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Abstract

Projection algorithms are well known for their simplicity and flexibility in solving feasibility
problems. They are particularly important in practice due to minimal requirements for software
implementation and maintenance. In this work, we study linear convergence of several projection
algorithms for systems of finitely many closed sets. The results complement contemporary
research on the same topic.
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1 Introduction

In this paper, X is a Euclidean space with inner product (-,-) and induced norm || - ||. Throughout,
we set [ :={1,...,m} and assume that {C;};cs is a system of closed (possibly nonconvex) subsets
of X. The notation used in the paper is fairly standard and follows [3]. The nonnegative integers
are N, the real numbers are R, while Ry :={z e R |z >0} and Ry :={z e R |2 >0} fwe X
and p € Ry, then B(w;p) := {z € X | ||z — w|| < p} is the closed ball centered at w with radius p.
Given a subset C of X, the affine hull of C' is denoted by aff C' and the orthogonal complement of
CisCt:={r€e X |VceC: (c,x) =0}. The notation 7 : X = X means that T is a set-valued
operator from X to X and FixT := {x € X | # € Tz} denotes the set of fixed points of T. As
usual, Id represents the identity operator.

The paper is concerned with cyclic algorithms for solving the feasibility problem
find a point =z € ﬂ C;. (1)
el
This problem has long been known for its importance in many applications. To describe cyclic

algorithms for (1), we first associate each set C; with an operator 7;: X = X and adopt the
following convention

VneN Viel: Cuppyi:i=C; and Typei:=T;. (2)
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Given a starting point zop € X, the cyclic algorithm with respect to the ordered tuple (7;);er
generates sequences (T )nen by

VneN: xp11 € Thi1y. (3)

Each such sequence is called a cyclic sequence generated by (71;);c;. When m = 1, we drop the
subscripts and write C' := Cy and T := T}. The recurrence (3) then reads as

VYneN: x,11 € Txy, (4)

and we say that the sequence (x,)nen is generated by T. The corresponding operators include, but
not limited to, projectors and their variants. Recall that for a set C, the distance function to C is
defined by

X - R: inf —
do: X +R: v inf o — e, )

and the projector onto C' is defined by
Po: X = C:zrargmin|jz — | ={ceC | |z — | =dc(z)}. (6)
ceC

In general, one expects the cyclic sequence (z,)neny or other acquired sequences converge to a
solution of (1). In such case, we are interested in R-linear convergence of those sequences. Recall
that a sequence (z,)nen is said to converge R-linearly to a point T with rate p € [0, 1] if there exists
a constant o € Ry such that

VneN: |z, -7 <op". (7)

Among the main contributions of the paper, under certain regularity assumptions on sets and
system of sets, we show that:

(R1) The cyclic relaxed projections with at most one reflection, which includes the reflection-
projection algorithm [9], converge R-linearly locally (see Theorem 5.7 and Remark 5.13);

(R2) A refined R-linear rate is obtained for cyclic over-relaxed projections (see Theorem 5.8 and
Corollary 5.10);

(R3) The cyclic semi-intrepid projections for injectable sets converge locally with R-linear rate (see
Theorem 5.19);

Moreover, the linear convergence is global in the presence of convexity (see Corollaries 5.12 and
5.20). To the best of our knowledge, these results are new and have not been observed in the
literature. In addition, we also present other new results involving Douglas—Rachford (DR) operators
[18, 28]; see Theorems 5.21 and 5.25. Our work complements other studies on projection algorithms
[4, 5, 6, 12, 13, 19, 23, 27, 32, 33].

The remainder of the paper is organized as follows. Section 2 contains basic concepts needed
for our analysis. Section 3 then provides key components for R-linear convergence. In Section 4, we
prove R-linear convergence for general cyclic algorithms. Finally, Section 5 presents applications to
various cyclic algorithms including the cyclic relaxed projections, cyclic semi-intrepid projections,
and cyclic generalized DR algorithm.



2 Preliminaries

Given a subset C' of X and = € C, the Fréchet normal cone to C at z [30, Definition 1.1(i)] is
defined by

~

Ne(x) = {u eX lim sup (uy —z) < 0}, (8)

y—x,yeC~{z} Hy—xH B

the proximal normal cone to C' at x (see [30, Section 2.5.2, D] and [34, Example 6.16]) is given by

NZ(x) == {\(z — ) | z € P5'(z), A € Ry}, (9)

and the limiting normal cone to C at z [30, Definition 1.1(ii)] can be given by ([30, Theorem 1.6])

Ne(z) :={u e X | 3z, = z,u, = u with x,, € C,u, € Ne(an)} (10a)
={ue X | Iz, = z,u, — u with 2, € C,u, € N (2n)}. (10b)

As seen below, normal cones are used to describe superregularity for sets and strong regularity for
systems of sets. We recall the superregularity concept, which was first introduced in [27] and later
refined in [10, 11, 23, 32]. Superregularity holds for a major class of sets including convex sets and
sets with “smooth" boundary. This property plays an important role in analyzing linear convergence
of projection methods, see, e.g., [10, 11, 23, 27, 32, 33].

Definition 2.1 (superregularity of sets). Let C' be a nonempty subset of X, w € X, ¢ € Ry,
and 6 € Ry;. We say that C is (g,0)-regular at w if

z,y € CN B(w;d),

= (u,z —y) > —<l|u|l - ||z — vy, 11
e (.0 =) 2 —lull - 2 =yl (1)
and (e,00)-reqular at w if it is (g, 0)-regular for all § € Ry . The set C is said to be superregular
at w if for all € € Ry, there exists 6 € Ry such that C' is (e, d)-regular at w. The system {C;}icr
is said to be superreqular at w if C; is superregular at w for every i € I.

Next, we recall two regularity concepts for systems of sets: linear regularity and strong regularity.

