 and 5 we analyze the behavior of the
trajectories near vertices (see also Appendix E). It follows from our analysis that tra-
jectories cannot accumulate in nonoptimal vertices. It follows that if there is a unique

optimal solution, all the trajectories converge to it. g

Interestingly, Theorem 3.3 does not apply to the projective rescaling algorithm. Two
requirements of Definition 3.1 are not satisfied. First, the reversibility requirement. Recall
that the algorithm has to be applied to the problem in the form (K SF') with the additional
requirement that the optimal value be equal to zero. The transformation that takes a
problem into this form when we wish to reverse the sense of the optimization causes a
change in the direction of search which is, in general, not the reverse direction. Second,
although the invariance of faces holds, convergence within a face is not necessarily to the
optimum of the face, unless the face contains the global optimum of the problem. The
reason is that the projective rescaling algorithm induces paths that converge within faces

to optima of a “reduced” potential function. More precisely, let
P={ze€R": Ar=0,clz=1,2>0}
denote the feasible polytope and for J C N = {1,--- ., n} let

;=P nNn{xzeR" :2;=0,;¢J}
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denote a face of P. Every nonempty face ® y of P contains a center, namely, a point ¢

where the reduced potential function

bi(x) =|J|c e - Zlnxj
J€Jd
is minimized over ® ;. If the minimum of ¢’z over ®; is zero then paths through the
interior of ® ; converge to such a minimum of ¢’ . The latter lies on the relative boundary
of the face unless the linear function is constant on the face. If the minimum is not zero,

the point ¢ is interior. A detailed discussion of these issues is given in section 7.

We now consider the vector field V,,(x) given by the Newton logarithmic barrier func-
tion method with a fixed . This vector field is initially defined for y > 0. This vector field
is obviously not proper since convergence is to the optimum of the nonlinear approximate
objective function rather than the given linear objective function. Recall that V,(z) has
a limit as p tends to zero and, moreover, the direction of the limit V() coincides with
the direction assigned by the linear rescaling algorithm £,(x) (see [GMSTW]). Thus, the
vector field Vi (x) is proper. It follows that although V), (2) is not proper, it has “long”
paths if p is sufficiently small. More precisely,

Proposition 3.5.  For every e > 0, there exists a p, > 0 such that for every fized
p, 0 < p < po, the vector field V,(x) on the (KM) cube has solution paths that visit the
e-neighborhoods of all the vertices.
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4. The behavior of the linear rescaling algorithm near vertices

Consider the linear programming problem in standard form (SF). Let B denote
the square matrix of order m, consisting of the first m columns of A. We assume B is
nonsingular and B~!b > 0. In other words, B is a nondegenerate feasible basis. Let N
denote the matrix of order m x (n — m) consisting of the last n — m columns of A. We
denote the restriction of any n-vector v to the first m coordinates by vg, and its restriction
to the last n — m coordinates by vy. Thus, the objects ¢g, ¢y, xp and xy are defined with
respect to the vectors ¢ and x. Recall that by D = D(x) a diagonal matrix (of order n)
whose diagonal entries are the components of the vector z. Also, Dp and Dy are diagonal

matrices of orders m and n — m, respectively, corresponding to the vectors £ and En.

Recall that in the transformed space, the direction n = T,({) is the solution of the

following least-squares problem:
Minimize ||De— n|?
subject to ADn =0 .
This is equivalent to
Minimize ||Dgcp —ngl|*> + [[Dnen — nn||?
subject to BDpnp+ NDnny =0 .
In the original space, £ = Dn, so the problem is
Minimize ||Dgep — D3 ¢g|* + ||Dneny — Dy Ex)?

subject to Bép + Nén =0 .

Eliminating £ by the substitution {g = —B~!N{y, we obtain an equivalent problem:
Minimize |[Dgep+ D5 ' B™'Néy||> + |Dyen — Dy énll®

A vector £y is an optimal solution for the latter if and only if the gradient of the objective

function vanishes, that is,
NTB™ D' (Dgep + D' B™'Néy) — D' (Dyvey — Dy'én) = 0.
Equivalently,
(I+DYN"B™"DZ*B™'N)én = Di(en — NT'B Tep) .
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We now consider points « in the neighborhood of the vertex v(B) determined by B,
that is, v;(B) = (B~ 'b); for j =1,---,m, and v;(B) =0 for j = m +1,---,n. Obviously,
if # tends to v(B) then x5 tends to the positive vector B~1'b and zn tends to 0. Note that

the coefficient matrix of the latter system is
I+D3NT'B™'DZ*B™'N = I+0(||lan]|?)

so it tends to the identity matrix as  approaches v(B). We thus have

Proposition 4.1.  The nonbasic part of the search direction 1is

(v = Di(en = NTB Teg)+ O(|lan ") -

Notice that the vector

CN = CN — NTB_TCB

is precisely the “reduced-cost” vector associated with the basis B.

We first provide some intuition about the behavior of trajectories near vertices based
on the description of the asymptotic vector field. More rigorous arguments will be given
later. Consider the orbit induced by the (asymptotic) vector field £ at a point x in the
neighborhood of v(B). The underlying differential equations are

t; = —é&a; (J=m+1,-,n).

The solution is obviously,

O ——
) +¢jt
Recall that xp(t) is determined by xn(t), namely, xp(t) = B~1(b— Nan(t)). Notice that
v(B) is the unique optimal solution of the linear programming problem if and only if for
every j, j =m+1,---,n, ¢; > 0. If this is the case then the trajectory z(t) converges to

v(B). Moreover, as t tends to infinity, the direction of xx(#) tends to the direction of the

1 1
Em—l—l 7 7 611

Note that we obtain a unique asymptotic direction near a vertex corresponding to each

vector

face containing the vertex.
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5. More on the trajectories near vertices

It is convenient in this section to assume the vector field is real analytic even though
this is stronger than what is actually required. We now examine the behavior of the

solution curves of the equation

io= =2+ of[|z|*)

2 2

where € R" and we denote 2 = (23,---,22)T. It is convenient to express x in polar

coordinates. We start with a slightly more general problem and follow Gomory [G].

Let
F : R"— R"

be a real analytic vector field defined in the neighborhood of the origin. Consider the

differential equation

& = F(x).

Let
St = {a €R" : |z]| =1}

denote, as usual, the unit sphere in R". A nonzero vector * € R" is represented in polar
coordinates by a pair (o,u) where 0 = o(z) = ||z| and v = u(z) = Lz. Thus, the vector

x can be expressed as a product

where o € Ry and u € R" with |Ju|| = 1.

Consider a solution path & = x(#) of the equation & = F(x). The polar coordinates of
a point along the path are also functions of ¢, so we denote in short o = o(t) and u = u(t).
We shall represent the equation @ = F(z) in polar coordinates. The polar coordinates
pairs (o,u) are of course points in Ry x S"~1. We shall obtain an equivalent vector field

on a neighborhood of {0} x S"~! relative to Ry x S"~1.

First,



SO

do o T T
= = = u' F(x) = u' F(ou)
Also,
1
)= ——a(t
ult) = el
S0

du 1. 1 do 1
- = ;x—;ax = ;{F(Uu)—[uTF(au)]u} )

Since F' is real analytic, it follows that
F(z) =Y Fi(x)
1=0

where for every ¢ (i = 0,1,---), Fi(z) is a homogeneous polynomial of degree i. In our

case,

F(x) = —2* + of||2]]*)

where F' is real analytic so Fjy and F) are identically zero. Whenever there exists an m > 2

such that for every ¢ < m, F; is identically zero, we have

do

_ T T 4 T i
- = u' Flou) = u ZFZ(UU) = u ZO’FZ(U).

Similarly,

% = %{F(au) — [uTFlou)]u} = Z o' T {Fi(u) = [ul Fi(u)] u}

We have obtained a vector field which is well-defined in a neighborhood of {0} x S"~1
relative to Ry x S"71. In fact, if we divide by ™! we still obtain a vector field on the
same neighborhood and the orbits of the new vector field are the same as those of the old
one (in Ry x S™1). Note that the sphere {0} x S"~! is invariant in the sense that the
flow induced by the field on the this sphere remains in the sphere. Thus, we may consider,

instead, the following equations:

do T T . i—m+1

E:uF(au):u Za Fi(u),
and

du

G = LB - WA )
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As a vector field this can be written in the form

Vio,u) = ( ul Z o T (u) Z o' ™" {Fi(u) — [u" Fi(u)] u} )

(for 0 > 0) and

V(0,u) = ( 0, F(u)— [uTFm(u)] u ) )

The latter is just the projection of the homogeneous equation
& = Fplx)

into the unit sphere. The projections of the solution curves of the homogeneous equation

are solution curves as computed above. The derivative of V at a point (0,u), where

V(0,u) = 0, is the following;:

ul Fp(u) 0

DV (0,u) =
Frgi(u) — [uTFm_|_1(u)] u D, (Fm(u) — [uTFm(u)] u)

We now return to our special case where m = 2 and

Fia) = —a* = ~(ahoead)

7

and will study the behavior of orbits on the sphere 0 x S~ !. Consider the equation

that is,

If 27 > 0 then by integration, the solution is

1

then the ¢th component of the curve through =° is given by

x
(1) = . .
7il(?) x{t+ 1
If 27 = 0 then obviously
z;(t) =0.
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Thus, for every ¢ and j (1 <4¢,j <n)if 27,27 > 0 then

lim zilt) = 1.
t=oo (1)

These orbits project to orbits on the sphere.
We now study the zeros of the vector field

V(0,u) = ( 0, Fo(u)— [uTFz(u)] u ) = ( 0, —u®+ [uTuz] u ) )

Thus, the solutions of the system

<

m
+3
L

are the nonnegative solutions of the system

—ui—l—(Zu?)uk:O (k=1,---,n).
=1

It can easily be verified that a solution u of this system is characterized as follows. There
exists a J (1 < j < n) such that j components of the vector u equal % while the rest of

the components are zero.

