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Calculating optimal policies is known to be computationally difficult for Markov decision processes (MDPs)

with Borel state and action spaces. This paper studies finite-state approximations of discrete time Markov
decision processes with Borel state and action spaces, for both discounted and average costs criteria. The
stationary policies thus obtained are shown to approximate the optimal stationary policy with arbitrary
precision under quite general conditions for discounted cost and more restrictive conditions for average cost.
For compact-state MDPs, we obtain explicit rate of convergence bounds quantifying how the approximation
improves as the size of the approximating finite state space increases. Using information theoretic arguments,
the order optimality of the obtained convergence rates is established for a large class of problems. We also
show that, as a pre-processing step the action space can also be finitely approximated with sufficiently large
number points; thereby, well known algorithms, such as value or policy iteration, Q-learning, etc., can be
used to calculate near optimal policies.
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1. Introduction. In this paper, our goal is to study the finite-state approximation problem
for computing near optimal policies for discrete time Markov decision processes (MDPs) with Borel
state and action spaces, under discounted and average costs criteria. Although the existence and
structural properties of optimal policies have been studied extensively in the literature, computing
such policies is generally a challenging problem for systems with uncountable state spaces. This
situation also arises in the fully observed reduction of a partially observed Markov decision process
even when the original system has finite state and action spaces (see, e.g., Yu and Bertsekas [45]).

As has been extensively studied in the literature (see, e.g., Chow and Tsitsiklis [11] and the
literature review below), one way to compute approximately optimal solutions for such MDPs is
to construct a reduced model with a new transition probability and a one-stage cost function by
quantizing the state/action spaces, i.e., by discretizing them on a finite grid. We exhibit that under
quite general continuity conditions on the one-stage cost function and the transition probability
for the discounted cost and under some additional restrictions on the ergodicity properties of
Markov chains induced by deterministic stationary policies for the average cost, the optimal policy
for the approximating finite model applied to the original model has cost that converges to the
optimal cost, as the discretization becomes finer. Moreover, under additional continuity conditions
on the transition probability and the one stage cost function we also obtain bounds for a rate of
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approximation in terms of the number of points used to discretize the state space, thereby providing
a tradeoff between the computation cost and the performance loss in the system. In particular, we
study the following two problems.

(Q1) Under what conditions on the components of the MDP do the true costs corresponding
to the optimal policies obtained from finite models converge to the optimal value function as the
number of grid points goes to infinity? For this problem, we are only concerned with the convergence
of the approximation; that is, we do not establish bounds for a rate of approximation.

(Q2) Can we obtain explicit bounds on the performance loss due to the discretization in terms
of the number of grid points if we strengthen the conditions sufficient in (Q1)?

Combined with our recent works Saldi et al. [33, 34], where we investigated the asymptotic opti-
mality of the quantization of action sets, the results in this paper lead to a constructive algorithm
for obtaining approximately optimal solutions. First the action space is quantized with small er-
ror, and then the state space is quantized with small error, which results in a finite model that
well approximates the original MDP. When the state space is compact, we also obtain rates of
convergence for both approximations, and using information theoretic tools we establish that the
obtained rates of convergence are order-optimal for a given class of MDPs. Since there exist various
computational algorithms for finite-state Markov decision problems, the analysis in this paper can
be considered to be constructive.

Various methods have been developed to compute approximate value functions and near optimal
policies. A partial list of these techniques is as follows: approximate dynamic programming, ap-
proximate value or policy iteration, simulation-based techniques, neuro-dynamic programming (or
reinforcement learning), state aggregation, etc. For rather complete surveys of these techniques,
we refer the reader to Fox [17], Whitt [42, 43|, Langen [28], Bertsekas and Tsitsiklis [6], Ren and
Krogh [32], Ortner [30], White [40, 41], Bertsekas [4], Dufour and Prieto-Rumeau [14, 15] and ref-
erences therein. With the exception of Dufour and Prieto-Rumeau [15], Ortner [30], these papers
in general study either the finite horizon cost or the discounted infinite horizon cost. Also, the
majority of these results are for MDPs with discrete (i.e., finite or countable) state and action
spaces, or a bounded one-stage cost function (e.g., Fox [17], Whitt [42, 43], Van Roy [37], White
[40, 41], Cavazos-Cadena [9], Bertsekas and Tsitsiklis [6], Ren and Krogh [32], Ortner [30], Bert-
sekas [4]). Those that consider general state and action spaces (see, e.g., Dufour and Prieto-Rumeau
[13, 14, 15], Bertsekas [4], Chow and Tsitsiklis [11]) assume in general Lipschitz type continuity
conditions on the components of the control model, in order to provide a rate of convergence
analysis for the approximation error. Some of the results only consider approximating the value
function and do not provide a procedure to compute near optimal policies (e.g., Langen [28], Whitt
[43], Dufour and Prieto-Rumeau [14]).

Our paper differs from these results in the following ways: (i) we consider a general setup, where
the state and action spaces are Borel (with the action space being compact), and the one-stage cost
function is possibly unbounded, (ii) since we do not aim to provide rate of convergence result in the
first problem (Q1), the continuity assumptions we impose on the components of the control model
are weaker than the conditions imposed in prior works that considered general state and action
spaces, (iii) we also consider the challenging average cost criterion under reasonable assumptions.
The price we pay for imposing weaker assumptions in (Q1) is that we do not obtain explicit
performance bounds in terms of the number of grid points used in the approximations. However,
such bounds can be obtained under further assumptions on the transition probability and the
one-stage cost functions; this is considered in problem (Q2) for compact-state MDPs.

Our approach to solve problem (Q1) can be summarized as follows: (i) first, we obtain ap-
proximation results for the compact-state case, (ii) we find conditions under which a compact
representation leads to near optimality for non-compact state MDPs, (iii) we prove the conver-
gence of the finite-state models to non-compact models. As a by-product of this analysis, we obtain
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compact-state-space approxrimations for an MDP with non-compact Borel state space. In particular,
our findings directly lead to finite models if the state space is countable; similar problems in the
countable context have been studied in the literature for the discounted cost; see Puterman [31,
Section 6.10.2].

We note that the proposed method for solving the approximation problem for compact-state
MDPs with the discounted cost is partly inspired by Van Roy [37]. Specifically, we generalize the
operator proposed for an approximate value iteration algorithm in Van Roy [37] to uncountable
state spaces. Then, unlike in Van Roy [37], we use this operator as a transition step between the
original optimality operator and the optimality operator of the approximate model. In Ortner [30],
a similar construction was given for finite state-action MDPs. Our method to obtain finite-state
MDPs from the compact-state model can be regarded as a generalization of this construction. We
note that a related work of Dufour and Prieto-Rumeau [15] develops a sequence of approxima-
tions using empirical distributions of an underlying probability measure with respect to which the
transition probability of the MDP is absolutely continuous. By imposing Lipschitz type continu-
ity conditions on the components of the control model, Dufour and Prieto-Rumeau [15] obtains
a concentration inequality type upper bound on the accuracy of the approximation based on the
Wasserstein distance of order 1 between the probability measure and its empirical estimate. These
conditions are stronger than what we impose for the problem (Q1). We note that Dufour and
Prieto-Rumeau [15] adopts a simulation based approximation leading to probabilistic guarantees
on the approximation, whereas we adopt a quantization based approach leading to deterministic
approximation guarantees. For a review of further simulation based methods, see e.g., Chang et al.
[10], Jain and Varaiya [25].

The approach developed in the paper is also useful in networked control applications where
transmission of real-valued actions to an actuator is not realistic when there is an information
transmission constraint between a plant, a controller, and an actuator (see, e.g., Yiiksel and Bagar
[46]). On the other hand, the elements of a finite action set can be transmitted across a finite
capacity information channel. Even though the problem of optimal quantization for information
transmission from a plant/sensor to a controller has been studied extensively (see, e.g. references
in Yiiksel and Basar [46]), these type of results appear to be new in the networked control lit-
erature when the problem of transmitting signals from a controller to an actuator is considered.
Furthermore, tools from information theory allow for obtaining lower bounds on the approximation
performance; using such an argument we show that the construction in this paper is order-optimal
for a large class of models.

The rest of the paper is organized as follows. In Section 2 we study the approximation problem
(Q1) for MDPs with compact state space. In Section 3 an analogous approximation result is
obtained for MDPs with non-compact state space. Discretization of the action space is considered in
Section 4 for a general state space. In Section 5 we derive quantitative bounds on the approximation
error in terms of the number of points used to discretize the state space for the compact-state case.
In Section 6 the order optimality of the obtained bounds on the approximation errors is established.
In Section 7 we present an example to numerically illustrate our results. Section 8 concludes the

paper.

1.1. Notation and Conventions. For a metric space E, the Borel o-algebra (the smallest
o-algebra that contains the open sets of E) is denoted by B(E). We let B(E) and C,(E) denote
the set of all bounded Borel measurable and continuous real functions on E, respectively. For any
u e Cy(E) or uwe B(E), let |lul| = sup,cg |u(e)| which turns C,(E) and B(E) into Banach spaces.
Given any Borel measurable function w : E— [1,00) and any real valued Borel measurable function
u on E, we define the w-norm of u as

ull = sup |u(e)]

cce w(e)’
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and let B, (E) denote the Banach space of all real valued measurable functions v on E with fi-
nite w-norm; see Herndndez-Lerma and Lasserre [22]. Let P(E) denote the set of all probability
measures on E. A sequence {u,} of probability measures on E is said to converge weakly (resp.,
setwise) (see Hernandez-Lerma and Lasserre [23]) to a probability measure p if [L g(e)p,(de) —
Jeg(e)pu(de) for all g € Cy(E) (resp., for all g € B(E)). For any u,v € P(E), the total variation dis-
tance between p and v, denoted as ||y — |7y, is equivalently defined as

[ stentae) - [ geptde

E E

ln—=vlrv =2 sup |u(D)—v(D)|= sup

DeB(E) llgll<1

Unless otherwise specified, the term ‘measurable’ will refer to Borel measurability in the rest of
the paper.

1.2. Markov Decision Processes. A discrete-time Markov decision process (MDP) can be
described by a five-tuple

(X, A {A(z):x € X},p, c),

where Borel spaces (i.e., Borel subsets of complete and separable metric spaces) X and A denote the
state and action spaces, respectively. The collection {A(z) : x € X} is a family of nonempty subsets
A(z) of A, which give the admissible actions for the state x € X. The stochastic kernel p(-|z,a)
denotes the transition probability of the next state given that previous state-action pair is (x,a);
see Herndndez-Lerma and Lasserre [21]. Hence, it satisfies: (i) p(-|z,a) is an element of P(X) for
all (z,a), and (ii) p(D]-, -) is a measurable function from X x A to [0,1] for each D € B(X). The
one-stage cost function c is a measurable function from X x A to R. In this paper, it is assumed
that A(z) =A for all x € X.

Define the history spaces Hy =X and H; = (X x A)! x X, t=1,2,... endowed with their product
Borel o-algebras generated by B(X) and B(A). A policy is a sequence m = {m,} of stochastic kernels
on A given H,. The set of all policies is denoted by II. Let ® denote the set of stochastic kernels ¢ on
A given X, and let F denote the set of all measurable functions f from X to A. A randomized Markov
policy is a sequence m = {7, } of stochastic kernels on A given X. A deterministic Markov policy is
a sequence of stochastic kernels 7 = {7, } on A given X such that m,(-|z) =y, () for some f, € F,
where 0, denotes the point mass at z. The set of randomized and deterministic Markov policies
are denoted by RM and M, respectively. A randomized stationary policy is a constant sequence
m={m} of stochastic kernels on A given X such that m;(-|z) = ¢(-|x) for all ¢ for some ¢ € ®.
A deterministic stationary policy is a constant sequence of stochastic kernels 7 = {m;} on A given
X such that m(-|x) = d)(-) for all ¢ for some f €. The set of randomized and deterministic
stationary policies are identified with the sets ® and F, respectively.

According to the Ionescu Tulcea theorem (see Herndndez-Lerma and Lasserre [21]), an initial
distribution y on X and a policy 7 define a unique probability measure P on H,, = (X x A)*. The
expectation with respect to P[ is denoted by E7. If 1 =4, we write P] and E7 instead of PJ and
[EF . The cost functions to be minimized in this paper are the $-discounted cost and the average
cost, respectively given by

J(m,7) =] [i Be(ria0)|

71
: -
V (7, z) =limsup TE”” [Z e(xy, at)} .

T—o0 -0
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With this notation, the discounted and average value functions of the control problem are defined
as

J*(x) = inf J(m, x),

rel
V*i(z) = Tirglf%V(w,x).

A policy 7* is said to be optimal if J(7*,x) = J*(x) (or V(n*,x) = V*(x) for the average cost) for
all z € X. Under fairly mild conditions, the set F of deterministic stationary policies contains an
optimal policy for discounted cost (see, e.g., Herndndez-Lerma and Lasserre [21], Feinberg et al.
[16]) and average cost optimal control problems (under somewhat stronger continuity/recurrence
conditions, see, e.g., Feinberg et al. [16]).

REMARK 1.1.  We note that the path-wise infinite sum Y _,° 8%c(z;, a;) may not be well-defined
in the definition of J if ¢ is only assumed to be measurable. However, further assumptions that
will be imposed in later sections ensure that J is a well-defined function.

1.3. Auxiliary Results To avoid measurability problems associated with the operators that
will be defined for the approximation problem in the discounted cost case, it is necessary to enlarge
the set of functions on which these operators can act. To this end, in this section we review the
notion of analytic sets and lower semi-analytic functions, and state the main results that will be
used in the sequel to tackle these measurability problems. For a detailed treatment of analytic sets
and lower semi-analytic functions, we refer the reader to Shreve and Bertsekas [36], Blackwell et al.
[7], Kuratowski [27, Chapter 39], and Bertsekas and Shreve [3, Chapter 7].