Definition 2.2 (linear regularity of set systems). Let x € R, . The system {C;}¢s is said to
be k-linearly reqular on a subset U of X if

VeeU: de(x) < ﬁmglxdci(x), where C := ﬂ C;. (12)
! i€l

The constant & is called a linear regularity modulus of {C;}ic; on U. We say that {C;}icr is linearly
reqular around w € X if there exist 6 € Ry and x € Ry such that {C;};er is s-linearly regular
on B(w;0).

Linear regularity for set systems has a long history and was first defined in convex settings, see,
e.g., [1, Definition 5.6], [2, Definition 3], and [12, Section 5.2] for a brief summary on this property.
Naturally, linear regularity was extended to system of closed sets, for instance, [23, Definition 3.5];
and was known as metric inequality in [25, Equation (15)], [31, Section 3|, and [24, Section 5]; and
as subtransversality in [26, Definition 1].



Definition 2.3 (strong regularity of set systems). The system {C;}cs is said to be strongly
reqular at w € (;c; C; if

Zui:0 and w; € Ng,(w) = Viel: u;=0. (13)
el

In the case I = {1,2}, condition (13) can be rewritten as
Ney (w) N (=Ney (w)) = {0} (14)

Strong regularity of systems is also known as normal qualification condition in [30, Definition 3.2],
as CQ condition in [10, Definition 6.6], and as transversality in [26, Definition 2]. To clear the
confusion it may cause, we will show that strong regularity in Definition 2.3 is equivalent to the ones
in [25, Definition 1(vi)] and in [23, Definition 3.2]. In view of [25, Proposition 2, Proposition 10(ii),
and Corollary 2], it suffices to prove the following result.

Proposition 2.4 (characterization of strong regularity). The system {C;}icr is strongly reg-
ular at w € (7 C; if and only if there exist ( € Ry and § € Ry such that

Vi € I,Vz; € C; N B(w;d),Yu; € Ne, (i) : H S il > ¢S uall- (15)
i€l el

Proof. («): Suppose that (15) holds and that »;c;u; = 0 with u; € Ng,(w). Then for every i € I,
by (10), there exist sequences z;, — w, u;, — u; with x;, € C; and u;,, € NCZ. (xin). Since
xin — w, we can assume without loss of generality that z; , € B(w;d) for all n € N. It follows that
zin € CiN B(w;d), and then by (15), we have || > ;c; uin|| = ¢ X e |uin|| for all n € N. Passing to
the limit as n — oo, we get || Y;c7 will > ¢ X ier |luil|. Combining with the assumption ;e u; = 0,
we derive u; = 0 for every i € I.

(=): Suppose to the contrary that (15) is not true. Then there exist sequences ¢, — 07,
8 — 0%, 2 € C; N B(w; 8y,), and w; , € Ne, (x;5,) such that

YneN: H ZunH <GS fuinll and 3 [fuial =1, (16)
el el

el

where the latter is obtained by rescaling if necessary. Thus, for every i € I, the sequence (4 n)neN
is bounded, and by extracting subsequences, we can assume that w;, — u;. Since x;, — w and
z;n € Cj, it follows from (10) that u; € N¢,(w). Letting n — oo in (16), we obtain || > ,c;ui|| =0
and Y, ||ui|| = 1, which contradicts the strong regularity. Thus (15) holds. |

We end this section with connections between linear regularity and strong regularity.

Fact 2.5. ([25, Theorem 1]) If the system {C;}icr is strongly regular at w € (;c; Ci, then it is
linearly reqular around w.

Remark 2.6 (strong regularity of subsystems). By definition, if the system {C;};c; is strongly
regular at w, then so is each of its subsystems. However, even when each proper subsystem {C;};cs
with J ; I is strongly regular and the entire system {C;};cs is linearly regular, it does not imply
that {C;}ies is strongly regular. For example, in R?, consider C; = {(£,¢) | £+ (¢ <0}, Co =
{0 16€—-¢<0}, C5={(£¢) | £ >0}, and w = (0,0) € C; N CaN Cs. Then one can check that
{Ci}ics with J G {1,2,3} is strongly regular at w, and {C1,Cy,Cs} is linearly regular around w,
but {C1,Cs,C3} is not strongly regular at w.



3 Quasi Fejér monotonicity and quasi coercivity

The following quasi Fejér monotonicity concept generalizes the Fejér monotonicity for sequences
and operators, see, e.g., [3, Definition 5.1] and [17, Definition 2.1.15].

Definition 3.1 (quasi firm Fejér monotonicity). Let C and U be nonempty subsets of X let
v € [1,400[, and let § € R;. A set-valued operator T: X = X is said to be (C,~, 8)-quasi firmly
Fejér monotone on U if

Ve €U, Vo, € Te, VT € C: oy —Z|* + Bllz — x4 | < 7llz — | (17)

We say that T'is (C,~)-quasi firmly Fejér monotone on U if f =1, i.e.,

VeeU, Vo, €Tx, VT C: |oy —T|* + ||z — 4| < ~ljz — 7%, (18)
and that T is (C,v)-quasi Fejér monotone on U if f =0, i.e.,

1/2

VeeU, Vo €Te, VT e C:  |op —T|| <y /% —Z. (19)

From the definition, we observe that

(i) (C,,B)-quasi firm Fejér monotonicity implies (C,~)-quasi Fejér monotonicity, while (C,1)-
quasi Fejér monotonicity is exactly Fejér monotonicity with respect to C' in [17, Defini-
tion 2.1.15].

(i) f v >~7y>1,0< 8 <B,C" CC,and U' C U, then (C,~, 3)-quasi firm Fejér monotonicity
on U implies (C',~, f)-quasi firm Fejér monotonicity on U’.

(iii) If T is nonexpansive (see [3, Definition 4.1]), then T is (Fix T, 1)-quasi Fejér monotone on X.