The forward or w-limit points of an orbit u(t) are those points u° such that there are
t; tending to infinity and u(¢;) tending to u®. Backward or «-limit points are defined by
letting t; tend to —oco. We see from the discussion above that the w-limit points of f/((), u)
are precisely the 2" — 1 zeros of f/((), u).

We have

—uTy? 0

DV(0,u) =
Fs(u) — [uTFg(u)] u D, (—u2 + [uTuz] u)

To understand the stability properties of the zeros on the sphere, we calculate the eigen-

values of Df/((),u). Since it is lower triangular, the eigenvalues of DV(O,U) are of two
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kinds: (i) the number —u®u?, corresponding to o, and (ii) the eigenvalues of the matrix

D, (—u2 + [uTuz] u) =

—2uy + Y, u? + 3ud Suqu? e Suqu?
Suqu? —2ug + > u? +3ud - Sugu?
Supu? Supu’ s =2uy + > u? + 3ud

corresponding to u. The first eigenvalue is then

1
T 2 _ 3 _
—uu-—gw— .
‘ \/j

The other eigenvalues are those of the operator Dy (—u*+ (> u?)u) defined on the tangent
space to the sphere. Suppose that u € S"~1 is such that uy = v for all k such that uy # 0.
Then for every v tangent to the sphere at (0, u),

Z(?)u?vl)u = 372(uivi)u = 0.

Thus for an eigenvector v

where the sign is positive if the corresponding component of u is zero.

Thus, D,V has a component repelling from each facet in which u lies. Each vertex of
S_’r__l is a sources. Bach zero of D,V that lies on an edge has one stable eigenvalue. Each

zero that lies on a two-dimensional face has two stable eigenvalues, and so on.

Proposition 5.1. The only a- and w-limit points of the vector field f/((), u) on S_’r__l

are the zeros.

Proof: The w-limits were considered above. Consider the a-limits and recall that
the a-limits of an orbit are connected. First, an a-limit point in the neighborhood of
a source must be the source itself. Next, if there is an a-limit on an edge the «-limit
must be the zero in the interior of the edge (or the orbit would tend to a vertex) and the

orbit must limit at the zero. Now we argue inductively on ¢ that any «-limit point of an
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orbit, contained in a neighborhood of some face of dimension less than or equal to ¢, is
one of the zeros in the union of such faces. Assuming the assertion for ¢, we now prove
it for ¢+ + 1. Given an «-limit in the interior of a face of dimension ¢ 4 1, either the point
is the zero and the orbit limits at the zero or the inverse orbit of the point tends to the
union of the faces of dimension less than or equal to ¢. The orbit itself then tends to the
union of these faces by the induction hypothesis, hence a contradiction. By backwards
invariance any a-limit in a small neighborhood of the union of the (¢ + 1)-dimensional

faces is is already in the union. This proves our claim. g

For each zero u' of V(0,u), define W*(u') as the set of those points u whose a-limit
is equal to u', and define W*(u') as the set of those points u whose w-limit is equal to u'.
Note that W?*(u') is the interior of the face in which u' lies. We now define a pre-order
on the set of zeros of V(0,u). We write u' > ' if there is a nonstationary orbit whose
a-limit is v’ and whose w-limit is u". This pre-order has no cycles since the dimension
of the set W?*(u') is strictly increasing along a chain in the pre-order. For any fixed time
t, let qzt(u) denote the point on the orbit at time ¢, assuming it starts at u at time 0.
The transformation ¢, is called the time ¢ map of the low. For the proof of the following

proposition the reader is referred to to chapter 2 in [Sh]:

Proposition 5.2.  There is a time t, > 0 and compact sets
0=M,C M C-CMpn_y=587"

such that

(i) For every i, M; is the closure of its interior.

(1i) The difference M; \ M;_y contains one zero, denoted 2*, of f/(O,u).

(i1i) The image q;to(Mi) is contained in the interior of the set M;.

(iv) The intersection of the iterates QE?O(MZ) (that is, q applications of q;), for ¢ >0, 1s
equal to the union of the sets W*(z7) over all j <.

The construction described in Proposition 5.2 is called a filtration. We are now ready

for the proof of the following proposition.

Proposition 5.3.  Suppose



18 @ real analytic vector field defined on a neighborhood of the origin in R™. Suppose that
for every x > 0 and every i such that x; =0, also (V(x)); = 0. Under these conditions,
there exists an € > 0 such that if ° > 0 and ||2°|| < € then the solution curve ¢(t) =
Gyo(t) of the equation & =V (x) is defined for all nonnegative values of t. Moreover, as
t tends to infinity, ¢(t) tends to the origin tangent to the line {xy = -+ = x,}.

Proof: If x > 0 is sufficiently close to the origin then ‘2—;’ < 0. This implies that
$go(t) is defined for all nonnegative ¢ and ¢,o(t) — 0. Consider the vector field V and
the corresponding quo(t). The filtration described above can be fattened to a filtration
of a neighborhood of {0} x S§ 7" in [0,#] x ST 7" since 42 < 0. Thus every point tends to
a zero. The stable sets of zeros in the boundary stay in the boundary since the boundary
is invariant. Thus the orbit of any interior point tends to the point (0, ﬁe). It does
so with a definite limiting direction (see [H] on C'! linearization for contractions). This
implies that the projected curve in the x-variable is tangent to the ray through e at the

origin.

Note that throughout this section we used differentiability only up to second order.

In the context of linear programming, Proposition 5.3 translates to the following:

Proposition 5.4. Given a nondegenerate linear programmaing problem in standard
form, suppose we express the linear rescaling search direction vector field & in terms of
the nonbasic variables at the optimal vertex as in Proposition 4.1. Then any interior

solution curve 1s tangent to the vector

at the origin where the vector

18 the reduced cost vector.

The discrete analog of this fact was observed experimentally by Earl Barnes. Sub-

sequent to this analysis Megiddo [Me2] found different behavior for a class of differential

equations related to the barrier method.
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6. Differentiability of the Newton barrier function method

We continue to consider the problem in standard form (SF) and represent the new

point given by the algorithm at a point z,
= 4+ a(x)V(x) .

We say that the system (A,b) is nondegenerate if for every x such that Az = b, the
submatrix of A, consisting of the columns with indices j for which x; # 0, has rank m.
The feasible polyhedron P is the set of all the solutions of the system {Az = b, = > 0}.
We denote the interior of P by P.

Proposition 6.1. For a nondegenerate system (A,b), the matriz (AD2AT)™1
constitutes a well-defined real analytic mapping from the affine flat Ax = b into R™*™.

Proof: The mapping that takes a nonsingular matrix to its inverse is real analytic
by Cramer’s rule. Thus, we need only show that the matrix AD? AT is invertible at « € P
even when z; = 0 for some j’s. Suppose, without loss of generality, that z1,---,2, # 0
and 2p41 = - =2, = 0 (m < p < n). Write A = (B,N), where B € R™*P and
N € R™*0=P) Let & = (21, --,,). Since

D2 O
2 z
2= 5)-

AD?AT = BD:BT

1t follows that

which is invertible since BD, has maximal rank by the nondegeneracy assumption.
Obviously,
(AD?AT)™' = (BD?B")™! .

This completes the proof. g

We now recall that the Newton barrier vector field corresponding to the fixed value

of uis

Vi(z) = pvy = Dyry = Dy (I — D, AT(AD2AT)VAD,) (Dyc — pue)
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Proposition 6.2.  For a nondegenerate system (A,b),
(i) The Newton barrier vector field V,(z) 1s well-defined for every x € P and pn > 0 and,
moreover, at every such point it 1s real analytic.
(1) If © is on a face @ of the polytope P then the vector V,(z) is tangent to ®.
(151) If x 1s on a face ® then V,(x) coincides with the Newton barrier vector field (with

the same ) which is associated with the restricted problem on the face:
Minimize ¢’
subject to x € ® .

In particular, if x 1s a vertex then V,(x) = 0.