Let N* be the set of sequences of natural numbers endowed with the product topology. With
this topology, N> is a complete and separable metric space. A subset A of a Borel space E is said
to be analytic if it is a continuous image of N*>°. Note that Borel sets are always analytic.

A function g: E — R is said to be universally measurable if for any u € P(E), there is a Borel
measurable function g, : E— R such that g =g, p almost everywhere. It is said to be lower semi-
analytic if the set {e: g(e) < ¢} is analytic for any ¢ € R. Any Borel measurable function is lower
semi-analytic and any lower semi-analytic function is universally measurable. The latter property
implies that the integral of any lower semi-analytic function with respect to any probability measure
is well defined. We let B'(E) and B!, (E) denote the set of all bounded lower semi-analytic functions
and lower semi-analytic functions with finite w-norm, respectively. Since any pointwise limit of a
sequence of lower semi-analytic functions is lower semi-analytic (see Kuratowski [27, Theorem 1,
p. 512]), (BY(E),|| - ||) and (B (E),| - |l..) are Banach spaces.

We now state the results that will be used in the sequel.

PROPOSITION 1.1.  (Bertsekas and Shreve [3, Proposition 7.47, p. 179]) Suppose E; and Ey are
Borel spaces. Let g:E; x Ey = R be lower semi-analytic. Then, g*(e1) :==inf., ce, g(e1,e2) is also
lower semi-analytic.

PROPOSITION 1.2. (Bertsekas and Shreve [3, Proposition 7.48, p. 180]) Suppose E; and E, as
in Proposition 1.1. Let g:E; x E; — R be lower semi-analytic and q(des|ey) be a stochastic kernel
on Ey given E{. Then, the function

h(el):_/E g(e2)q(desler).

is lower semi-analytic.
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2. Finite State Approximations of MDPs with Compact State Space. In this section
we consider (Q1) for the MDPs with compact state space. To distinguish compact-state MDPs
from non-compact ones, the state space of the compact-state MDPs will be denoted by Z instead of
X. We impose the assumptions below on the components of the Markov decision process; additional
new assumptions will be made for the average cost problem in Section 2.2.

ASSUMPTION 2.1.

(a) The one-stage cost function c is in Cy(Z x A).

(b) The stochastic kernel p(-|z,a) is weakly continuous in (z,a), i.e., for all z and a,
p(+|zr,ar) = p(-|2,a) weakly when (zy,a) = (z,a).

(¢) Z and A are compact.

Before proceeding with the main results, we first describe the procedure used to obtain finite-

state models. Let dz denote the metric on Z. Since the state space Z is assumed to be compact and

thus totally bounded, one can find a sequence ({z,,; f;l)n>1 of finite grids in Z such that for all n,

min dz(z,z,,) <1/n for all z€Z.
i€{1,....kn}

The finite grid {z,;}:, is called an 1/n-net in Z. Let Z,, == {21, ..., 2Znx, } and define function @,
mapping Z to Z,, by

Q. (z) =argmindz(z,z,,),

2n,i€Zn

where ties are broken so that (Q,, is measurable. In the literature, (), is often called a nearest
neighborhood quantizer with respect to distortion measure dz; see Gray and Neuhoff [19]. For each
n, @, induces a partition {S, ;}*", of the state space Z given by

Sni={2€Z:Q.(2) =20},

with diameter diam(S, ;) == sup, ,cs .dz(z,y) <2/n. Let {1, } be a sequence of probability mea-
sures on Z satisfying

U (Sn.i) >0 for all i,n. (2.1)
We let v, ; be the restriction of v,, to S, ; defined by
o Vn( : )
Vn,i( : ) T Vn(Sn,i) .

The measures v, ; will be used to define a sequence of finite-state MDPs, denoted as MDP,, (n > 1),
to approximate the original model. To this end, for each n define the one-stage cost function
¢ L, Xx A— R and the transition probability p,, on Z,, given Z,, x A by

Cn(Zni,a) :—/S c(z,a)v, (dz),

n,i

pol- i) = [ Qurp(-la o),
Sn,i

where @, *p(-|z,a) € P(Z,) is the pushforward of the measure p(-|z,a) with respect to Q,,; that

is,

Qn *p(zn,j"zv a’) :p(S"J’Z’ a)’

for all z,; € Z,. For each n, we define MDP,, as a Markov decision process with the following
components: Z, is the state space, A is the action space, p, is the transition probability and ¢, is
the one-stage cost function. History spaces, policies and cost functions are defined in a similar way
as in the original model.
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2.1. Discounted Cost. Here we consider (Q1) for the discounted cost criterion with a dis-
count factor § € (0,1). Throughout this section, it is assumed that Assumption 2.1 holds.
Define the operator 7" on B(Z) by

Tu(z): mﬂ c(z,a)+ 3 / p(dylz, a)} (2.2)

In the literature 1" is called the Bellman optimality operator. It can be proved that under As-
sumption 2.1-(a)(b), T' is a contraction operator with modulus 5 mapping C,(Z) into itself (see
Herndndez-Lerma [20, Theorem 2.8, p. 23]); that is, Tu € C,(Z) for all u € C,(Z) and

|Tu—Tv|| < B|lu—0v]| for all u,v e Cy(Z).

The following theorem is a widely known result in the theory of Markov decision processes (see again
Hernéndez-Lerma [20, Theorem 2.8, p. 23]) which also holds without a compactness assumption
on the state space.

THEOREM 2.1. The wvalue function J* is the unique fized point in Cy(Z) of the contraction
operator T, i.e.,

J=TJ".

Furthermore, a deterministic stationary policy f* is optimal if and only if it satisfies the optimality
equation, 1.e.,

J(2) = ez (2 +5/J* p(dy)=. (). (2.3)

Finally, there exists a deterministic stationary policy f* which is optimal, so it satisfies (2.3).
Define, for all n > 1, the operator 7,,, which is the Bellman optimality operator for MDP,,, by

kn

Tnu(zn,z)'mln[ Cn nu +/BZ n] pn n]‘znzaa):|7
or equivalently,

Tou(zn:) = mln/ [ c(z,a —1—5/ p(dy|z,a ] Vni(dz),
acA Sni

where u: Z,, — R and 4 is the piecewise constant extension of u to Z given by 4(z) =uo@,(z). For

each n, under Assumption 2.1, Hernandez-Lerma [20, Theorem 2.8, p. 23] implies the following: (i)

T, is a contraction operator w1th modulus 4 mapping B(Z,) (= C’b( n)) into itself, (i) the fixed

point of T, is the value function J* of MDP,,, and (iii) there exists an optimal stationary policy

fr for MDP,,, which therefore satisfies the optimality equation. Hence, we have

n

where J,, denotes the discounted cost for MDP,,. Let us extend the optimal policy f; for MDP,,
to X by letting fn(z) =froQ.(z)eF

The following theorem is the main result of this section. It states that the cost function of the
policy fn converges to the value function J* as n — oc.
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THEOREM 2.2. The discounted cost of the policy fn, obtained by extending the optimal policy
fr of MDP, to Z, converges to the optimal value function J* of the original MDP

lim [ (fa, ) =T =0

Hence, to find a near optimal policy for the original MDP, it is sufficient to compute the optimal
policy of MDP,, for sufficiently large n, and then extend this policy to the original state space.

To prove Theorem 2.2 we need a series of technical results. We first define an operator 1), on
BY(Z) by extending T;, to B'(Z):

T, u(z) = ‘lllelﬁ/s

where 4, : Z—{1,...,k,} maps z to the index of the partition {S,, ;} it belongs to. To see that this
operator is well defined, let the stochastic kernel r,,(dz|z) on Z given Z be defined as

[ c(z,a +ﬂ/ p(dy|z, a)} Unin () (d), (2.4)

n,in (2)

rn(dz|2) Zl/m (dz)ls, (2),

where 15 denotes the indicator function of the set B. Then, we can write the right hand side of

(2.4) as
;relf\/{ oz, +5/ pldylz, a)}rn(d:d )

Therefore, by Propositions 1.1 and 1.2, we can conclude that 7,, maps B'(Z) into B'(Z). Further-
more, it is a contraction operator with modulus S which can be shown using Hernandez-Lerma
[20, Proposition A.2, p. 122]. Hence, it has a unique fixed point j;; that belongs to B(Z), and this
fixed point must be constant over the sets S, ; because of the averaging operation on each S, ;.
Furthermore, since T}, (w0 Q,,) = (T,u) 0 Q,, for all u € B(Z,), we have

T,(J50Qu) = (TJ}) 0 Qn=1J;; 0 Qy.
Hence, the fixed point of T}, is the piecewise constant extension of the fixed point of T}, i.e.,
Jr=TJ0Q,.

REMARK 2.1. In the rest of this paper, when we take the integral of any function with respect
t0 Vpin(2), it is tacitly assumed that the integral is taken over all set S, ;,(.). Hence, we can drop
Syin(z) in the integral for the ease of notation.

We now define another operator F,, on B'(Z) by simply interchanging the order of the infimum
and the integral in (2.4), i.e

Fou(z) = / inf ¢ [ z.0)+ 8 / p(dylz, a)} Vnin o ()
=T,Tu(z),

where
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We note that F), is the extension (to infinite state spaces) of the operator defined in Van Roy
[37, p. 236] for the proposed approximate value iteration algorithm. However, unlike in Van Roy
[37], F, will serve here as an intermediate point between T and T}, (or T,) to solve (Q1) for the
discounted cost. To this end, we first note that F), is a contraction operator on B'(Z) with modulus
B. Indeed it is clear that F}, maps B!(Z) into itself by Propositions 1.1 and 1.2. Furthermore, for
any u,v € B'(Z), we clearly have ||I',u —I',v|| <|lu — v||. Hence, since T' is a contraction operator
on BY(Z) with modulus 3, F, is also a contraction operator on B'(Z) with modulus 3.

REMARK 2.2. Since we only assume that the stochastic kernel p is weakly continuous, it is not
true that 7, and F,, map B(Z) into itself (see Hernéndez-Lerma and Lasserre [21, Proposition D.5,
p. 182]). This is the point where we need to enlarge the set of functions on which these operators
act.

The following theorem states that the fixed point, say w;, of F}, converges to the fixed point J*
(i.e., the value function) of T as n goes to infinity. Note that although 7' is originally defined on
Cy(Z), it can be proved that T, when acting on B'(Z), maps B'(Z) into itself.

THEOREM 2.3. If u} is the unique fized point of F,,, then lim, ., ||u; — J*|| =0.
The proof of Theorem 2.3 requires two lemmas.

LEMMA 2.1. For any u € BY(Z), we have

Ju—Toul| <2 inf fu— ],
rezkn

where ®,.(z) = Efﬁlrilsn’i (2), r=(r1, " ,Th,)-
Proof. Fix any r € Zk». Then, using the identity I',,®, = ®,., we obtain
lu—Thul| < |lu— @, || + (| — Tyul

= Hu - q)r” + ”an)r - FnuH
<flu—2. ) + | — ul]-

Since r is arbitrary, this completes the proof. [J
Notice that because of the operator I',,, the fixed point } of F,, must be constant over the sets
S,,.i. We use this property to prove the next lemma.

LEMMA 2.2.  We have

lu, = J7| <

2
inf ||[J*—@,[.
15, | |
Proof. Note that I',,u; = u; since u; is constant over the sets S, ;. Then, we have

[y, = TN < Juy, = Lo |+ [T g™ = J7|
- HFnUZ - FnTJ*” + ”FnJ* - J*H
= Tu, —T,TJ"||+ ||, J* — J*|| (by the definition of F,)
<|Tw; —=TJ*||+ ||TpJ* — J*| (since [|T,,u—Tpov| <|lu—2v|)
< Bllup — |+ [T — J°).

Hence, we obtain |lu} — J*|| < ﬁHFnJ* — J*||. The result now follows from Lemma 2.1. [
Proof of Theorem 2.3. Recall that since Z is compact, the function J* is uniformly continuous
and diam(S,, ;) < 2/n for all i=1,...,k,. Hence, lim,_, . inf, &, ||J* — ®,|| = 0 which completes
the proof in view of Lemma 2.2. [
The next step is to show that the fixed point j;; of T, converges to the fixed point J* of T. To
this end, we first prove the following result.
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LEMMA 2.3.  For anquC’b( ), | T — Fyul| =0 as n— 0.

Proof. Note that since [, u(z)p(dz|y,a) is continuous as a function of (y,a) by Assumption 2.1-
(b), it is sufficient to prove that for any | € C,(Z x A)
‘main [ 100 d) ~ [ mind (3, v () ]
min/l(y,a)ynyin(z)(dy) —/minl(y,a)unﬁin(z)(dy) -0

as n — oo. Fix any € > 0. Define {z;}:2, =, Z, and let {a;};°, be a sequence in A such that
mingeal(z;,a) = l(z;,a;); such a; exists for each z; because [(z;, -) is continuous and A is com-
pact. Define g(y) := min,ea l(y, a), which can be proved to be continuous, and therefore uniformly
continuous since Z is compact. Thus by the uniform continuity of [, there exists ¢ > 0 such that
dzxa((y,a), (y',a')) < & implies |g(y) — g(y')| <e/2 and |l(y,a) —I(y',a’)| < &/2. Choose ng such that
2/ng < 6. Then for all n > ngy, max;eqr,. x,} diam(S, ;) < 2/n <. Hence, for all y € S,,; we have
|l(ya az) mlnaeA l(ya )| < |l(y> ) l(zza a1)| + | minaeA l(Zi, CL) _minaeA l(ya CL)| = |l(ya ai) (Zw )| +
lg(z;) — g(y)| < e. This implies

|

= sup
z€”Z

min [ 10, )~ [ i)
/l(yaaz)yn,zn(z)(dy)_/Hgnl(yaa)ynzn(z)(dy)u

<sup sSup ‘l(y7az) - minl(y7a)‘yn,in(z) (dy) <e.
z€Z yesnﬂ-n(z) a

This completes the proof. [
THEOREM 2.4. The fixed point j;; of T, converges to the fized point J* of T
Proof. We have
Ty = TN < Ty = T |+ 1T = FuJ* ||+ | FJ* — Foug|
+ || Fouy, = J7||
<BIT; = TN+ Lo J™ = FoJ* || + BT — g || + [lug, — T
Hence
T T* = Fp || + (14 B)[[ " — uy|
1-06 ’
The theorem now follows from Theorem 2.3 and Lemma 2.3. [

Recall the optimal stationary policy f; for MDP,, and its extension fn( ) = fno Qn(z) to Z.
Since J* =J}oQ,, it is straightforward to prove that fn is the optimal selector of 7,,.J; that is,

[EARA B

where Tfn is defined as

y,u(:) = [ [ (@) 45 [ alw)pldyle. o) | ).

Define analogously
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It can be proved that both Tf'n and T} are contraction operators on B!(Z) with modulus ﬁ , and
it i§ known that the fixed point of 7' is the true cost function of the stationary policy f, (i.e.,
J(fn: 2))-

LEMMA 2.4. ||Tfnu— T ull =0 as n— oo, for any u e Cy(Z).

Proof. The statement follows from the uniform continuity of the function c(2,a) +
B [, u(y)p(dy|z,a) and the fact that f, is constant over the sets S, ;. O

Now, we prove the main result of this section.
Proof of Theorem 2.2. We have

1T s ) = TN <L, T (Fas ) =Ty, TN AT, T =T, TN A WL, T™ =Ty, Tl [ = 7|

fnn

< BII (fas ) = TN+ 1T5, * = 5, T+ BT = Tl + 17 = T
Hence, we obtain

=T T+ A+ BT — Tl
1-75 ’

The result follows from Lemma 2.4 and Theorem 2.4. O

. T: J
V() =0l <

2.2. Average Cost. In this section we impose some new conditions on the components of
the original MDP in addition to Assumption 2.1 to solve (Q1) for the average cost. A version
of the first two conditions was imposed in Vega-Amaya [38], Jaskiewicz and Nowak [26] to show
the existence of the solution to the Average Cost Optimality Equation (ACOE) and the optimal
stationary policy.

ASSUMPTION 2.2.  Suppose Assumption 2.1 holds with item (b) replaced by condition (f) below.
In addition, there exist a non-trivial finite measure ¢ on Z, a nonnegative measurable function 0
on Zx A, and a constant X € (0,1) such that for all (z,a) € Z x A

(@) p(Bl|z,a) = ((B)0(z,a) for all B € B(Z),

(¢) {7 <0(za),

(f) The stochastic kernel p(-|z,a) is continuous in (z,a) with respect to the total variation dis-
tance.

Throughout this section, it is assumed that Assumption 2.2 holds. Observe that any deterministic
stationary policy f defines a stochastic kernel p(-|z, f(z)) on Z given Z which is the transition
probability of the Markov chain {z;};°, (state process) induced by f. For any ¢ > 1, let us write
p'(-]z, f(2)) to denote the t-step transition probability of this Markov chain given the initial point
z; that is, p'(- |z, f(z)) is recursively defined as

P2, £(2)) = / p(- |z, £ (@) (delz, £(2)-

To study average cost optimal control problems, it is in general assumed that there exists an in-
variant distribution under any stationary control policy, so that the average cost of any stationary
policy can be written as an integral of the one-stage cost function with respect to this invariant
distribution. With this representation, one can then deduce the optimality of stationary policies
using the linear programming or the convex analytic methods (see Herndndez-Lerma and Lasserre
[21], Borkar [8]). However, to solve the approximation problem for the average cost, we need, in
addition to the existence of an invariant distribution, the convergence of t-step transition proba-
bilities to the invariant distribution, at some rate, for both the original and the reduced problems.
Therefore, it is crucial to impose proper conditions on the original model so that, on the one hand,
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they guarantee the convergence of t-step transition probabilities to the invariant distribution for
all stationary policies for the original system and, on the other hand, one is able to show that
similar conditions are satisfied by the reduced problems. Conditions (d) and (e) in Assumption 2.2
are examples of such conditions which were also used in the literature extensively. Indeed, if we
define the weight function w =1, then condition (e) corresponds to the so-called ‘drift inequality’:
for all (z,a) € Zx A

[ wtptaslz.a) < xwte) + (o),
and condition (d) corresponds to the so-called ‘minorization’ condition, both of which were used in
literature for studying geometric ergodicity of Markov chains (see Herndndez-Lerma and Lasserre
[22], Meyn and Tweedie [29], and references therein).

The following theorem is a consequence of Vega-Amaya [38, Theorem 3.3|, Gordienko and
Hernandez-Lerma [18, Lemma 3.4], and Jaskiewicz and Nowak [26, Theorem 3], which also holds
with Assumption 2.2-(f) replaced by Assumption 2.1-(b).

THEOREM 2.5. For any f € F, the stochastic kernel p(-|z, f(z)) is positive Harris recurrent
with unique invariant probability measure py. Therefore, we have

V(f.2) = / (e F(2)ug(dz) = py.

The Markov chain {z}°, induced by f is geometrically ergodic; that is, there exist positive real
numbers R and k <1 such that for every z€Z

sup Ip* (- |2, £(2)) = pyllrv < Ri,
re

where R and k continuously depend on ((Z) and X\. Finally, there exist f* € F and h* € B(Z) such
that the triplet (h*, f*, ps+«) satisfies the average cost optimality equality (ACOE), i.e.,

pre () =mipe(z,0)+ [ W ()p(ayiz.a)|

ac 7

- c(z,f*(z)) + Zh*(y)p(dy"zvf*(z))7
and therefore,

inf V(m, 2)=V*(z) = py=.

mell

For each n, define the one-stage cost function b, : Z x A — [0, 00) and the stochastic kernel ¢,, on
Z given Z x A as

b,(z,a) :—/c(x,a)un)in(z)(da:),
qn(-|z,a) = /p('\x,a)un,in(z)(da;).

Observe that ¢, (i.e., the one stage cost function of MDP,,) is the restriction of b, to Z,, and p,
(i.e., the stochastic kernel of MDP,,) is the pushforward of the measure g, with respect to @,,; that
is, cn(2ni,0) = bn(M) foralli=1,...,k, and p,(-|zn.i,a) = Qn*qn(- |20, a).

For each n, let MDP,, be defined as a Markov decision process with the following components:
Z is the state space, A is the action space, ¢, is the transition probability, and c is the one-stage
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cost function. Similarly, let MDP,, be defined as a Markov decision process with the following
components: Z is the state space, A is the action space, g, is the transition probability, and b,
is the one-stage cost function. Hlstory spaces, policies and cost functions are defined in a similar
way as before. The models MDP and MDP,, are used as transitions between the original MDP
and MDP,, in a similar way as the operators F,, and Tn were used as transitions between T and
T, for the discounted cost. We note that a similar technique was used in the proof of Ortner [30,
Theorem 2|, which studied the approximation problem for finite state-action MDPs. In Ortner [30]
the one-stage cost function is first perturbed and then the transition probability is perturbed. We
first perturb the transition probability and then the cost function. However, our proof method is
otherwise quite different from that of Ortner [30, Theorem 2] since Ortner [30] assumes finite state
and action spaces. o

We note that a careful analysis of MDP,, reveals that its Bellman optimality operator is essen-
tially the operator T,. Hence, the value function of MDP is the piecewise constant extension of
the value function of MDP,, for the discounted cost. A similar conclusion will be made for the
average cost in Lemma 2.5.

First, notice that if we define

071(27 a’) = /0(y7 a)yn7i7l(z) (dy)7
Cn = Q, xC (i.e., pushforward of ¢ with respect to @Q,,),

then it is straightforward to prove that for all n, both MD\PH and MDP,, satisfy Assumption 2.2-
(d),(e) when 6 is replaced by 6,,, and Assumption 2.2-(d),(e) is true for MDP,, when # and ( are
replaced by the restriction of 6,, to Z,, and (,, respectively.

Hence, Theorem 2.5 holds (with the same R and k) for MDPn, MDPn, and MDP, for all n.

Therefore, we denote by f , f and f* the optimal stationary policies of MDPn, MDPn, and MDP,,
with the correspondlng average costs p . o, 7 and Pz respectively.

Furthermore we also write pY, p}, and p’t to denote the average cost of any stationary policy f

for MDPm MDPn7 and MDP,,, respectively. The corresponding invariant probability measures are
also denoted in a similar manner, with p replacing p.

The following lemma essentially says that MDP,, and MDP,, are not very different.

LEMMA 2.5.  The stationary policy given by the piecewise constant extension of the optimal

policy f* of MDP,, to Z (i.e., f0Q,) is optimal for MDP, with the same cost function P Hence,
fi=1roQu and p%, = pj.

Proof. Note that by Theorem 2.5 there exists hy € B(Z,) such that the triplet (A, f;,p}:)
satisfies the ACOE for MDP,,. But it is straightforward to show that the triplet (h: o Q,,f:o
Qn,pj*) satisfies the ACOE for MDP By Gordienko and Hernandez Lerma [18, Lemma 5.2],

this implies that f} o (@, is an optimal stationary policy for MDP with cost function p}.. Hence
fi=1fioQn and p%, = pf.. U

The following theorem is the main result of this section. It states that if one applies the piecewise
constant extension of the optimal stationary policy of MDP,, to the original MDP, the resulting
cost function will converge to the value function of the original MDP.

THEOREM 2.6. The average cost of the optimal policy f,’; for ]\mn, obtained by extending the

optimal policy fr of MDP, to Z, converges to the optimal value function J* = ps« of the original
MDP; i.e.,

lim |pz. —ppe| =0
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Hence, to find a near optimal policy for the original MDP, it is sufficient to compute the optimal
policy of MDP,, for sufficiently large n, and then extend this policy to the original state space.

To show the statement of Theorem 2.6 we will prove a series of auxiliary results.

LEMMA 2.6. For allt>1 we have

lim sup Hp 1y, F(W) = an (- 1y, fly HTV 0.

OO (y, f)EZXF

Proof. We will prove the lemma by induction. Note that if one views the stochastic kernel
p(-]z,a) as a mapping from Z x A to P(Z), then Assumption 2.2-(f) implies that this mapping is
continuous, and therefore uniformly continuous, when P(Z) is equipped with the metric induced
by the total variation distance.

For ¢t =1 the claim holds by the following argument:

sup (- [y, F®)) = an(- 1y, FW)|| =2 sup  sup [p(Dly, f(y)) —an(Dly, f(y))]

(y.f)€EZXF (y,f)€ZxF DeB(Z)

<2 sup  sup / (DL, £@)) ~ (D12, F))] v i (d2)

(y,f)EZXF DeB(Z)

< sup / 1pC- 1 £@)) = (- 125 £@)) |y Vi (2)
(y,f)EZXF

<sup  sup ||p(-|y,a) = p(-|z,0)],, -

yeZ (z,a)GSnyin(y) X

As the mapping p(-|z,a) : Z x A — P(Z) is uniformly continuous with respect to the total variation
distance and max,, ; diam(S,, ;) — 0 as n — oo, the result follows. Assume the claim is true for ¢ > 1.
Then we have

(y;gxw\\pt“ Sy, F W) = a5 Clys F @)y
= s s [t el f) — [ ot el >>\
< sup (sup' [ [ stttz st @elo. 60 - [ [ stelptaslz, 5 el f(y))‘

(y,f)eZxF \|lg]/<1

# s | [ [ gtomtants 10t F ) - [ [ ootz f)attasto 1t D
Sswp PCly £ = a1 @Dt sup P12, £(2) = anl- L, ) gy 2.5)

where the last inequality follows from the following property of the total variation distance: for
any h € B(Z) and p,v € P(Z) we have | [, h(z)u(dz) — [, h(z)v(dz)| < |kl — v||rv. By the first
step of the proof and the induction hypothesis, the last term converges to zero as n — oo. This
completes the proof. [

REMARK 2.3. This is the point where we need the continuity of the transition probability p
with respect to the total variation distance. If we assume that the stochastic kernel p is only weakly
or setwise continuous, then it does not seem possible to prove a result similar to Lemma 2.6 for
the weak and the setwise topologies.

Using Lemma 2.6 we prove the following result.

LEMMA 2.7.  We have sup .y \pj prl =0 asn— oo, where p P 1s the cost function of the policy
f for MDP and py 1is the cost function of the policy f for the original MDP.
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Proof. For any t > 1 and y € Z we have

sup [py — ps| =sup
fer feF

N

/Z ez, F(2)pn(dz) — [ ez f(2)sldz)
FEpidz) — [ el f(2)

SSfléII;‘/ZC(z, i’y (dz —/Zc z qi(dZIy,f(y))‘
ssup| [ cle.pENatlazl F0) - [ C(z,f(Z))pt(dZIy,f(y))‘

c(z, f(2)p'(dzly, f(y)) — /( 2 ))uf(dZ)‘
<2R'|lel +llell sup g, (-ly, £ () =p"(- v, f ()|, (by Theorem 2.5-(ii)),

(y,f)EZXF

+sup
feF

N

where R and r are the constants in Theorem 2.5. Then, the result follows from Lemma 2.6. [
The following theorem states that the value function of MDP converges to the value function
of the original MDP.

LEMMA 2.8. We have \,6’;* —ppe| =0 as n— oco.