(iv) If T is A-averaged (see [3, Definition 4.23]), then by [3, Proposition 4.25(iii)], 7" is
(Fix T, 1, %)—quasi firmly Fejér monotone on X. In particular, if 7" is firmly nonexpansive,
then T is (Fix T, 1)-quasi firmly Fejér monotone on X.

Quasi firm Fejér monotonicity is closely related to [23, Definition 2.3] and [29, Proposition 2.4(iii)].
Also, (C,v)-quasi firm Fejér monotonicity is more restrictive than [33, Definition 2.7] since the latter
requires only

VeeU, Yo, €Tz, VE € Pox: oy — T2 + ||z — 24 |? <Allz — 7|~ (20)

Nevertheless, it turns out that quasi firm Fejér monotonicity still holds for a broad class of operators,
e.g., relaxed projectors for superregular sets (see Proposition 3.5) and generalized Douglas—Rachford
operators for systems of two superregular sets (see Proposition 3.7).

The next lemma shows the quasi firm Fejér monotonicity for averaged-type operators.
Lemma 3.2 (averaged quasi firmly Fejér monotone operators). Let C' and U be nonempty
subsets of X, v € [1,4o00[, B € Ry, A €]0,1+ 0], and let S: X = X be a (C,~, 5)-quasi firmly
Fejér monotone operator on U. Then T := (1 —X\)Id+\S is (C,~', 8')-quasi firmly Fejér monotone
on U with
1-A+0
—
Proof. Let x € U, x4 € Tx, and T € C. Writing zy = (1 — Nz + As with s € Sz, we have
2y —T=1-N(z—7)+ANs—7)and z —zy = Az — s). So

Y i=1=A+X and B = (21)

lzs =7 = (1 = Mz = 2| + Alls = 2| = A1 = V)||(& —7) - (s - 7)| (22a)
= (1= Nz =zl + Alls = 2| = A1 = Nz — 5| (22b)



Using the (C,~, 8)-quasi firm Fejér monotonicity of S on U, we continue (22) as

ey =2l < (1= Nz = 2P+ A(vllz = 7] = Bllz = s?) = A1 = N)]lz — 5] (23a)
= (1= A+ M)z = z|* = A1 = A+ Bz — 5] (23b)
_ 1-A+p
R P e e (23¢)
This completes the proof. |

Definition 3.3 (quasi coercivity). Let C' and U be nonempty subsets of X and let v € Ry
An operator T: X = X is said to be (C,v)-quasi coercive on U if

VeeU, Vegp € Tx: ||z — oy || > vdo(x). (24)

We say that T" is C'-quasi coercive around w € X if there exist 6 € Ry and v € Ry such that T
is (C,v)-quasi coercive on B(w;?).

Obviously, if 0 < v/ < v, ¢’ D C, and U’ C U, then (C,v)-quasi coercivity on U implies
(C', V')-quasi coercivity on U’. Quasi coercivity follows and slightly extends the coercivity condition
in [23, Lemma 3.1(b)] because the latter requires C C Fix T while the former does not. Quasi
coercivity is also closely related to the linear regularity for operators in [12, Definition 2.1]. Indeed,
when C' = FixT # @, then T is (C, v)-quasi coercive on X if and only if it is linearly regular with
constant % in the sense of [12, Definition 2.1]. Again, under certain conditions, we will show that
quasi coercivity holds for several class of projectors.

3.1 Relaxed projectors

In this section, we show the quasi firm Fejér monotonicity and quasi coercivity of relaxed projectors
for superregular sets. Let C' be a nonempty closed subset of X and let A € Ry. The relaxed projector
for C with parameter \ is defined by

PA = (1 =\ Id+\Pg. (25)

We say that Pé is under-relazed if A < 1 and over-relaxed if A > 1. Clearly, Pg = Id, Pé = P¢,
and P2 = R¢ := 2P¢ — 1d (the reflector across C). The following lemma will be used several times
in our analysis.

Lemma 3.4. Let w € C, let vy € [1,+00[, and let 6 € Ry. Then the following hold:

(i) For all x € B(w;d/2), PAz C B(w;(1+ \)§/2). In particular, Po(B(w;§/2)) € C N B(w;6).
(ii) If T: X = X is (CN B(w;d),7)-quasi Fejér monotone on B(w;d/2), then

Vo € B(w;6/2) : Tx C B(w;~'/%5/2), (26a)
Vo € B(w;6/2), Vay € Tz do(zy) <~AY2do(x). (26b)

Proof. (i): Let x € B(w;6/2) and let 4 € PAx. Writing x4 = (1 — A)z + Ap for some p € Pox and
noting that w € C, we have ||z — z|| = M|p — z|| = Adc(x) < A||z — w]| and so

[y —wl <oy — 2] + |z —w] < (1 + Mz —w| < (14 A)5/2. (27)

Therefore, PAz C C' N B(w; (1 + \)§/2).



(ii): Let x € B(w;d/2) and let x4 € Tx. By quasi Fejér monotonicity,
VI e CNBw;d): oy —z|| <Yz -2 (28)

Setting T = w, we have |lz4 — w|| < 42|z — w|| < 4'/26/2. Hence, Tx C B(w;y"/25/2). Now let
p € Pox. Then p € CN B(w;d) by (i). Applying (28) to T = p yields

de () < |lzs = pll <72 |l = pll = 7'?de(2). (29)

Proposition 3.5 (quasi firm Fejér monotonicity of relaxed projectors). Let w € C, ¢ €
[0,1[, 0 € Ry, and X € ]0,2]. Set

Q:=Cn B(w;9), 7::14—1)\—_66, and ﬁ:z?. (30)

Suppose that C' is (,0)-reqular at w. Then Pg is (Q,7,B)-quasi firmly Fejér monotone and, in
particular, Rc is (Q, <) -quasi Fejér monotone on B(w;d§/2). Additionally, if € € [0,1/3], then

' 1—e

Vo e B(w;6/2): PAz C B(w;6/V?2). (31)

Proof. Let © € B(w;6/2) and let p € Pox. Then p € ) by Lemma 3.4(i). Since C is (g, §)-regular
at w and z — p € N2 (p), we have

- — — € —
e (w-pp-m2—cle—pl-lp-7l 2 5 (le—pl* +lp 7). (2

It then follows that

veeQ: oz =z —p|* + lp - Z|* + 2(z — p,p — T) (33a)
> |z = pl* + Ip = 7l = & (lz = pl* + Ip — 7I?) (33b)
= (L=e)(|lz = pl* + |p — ZI*). (33c)
So

vTeQ: —lle—7|" = |z —p|* +p - 7|7, (34)
ie., Pois (Q, l—ie, 1)-quasi firmly Fejér monotone on B(w;d/2). Now by Lemma 3.2, we conclude
that PA = (1—\)Id +APc is (Q, 7, 8)-quasi firmly Fejér monotone on B(w;d/2) with v and 3 given
by (30). For A = 2, we have that v = }—J_f, =0, and so R¢c = P2 is (£, ifi )-quasi Fejér monotone

on B(w;d/2).
Next assume that € € [0,1/3]. Then vy =1— X+ ﬁ <1+ % < 2. By quasi Fejér monotonicity
and Lemma 3.4(ii), PAz C B(w;~'/25/2) C B(w;§/V/2). |

Proposition 3.6 (quasi coercivity of relaxed projectors). If A € R, then Pé is (C, \)-quasi
coercive on X.

Proof. Let x € X and let z € PAz. Then ;. = (1 — A\)a + Ap for some p € Pox. So ||z — x| =
Az = pll = Ao (). u



3.2 Generalized Douglas—Rachford operators

In this section, we establish the quasi firm Fejér monotonicity and quasi coercivity of generalized
Douglas—Rachford operators for systems of two superregular sets. Let A and B be closed subsets
of X such that AN B # & and let A\, u,«« € Ry . The generalized Douglas—Rachford operator for
(A, B) with parameters (A, p, ) is defined by

Tg, = (1 — a)Id +aPLP). (35)
Note that T1171 = PPy is the classical alternating projection operator [16] and that Tzl’é2 =
$(Id+RpR,) is the classical DR operator [18, 28].
Proposition 3.7 (quasi firm Fejér monotonicity of generalized DR operators). Let w €
ANB, e €1[0,1/3], g2 € [0,1[, 6 € Ryy, A\, €]0,2], and a € ]0,1]. Suppose that A and B are
(e1,0)- and (g2,v/20)-regular at w, respectively. Then Ty, is (AN BN B(w;6),7,B)-quasi firmly
Fejér monotone on B(w;d/2) with

7::1—a+0z<1+1)\61 )<1—|— ME2) and ﬁzzl_a. (36)

— &1 1—62 (0%

Proof. Let z € B(w;3/2), letr € Pz, let s € Phr, and let T € ANBNB(w;d). Then Proposition 3.5
applied to Pj{ yields

A
Ir =2l < 3/%le — 2l where 71 =147, (37)
—€1
and also r € B(w;§/v/2). Next, Proposition 3.5 applied to P4 yields
€
ls =7l <2 llr =7 < (n) e 7, where 2 =1+ 772 (39)

This proves (AN B N B(w;d),v172)-quasi Fejér monotonicity of PEPQ‘ on B(w;d/2). Now apply
Lemma 3.2 to the operators PP} and TY, = (1 — ) Id +aPgP}. [ |

Proposition 3.8 (quasi coercivity of generalized DR operators). Let w € ANB, A, u € ]0,2],
and o € Ry 4. Suppose that A is superreqular at w and that {A, B} is strongly regular at w. Then

0 = sup{(u,v) | u € Na(w) N B(0;1), v € (— Np(w)) N B(0;1)} < 1 (39)

and for all 6 € P, 1 {, there exist 6 € Ryy and k € Ry such that T}, is (AN B,v)-quasi coercive
on B(w;d/2) with

vi= %_emin {)\,\/%Mz}. (40)

Proof. Since {A, B} is strongly regular at w, we have from [33, Lemma 2.3] that § < 1. Now let
S P, 1[ and let ¢ € [0,1/3]. Using Definition 2.1, Fact 2.5, and [33, Lemma 4.1}, we can find
0 € Ryt and k € R4y such that A is (e,d)-regular at w, that

Ve € B(w;0/2) :  danp(z) < kmax{da(z),dp(z)}, (41)
and that
a € AN B(w;6), b€ BN B(w;Vv20),

= ,v) > —0 . 42
we NE(a). v € NEO) } (u:0) > ~6]ull o] (42)



Let € B(w;6/2) and 1 € T{ . By definition, there exist
a€ Pyx, r=(1-Nz+ \a€ Pz, (43a)
be Pgr, s=(1—p)r+ube Phr (43b)

such that 2 = (1 — a)x + as. Then
x—z2r=alr—s), z—r=ANx—a), and r—s=pu(r—0>n). (44)

By Lemma 3.4(i), a € Pax C ANB(w;§). Since € € [0,1/3], Proposition 3.5 yields r € B(w;/25/2).
Using again Lemma 3.4(i), we get b € Pgr C BN B(w; v/25). Now since z—r = ANz —a) € NY(a)
and r — s = p(r — b) € NF”(b), we use (42) and the arithmetic mean-geometric mean inequality
to obtain

2(zx —r,r—s) > =20z —rll|r — s = —0(|z —r|* + [|r — s]*). (45)
So
lz — a4 |? = a®lla — sl = (lz — 7> + |r = s> + 2 (z — 7,7 — 5)) (46a)
> (1= 0)a® (||l —r|* + [lr — s[). (46b)
Furthermore,
lz 7| = N[l — a* = Nd5 (2), (47)
and by the coordinate version of Cauchy—Schwarz inequality,
(1 + Dl =l + llr = sl?) = (ulle = |l + Ir = s])? (48a)
= (ulle — 7|l + plir —0]))? (48b)
> (ullz = bl)?* > pPdg(x). (48c)