Proof: Claim (i) is obvious in light of Proposition 6.1 and the formula for V. For

claims (ii) and (iii), suppose (without loss of generality), as in the proof of Proposition

6.1, that z1,---,2, #0 and 2pqy; = --- = 2, = 0 (m < p < n), and let & also be as
there. We have
BD; O
AD, = ( L O)
Denote é = (cy,-++,¢,)T and ¢ = (eq,--+,¢,)T. We now have

and

On the other hand,
AD?*AT = BDIBT .

Substituting the right-hand sides of these equalities into the formula for V), we prove (ii)
and (iii). g
Remark 6.3. The nondegeneracy hypothesis implies that at a vertex = of the
polytope the matrix B is invertible. Thus
(BD2B")"' = B TD;’B"!

and the matrix

I— D, AT(AD>ATY'AD,
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is the zero matrix.
We now compute the derivative of V), at a vertex x.

Lemma 6.4, Let
M, = D,(I-D,AT(AD2AT)"'AD,) .
Then

M!(h) = Dy —2M,D,AT(AD? ATV 'AD, — D?AT(AD?AT)"'AD,,.

Proof:
M.(h) = Dy (I - D, AT(AD2AT)"'AD,)
+ D, (-D,AT(AD?A")"'AD, — D,AT(ADIAT)"'ADy)
which, since D, D, = Dy D,., equals
Dy, — 2D, D, AT(AD?AT)"1AD,
+ 2D2AT(AD2 AT AD, Dy AT(AD2 AT ' AD, — D2AT(AD2 AT ' AD,
=Dy — 2D, (I - D,AT(AD2AT)"'AD,) D,AT(AD?AT)"'AD,
— D?AT(AD?ATY'AD, .

Proposition 6.5. At a vertez x,

Vi(z) = —pl .

Proof:
Vi = (My(D.c— pe)) (h) = M!(R)Dyc— pe) + M,Dye .

Since M, = 0 (see Remark 6.3), and h is tangent to the polytope (so Ah = 0), it follows

that
VI(h) = Du(Dyc —pe) — D*AT(AD2AT)Y Y ADy(D,c — pe)

= —ph+ M Dyc = —ph .
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7. Differentiability of the projective rescaling vector field

In this section we develop results analogous to those of the preceding one. Thus,
we work in Karmarkar’s standard form (KSF). We assume nondegeneracy of the ma-
trix A (not the entire matrix A of the linear system of constraints). The sense of the

nondegeneracy is that for every x in the affine flat
L = {Az=0, Te =1},

the submatrix of A, consisting of the columns with indices j for which z; # 0, has rank

m. The polyhedron P is the set of all the solutions of the system
{Az =0, ¢T2=1, 2>0}.

The following proposition is essentially the same as Proposition 6.1.

Proposition 7.1.  For a nondegenerate problem, the matriz (AD* AT)™1 constitutes

a well-defined real analytic mapping from the affine flat L into R™*™.

Recall that
& =&p(x) = [D—aa"] [I— DAT(AD*AT)™"AD] Dec .

Analogously, we have

Proposition 7.2.  For a nondegenerate problem (A,b),
(i) The direction &, is well-defined for every x € P and, moreover, at every such point

it 18 real analytic.
1) If 15 on a face @ of the polytope P then the vector 18 tangent to P.
(i) polytop » g
151) If x 15 on a face @ then x) coincides with the vector which 18 associated with
p p
the restricted problem on the face:
Minimize ¢’ x

subject to x € ® .

In particular, if x 1s a vertex then ,(z) = 0.
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Remark 7.3.  Recall that the vector field £,(x) is well-defined even without the
assumption that the optimal value of the linear objective function equals zero. Thus,
the £, vector for the restricted problem on the face is defined this way and the restricted

problem is not transformed into the form KSF with optimal value zero.

Let
T = 7(2) = [I-DAT(AD?A")"'AD] Dc .

Thus,
£, = Dr(x) — ((:I;TT(:I;)> x .

Notice the vector V,(z) is well-defined even when p is negative. The following proposition

was first pointed out in [GMSTW].

Proposition 7.4. If the barrier parameter u is chosen as a function of the point x,

then

Proposition 7.4. For a nondegenerate problem, at any verter x,

ngix) = —u(x)l .

Proof: Since V,(z) is differentiable in (z,p), the vector V,(,)(z) is differentiable

and
depx) _ OVidp OV
de  Op dx dr
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Since V), (z) is identically zero (as a function of i) at any vertex,

v,
o !
and g 5
v
Y
dx ox (o)1

by Proposition 6.5. g
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8. The discrete version of the linear rescaling algorithm

In this section we consider a specific choice of a step size in the linear rescaling algo-
rithm (as in [Bar]). Given an interior point x, the algorithm determines a new point X,(x)

as follows

r) = x — 7&(1;)
() PID @]

where 0 < p < 11is a constant. The choice of p guarantees that X () is in the interior of the
polytope (see [Bar]). It has been proven [Bar, VMF] that for nondegenerate problems,
for any interior point x, X?(x) converges to the optimal solution. In this section we
study the asymptotic behavior and extensions to the boundary of this discrete algorithm.
Nondegeneracy in this section means (i) for every feasible solution x, the submatrix of the
matrix A, consisting of the columns corresponding to nonzero coordinates, is of rank m,
and (ii) every face of the feasible polyhedron has a unique optimum with respect to the

objective function vector c.

Lemma 8.1. Suppose the problem is nondegenerate. Let {x*} be a sequence of
interior points converging to a point T on the boundary of P. Let J denote the set of j’s

with T; # 0. Under these conditions, for every j € J, the ratio

Eo(a?);

kN2
(xj)
converges to a finite limit. In particular, for every j & J,

kY.
lim Sel@?), = 0.

Proof: Recall that
¢(z) = D2(I—AT(AD?, AT)TAD?, ) c.

Thus,
Eul=®);

(«f)?

and the lemma follows from the fact that the matrix (ADik AT)=1 extends continuously

= (e~ AT(AD} AT) I AD} ),

to the closed polytope.
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Let’s denote
o)

) = e

Theorem 8.2.  Suppose the problem is nondegenerate. Then,
(i) The vector field Vo(x) extends continuously to the boundary of the polytope and real
analytically at any point which 1s not a vertex.
(it) On any face ® of the polytope P, the vector field Vi coincides with the vector field
associated with the restricted problem on the face ®. In particular, Vi(x) is tangent to
each face that contains the point x and vanishes at vertices.
(i1i) The iteration

o= X(@) = o p Vila)

extends continuously to the boundary of the polytope.

(iv) The iteration X takes any face of the polytope into itself and is in fact the iteration
of the problem restricted to the face.

(v) If @ lies in the face @ then, as ¢ tends to infinity, X4 (x) converges to the minimum

of the linear objective function relative to the face ®.

Proof: By Lemma 8.1 ||D;'¢,|| has the appropriate limiting value on any face.
Also, &0 extends continuously to the closed polytope and vanishes only at vertices (see
Section 2). This establishes (1)-(iv) except at vertices. The value of the objective function
18

T x—x:—Lnggx,
(X(z) =) HD;l&H(f( )" &elx)

and this is negative provided z is not a vertex. Therefore, the only possible accumulation
points of iterates are vertices. The remaining claims will follow from local analysis of
the linear rescaling algorithm at vertices which is discussed below. It is convenient to
represent the points in terms of the nonbasic components at a nondegenerate vertex.
Let us also use N to denote the set of indices of nonbasic variables. If j € N, that is,

r; = 0 at the vertex then

(X(z)); = 25— p 51%~+ o=y
Vet + 0L 2l

Continuity at vertices follows from this formula. It is also clear that if = is in the relative

interior of a face ® and the iterates converge to a vertex of @ then all the é; (i € N)
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must be positive (assuming nondegeneracy). Thus, the vertex is a minimum relative to

d.

To study the asymptotic behavior of iterates near a nondegenerate optimal vertex,
we express the mapping X(z) in terms of the nonbasic variables alone. Recall that xy

denotes the restriction of the vector = to the nonbasic variables. For every j € N, we have

¢;a? + O] ||*
(XN(xN))j = 25 —p J ]:I_ (Ilz][*) ‘
Vien et + O]

Since the basic variables are affine functions of the nonbasic ones, we are reduced to

studying the asymptotic behavior of Xy near the origin. We first change variables. Let

for 7 € N, and let y = (yi);cn-

Proposition 8.3. The change of variables y; = ¢;x; conjugates Xn to Xn where
forj €N,

: . 1+0(l?)
Xn)) = vyi—ry;
(Xntw), = v =e e v+ O

in a neiwghborhood of the origin.

The mapping X is not differentiable at the origin, but its directional derivatives
along rays exist. As in the case of the vector field (see section 5), it is now convenient to

study X in “polar coordinates”. For convenience, assume without loss of generality that
N = {177n_m}

so Xy is a mapping from a neighborhood U of the origin in R"~" into R"~™. A vector

y € R"™™ can be expressed as a product
y = ou

where o > 0 is a scalar and v € R"™™ is a unit vector. Of course, o is just ||y|| and if y # 0

then u = ﬁy. If y > 0 then u € S_’r__m_l. In these polar coordinates Xy is expressed as

XN(UU)>

u?| [U—p(l—I—O(O' ) )u ])

I
X n(ouw]

1
[u=p(1+00o%)

Wiow) = wumm::Qmwwmu

= (aHu — p(140(a*)u?||
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where u? = (u?,---,u2_, )T and o is sufficiently small. Let
Z : Ry xS ™t 5 Ry x gnmml

be defined by

[u_pu2]> .

1
Z(o,u) = (ouu——puﬂ\,,

u — pu?||

Proposition 8.4. For any p, 0 < p <1, there s an r > 0 such that W, is defined

on [0,7] x ST and
W, ([0,7] x SE=™"1) C [0,r] x SE=™~ .

Moreover, the function values and the derivatives coincide at (0,u), that s, Z(0,u) =

W(0,u) and Z'(0,u) = W'(0,u).

Proof: All the assertions follow from the expression for W above and the chain rule

for differentiation. g

The map Z seems simple as it maps rays to rays. The ray determined by a unit vector

This contraction constant is minimized

at the unit vectors ¢ (i = 1,---,n — m) and maximized at ———¢ where its value is
vnR—m

1-— \/np_—m. We will show that (0, \/nl_—me) is an attractor for both Z and W. However, we

do not know yet the precise domain of attraction of this point even for Z. Let

u is contracted by the constant factor ||u — pu?||.

G Sf_l — Sf_l

be defined by
1
[ — pu?||

Glu) = (u— pu®)

so G 1s just the second coordinate of Z.

. . . . -1 1
It is not known whether every interior point of SV tends to T € under the

n—m

iteration of G.

Proposition 8.5.

Z’(O,ﬁ% B (1—O,f_m (1—%> I>




n—m

and hence <O — > 1s an attractor for both Z and W.

Proof:
1 ol <0 , 1_ 6> @]
zZ' (0 , 7e> = e
Vin—m 0 &' (ire)
_ P
_ 1 T @]
0 ()
and
1 (1 = 2pDu)o]" [u — pu?] 2
G'(uyv = ————— | (I =2pDy)v — U — pu )
W = ] (( pDs) fo—pa2r )

Thus, at \/ﬁ with v tangent to S_?__m_l,

o = (1= G

n—m

Proposition 8.6. There is a neighborhood Uy of the origin in Rl
borhood Uy C Uy of the intersection of Uy with the line

and a neigh-

{613;1 == En—mxn—m}

such that
(i) The set Uy contains a definite angle at the origin.
(it) For every x € Us,

for all v and j.
11) There exist constants K1, Ky > 0 such that
2

q q
- P - p
Ky (1- < || X3 <Ky |1—-——
H ( \/n—m> s Xyl s & ( \/n—m>

for all x and ¢ > 0.
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Proof: ~We need only prove the comparable facts for X]qv(y) and a definite an-

gular wedge around the diagonal {y; = -+ = yn—m}. Let Uz be a neighborhood of
1 . . . 1 .
<0, me) consisting of points attracted to <0, \/n—_—me> under W, that is, for v € Us,

1
lim W1 = [0, —/——
Jm W) ( me>
The set of points in R™"~"™ corresponding to Us contains an angular wedge about a small

piece of the line {y; =+ = yn—m}. Moreover, since the contraction rates given by the

eigenvalues of W' <0, \/nl_—me> are stronger along the sphere {0} x S?~™~! than along

the line through \/nl_—me, any orbit W(v) becomes tangent to the ray and convergence
to zero is at the largest rate along the ray. This type of argument can be found in

center-unstable manifold theory in [Sh].

Given a point = in the interior of the polytope and an optimal point z*, let

1
ag(x) = limsupglogHXq(x)—x*H
g—oo

be the asymptotic rate of convergence to the optimum. We have shown

Corollary 8.8. For a nondegenerate problem,

ay = 10g (1— ﬁ)

for a nonempty open set interior to the polytope.

E. Barnes has shown that

ay S 10g (1— ﬁ)

for any interior point x. It is still an open question whether

ay = 10g (1— ﬁ)

for all x interior to the polytope.
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9. The discrete version of projective rescaling algorithm

In this section we analyze the boundary behavior of the discrete iteration of the pro-

jective rescaling algorithm. The linear programming problem is considered in Karmarkar’s

standard form (KSF):
Minimize c¢' =z

subject to Ax =0
(KSF)

where ¢,z € R, A€ R™*" and ¢ = (1,---,1)T € R". Denote
Q ={zeR" : Ae =0}

S={zeR":ela=1,2>0}

and

P =0Qns.

We denote the interior of the feasible domain by P, that is,
P =Pn{zeR":z>0}.

The algorithm assigns to any point = € P a new point Y () defined as follows. Recall the

matrix A from Section 1 and the vector
np(x) = |I—A (AA )"'A| Dye .
For simplicity let us denote
n(z) = np(z) .

A unit vector, u(x), in the direction of n(x) is given by

1
()]

The underlying projective transformation at an interior point z is the following:

1
Dy .

T.(y) = ———D;
(y) GTDI_Iy
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Obviously, T, (x) = %e. In the transformed space the algorithm moves from the point %e

to the point

Yi(z) = le — yru(x)
n
where
1
S ——
n(n—1)

and 7 is a constant which was originally chosen as i. In the source space the new point
Y () is equal to the inverse image of the point Y'(z) under the transformation 7:
1
Y = ————— D, Y'(2).
@) = o D

For the sake of simplicity we replace r = 1/y/n(n — 1) by r = 1/n and call the resulting
vector Y(z) =Y, (z). It follows that

D, (ke = aptayn(®)
el'D, <%e — mn(:p))

D, (e - Wﬁ,)”n(l‘))
el'D, <e — mn(:p)) ‘

Y(z) =

In this section we assume nondegeneracy in the following sense. For any feasible point
x, the submatrix of A, consisting of the columns with indices j such that x; > 0, has rank
m. We also denote by 7(x) the orthogonal projection of the vector D,c into the nullspace

of the matrix AD,, that is,

r(z) = (I — D,AT(AD?AT)"*4D,) D,c.

Lemma 9.1. Suppose {a¥} 1s a sequence of interior points converging to a boundary
point ° € OP. Let J denote the set of indices j such that 2 # 0 (J # N ). Under these

conditions, if the problem s nondegenerate, then

lim (r(z”)); = 0

V—00

for every 7 & J and, moreover, the limat

L),

v
V—00 T
J
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exists for every j & J.

Proof: First, note that by the non-degeneracy assumption the matrix (AD?EV AT> !
tends to the matrix (AD?EOAT>_1 as v tends to infinity. Now, we have

r(&¥) = Dy [1— AT (AD2,47) 7" 402, | €

SO

(s ([r- a7 (ap2a?) ™ ap2] )

J
The latter tends to
([r- A" (ap2a™) ™" 4D o)

J

Corollary 9.2.  Suppose the problem is nondegenerate and the optimal objective
function value equals zero. Under these conditions, if x € P is such that ¢z > 0 then

n(x) # 0 and hence the mapping Y (x) 1s smooth at x.

Proof:  Suppose z is a feasible point such that n(z) = 0. Recall that n(x) is the
orthogonal projection of the vector D,c into the nullspace of A. This implies that n(z) is

CTI
n

also the orthogonal projection of the vector D, ¢ —

AD,. Thus, there exists a vector v such that

e into the nullspace of the matrix

CTJ/'

D,c— —e = (ADQE)TU.

n

Suppose first that « € P. In this case we have

T

ctr
c——D;le = ATy

n

and therefore both ¢ and CZI D;le induce the same linear functional on P. The vector

D 'e is positive which contradicts the assumption that the optimal value is 0. Now
suppose that z is a boundary point and let J denote the set of j’s such that z; > 0. For
every j ¢ J we have

(n(x)); = (—i) _ g



Lemma 9.3.  The vector e is orthogonal to n(zx).
Proof: ~ Obviously, the vector e is orthogonal to the vector D,c — CTTxe. Since

Az = 0, the vector e is also in the nullspace of the matrix AD,. This implies our claim.

For every J C N ={1,---,n}, let us denote
Ly={xzeR" : z;=0 for j&J}.

Thus, Ly is a linear subspaces of dimension |J|. The set J also determines a face of the

polytope:
d;=L;NP.

Let ¢’ denote the vector consisting of 1’s in the positions corresponding to J and 0’s in all
the other positions. We are interested in restrictions of the linear programming problem
to faces of the polytope P. Specifically, the restricted problem corresponding to the set J
is the following:

Minimize ¢’

subject to = € & .

This restricted problem gives rise to a new vector field ns(x) on the face ®; by ignoring
the vanishing coordinates (that is, those with indices not in J). Thus, ns(x) € L;. The 7
vector for the restricted problem is the same as the 7 vector for the original by Proposition

7.1 and section 6.

A
ni(x) = r(e) — eV
| ]|
CTJ} N
77(51?) = T(l') - 76
and .
1 1
n(x) =ns(x) + 'z (m - ﬁ) e’ — %eN\J

J

and these vectors are mutually orthogonal since e” is orthogonal to 7 s(x) by Lemma 9.3

and ¢’ and 77(z) lie in Ly which is orthogonal to ¢™\7. So we have
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Lemma 9.4.

@l = sl = (= 2 erar

Lemma 9.5.

Dyn(z) = Dyny(x) + ¢’ <|17| — l) x

n

Lemma 9.6.  If the problem (KSF) has a unique minimum then for a nonoptimal
point x,
(i) ()] < '
(it) (@)l + Ins(2)]| < 2¢" ', and
(i) o)l = sl > & (g = +) e

Proof: Inequality (i) implies inequality (ii) by Lemma 9.4. The equality of Lemma
9.4 divided by the inequality (ii) implies inequality (iii). Inequality (i) was proved in

[Blu] and we provide here another proof. We have
1 1
(ch)T (—e — 777(1:)) > 0.
no nlln()l

Now, n(x) equals the projection of the vector D, ¢ into the intersection of the nullspaces

of the matrix AD, and the vector eX. Thus

1 (@) n(x) ()l

S e K o) I TTea]

This implies the claim at interior points x. By continuity the claim (i) holds on the

closed polytope and hence (ii) and (iii) follow.

Suppose still that the problem has a unique optimal solution. Consider the vector

1
D, Y'(2) = 2 — ———— D,n(z) .
no nlln(e)]
Obviously, for any constant M = 0,
D, Y'(x) = MD,Y'(x)

eI'DY'(z)  €TMD,Y'(x)
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It follows from Lemma 9.5 that there is a certain constant M such that

MD,Y'(z) = x— B Dyni(x) .
(o)l = e (= 1)

For v < %, it follows from part (iii) of Lemma 9.6 that

ol =2t (=7 ) > sl + (5 -7 ) o (G- ) > Il

It thus follows that the point MD,Y'(x) lies on the line segment between z and x —
mn(:p) and thus Y(x) lies on the line segment between @ and Yj(x), where Y(x) is

the point assigned by the algorithm when the problem is restricted to the face @ ;.

Let us denote by Y?(x) the transformation resulting from ¢ iterations of Y, that is,

Yi(z) =Y (2) and Yt (2) = Y(Y(2)).

Given a face ® ; that does not contain the global optimum, let A’ denote the submatrix
of A consisting of the columns j such that j € J, and similarly let ¢/, 2" and ¢' denote the
corresponding subvectors of ¢, @ and e, respectively. The problem (I SF') restricted to the

face @ is the following;:
Minimize (¢')7z’
subject to A'z' =0
(eHa' =1

' >0

(KSF))

The vector n(x) defined above for problem (I SF) is well-defined for the problem (K SFy),

where we denote it by ns(x). We associate with the face ® ; a reduced potential function

() = |J|1ncT:1;—Zln:1;j,

J€Jd
defined only for interior points of the face. We denote the interior of the face ®; by d .
Theorem 9.7.  Suppose the linear programming problem (KSF) us nondegenerate

and the optimal objective function value 1s 0. Under these conditions

(i) The transformation Y (x) extends continuously to the boundary of P, leaving each
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face mvariant.

(i) If « lies on a face ® 5 then Y(x) lies on the line segment between x and the point
Yi(x) which is assigned by the algorithm when the problem is restricted to the face @ ;.
(151) For every x € P, the limit AN(x) = limy—.oc Y9(x) exists. Moreover, if ®; is the
smallest face that contains x then \(x) is precisely the minimum of the reduced potential
function with respect to the face ® ;.

(iv) The mapping Y (x) s smooth at every x € P except, perhaps, at the optimal vertex
of (KSF).

(v) Every nonoptimal vertez is a local repeller.

Proof: The continuity of Y'(z) at the optimal vertex follows from the convergence
of Karmarkar’s algorithm. It remains to analyze the vertex behavior and the iterates

Y?(x). Let « be a nonoptimal vertex. Let

. v
) = = 2T |

Since el'z = 1, it follows by the Cauchy-Schwartz inequality that [#Tn(2)| < ||n(z)]| so

é(x) is well-defined. Moreover, by Corollary 9.2, ¢(x) is positive and differentiable away

from the optimal vertex. Thus,

Y(z) = @ —o(2)p(2) -

Consider the derivative %. Since y(x) = 0 at any vertex, we have

dY () dg() dgp() _ d§p(2)
o = I 6(@) —ea) == = T g(e)=7— .

By Proposition 7.4, for any vertex x,

d%ﬁi&i) = Vl:(:z:) = —u(a)I .

By Lemma 9.8 below, pu(x) > 0 at a vertex. Thus,

D (4 s

and hence x is a repeller (a source; see [Sh]).

Lemma 9.8. If x € P is such that £,(x) = 0 then p(z) = 277(z) > 0 with equality
holding only at the optimal vertes.
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Proof: We have

If 2; = 0 then by Lemma 9.1 also (7(z)); = 0. Thus, all the nonzero components of

7(2) have the same sign as p(x). By Lemma 9.3,

so el'7(z) = cTe > 0 and hence u(z) > 0. |

We now return to an analysis of the iterates Y (). In the following lemma we consider

faces of the polytope P which do not contain the optimal vertex.

Lemma 9.9.  The zeros of the vector field ny(x) in ®; are zeros of the gradient
vector field of the reduced potential function ¢ j(x) in ® ;.

Proof: As in Corollary 9.2, nj(x) = 0 if and only if the vector

()T

c — 7] D;,le'

is orthogonal to the nullspace of A’. The gradient of the reduced potential function is

VT In(¢) 2" — Zlnxj = ¢ — Dt
jeJ

so the gradient i1s zero if this vector is orthogonal to ® ;. Since the two vectors are

multiples of each other they are simultaneously orthogonal to ® ;.

Now it is not hard to see (as in [Karl]) that when ns(x) # 0, the potential function
evaluated at Yj(x) is strictly less that its value at © and the same for any point on the
line segment between x and Y(x). This is true because Karmarkar’s proof is valid for all
constants strictly between 0 and + and these points generate the line segment. Suppose
T € Ci>J where @ ; does not contain the minimizing vertex, so ¢’z > 0on ®;. The function
Y 7(Y](x)) decreases in value and by compactness the sequence {Y{(z)} has limit points
in ® . Any limit point must be a zero of 5y for if ¢; — co and Y7/ (z) — 2° and ns(2°) #0
then ¢ ;(Y (2°)) < tj(2°). For ¢; sufficiently large ¢J(in+1($)) < thy(x°), but then the
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subsequent iterates of Y{(z) (¢ > ¢;) cannot return to a small neighborhood of #° where
Y takes on values greater than ;/)J(Y}i—i_l(:z;)). Since 1 has only one critical point in & ;,
any x in Ci>J tends to this point. If ®; contains the minimizing vertex then Ci>J has no
critical points of 17 and by a similar argument as above Y/(z) tends to the minimizing

vertex as ¢ tends to infinity.
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Appendix A. The linear rescaling algorithm applied to the hypercube

Consider the general linear programming problem on the unit cube

n
Maximize Zijj
J
subject to 0 < x; <1 (j=1,---,n).
Let ¢ = (c1,-++,¢p,0,-++,0)T € R?". The standard form of the problem is to maximize

ez (x € R?™) subject to Az = e, where the underlying matrix is

1 1
A= :
1 1
and e = (1,---,1) € R™. Let T; =1 —a; (j = 1,---,n) and let us restrict attention to
vectors of the form & = (21, -+, 2,,T1, -+, Tpn)’ € R*™. We denote by D a diagonal matrix
of order 2n whose diagonal entries are x1,---,x,,%1, --,%,. The vector field associated

with the linear rescaling algorithm assigns to a point x the vector

¢(z) = D*c— D*AT(AD?*AT)"'AD%c .

Now,
—2
:1;% + 77
AD?*AT =
2 2
Ty + T,
and .
2 2
AD? B xicy x5 cn
© = 2?2 + 72 T a2 472 '
1 1 n n
It follows that
D*AT(AD?* AT 'AD?c =
4 4 2-2 22 T
B ( xicl T, Cn ryiTie 5T Cn >
- —2 ) —3 —2 ) ) .
xf + 7 vp +T, @i+ T vy + T,

We now have the expression for the vector field:

xd 227 3¢; ]
(&(:L'))] = (“’3 - 7]52> c; = ]7]] (j=1,---,n).
J



It interesting to examine the orbits in this vector field. Fortunately, the underlying

differential equations are separable. For every j (j =1,---,n),
x?T?Cj
YT 2 T2
J j

It follows that
T T

Gwp T 70
The solution is given implicitly by
1 1
oo nm Y
where . .
T T T no
It follows that for every j (7 = 1,---,n) the function x; = «;(t) is monotone increasing

with z;(—00) = 0 and zj(c0) = 1. Suppose, for simplicity, that ¢ = (1,---,1)%. Tt is
casy to verify that for every e > 0, if C; — C; > % then there exists a time ¢ such that
x;(t) > 1—e while z;(t) < e. Consider any permutation (¢y,---,,) of the indices (1,---,n).
For simplicity of notation, let us assume though that (i1, --,¢,) = (1,---,n). Suppose we

choose the initial point (0) to be of the form
2 = 2°(8) = (6,6%,---, 67T

where 6 > 0. For every € > 0, there exists a 6 > 0 such that the orbit through the
point x°(§) visits the vertices (0,---,0), (1,0,---,0)T, (1,1,0,---,0)T .- (1,--- , 1)T in
this order. Note that there is a one-to-one correspondence between such permutations of
the set of indices and ascending paths of vertices of the hypercube. Thus, the following is

true:

Proposition A.l. For any linear programming problem on the unit hypercube,
every ascending path of adjacent vertices can be approrimated by an orbit in the vector

field induced by linear rescaling algorithm.
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Appendix B. Projective rescaling trajectories on the unit simplex

We consider linear programming problems on the unit simplex A, that is, problems

of the form
Minimize ¢la
(S) subject to ela =1
x>0
where e = (1,--+, 1), ¢,2 € R". Furthermore, to simplify the statement of the projective

rescaling algorithm, we restrict attention to those problems in which the optimal value of
the objective function problems is zero. Let x be any interior point, that is, + € R™, x > 0
and e’z =1 and let

D = D, = diag(xy, -, xy) .

Obviously, De = z.

The projection of any vector v € R™ on the subspace {z : e’z = 0} is equal to

The search direction is derived as follows. The interior point & determines a projective

transformation T, defined by

1

-1
eTD_lyD Y.

T.(y) =

Thus, Ty(x) = %e. The search direction in the image space is computed by projecting the

vector Dec on the subspace {z : eTz = 0}. This projection equals
Lo r
De — —(e' De)e
n
and also
1
De — —(c"z)e .
c n(c x)e

Thus, in the image space the algorithm moves from the point %e to a point of the form

Loy [Dc — l(chc)e] ,

n n
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where ¢ > 0 is a certain scalar. The inverse image of such a point is equal to

x —t[D% — L(cTa)z]

7

—t[e"D?c — L(cTa)]

1
n
1

The movement is in the direction of the difference between the latter and x which is

proportional to

—D?c+ (eTch):L' )

In other words,

Proposition B.1.  The search is from x in the direction that takes away from the

point
1

m(x) = eTchDic'

A useful interpretation of the search direction is as follows. Imagine the vertices of

the simplex (that is, the unit vectors el,--- e") are repelling. Suppose the force at x that

2
J

forces is the search direction at x. In particular, if ¢ = ¢! = (1,0,---,0)T then for every x

pushes away from e’ is proportional to z%¢;. Then the direction of the resultant of these
(x > 0, eT'x = 1), the movement at = is away from the point e¢!. This means that all the
trajectories are straight lines, namely, starting at an interior point x, we move along the

1

line determined by = and e!, away from e!, until we hit the face where the first coordinate

vanishes. The following proposition generalizes this observation.

Proposition B.2.  Suppose the objective function ¢ has the form
¢ = (017...7ck707...70)T

where ¢1,---,cp > 0 (k < n). Let x° be an interior point of the simplex. Under these
conditions, the trajectory induced by c, starting at x°, has the following properties:

(i) For everyi,j >k, for any x along the path,

x; x

=.Q

.0

and, in particular, the path hits the point
1

T
ﬁ<07...707x2+17...7x2> ]
i=k+1 Vi
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(it) The projection of the path on the

projection on the first k coordinates of the path starting at (x7,--

where the problem 1s
Minimize

subject to

set of the first k coordinates 1s the same as the
T
) 71’27 E?:k—i—l xf)

C121 + -+ CrTk
r1+ g = 1
rz; > 0.

Proof: It is easy to verify the claims by looking at the differential equations
defining the path:
22
b= ai— e (i= 1, k)
2
Ej:l €5
T, = (i:k—l—l, ,n)

Let us denote by z* an n-vector in

the unit simplex, consisting of 0’s in the first %

positions followed by equal coordinates in the last n — k positions. Thus,

ZO

n

n —

n —

1
(171717"'71)T7

1(071717"'71)T7

2(070717"'71)T7

and so on. The next proposition asserts that there exist objective functions that induce on

the simplex trajectories that visit the neighborhoods of all the points 2%, (i = 0,1, -+, n—1).

Proposition B.3.

For any 6 > 0, there exists an objective function vector c

(¢; >0,1=1,---,n—1, ¢, =0), such that in the problem (S), the trajectory starting
at the center z° wvisits the §-neighborhoods of the points z',--- 272 and then hits the

n—1 n

optimal point z =",

Proof: Let 6 > 0 be any number.

function vector

Consider first the problem (.5) with the objective



With this vector, starting at z°, the trajectory hits the point z!. Let us now consider

an objective function vector of the form

cl - (176707"'70)T7

0 the trajectory hits the point z2.

where ¢ > 0. With the vector ¢!, starting at z
However, by continuity, there exists an €; such that the trajectory will also visit the

8-neighborhood of z!, provided € < €. Let us now set € = e; where 0 < ¢; < €, so
¢ = (1,6,0,---,0)7 .
Suppose, by induction, we have defined
k= (1,61,62,---,ek,O,---,O)T

(k < n —2) as an objective function vector such that with ¢, the trajectory starting
at 2%, visits the é-neighborhoods of the points z',---, 2% and then hits the point z¥+1,

Consider now an objective function vector of the form
k+1 T
c - (17617"'76/676707"'70) s

where € > 0. With the vector ¢*t!, starting at z°, the trajectory hits the point z*.
However, by continuity, there exists an €;4; such that the trajectory will also visit the

2 k+

8-neighborhoods of the points z!, 2%, -+ 2*T! provided e < €,4;. We now set € = €j4;

where 0 < €x41 < €41, SO
k+1 T
P (17617...7616_1_17()7...7()) .

Our proposition follows with k =n — 2.

Corollary B.4. For every 6 > 0, there exist an objective function vector ¢ and an
interior point of the simplex, x, such that the projective rescaling trajectory induced by

¢, starting at x, msits the 6-neighborhoods of all the vertices of the simplex.

Proof: First, for any € > 0, consider a projective scaling transformation, 7, defined

by .
T
Tf(y) = ﬁ(ﬁyl,ﬁzyz,-”,ener .
Dim1 €Y
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Every face of the unit simplex is invariant under T.. It is easy to verify that when €
tends to zero, the point 2' tends to the vertex e'*! (1 = 0,1,---,n — 1). It follows from
Proposition B.4 that for every e there exist objective functions inducing trajectories that

visit the neighborhoods of the points T.(2*) (i = 0,1,---,n). This implies our claim. g

It is easy to see that the arguments used in this appendix actually suffice for proving

a stronger result:

Proposition B.5. Let P € R™ be any polyhedral set and suppose v € P is
any nondegenerate vertex. Under these conditions, there exist n pairwise distinct points
zl. .- z™ € P such that for every 6§ > 0, there exists an objective function vector ¢ that

satisfies the following:

T

(i) the vertex @ mazimizes the function ¢’ « over P, and

(11) the projective rescaling trajectory through x' wvisits the §-neighborhoods of all the

; 1 n
points x=, - -, a".
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Appendix C. A lemma on orthogonal projections

Lemma C.1. Let A € R™*" and B € R™2*" be matrices such that ATB = 0. Un-
der these conditions, the orthogonal projection of any vector v € R™ on the intersection
of the nullspaces of A and B can be obtained as follows. First, project v orthogonally
into the nullspace of B, and then project this projection orthogonally into the nullspace
of A.

Proof: Without loss of generality, assume A and B are of full rank. Let

A
C- ( B) |
Since ATB =0, it follows that

v [AAT 0
CC_<0 BpT ) -

Also, since AAT and BB are nonsingular (even positive-definite), CC7 is nonsingular.

The orthogonal projection of v into the nullspace of C' is given by
I—-ctcch 'l .
It follows that
clcety ¢ = AT(AATY A+ BT(BBT)'B..
On the other hand, the sequence of projections stated in the lemma results in the vector
[I — AT(AATY VAT - BT(BBT)™'B]v .

The lemma now follows since ABT = 0. §
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Appendix D. On the general barrier method in inequality form

In this appendix we consider a more general barrier function technique, where the
barrier function is not necessarily the logarithm function. We also work here with the

linear programming problem in the inequality form
Minimize ¢a
subject to Ax > b

where A € R™*" is of full rank. We assume the feasible domain is of full dimension. The

barrier function method works with a related function
fle) = o+ p) g(Aiw—b;)
=1

where A; denotes the ¢-th row of the matrix A, p is a positive parameter which is driven by
the algorithm to zero, and ¢(¢) is a convex function over the positive reals such that ¢(¢)

tends to infinity as £ tends to zero. The common choice, which was discussed throughout
this paper, is ¢(§) = —In¢.

The Newton barrier function technique amounts to taking a Newton step with respect
to the problem of minimizing f(x), followed by an update of the value of . Let x be a

point such that Ax > b and let D! denote a diagonal matrix of order m:
D, = diag(g'(A1x—b1),- ¢ (Amz —bp)) .
It is easy to check that the gradient of f(x) is
Vf(z) = c+pATDle
where e = (1,---,1)T € R™. Let
D} = diag(g"(A1x —b1),-- . ¢"(Amz — bm)) .

The Hessian matrix is thus

Hylz) = pATDIA.
The direction given by Newton’s method is the same as the direction of the vector
_ -1
v = H;'Vf = (A"DJA)  (c+pA"Dle).
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So far we have not specified the choice and update rule of u. Consider first the case
where p 1s taken at its limit, that is, we set u to zero after the Newton direction has been

computed. In other words,

v = (ATD'Ay ¢,

Remark D.1. We note that with ¢(¢{) = —In ¢ this choice of u yields the analogue
of the linear rescaling method for the problem in inequality form (see also [GMSTW]).

The latter can be seen as follows. Given an interior point x, consider the ellipsoid
E = : zm: Ay —b )\
- v — A;x — b - '

In other words,

E = {y:[D;'(dy—0)—e] <1}.

The direction v corresponds to moving towards the minimum of the function ¢’y over

E. Thus, consider the following optimization problem with respect to v:
Minimize cT(:L' + v)
subject to || D' [A(z +v) —b] —¢| = 1.
Since D 1(Ax — b) = e, it follows that this problem is equivalent to
Minimize ¢Tv
subject to ||D;'Av|| = 1.

However, we are interested only in the direction of the vector v, so we can write the

following set of equations for the optimality conditions:
(ATD2Aw = ¢.

This implies our claim that the choice p = 0 yields the analogue of the linear rescaling
algorithm. Notice how the linear rescaling algorithm is simplified when the problem is

posed in the inequality form rather than the standard form.

We now return to general barrier functions g and consider the limiting behavior of

the direction

v = v(z) = (ATD"A) e
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as the point x approaches the boundary of the feasible domain. Recall that the matrix
A is assumed to be of full rank and the diagonal entries of D! are positive. The vector

v = v(a) is the solution of the system
(ATD"Aw = ¢.

An equivalent system is obtained by defining w = D! Av:

(D;’)_lw —Av =0
ATw =

Let R = R(x) denote the following diagonal matrix:

) 1 1
R = diag " T "
g"(Ajx —by) \/g (Apx —by)

The equations that determine v and w are the optimality conditions of the problem

Minimize ||Rw H2

(O(2))
subject to ATw = ¢.

For an interior point x, the optimal solution is unique, w = w(x). The optimization
problem (O(T)) is well-defined but the solution is not necessarily unique. Suppose « tends
to a boundary point T. Let’s assume that the function ¢(¢) that underlies the barrier
method is convex, twice differentiable continuously, and ¢"(£) tends to infinity as & tends
to zero. Since ¢"(0) = oo, the matrix R tends to a finite limit R (with some diagonal
entries equal to zero), which we denote by R(T). Assume, without loss of generality, that
for: =1,---,0, AT > b;, whereas for : = ( + 1,---.m, A;T = b;. Let us rewrite the
optimization problem in the form

Minimize |RYwl]? +||R*w?|?

subject to ATw! + Alw? = ¢,
where the indices 1 and 2 correspond to the first ¢ and the last m — ¢ rows of A, respec-

tively, and describe submatrices accordingly. Denote the optimal value of the optimization

problem (O(x)) by f(x).

Proposition D.2.
lim f(z) = f(7) .

r—x
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Proof: First, for any w such that ATw = ¢,
fle) < |R(z)wl*,

and hence

lmsup f(z) < | R@)w]? .

r—T

Let w be an optimal solution for (O(T)). It follows that for

limsup f(z) < |R@T|? = f(=) .

r—T
Second,

flz) = B (2w (2)|I* + IR (2)w (@) = [|R (x)w (2)]* .

It follows that

liminf f(z) > limsup||R'(z)w!(2)|?
and ||R'(z)w!(z)]| is bounded in a neighborhood of T, since f(x) is. This implies that
w!(x) is bounded in a neighborhood of . Now, let w* be any accumulation point of
wl(x) as x tends to T. Obviously,

limsup |R' (2)w' (2)|* = [|R'@)w"[|* = [|R@)w]* = (7).

r—x

This finally implies our claim. j

Proposition D.3. The vector R(x)w(x) converges as x tends to T.

Proof: Let L denote the set of all vectors w! € R’ for which there exists a vector
w? € R~ such that

ATwl + ATw? = ¢

Let us denote by w!(Z) the unique solution of the following optimization problem (in

terms of w! ):

Minimize || RY(7T)w!||?
(O1()) 1R (T)w|]

subject to w' € L.

Since R*(7) = 0,
f@ = IR @' @) .
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On the other hand, for any x we have w!(x) € L, so
IR @) ()] = R (@) @) = f(7).
Since R(x) tends to R(T),
liminf || RN (T)w' (2)|]* > f(7)

and

lin inf | R (o) ()] > f(T)

This implies that ||R?(z)w?(x)||* tends to zero, so R*(z)w?(x) converges to zero. More-
over, it now follows that ||R!'(2)w!(2)||* converges, and its limit is necessarily equal
to f(T). Any accumulation point of w!(x) (as z tends to ¥) is an optimal solution to
(O1(2)). However, the latter has a unique optimal solution. It finally follows that w!(z)

converges to w'(T). This completes the proof.

The behavior of the direction of v(x) as @ approaches a boundary point is summarized

in the following theorem.

Theorem D.4. Suppose the function g(&) is convex, twice differentiable continu-
ously, and ¢"(&) tends to infinity as £ tends to zero. Under these conditions, the vector
field v = v(x) extends continuously to the boundary of the feasible domain. Moreover,

the direction of v(x) tends to a direction parallel to any face ® as v approaches ®.

Proof: 1In Proposition D.2 we showed that, as = tends to T, the vector Rw tends
to a vector of minimum norm relative to R. Thus, (D) 1w also tends to a finite limit,
and Av tends to the same.Since A is of full rank, v converges to a limit. Moreover, for
every ¢ such that A;7 = b;, (D;’)i_ilwi tends to zero so, necessarily, A;v tends to zero.
Obviously, this means that the direction of v tends to a direction parallel to the face

that contains the point T in its interior. g

Theorem D.4 generalizes to any fixed value of u. The direction v is given in general

by the equation
(ATD"Ayw = c+pATd,

where d!, = D! e. Let
u = DIAv —pud, .
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We now have an equivalent system

(D7) u+ pd) —Av = 0
ATy = c.
With R denoting the same matrix as above, the equations that determine v and u are

precisely the optimality conditions of the problem

1
Minimize §HRuH2 + i [(D;’)_ld'f]Tu

subject to ATu = ¢
We first observe the following:

Proposition D.5. Suppose ¢(€) is a real-valued function satisfying the following
conditions:
(i) g(&) s differentiable in an open interval (0,a),
(i1) g(&) tends to infinity as & tends to zero,

(i) The derivative ¢'(£) 1s monotone.

g(&)
g' (&)

Under these conditions, the ratio tends to zero with €.

Proof: Since ¢' is monotone, ¢' tends to —oc at 0. Thus, ¢ is monotone decreasing,
and hence invertible, in a neighborhood of 0. For y near 0, let y* denote the smallest

value such that ¢(y*) = 7¢(y). Obviously, y* > y. Since ¢ is convex and differentiable,

%g(y) = gly)—g(y*) < d' W)y —y*) .
Thus,
20y —y*) < 5,((yy)) < 0.

It suffices to show that y — y* tends to 0 with y. Now pick z, and define 2; (0 < z; <
:L'i—l) by

g(z;) = 2g(xi-1)
for ¢ > 1. Obviously, the sequence {z;} is monotone decreasing and converges to 0, so

Ti—o — x; tends to 0. If y lies between x; and x;_; then y* lies between x;_; and x;_».

It follows that

y -y < Tio — )
which tends to 0. g
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The asymptotic behavior of the direction of v in the general case is summarized as

follows:

Theorem D.6. Suppose the function ¢(£) 1s convex, twice differentiable con-
tinwously, and ¢'"'(€) tends monotonically to infinity as & tends to zero. Under these

conditions, the vector field
v = u(e) = (ATDYA) e+ pATdL)

(where 1 fized) extends continwously to the boundary of the feasible domain. Moreover,

the direction of v(x) tends to a direction parallel to any face ® as v approaches ®.

Proof: By Proposition D.5 and our assumptions about the underlying function
g(&), the vector d = (D")~1d’ tends to a finite limit and, moreover, if 4;z — b; tends to
zero then also d; tends to zero. As in the proof of Proposition D.3, it follows that here

the vector Ru approaches a finite limit and hence the vector
Av = R?u+ pd

approaches a finite limit. Moreover, it also follows that the direction of v tends to be

parallel to the face as before. j
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Appendix E. The behavior of the barrier method in inequality form near vertices

Let us now consider the behavior of the general Newton barrier algorithm (for problems
in inequality form) in the neighborhood of a nondegenerate vertex. Let V denote any
nondegenerate vertex of the feasible polyhedron and suppose, without loss of generality,
that the first n constraints are tight at V. Let B denote the (n x n)-submatrix of A
consisting of the first n rows. Thus, B is nonsingular. Also, let N denote the submatrix
consisting of the other m — n rows of A. Let D', D%, D', and D denote the square
submatrices of D! and D! corresponding to the indices of B and N as suggested by the
notation. Obviously,

ATD'"A = B'DYB + NT'DY\N.

When the point « tends to the vertex V', the diagonal entries of D, tend to infinity while

those of DY; tend to some finite limits. It follows that

1

(AT Dy A4)!

_ -1 _
(1 + (B"DyB) ' NTDYN)  (BTD}B)
= (I + B(DY) 'B""NTDYN) ' BN (D}) BT
so (AT D" A)~! is asymptotically equal to B~Y(D',)~1B~T.

Consider the approximate field in the neighborhood of the vertex V. The underlying

differential equation of the approximate field is the following:

) _ I 1
X = —B I(D%) 1B T(C—|—ILLATDlﬁ€> .

We gain more insight if we change variables as follows. Let

s= Bz —bp.

The problem in terms of s is
Minimize ¢ B 's
subject to AB™! >b— AB lbp .

Let ¢ = B~ T¢. Also, note that § = Bi. It follows that differential equation in terms of s
is the following:
§ = —(DH)le—pu(DE) "B TATD e .
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Note that
B TAT =(1 B7TNT)

SO

§ o= (D) (64 pBINTD ) — (D) Dlge
Under our assumptions about the function ¢, the dominant term in the latter is
—u(Dg) ™' Dige .
Interestingly, when ¢(¢) = —In(¢) this has a very simple form:
—(D%)'Dlge = s.

This shows that for any fixed p > 0, if x is sufficiently close to the vertex V then x is
repelled from V.
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Appendix F. Differentiability of the linear rescaling vector field

In this appendix we prove the differentiability of the linear rescaling vector field on the
entire feasible region. Thus, we have here another proof of the continuity already proven

in section 2. We use the same notation as in section 2.
We consider points z in

P ={x: Aze=b, x>0},

Tx. Suppose the point = tends to . Denote N =

where the problem is to maximize ¢
{1,-+-,n}. Let I; denote the set of indices 7 such that 7; > 0 and let I, = N \ I;. Let A;,
¢ = 1,2, denote the submatrix of A consisting of the columns with indices in I;. Let R,
and Ry denote the subspaces of R" corresponding to the sets I, Is. Also, for any n-vector

z denote by ! a subvector corresponding to I;.

We use the following notation:
E = {y: Ay = 0}; this is a fixed subspace in R"
¢ - The objecive function vector; this is a fixed vector in R"
Ey = E N Ry; this is a fixed subspace in R"
F' - The orthogonal complement of F; in E; also fixed
ne - The orthogonal projection of D, cinto D' E, extended continuously to P; varies with
x
F, - The orthogonal complement of D;lEl n D;lE.
nr, - The orthogonal projection of D, v into F,.

We wish to show that D,n, is differentiable as a function of the point x even at bound-
ary points T of P. We will show below that D,np, is differentiable with zero derivative on

the boundary, and that nr, tends to zero as x tends to .

Proposition F.1. For every K > 0, there exists a neighborhood Ny of T such that
for all interior points ¥ € Ni and u € D;'F, ||u?|| > K||u!|.

Proof: Since EN Ry = Eq, we have FFN Ry = 0. Thus, the angle between any

vector in F' and any vector in R; is bounded away from zero. In other words, there
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exists a constant C' > 0 such that for v = (u',u?) € F,

Cllu*|l = [l

(with equality holding at u! = u? = 0). It follows that for every z > 0,

min{z; : j € 1}

D—l 2
1D max{z;:j € I}

1Dz ul |

and

1D )
lim —%——
=7 D tul]]

(Note that min{xz; : j € I} tends to a positive limit whereas max{xz; : j € I} tends to

zero.) This implies our claim.

Proposition F.2. Given K > 0, let Ng be a neighborhood of T satisfying the
condition of Proposition F.1. Let x € N be an interior point, let w = (w',w?) € D;'F,

and let u be a unit vector in Dy Ey. Under these conditions,

uTw < leH m” H

Proof: Since u? = 0, we have
uTo = (@)Twl < Jul] .
By Proposition F.1,
lll* = Jlw!ll* + [l = (K +1)]jw'|?

and this complete the proof. j

For any flat M C R™ and any w € R"™, let II(w; M) denote the orthogonal projection
of w into M.

Proposition F.3. Given K > 0, let Ni be a neighborhood of T as in Proposition
F.1. Let  denote the dimension of Fy. Under these conditions, for every w € D;'F,

O Y e
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and

(

II(w; F, > l1— —
T F)ll = (/1= 5

o]

Proof: Let {u',---,u’} be an orthonormal basis of D! E;. Then, by Proposition
F.2

Y

£

.n—1 2 _ T, 1\2
(e D2 B0 = Y < gy

¢
I*

[
Recall that F, is the orthogonal complement of D;'E; in D;'E, so
I D EDI* + [T(w; F)* = [Jw]?

since w € D' F. This implies the rest of the claim. g

Proposition F.4. Under the conditions of Proposition F.3, for every f = (f1, %) €

F,,
K

1
v

[l =

Proof: There is a point e = e(f) € D;'E; such that f 4+ e(f) € D;'F. Thus by
Proposition F.2
E|lf' +e(HI < 1£7

and since f and e(f) are orthogonal, Proposition F.3 gives

¢ ¢ K241, ,,
< — < .
[ <\ gmllf +e(hll < \/K2+1\/ Tl

Proposition F.5. The orthgonal projection II(Dyc; Fy) tends to zero as x tends to

.

Proof: Let {f', -+, f*} be an orthonormal basis of F,. We represent the subvectors
of f! corresponding to the sets I; and I, by f!) and f(»?), respectively. We have for

every ¢

(DxC)Tfi = = (lecl)Tf(ial) + (DI202)Tf(i’2) )
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By Proposition F.4, there exists constants K, and C, both tending to zero as = tends
to @, such that
IFOD) < K| 2

and

IFV) < C.
We now use the Cauchy-Schwartz inequality to estimate

(Day )T D 4 (D )T FO2 <l oo e AN+ 2o 12 1752
e oo Nletll Co 4 Nl llo eIl P

IA

Thus, (D,c)T f* tends to 0 as = tends to T and

ne. = Y (Do) f) F

?

tends to zero.

Let np-1p, denote the orthogonal projection of D,c on D;'E,. Then Np-tip, is real

analytic in a neighborhood of . Thus the vector

Ne = 77Fm‘|'77D;1E1

extends continuously to the boundary point 7 with g = 0. Note that at a boundary

point T, nz is the orthogonal projection of D,1c! into D 1 E,. Now,
Dwnw == Danm ‘I’Dan;lEl
and
DInFm = DxlnFm1 + Dx277Fm2 :
From the proof of Proposition F.1 and Proposition F.4,

¢ min{z;:j€ L}
. 2 : NF,.
V04 1max{a;:j €}

nr,

and np , tends to zero, so

Donp < max{xz;:j €}

S Cminfr; 1] e Ly lmaxtei s € RYVEHD) 4 maxta; ) € Bl
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: el . D, :
Since % is bounded and |[nF , || tends to zero we have % tending to zero

as = tends to T. We finally have

Theorem F.6. D.,n, is differentiable at © and Dynp, has zero derivative at T.

Proof: The computation above applies to every face in which T lies, to prove that

D.nr, has zero derivative at =. |

Remark F.7. Having proven the differentiability, we can now give an explicit

expression for the derivative. Let’s denote
U = U(x) = Dyn, € R"

and let U'(x) € R™*™ denote the derivative. If x is interior the the vector U is determined

by the following set of equations in U and W:

D 2U(x) —ATW(z) = ¢
AU(x) = 0
Differentiation gives
D2U'(z) —ATW'(z) = 2D Dy,
AU'(x) = 0 '

The interpretation of this system is that the j-th column of U'(z) is equal to D, times
the orthogonal projection of the j-th column of the matrix M = 2D;3DU($) into the

nullspace of the matrix AD,. However, since M is diagonal, the j-th column of U’ turns

out to be the orthogonal projection of Y f)
T

e’ into that nullspace. Interpretations can

J
be developed for higher order derivatives using the same idea.
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