Proof. Notice that

‘16?;{ Pl = max(ﬁ}% TP P ,(3?:{)
< max(ﬁ}h TP P ﬁ;&;)

Ssgp\ﬁ’} = psl.
Then, the result follows from Lemma 2.7. [

LEMMA 2.9.  We have sup g |p} — p}| — 0 as n — oo.

__Proof. 1t is straightforward to show that b, — ¢ uniformly. Since the probabilistic structure of
MDP,, and MDP,, are the same (i.e., i} = i} for all f), we have

/ bz, £(2)) N (dz) — / (2, f(2)N(d2)
< sup / bz £(2)) — ez, (=) (d)

fer Jz
< ||bn —cl|.

sup [p} —p —sup
fEIE‘| f j|

This completes the proof. [ o
The next lemma states that the difference between the value functions of MDP,, and MDP,,
converges to zero.

LEMMA 2.10. We have |ﬁ;} —ﬁ’ff*| —0 as n— 0.

Proof. See the proof of Lemma 2.8. [ o
The following result states that if we apply twtimal policy of MDP,, to MDP,,, then the
resulting cost converges to the value function of MDP,,.

LEMMA 2.11. We have ]p”; —,6;}.*] —0 as n— oco.

Proof. Since | ,6}3.;; — [);};
2.10. 0O

Now, we are ready to prove the main result of this section.

Proof of Theorem 2.6. We have [pg. —py«| < [pj. —,6;}.;;|+ |[);}n —,6;}.;|+ |[);}n — p’}«|. The result now
follows from Lemmas 2.7, 2.11 and 2.8. [

<] [)}3; - ,5;};;| +| /3}3; - ,6;}.; |, then the result follows from Lemmas 2.9 and
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3. Finite State Approximations of MDPs with Non-Compact State Space. In this
section we consider (Q1) for noncompact state MDPs with unbounded one-stage cost. To solve
(Q1), we use the following strategy: (i) first, we define a sequence of compact-state MDPs to
approximate the original MDP, (ii) we use Theorems 2.2 and 2.6 to approximate the compact-state
MDPs by finite-state models, and (iii) we prove the convergence of the finite-state models to the
original model. In fact, steps (ii) and (iii) will be accomplished simultaneously.

We impose the assumptions below on the components of the Markov decision process; additional
assumptions will be imposed for the average cost problem. With the exception of the local com-
pactness of the state space, these are the usual assumptions used in the literature for studying
Markov decision processes with unbounded cost.

ASSUMPTION 3.1.

(a) The one-stage cost function c is continuous.

(b) The stochastic kernel p(-|x,a) is weakly continuous in (x,a).

(c) X is locally compact and A is compact.

(d) There exist nonnegative real numbers M and « € [1, %), and a continuous weight function
w:X—[1,00) such that for each x € X, we have

sup |e(z,a)| < Mw(z), (3.1)
acA
sup [ w(y)p(dyle.a) < aw(o) (32)
acA JX
and [, w(y)p(dylz,a) is continuous in (x,a).

Since X is locally compact separable metric space, there exists a nested sequence of compact sets
K, } such that K,, Cint K,,,; and X = )", K,, Aliprantis and Border [1, Lemma 2.76, p. 58].
+ n=1

LEMMA 3.1. For any compact subset K of X and for any € > 0, there exists a compact subset
K. of X such that

sup / lw(y)p(dy\x,a) <e,

(z,a)eKXAJK

where D¢ denotes the complement of the set D.

Proof. We prove the lemma by contradiction. Assume the claim is wrong. Since every compact
subset K of X is a subset of K,, for some n, the negation of the above lemma is equivalent to the
following statement: there exists a compact set K C X and € > 0 such that for all n > 1 we have

(z,a)eKXAJK,

sup /w(y)p(dylw,a)za

Note that w is integrable with respect to the probability measures in the set {p(-|z,a): (z,a) €
K x A} since

sup [ wp(dyle.o) < asupu(e) < .
(z,a)eK XA JX zeK

For each n, we prove that [ (int Kn)e cw(y)p(dy|z,a) is an upper semi-continuous function on K x A.
Recall that [, w(y)p(dy|z,a) is a contlnuous function of (z, a) Let (xg,ar) — (z,a) in K x A. Then
p(-|zk, ar) = p(- \x a) weakly and [ w(y)p(dy|zk, ar) = [, w(y)p(dy|z,a) by our assumption. If we
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take fr =gr = f = g =w in Serfozo [35, Theorem 3.3], this result implies that v, (-) — v(-) weakly,
where

v(D) = / w(y)p(dylz, ar)
v(D) —/Zw(y)p(dy!w,a),

for all D € B(X). Then, by Bartoszynski [2, Theorem A] we have

/(' 9% )Cw(y)p(dyyg;,a) =v((int K,,)°)

k— o0 k— o0

> limsup v ((int K,)¢) := limsup / w(y)p(dy|zy, a).
(int Kn)°

Hence, f(intKn)C w(y)p(dy|z,a) is upper semi-continuous. Since K x A is compact, there exists
(zn,a,) € K x A such that

sup / w(y)p(dy|z,a) = / w(y)p(dy| T, an,).
(int Kp)©

(z,a)E K XA (int Kn)¢

The sequence {(z,,a,)} (being a sequence in a compact set K x A) has an converging subsequence
{(@n,,an,)} with the limit (x,a) € K x A. Then, for all m > 2, we have

/K w(y)p(dy|x,a)2/(_ . )cw(y)p(dylﬂf,a)

c
m—1

> lim Sup/ w(y)p(dy|Tn, ; an,)

k—oco int K'rn)c
> limsup/ w(y)p(dy|Tn,, an,) > ¢,
(

k—o00 int Kn, )¢

where the third inequality follows from the fact that (int K,,)¢ D (int K,,, )¢ for k sufficiently large.
But this is a contradiction because w is p(-|z,a) integrable. [
Let {v,} be a sequence of probability measures such that for each n>1, v, € P(K¢) and

Vn = /K w(x)v,(dr) < oo, (3.3)

c
n

Y =supT, =sup max{O, sup / (v —w(y)) p(dy|z, a)} < 0. (3.4)
( K

n n x,a)EXXA <

For example, such probability measures can be constructed by choosing x,, € K¢ such that w(z,) <
inf,exe w(x) + = and letting v, () =d,,(+).

Similar to the finite-state MDP construction in Section 2, we define a sequence of compact-
state MDPs, denoted as ¢-MDP,,, to approximate the original model. To this end, for each n let
X, =K, U{A,}, where A, € K¢ is a so-called pseudo-state. We define the transition probability
pn on X, given X,, x A and the one-stage cost function ¢, : X,, x A— [0,00) by

p(- ﬂKn]a;,a)—i-p(K;‘;\x,a)éAn, ifxe K,
Pal-lw,0) = ch (p( ﬂKn]z,a) —i—p(Kﬁ]z,a)(SAn)l/n(dz), if x =A,,
c(z,a), itre K,
cn(z,a)

- Jxe c(z,a)vp(dz),  if z=A,.
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With these definitions, ¢-MDP,, is defined as a Markov decision process with the components
(Xn,A, pn,cn). History spaces, policies, and cost functions are defined in a similar way as in the
original model. Let IL,,, ®,, and F, denote the set of all policies, randomized stationary policies
and deterministic stationary policies of c-MDP,,, respectively. For each policy 7 € II,, and initial
distribution p € P(X,,), we denote the cost functions for c-MDP,, by J,, (7, 1) and V,, (7, u).

To obtain the main result of this section, we introduce, for each n, another MDP, denoted by
MDP,,, with the components (X,A,qn, b, ) where

(-1z.) p(-|x,a), ifre K,

n " |T,0) = .

1 ch (‘z,a)v,(dz), if x€ K¢,
b (2,0) = c(z,a), ifre K,

ch c(z,a)v,(dz), if ze K.

For each policy 7 € IT and initial distribution y € P(X), we denote the cost functions for MDP,, by
I (7, 1) and V, (7, ).

3.1. Discounted Cost. In this section we consider (Q1) for the discounted cost criterion
with a discount factor 8 € (0,1). Throughout this section, it is assumed that Assumption 3.1 holds.
The following result states that c-MDP,, and MDP,, are equivalent for the discounted cost.

LEMMA 3.2. We have

j*(x)_{J;{(a;), ifve K, (3.5)

" JH(A,), ifreKe,

where J* is the discounted value function of MDP, and J! is the discounted value function of c-
MDP,,, provided that there exist optimal deterministic stationary policies for MDP,, and c-MDP,,.
Furthermore, if, for any deterministic stationary policy f € F,,, we define f(x) = f(x) on K, and
f(z)=f(A,) on K, then
Jn(f,x)Z{J"(f’x)’ Joc K, (3.6)
J.(f,A,),  ifre K.

In particular, if the deterministic stationary policy f, € ¥, is optimal for c-MDP,,, then its exten-
sion f¥ to X is also optimal for MDP,.

Proof. The proof of (3.6) is a consequence of the following facts: b,(x,a) = b,(y,a) and
qn(-|z,a) = qu(-|y,a) for all x,y € K¢ and a € A. In other words, K¢ in MDP,, behaves like the
pseudo state A, in c-MDP,, when f is applied to MDP,,.

Let F,, denote the set of all deterministic stationary policies in IF which are obtained by extending
policies in F,, to X. If we can prove that minsep J,(f,2) = min, g J,(f,2) for all z € X, then (3.5)
follows from (3.6). Let f € F\ F,.. We have two cases: (i) J,,(f,2) = J,.(f,y) for all 2,5 € K¢ or (ii)
there exists z,y € K¢ such that J,(f,2) < J.(f,y).

For the case (i), if we define the deterministic Markov policy 7% as 7° = {fo, f, f,...}, where
fo(x) = f(2) on K¢ for some fixed z € K¢ and fy(z) = f(z) on K,,, then using the expression

jn(ﬂ'o,x):bn(x,fo(:v))—G—B/Xjn(f,x')qn(dx'|x,f0(x)), (37)

Ju(f,2) on K,, and J,, (7%, x) = J,(f, 2) on K. There-
Jo(f,x) = J,(f,2) for all x € K¢. For all t > 1 define

it is straightforward to show that T (70, ) =
fore, J,,(7°,z) = J,(f,z) for all x € X since
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the deterministic Markov policy n* as n* = {fo, 7"~'}. Analogously, one can prove that .J, (7, 2) =
Jo (7t x) for all x € X. Since J, (7!, x) — J,,(fo,7) as t — oo, we have J,(fo,x) = J,,(f,z) for all
zeX, Where fo€F,.

For the second case, if we again consider the deterministic Markov policy 7° ={fo, f, f, ...}, then
by (3.7) we have J,,(7°,y) = J,.(f,2) < J.(f,y). Since min;cp J,(f,y) < J,(7°,y), this completes
the proof. [

For each n, let us define w,, by letting w, (z) = w(x) on K,, and w, ch v, (dz) =7, on
K¢. Hence, w,, € B(X) by (3.3).

LEMMA 3.3. For alln and x € X, the components of MDP,, satisfy the following:

sup |b, (z,a)| < Mw,(x) (3.8)
acA
sug)/wn(y)qn(dym,a) < aw,(x)+7, (3.9)
ac X

where v is the constant in (3.4).

Proof. Tt is straightforward to prove (3.8) by using the definitions of b,, and w,,, and the equa-
tion (3.1). To prove (3.9), we have to consider two cases: = € K,, and x € K¢. For the first case,
gn(-|z,a) =p(-|z,a), and therefore, we have

sup/an(y)p(dy!waa)—Sup{/xw(y)p(dy\%a)Jr/Kﬁ (v —w(y)) p(dy!waa)}

acA acA

< sup / w(y)p(dylz,a) +~ (by (3.4))

acA
<ow(x)+vy=aw,(z)+v (as w,=w on K,).

For z € K¢, we have

ap [[onisie) = [ ( [ttt Jta

<[ (s wn<y>p<dy|z,a>)un<dz>
< (aw(2) +7) v, (dz) (3.10)

where (3.10) can be proved following the same arguments as for the case x € K,,. This completes
the proof. [

Note that if we define ¢, () =1+ supyea [bn(2,a)| and ¢, (2) = sup,ea [5 ¢ni-1(Y)@n(dy|z, a),
by (3.8) and (3.9), and an induction argument, we obtain (see Hernandez-Lerma and Lasserre [22,

p. 46])

Cni(z) < Lw, (z)a’ + Ly Z o for all x € X, (3.11)

Jj=0

where L =14 M. Let 3, > 8 be such that af, <1 and let C,, : X — [1,00) be defined by

= Z BoCn.t(x)
t=0
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Then, for all z € X, by (3.11) we have
- L LB,
= g Leni(r) < ————w,, (z) +
t:OBO ;t( )_1_,8004 ( ) (1_50)(1_/80a)7

Hence C,, € B(X) as w,, € B(X). Moreover, for all (z,a) € X x A, C,, satisfies (see Herndndez-Lerma
and Lasserre [22, p. 45])

[ Cn i) =35 [ cntmaisle.o
< Zﬂ(t)cn,tﬂ(fﬂ)

= 50 Z Bocn t aOCn(x)a

where oy := 6—10 and ayf < 1 since [y > 5. Therefore, for all x € X, components of MDP,, satisfy

sup b, (z,a)| < C,(z) (3.13)
acA
sug)/Cn(y)qn(dym,a) < apC, (). (3.14)
ac X
Since C,, € B(X), the Bellman optimality operator T, of MDP,, maps B'(X) into B!(X) and is
given by
T,u(z) = 1nf [b (z,a —1—5/ Y)qn( dy]a; a)]
B mfaeA[ c(x,a)+ B [ u( dy\x a)], ifre K,
\infeen [y [e(2,a —i—ﬁfx p(dy|z,a)|v,(dz), if z€ K¢

Then successive approximations to the discounted value function of MDP,, are given by ) =0
and vt =T, 0! (t>1). Since a3 < 1, it can be proved as in Herndndez-Lerma and Lasserre [22,
Theorem 8.3.6, p. 47] and Herndndez-Lerma and Lasserre [22, (8.3.34), p. 52] that

ot (2)], | T (2)| < f"(i) for all z, (3.15)
— Yo
— O’t
lor, = Tallew < 7= _Oo_t, (3.16)
0

where g = fagy < 1.
Similar to !, let us define v =0 and v'*' = Tw', where T : B, (X) = B,(X), the Bellman
optimality operator for the original MDP, is given by

Tu(x)—irelg[ a;a—i—ﬂ/ dy\xa}

Then, again by Herndndez-Lerma and Lasserre [22, Theorem 8.3.6, p. 47] and Herndndez-Lerma
and Lasserre [22, (8.3.34), p. 52| we have

ot (2)], | T (2))| gMﬂ”()f for all z, (3.17)
t

[V = T

(3.18)

where 0 = fa < 1.
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LEMMA 3.4. For any compact set K C X, we have

lim sup |[vf (z) —v'(z)|=0 (3.19)

n—o0 rzeK

forallt>1.

Proof. We prove (3.19) by induction on ¢. For ¢ =1, the claim trivially holds since any compact
set K C X is inside K,, for sufficiently large n, and therefore, b, = ¢ on K for sufficiently large n
(recall v? =v? =0). Assume the claim is true for ¢ > 1. Fix any compact set K. Recall the definition
of compact subsets K. of X in Lemma 3.1. By definition of ¢,, b,,, and w,,, there exists ng > 1 such
that for all n>ng, ¢, =p, b, =¢, and w,, =w on K. With these observations, for each n > n, we
have

sup [viH (z) — o' (2)| = sup mf[ c(z,a —i—ﬁ/ p(dy|z, a)] mAln[ (z,a —i—ﬁ/ p(dy|z, a)-‘
éﬂ@ sup /Xvn( p(dylz, a) - /Xv (y)p(dy|z, a)
=5 swp | [ () =) pldsle.)+ [ ()~ ') pldloa)
(z,a)e KxXA|J K< £
<o{ s i)~ '@+ s || (04 = ) sldle.o) |

Note that we have |v*| < M= by (3.17). Since w;, < YmaxW, Where Y.y = max{1,v}, we also have
ot | < Tamaxwils < (1 ma Lo by (3.12) and (3.15) (as w >1). Let us define

1—o09 1—o9
lemax+L2 M
+ .
1—o0y 1—0

R:=

Then by Lemma 3.1 we have
sup |v," () — v (2)| < B sup |vy () —v'(z)| + BRe.

rzeK reKe

Since the first term converges to zero as n — oo by the induction hypothesis, and ¢ is arbitrary,
the claim is true for ¢ 4+ 1. This completes the proof. [

The following theorem states that the discounted value function of MDP, converges to the
discounted value function of the original MDP uniformly on each compact set K C X.

THEOREM 3.1. For any compact set K C X we have

lim sup]J( )—J*(x)| =0. (3.20)

HHOO

Proof. Fix any compact set K C X. Since w is continuous and therefore bounded on K, it is

sufficient to prove lim,,_,., sup,c W Let n be chosen such that K C K,,, and so, w,, =w
on K. Then we have
j* _J* j* ot t ot t —J*
o @ =T @] _ @) =@ @ v @] ) = @)
B T e B s A
Ji(z) =l (x)| Cp vl (x) — vt (z o
<s n n n M by (3.18
< sup o) ol +sup i) + o ( yt( )
“(x) — L L — M
o @) = @) (B @)+ L) | oh(o) )] | Mot
e K Cn(x) w(z e K w(z 1—ot
| (@) — vy, ()] v, (z) —v'(z)| | Mo'
<(L.—+L W \2) 7 T\l n _ K
( 1+ 2):1612 Cn IL') +§l€1113 ’UJ(IL') 1— gt (wn w on )
t ot 1
< (Ll +L2) 0 + ’Un(x) v (x)’ MU
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t t
Since w > 1 on X, supxeKM — 0 as n — oo for all ¢ by Lemma 3.4. Hence, the last

expression can be made arbitrailfiimy small. This completes the proof. [

In the remainder of this section, we use the above results and Theorem 2.2 to compute a near
optimal policy for the original MDP. It is straightforward to check that for each n, c-MDP,,
satisfies the assumptions in Theorem 2.2. Let {¢,} be a sequence of positive real numbers such
that lim,, .. €, = 0.

By Theorem 2.2, for each n > 1, there exists a deterministic stationary policy f, € F,,, obtained
from the finite state approximations of c-MDP,,, such that

sup |Jn(fnax) - J;('I” S Ens

rEXn
where for each n, finite-state models are constructed replacing (Z,A, P, c) with the components
(Xn, A, p,., cn) of c-MDP,, in Section 2. By Lemma 3.2, for each n > 1 we also have

sup |, (fo, ) — J5 (7)| < &4, (3.21)

reX

where, with an abuse of notation, we also denote the extended (to X) policy by f,. Let us define
operators R, : Be, (X) = Be, (X) and R, : B,,(X) = B, (X) by

Ryu(z) = (@, flw +5fx dylfv fa()), if re K,
' Jieg ez, fulz +ﬂfx p(dylz, fu(2))|va(dz), if z € K¢,

Rou(z) = (z, ful)) + B / u(y)p(dyra:, ful)).

By Hernandez-Lerma and Lasserre [22, Remark 8.3.10, p. 54], R, is a contraction operator with
modulus o, and R, is a contraction operator with modulus ¢. Furthermore, the fixed point of R,,
is Ju(fn, ) and the fixed point of R, is J(f,,z). For each n > 1, let us define @) = uf =0 and
attt = R,at, uitt = R,ul, (t>1). One can prove that (see the proof of Hernandez-Lerma and

’ﬂ

Lasserre [22 Theorem 8.3.6, p. 51])

@ (2)], [T fr)| < fﬁjﬂ
i, = (e Ve < 720

w(z)

— 0
t

[ (@) | (foy )| < M 5

LEMMA 3.5. For any compact set K C X, we have

lim sup |a, (z) —ul (z)] =0.

n—oo reK

Proof. The lemma can be proved using the same arguments as in the proof of Lemma 3.4 and
so we omit the details. [

LEMMA 3.6. For any compact set K C X, we have

lim sup |J,(fn,2) — J(fn, )| =0. (3.22)

n—oo reK

Indeed, this is true for all sequences of policies in .
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Proof. The lemma can be proved using the same arguments as in the proof of Theorem 3.1. [J

The following theorem is the main result of this section which states that the true cost functions
of the policies obtained from finite state models converge to the value function of the original MDP.
Hence, to obtain a near optimal policy for the original MDP, it is sufficient to compute the optimal
policy for the finite state model that has sufficiently large number of grid points.

THEOREM 3.2. For any compact set K C X, we have

lim sup |J(fn,x) —J*(z)| =0.

n—0o0 reEK

Therefore,
lim |J(fn,z)—J"(x)|=0 for all x € X.
Proof. The result follows from (3.20), (3.21), and (3.22). O

3.2. Average Cost. In this section we obtain approximation results, analogous to Theo-
rems 3.1 and 3.2, for the average cost criterion. To do this, we impose some new assumptions on
the components of the original MDP in addition to Assumption 3.1. These assumptions are the
unbounded counterpart of Assumption 2.2. With the exception of Assumption 3.2-(j), versions of
these assumptions were imposed in Vega-Amaya [38], Gordienko and Hernandez-Lerma [18], and
Jasgkiewicz and Nowak [26] to study the existence of the solution to the Average Cost Optimality
Equality (ACOE) and Inequality (ACOI). In what follows, for any finite signed measure 9 and
measurable function h on X, we let 9(h) = [, h(z)9(dx) and

|9w = sup

llgllw <1

[ stayias)

X

Here ||9||,, is called the w-norm of ¥.

ASSUMPTION 3.2.  Suppose Assumption 3.1 holds with item (b) and (3.2) replaced by conditions
(j) and (e) below, respectively. In addition, there exist a probability measure n on X and a positive
measurable function ¢: X x A — (0,00) such that for all (z,a) € X x A

(e) fxw(y)p(dylz,a) < aw(x) +n(w)é(z,a), where a € (0,1).

(f) p(Dl|z,a) = n(D)¢(x,a) for all D € B(X).

(9) The weight function w is n-integrable, i.e., n(w) < oo.

(h) For each n>1, inf, o)k, xa @(z,a) > 0.

(j) The stochastic kernel p(-|x,a) is continuous in (xz,a) with respect to the w-norm.

Throughout this section, it is assumed that Assumption 3.2 holds. Conditions (e), (f), and (g)
of Assumption 3.2 are unbounded counterparts of conditions (d) and (e) in Assumption 2.2. Recall
that condition (e) corresponds to the so-called ‘drift inequality’ and condition (f) corresponds to
the so-called ‘minorization’ condition which guarantee the geometric ergodicity of Markov chains
induced by stationary policies (see Herndndez-Lerma and Lasserre [22], Meyn and Tweedie [29]
and references therein). These assumptions are quite general for studying average cost problems
with unbounded one-stage costs. In addition, they are proper for the approximation problem in
the sense that it can be shown that if the original problem satisfies these, then the reduced models
constructed in the sequel satisfy similar conditions. There is only one minor difference between As-
sumption 3.2-(f) and the standard minorization condition: in the literature ¢ is in general required
to be nonnegative instead of positive.

Note that although Assumption 3.2-(j) seems to be restrictive, it is weaker than the assumptions
imposed in the literature for studying approximation of average cost problems with unbounded
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cost (see Dufour and Prieto-Rumeau [15]). Indeed, it is assumed in Dufour and Prieto-Rumeau
[15] that the transition probability p is Lipschitz continuous in (x,a) with respect to w-norm. The
reason for imposing such a strong condition on the transition probability is to obtain convergence
rate for the approximation problem. Since we do not aim to provide rate of convergence result
in this section, it is natural to impose continuity instead of Lipschitz continuity of the transition
probability. However, it does not seem possible to replace continuity with respect to the w-norm by
a weaker convergence notion. One reason is that with a weaker continuity notion it is not possible
to prove that the transition probability of c-MDP,, is continuous with respect to the total variation
distance, which is needed if one wants to use Theorem 2.6 and cannot be relaxed as explained in
Remark 2.3.

Analogous with Theorem 2.5, the following theorem is a consequence of Vega-Amaya [38, The-
orems 3.3|, Gordienko and Hernandez-Lerma [18, Lemma 3.4] (see also Hernandez-Lerma and
Lasserre [22, Proposition 10.2.5, p. 126]), and Jaskiewicz and Nowak [26, Theorem 3], which also
holds with Assumption 3.2-(j) replaced by Assumption 3.1-(b).

THEOREM 3.3. For each f €F, the stochastic kernel p(-|x, f(x)) is positive Harris recurrent
with unique invariant probability measure pg. Furthermore, w is jup-integrable, and therefore, py =
Jyex, flpg(da) < oo. There exist positive real numbers R and x <1 such that

sup [|p*(- |2, f(2)) = psllw < Ruw(z)s' (3.23)

fer

for all z € X, where R and k continuously depend on o, n(w), and inf jcpn($(y, f(y))). Finally, there
exist f*€F and h* € B,,(X) such that the triplet (h*, f*, ps«) satisfies the average cost optimality
equality (ACOE), and therefore,

inf V(m,x)=V*(z) = py=,

mell

for all x € X.

Note that (3.23) implies that for each f € F, the average cost is given by V(f,z) =
Sy e(y, f(y))ps(dy) for all x € X (instead of ps-a.e.); that is, the average cost is independent of the
initial point.

Recall that V,, and V,, denote the average costs of c-MDP, and MDP,,, respectively. The
value functions for average cost are denoted analogously to the discounted cost case. Similar to
Lemma 3.2, the following result states that MDP,, and MDP,, are not too different for the average
cost.

LEMMA 3.7. Suppose Theorem 3.3 holds for MDP, and Theorem 2.5 holds for MDP,,. Then
we have

Sy JVa@),  ifrekK,
V(x){v;(An), if e € K. (3.24)

Furthermore, if, for any deterministic stationary policy f € F,,, we define f(x) = f(z) on K,, and
f(@) = f(An) on K, then

Vo(f,z) = (3.25)

o Vi(f.z), ifrek,
Vi(f,A,), ifze KE.

In particular, if the deterministic stationary policy f,; € ¥, is optimal for MDP,,, then ils extension
frx to X is also optimal for MDP,,.
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Proof. Let the triplet (hZ, f, p’;n) satisfy the ACOE for c-MDP,,, so that f is an optimal policy
and pf. is the average value function for ¢-MDP,,. It is straightforward to show that the triplet

(h, f,’:,p?;) satisfies the ACOE for Mf)/Pn, where

B () = hi(z), ifre K,
U hi(A,),  ifre K

and

Jal@) = {f*(An), if z € K¢

n

By Gordienko and Hernandez-Lerma [18, Lemma 5.2] (see also Herndndez-Lerma and Lasserre [21,
Section 5.2]), this implies that f* is an optimal stationary policy for MDP,, with cost function P
This completes the proof of the first part.

For the second part, let f € [F,, with an unique invariant probability measure ;1 € P(X,,) and let
f €T denote its extension to X with an unique invariant probability measure 7. It can be proved
that

pp()=pp(- NEKL) + pp(K5)oa, ().

Then we have

V(f )= / by (, () ()
/>§ Cn(xa f(f)):uf(dx) +/Lf(KrCL)Cn(Am JE(An))

n

- / e, £(2)1y(d)
=V,(f, ).

This completes the proof. [

By Lemma 3.7, in the remainder of this section we need only consider MDP,, in place of MDP,,.
Later we will show that Theorem 3.3 holds for MDP,, for n sufficiently large and that Theorem 2.5
holds for c-MDP,, for all n.

Recall the definition of constants 7, and 7, from (3.3) and (3.4). For each n > 1, we define
G : XX A—(0,00) and ¢, €R as

qﬁ(a;,a), lfweKn
Jice Sy, a)vn(dy),  if w € K,

Sn = / w(y)n(dy).

Kq

On(x,a) = {

Since n(w) < oo and 7,, can be made arbitrarily small by properly choosing v,,, we assume, without
loss of generality, the following.

ASSUMPTION 3.3. The sequence of probability measures {v, } is chosen such that the following
holds

lim (7, +¢,) =0. (3.26)

n—roo
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Let a,, = a+¢, +7,.

LEMMA 3.8. For alln and (xz,a) € X x A, the components of MDP,, satisfy the following:

sup |b, (z,a)| < Mw, (x)
acA

/X wn (1) (]2, @) < 0 (&) +7(10,) o (2, ), (3.27)
Gn(D|z,a) >n(D)d,(x,a) for all D € B(X).

Proof. The proof of the first inequality follows from Assumption 3.2 and definitions of b, and
w,. To prove the remaining two inequalities, we have to consider the cases z € K,, and x € K¢
separately.

Let z € K,,, and therefore, q,(-|z,a) =p(-|x,a). The second inequality holds since

/an(y)p(dylfﬂ,a)Z/w(y)p(dylx,a)Jr/ (v —w(y)) p(dylz,a)

X K

s/w@mwm@+m

< () +n(w)o(z,0) + 7,
< aw, (z) +n(w,)on(z,a) + ,dn(x,a) + 7, (as w, =w and ¢, = ¢ on K,,)
< a,wy(z) +n(w,)dn(z,a), (as ¢, <1 and w, >1).

For the last inequality, for all D € B(X), we have

4n(Dlz,a) = p(Dlz,a) > n(D)d(x,a) = n(D)dn(x,a) (as ¢n =¢ on K,).

Hence, inequalities hold for x € K.
For z € K¢, we have

[ oty = | % ([ wntwmtaste, o)
S/KC (aw(2) + n(w,)d(x, a) + s, d(x, a) + 75 va(d2) (3.28)

00, (2) +(10,)9 (2, 0) 6,00 (2,0) + 7,
Wy () +n(w,) e (z,a), (since ¢, <1 and w, >1)

where (3.28) can be obtained following the same arguments as for the case z € K,,. The last
inequality holds for = € K¢ since

> | n(D)o(z,a)v,(dz)

c
K§

= "7(D)¢)n($a CL).

This completes the proof. [

We note that by (3.26), there exists ng > 1 such that «,, <1 for n > ny. Hence, for each n > ny,
Theorem 3.3 holds for MDP,, with w replaced by w, for some R,, >0 and &, € (0,1), and we have
R = SUDP,,> 5, R, <00 and Kpax := SUDP,, >, Kin < 1.

In the remainder of this section, it is assumed that n > n,.




Saldi, Yiiksel, and Linder: Asymptotic Optimality of Finite Approximations to MDPs
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS 27

LEMMA 3.9. Let g: Xx A— R be any measurable function such that sup,ca |g(x,a)| < Myw(x)
for some M, € R. Then, for allt>1 and any compact set K C X we have

sup
(v, f)EKXF

/ gu(, £(2))g (daly, £ (4)) — / o(x, F(@))p"(daly, f())] =0

X X

as n— oo, where g,(z,a) = g(z,a) on K, x A and g,(x,a) ch z,a)v,(dz) on K¢ x A.

Proof. We will prove the lemma by induction. Fix any compact set K C X. We note that in
the inequalities below, we repeatedly use the fact ¢, ¢, <1 without explicitly referring to this
fact. Recall the definition of the compact subsets K. of X in Lemma 3.1 and the constant y,,.x =
max{1,7}. Note that sup,ca |gn(z,a)| < Myw,(z) < M;Vmaxw(z) for all z € X.

The claim holds for t =1 by the following argument:

sup
(v, f)EKXF

/gn(:v,f(ﬂf))qn(dwly fy)) - /g(ﬂf, (@))p(dly, f(y ))‘

X

= sup /gn(x,f( ))p(dx|y, f(y /g p(dx|y, f(y ))‘ (for n sufficiently large)

(y,f)EKXF

= sup / n(x, f(2)p(dzl|y, f(y / g(z p(dx|y, f(y ))‘ (for n sufficiently large)

(y,f)eEK XF
S Mg(l + ’Ymax)ea

where the last inequality follows from Lemma 3.1. Since € is arbitrary, the result follows.

Assume the claim is true for ¢ > 1. Let us define I¢(2) := [, g(x, f(x))p*(dz|z, f(2)) and 1}(z) :=
Jgn(z, f(2))d,(dz|z, f(2)). By recursively applying the 1r1equaht1es in Assumption 3.2-(e) and in
(3.27) we obtain

sup |14 (2)] < Mya'w(z) + Myn(w Zoﬂ
feF

and
t—1
sup |1 ()| < Myat,w, () + Myn(w,) Y o,
fer —
=0 t—1
S M‘]afnaxf)/maxw(z) + M‘]Tl(w)fyﬂlax Z agnax7
7=0

where uax = Sup,,>,,, &, < 1. Then we have

[t s@nat @l ) - [ g(x,f(x))pt“(dx\y,f(y))‘

sup
(y,f)eK xF X
= sw [ ) - [ttt )
(y,f) K XF X
= sup /l” p(dzly, f(y)) —/lf(z)p(dz|y,f(y))‘ (for n sufficiently large)
(y.f)EKXF X
< sup I5(z)p (dZIy,f(y))—/ l(z)p(dzly, f(y) |+ sup  |IF(z) —1;(2)]
(v, f)EKXF|J K¢ K¢ (2,f)EKexF

<Ret+ sup  |I}(z) — (=), ) (3.29)

(z,f)eKexF
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where R is given by

R = M (OK + am&x’)/mdx + 77 Z OAJ + 77 f)/max Z amdx)

and the last inequality follows from Lemma 3.1. Since the claim holds for ¢ and K., the second
term in (3.29) goes to zero as n — 0o. Since ¢ is arbitrary, the result follows. [

In the remainder of this section the above results are used to compute a near optimal policy for
the original MDP. Let {€,} be a sequence of positive real numbers converging to zero.

For each f € F, let p} denote the unique invariant probability measure of the transition
kernel qn( |x flx )) and let p} denote the associated average cost; that is, p} == V,(f,x) =
_[X )i (dy) for all initial points z € X. Therefore, the value function of MDP,,, denoted by
Vo, is glven by V;(z) =inf;cp p}, i.e., it is constant on X.

Before making the connection With Theorem 2.6, we prove the following result.

LEMMA 3.10. The transition probability p, of ¢-MDP, is continuous in (x,a) with respect to
the total variation distance.

Proof. To ease the notation, we define M (X,,), M (X), and M, (X) as the subsets of B(X,,), B(X),
and B, (X), respectively, whose elements have (corresponding) norm less than one. Let (zy,a;) —
(z,a) in X,, x A. Since the pseudo state A, is isolated and K, is compact, we have two cases: (i
zp =x=A, for all k large enough, or (ii) z; — z in K.

For the first case we have

Hpn( : |Am ak) _pn( : |An>a)HTV

sup
geEM (Xp)

/ 9 (0)pu(dy| A ) — / 9(0)pa(dyl A, a)

Xn Xn

< suwp ' [ swaisn.a - [ swadsng| (630
= sup

:::: /K </Xg(y)p(dy\z,ak)—/Xg(y)p(dy]z,a)>yn(dz)

S/K sup /xg(y)p(dylz,ak)—/xg(y)p(dylz,a) vn(d2)

¢ geM(X)

< / sup
K¢ g€ My (X)

» Ip(- |2, ar) = p(- |2, a) luvn(dz), (3.31)

n

v, (dz)

where (3.30) follows since if for any g € M(X ) We define g =g on K,, and g =g(A,) on K¢, then
we have g € M(X) and fxn 9(y)pa(dylz,a) = [ () qn(dy|z, a) for all (z,a) € X, x A. Note that we
have

sup
gE My (X)

/X o()pldy|=, ar) — / o(v)p(dy|=.a)

é/Xw(y)p(dy!z,ak)+/Xw(y)p(dy!zaa)
<2(a+n(w))w(z)

by Assumption 3.2-(e), ¢ <1, and w > 1. Since w (restricted to K¢) is v,-integrable, by the
dominated convergence theorem (3.31) goes to zero as k — co.
For the second case we have

[P (- |2k, ar) = pu(- |2, a)||7v = sup
geEM (Xp)

/g(y)pn(dylxk,ak)—/ 9(y)pn(dy|z,a)

Xn Xn
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< sup /g(y)qn(dylxk,ak)—/g(y)qn(dylx,a)
geM(X)|JXx X

= sup '/g(y)p(dylxk,ak)—/g(y)p(dylfv,a) (since zy,r € K,,)
geM(X)|JX X

< sw | [ gldyloea) - [ owpldyls.o
gGMw(X) X X

= llp(- 2, ar) = p(- |2, a)w-

By Assumption 3.2-(j) the last term goes to zero as k —oco. [
Thus we obtain that for each n > 1, c-MDP,, satisfies the assumption in Theorem 2.6 for

¢(-)=n(- NK,) +n(K7)da, (),
0z, 0) = ¢(z,a), if v € K,
’ Jie oy, a)vn(dy),  ifz=A,,

and some A € (0,1), where the existence of A follows from Assumption 3.2-(h) and the fact that
o> 0.

Consequently, there exists a deterministic stationary policy f, € F,, obtained from the finite
state approximations of c-MDP,,, such that

sup |V, (fn, ) =V (2)| <en, (3.32)

reXn

where finite-state models are constructed replacing (Z,A, P, c) with the components (Xn,A, pn,cn)
of ¢-MDP,, in Section 2. By Lemma 3.7, we also have

o, Vil <en. (3.33)

where, by an abuse of notation, we also denote the policy extended to X by f,.

LEMMA 3.11. We have
sup |p} — py| =0 (3.34)
feF

as n— 0.

Proof. Fix any compact set K C X. For any t > 1 and y € K, we have

[ ot F@io) = [ o fa)s(aa

sup|p} — py| =sup
fEF fEF

<sup| [ (e S0 o) - [ bn<x,f<x>>qz<dx\y,f<y>>'
*i‘éﬁ an(x,f(fﬂ))QZ(dfﬂly,f(y))—/XC(ﬂf,f(:v))pt(dfvly,f(y))‘

+sup‘ / (o S dely, 1)~ [ e f(a))s(a)
fer X X
< M RyaxW(y) Fopyax + M Rw(y)k'+

max

sup ‘ [ e s el 1)~ [ c<x,f<x>>pt<da:\y,f<y>>‘,

(y.f)EK XF

where the last inequality follows from Theorem 3.3-(ii) and (3.1) in Assumption 3.1. The result
follows from Lemma 3.9. [0
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THEOREM 3.4.  The value function of MDP, converges to the value function of the original
MDP, i.e., |V —=V*|—0, as n — 0.

Proof. Since

V*—V*| =|inf p? —inf ps| <sup|p? — pyl,
Vi =V =l infpj — inf ps| < suplpj — py]
the result follows from Lemma 3.11. [
The following is the main result of this section which states that the true average cost of the
policies f, obtained from finite state approximations of c-MDP,, converges to the average value
function V* of the original MDP.

THEOREM 3.5. We have |py, —V*| =0, as n — oo.
Proof. We have

s, =V <l — 0f |+ 105, = Vi + Vi = V7|
< iuglpf —pflte,+ |V, = V7| (by (3.33))
S

The result follows from Lemma 3.11 and Theorem 3.4. O

4. Discretization of the Action Space. For computing near optimal policies using well
known algorithms, such as value iteration, policy iteration, and Q-learning, the action space must
be finite. In this section, we show that, as a pre-processing step, the action space can taken to
be finite if it has sufficiently large number of points for accurate approximation. Throughout this
section, it is assumed that Assumption 3.1 holds for the discounted cost and Assumption 3.2 holds
for the average cost.

It was shown in Saldi et al. [33] and Saldi et al. [34] that any MDP with (infinite) compact action
space can be well approximated by an MDP with finite action space under assumptions that are
satisfied by ¢-MDP,,, for both the discounted cost and the average cost cases. Specifically, let dp
denote the metric on A. Since A is compact, one can find a sequence of finite subsets {A} of A
such that for all k

min da(a,a) < 1/k for all a € A.
achy

We define ¢c-MDP,, ;. as the Markov decision process having the components {Xn, Ay, Dns cn} and we
let F,,(Ay) denote the set of all deterministic stationary policies for c-MDP,, ;.. Note that F, (Ay) is
the set of policies in F,, taking values only in Aj. Therefore, in a sense, c-MDP,, ;, and c-MDP,, can
be viewed as the same MDP, where the former has constraints on the set of policies. For each n and
k, by an abuse of notation, let f; and f;, denote the optimal stationary policies of c-MDP,, and
c-MDP,, ., respectively, for both the discounted and average costs. Then Saldi et al. [34, Theorem
3.2] and Saldi et al. [33, Theorem 3.2] show that for all n, we have

Jm T (f7 ) = Tu(fr, ) = J; ()
Bim V,,(f7 4, 2) = Vo (£}, 2),:= V. (2)

for all x € X,,. In other words, the discounted and average value functions of c-MDP,, ; converge
to the discounted and average value functions of ¢-MDP,, as kK — co. We note that although Saldi
et al. [34, Theorem 3.2] and Saldi et al. [33, Theorem 3.2] are proved for nonnegative one-stage
cost function, it is straightforward to check that these theorems are also valid for any real valued
one-stage cost function.
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THEOREM 4.1. For any x € X, there exists a subsequence {k,} such that

lim J(f} x,,x)=J"(x)

n
n—oo

hm V(f*,kn¢x) = V*(x)a

n—oo n
where f . €F(Ag,) is the optimal stationary policy of c-MDP,, .
Proof. Let us fix z € X. For n sufficiently large (so z € K,,), we choose k,, such that |J,,(f, ,x)—

n,kn?
Jo(frsx)| <1/n (or [Vo(fii s, ®) — Va(fr,w)] < 1/n for the average cost). We note that if A is a
compact subset of a finite dimensional Euclidean space, then by using Saldi et al. [33, Theorems
4.1 and 4.2] one can obtain an explicit expression for k, in terms of n under further continu-
ity conditions on ¢ and p. By Lemmas 3.6 and 3.11, we have |J,(f7,, ,2) — J(fi .. ,2)| — 0 and

n n

Va(fi k@) =V (fi o, )| — 0 asn— oo, where again by an abuse of notation, the policies extended

n

to X are also denoted by f; , . Since J,(fy, @) =J. ([, ,x) and V. (f7, @)=V, (f7 . ,2), using

n n n n

Theorems 3.1 and 3.4 one can immediately obtain

lim J(f} y,,x)=J"(x)

n—oo n
lim V(f:, ,x)=V"(x).
n—00 o
0
Theorem 4.1 implies that before discretizing the state space to compute the near optimal policies,
one can discretize, without loss of generality, the action space A in advance on a finite grid using
sufficiently large number of grid points.

5. Rate of Convergence Analysis for Compact-State MDPs. In this section we consider
(Q2) for MDPs with compact state space; that is, we derive an upper bound on the performance
loss due to discretization in terms of the cardinality of the set Z,, (i.e., number of grid points) .
To do this, we will impose some new assumptions on the components of the MDP in addition to
Assumptions 2.1 and 2.2. First, we present some definitions that are needed in the development.

For each g € Cy(Z), let

l9(2) —g(v)|
glluip = sup =
P (2,9)€ZXZ dz(z,y)

If ||g||Lip is finite, then g¢ is called Lipschitz continuous with Lipschitz constant ||¢|i,. Lip(Z)
denotes the set of all Lipschitz continuous functions on Z, i.e.,

Lip(Z) = {g € Co(Z) : [|gllLip < o0}

and Lip(Z, K') denotes the set of all g € Lip(Z) with ||g||ri, < K. The Wasserstein distance of order
1 Villani [39, p. 95] between two probability measures ¢ and £ over Z is defined as

/ngg“—/zgdg‘ :geLip<z,1>}-

Wi is also called the Kantorovich-Rubinstein distance. It is known that if Z is compact, then
Wi(¢, &) < diam(Z)||¢ — &]||7v; see Villani [39, Theorem 6.15, p. 103]. For compact Z, the Wasser-
stein distance of order 1 is weaker than total variation distance. Furthermore, for compact Z, the
Wasserstein distance of order 1 metrizes the weak topology on the set of probability measures P(Z)
(see Villani [39, Corollary 6.13, p. 97]) which also implies that convergence in this sense is weaker
than setwise convergence.

In this section we impose the following supplementary assumptions in addition to Assumption 2.1
and Assumption 2.2.

WL(C6) = sup{
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ASSUMPTION 5.1.

(9) The one-stage cost function ¢ satisfies ¢(-,a) € Lip(Z, K;) for all a € A for some K.

(h) The stochastic kernel p satisfies W (p( |z,a),p(- |y,a)) < Kodz(z,y) for all a € A for some
K.

(j) Z is an infinite compact subset of R for some d > 1, equipped with the Euclidean norm.

We note that Assumption 5.1-(j) implies the existence of a constant a > 0 and finite subsets
Z,, C Z with cardinality n such that
ind <a(l/n)M 5.1
max min dz(z,y) < a(1/n) (5.1)
for all n, where dz is the Euclidean distance on Z. In the remainder of this section, we replace Z,,
defined in Section 2 with Z,, satisfying (5.1) in order to derive explicit bounds on the approximation
error in terms of the cardinality of Z,,.

5.1. Discounted Cost. Assumptions 2.1 and 5.1 are imposed throughout this section. Ad-
ditionally, we assume that K,8 < 1. The last assumption is the key to prove the next result which
states that the value function J* of the original MDP for the discounted cost is in Lip(Z). Although
this result is known in the literature (see Hinderer [24]), we give a short proof for the sake of
completeness using a simple application of the value iteration algorithm.

THEOREM 5.1.  The wvalue function J* for the discounted cost is in Lip(Z,K), where K =
K5 -

Proof. Let u € Lip(Z, K) for some K > 1. Then g = & € Lip(Z, 1) and therefore, for all a € A and
z,y € Z we have

[ wtewtdslz.a) - [ u@pldsly.a)

z z

= | [ swwiastzna) - [otwntaat.o)

<KW, (p( ’ ]z,a),p( ’ ’yaa)) < KK?dZ(Z7y)7

by Assumption 5.1-(h). Hence, the contraction operator T' defined in (2.2) maps u € Lip(Z, K) to
Tu € Lip(Z,K, + BKK,), since, for all z,y € Z

Now we apply T recursively to obtain the sequence {T"u} by letting T"u = T(T" 'u), which
converges to the value function J* by the Banach fixed point theorem. Clearly, by induction we
have for all n>1

[Tu(z) = Tu(y)| < ma{ ez 0) = ()] + | [ welpldalz.a) = [ulhp(daiy.)

< Kydglzyy) + BK Kody(z,y) = (K, + BKK2)dy(2.1).

Tmu € Lip(Z, K,,),

where K, = K, Z::Ol(ﬂKg)i + K(BK,)™. If we choose K < K, then K, < K, for all n and
therefore, K, 1 Klﬁ since K, < 1. Hence, T"u € Lip(Z,Klﬁ) for all n, and therefore,
J*e Lip(Z,Klﬁ) since Lip(Z, Klﬁ) is closed with respect to the sup-norm || - ||. O

The following theorem is the main result of this section. Recall that the policy fn € F is obtained
by extending the optimal policy f; of MDP,, to Z.

THEOREM 5.2.  We have

2K
T(5>K2)K1ﬁ + ﬁ
1-p

where 7(8, K2) = (24 B) 8K, + ﬂ?;‘%f and « is the coefficient in (5.1).

1T (fas ) = T7) < 20(1/n)"",
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Proof. To prove the theorem, we obtain upper bounds on the expressions derived in Section 2.1
in terms of the cardinality n of Z,. The proof of Theorem 2.2 gives

— 13, TN+ A+ By =T
1-5 i

To prove the theorem we upper bound ||} J* — Tf'n J*|| and ||J: — J*|| in terms n. For the first
term we have

. T: J*
1) = ) < e

|77, 0" =T, 7| :§g1;|Tf7LJ*(Z) —T; J*(2)]

<sup [ |e(e,fu(2) + 5 / T @pdylz, fu() — e, ful@)) — B / TPy, () | (d2)
<sup [ (Kldz<x7z>+ﬁ /ZJ (v)pldyl=, fulz /J* p(dyle, fu(2) )vn,z-n<z><dx>
(since fo(z) = fu(z) for all 2 €S, ., (2))
<sup (K + 81" uip Koo, v, z><dx>
< (K, 4017 hup o) s diam(S,)
< (0, 4 By En)20(1jm) 2 (5.2)

For the second term, the proof of Theorem 2.4 gives

(T = Eu ||+ (L4 B) 1T — |

T * |
— <

First consider ||7},J* — F,.J*||. Define

(2,0) i=c(2,0) + / J*(1)p(dylz,a),
so that
J*(z) = mei/{ll(z, a).

It is straightforward to show that [(-,a) € Lip(Z, K)) for all a € A, where K; = K; + B|J*||Lip K.
By adapting the proof of Lemma 2.3 to the value function J*, we obtain

| T, J* — F,J*|| = sup mln/l T, Q) Vi, () (dT) — mlnl(:ﬂ )V in () (d)

2cZ acA
<sup [ sup |U(y,a;) = T (Y) [Vnince) (dy)
z€Z yGSn’in(z)

< max / sup {\l(y,ai) — (2, 0:)| + 1" (2) — J*(y)\}un,i(dy)

ie{l,...,n} YESn

< max / S;p {Kidz(y, 2:) + |7 lLipdz (25, y) i (dy)
YESN ip,
< (+ " hsp) | s diom(S,)

.....

< (Ki+ HJ*HLip)20<(1/n)”d- (5:3)

|, by Lemma 2.2 we have

ol

For the expression ||J* — u

2
u—J| < inf ||J*—®,],
o, =TIl < =5 inf 177 =]
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where ®,.(z) = Efglrilsn’i(z), r=(ry,...,T,). Since ||J*||Lip < 00, we have inf cz, ||J* — ®,|| <
| J* | Lip Mmaxieqs,... py diam(S,, ;) < HJ*HLip2a(1/n)1/d. Hence

[uy, = J*|| < HJ*IILpoCM(l/n)”d (5.4)

Hence, by (5.3) and (5.4) we obtain

B+3 K
(1-p)? 1-5
Then, the result follows from (5.2) and (5.5), and the fact ||J*||Li, < Klﬁ. O

REMARK 5.1. It is important to point out that if we replace Assumption 5.1-(h) with the uni-
form Lipschitz continuity of p( - |z,a) in z with respect to total variation distance, then Theorem 5.2
remains valid (with possibly different constants in front of the term (1/n)'/¢). However, in this
case, we do not need the assumption K5 < 1.

REMARK 5.2. For the average cost case, instead of assuming from the outset the uniform
Lipschitz continuity of ¢ and p in the z variable, we first derive a rate of convergence result in terms
of the moduli of continuity of the functions w. and w, in the z variable of ¢(z,a) and p( - |z,a), where
the total variation distance is used to define w,. Then, we state that explicit rate of convergence
result can be given if we impose some structural assumptions on w, and w, such as linearity, which
corresponds to the uniform Lipschitz continuity of ¢(z,a) and p(-|z,a) in z. However, this is not the
right approach for the discounted cost case as the modulus of continuity function w, is calculated
using the Wasserstein distance of order 1. Indeed, to obtain a similar result as in the average cost
case, we must relate w, and w, to the modulus of continuity w;« of the value function J*. This can
be established if w, and w, are affine functions (i.e., w.(r) = K7+ L; and w,(r) = Kyr+ L,) using
the dual formulation of the Wasserstein distance of order 1 [39, Theorem 5.10]:

12— ) < ((mm 1 s + )2a<1/n>1/d (5.5)

Wi(u,v)= sup /1/1 / (z2)v(dz)|.
(¥, sa)ecb Z)XCb (2)
(@) —p(y)<dz(z.y)

However, in this situation we can explicitly compute the convergence rate only if L; = L, = 0 which
is the uniform Lipschitz continuity case.

5.2. Average Cost. In this section, we suppose that Assumptions 2.2 and 5.1-(j) hold. We
define the modulus of continuity functions in the z variable of ¢(z,a) and p(-|z,a) as follows

we(r) = sup sup le(z,a) — c(y,a)|
a€A z,y€Z:dz(z,y)<r

wp(r):=sup  sup |p(-|z,a) =p(-|y,a)[lrv.
a€A z,yeZ:dyz(z,y)<r

Since ¢(z,a) and p( - |z, a) are uniformly continuous, we have lim, o w.(r) =0 and lim,_,qw,(r) = 0.
Note that when w. and w, are linear, ¢(z,a) and p(-|z,a) are uniformly Lipschitz in z. In the
remainder of this section, we first derive a rate of convergence result in terms of w. and w,. Then,
we explicitly compute the convergence rate for the Lipschitz case as a corollary of this result.

To obtain convergence rates for the average cost, we first prove a rate of convergence result for
Lemma 2.6. To this end, for each n > 1, let d,, :=2a(1/n)Y¢, where « is the coefficient in (5.1).

LEMMA 5.1. For allt>1, we have

sup  Ip"(- 1y, F () — an.(- |y, f (W) lrv < twp(dy).

(v.f)EZXF
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Proof. Similar to the proof of Lemma 2.6, we use induction. For ¢t = 1, recalling the proof of
Lemma 2.6, the claim holds by the following argument:

sup [|p(- |y, f(¥)) = @ (- 1y, f(Y)[l7v <sup  sup  ||p(-|y,a) —p(- |z, a)||rv
(y,f)€ZXF yez (mva)esn,in(y)XA

<w,(d,).
Now, assume the claim is true for ¢t > 1. Again recalling the proof of Lemma 2.6, we have

sup [l (- Jy, f(0) — @ Clys F() v < sgw\\pt('ly,f(y))—qi(-ly,f(y))\\TV

(y,f)€ZxF (v:1)
+ sup Hp(|zaf(z))_Qn(|Zaf(Z))HTV
(z,f)EZXTF

< twp(dn) + wp(dn) = (t + 1)Wp(dn)'

This completes the proof. [

The following theorem is the main result of this section. A somewhat similar result was obtained
in Hernandez-Lerma [20, Section 3.5], where identical assumptions are imposed on both the original
model and the approximating model (see Herndndez-Lerma [20, Assumption 5.1]). Moreover, the
approximating transition probability and one-stage cost function are assumed to converge to the
original transition probability and one-stage cost function with respect to some rate; that is, p(n) :=
SUDP(5,a)eXxA ‘bn(x7 CL) _C(xv a’)‘ and W(n) "= SUDP(g,q)exxA HQn( ’ ‘.’L‘, CL) _p( ’ ’33, a’) ”TV with p(”)? 7T(TL) —0
as n — 0o. Although our result may appear to be a special case of the results in Herndndez-Lerma
[20, Section 3.5], there are several differences: (i) our assumptions are only imposed for the the
original model, and (ii) in Herndndez-Lerma [20, Section 3.5] the approximating models do not have
finite state space while our approximating models are obtained by extending finite state models
to the original state space, thereby, allowing for constructive numerical method to calculate near
optimal policies. o

Recall that the optimal policy f;: for MDP,, is obtained by extending the optimal policy f for
MDP,, to Z, and R and k are the constants in Theorem 2.5.

THEOREM 5.3. For allt>1, we have
<Al|e||RE" + 2w, (d,,) + 2||¢||tw, (d.,)-

|pf;; Py
Proof. The proof of Theorem 2.6 gives

P 102, — B+ 18— g,
Hence, to prove the theorem we obtain an upper bounds on the three terms in the sum. Consider
the first term (recall the proof of Lemma 2.7)

<lpg; — 0}

P — P | S sup|pf — py
| fx i f€F| f f|

<2RK'[le| + e sup . g (- Jys £ () = P'C- Ly f () llv

(y,f)€Zx

< 2Rk || + || c|[tw,(d,) (by Lemma 5.1). (5.6)

For the second term, the proof of Lemma 2.11 gives

A~

9%, — Pie

< ’ﬁ?;; —Pg "5?:; N ﬁ?’;z’

< suplg = 71+ 1 7~ nt

< 2sup |9 — 7|

< 2||b, — ¢|| (see the proof of Lemma 2.9)
<2 sup /|c(x,a) —c(2,a)|Vni, (2 (d)

(z,a)€ZxA

<2w,(d,). (5.7)
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For the last term, we have
167, = sl = |inf f —inf ps| < Sup 17 — pl
< 2R c|| + [[clltw, (dn) (by (5.6)). (5.8)

Combining (5.6), (5.7), and (5.8) implies the result. O

To explicitly calculate a convergence rate, we need to impose some structural assumptions on w,
and w,. One such assumption is linearity, which corresponds to the uniform Lipschitz continuity of
¢(z,a) and p(-|z,a) in z. This means that w.(r) = K;r and w,(r) = Kyr, or equivalently, |c¢(z,a) —
c(y,a)| < Kidz(z,y) and ||p(-|z,a) —p(-|y,a)| < Kadz(z,y) for all z,y € Z and a € Z. In this case,
by Theorem 5.3, for all £t > 1 we have

<A|\c||Rrt + 4K (1 /n)V 4 + 4||c|| Koo (1 /n) Y . (5.9)

|pf;; — P

To obtain a proper rate of convergence result (i.e., an upper bound that only depends on n) the
dependence of the upper bound on t has to be written as a function of n. This can be done by
(approximately) minimizing the upper bound in (5.9) with respect to ¢ for each n. Let us define
the constants I; :=4||c||R, I, :=4K,«, and I5 := 4||c|| Ksa. Then the upper bound in (5.9) becomes

Lk + L(1/n)Y 4+ I3(1/n)Y%. (5.10)
For each n, it is straightforward to compute that

ntd. 1
I4 ) ln(%)

t'(n) :=In(

is the zero of the derivative of the convex term in (5.10), where I, :== Letting t = [t'(n)] in

I3
Iiin(d)”
(5.10), we obtain the following result.

COROLLARY 5.1.  Suppose that ¢(z,a) and p(-|z,a) are uniformly Lipschitz continuous in z in

addition to the assumptions imposed at the beginning of this section. Then, we have
nl/d

n)

1
‘Pf';; —ppe| S (L, + 12)(1/n)1/d + 111(13/,%) (1/n)l/d ln(

6. Order Optimality for Approximation Errors in the Rate of Quantization. The
following example demonstrates that the order of the performance losses in Theorem 5.2 and
Corollary 5.1 cannot be better than O((%)%) More precisely, we exhibit a simple standard example
where we can lower bound the performance loss by L(1/n)'/?, for some positive constant L. A
similar result was obtained in Saldi et al. [33, Section IV] for the case of quantization of action
space, where the action space was a compact subset of R™ for some m > 1. Therefore, when both
state and action spaces are quantized, then the resulting construction is order optimal in the above
sense as the approximation error, in this case, is bounded by the sum of the approximation errors
in quantization of state space and quantization of action space.

In what follows h(-) and h(-|-) denote differential and conditional differential entropies, respec-
tively; see Cover and Thomas [12, Chapter 8].

Consider the additive-noise system:

Zt+1:F(Ztaat)+Ut>t:()>1>2>"'a

where z;,a;,v, € R?. We assume that sup(, , cpdypd % < 1/2. The noise process {v;} is a se-

quence of i.i.d. random vectors whose common distribution has density g supported on some
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compact subset V of R%. We choose V such that Z = A can be taken to be compact subsets of
R<. For simplicity suppose that the initial distribution p has the same density g. It is assumed
that the differential entropy h(g) :=— fz z)logg(z)dz is finite. Let the one stage cost function be
¢(z,a) =z — a||. Clearly, the optlmal statlonary pohcy f* is induced by the identity f*(z) = z,
having the optimal cost J(f*, 1) =0 and V(f*, ) =0. Let f, be the piece-wise constant extension
of the optimal policy f of the MDP,, to the set Z. Fix n > 1 and define D, := El{” [c(zt, at)] for all
t. Then, since a, = f,(2) can take at most n values in A, by the Shannon lower bound (SLB) (see
Yamada et al. [44, p. 12]) we have for t > 1

logn > R(D,) > h(z;)+0(D,)
=h(F(z_1,a;_1) +vi_1)+60(Dy)
> h(F(z—1,a4-1) + ve_1]|2e-1,a01) +60(Dy) (6.1)
= h(ve-1) +6(Dy), (6.2)

where §(D;) = —d+log m (Dit)d , R(D,) is the rate-distortion function of z;, V; is the volume

of the unit sphere Sy = {z: ||z|| <1}, and I is the gamma function. Here, (6.1) follows from the fact
that conditioning reduces the entropy (see Cover and Thomas [12, Theorem 2.6.5, p. 29]) and (6.2)
follows from the independence of v;,_; and the pair (z;_1,a;_1). Note that h(v,_1) = h(g) for all ¢.

Thus, D; > L(1/n)"?, where L := 4( d‘z/h(rg()d))l/d. Since we have obtained stage-wise error bounds,

these glve ‘J(f nu’) - (fm )‘ 213 1-8 (1/n)1/d and ’V(f*au) - V(fn?:u’)‘ > L(l/n)l/d'

REMARK 6.1. We note that if h(x; |2z, a;) can be lower bounded by some constant k for
all t > 1, above analysis still holds by replacing h(g) with k. For instance, this is the case if the
transition probability p(-|z,a) admits a density which is bounded from above uniformly in (z,a).

7. Numerical Examples. In this section, we consider two examples, the additive noise model
and fisheries management problem, in order to illustrate our results numerically. Since computing
true costs of the policies obtained from the finite models is intractable, we only compute the value
functions of the finite models and illustrate their converge to the value function of the original
MDP as n — oo.

Before proceeding to the examples, we note that all results in this paper apply with straightfor-
ward modifications for the case of maximizing reward instead of minimizing cost.

7.1. Additive Noise System. In this example, the additive noise system is given by
Li+1 :F(xtaat) + vy, t:O>1>2>"'

where z;,a;,v; € R and X = R. The noise process {v;} is a sequence of R-valued i.i.d. random
variables with common density g. Hence, the transition probability p(-|z,a) is given by

p(Dl|z,a) = /Dg(v — F(z,a))m(dv) for all D € B(R),

where m is the Lebesgue measure. The one-stage cost function is ¢(z,a) = (x —a)?, the action space
is A=[—L, L] for some L >0, and the cost function to be minimized is the discounted cost.

We assume that (i) g is a Gaussnsm probability density function with zero mean and variance o
(ii) supyen |F(z,a)|? < ki2? + ko for some ky, ks € Ry, (ii) S <1/« for some o > ky, and (iv) F is
continuous. Hence, Assumption 3.1 holds for this model with w(z) =k +z? and M = 4(%2 + xz),
for some k€ R, .

For the numerical results, we use the following parameters: F'(z,a) =z +a, §=0.3, L =0.5, and
o=0.1.
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We selected a sequence {[—ln,ln]}:il of nested closed intervals, where [,, = 0.5 4+ 0.25n, to ap-

proximate R. Each interval is uniformly discretized using [2k(n1l,] grid points, where k,, = 5m
form=1,...,5 and [q]| denotes the smallest integer greater than or equal to ¢ € R. Therefore, the
discretization is gradually refined. For each n, the finite state space is given by {z, .} U{A,},
where {z,;} are the representation points in the uniform quantization of the closed interval
[—l,,l,] and A, is a pseudo state. We also uniformly discretize the action space A = [—0.5,0.5]
by using 2kzy grid points. For each n, the finite state models are constructed as in Section 2
by replacing Z with [—1,,1,] and by setting v,(-) = im,(-) + 264, (), where m,, is the Lebesgue
measure normalized over [—1,,,1,].

We use the value iteration algorithm to compute the value functions of the finite models. Figure 1
displays the graph of these value functions corresponding to the different values for the number of
grid points, when the initial state is x = 0.7. The figure illustrates that the value functions of the
finite models converge to the value function of the original model.

1.2 B

Optimal costs
o
[o2]
T
|

0.4 b

1 1 1
35 120 200
Number of grid points

F1cURE 1. Optimal costs of the finite models when the initial state is x = 0.7

7.2. Fisheries Management Problem. In this example we consider the following popula-
tion growth model, called a Ricker model, see Herndndez-Lerma and Lasserre [21, Section 1.3]:

oy =01a,exp{—0sa; + v}, t=0,1,2,... (7.1)

where 6,0, € R, , x; is the population size in season t, and a; is the population to be left for
spawning for the next season, or in other words, z; — a; is the amount of fish captured in the season
t. The one-stage ‘reward’ function is u(x; — a;), where u is some utility function. In this model, the
goal is to maximize the average reward.

The state and action spaces are X = A = [Kmin, Kmax), 10T SOME Kpin, Kmax € Ry. Since the pop-
ulation left for spawning cannot be greater than the total population, for each z € X, the set of
admissible actions is A(2) = [Kmin, 2] Which is not consistent with our assumptions. However, we
can (equivalently) reformulate above problem so that the admissible actions A(z) will become A
for all x € X. In this case, instead of dynamics in equation (7.1) we have

Ty = 0y min(ay, x¢) exp{—0, min(a;, x;) + v }, t=0,1,2,...

and A() = [Kmin, Fmax| for all € X. The one-stage reward function is u(x; — a;)1{z,>a,}-



Saldi, Yiiksel, and Linder: Asymptotic Optimality of Finite Approximations to MDPs
Mathematics of Operations Research 00(0), pp. 000-000, © 0000 INFORMS 39

Since X is already compact, it is sufficient to discretize [Kmin, Kmax)- The noise process {v;} is a
sequence of independent and identically distributed (i.i.d.) random variables which have common
density g supported on [0, \]. Therefore, the transition probability p(-|z,a) is given by

ﬂ;’tzx,atza}

= Pr{ 6, min(a, z) exp{—0; min(a,z) + v} € D

— /D g <log(v) —log(#; min(a, z)) + 0, min(a, x)) lm(dv)7

p(D|z,a) =Pr{ x4 € D

v

for all D € B(R). To make the model consistent, we must have 6,y exp{—60>y + v} € [Fmin, Fmax| fOr
all (¥,v) € [Fmins Kmax] X [0, A].

We assume that (i) g > e for some e € R, on [0, ], (ii) g is continuous on [0, A], and (iii) the
utility function u is continuous. Define h(v,z,a) := g(log(v) — log(6; min(a,z)) + #; min(a,z))L,
and for each (z,a) € X x A, let S, , denote the support of h(-,z,a). Then, Assumption 2.2 holds
for this model with 6(x,a) =inf,cs, h(v,x,a) (provided that it is measurable), ( =m, (Lebesgue
measure restricted on [Kmin, Kmax]), and for some A € (0, 1).

For the numerical results, we use the following values of the parameters:

0, =1.1, 05 =0.1, Kmax =7, Kmin=0.005, A= 0.5.

We assume that the noise process is distributed uniformly over [0,0.5]. Hence, g =1 on [0,0.5]
and otherwise zero. The utility function u is taken to be the shifted isoelastic utility function (see
Dufour and Prieto-Rumeau [13, Section 4.1])

u(2) =3((z+0.5)"% — (0.5)"/%).

We selected 25 different values for the number n of grid points to discretize the state space:
n = 10,20,30,...,250. The grid points are chosen uniformly over the interval [Kpin,Kmax]. We
also uniformly discretize the action space A by using the following number of grid points: 5n =
50,100,150, ...,1250.

We use the relative value iteration algorithm (see Bertsekas [5, Chapter 4.3.1]) to compute the
value functions of the finite models. For each n, the finite state models are constructed as in
Section 2 by replacing Z with [Kmin, Kmax] and by setting v, () =m,(-).

Figure 2 shows the graph of the value functions of the finite models corresponding to the different
values of n (number of grid points), when the initial state is = 2. It can be seen that the value
functions converge (to the value function of the original model).

8. Conclusion. The approximation of a discrete time MDP by finite-state MDPs was con-
sidered for discounted and average costs for both compact and non-compact state spaces. Under
usual conditions imposed for studying Markov decision processes, it was shown that if one uses a
sufficiently large number of grid points to discretize the state space, then the resulting finite-state
MDP yields a near optimal policy. Under the Lipschitz continuity of the transition probability and
the one-stage cost function, explicit bounds were derived on the performance loss due to discretiza-
tion in terms of the number of grid points for the compact state case. These results were then
illustrated numerically by considering two different MDP models.
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