Combining (41), (46), (47), and (48), we obtain

o — 4]l > av/T—fmin {\, \/%u?} max{d(z), dp(z)} (49a)
avl1l—60 . 1 B
Z Tmln {)\,ﬁ}dAﬂB(l’) = VdAﬁB(.Z'), (49b)
which completes the proof. |

4 Linear convergence of cyclic algorithms

We start with an elementary result.
Lemma 4.1. Let C be a closed subset of X, let w € C, and let (zy)nen be a sequence in X . Suppose
that one of the following assumptions holds:

(i) There exist 6 € Ryy, p €[0,1[, and 0 € Ry such that

VneN: z, € B(w;0) = do(znt+1) < pdo(xn) and ||xn41 — zn|| < odo(z). (50)

(ii) The sequence (Tn)nen is generated by an operator T: X = X and there exist 0,0 € Ry and
p € [0,1[ such that

Vo € B(w;0), Yo € Tx:  do(zxg) < pdo(x) and ||x4 — z|| < odo(z). (51)



Then if either (xn)nen C B(w;d) or zg € B(w; g(jl__pz)), there exists T € C'N B(w; ) such that

O'dc o) n
11—, ( )/37
—p

i.e., the sequence (Tp)nen converges R-linearly to a point in C with rate p.

VneN: |z,—7| < (52)

Proof. Tt suffices to prove the result for (i) because if (ii) holds, then (i) also holds for (z;,)nen.
Suppose (i) holds, we distinguish two cases.

Case 1: (xp)nen C B(w;d). Combining with (50), we have

(VneN) do(zpt1) < pdo(x,) and ||z — x| < odo(xy), (53)
For each n € N, take z), € Pox,. On the one hand,

lxn — 2| = do(zy) < p"d(zg) — 0 as n — +o0. (54)
On the other hand, for all n € N and k € N~ {0},
n+k—1 n+k—1
, d
ezl € 30 oen —xll < Y opfdleo) < 90T g asn 00 (55)

So (xy) is a Cauchy sequence. Therefore, (z,,)nen and (z,)nen both converge to the same limit
T € C'N B(w;d). We then obtain (52) by leting k — 400 in (55).

Case 2: xg € B(w; i(il_ L ;) We show that this is an instance of Case I by proving

(xn)nEN C B(w; 6) (56)

Clearly, ||zo — w| < fr(i—;—p; < 4. So (56) holds for n = 0. Suppose (56) holds for 0,1,...,n — 1, we
shall prove that it also holds for n. Indeed, the induction hypothesis and (50) yield

Vi e {0,1,...,n—1}: de(xip1) < pde(x;) and ||z41 — 25| < odo(z;). (57)
Noting that do(xg) < ||zg — w]||, we obtain

n—1 n—1
lzn = wll < D Nzivr = 2]l + llzo — wll < 0y de(i) + [|lzo — w] (58a)

i=0 i=0

n—1 ) 1
<o) pldo(xo) + |lwo — w| < (al — + 1)z — w <6. (58b)

i=0

Thus, (56) holds for n. By mathematical induction principle, (56) holds for all n € N. The conclusion
now follows from Case 1. [ |
Corollary 4.2. ([33, Proposition 2.11]) Let T: X =% X be an operator, let C' be a closed subset of
X, let w e C, and let (xy)nen be a sequence generated by T. Suppose that there exist § € Ry, and
p € [0,1] such that

Vo € B(w;6), Yoy € Tw, Vp € Pex: oy —pl < pllz — pl| = pde(). (59)

Then whenever x¢ € B(w; 5(12_”) ), there exists T € C' N B(w;d) such that

(L+p)llzo —w] ,
T, J (60)

i.e., the sequence (Tp)nen converges R-linearly to a point in C with rate p.

VneN: |z, -7 <
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Proof. Let € B(w;d), let x4 € Tz and let p € Pox. By assumption,

do(zy) < |lzy —pll < pllz —pll = pde(2), (61)

and also
24 — =l < llz4 —pll +[lz —pll < A+ p)lle —pl| = (1 + p)dc(x). (62)
Now apply Lemma 4.1(ii) with ¢ = 1 + p and note that do(zg) < ||xg — w||. [

The following result proves that if distance to the feasible set is reduced at least by a factor
p € [0, 1] after every fized number of steps, then R-linear convergence is achieved.
Lemma 4.3 (linear reduction after k steps). Let C be a closed subset of X, let w € C, and let
(Zn)nen be a sequence in X. Let also k € N~ {0}, dp € Ry4, p€ [0,1], T € Ry, and suppose that

for every tuple (zo, 21, -, 2k) = (Thns Thna1s - - - Thnik) With zg € B(w;dy), we have
do(zk) < pde(z0)  and (63a)

Then if either (xgn)nen C B(w;dy) orzo € B(w; ZOJ&__”[?), the sequence (zy,)nen converges R-linearly

to a point in C with rate p'/*. More specifically, there exists T € C' N B(w; dy) such that

-p

VneN: |z, —Z| <

where | 3] is the largest integer not exceeding .

Proof. Consider the sequence (y, := Zkn)nen. Suppose y, € B(w;dy) and take p € Poxp, =
Poy, C Po(B(w;dp)) € C N B(w;20y) (see Lemma 3.4(i)). Then (63a) means dco(yn+1) < pdc(yn)
and (63b) yields

NYn+1 — Ynll < lyns+1 — 2l + lyn — pll < Tde(yn) + do(yn) = (1 +T)de(yn)- (65)

So, by Lemma 4.1, if (yn)nen C B(w;dy) or yo € B(w; %__pp)), the sequence (y)nen converges
R-linearly to some T € C'N B(w;dy) and

Jon ] < L N000) o Qo D) (66)

Now (63b) implies that for every ¢ € {1,...,k},

ra —I—I‘)dc(:zto)pn‘

[€knti = Tl < Tllzgn — || = Tllyn — 7| < =)

(67)

Replacing kn + 7 by n, we obtain

L1+ do(xo) |n|

[z — 7| <

(68)

Now if p = 0, then x,, =T for all n > 1; and if p > 0, then ,OLLkLJ < % -kaL. The lemma is proved. B

We next analyze the performance of m steps of cyclic algorithms for quasi firmly Fejér monotone
operators.
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Lemma 4.4 (consecutive steps of cyclic algorithms). Let w € C :=(,c;C;, 6 € R4, and
v €10,1]. For everyi € I, let; € [1,400[ and B; € Ry,. Set Q:= CNB(w;d), T := (71 ---ym)"/?,
and oy := %m}f{z. Let xg,x1, ..., 2y, be m—+1 consecutive points of the cyclic algorithm with respect
to (T;)ier such that

xg € B(w;dy) and Viel: x; € Tixiq. (69)
Then the following hold:
(i) If for every i € I, T; is (S2,7;)-quasi Fejér monotone on B(w;d/2), then

Viel~{m}: |ai—w|<(On---%)"%6% <=, (70a)

—~ N

. 1/2
viel, vpeQ: |z —p| <52zt —pll < (1---7)llwo — pll < Tllzo — p[l.  (70b)

(ii) If for every i € I, T; is both (2,7, B;)-quasi firmly Fejér monotone and (C;,v)-quasi coercive
on B(w;d/2), then

11
W EQ: fam =l < (1) o — plF — B madg (wo), where §i= (3 )
ielr 7t

(71)

Proof. Let p € Q= C N B(w; ).

(i): First, we have [|xzg — w| < &y = < & since 7; > 1 for every i € I. The

46
2(v1y2:Ym—1)1/?
(Q,71)-quasi Fejér monotonicity of 77 on B(w;d/2) and Lemma 3.4(ii) then implies that

1)
2(v2 - Ym-1)

1/2 1/2 d
lor = pll < 1 fleo —pll - and a1 — wl| <5576 = <5 (@

172
Repeating the argument for 1, ..., z,,_1, we get (70a) and the first part of (70b), from which the
rest follows.

(ii): Since quasi firm Fejér monotonicity implies quasi Fejér monotonicity, (70a) holds due to (i),
that is, zg,21,...,2m—1 € B(w;d/2). Now since each T; is (£2,7;, 8;)-quasi firmly Fejér monotone
on B(w;d/2), we derive that

lz1 = pl* + Bllzo — z1|* < mllzo — plI?, (73a)
22 = plI* + Bllzr — wal* < yallz1 — pl%, (73b)
(73c)
[2m = plI* + Blem—1 — zmll” < ymlem— — pl?, (73d)
and so
Yo Amller = plI* + 92 mBllao — z1)1? < vivz- - Amllao -l (74a)
v ymllez = pl? + 33 AmBller — z2)|* < yav3- - Amllzr — Il (74D)
(74c)
Yml|lTm—1 = DI + YmBlem—2 = Tm-1]* < Ym-1¥mlTm—2 — |, (74d)
2m =PI + Bllem—1 — zm|* < Ymllzm—1 — pl*. (T4e)

12



Using the telescoping technique and the fact that v; > 1, we get
(- ym)llzo = plI* > [lzm — Pl + D Bjllwj—1 — ;)1 (75)
Jel
Now the coordinate version of Cauchy—Schwarz inequality yields
2 2 2
(71 )20 = pI2 > llom — pl* + B( D llzj1 —a5)
Jel

(76)

For every i € I, T; is (Cj,v;)-quasi coercive on B(w;d/2), so ||x;—1 — ;|| > vde,(zi—1). Hence,

viel: Y llzjo1—ajll > llwo — wiall + [l — il (77a)
J€el
> |lzo — zi—1 || + vde, (i-1) (77b)
> v(||wo — @i—1]| + de, (zi-1))  (because 1 > v > 0) (77¢)
> vde, (xp), (77d)
which yields
Dl = x| > vmaxde, (o). (78)
: el
Jel
Combining with (76), we obtain (71). |

The following theorems are cornerstones in our convergence analysis. In the sequel, we denote
[pl+ := max{0, p} for p € R.
Theorem 4.5 (cyclic sequence of quasi firmly Fejér monotone operators). Let w € C' :=
Nicr Ci, 0 € Ry, and v € ]0,1]. For every i € I, let v; € [1,400[ and f; € Ryy. Set Q :=
C N B(w;0) and let (x,,)nen be a cyclic sequence generated by (T;)icr. Suppose that
(a) {Citier is k-linearly regular on B(w;d/2) for some k € Ry 4.

(b) For every i € I, T; is (2,75, Bi)-quasi firmly Fejér monotone and (C;,v)-quasi coercive on
B(w;d/2).

Set T := (71 - ym)Y? and 6g := %’yrln/z. Then
V2 14-17"2
Vg € B(w;do) 1 do(xm) < pdo(xg), where p = {Fz -3 E) (79)
iel Pt +

. %0(1=p)
24T —p

Consequently, if p < 1 and either (Tmn)nen C B(w;dy) or zg € B(w
1/m.

), then (Tn)nen con-

verges R-linearly to some point T € C' with rate p
Proof. Let zp € B(w;dy) C B(w;0/2). Since {C;}ier is k-linearly regular on B(w;0/2),
1
de, > —d . 80
max i (z0) = - c(zo) (80)
Setting 8 := (Xier é)_l, Lemma 4.4(ii) then implies that
e fam—pl? < (nr2-eym) a0 — pl* — By max dg, (o) (81a)

2 2 Br? 2
< I¥ljwo = pl|” = ?dc(xo)- (81b)
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Letting p € Poxg and noting from Lemma 3.4(i) that Poxg C Po(B(w;0/2)) C §, we have

% %
laom = < T2d (wo) — St (o) < |72 = 2| 2 (a0), (52
+

which leads to (79).

Now assume p < 1. Since T; is also (£2,7;)-quasi Fejér monotone on B(w;d/2) and
C' N B(w;2d0p) € Q, we obtain from (70b) in Lemma 4.4(i) that

Viel, Vpe CnB(w;2): |z;—pl <T|zo—p| (83)
By combining with (79), for every tuple (zo,21,...,2m) ‘= (Tmn, Tmnt1s-- - Tmntm) With zg €
B(w; dp), one has

do(zm) < pdo(z9) and (84a)

Viel, Vpe CNB(w;20): |z —pll < Tz —pl, (84b)
which fulfills (63) with & = m. The result then follows from Lemma 4.3. [
Remark 4.6. Regarding (82) in the proof of Theorem 4.5, we see that the term I'? — Bﬁ—lf is

necessarily nonnegative if ¢ ¢ C; however, no general conclusion about this term can be drawn
otherwise. We therefore use the notation [-]4 to ensure nonnegativity.

Now we prove linear convergence result for cyclic sequences when there is one quasi Fejér mono-
tone operator. Clearly, we need at least two operators, i.e., m = |I| > 2. Here and in what follows,
|I| denotes the number of elements in the set I.

Theorem 4.7 (cyclic sequence with one quasi Fejér monotone operator). Let w € C :=
Nicr Ci, 0 € Ryy, v €]0,1], and ~; € [1,+00] for everyi € I. Set Q:= CNB(w;6) and let (xp)nen
be a cyclic sequence generated by (T;)icr. Suppose that
(a) {Citier is k-linearly regular on B(w;d/2) for some k € Ry 4.
(b) There is j € I such that for every i € I ~{j}, T; is (2,7, B:i)-quasi firmly Fejér monotone
and (Cj;,v)-quasi coercive on B(w;d/2) for some B; € Ry ; while T; is (,7;)-quasi Fejér
monotone on B(w;d/2) and Tjx C Cj for all v € B(w;6/2).

Set T := (71 - ym)Y? and dg := %%1_/2' Then

2 1,1 1/2
Voo € Blwid):  dlan) < plo(an), where pi= |12 =25 ( 57 2 (85)
iel~{j} 7" +
do(1—p)

Consequently, if p < 1 and either (Tmn)neny C B(w;dy) or zg € B(w; ), then (z)nen con-

» 241—p
verges R-linearly to some point T € C' with rate p*/™.

Proof. 1t suffices to consider only the case j = 1 because other cases are identical up to relabeling.

Set 67 := m <3 and f:= (Xierqy %)_1. We first claim that
5.2 1/2
Ve € CrNB(w;dy) 0 do(xm) < [v2-Ym — ?1 do(z1). (86)
+

On the one hand, applying Lemma 4.4(ii) to the system (C;);cr {13 and m consecutive points
Z1,..., Ty with 1 € B(w;d1), we deduce that

VpeQ:  am—pl* < (2 ym)llar — pl* — B2 Z,El}lgﬁ}d%i (1) (87)
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On the other hand, since d¢, (x1) = 0, the linear regularity of {C;}icr yields

1
_ = _ > — .
32, o) = magdoy 1) 2 o) )

From (87) and (88), letting p € Pox; € C' N B(w;d) = Q (see Lemma 3.4(i)), we obtain

de(@m) < llam = pl* < (- ym)ll21 = plI* = Br* maxdg, (z1) (8%)
2 ﬁ’/2 2
< (2 ym)do(wr) — ?dc(xl) (89b)
B2
= [’YT”’Ym -2 dg(z1), (89c)
+

which implies (86).
Now let 29 € B(w;dy) € B(w;0/2). Then x; € Tixg C Cy. By applying Lemma 3.4(ii) to 77,

we derive that z1 € B(w;vllpéo) = B(w; 1) and de(z1) < 711/2(10(:170). Combining these with (86),
we get (85). The rest of the proof is exactly the same as the second part of Theorem 4.5. n

In the next result, we show that if the coercivity assumption is replaced by the assumption that
the image of each operator T; lies in the corresponding set C;, then linear reduction is obtained after
m—1 steps (instead of m steps). Thus, the rate of convergence is improved. This particular condition
is satisfied for certain operators such as projectors and semi-intrepid projectors (see Section 5.2).
Theorem 4.8 (refined linear convergence). Let w € C = (\;c;C; and 6 € Ry4. For every
i€, lety €1,400] and p; € Ryy. Set Q := C N B(w;0) and let (z)nen be a cyclic sequence
generated by (T;);er. Suppose that

(a) {Citier is k-linearly regular on B(w;d/2) for some k € Ry 4.
(b) For everyi € I, T; is (2,7;, Bi)-quasi firmly Fejér monotone on B(w;d/2).
(c) For everyi e I and every x € B(w;d/2), Tiz C C;.
ey \1/2 —141/2
Set I := (L0m ) 2 60 = o and pi= [T% — L((Ties é) -1 ) ]+/ . Then

min;er vi max;cg B
Viel, Vo, € C;N B(w;do) :  do(Tipm—1) < pde (). (90)

Consequently, if p < 1 and either (T(m—1)n)nen C B(w;*y{li,/féo) or g € B(w;’y;li,éz : 520&—_/2
1

) where
Vmax ‘= MaxX;es Vi, then (Tn)nen converges R-linearly to some point T € C' with rate pm—1.

Proof. In addition to convention (2), we also use Yn4i; := 7 for n € N and i € I. For every i € I,
it follows from (c) that

Vo € B(w;0/2), Yag € Tix . |xy — x| > do,(x), (91)
so T; is (Cy,1)-quasi coercive on B(w;d/2). Hence, all assumptions in Theorem 4.7 are fulfilled.
Now let i € I and take m consecutive points (z;,...,Zitm—1) of (Zn)neny with z; € C; N B(w; dy).
Then 5 5

Hxl — wH < 50 < = 51. (92)

2(Vis1Yit2 Virm—1)Y2 T 2(%it1 - Vigm—2)1/?
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. . 3 -1 -1 . .
First, noting that f; := (¥ er g} %) > 6= (Cier i) - m) and applying claim (86)
in the proof of Theorem 4.7, we have

= 71/2
de(Titm-1) < l’n’yifym B %1 de(z;) < [PZ -5 de (i), (93)

which proves (90). Second, since z; € B(w;dg), we derive from the quasi Fejér monotonicity of T;’s
and (70a) in Lemma 4.4(i) that z;1,,—2 € B(w;d/2), which together with (c¢) yields
ZTitm—1 € Cigm—1. (94)
Third, it follows from (70b) in Lemma 4.4(i) that
Vie{l,...,m—1}, Vpe CnN B(w;2d) :
lzivs = pll < (isa - Yirm—1)"? i = pll < Tllzi = pl- (95)
Taking p € Pox; € C'N B(w;2d)) (due to Lemma 3.4(i)), we obtain

[@ipm—1 — @ill < llzi = pll + [[Tigm—1 — Pl < (L +T)[[z; = pll = (1 + T)de(2:). (96)
So by (93), (94), and (96), we have proved that

Viel, Yo, € C; N B(w; do) :
Titm—1 € Cigtm—1, do(@igm—1) < pdc(z;) and || Tipm—1 — || < (1 +T)de(z5). (97)
Now assume that p < 1 and that either (z(,—1)n)nen C B(w;’yn_lé)/féo) or xy € B(w;’y;li,éz .

Zoﬁ:_pp) ). We claim that

VneN:  Z(n_1)ns1 € Clm—1)ns1 N B(w;do). (98)

Indeed, if (% (—1)n Jnen C B(w; 7;;4250) C B(w;d/2), then (98) holds due to (c¢) and Lemma 3.4(ii).
If 2y € B(w;%_u}u/(2 : %__pp)), then by using again (c¢) and Lemma 3.4(ii), 1 € C1 N B(w; %__pp)),
and employing (97) and proceeding as in the proof of Lemma 4.1, we get (98).

Finally, we deduce from (95), (97), and (98) that for every tuple (zp,21,...,2m-1) =
(T (m—1)n41> Tlm—1)n+25 - =+ > T(m—1)(n41)+1)

do(zm—1) < pdc(z9) and (99a)
Vie I~{m}, Vpe CnN B(w;2): |lzi—pl <T|z —0pl, (99b)
which fulfills (63) with & = m — 1. The proof is finished by applying Lemma 4.3. |

5 Applications to projection algorithms

5.1 Cyclic relaxed projections
In this section, by specializing operators T; to relaxed projectors Pé:, we obtain linear convergence

results for the cyclic relaxed projections, one of which is possibly a refiection across an injectable
set. First, we give the definition for injectability.

16



Definition 5.1 (injectable set). Let C' be a nonempty closed subset of X and let 7 € R;. The
set C' is said to be T-injectable on a subset U of X if

Ve e U, Vp € Pox : [p,p + Tﬁ} cC (100)

with the convention that ﬁ = 0 if p = x. We say that C' is strictly injectable around w € X if

there exist 7 € R4 and 0 € Ry such that C is 7-injectable on B(w;d). When C' is 7-injectable
on U = X, we simply say that C is T-injectable. When C' is 7-injectable for all 7 € R, we say that
C' is oco-injectable.

Clearly, if 7 > 7/ > 0, then 7-injectability implies 7/-injectability. To give an example of
injectable sets, we recall from [20, Section 3.2] that a closed convex cone K of X is obtuse if
—K®© C K, where K© is the negative polar of K defined by

K®:={ye X |VzeK: (z,y) <0}. (101)

The following result is a variant of [9, Lemma 2.1(v)].
Proposition 5.2. Let C' be a translation of an obtuse cone in X. Then

YAe[l,4oo[, Ve e X: PlzeC. (102)
Consequently, C is co-injectable.

Proof. By assumption, there exist a vector ¢ and an obtuse cone K in X such that C = ¢+ K.
First, we clearly have C + K = c+ K + K = ¢+ K = (C since K is a convex cone.

Now let z € X and set p = Pox, which is unique since C' is convex. It is easy to check that

p—x€—-NZ(p) C —K° CK. (103)

So, for every A € [1, 400/,
Ple=0-Nz+dp=p+A\-1)(p—-2)CC+K=C. (104)
We therefore conclude that C' is oco-injectable. |

We now show that injectability is a generalization of the enlargement concept, which was first
defined for convex sets in [7, Definition 2].
Definition 5.3 (enlargement of an arbitrary set). Given a nonempty closed subset D of X
and 7 € Ry, the 7-enlargement of D is defined by the set

Di;:={r e X |dp(x) <7} = D+ B(0;7). (105)

It is clear that Dyg = D and D|; is nonempty and closed.
Proposition 5.4. Let 7 € Ry. Then every T-enlargement is 2T-injectable. In particular, every ball
with radius T is 2T-injectable.

Proof. Let C be a 7-enlargement, say, C' = D+ B(0;7). Let x € X~C and let p € Poxz. There exists
q € D such that |[p — ¢|| < 7. It follows that 0 < do(z) < ||z —q|| < |z —p|| + |lp — q|| < dc(z) + 7.
We will show that the last two equalities happen, i.e.,

2 —qll = llz = pll + llp — qll = de () + 7 (106)
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Suppose otherwise, then |z —q|| < do(x)+ 7. Setting z := q+7’ﬁ, we have z € B(q;7) C C and
|z — z|| = ||]x — q|| — 7 < do(z), which is a contradiction. So (106) is true, which implies that p lies
in the segment [z, ