e LONDON SCHOOL
or ECONOMICS ano
POLITICAL SCIENCE

LSE Research Online

Laszlo A. Véegh
A strongly polynomial algorithm for
generalized flow maximization

Article (Accepted version)
(Refereed)

Original citation:

Végh, Laszl6 A. (2016) A strongly polynomial algorithm for generalized flow maximization.
Mathematics of Operations Research, 42 (1). pp. 179-211. ISSN 0364-765X

DOI: 10.1287/moor.2016.0800

© 2016 INFORMS

This version available at: http://eprints.lse.ac.uk/69679/
Available in LSE Research Online: March 2017

LSE has developed LSE Research Online so that users may access research output of the
School. Copyright © and Moral Rights for the papers on this site are retained by the individual
authors and/or other copyright owners. Users may download and/or print one copy of any
article(s) in LSE Research Online to facilitate their private study or for non-commercial research.
You may not engage in further distribution of the material or use it for any profit-making activities
or any commercial gain. You may freely distribute the URL (http://eprints.Ise.ac.uk) of the LSE
Research Online website.

This document is the author’s final accepted version of the journal article. There may be
differences between this version and the published version. You are advised to consult the
publisher’s version if you wish to cite from it.

http://eprints.lse.ac.uk


http://www.lse.ac.uk/researchAndExpertise/Experts/profile.aspx?KeyValue=l.vegh@lse.ac.uk
http://dx.doi.org/10.1287/moor.2016.0800
http://eprints.lse.ac.uk/69679/

A strongly polynomial algorithm for generalized flow maximization

Laszlo A. Végh

Department of Mathematics
London School of Economics and Political Science
L.Vegh@lse.ac.uk

Abstract

A strongly polynomial algorithm is given for the generalized flow maximization problem. It
uses a new variant of the scaling technique, called continuous scaling. The main measure of
progress is that within a strongly polynomial number of steps, an arc can be identified that must
be tight in every dual optimal solution, and thus can be contracted. As a consequence of the
result, we also obtain a strongly polynomial algorithm for the linear feasibility problem with at
most two nonzero entries per column in the constraint matrix.

1 Introduction

The generalized flow model is a classical extension of network flows. Besides the capacity constraints,
for every arc e there is a gain factor 7. > 0, such that flow amount gets multiplied by 7. while
traversing arc e. We study the flow maximization problem, where the objective is to send the
maximum amount of flow to a sink node t. The model was already formulated by Kantorovich
[19], as one of the first examples of Linear Programming; it has several applications in Operations
Research [2, Chapter 15]. Gain factors can be used to model physical changes such as leakage or
theft. Other common applications use the nodes to represent different types of entities, e.g. different
currencies, and the gain factors correspond to the exchange rates.

The existence of a strongly polynomial algorithm for Linear Programming is a major open ques-
tion in the theory of computation. This refers to an algorithm with the number of arithmetic
operations polynomially bounded in the number of variables and constraints, and the size of the
numbers during the computations polynomially bounded in the input size. A landmark result by
Tardos [30] is an algorithm with the running time dependent only on the size of numbers in the
constraint matrix, but independent from the right-hand side and the objective vector. This gives
strongly polynomial algorithms for several combinatorial problems such as minimum cost flows (see
also Tardos [29]) and multicommodity flows.

Instead of bounding the sizes of numbers, one might impose structural restrictions on the con-
straint matrix. A natural question arises whether there exists a strongly polynomial algorithm for
linear programs (LPs) with at most two nonzero entries per column (that can be arbitrary numbers).
This question is still open; as shown by Hochbaum [17], all such LPs can be efficiently transformed
to equivalent instances of the minimum cost generalized flow problem. (Note also that every LP
can be efficiently transformed to an equivalent one with at most three nonzero entries per column.)
In 1983, Megiddo [21] gave a strongly polynomial algorithm for solving the dual feasibility problem
for such LPs; he introduced the concept of strongly polynomial algorithms in the same paper. A
corollary of our result is the first strongly polynomial algorithm for the primal feasibility problem.



Generalized flow maximization is probably the simplest natural class of LPs where no strongly
polynomial algorithm was known. The existence of such an algorithm has been a well-studied and
longstanding open problem (see e.g. [9, B, 35, 26, 28]). A strongly polynomial algorithm for a
restricted class was given by Adler and Cosares [1].

In this paper, we exhibit a strongly polynomial algorithm for generalized flow maximization.
Let n denote the number of nodes and m the number of arcs in the network, and let B denote the
largest integer used in the description of the input (see Section [2|for the precise problem definition).
A strongly polynomial algorithm for the problem entails the following (see [16]): (i) it uses only
elementary arithmetic operations (addition, subtraction, multiplication, division), and comparisons;
(ii) the number of these operations is bounded by a polynomial of n and m; (%) all numbers
occurring in the computations are rational numbers of encoding size polynomially bounded in n,
m and log B — or equivalently, it is a polynomial space algorithm. Here, the encoding size of a
positive rational number p/q is defined as [logy(p + 1)| + [logs(g + 1)]. By the running time of a
strongly polynomial algorithm we mean the total number of elementary arithmetic operations and
comparisons.

Combinatorial approaches have been applied to generalized flows already in the sixties by Dantzig
[4] and Jewell [18]. However, the first polynomial-time combinatorial algorithm was only given in
1991 by Goldberg, Plotkin and Tardos [9]. This was followed by a multitude of further combinatorial
algorithms e.g. [3| 111, 13} B [0} 12} [14], 35l 26, 27, 34]; a central motivation of this line of research was
to develop a strongly polynomial algorithm. The algorithms of Cohen and Megiddo [3], Wayne [35],
and Restrepo and Williamson [27] present fully polynomial time approximation schemes, that is, for
every € > 0, they can find a solution within € from the optimum value in running time polynomial
in n, m and log(1/¢). This can be transformed to an optimal solution for a sufficiently small &;
however, this value does depend on B and hence the overall running time will also depend on log B.
The current most efficient weakly polynomial algorithms are the interior point approach of Kapoor
an Vaidya [20] with running time O(m!°n?log B), and the combinatorial algorithm by Radzik [26]
with running time O(anlog B) For a survey on combinatorial generalized flow algorithms, see
Shigeno [2§].

The generalized flow maximization problem exhibits deep structural similarities to the minimum
cost circulation problem, as first pointed out by Truemper [32]. Most combinatorial algorithms for
generalized flows, including both algorithms by Goldberg et al. [9], exploit this analogy and adapt
existing efficient techniques from minimum cost circulations. For the latter problem, several strongly
polynomial algorithms are known, the first one given by Tardos [29]; others relevant to our discussion
are those by Goldberg and Tarjan [I0], and by Orlin [23]; see also [2 Chapters 9-11]. Whereas these
algorithms serve as starting points for most generalized flow algorithms, the applicability of the
techniques is by no means obvious, and different methods have to be combined. As a consequence,
the strongly polynomial analysis cannot be carried over when adapting minimum cost circulation
approaches to generalized flows, although weakly polynomial bounds can be shown. To achieve a
strongly polynomial guarantee, further new algorithmic ideas are required that are specific to the
structure of generalized flows. The new ingredients of our algorithm are highlighted in Section

Let us now outline the scaling method for minimum cost circulations, a motivation of our gener-
alized flow algorithm. The first (weakly) polynomial time algorithm for minimum cost circulations
was given by Edmonds and Karp [5], introducing the simple yet powerful idea of scaling (see also [2,
Chapter 9.7]). The algorithm consists of A-phases, with the value of A > 0 decreasing by a factor
of at least two between every two phases, yielding an optimal solution for sufficiently small A. In

'The O() notation hides a polylogarithmic factor.



the A-phase, the flow is transported in units of A from nodes with excess to nodes with deficiency
using shortest paths in the graph of arcs with residual capacity at least A. Orlin [23], (see also [2,
Chapters 10.6-7]) devised a strongly polynomial version of this algorithm. The key notion is that of
“abundant arcs”. In the A-phase of the scaling algorithm [5], the arc e is called abundant if it carries
> 4nA units of flow. For such an arc e, it can be shown that z} > 0 must hold for some optimal
solution z*. By primal-dual slackness, the corresponding constraint must be tight in every dual
optimal solution. Based on this observation, Orlin [23] showed that such an arc can be contracted,;
the scaling algorithm is then restarted on the smaller graph. This leads to a dual optimal solution
in strongly polynomial time; that provided, a primal optimal solution can be found via a single
maximum flow computation. Orlin [23] also presents a more efficient but also more sophisticated
implementation of this idea.

Let us now turn to generalized flows. The analogue of the scaling method was an important
component of the FAT-PATH algorithm of [9]; the algorithm of Goldfarb, Jin and Orlin [I3] and the
one in [34] also use this technique. The notion of “abundant arcs” can be easily extended to these
frameworks: if an arc e carries a “large” amount of flow as compared to A, then it must be tight
in every dual optimal solution, and hence can be contracted. This idea was already used by Radzik
[26], to boost the running time of [I3]. Nevertheless, it is not known whether an “abundant arc”
would always appear in any of the above algorithms within a strongly polynomial number of steps.

Our contribution is a new type of scaling algorithm that suits better the dual structure of the
generalized flow problem, and thereby the quick appearance of an “abundant arc” will be guaranteed.
Whereas in all previous methods, the scaling factor A remains constant for a linear number of path
augmentations, our continuous scaling method keeps it decreasing in every elementary iteration of
the algorithm, even in those that lead to finding the next augmenting path.

The rest of the paper is structured as follows. Section [2] first defines the problem setting, in-
troduces relabelings, gives the characterization of optimality, and defines the notion of A-feasibility.
Section then gives a more detailed account of the main algorithmic ideas.

The algorithm is presented in three different versions. First, Section describes a relatively
simple scaling algorithm called CONTINUOUS SCALING, with a weakly polynomial running time guar-
antee proved in Section |3 Our strongly polynomial algorithm ENHANCED CONTINUOUS SCALING
in Section [4 builds on this, by including one additional subroutine, and a framework for contracting
arcs. The running time analysis is given in Section [} This achieves a strongly polynomial bound on
the number of steps. A strongly polynomial algorith must also satisfy requirement (%ii) on bounded
number sizes. This requires further modifications of the algorithm in Section [6] by introducing certain
rounding steps.

Section [7] shows reductions between different formulations; in particular, the corollary on LP
feasibility problems with at most two nonzeros per column is shown here. Section [7]is independent
from the preceding sections and can be read directly after Section [2| Section [8] concludes with some
additional remarks and open questions.

2 Preliminaries

We start by introducing the most general formulation our approach is applicable to. Consider the
linear feasibility problem

Az =b (LP2)



such that every column of A contains at most two nonzero entries. By making use of a reduction
by Hochbaum [17], in Section we show that every problem of this form can be reduced to the
generalized flow maximization problem as defined next.

Let G = (V, E) be a directed graph with a designated sink node t € V. Let n = |V|, m = |E|,
and for each node i € V, let d; denote total number of arcs incident to ¢ (both entering and leaving).
We will always assume n < m. We do not allow parallel arcs and hence we may use ij to denote
the arc from 4 to j. This is for notational convenience only, and all results straightforwardly extend
to the setting with parallel arcs. All paths and cycles in the paper will refer to directed paths and
directed cycles.

The following is the standard formulation of the problem. Let us be given arc capacities u : £ —
Q>0 U{oo} and gain factors v : E — Qx.

max Z ’thfjt— Z ftj

JiytelE jitjeE
Z Yiifii — Z fij >0 VieV -t (Py)
jijicE jijEE
0<f<u

It is common in the literature to define the problem with equalities in the node constraints. The two
forms are essentially equivalent, see e.g. [28]; moreover, the form with equality is often solved via a
reduction to . In this paper, we prefer to use yet another equivalent formulation, where the arcs
have no upper capacities, but there are node demands instead. A problem given in the standard
formulation can be easily transformed to an equivalent instance in this form; the transformation is
described in Section [7.1} Given a node demand vector b : V — Q and gain factors v : E — Qxg, the
uncapacitated formulation is defined as

max Z Vit fit — Z ftj

jiytelE jitjelE
EZ'WU%—-EZ fij =bi VieV -t (P)
J:JieER VEXISI)
0<f

Note the value of b; is irrelevant as it is not present in the formulation; we may e.g. assume b; = 0.

For a vector f € RLEO', let us define the excess of a node i € V by

ei(f) == > vifii— Y fij— b
J:JieER JijeER
The node constraints in can be written as e;(f) > 0, and the objective is equivalent to maximizing
ei(f). When f is clear from the context, we will denote the excess simply by e; := e;(f). By a

generalized flow we mean a feasible solution to , that is, a nonnegative vector f € R‘fol with
ei(f) >0 forall i € V —t. Let us define the surplus of f as

Ex(f):= ) elf).
ieV—t

It will be convenient to make the following assumptions.

There is an arc it € E for every ¢ € V — ¢; (%)
The problem is feasible, and an initial feasible solution f is provided. (%%)
The objective value in (P is bounded. (% * %)



These assumptions are without loss of generality; it is shown in Section [7.1] that any problem in the
standard form can be transformed to an equivalent one in the uncapacitated form that also satisfies
assumptions (ED and @ Condition (ED can be easily achieved by adding new arcs to the sink
with gain factors small enough not to influence the solution. To obtain , observe that f =0
is feasible to ; f in will be the image of 0 under the transformation. To justify , in
the same Section we show how unboundedness can be detected. Furthermore, in Section we
show how an arbitrary instance of can be reduced to solving two instances of satisfying
these assumptions.

Let us introduce some further notation. For an arc set H C E, let E denote the set of reverse
arcs, that is, E ={ji:ij € H}; let ﬁ = HU E We define the gain factor of a reverse arc ji €
by vji := 1/7;. For an arc set F' C E and node sets S,T C V', let F[S,T|:={ije F:ie€ S,j € T}.
We also use F[S] := FIS, 9] to denote the set of arcs in F spanned by S. For anode i € V, let (i)
and 6°“*(7) denote the set of arcs entering and leaving i, respectively. We will use the vector norms
llz|l1 = >, |zs| and ||x||ec = max; |z;|. For integers a < b, let [a,b] := {a,a+1,...,b}.

A vector f: — R is called a path flow, if its support is a path P = wjws ... w; C ﬁ, and
Ywg fwy = fwp, for every 1 <€ <t —1. In other words, the incoming flow equals the outgoing flow
in every internal node of the path. We say that a path flow f sends « units of flow from p to ¢, if
the support of f is a p — ¢ path, and the flow value arriving at ¢ equals . Note however, that the
amount of flow leaving p is typically different from «.

2.1 Encoding size

In the weakly polynomial algorithm, the running time will be dependent on the encoding size of the
input, that consists of rational numbers. In a strongly polynomial algorithm, all numbers appearing
during the computations must be rational of encoding size polynomially bounded in the input size.
(We remark that the notion of strongly polynomial algorithms is also applicable to problems with
arbitrary real numbers in the input; this model assumes that every basic arithmetic operation can
be carried out in O(1) time.)

Standard formulation. We are given an integer B such that all capacities v and gain factors ~
are rational numbers, given as quotients of two integers < B.

Uncapacitated formulation. We give more complicated conditions on the encoding size of the
different quantities. This is in order to maintain good bounds on the encoding size when transforming
an instance from the standard to the uncapacitated formulation in Section

Assume the instance satisfies conditions (EI), @ and . We use the integer B to bound the
encoding size of the input as follows.

e The arcs can be classified into two types, regular and auziliary, with ¢t being the endpoint of
every auxiliary arc. For a regular arc ij, the gain factor v;; is given as a rational number,
such that B is an integer multiple of the product of the numerators and denominators of all
7ij values for regular arcs. For every auxiliary arc it, v;; = 1/ B.

e For every i € V —t, |b;] < B, and is an integer multiple of 1/B.
e For the initial solution f, and for every ij € E, ﬁ-j < B and ﬁj is an integer multiple of 1/B5.

The reduction in Section [Z.T] will transform an instance in the standard formulation with n nodes
and m arcs and parameter B to an uncapacitated instance with < m + n nodes, < 2m arcs and
B < 2B*™,

Our main result is the following.



Theorem 2.1. There exists an O(n®m?) time strongly polynomial algorithm for the uncapacitated

formulation with assumptions (E), and .

Using the transformation in Section this gives an O(m?) time strongly polynomial algorithm
for the standard formulation (P,)). Finally, using the reduction in Section we get an O(mb)
algorithm for the linear feasibility problem (LP2|) with n constraints and m variables.

2.2 Labelings and optimality conditions

Dual solutions to play a crucial role in the entire generalized flow literature. Let y : V' — R>g
be a solution to the dual of (P). Following Glover and Klingman [8], the literature standard is not
to consider the y values but their inverses instead. With p; := 1/y;, we can write the dual of in
the following form.
b;
max » —
ey Hi
Vijhi < pj Vig € E (D)
wi >0 VieV —t
e =1

A feasible solution p to this program will be called a relabeling or labeling. An optimal labeling is an
optimal solution to @ Whereas there could be values p; = oo corresponding to y; = 0, assumption
@ guarantees that all p; values must be finite. A useful and well-known property is the following.

Proposition 2.2. Given an optimal solution to (@, an optimal solution to can be obtained in
strongly polynomial time, and conversely, given an optimal solution to , an optimal solution to
(@ can be obtained in strongly polynomial time.

In fact, our strongly polynomial algorithm proceeds via finding an optimal solution to @, and
computing the primal optimal solution via a single maximum flow computation. The first part of
the above proposition is proved in Theorem [2.6{i), whereas the second part (which is not needed for
our algorithm) can be shown using an argument similar to the proof of Lemma

Relabelings will be used in all parts of the algorithm and proofs. For a generalized flow f and a
labeling p, we define the relabeled flow f* by

v Ji

R
for all ij € E. This can be interpreted as changing the base unit of measure at the nodes (i.e. in
the example of the currency exchange network, it corresponds to changing the unit from pounds
to pennies). To get a problem setting equivalent to the original one, we have to relabel all other
quantities accordingly. That is, we define relabeled gains, demands, excesses and surplus by

‘ b: e
v = ’Yij&v W=, eli=—" and  Ea2t(f):= Z et
Hj Hi i eVt

respectively. Another standard notion is the residual network Gy = (V, Ey) of a generalized flow f,
defined as
Ef = Eu{ij:jie E, fj; > 0}.

Arcs in E are called forward arcs, while arcs in the second set are reverse arcs. Recall that for a
reverse arc ji we defined 7;; = 1/v;;. Also, we define fj; := —~;; fi; for every reverse arc ji € Ej.



By increasing (decreasing) fj; by a on a reverse arc ji € Ey, we mean decreasing (increasing) f;;
by «/7i;. The input graph G = (V, E) is allowed to have pairs of oppositely directed arcs ij and ji,
making our notation slightly ambiguous: for an arc ij, we will denote its reverse arc by ji, which
might be an arc parallel to the original arc from j to ¢ in the input. However, this should not be a
source of confusion: whenever the arc ji is mentioned in the context of ij, it will always refer to the
reverse arc.

The crucial notion of conservative labelings is motivated by primal-dual slackness. Let f be a
generalized flow (that is, a feasible solution to ), and let p : V. — Ryo. We say that p is a
conservative labeling for f, if p is a feasible solution to @ with the further requirement that %4‘]. =1
whenever f;; > 0 for ij € E. The following characterization of optimality is a straightforward
consequence of primal-dual slackness in Linear Programming. We state the optimality conditions
both for the uncapacitated formulation , and for the standard formulation . In the latter
part we do not assume (ED, and therefore p; = 0o is also allowed.

Theorem 2.3. (i) Assume (E) holds. A generalized flow f is an optimal solution to if and
only if there exists a finite conservative labeling i, and e; =0 for alli € V —t.

(ii) A feasible solution f to the standard form 1s optimal if and only if there exists a function
p: Vo= RogU{oo} such that py =1, and vijps < pj if fij = 0, vijps = pj if 0 < fij < w4,
and 7yijpi > 1 if fij = ugj; further, e; = 0 whenever p; < oo.

Given a labeling i, we say that an arc ij € Ey is tight if Yi; = 1. A directed path in Ey is called
tight if it consists of tight arcs.

2.3 A-feasible labels

Let us now introduce a relaxation of conservativity crucial in the algorithm. This is new notion,
although similar concepts have been used in previous scaling algorithms [111 [34]. Section explains
the background and motivation of this notion. Given a labeling u, let us call arcs in F with %“j <1
non-tight, and denote their set by

F“::{ijGE:’yZ-<1}.

For every i € V', let

R; = Z vji fi

jijieFH

denote the total flow incoming on non-tight arcs; let RY := % = > jjiern Vjif}i- For some A >0,
let us define the A-fat graph as

Ef(A)=EU{ij:ji€ E, fj; > A}.
We say that p is a A-conservative labeling for f, or that (f, u) is a A-feasible pair, if
e 7;; < 1 holds for all ij € E/(A), and
e uy=1,and pu; >0,e; > R; foreveryi € V —t.

Note that in particular, p must be a feasible solution to @ The first condition is equivalent
to requiring f/: < A for every non-tight arc. Note that 0-conservativeness is identical to conser-
vativeness: Ef (0) = E}L , and therefore every arc carrying positive flow must be tight; the second
condition simply gives e; > 0 whenever p; > 0. The next lemma can be seen as the converse of this
observation.



Lemma 2.4. Let (f,u) be a A -feasible pair for some A > 0. Let us define the generalized flow
f with f,] =0 ij € F' and f” = fij otherwise. Then f is a feasible generalized flow, Wwis a
conservative labeling for f, and Ex*(f) < Ext(f) + |F*|A.

Proof. For feasibility, we need to verify e;( f ) >0 for all i € V —t. This follows since
ei(f) = eilf) = > ki =eilf) = Ri > 0.

jijieFr

It is straightforward by the construction that -~ “ < 1 for every ij € E with equality whenever

fl] > 0. This shows that u is a conservative labehng. For the last part, observe that decreasing the
flow value to 0 on a non-tight arc ij may create fl-’; < A units of relabeled excess at . O

Claim 2.5. In a A-conservative labeling, RY' < d;A holds for everyi e V.

Proof. If p is a A-conservative labeling, then f“ < A holds for every non-tight arc ji; also note that
the relabeled flow arriving from j on a non- tlght arc is vﬂ f” < A, and hence R < d;A. O

2.4 Overview of the algorithms

We now informally describe some fundamental ideas of our algorithms CONTINUOUS SCALING and
ENHANCED CONTINUOUS SCALING, and explain their relations to previous generalized flow algo-
rithms. The precise algorithms and arguments will be given in the later sections.

Basic features of the algorithms

Given a generalized flow f, a cycle C' in the residual graph Ey is called flow-generating, if v(C) =
[l.ccve > 1. If there exists a flow-generating cycle, then some positive amount of flow can be sent
around it to create positive excess in an arbitrary node i incident to C.

The notion of conservative labellings is closely related to flow generating cycles. Notice that for
an arbitrary labeling u, v(C) = +*(C). Therefore, if ;1 is a finite conservative labeling, then FEy
cannot contain any flow-generating cycles. It is also easy to verify the converse: if there are no
flow-generating cycles, then there exists a conservative labeling (see also Lemma .

The MAXIMUM-MEAN-GAIN CYCLE-CANCELING procedure, introduced by Goldberg et al. [9], can
be used to eliminate all flow-generating cycles efficiently. The subroutine proceeds by choosing a cycle
C C Ey maximizing ~(C)YIC1, and from an arbitrary node i incident to C, sending the maximum
possible amount of flow around C admitted by the capacity constraints, thereby increasing the excess
e;. It terminates once there are no more flow-generating cycles left in E;. This is a natural analogue
of the minimum mean cycle cancellation algorithm of Goldberg and Tarjan [10] for minimum cost
circulations. Radzik [25] (see also [28]) gave a strongly polynomial running time bound O(m?n log? n)
for the MAXIMUM-MEAN-GAIN CYCLE-CANCELING algorithm.

Our algorithm also starts with performing this algorithm, with the input being the initial solution
f provided by @ Hence one can obtain a feasible solution f along with a conservative labeling u
in strongly polynomial time.

Such an f can be transformed to an optimal solution using Onaga’s algorithm [22]: while there
exists a node ¢ € V —t with e; > 0, find a highest gain augmenting path from i to t, that is, a path
P in the residual graph Ey with the product of the gains maximum. Send the maximum amount
of flow on this augmenting path enabled by the capacity constraints. A conservative labeling can
be used to identify such paths: we can transform a conservative labeling to a canonical labeling
(see [9]), where every node i is connected to the sink via a tight path. Such a canonical labeling



can be found via a Dijkstra-type algorithm, increasing the labels of certain nodes. The correctness
of Onaga’s algorithm follows by the observation that sending flow on a tight path maintains the
conservativeness of the labeling, hence no new flow-generating cycles may appear.

Unfortunately, Onaga’s algorithm may run in exponentially many steps, and might not even
terminate if the input is irrational. The FAT-PATH algorithm [9] introduces a scaling technique to
overcome this difficulty. The algorithm maintains a scaling factor A that decreases geometrically.
In the A-phase, flow is sent on a highest gain “A-fat” augmenting path, that is, a highest gain path
among those that have sufficient capacity to send A units of flow to the sink. In our notation, these
are paths in E}L (A). However, path augmentations might create new flow-generating cycles, which
have to be repeatedly cancelled by calling the cycle-canceling subroutine at the beginning of every
phase.

Our notion of A-feasible pairs in Section [2.3]is motivated by the idea of A-fat paths: note that
every arc in the A-fat graph E;f (A) has sufficient capacity to send A units of relabeled flow. A main
step in our algorithm will be sending A units of relabeled flow on a tight path in E¢(A) from a node
with “high” excess to the sink ¢t or another node with “low” excess. This is in contrast to FAT-PATH
and most other algorithms, where these augmenting paths always terminate in the sink t. We allow
other nodes as well in order to maintain e; > R; are througout the algorithm. The purpose of these
conditions is to make sure that we always stay “close” to a conservative labeling: recall Lemma [2.4
asserting that if (f, u) is a A-feasible pair, then if we set the flow values to 0 on every non-tight arc,
the resulting f is a feasible solution to not containing any flow-generating cycles. That is the
reason why we need to call the cycle-canceling algorithm only once, at the initialization, in contrast
to FAT-PATH.

Similar ideas have been already used previously. The algorithm of Goldfarb, Jin and Orlin [IT]
also uses a single initial cycle-canceling and then performs highest-gain augmentations in a scaling
framework, combined with a clever bookkeeping on the arcs. The algorithm in [34] does not perform
any cycle cancellations and uses a homonymous notion of A-conservativeness that is closely related
to ours; however, it uses a different problem setup (called “symmetric formulation”), and includes a
condition stronger than e; > R;.

The way to the strongly polynomial bound

The basic principle of our strongly polynomial algorithm is motivated by Orlin’s strongly polynomial
algorithm for minimum cost circulations ([23], see also [2, Chapters 10.6-7]). The true purpose of the
algorithm is to compute a dual optimal solution to @ Provided a dual optimal solution, we can
compute a primal optimal solution to by a single maximum flow computation on the network of
tight arcs (see Theorem [2.6{1)).

The main measure of progress is identifying an arc ij € E that must be tight in every dual optimal
solution. Such an arc can be contracted, and an optimal dual solution to the contracted instance
can be easily extended to an optimal dual solution on the original instance (see Sections .
The algorithm could be simply restarted from scratch in the contracted instance. Our algorithm
ENHANCED CONTINUOUS SCALING is somewhat more complicated and keeps the previous primal
solution to achieve better running time bounds by a global analysis of all contraction phases.

We use a scaling-type algorithm to identify such arcs tight in every dual optimal solution. Our
algorithm maintains a scaling parameter A, and a A-feasible pair (f, u) such that Ex#(f) < 16mA.
Using standard flow decomposition techniques, it can be shown that an arc ¢j with fi‘; > 17mA must
be positive in some optimal solution f* to (see Theorem [4.1). Then by primal-dual slackness
it follows that this arc is tight in every dual optimal solution. Arcs with fz»’; > 17mA will be called
abundant.



A simple calculation (see the proof of Claim shows that once [bf'| > 32mnA for a node
1 € V —t, there must be an abundant arc leaving or entering i. Hence our goal is to design an
algorithm where such a node appears within a strongly polynomial number of iterations.

A basic step in the scaling approaches (e.g. [9, [I1], [34]) is sending A units of relabeled flow on
a tight path; we shall call this a path augmentation. In all previous approaches, the scaling factor
A remained fixed for a number of path augmentations, and reduces by a substantial amount (by
at least a factor of two) for the next A-phase. Our main idea is what we call continuous scaling:
the boundaries between A-phases are dissolved, and the scaling factor decreases continuously, even
during the iterations that lead to finding the next path for augmentation. The precise description
will be given in Section in what follows, we give a high-level overview of some key features.

We shall have a set Ty with nodes of “high” relabelled excess; another set N will be the set
consisting of the sink ¢ and further nodes with “low” relabelled excess. We will look for tight paths
connecting a node in Ty to one in N; we will send A units of relabeled flow along such a path. In an
intermediate elementary step, we let T' to denote the set of nodes reachable from T on a tight path;
if it does not intersect N, then we increase the labels u; for all ¢ € T' by the same factor o hoping
that a new tight arc appears between 7' and V' \ T', and thus T can be extended. We simultaneously
decrease the value of A by the same factor a. Thus the relabeled excess of nodes in V' \ T' increases
relative to A. This might lead to changes in the sets Ty and N; hence an elementary step does not
necessarily terminate when a new tight arc appears, and therefore the value of a has to be carefully
chosen.

This framework is undoubtedly more complicated than the traditional scaling algorithms. The
main reason for this approach is the phenomenon one might call “inflation” in the previous scaling-
type algorithms. There it might happen that the relabeling steps used for identifying the next
augmenting paths increase some labels by very high amounts, and thus the relabeled flow remains
small compared to A on every arc of the network - therefore a new abundant arc can never be iden-
tified. It could even be the case that most A-scaling phases do not perform any path augmentations
at all, but only label updates: the relabeled excess at every node becomes smaller than A during
the relabeling stepsE|

The advantage of changing A continuously in our algorithm is that the ratios |b/'|/A are non-
decreasing for every ¢ € V —t during the entire algorithm. In the above described situation, these
ratios are unchanged for ¢ € T and increase for ¢ € V' \ T. As remarked above, there must be an
abundant arc incident to i once [b)'|/A > 32mn.

We first present a simpler version of this algorithm, CONTINUOUS SCALING in Section [2.5] where
we can only prove a weakly polynomial running time bound. Whereas the ratios [b!'|/A are nonde-
creasing, we are not able to prove that one of them eventually reaches the level 32mn in a strongly
polynomial number of steps. This is since the set V \ T" where the ratio increases might always
consist only of nodes where |b'|/A is very small. The algorithm ENHANCED CONTINUOUS SCALING
in Section (4| therefore introduces one additional subroutine, called FILTRATION. In case [bf| < A/n
for every i € (V\T) —t, we “tidy-up” the flow inside V' \ T, by performing a maximum flow com-
putation here. This drastically reduces all relabeled excesses in V' \ T, and thereby guarantees that
most iterations of the algorithm will have to increase certain [b'|/A values that are already at least
1/n.

In summary, the strongly polynomiality of our algorithm is based on the following three main
new ideas.

e The definition of A-feasible pairs, in particular, the condition on maintaining a security reserve

2However, to the extent of the author’s knowledge, no actual examples are known for these phenomena in any of
the algorithms.
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R;. It is a cleaner and more efficient framework than similar ones in [I1] and [34]; we believe
this is the “real” condition a scaling type algorithm has to maintain.

e Continuous scaling, that guarantees that the ratios |b/'|/A are nondecreasing during the algo-
rithm. This is achieved by doing the exact opposite of [9, 11}, [34] that use the natural analogue
of the scaling technique for minimum cost circulations.

e The FILTRATION subroutine that intervenes in the algorithm whenever the nodes on a certain,
relatively isolated part of the network have “unreasonably high” excesses as compared to the
small node demands in this part.

2.5 The maximum flow subroutine

Standard maximum flow computation (see e.g. [2, Chapters 6-7]) will be a crucial subroutine in our
algorithm. First and foremost, if an optimal labeling is provided, then an optimal solution to (P)) can
be obtained by computing a maximum flow. We now describe the subroutine TIGHT-FLOW(S, 1),
to perform such computations. In the weakly polynomial algorithm (Section , it will be used
only twice: at the initialization and at the termination of the algorithm, in both cases with S = V.
However, it will also be the key part of the subroutine FILTRATION in the strongly polynomial
algorithm (Section , also applied to subsets S C V.

The input of TIGHT-FLOW(S, 1) is anode set S C V with ¢t € S, and a labeling p, that is a feasible
solution to @ when restricted to S. The subroutine returns a generalized flow f’ supported on
EIS], such that p restricted to S is a conservative labeling for f’. Let us define the arc set E C E[S]
as the set of tight arcs for u:

E:={ij € E[S]: 7}, =1}.

Let us extend S by a new source node s, and add an arc si from s to every ¢ € S — t; let E’ denote
the union of E and these new arcs. Let us set lower and upper arc capacities lij := 0, u;j := 00 on
all arcs of E; for i € S — t, let £y; := —o0 and ug; := .

TIGHT-FLOW(S, 11) computes a maximum flow z from s to ¢ on the network (S U {s}, E’) with
capacities £ and u. Let us define f': E[S] — Rxo by f; := zj;p; if ij € E and fi; == 0 otherwise.
This completes the description of the subroutine TIGHT-FLOW. Because of the possibly negative
upper capacities on the s¢ arcs, the maximum flow problem might be infeasible; in this case, the
subroutine returns an error.

Theorem 2.6. (i) If p is an optimal solution to (D]), then TIGHT-FLOW(V, 1) returns an optimal

solution to .

(ii) Assume that the mazimum flow problem in TIGHT-FLOW(S, i) is feasible, and returns a vector
f'. Then " is a feasible solution to on S, and

ef(f') < n]%lgzct |b5| Vie S.
(iii) Assume that the flow problem in TIGHT-FLOW(V, u) is feasible and returns a generalized flow

f" with Ex(f') < 1/B3. Then Ex(f") = 0 must hold, that is, f' is an optimal solution to .

Proof. To prove part (i), assume y is an optimal labeling. Let g be an optimal solution to . Let us
define @5 := gj; if ij € E and g := 3, icp 915 — 2 j.jicp 95 for every i € V —t. By Theorem (i),
zg = b for all i € V — ¢, and therefore z is a maximum flow, with ({s}, V) forming a minimum
cut. Conversely, an arbitrary maximum flow must saturate every arc leaving s, and therefore we get
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ei(f') =0 for every i € V —t for the f’ returned by TiGHT FLow(V, ). It is straightforward that
all conditions in Theorem [2.3|i) are satisfied.

For part (77), first observe that if there is a feasible solution x to the flow problem, then e;(f’) > 0
must hold for every i € V —t, due to the constraint z5; < —b!'; further, p is a conservative labeling
for f’. Let us pick a node r € S —t with e,(f") > 0, and let Z C S denote the set of nodes that can
be reached from 7 on a directed path in the residual graph (.5, E ), defined by

Ep =EU{ji:ij € E, fl; > 0}.

Note that Z»’j“ = x;j for every ij € Ef/. Assume that ¢t € Z, that is, there is a directed path P from
r to ¢ in the residual graph. Since e,(f’) > 0, we have x5 < —b' = ug,; hence sr and P give an
augmenting path for the flow z, in a contradiction to its choice as a maximum flow.

We may thus conclude that t ¢ Z. Hence €!'(f') > 0 for all i € Z, and therefore

0<el(f)<> =D D> mi— > w0 =—beﬁnjrgg§t!b§f\, (1)

(S4 €2 \jez:jick jeZijEE i€z

proving part (i) of the Theorem. Here we used that if 2;; > 0 then i € Z if and only if j € Z.
Let us turn to part (71); assume that ef'(f’) > 0 for some r € V — t. The equation can be

further written as 1

0<el(f) <Y ey =Dt =——S"nt. 2)
i€z i€z Hriez Hi
For every ¢ € Z, there is a tight path P in Ef/ from r to i, that is, p,/p; = [[.cp1/7ve. By our
assumption on the encoding sizes, this product must be an integer multiple of 1/B. We further
assumed that every b; value is an integer multiple of 1/B. Hence every term bi% is an integer
multiple of 1/B2. Further, by (EI), we have rt € E, and 7,4 > 1/B. By the conservativeness of
w.r.t. to f, #—lr > v+ > 1/B. Consequently, the last expression in must be at least 1/53 whenever
it is nonzero. Therefore
1/B* <> el(f') < Bx*(f),
€7
contradicting our assumption. Hence it follows that e,(f) =0 for all r € V —¢. O]

sectionThe Continuous Scaling algorithm

The algorithm CONTINUOUS SCALING is shown in Figure 1| The strongly polynomial algorithm
ENHANCED CONTINUOUS SCALING in Section [ will be an improved variant of this. We shall always
make assumptions (ED, and .

The algorithm starts with the subroutine INITIALIZE, described in Section [2.6] that returns an
initial flow f, along with a A = A-conservative labeling ; such that el < (d; +2)A holds for every
i € V. This is based on the MAXIMUM-MEAN-GAIN CYCLE-CANCELING algorithm as in [9, 25]. The
main part of the algorithm (the while loop) consists of iterations. The value of the scaling parameter
A is monotone decreasing, and all u; values are monotone increasing during the algorithm. In every
iteration, a A-feasible pair (f, ) is maintained. These iterations stop once the scaling parameter A
decreases below 1/(17mB?). At this point we apply the subroutine TIGHT-FLOW (V, 1), as described
in Section to find an optimal solution by a single maximum flow computation.

The set N denotes the set consisting of ¢ and all nodes with e < (d; + 1)A. The set Tj consists
of a certain set of nodes (but not all) with e/ > (d; +2)A. The set T denotes a set of nodes that can
be reached from Ty on a tight path in the A-fat graph E}” (A). Both T and T are initialized empty.
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Algorithm CONTINUOUS SCALING
INntTiaLizE(V, E, b, v, f) ;
To+0;T+0;
WHILE A > 1/(17mB3) Do
N+ {tpufieV —t e <(d+1)A};
if NNT # (0 then
pick p € Ty, ¢ € N N T connected by a tight path P in E}‘(A) :
send A units of relabeled flow from p to ¢ along P ;
if e}y < (dp + 2)A then Ty + Ty \ {p} ;
T+ 1Ty ;
else
if EIijEE}‘(A), 72’.3. =1,ieT,jeV\Tthen T+ TU{j};
else ELEMENTARY STEP(T, To, f, u, A) ;
TicHT-FLOW(V, 1) ;

Figure 1: Description of the weakly polynomial algorithm

Every iteration first checks whether N N'T # (. If yes, then nodes p € Ty and ¢ € N NT are
picked connected by a tight path P in the A-fat graph. A units of relabeled flow is sent from p to ¢
on P: that is, fi; is increased by Ap; for every ij € P (if ij was a reverse arc, this means decreasing
fji by Ap;j). The only e; values that change are e, and e4. If the new value is e, < (d,+2)A, then p
is removed from Tj. The iteration finishes in this case by resetting T' = T (irrespective to whether
p was removed or not).

Let us now turn to the case N NT = (). If there is a node j € V \ T connected by a tight arc
in E]ﬁ” (A) to T, then we extend T' by j, and the iteration terminates. Otherwise, the subroutine
ELEMENTARY STEP(T, Ty, f, i1, A) is called. The precise description is given in Section we give
an outline below.

For a carefully chosen a > 1, all p; values are multiplied by « for ¢ € T', and p; is left unchanged
for i € V\T. At the same time, A is divided by « (this is the only step in the main part of the
algorithm modifying the p;’s and the value of A). The flow is divided by a on all non-tight arcs
in F#[V \ T], and on every arc entering 7. The value of « is chosen to be the largest such that
the labeling remains A-feasible with the above changes, and further e!' < 4(d; + 2)A holds for all
i€ V\T. If @ = oo, then the algorithm terminates with an optimal solution. For finite «, all nodes
i for which e} = 4(d; + 2)A holds after the change are added both to Ty and to 7. On the other
hand, the e/ values might also decrease both for i € T'and i € V' \ T If for some i € T}, the value of
el drops below (d; + 2)A, then i is removed from Tp, and T is reset to T = Tp. In every step when
Tp is not changed, a tight arc in E}‘ (A) leaving T must appear. Consequently, 7" will be extended
in the next iteration. We shall prove the following running time bound:

Theorem 2.7. The algorithm CONTINUOUS SCALING can be implemented to find an optimal solution
for the uncapacitated formulation in running time max{O(m(m-+nlogn)log B), O(m?nlog*n)}.

The high level idea of the analysis is the following. The e values for nodes i € Tj are non-
increasing, and a path augmentation starting from i reduces e!' by A. The node i leaves T once e’
drops below (d; +2)A, and may enter again once it increases to 4(d; +2)A. As shown in Lemma[3.7]
the value of A must decrease by at least a factor 2 between two such events. Also, it is easy to
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verify that within every 2n ELEMENTARY STEP operations, either a path augmentation must be
carried out, or a node i must leave T due to decrease in e!' caused by label changes. These two
facts together give a polynomial bound on the running time.

In the proof of Theorem we outline a more efficient implementation of the algorithm, with
all iterations between two path augmentations performed together.

For a problem in the standard form on n nodes, m arcs and complexity parameter B, the
reduction in Section [7.1| shows that it can be transformed to an equivalent instance with < n +m
nodes, < 2m arcs, and B < 2B*". Hence the theorem gives a running time O(m?lognlog B),
assuming n < B.

Our algorithm could be naturally adapted to work on a problem instance with both node demands
and arc capacities; the reason for choosing the uncapacitated instance is its suitability for the strongly
polynomial algorithm in Section 4l Such a modification would run in time O(m?(m+nlogn)log B),
matching the bound of Goldfarb et al. [13].

2.6 The Initialization subroutine

In this section we describe the INITIALIZE(V, E, b, v, f) subroutine. The input is a graph G = (V, E),
node demands b; : V — R, gain factors v : £ — R+ and the initial generalized flow f guaranteed by
the assumption @ The initial value of A = A is computed and a A-feasible pair (f, 1) is returned
such that e < (d; + 2)A holds for every i € V —¢.

First, we use the MAXIMUM-MEAN-GAIN CYCLE-CANCELING algorithm by Radzik [25]. This
paper uses the standard capacitated formulation with finite capacities on the arcs. As a con-
sequence, every flow-generating cycle can only generate a finite amount of flow. Our boundedness
assumption , together with (ED, guarantees the same property. Provided this boundedness
property, Radzik’s strongly polynomial bound extends verbatim to the uncapacitated formulation
).

This returns a generalized flow g such that the residual graph E, contains no flow generating
cycles, that is, no cycles C' with v(C') > 1. Let us define y; := 1 and for i € V — ¢,

pi =1/ max{y(P): P C E, is a walk from i to ¢.} (3)

Such a path must exist according to assumption @, and since v(C') < 1 for all cycles C, the walk
giving the maximum can always be chosen to be a path. The u; values can be computed efficiently:
note that they correspond to shortest paths with respect to the cost function —log~.. To avoid
computing logarithms, we may use a multiplicative version of Dijkstra’s algorithm to obtain the u;
values in strongly polynomial time.
After the cycle cancelling subroutine and computing the yu; values, the subroutine T1IGHT FLow(V, 1)

is called, as described in Section This computes a generalized flow f'. We set f = f’, and set
the initial A = A := max;cy_¢ ef.

2.7 The Elementary step subroutine

Let (f,u) be a A-feasible pair for A > 0. Let T" C V be a (possibly empty) set of nodes with
el < 4(d; + 2)A for every i € V, with strict inequality whenever ¢ € V \ T. The subroutine
(Figure [2]) perfoms the following modifications for some a > 1. The p; values are multiplied by «
for i € T, and left unchanged for i € V' \ T". The new value of the scaling parameter is set to A/a.
Finally, the flow on non-tight arcs ij € F#[V \ T| and on all arcs ij € E[V \ T,T] is divided by «.
The value of « is chosen maximal such that for the new values of f, u, and A, (f, u) is A-feasible,
and further the modified excess e; < 4(d; + 2)Ap; holds for every i € V. For the latter, we need the
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Subroutine ELEMENTARY STEP(T, Ty, f, u, A)
ap < min{d; :i € (V\T)—t}, with J; as defined in ;
o emin{% Lij € E[T,V\T]} ;
a < min{ag, as} ;
if @ = oo then
set fyy=0forallti € E: 4 <1;
return optimal flow f and optimal relabeling p ;
TERMINATE.
A % ;
for i € T do p; < ap; ;
for ij € FLV\T]UE[V\T,T] do fi; « i ;
To(—T()U{iZiGV\T, 6?:4(di+2)A} ;
T+ TUTp;
if 3i € T : e < (d; +2)A then
To(—To\{’L'IEéL< (d1—|—2)A} ;
T+ 1Ty ;

Figure 2: The Elementary Step subroutine

following definitions for every ¢ € (V' \ T') —t. Let

Fy(i) := 0" () N PRIV AT, () =3 jiem () Viiiis

Fy(i) == 6" (i) \ Fi(i), ra(i) := D jjiem) Viifio (4)
F3(i) = 0 (i) N (FHV\TIUEV\T,T)), 73() := X 505em) figs

Fy(i) := 6° (i) \ F3(i), r4(i) =3 jem @) fis-

Note that Fj(i) and F3(i) denote the set of those incoming and outgoing arcs where we wish to
decrease the flow by a factor a. For every i € (V \ T) — t, let us define

o Adi +2)Ap + (i) — (i)
e ro(i) — ra(i) — bi (5)

If the denominator is 0 then §; := oo is set. We shall verify in the proof of Lemma that the
denominator is always nonnegative and the numerator is positive.

The subroutine (Figure [2)) chooses « as the largest value subject to a < §; for all i € (V\T) — ¢,
and a < % for all arcs ij € E leaving the set T. If a = oo, then f becomes an optimal solution,

after settinzé; the value on all non-tight arcs leaving ¢ to 0. If « is finite, the algorithm performs the
above described modifications. Nodes i with e!' = 4(d; + 2)A (that is, o = §;) are added to both Tj
and T'. Finally, if e/’ drops below (d; + 2)A for some i € Tp, then all such nodes ¢ will be removed
from Tpy, and T is reset to T = Ty. The validity of this subroutine is proved in Lemma [3.3

3 Analysis of the Continuous Scaling algorithm

Lemma 3.1. The subroutine INITIALIZE(V, E, b,v, f) returns a A-feasible pair (f,u) with e’ <
(d; +2)A for everyi € V —t, and A = A < nB?,

15



Proof. First, we have to verify that the flow problem in T1GHT-FLOW(V, 1) is feasible. We use the
generalized flow g obtained by the MAXIMUM-MEAN-GAIN CYCLE-CANCELING algorithm to verify
this, by showing that p is a conservative labeling for g. The nontrivial part is to prove ’yfj <1 for
every residual arc ij € E,.

Let ij € E, be an arbitrary residual arc. Consider the j — ¢ path P/ with p; = 1/v(P7) in
(3). Let P’ denote the path resulting by adding the arc ij € E, to the beginning of PJ. Then by
definition, 1/p; > v(P’) = vi;/p;, showing 'yz’-;- <1.

Let us now consider the maximum flow instance in TIGHT-FLOW(V, ut). Setting z;; := gfj if
ij € E and zg = Zj:ijeEngj - Zj:jieEg;‘i for every i € V —t gives a feasible solution. This
guarantees the existence of the optimal solution f.

It is straightforward by the construction that u is a conservative labeling for f, and hence (f, i)
is A-feasible for arbitrary A > 0. The condition e < (d; +2)A is also straightforward by definition.

Let us verify the bound on A. By Theorem [2.6(ii), we have A < nmaxjey_¢ [b;|/p;. Our
assumption on the encoding sizes give |b;] < B. Further, we have 1/u; < B, according to the
definition of 1/p; = «(P?) for some i —t path P?, and the encoding assumptions on the 7, values. [

The next straightforward claim justifies the path augmentation step carried out between p € T}
and ¢ € N NT whenever N NT # ).

Claim 3.2. Let (f, ) be a A-feasible pair, and assume P is a tight path in E}L(A) from node p to
node q, with ey (f) > A+ Rly. Let us increase fij by Ap; if ij € P is a forward arc, and decrease fj;
by Ap; if ij € P is a backward arc; let f' denote the resulting flow. Then (f’, ) is also a A-feasible
pair.

We next prove some fundamental properties of the subroutine ELEMENTARY STEP, most im-
portantly, that it maintains the A-feasibility of (f, ). By induction, we may assume that the
four conditions in the lemma always hold when ELEMENTARY STEP(T,Tp, f, i, A) is called in the
algorithm.

Lemma 3.3. Let (f, ) be a A-feasible pair for some A >0, and let T C V —t satisfy the following
conditions:

o cf' <4(d; +2)A forallie (V\T)—t;
o cl' > (di+1)A foralli e T;

e 4t <1 forall ij € E[T,V\T;

o ffi <A forallij € E[V\T,T].

Let f', i/, A, and €] denote the respective values at the end of ELEMENTARY STEP(T, Ty, f, i, A).
If o < 00, then the pair (f', ') is A'-feasible. Further, the following statements hold.

(i) a > 1. If a« = 0o then the modified flow returned by the algorithm is optimal to , and s
optimal to (@

(i1) eé“; <A(d; + 2)A' for alli € V\T, and if o = aq, then 3i € V \ T such that equality holds.
(i) e; < e; for allieT.

(iv) If &« = g then Jij € E withi €T, j e V\T, (mdvfjlzl.
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Proof. For A’-feasibility, let us first verify 'yf‘jl <lforallije E. Ifij € E[T] orij € E[V\T], then
'yzf‘j/ = vj;- Ifij € E[T,V \ T}, then we have %Hj, = a7;; < 1 due to the choice o < az. Finally, if

ij € E[V\T,T], then 7%/ = 'y;‘j Ja < 1. The next two claims verify the remaining properties needed
for A’-feasibility.

Claim 3.4. If*yfj, <1 for an arc ij € E, then Z-’j”l = fij/a < AJa= A"

Proof. Let us first assume ¢ € T'; the first equality follows by fi’j = fij, 1 = pio. The inequality
ff; < Ais due to the A-feasibility of f, because of vj; < 1. If j € V'\ T, this is included among the

assumptions, whereas if j € 7', then it follows by ~j; = ’yfj/ <1

Consider now the case i € V' \ T If also j € V'\ T, then %Hj = ’yl’-;-, < 1, and hence fi’j = fij/ o, as
we decrease the flow values by a factor o on arcs F#[V '\ T]; the inequality fi’; < A follows again by
the A-feasibility of f. If j € T, that is, ij € E[V \ T, T, then we must again have f;; = fi;/a, and
ff; < A is included among the assumptions. O

Claim 3.5. The inequality ¢; > R, holds for all i € V —t, where R} denotes the f' flow entering i
on non-tight arcs for .

Proof. We have e; > R; by the A-feasibility of f.

Case I: i € V' \ T. Since f' < f, the change of flow on outgoing arcs may only increase e;. If
]'-Z« < fji on an incoming arc ji € E, then j € V \ T' must hold. Therefore 7;‘/ = 7;;, and hence ji
must be a non-tight arc for both p and p/. The change on ji decreases e; by (1 — 1/a)v;;fji, and
causes the same change in the value of R;.

Case II: ¢ € T. By the assumption of the lemma, et > (d; + 1)A. The flow on outgoing arcs
is unchanged. Let ji € E be an incoming arc with fJ; < f;;. We must have j € V' \ T" and thus
fji < Apj by assumption; further, '7;-; < 1 by the A-feasibility of (f, ). Hence it follows that
viifii < Avjip; < Ap,. This enables us to bound the value €. Let A denote the number of arcs ji
with j € V'\ T. Using also the assumption e; > (d; + 1)Au;, we have

G=ei— >, (Gl ze— Y, (Bui—f)

JeEV\T:jicE JEV\T:jieE
> N vl (di+ 1= XA > R
JEV\T:jicE

In the last inequality, we use that if ji is a non-tight arc with j € T, then ~;; f}; < Ay} = Ap;, and
that the total number of such arcs is < d; — . ]

Let us now verify claims (7)-(iv). We first show that in the formula (5) defining §;, the denomi-
nator is nonnegative and 9; > 1. Note that

Tl(i) -+ T’Q(i) — Tg(i) — 7’4(’i) —bi=¢>R; > Tl(i). (6)

The equality is by the definition of the four terms; the first inequality is required by A-feasibility,
and the second since the definition of R; includes all terms in 71 (7). This shows that the denominator
is 79(i) — r4(i) — b; > r3(i) > 0. The inequality §; > 1 then follows by the equality in (6)) and the
assumption 4(d; + 2)Apu; > e;.

For (i), the above argument gives a; > 1. It is easy to see that ap > 1, and hence o > 1 follows.
For the second part, let us analyze the o = oo case. First, we show that 7" = () must hold. For a
contradiction, assume T # (). We have t € V' \ T is assumed, and every j € V — ¢ is connected by an
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arc to t by (ED Therefore the set of arcs defining s is always nonempty, showing that o must be
finite.

We thus have T' = (). Since a3 = oo, we must have §; = oo for every i € V — ¢, that is, the
denominator in is always 0. According to @, this is only possible if r3(7) = 0 for every i € V —t.
This means that for every ij € F¥, if f;; > 0, then ¢ = ¢ must hold. As a further consequence of
(@, we have e; = R; = r1(i) for every i € V —t. Combining these two, for every i € V —t we obtain
ei =r1(1) = yifui if ti € F* and e; = (i) = 0 if ti ¢ F*. After the algorithm sets the value of all
these arcs to 0, 4 becomes a conservative labeling, and e; = 0 for all ¢ € V — ¢, yielding primal and
dual optimality according to Theorem [2.3{i).

Let us now prove claim (). The flow on the arcs incident to i is divided by « on all arcs in
Fy (i) and F5(i), and left unchanged on arcs in F» () and Fy(i). Therefore, e i < 4(d; +2) A’ follows
whenever a < §;. The claims on nodes/arcs with equalities in (%) and (iv) are straightforward.
Finally, (74i) follows since if ¢ € T, then the flow is unchanged on outgoing arcs and on arcs incoming
from T', but decreases on arcs incoming from V' \ T O

3.1 Bounding the number of iterations

Let A" denote the value of the scaling factor at the beginning of the 7’th iteration; clearly, A(t) >
AP > > AD . Let f(0 40 e and T(7) denote the respective vectors and set T at the
beginning of iteration 7.

Let us classify the iterations into three categories. The iteration @ is shrinking, if T \T(9+1) # 0.
Every iteration with a path augmentation is shrinking, since T is reset to Ty, although it contained
some other nodes, in particular, the endpoint ¢ of the path previously. The other type of shrinking
iteration is when ELEMENTARY STEP is performed, and for some i € Tj, the value of e’ is decreased
below (d; + 2)A.

The iteration 0 is ezpanding, if T®) crT (6+1) | This can either happen if the iteration only consists
of extending 7' by adding a new node reachable by a tight arc in the A-fat graph, or if Tj is extended
in ELEMENTARY STEP, and no node is removed from 7j. An iteration that is neither shrinking nor
expanding is called neutral. Note that in a neutral iteration we must perform ELEMENTARY STEP,
and further we must have 7@ = T(*+1) We claim that the iteration following the neutral iteration
0 must be either expanding or shrinking. Indeed, if T7¢+Y N NE+1 —£ ¢ then it will be shrinking.
Otherwise, Lemma (iv) guarantees that it must be expanding. The main goal of this section is
to prove the following lemma.

Lemma 3.6. For the starting value AV = A and arbitrary integer T > 1, we have

A
T S 26mn 10g2 W

Further, the total number of shrinking iterations among the first T is at most

A
13m 10g2 m .

An important quantity in our analysis will be

P— 61 .
fii= 5

let ﬂi(T) denote the corresponding value at the beginning of iteration 7. Let o™ denote the value
of  in iteration 7 if the subroutine ELEMENTARY STEP is called, and let o™ = 1 otherwise. Note
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that the value of the scaling factor only changes in the subroutine ELEMENTARY STEP. Therefore

(T+1) H al? YT eZ, T >1.
0e(1,7]

Lemma 3.7. During the first T iterations, a node v may enter the set Ty altogether at most logs ﬁ
times.

Before proving the lemma, let us show how it can be used to bound the number of iterations.

Proof of Lemma[3.6. Let us consider the potential

U= "8 — (di + 1)) (7)

€Ty

Initially, Tp = () and therefore ¥ = 0. Note that every term is positive in every step of the algorithm,
since nodes with 3; < (d; + 2) are immediately removed from Ty. The subroutine ELEMENTARY
STEP may only decrease the value of ¥: Lemma (iii) guarantees that if ¢ € Ty, then §; may only
decrease during the subroutine, since €, < e; and A’y = Ay,.

Every shrinking iteration must decrease ¥ by at least one. Indeed, a path augmentation decreases
ep by Ap, for the starting node p, which decreases |, — (d, + 1)| by one. No other f; value is
modified for ¢ € Ty. Next, consider the case when a shrinking iteration removes some nodes i from
Tp after performing ELEMENTARY STEP because of 3; < (d; +2). In the previous iteration, we must
have had §; > (d; + 2) for such nodes, hence ¥ decreases by at least 1.

When a node i enters Tp, then it increases ¥ by (3d; + 7). Assume that the node i enters Ty
altogether \; times between iterations 1 and 7. Then Lemma gives \; < logy ﬁ. Therefore
the total increase in the ¥ value between iterations 1 and 7 is bounded by

A A A
'eVZ—t(Sdi—’_n/\i < ‘GVZ:—t(Sdi—i_w logy <7y < (6m +Tn)logy <5 < 13mlogy gy

This bounds the number of shrinking iterations (recall the assumption n < m). Between two subse-
quent shrinking iterations, all phases are expanding or neutral. Every expanding iteration increases
T, and every neutral iteration is followed by a shrinking or an expanding iteration. Therefore the

total number of iterations between two subsequent shrinking iterations is < 2n, giving an overall
bound

26 1 A
mn Og2 W
on the number of iterations. O

The proof of Lemma is based on the following simple claim.

Claim 3.8. Let 8 denote the new value of B; after performing the subroutine ELEMENTARY STEP(T, Ty, f, p, A),
that computes the value a. For every node i € V —t, we have

B < o max {f;,d;} .
Proof. Let A and A’ = A/a denote the scaling factor before and after performing the subroutine

ELEMENTARY STEP(T, Ty, f, 1, A). If i € T, then €; < e; by Lemma [3.3(iii) and Ay} = Ap;, and
hence S/ < B;, implying the claim. Assume therefore that i € V' \ T. We have f’ < f, and the flow
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changes on arcs entering ¢ may only decrease e;. Recall that F3(i) denotes the set of outgoing arcs
ij where f” < fij. Note that f;; < Ap; on every such arc. We get the upper bound

eit > (1—1/a)fy < e+ (1—1/a)|Fs(i)|Ap < e + (a — 1)|F3(i)| Ap.
JiijeFs(4)

In the last inequality, we used 1 — 1/a < a — 1, which is true for every a > 0. Using further that
Ayl = Api /o, we get

/ . J— y . .
g = A ale; + (o —1)|F5(i) | Ap;) _ .
¢ A/ , A,ul A,ul

afi + (a—1)d; < (2o — 1) max{B;,d;} < o? max{f;, d;},

+ (= DIF30)] <

completing the proof. O

Proof of Lemma . Let 1 < @ < ... < 7» < 7 denote the iterations when ¢ enters Ty up to
iteration 7. This means that BETZH) =4(d;+2) for 1 <l <A\

For 1 < £ < A, let us define 7; to be the largest value 7, < 74 such that /B;T") < (d; +2). Note
that these values must exist and satisfy 7_; < 7; < 74 for £ > 1. Indeed, for ¢ = 1, we assumed

that at the beginning of the algorithm Bi(l) < (d; +2). For £ > 1, note that i must leave Ty in some

iteration 6 between 7,_1 and 74, and this can happen only if ﬁi(e) < (d; +2).

In iteration 7, we have i ¢ Tp, since once the excess e; drops below (d; + 2)Ap;, the node 7 is
immediately removed from 7. By definition, ¢ will be added to Ty in iteration 7.

The e; values may change in two ways between iterations 7, and 74: either during a path aug-
mentation or in the subroutine ELEMENTARY STEP. We claim that no path augmentation changes
e; in the iterations 7, < § < 74. Indeed, the only values that change are at the starting point p and
endpoints ¢ of the tight path P. We cannot have i = p as i ¢ Ty during these iterations. Assume
now ¢ = ¢ is the endpoint; therefore 61(0) < (d; + 1)A(9) Nge)‘ This clearly cannot be the case for
7, < 6 < 7y by the maximal choice of 7). Let us consider the case § = 7. The path augmentation
terminating in ¢ = ¢ increases el(.Té) by A(Té)ugTé). However, we had eETé) < (di + 1)Al2) METé), and
therefore ) ) , )

el@ﬂ) _ el(n) i A(Té)ulm) < (d; + 2)A(Tl{+1)ﬂgn+1)7
again a contradiction to the choice of 7). (Note that if a path augmentation is done in iteration 77,
then the values of A and p do not change).

Hence all changes in the value of e; are due to modifications in ELEMENTARY STEP. Consequently,

4(di +2) plretl) Br+1) B+
= < / S /
(di +2) max{A(), d;} ~ max{B) B0

(8)

di} o€lr)+1,7]

For 6 € [1;+1, 7], we assumed B > d;, and hence Claim [3.8| gives that ﬁ;)l) < (a(g))Q. The same

claim bounds the first term by < (a(Tl{)) . Hence we get

2

4 < H al?)

O€[ry,7e]
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Adding the logarithms of these inequalities for all £ = 1,..., A, we obtain

A
E ) — =
A< logy o'’ = log, A’
fe(l,T]

completing the proof. O

3.2 The termination of the algorithm

The algorithm either terminates in ELEMENTARY STEP or by the final subroutine TIGHT-FLOW (V, ).
Optimality for the first case was already proved in Lemma (1) The next claim addresses the second
case.

Lemma 3.9. The final ' and p returned by the subroutine TIGHT-FLOW(V, 1) are a primal and a
dual optimal solution to and (@, respectively.

Proof. We show that the flow problem in TIGHT-FLOW(V, 1) is feasible and Exz*(f") < 1/B3. Then
optimality follows by Theorem iii). At the termination of the While iterations of the algorithm
CONTINUOUS SCALING, we have

ieV—t eV

Bal(f)= > e <4A) (di+2) = (8m+8n)A.

Let us define f by fij =0ifij € F* and fij = fi; otherwise. By Lemma
Ex"(f) < Ea™(f) + |F*A < (9m + 8n)A < 1/B3,

since A < 1/(17mB3) at the termination. The proof is complete by verifying the feasibility of the
flow problem and showing that Ez#(f") < Ez*(f).

Let us define the feasible solution Z to the flow problem in TIGHT FLOW as follows. We use the
notation introduced in the description of the subroutine in Section Let z;; := f for ij € E.

Further, for i € V — ¢, let us set Ts; 1=, ;:cp f” Y jicE fﬂ The conservativeness of f implies
that 24 < b = ug;. Therefore T is a feasible solution to the flow problem. The value of this flow
Z (i.e. the sum of the flow on the arcs leaving s) is

S Ea=— Y () = Bt - Y b

ieV—t eV —t eV —t

Similarly, the value of the flow z found by TiGHT FLow is —Exz#(f) — > .oy, _, b, Since x is
maximal, it follows that Ex*(f') < Ext(f). O

3.3 Running time analysis

Proof of Theorem [2.7. The starting value of the scaling factor is A < nB? by Lemma and we
terminate once A(TH) < 1/(17TmB3). Therefore log A(T+1> € O(log B) (we may assume log B is
larger than m). According to Lemma the number of iterations of the algorithm is O(mn log B),
out of them O(mlog B) shrinking ones. We have to execute two maximum flow computations, that
can be done in O(nm) time using the recent algorithm by Orlin [24]. The initial cycle canceling
subroutine can be executed in time O(m?n log® n), see Radzik [25]. The proof is complete by showing
that the part of the algorithm between two shrinking iterations can be implemented in O(m+nlogn)
time.
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We implement all these iterations together via a Dijkstra-type algorithm, using the Fibonacci-
heap data structure [7], see also [2, Chapter 4.7]. The precise details are given in Section [6] see
Figure [pl here we outline the main ideas only. Each label is modified only once, at the beginning of
the subsequent shrinking iteration; for every i, it is sufficient to record the value of o at the moment
when i enters 7. We have to modify the f;; values accordingly. We maintain a heap with elements
i € V\T, with five keys associated to each of them. The main key for i € V' \ T corresponds
to the minimum of the 1 /fyj‘;’s for j € T, and of §;. The four auxiliary keys store the flow values
r1(7),...,74(3), as in the definition of d;. We choose the next ¢ who enters 7" with the minimal
main key. If the minimal key corresponds to the d; value, then i enters both T and Tp; otherwise, it
enters only T'. We remove i from the heap, and update the keys on the adjacent nodes. We maintain
another heap structure on T to identify events when for a node i € Ty, e’ < (d; + 2)A happens, or
when a node in 7'\ Tj enters N.

Overall, these modifications entail O(m) key modifications only; the keys can be initialized in
total time O(m). We therefore obtain the running time O(m+nlogn) as for Dijkstra’s algorithm. [

4 The strongly polynomial algorithm

The while loop of the algorithm ENHANCED CONTINUOUS SCALING proceeds very similarly to CON-
TINUOUS SCALING, with the addition of the special subroutine FILTRATION, described in Section
However, the termination criterion is quite different. As discussed in Section the goal is to find

anode i € V —t with lbfﬂ > 32mn. There must be an abundant arc incident to such a node that we
can contract and continue the algorithm in the smaller graph. Section describes the abundant
arcs and the contraction operation.

Let us now give some motivation for the algorithm; we focus on the sequence of iterations leading
to the first abundant arc. Consider the set

: b 1
= —t: = > =7,
D {lGV t N

1L
Our aim is to guarantee that most iterations when A is multiplied by « will multiply % by « for

n
some ¢ € D. This will ensure that %‘ > 32mn happens within O(nmlogn) number of steps. Note

1
that in the subroutine ELEMENTARY STEP(T) f, 1, A), the % ratio is multiplied by « for all nodes

i € V\ T and remains unchanged for ¢ € T'.

Therefore we modify the while loop of CONTINUOUS SCALING as follows. If (V' \T)ND # 0,
ELEMENTARY STEP(T, f, p, A) is performed identically. If (V\T)ND = (, then before ELEMENTARY
STEP(T, f, u, A), the special subroutine FILTRATION(V'\ T, f, 11) is executed, performing the following
changes.

The value of f is set to 0 for every arc entering 7', and f;; is left unchanged for ¢ € 7. The
flow value on arcs inside E[V \ T] is replaced by an entirely new flow f’ computed by TIGHT
Frow(V\T,pn).

An important part of the analysis is Theorem ii), asserting that ef'(f) < nmax;c(\7)—y ]bf |.
This will imply that either the set D must be extended in the iteration following FILTRATION(V \
T, f,p), or there must be a shrinking one among the next two iterations (Lemma [5.11]ii)). Note
that once a node enters D, it stays there until the next contraction.

4.1 Abundant arcs and contractions

Given a A-feasible pair (f, 1), we say that an arc pg € F is abundant, if fh; > 17mA. The importance
of abundant arcs is that they must be tight in all dual optimal solutions. This is a corollary of the
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following theorem.

Theorem 4.1. Let (f,u) be a A-feasible pair. Then there exists an optimal solution f* such that
L = f oo < Eat(f) + (IF*[ + 1)A.

The standard proof using flow decompositions is given in the Appendix; it can also be derived
from Lemma 5 in Radzik [26]. For the flow f in an iteration with scaling factor A, we have
Ext(f) <> ey 4di +2)A < (8m + 8n — 8)A < (16m — 8)A. Further, |F*| < m. This gives the
following corollary; the last part follows by primal-dual slackness conditions.

Corollary 4.2. Let (f, ) be the A-feasible pair during the algorithm. If for an arc pq € E, fhq >
1TmA, then f,, > 0 for some optimal solution f* to . Consequently, Ypqpiy = iy for every
optimal solution p* to (@I)

Once an abundant arc pq is identified in the ENHANCED CONTINUOUS SCALING algorithm, it is
possible to reduce the problem by contracting pg. Consider the problem instance (V, E,¢,b,~). The
contraction of the arc pq returns a problem instance (V' E' #',b',+') with t' := t, as follows.

Case I: p #t. Let V! =V \ {p}, and add an arc ij € E' if ij € E and i,j # p. For every
arc ip € E, add an arc iqg € E’, and for every arc pi € E, i # ¢, add an arc qi € E’. Set the gain
factors as v}, = vij if 4,5 # Py Vig = VipYpg and Yy = Vpi/Vpg- Let us set b = b; if i # ¢, and
by = bg + Ypgbp-

Case II: p =t¢. Let V' =V \ {q}, and add an arc ij € E' if ij € E and i,j # ¢q. For every
arc iq € E, i # p, add an arc ip € E’, and for every arc qi € E, add an arc pi € E’. Set the gain
factors as i, = vij if 4,5 # b, Vi = Vig/ Vg a0d Yy = VgiVpg- Let us set b = b; if i # p, and
by, := bp + bg/Vpg-

In both cases, if parallel arcs are created, keep only one that maximizes the 7/ value. Let s := ¢
in the first and s := p in the second case. If a loop incident to s is created (corresponding to a gp
arc), remove it.

Assume further we are given a generalized flow f and a labeling p with 75, = 1 in the instance.
We define the image labels ', by simply setting p; = p; for all i € V' in both cases. Note that we
will have b, = bl + b4 in both cases.

As for the generalized flow, let f;; := f;; whenever i,j # s. For every i € V' \ {s}, we let f =
fip + fig- Further, in Case I, we let fl, := ~ypq fpi + fqi, whereas in Case II, we let fl, := fpi + f4i/Vpq-
If one of these arcs is not in F, then we substitute the corresponding value by 0. Recall that in the
construction, we keep the larger gain factor from two parallel incoming or outgoing arcs.

The above transformation of an instance, generalized flow and labels will be executed by the
subroutine CONTRACT(pg). Note that if the original instance satisfies (ED, , and , then
these also hold for the contracted instance; the contracted image of the initial feasible solution f is
feasible for the contracted instance.

Let us also describe the reverse operation, REVERSE(pq), that transforms a dual solution on the
contracted instance to a dual solution in the original one. Assume p’ is a dual solution in the graph
obtained by the contraction of pg. Let us set p; := p for all i € V —s. In the first case (p # t, s = q),
let us set j1, := pi/Vpq, Whereas in the second case (p = t, s = p), let us set pig := 11,Vpg = Ypg-

4.2 The Filtration subroutine

A typical iteration of the ENHANCED CONTINUOUS SCALING algorithm (Figure [4)) will be the same
as in CONTINUOUS SCALING, with adding one additional subroutine, FILTRATION(V \ T, f, 1) before
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performing ELEMENTARY STEP(T, Ty, f, 1, A). This subroutine is executed if [b| < A/(16%n) holds
for all : € (V \ T) — t, where k is the number of arcs contracted so far, initially k& = 0.

FiLrrATION(V\T, f, 1) (Figure|3) performs the subroutine TIGHT FLow (V' \ T, ), as described
in Section This replaces f by an entirely new flow f’ on the arcs in E[V \ T]. We further
set fi; = 0 on all arcs entering T, and keep the original f value on all other arcs (that is, arcs in
E[T|UE[T,V\T]).

Subroutine FILTRATION(V \ T, f, i)
'« Ticat FLow(V \ T, ) ;
for ij € E do
if ij € E[V\T] then fij — i/j ;
if ij € E[V\T,T] then fij —0;

Figure 3: The Filtration subroutine

4.3 The Enhanced Continuous Scaling Algorithm

We are ready to describe our strongly polynomial algorithm, shown on Figure @ The algorithm
consists of iterations similar to CONTINUOUS SCALING, with the addition of the above described
FILTRATION subroutine. This subroutine might decrease €' values below (d; + 2)A for some i € Ty;
also, e’ < (d;+1)A might happen for some i € T, that is, i is added to the set NNT'. If either of these
events happen, we proceed to the next iteration without performing the subroutine ELEMENTARY
STEP(T, Tp, f, u, A). Further, if there are nodes i € T where the e! values drop below (d; + 2)A,
then we remove all such nodes from Ty, and reset T' = Tj.

The termination criterion is not on the value of A, but on the size of the graph: we terminate
once it is reduced to a single node. The main progress is done when an abundant arc pq appears:
in this case, we first set the flow value on every non-tight arc to 0, and then reduce the number of
nodes by one using the above described subroutine CONTRACT(pq). Further, the value of the scaling
factor A is multiplied by 16, and the counter & is increased by one. The sets Ty and T are reset to ().
A sequence of such contractions is performed until all abundant arcs are contracted. The iterations
between two phases where contractions are performed (and those up to the first contraction) will
be referred to as a major cycle of the algorithm. In the description and the analysis, n and m will
always refer to the size of the original instance and not the actual contracted one.

At termination, the subroutine EXPAND-TO-ORIGINAL finds primal and dual optimal solutions
in the original graph. This is done by first expanding all contracted arcs pg by the subroutine
REVERSE(pq), taking these arcs in the reverse order of their contraction. Hence we obtain a dual op-
timal solution p* in the original graph (see Lemma. Finally, the subroutine TIGHT-FLOW(V, 1i*)
obtains a primal optimal solution, as guaranteed by Theorem (1)

Theorem 4.3. The algorithm ENHANCED CONTINUOUS SCALING finds an optimal solution for
the uncapacitated formulation in running time O(n3m?) elementary arithmetic operations and
COmparisons.

To get a truly strongly polynomial algorithm, we also need to guarantee that the size of the
numbers during the computations remain polynomially bounded. We shall modify the algorithm in
Section [6] by incorporating additional rounding steps to achieve that.
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Algorithm ENHANCED CONTINUOUS SCALING
INntriaLize(V, B, b, v, f) ;
To+0;T+0;
k< 0;
WHILE |V]| > 1 DO
N« {t}ufieV —t:el <(di+1)A};
if NNT # () then
pick p € Ty, ¢ € N NT connected by a tight path P in E}L(A) :
send A units of relabeled flow from p to ¢ along P ;
if ey < (dp + 2)A then Ty + Ty \ {p} ;

T T() )
else
if Jij € BY(A), 4l =1,i €T, j€ V\T then T + T U {j} ;
else
if (Vie(V\T)—t:[bf|< &) then FILTRATION(V \ T, f, 1) ;

if (el > (d; +2)A for all i € Ty) and (e}’ > (d; + 1)A for all i € T)
then ELEMENTARY STEP(T, Ty, f,p, A) ;
elseif 3i € Tp : e/ < (d; + 2)A then
To%To\{iI€§L< (dz+2)A} ;
T+ 1Ty ;
while 3 pg € E: fhy > 17mA do
for all ij € E: ~j; <1do f;; < 0;
CONTRACT(pq) ;
A+ 16A ;
k< k+1;
To<0;T <+ 0;
EXPAND-TO-ORIGINAL(p) ;

Figure 4: Description of the strongly polynomial algorithm

We remark that the algorithm can be simplified by terminating once the first abundant arc is
found, and restarting from scratch on the contracted graph. This would give a running time bound
O(n*m?logn): hence, we are able to save a factor logn by continuing with the contracted image of
the current flow instead of a fresh start.

5 Analysis of the strongly polynomial algorithm

Many properties of the CONTINUOUS SCALING algorithm derived in Section [3] remain valid. In
particular, Lemmas and and Claims and are applicable with repeating the proofs
verbatim. The argument bounding the number of iterations will be an extension of the one in

Section B.11
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5.1 Properties of dual solutions

Let us first verify that expanding the dual optimal solution of the contracted instance results in a
valid dual optimal solution of the original instance.

Lemma 5.1. Assume that pg € E satisfies ypqpt, = piy for every optimal solution p* to @) for
the problem instance (V, E,t,b,7). Let i’ be an optimal solution to @ to the contracted instance
(VI,E' ¥, V,4") obtained by the subroutine CONTRACT(pq). If p # t, then let p; := p, for every
i€V —pandlet py := py/vpg- If p=1t, then let p; := i for everyi € V —q and let j1y = ~pq. Then
s an optimal solution to (@ in the original instance (V, E,t,b,~).

Proof. We give the proof to the p # t case only; the other case follows similarly. First, let us verify
that p is a feasible solution to @ It is straightforward that yu; =1 and p; > 0if ¢ € V —¢. Also,
fyi“j < 1 is straightforward if 4, j # ¢, and v = 1. For an arc ip € E, let ig € E’ denote its image.
Then %q H; = <1, which can be written as %pfypqu Vp <1, giving fyzp < 1. One can verify 'y“ <1 for

every pi € B analogously.

Assume for a contradiction that p is not optimal to @ there exists an optimal solution u*
with D,y f > Zzev i - By our assumption, ypgp, = py must hold. Consider the restriction of
p* to V=V \ {p}; it is easy to check that it is feasible to @ in the contracted instance. Using

b, = by + Ypgbg, and thus B = b+ b and bM = bl + bl we obtain a contradiction by

S <N =S < S e =N e

eV eV eV’ eV’ eV

Our next claim justifies that the feasibility properties are maintained during the algorithm.

Claim 5.2. Let A’ := 16A, and let f' and y' denote the flow and labels after contracting the
abundant arc pg. Then p is a conservative labeling for f', with €' (f') < (d; +2)A’ for alli € V —t.

Proof. Before the contraction, the flow on every non-tight arcs is set to 0; this increases e!’ on every

node by at most d;A. Let s = p or s = ¢ denote the contracted node It is stralghtforward by the
properties of the contraction that if €’ is the i 1mage of the arc e, then ’y , = L. Since p is conservative
for f before the contraction, it follows that u' is conservative for f’.

Consider a node i # s. Setting the flow values on non-tight arcs to 0 increased el by at most

d;A, and ef/(f’) = ¢!(f), and hence eé‘,(f’) < (5d; + 8)A < (d; + 2)A’. Let us now consider the
contracted node s. There is nothing to prove about eé‘l( f') if s = t, hence we may assume s # t.
Before the contraction, we had e, (f) < (5d, +8)A, ef (f) < (5dy +8)A, and it is easy to verify that

e (f') = el (f) + el (f) < (5dp + 5dy + 16)A. Note that dy > max{d,,d,} —1 > 3% _ 1 implying
that et (f) < (ds + 2)A’, as required. O

5.2 Bounding the number of iterations

Recall the notions of shrinking, expanding and neutral iterations from Section [3.1] We shall prove
the following bound.

Theorem 5.3. The total number of iterations in ENHANCED CONTINUOUS SCALING is at most
390n3m, among them at most 195n*m shrinking ones.
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The ground set V' changes due to the arc contractions. Let us say that a node s is born in
iteration 7 + 1 if s € {p, ¢} for an abundant arc contracted in iteration 7; the original nodes are
born in iteration 1. Note that we keep the same notation p or ¢ for the new node. Further, we
say that a node is alive until the first iteration when an incident arc gets contracted, when it dies.
Also note that multiple contractions may happen in the same iteration; in this case, some nodes die
immediately after they are born; such nodes will be ignored in the analysis. A key quantity in the

analysis is
32mnA

FZ' = 10g2 W,
7

for all nodes ¢ € V —t. Let FET) denote the value at the beginning of iteration 7. We first show that
I'; > 0 must hold for every i € V — ¢, as otherwise some abundant arcs would appear.

Claim 5.4. T'; > 0 holds for all i € V —t in every iteration after the first one.

Proof. Assume I'; < 0, that is, \bf | > 32mnA holds for some node i € V —t at a certain iteration
after the first one. We show that there is an abundant incoming or outgoing arc incident to ¢. This
contradicts the fact that all such arcs were contracted at the end of the previous iteration. Since f

is generalized flow in every iteration, we have e’ > 0. If there are no abundant arcs incident, then

‘LL . . .. ’LL . .. . .
i < 17mA on every incoming arc ji and fij < 17mA on all outgoing arcs ij. First, consider the
case when b!' > 0. Now

0<el = > Ahph— Y fh b <17d;mA — 32nmA < 0
jijielE jujer

a contradiction. On the other hand, if ¥ < 0, then

(4d; + 8)A > el = Z ’y;-‘i ﬁ — Z Z —b' > —17d;mA + 32nmA > (15nm + 17m)A,
JijielR jHjER

using d; < n — 1. This is a contradiction since m > n > d; + 1. O

Let us introduce the following set; recall that k is the number of abundant arcs contracted so
far.

A
=<1 —t: |t > = .
D {zeV ¢ ]bz\_mkn} 9)

Let D(™) denote this set at the beginning of iteration 7. Note that the condition for calling FILTRA-
TION in the algorithm is precisely (V \T)ND = {.

Lemma 5.5. (i) The FST) values are monotone decreasing inside every major cycle, and they
increase by 4 when an abundant arc is contracted.

(ii) After the contraction of k abundant arcs,
I‘gT) <4k +5+4logyn
holds for every i € D).

(iii) D) C DU inside a major cycle. When an abundant arc pq is contracted at the end of
iteration T, then D™\ {p,q} € DUTD\ {p,q}.
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Proof. Inside a major cycle of the algorithm, the ratio |b!'|/A can never decrease: in ELEMENTARY
SsTEP(T, Ty, f, u, A), it is unchanged for i € T and increases for ¢ € V' \ T. At the end of a major
cycle, every ratio |b!|/A decreases by a factor of 16. This proves (i). Part (ii) is straightforward by
|| > A/(16%n) and log,(mn?) < 4log, n.

For part (iii), it is straightforward that if no arcs are contracted, then no node may leave D.
Further, when an abundant arc is contracted, the threshold in the definition of D is unchanged since
A/16% = (16A)/16%+1. Therefore if i € D\ {p, ¢} before the contraction, then i remains in D after
the contraction. O

Let us introduce some further classification of iterations. Let C denote the set of iterations when
contractions are performed. Clearly, |C| < n — 1. Let F denote the set of iterations when the
subroutine FILTRATION is performed; such iterations will be called filtrating. Notice that 7 € F,
that is, iteration 7 is filtrating if and only if (V \ 7(7)N D) = . Let D denote the set of iterations
7 when D is extended: D(™) C DO+, By the above claim, this may happen at most 2n — 1 times,
as every node may enter D only once during its lifetime. Hence |D| < 2n — 1. Let us define

rm.= Y o

i€D(7)

Claim 5.6. During the entire algorithm, the total increase in the value of T\ can be bounded by
14n?.

Proof. When a node i enters D after the contraction of k£ arcs, by Lemma (ii) we have I'; < 4k +
5+4logyn. There are < n—1—Fk more contractions, accounting for a total increase of < 4(n—1—k)
in all later iterations. Hence the total increase for a node 4 is bounded by 4n + 1 + 4logyn < 7n.
On the other hand, there are altogether < 2n — 1 nodes born during the entire algorithm. O

The following claim is straightforward, since for every ¢ € V'\ T, b!' is unchanged during ELE-
MENTARY STEP(T, Ty, f, i, A), whereas A decreases by a factor a.

Claim 5.7. If iteration T ¢ F, then for at least one i € D) | the T; value decreases by logs ol
Together with Claim it yields the following.

Lemma 5.8. During the entire algorithm, we have

Z log, a'™) < 14n?,
TECUF

Proof. The right hand side bounds the total increase in I' according to Claim By the previous
claim, at least one FZ(-T) decreases by at least logy a(7) in iteration T ¢ F. By Claim FETH) >0

and therefore FET) > log, o™, as otherwise an abundant arc incident to i should have been contracted
at the end of iteration 7, giving 7 € C. O

The following lemma is the analogue of Lemma

Lemma 5.9. While alive, every node i € V —t may enter the set Ty at most |D|+ ngécu]—‘ logy o)
times.

Before proving the lemma, let us show how it can be used to bound the total number of iterations.
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Proof of Theorem[5.3 The proof follows the same lines as that of Lemma[3.6] analyzing the invariant
U as defined by (7). Consider an iteration 7 € C when some abundant arcs are contracted. According
to Claim the value of ¥ decreases to 0 in all such iterations.

Every shrinking iteration decreases ¥ by one, and the only steps when W increases is when some
node ¢ € V —t enters Ty. Let \; denote the number of times this happens. Lemmas [5.8] and
imply \; < |D| + 14n? < 2n + 14n? < 15n%. Consequently, the total increase in ¥ is bounded by

D (Bdi+T)Ai < 150° Y (3d; +7) < 15n*(6m + Tn) < 195n°m.
eV —t ieV—t

As in the proof of Lemma this bounds the number of shrinking iterations, and there can be
< 2n iterations between two subsequent shrinking iterations. This completes the proof. O

The next claims are needed for the proof of Lemma

Claim 5.10. Consider a filtrating iteration T € F. The mazximum flow problem in FILTRATION(V \
T, f, ) is feasible, and after the subroutine, every i € V\'T satisfies

el! <R'+n max [V
je(V\T)—t 7
Proof. Feasibility is verified by the restriction of f() to tight arcs in E[V \ T]. This gives a feasible
solution as in the proof of Lemma note that the arcs entering V'\ T" are all non-tight, as otherwise
we would have extended T in this iteration instead. Let f’ denote the generalized flow on V' \ T

returned by TIGHT FLow(V'\ T, ), and f the generalized flow returned by FILTRATION(V \ T, f, u).
Inside E[V'\ T, f is nonzero only on tight arcs, and equals f;; = f/; for all ij € E[V \ T]. The value

of f is set to zero on arcs leaving V' \ T and the original values fi(;) are kept if ¢ € T. We obtain

el (f) =et'(f")+ R for i € V' \ T, since the non-tight arcs are precisely those coming from 7. The

claim then follows by Theorem [2.6[(ii). O
Lemma 5.11. Let 7 € F \ C be a filtrating iteration when no contraction is performed.

(i) If BZ.(TH) > (d; + 1) for some i € V\T), then T € D, that is, D™t D D),

(ii) Either 7 € D, or one of the iterations 7, (T + 1) and (7 + 2) must be shrinking.

Proof. (i): Let A = A and T = T(). First, let us prove that ELEMENTARY STEP(T, Ty, f, 1, A)
must have been performed in iteration 7. This follows by Claim Indeed, if ELEMENTARY
SsTEP(T, Ty, f, u, A) is skipped after calling FILTRATION(V \ T, f, i), then for every i € V'\ T we have

el! <R'+n max |V/]<(di+1)A
je(V\T)—t 7

at the beginning of iteration 741. This follows by Claim (R} < d;A), and since max ;e (y\7)—¢ ]bﬂ <
A/n by (V\T)N D) = (. This is a contradiction to ﬁyﬂ) > (d; + 1). This shows ELEMENTARY
sTEP(T, Ty, f, jt, A) must have been performed in iteration 7, setting A’ = AT+TD = A /a(7) (note
that we assumed 7 ¢ C as well).

Consider a node ¢ € V' \ T in iteration 7 for which g; increased above (d; + 1). After FILTRA-

TION(V\ T, f, ), F* [V \T] = 0 and f,q = 0 for every pg € E[V \ T,T]. Therefore ELEMENTARY
sTEP(T, Ty, f, u, A) does not change the flow f at all; also by definition, the labels p; are unchanged
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for i € V'\ T. Hence €} and b!' do not change for i € V'\ T.. Let A and A’ denote the scaling factor
before and after ELEMENTARY STEP(T, Ty, f, i1, A). We have

R}’ + nmaxje 1) V]| < gy MAE(AT) ¢ Ll

< i
- A - A/

et
di +1< i
In the second inequality we use that R is unchanged in ELEMENTARY STEP(T, Ty, f, u, A) and it
must be at most d; A’ by Claimﬁ This implies A'/n < max;ey\7)— V] Since (V\T)N DM =
was assumed, it follows that D must be extended in this iteration, that is, 7 € D.

For part (i), assume 7 ¢ D. Some nodes i € Ty might be removed in iteration 7 if e’ decreases
below (d; +2); in this case, iteration 7 itself is shrinking. Otherwise, part (i) implies that V \ T(7) C
N+ and that o = a9 in iteration 7. Therefore at the beginning of iteration 7 + 1, there exists a
tight arc ij € E withi e T®, j e V \ T®. Now either T(7) N N(7) £ () already holds, in which case
a path augmentation is performed; or iteration 7 + 1 extends T using the tight arc ij. In this case,
j e T+ 0 N+2) and iteration 7 + 2 is shrinking. O

We are ready to prove Lemma [5.9] The proof is based on that of Lemma (3.7 also making use of
the above claims.

Proof of Lemma[5.9 Let 71 < 19 < ... < 7 denote the iterations when ¢ enters Tp. This number is
not necessarily finite; hence A = oo is allowed. We have 61(72“) =4(d;+2) for 1 <L <A

For 1 < ¢ < ), let us define Té to be the largest value Tlf < 7 such that BZ-(TD < (d; +2). The
existence of these values follows as in the proof of Lemma [3.7]

In iteration 7, we have i ¢ Tp, since once the excess e; drops below (d; + 2)Ap;, the node
1 is immediately removed from Ty. Also, ¢ will be added to Ty in iteration 7o. We claim that
CNry,m) = 0. Indeed, if 6 € C, then /3’2-(9“) < (d; + 2) by Claim m this would contradict the
maximal choice of 7.

Let us analyze the case when D N [1), 7] = () holds. According to Lemma (i), this implies
F N [r), ] = 0. Indeed, if § € F N[}, 7], then BZ.(QJFI) < (d; + 1) would follow, a contradiction again
to the maximal choice of 7.

With the same argument as in the proof of Lemma making use of Claim we obtain

2

4 < H a®

OE[Té,Tg]

Note that we have [r;, 7] N (CUFUD) = (). Let us add the logarithms of these inequalities for those

values ¢ = 1,..., X where [r;, 7] N D = (). Hence we obtain
A—|D| < Z log, a'?)
9¢CUF
completing the proof. O

5.3 Running time analysis

Proof of Theorem[{.3 As shown in Theorem [5.3] the total number of shrinking steps is O(n?m). If
FILTRATION is not called between two shrinking iterations, then this part of the algorithm can be
implemented in O(m +nlogn) time using Fibonacci heaps, using the variant described in Section @
If FILTRATION is called, then we must execute a maximum flow computation in O(nm) time [24].
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According to Lemma [5.11ii), in this case we must have a shrinking one within the next three
iterations. Consequently, the running time between two shrinking iterations is dominated by O(nm).
This gives a total estimation of O(n3m?); all other steps of the algorithm (contractions, initial and
final flow computations, etc.) are dominated by this term. O

6 Bounding the encoding size

In this section, we complete the proof of Theorem 2.1} we modify the algorithm to guarantee
that the encoding size of the numbers during the computations remain polynomially bounded in
the input size. Further, we present a more efficient implementation, by jointly performing the
elementary steps between two shrinking iterations; this enables a better running time bound, as
already indicated in the proofs of Theorems and We describe the modifications for the
ENHANCED CONTINUOUS SCALING algorithm, but they are naturally applicable for the weakly
polynomial CONTINUOUS SCALING algorithm as well.
In this section, let us assume that
B > 500n°. (10)

Indeed, if B is polynomially bounded in 7, then any of the previous weakly polynomial algorithms
has strongly polynomial running time. We define the following quantities needed for the roundings;
as in the previous section, n and m will always refer to the size of the original input instance (and
not the actual contracted one).

q :=40mB* §:=40mB? = q/B>

For a real number a € R, let |a], denote the largest number p/q with p € Z, p/q < a, and
similarly, let [a], denote the smallest number p/q with p € Z, p/q > a. The same notation will also
be used for q.

The main subroutine AGGREGATE STEPS(Ty, f, i, A) is shown in Figure |5, The input is a set
Ty with e’ > (d; + 2)A for every i € Ty. The output is either a node s € V or s = NULL. If
s # NULL, then we can find a tight path in E}L(A) between a node p € Ty and s, where either s = ¢
or e < (ds + 1)A. The case s = NULL means that some node i leaves Tp, that is, ef drops below
(d; + 2)A. In the first case, we can perform a path augmentation from s to ¢. The entire algorithm
is exhibited in Figure[6] Note that termination can happen either because the graph is shrunk to a
single node, or because A decreases below a certain threshold as in the weakly polynomial algorithm
CONTINUOUS SCALING.

We now describe the main features of the subroutine AGGREGATE STEPS and compare it to the
algorithm ENHANCED CONTINUOUS SCALING. Apart from the rounding and contraction steps, it
performs essentially the same as a sequence of ELEMENTARY STEPs starting with 7" = Tp, until a
next shrinking iteration. The difference is that in ENHANCED CONTINUOUS SCALING, whenever the
set T is extended by a node, ELEMENTARY STEP needs to update the labels of every node in T" and
change flow values on certain arcs. During a sequence of iterations between two shrinking steps, this
can lead to O(n) value updates in certain nodes and arcs. In contrast, AGGREGATE STEPS changes
the labels only once and the flow values at most twice. The key quantity in AGGREGATE STEPS is
ao*. This corresponds to the product of the o multipliers of the sequence of ELEMENTARY STEPS
thus far in ENHANCED CONTINUOUS SCALING.

The subroutine AGGREGATE STEPS starts with 7' = Ty and extends T' by adding nodes one-by-
one, until ¢ € T, or €y < (ds + 1)A for some s € T'\ Tp, or e}’ < (d; + 2)A for some i € Ty. Node
labels are changed at the end of the subroutine only. For a node i € T, we store the value a; at the
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Subroutine AGGREGATE STEPS(Tp, f, 1, A)
for alli e (V\1Ty) —t do
update (i), r2(i),r3(i), 74(7) and 0; as in (4)) and ;
a;  min { [0 g, min{1/7}; : ji € E%(A),j € T()}} ;
ap min{l/'yft tjt e E}L(A),j € To};
for all i € Ty do
update p;, v; as in say 1
T+ To; o 1; A min{y;:jeTp};
while (a* < \) and (t ¢ T') do
a* < min{a; : 1€ V\T};
if o = co then
set f =0 for all ti € E: 4, < 1;
return optimal flow f and optimal relabeling u ; TERMINATE.
i <—argmin{a; :i € V\T} ;
T+ TU{i} ;
if o; = L(Squ then Ty <+ Th U {Z} ;
for allije F:jeT do
fig < fij/a*
update p;,v; as in ;
A min{\, v;} ;
forallije E:jeV\Tdo
if 7/; <1 then f;; « fij/a*;
if j # ¢ then
update 71(j),r2(j),d; as in and ;
o < min < o, L(Sjjq,ai/%uj ;
if j =t then oy < min {oy, i /74} ;
forall jic E:jeV\Tdo
if Vi =1 then
fii = fjio®
if f;; > Apj then o < o*
if j # ¢ then
update 73(j),74(j),d; as in and ;

aj <= min{ayj, [6;]q} ;
update p;, v; as in ;
A < min{\, v;} ;
if (V)€ (VAT) = t: )] < gtz ) then
FiLtrATION(V\ T, f, 1) ;
for all j € T do
ej<—ej—pj;pj90;
update v; as in ;
for all j € V\T do
update (1), r2(i),73(3),74(7), 0; as in and ;
a; < min{|d;]q, s} ;
A min{y;: j €T} ;
A [Afa"],
for all 75 € F“[V\T] UE[V\T,T} do fij — fij/a* ;
for all i € T do p; < pia™/ay ;
for all jeTy:vj <a*do Ty« To\{j};
ROUND LABEL(f, p) ;
if t € T then RETURN s =t ;elseif 33s € T\ Ty : vs < o then RETURN such an s ;
otherwise RETURN s = NULL.




Algorithm MODIFIED ENHANCED CONTINUOUS SCALING
INITIALIZE;
To+0;k+0;9g«0;
WHILE |V| > 1 and A > 1/(17mB?) po
s < AGGREGATE STEPS(Ty, f, 1, A) ;
g g+1;
if s ## NULL then
pick a tight p — s path P in E}‘(A) with p € Tp ;
send A units of relabeled flow from p to s along P;
if ey < (dp + 2)A then Ty + Ty \ {p} ;
while 3 pg € E: fhy > 17mA do
for all ij € E: vj; <1do f;; +0;
CONTRACT(pq) ;
A+ 16A ;
k< k+1;
To — (Z) ;
if A <1/(17mB?) then TicHT-FLOW(V, 1)
else EXPAND-TO-ORIGINAL(p) ;

Figure 6: Description of the modified strongly polynomial algorithm

time when i enters 7', and multiply the label u; at the end by a*/a;. The flow on an arc ij may
change when its endpoints enter T', or at the end of the subroutine, altogether at most twice.

For nodes i € V '\ T, we use a; to denote the candidate value of o* when i must enter 7', either
due to a new tight arc ji € E}‘(A), j € T, or because the excess e; reaches the threshold 4(d; +2)Ap;
and hence i must be included in Tj. We define §; as in , representing the value of o* when i would
enter T because of e; = 4(d; + 2)Ap;, provided that no other node enters T' before. We let

@ := min { {5qu,min{aj/’yfi Lij € E}‘(A),j € T}} :

Note the rounding |d;], in the first case. This means that e; might be slightly less than 4(d; +2)Ap;
when ¢ enters T'. The second event corresponds to the case when ¢ enters 1" due to a new tight arc
from a node j € T. Note that either ji € F, or ji is a reverse arc with ij € E, vj; = 1, f; > A. In
the latter case the corresponding term equals «;.

For i € T \ Ty, wish to estimate when e; < (d; + 1)Au; would be attained, and for ¢ € Ty, we
wish to estimate when e; < (d; + 2)Ap; would be attained. To provide a unified notation for these
two cases, let us define & =1ifi € T\ Tp and § = 2 if i € Tp. We let

pi = Z Vi fiis

JEVAT
. (11)
o0 if e; — pi > (di + &) A
Vi = Pi h .
Gy — otherwise.

Here p; denotes the total flow entering i on arcs from V' \ T', these are the ones where the flow value
will be reduced. We define v; as the smallest value of a* when e; = (d; + &)Ap; is reached. \ will
denote the minimum value of {v; : i € T'}. The iterations terminate once \ < a*.
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In every iteration, we set the new value o* := min{«; : i € V' \ T}, pick a node i minimizing
this value, and include it into T". The modifications of the incident f;; and f;; values are in order
to guarantee the same change as in the sequence of ELEMENTARY STEP operations in ENHANCED
CONTINOUS SCALING. We update the corresponding 71(j),...,7r4(j),d; and ej, pj, v; values on the
neighbours of i accordingly. These updates can be performed in O(1) time. Indeed, for each of the
sums 71(j), ..., r4(j), €5, pj, only one term changes. Provided these, 0; and v; are obtained by simple
formulae.

The FILTRATION subroutine is used similarly as in ENHANCED CONTINUOUS SCALING, but the
bound on [v%] is different, containing a term (1+41/ B)Y necessary due to the roundings. The counter
g denotes the total number of times the subroutine AGGREGATE STEPS was performed.

Compared to ENHANCED CONTINUOUS SCALING, there is a further minor difference regarding
contractions. In ENHANCED CONTINUOUS SCALING, a contraction can be performed after every
ELEMENTARY STEP, whereas in the modified algorithm, only after the entire sequence represented
by AGGREGATE STEPS(Ty, f, u, A).

If FILTRATION is not called, then the subroutine AGGREGATE STEPS can be implemented in
O(m + nlogn) time using the Fibonacci heap data structure. To see this, we maintain two heap
structures, one for the a;’s for i € V \ T, an one for the v;’s, i € T. Besides, we maintain the
r1(i),...,74(7) values for i € V \ T, and the e;, p; values for i € T. Every arc is examined O(1)
times, and the corresponding key modifications can be implemented in O(1) time. Consequently,
the bound in [7] is applicable.

It is easy to verify that all p; and f;; values are modified exactly as in a sequence of ELEMENTARY
STEP operations. For example, consider an arc ji with originally ¢,j5 € V' \ T, such that ¢ enters T
before j. The scaling factor when i enters T is A/a;. If ij € By (A/a;), that is, ff; > A/a;, then
j enters T' in the next neutral phase. Accordingly, AGGREGATE STEPS sets a; = a* in the same
case. If ji was a non-tight arc already at the beginning, then f;; is decreased in every elementary
step until j enters T'; in our subroutine, fj; is divided by «;. However, if ji was tight initially, and
f]“l < Aq;, then it becomes non-tight after ¢ enters T'. Notice that in this case our subroutine divides
fji by a;j/a;. The other cases can be verified similarly.

At termination, we perform the subroutine ROUND LABEL, shown in Figure[7l This is a Dijkstra-
type algorithm that takes labeling p, and changes it to a labeling p/ > p such that the set of tight
arcs in E; may only increase. Consequently, if (f,u) is a A-feasible pair for some A, then so is
(f, ).

We repeatedly extend the set S starting from S = {t} until S = V' is achieved. In every iteration
we multiply all p;’s for i € V'\ S by € > 1, so that either a new tight arc between V '\ S and S is
created, or some value p; for i € V'\ S becomes an integer multiple of 1/g.

6.1 Analysis

It is easy to adapt Theorem and Lemma to show that if in any contracted graph during the
algorithm MODIFIED ENHANCED CONTINUOUS SCALING, we have A < 1/(17mB3) for the original
values of B, m and n, then the current labeling i is optimal and thus we may terminate. Also
note that 2B/q < 1/(17mB3), and therefore we may assume that 2B/q < A in all iterations of the
algorithm except the last one.

Claim 6.1. The subroutine ROUND LABEL returns a labeling W' such that every . is an integer
multiple of B/q. If (f,p) is A-conservative for some A > 0, then so is (f, ). Finally, p; < pl <
(1+1/(40mB)) ;.
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Subroutine ROUND LABEL(f, u1)
S {t};
while S # V do

€1 %min{M:iEV\S} ;

i
€2<—min{714€:Z'jGEf,Z'GV\S,jGS};
ij
e < min{e, 9} ;
forie V\Sdopu+ p/e;
S+ SU{ieV\S:[ulg=mpul{ie V\S:3j€S,ij€ By, =1}

Figure 7: The Round Label subroutine

Proof. A node i enters S either if u; is an integer multiple of 1/q = B?/q, or if it is connected by
a tight path P in E; to a node j such that u; is an integer multiple of 1/g. In the latter case,
wi = pj/y(P), and since B is an integer multiple of (P) by definition of B in Section it follows
that p; is an integer multiple of B/q. The claim on conservativeness follows since every tight arc in
Ey remains tight. Finally, it is clear that ) < [ui]g < i + 1/ = pi(1 + 1/(gps)). On the other
hand, y; > 1/B because of the initial definition (3), and hence 1+ 1/(qu;) < (14 1/(40mB)). O

In the original algorithm, Ay, is nonincreasing during every ELEMENTARY STEP iteration. Due
to the roundings, this is not true anymore; however, we have the following bound (the possible
increase corresponds to the case a; <14 1/B).

Claim 6.2. When performing AGGREGATE STEPS, Ap; decreases by at least a factor of a;/(1+1/B)
for every i € T, and by o* /(1 + 1/B) for every i € V\T, except for possibly the ultimate iteration.

Proof. Without the rounding, we would set the new value of the scaling factor to A/a* and the
new value of u; as p;a*/a; if i € T and leave it unchanged if i € V' \ T". Let us focus on the case
i € T; the same argument works for ¢ € V'\ T as well. These will be rounded to A" = [A/a*], and
wi < (1+1/(40mB))u;ia* /o by the previous claim. As remarked above, we have 2B/q < A’ in all
save the last step of the algorithm. Therefore A’ = [A/a*], < (1 +1/(2B))A/a*. Consequently,

A'p; < (1+1/(2B)) (1+1/(40mB)) Api/ai < (1 +1/B) Api/ o,
proving the claim. O

Provided this, one can derive the bound O(n?m) on the total number of calls to AGGREGATE
STEPS as in Theorem[5.3] This subroutine corresponds to a sequence of ELEMENTARY STEP, however,
the argument can be easily adapted. We now outline the changes in the analysis. Instead of @, we

define the set D as A
D:=<iecV —t:|p] > — )
{Z b1 = 16Fn(1 + 1/B)9}

According to the above claim, if no arc is contracted, then no node may leave the set D, as in
Lemma After the contraction of k£ arcs, the maximum value of I'; can be at most

T < 4k + 5+ 4logyn + glog (14 1/B) < 4k + 5+ 4logy n + g/B.

By the assumption , the last term is at most 1/n even after 500n?m iterations. Hence the proof
of Claim [5.6] can be easily modified to prove the following.
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Claim 6.3. After at most 500n*m executions of AGGREGATE STEPS, the total increase in the value
of T can be bounded by 14n2.

Another change in the argument is due to the fact that when a node i enters Ty in AGGREGATE
STEPS, it might have e; < 4(d; + 2)u; due to the rounding of ¢;. This affects the way Claim
is applied in the proof of Lemmas and In , 4 has to be replaced by a slightly smaller
number; consequently, we have to replace log, by log,_, in the argument for some small . However,
this increases the running time estimation only by a small constant factor.

One can show that the O(n3m?) bound on the number of elementary arithmetic operations and
comparisions is still applicable for the modified algorithm. The proof of Theorem is complete by
showing that the size of the variables remain polynomially bounded. Due to the rounding steps, A
and the u;’s are always of polynomially bounded size. It is left to show that the same holds for the
fij values.

Lemma 6.4. Every f;; value is a rational number of polynomially bounded size in B.

Proof. The f;; values can be changed in two ways. One is via maximum flow computations in the
initial TIGHT-FLOW subroutine and during the later FILTRATION iterations. We can always assume
that the flow computations return a basic optimal solution; since the flow problem is defined by
polynomially bounded capacities and demands, such steps reset a polynomially bounded rational
value for f;;.

Every AGGREGATE STEPS iteration either leaves f;; unchanged, or modifies it to f;;/a;, or to
fijo/ai. We claim that «; and «; are both integer multiples of 1/q. Indeed, either a; = |J; ], and
thus this property is straightforward; or a; = p,,/v(P) for some p —i path P with p € Ty; note that
i is an integer multiple of B/q by Claim and B is an integer multiple of v(P). Further, it is
easy to verify that a;,a; < B2 Consequently, f;; is multiplied in AGGREGATE STEPS(Tp, f, u, A)
by a number Q that is the quotient of two integers < ¢B2.

During a path augmentation, f;; is modified by adding or subtracting Ap;, that is an integer
multiple of B/q¢?. Since AGGREGATE STEPS is executed O(n?m) times, these arguments show that
all f;;’s remain polynomially bounded. O

7 Problem transformations

7.1 Transformation to an uncapacitated instance

Consider an instance (V/, E' ¢/, u’,~") of the standard formulation with |V'| =n/, |E'| = m/,
and encoding parameter B. We now show how it can be transformed to an equivalent instance
(V,E,t,b,7) of the uncapacitated formulation with |V| < n/ +m/, |E| < 2m’, and B < 2B
satisfying assumptions (E[), , , and all assumptions on the encoding size in Section The
transformation proceeds in three steps. First, we remove all arc capacities by introducing new nodes
for arcs with finite capacities. In the second step, the boundedness condition is checked; if
the problem turns out to be unbounded, we terminate by returning the optimum value co. Finally,
new auxiliary arcs are added in order to satisfy .

Removing arc capacities

Let us divide the arc set as E' = E!, U E/_, where e € E/, if the capacity u, is finite, and e € E/_ if
ul, = co. Let the node set V consist of the original node set V' and a new node corresponding to

every arc e € E.; let t := t/. The original nodes are called primary nodes, and those corresponding to
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arcs secondary nodes. Let k = a;j be the node corresponding to arc ij € Ej,. The transformed graph
contains two corresponding arcs, ik and jk. We leave all arcs in ij € E/ unchanged between the
primary nodes i and j. Let us define B to be twice the product of the numerators and denominators
of all rational numbers ;; for every ij € E' and uj; for every ij € Ey; clearly, B < 2B,

For a primary node i € V|, let us set the node demand b; = — jijicE! ’ygzugz For the secondary
node k = a;j, let by := ~j;uj;.

ij € Elg, we let v i= ;.

Furthermore, let us define the gain factors by v, := fygj, vk = 1. For

The transformed instance satisfies , since the following f is a feasible solution. For every
secondary node k = a;j, let us set fj, := %{jugj, and let us set f,, = 0 for all other arcs pg.

Boundedness

Let us now address the boundedness of the problem. The following lemma gives a simple character-
ization of boundedness of the objective.

Lemma 7.1. Consider a problem instance (V, E,t,b,7) in the uncapacitated formulation that
is feasible. The objective in is bounded if and only if there is no cycle C C E with v(C) > 1 and
a path P C E between a node incident to C' and t.

Proof. If such a cycle exists, then we can increase the flow value in ¢ arbitrarily by generating flow
on C and sending it to t via P. For the converse direction, consider the dual program @; recall
that the labels p; are simply the inverses of the dual variables. Since is feasible according to
, the objective is bounded if and only if @ is feasible. Assume C' C F is a cycle such that a
path P C E connects a node incident to C' to t. Using the condition 7pqup/1g < 1 on every arc
pq € P, it follows that in every feasible labeling, u; is finite for every node 7 incident to C. Therefore
~v(C) = ~+*(C) < 1, completing the proof. O

Let V'’ denote the set of nodes i such that there exists an 7 — ¢ path in E. This set V' can be
found by a simple search algorithm. Boundedness can be decided by checking for a flow generating
cycle in the restriction of G to V’. This is equivalent to finding a negative cycle for the cost function
¢ij = —log~;; and can be solved by any negative cycle detection algorithm, see e.g. [2, Chapter
5.5]. Computations with logarithms can be avoided by devising a multiplicative analogue of these
algorithms working directly with the ~;;’s.

After removing the arc capacities, we run this algorithm to decide boundedness. If the problem
is unbounded, we terminate with optimum value co. Otherwise, we can assume the validity of .
(Note that since all secondary nodes have only two incoming arcs incident, all arcs used in C' and
P are necessarily from FE,. Therefore, the same subroutine could also be performed before the
transformation.)

Auxiliary arcs

To satisfy (ED, for every node i € V —t for which it ¢ E, let us further add an arc it to E with
vit := 1/B. Let us call these auziliary arcs.
The following lemma justifies our transformation.

Lemma 7.2. The transformed instance satisfies assumptions (@), (@ and , and B satisfies
the assumptions on the encoding sizes in Section[2.1. An optimal solution f to the modified problem
can be transformed to an optimal solution f' to the original problem in O(m') time.
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Proof. The first part is straightforward. For the second statement, let f be an optimal solution to
the modified problem with an optimal labeling u as in Theorem (1) For a secondary node k = a;j,
let us set i’j := fir. Let Sp C V denote the set of nodes i € V for which fyi’i =1, that is u; = B. Let
S C V denote the set of nodes that can be reached from Sp on a residual path P C E}.

Let S” C V' denote the set of primary nodes in S. Let us set i} := p; if i € V/'\ S” and p, := oo
if i € S’. In what follows, we shall verify the optimality conditions in Theorem (ii) for f" and p'.

We first claim that fi’j < ufij for all arcs ij € E!. This follows since for the secondary node
k = a;; we have by, = v/;u;;, and ex(f) = 0 due to the optimality of f. Next, we claim that ¢ ¢ S
and therefore pj = 1. Indeed, assume for a contradiction there exists a path P C Ey from a node
i € Sp tot. Then p; < 1/v(P) < B by the definition of B, a contradiction to u; = B.

The condition on arcs ij € E'[S'] is straightforward since y; = p; = co. Consider an arc ij € E’
with i € S, j € V/\ §". If ij € E._, then ij € Ey, contradicting the definition of S. Hence ij € Ey;
let k = a;; be the corresponding secondary node. By definition, ¢tk € & C Ey. By the definition of
S’, we must have kj ¢ Ey, that is, fjx = 0 and therefore f/; = uj; due to the constraint ex(f) = by.
Then ~;jp; = 0o > pj, as required. It follows similarly that f;; = 0 for all arcs ij € E’ with
ieV'\S, je S, and they satisfy v < 0o = pj.

Let us focus on arcs ij € E'[V'\ S']; assume ij € E; and 0 < f;; < u{;. This means that for
the corresponding secondary node k = a;j, we had fi, f;x > 0, and thus v;;pu; = pg, and pg = pj,
implying v;jpu; = p1. Note that k ¢ So and ex(f) = 0 implies that fi; < uj;, therefore fj; = fi; on
all such arcs. The other cases, including the case of arcs in E/_, follow similarly.

It is left to prove that e;(f') = 0 whenever ¢ € V' \ S’. By definition, i ¢ Sy and hence f;; = 0.
For every incoming arc ji with secondary node k = aj;, we have fj, = 7j;(u}; — f};). Together with
ei(f) = 0 and the definition of b;, this implies e;(f") = 0. O

7.2 Linear programs with two nonzeros per column

In this Section, we show how our algorithm can be used to solve arbitrary linear feasibility problems
of the form (LP2).

The main part of this argument was given by Hochbaum [I7], showing how an arbitrary instance
of can be transformed to another one where every column of the matrix A contains exactly
one positive entry and a —1 entry. With the rows corresponding to nodes and the columns to arcs,
let us use 7;; > 0 to denote the positive entry in row j and column 4j. (The construction creates
two copies of the vertex set, and columns with two positive or two negative entries are represented
by two arcs crossing between the copies, whereas columns with two different signs are represented
by two arcs, one in each copy.) The transformed version may contain upper capacities on the arcs.
These can be removed using the same construction as in Section at the cost of increasing the
number of nodes to O(m). After removing the arc capacities, we can write the system in the form

Z ’infji — Z fij = bz‘ VieV (LP2M)
JJieER jijeErR
f=>0.

Given an instance of , let the value B be chosen as an integer multiple of the products of
all numerators and denominators of the +;; values, and furthermore, assume |b;| < B and b; is an
integer multiple of 1/B for all i € V.

(LP2M) is an uncapacitated generalized flow feasibility problem, where all node demands must
be exactly met (M stands for monotone, following Hochbaum’s terminology.) Compared to the
formulation (P), the differences are as follows: (i) is a feasibility problem and does not
have a distinguished sink node, in contrast to the optimization problem ; (7i) the node demands
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must be exactly met in (LP2M]|), whereas in , nodes are allowed to have excess. For this reason,
we introduce two relaxations of (LP2M)|) with inequalities.

SN oviidi— Y. fiy=bi VieV (LP2Ms)
jiji€E jijeE

f=0
ST vifii— Y. fy<bi YieV (LP2M-<)
Jiji€E jiijeE

f>0

Our main insight (Lemma below) is that if both these relaxations are feasible, then is
also feasible, and a solution can be found efficiently provided the solutions to the relaxed instances.

The second relaxation can be reduced to (LP2M>|) by reversing all arcs in F, setting
7vji = 1/7;; on the reverse arc ji of ij € E, and changing the node demands to —b;. We show that
(LP2M->)) — and consequently, (LP2M<|) — can be solved using our algorithm for .

Solving (LP2M>)|)

As a preprocessing step, we identify the set Z of nodes that can be reached via a path in E from
a flow generating cycle in E. That is, ¢ € Z if there exists a cycle C C E, v(C) > 1, and a path
P C F connecting a node of C' to ¢. This set Z can be found efficiently using algorithms for negative
cycle detection, similarly as in Section Using the flow generating cycles, arbitrary demands b;
for i € Z can be met. This solves (LP2Ms>|) if Z = V; in the sequel let us assume V' \ Z # (). By
the definition of Z, there is no arc in E between Z and V' \ Z. If is feasible, then there is
a feasible solution with no arc carrying flow from V' \ Z to Z.

Thus we can reduce the problem to solving on V' \ Z. Let us add an artifical sink
node t to V. For every i € V' \ Z with b; > 0, add a new arc ¢i with gain factor v;; = 1. For every
i €V \ Z, add an it arc with 7;; = 1/B. This gives an instance of with sink ¢. The condition
@ is guaranteed by the it arcs; for @, we have a simple feasible solution: send b; units of flow on
¢ for every ¢ with b; > 0, and set the flow to 0 on all other arcs. The boundedness condition
is guaranteed by Lemma note that by the definition of Z, there are no flow generating cycles in
E[V\ Z].

Lemma 7.3. Let f be an optimal solution to the instance as constructed above. Then (LP2M-))
is feasible if and only if fi; =0 for alli € V' \ Z.

Proof. Consider an optimal solution f to the instance of with an optimal labeling p. If fi; =0
for i € V'\ Z, then f restricted to V'\ Z is a feasible solution . Conversely, assume f;; > 0
for a certain node j € V' \ Z; we show that is infeasible.

As in the proof of Lemma we let Sy denote the set of nodes i € V' \ Z with y; = B, and let
S be the set of nodes that can be reached from Sy on a residual path in £y. We claim that j ¢ S.
To see this, first observe that p; = 1 because of f;; > 0. If there were a path P C E; from a node
i € S to j, then 1 > y#(P) = v(P)ui/p; = v(P)B gives a contradiction to the choice of B.

Therefore X = V' \ (Z U S) contains j, and there is no arc entering this set. Further, e;(f) =0
and f;; = 0 for every i € X. Then y; := 1/u; for i € X and y; := 0 for ¢ ¢ X gives a Farkas
certificate of infeasibility for E| Indeed, y > 0, y; — yj7v:; = 0 holds for every arc ij € E,

3The Farkas certificate is described after the proof of Lemma |7.4
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and ) ;. biy; > 0 because

SRS SUEDSIND ST END SV B SET

eV ieX i€X jEVU{t}:jicE JEV:jicE eV

completing the proof. Here we used that 7;; = 1 whenever fji > 0. O

Solving (L P2M]|)

We solve (LP2M->|) as described above, and (LP2M<|) the same way, after reversing the arcs. If
either of the two problems is infeasible, then is also infeasible. Assume now that f is a
feasible solution to , and g is a feasible solution to (LP2M<|). We show that in this case
the equality version is also feasible. To prove this, we use a flow decomposition of the
difference of the two solutions f and g to transform g to a solution of .

Lemma 7.4. Given feasible solutions to (LP2Ms)) and (LP2M<|), a feasible solution to (LP2M)|)

can be found in strongly polynomial time.

Proof. Let f be a feasible solution to (LP2M>|), and g a feasible solution to (LP2M<|). Then for
every i € V, e;(f) > 0 > e;(g) holds. Let us define the flow h as

{fu — g ifij € E, fij > gij

h;; =
Y vii(fii —g5:) i ji€ B, fii > gji.

Let H C ? denote the support of h; clearly, h;; > 0 for every ij € H. With the convention
hi]’ = _’inhjiv we have f = g—l—h. Since el(f) >02> €; (g), the inequality Zj:jiGH ’inhji > Zj:ijEH hij
holds for every i € V.

We apply the standard generalized flow decomposition for h as in e.g. [15, [9]: every generalized
flow can be written as the sum of five types of elementary flows. Such a decomposition can be found
in O(nm) time, and the number of terms is at most the number of arcs with positive flow.

Among the five types of elementary flows listed in [9], Types I and III cannot be present the
decomposition of h, as there are no deficit nodes (more outgoing than incoming flow). Type IV are
unit gain cycles, and Type V are pairs of flow generating and flow absorbing cycles connected by a
path (“bicycles”); these do not generate any excess or deficit and are not needed for out argument.
The important one is Type II: a flow generating cycle and a path connecting it to an excess node
(more incoming than outgoing flow).

We now describe how to modify g to a feasible solution ¢’ to using the decomposition of
h. Consider a node i with e;(f) > e;(g); this is an excess node for h. We could add all Type II flows
in the decomposition terminating at i to increase e;(g) to e;(f). Since we want achieve the equality
ei(g’) = 0, we only use some of the Type II flows. We add them one-by-one until e;(¢’) becomes
nonnegative. Then for the last flow, we add only a fractional amount to set precisely e;(¢') = 0.
Repeating this for every i with e;(f) > e;(g), we obtain a feasible solution ¢’ to (LP2M]). O

We also present a second proof of the claim that if both (LP2Ms>|) and (LP2M<|) are feasible,
then (LP2M)) is also feasible. The proof is based on Farkas’s lemma and is not algorithmic, but may

contribute to a better understanding of the claim.
We show that if (LP2M)) is infeasible, then either (LP2M>)) or (LP2M<|) is also infeasible. A
Farkas-certificate to the infeasibility of (LP2M]|) can be written as

i —Y;vi; >0 VijeE

Zbiyi >0

eV
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A Farkas-certificate to the infeasibility is the same with the additional constraint y > 0,
whereas the certificate to the infeasibility of is with y < 0. In the case of ,
wi = 1/y; gives the usual labeling.

Let us define the sets Y+ := {i € V :y; > 0} and Y~ := {i € V : y; < 0}. Further, let y; :=y;
if i € Y* and y;" := 0 otherwise; similarly, let y; :=y; if i € Y~ and 0 outside Y .

We claim that the y;r — yjfyij > 0 and y; — y;vij =0 hold for every ij € E. We only verify
this for y™; the proof is the same for y~. If i, € Y*, then this holds because y* is identical to y
inside Y. If 4,j € V' \ Y, then y =y = 0 and thus the claim is trivial. Next, let i € Y+ and
j € V\YT. The claim follows by y:r > 0, and yf = 0. Finally, we claim that there is no ij € F
with i € V\ Y™, j € Y. Indeed, this would mean y; — y;vi; < 0, contradicting the choice of y.

Since 0 < Y .oy biyi = D icy biyi+ + > ey biy;, either >, biy;r >0or ) .oy biy; > 0. In the
first case, y* is an infeasibility certificate for , and in the second case, ¥y~ is an infeasibility

certificate for (LP2M<)).

8 Conclusion

We have given a strongly polynomial algorithm for the generalized flow maximization problem, and
also for solving feasibility LPs with at most two nonzero entries in every column of the constraint
matrix. A natural next question is to address the minimum cost generalized flows, or equivalently,
finding optimal solutions to LPs with two nonzero entries per column.

In contrast to the vast literature on the flow maximization problem, there is only one weakly
polynomial combinatorial algorithm known for this setting, the one by Wayne [35]. This setting
is more challenging since the dual structure cannot be characterized via the convenient relabeling
framework, and thereby most tools for minimum cost circulations, including the scaling approach
also used in this paper, become difficult if not impossible to apply.

Another possible line of research would be to extend the flow maximization algorithm to nonlinear
settings. The paper [34] gave a simple scaling algorithm for concave generalized flows, where instead
of the gain factors ., there is a concave increasing function I'c(.) associated to every arc e. In [33], a
strongly polynomial algorithm is given to the analogous problem of minimum cost circulations with
separable convex cost functions satisfying certain assumptions. One could combine the techniques of
[34] and [33] with the ideas of the current paper to obtain strongly polynomial algorithms for some
special classes of concave generalized flow problems. This could also lead to strongly polynomial
algorithms for certain market equilibrium computation problems, see [34].
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Appendix

Theorem Let (f, 1) be a A-feasible pair. Then there exists an optimal solution f* such that

1F* = oo < B2 (f) + (IF¥] + DA,
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Proof. First, let us modify ( f, 1) to a conservative pair ( 1, w) by setting the flow values on non-tight
arcs to 0, as in Lemma [2.4] We shall prove the existence of an optimal f* such that

17 = flloe < Ea(f). (12)

This implies the claim, since Lemma asserts Ex'(f) < Exh(f) + ]F}ﬂA, and |[f# — fP||o < A
as the two flows differ only on non-tight arcs.

Let us pick an optimal solution f* to such that ||f — f*||; is minimal, and let p* be an
optimal solution to @ Note that because of (ED, all values of v and p* are finite. We use a similar
argument as in the proof of Lemma Let us define

o T itije B, ff> [y
] * r3 . .. <
T\t - ) itGie By £

Let H C ? denote the support of h; clearly, h > 0 and H C E]; whereas E C Ep«. Again, with the
convention h;; = —v;;hji, we have f* = f+h.

Claim 8.1. The arc set H does not contain any directed cycles.

Proof. First, let C C H be a cycle. Since p is a conservative labeling for f and C C E; 7> we

have y(C) = v#(C) < 1. On the other hand, p* is conservative for f* and C C Ey«. Therefore
7(8) = 1/4(C) = 1/4*"(C) < 1. These together give v(C) = 7(6) = 1, and also 7 =1 for
every e € C'. Hence we can modify f* to another optimal solution by decreasing every f;‘“* value
by a small € > 0. This gives a contradiction to our extremal choice of f* as the optimal solution
minimizing ||f — f*||1. O

ei(f ) —eil(f Z hij — Z Vil

jujeH jijieH

Observe that

By the optimality of f*, the left hand side is < 0 for ¢ = ¢ and is equal to e;( f ) > 0 otherwise. The
above claim guarantees that H, the support of h, is acyclic. Consequently, we can easily decompose

h to the form
h= Yk,

1<e<k

where each A’ is a path flow with support P? from a node p’ with epz(f) >0tot,and k < m.
Such a decomposition is easy to construct by using a topological order of the nodes for H. It
is also a special case of the flow decomposition argument used in Lemma see also [15, [9]. (The
difference is that according to Claim four out of the five types of elementary flows, Types II-V
cannot exist as they contain cycles.)
Let A’ denote the value of A’ on the first arc of P’. Since p is a conservative labeling and
P'CHCE; 7> we have 7“ < 1 for all arcs of P and therefore the relabeled flow (h‘)* is monotone

decreasing along P’. Hence it follows that for every arc ij,
' -
= s Y N2 S ap = me
1<e<k 1<e<k p* V-t

This completes the proof, since ||f* — f**||oc = max;jcp hi; (note that if f5 < fij, then ~j; =

1
must hold). O
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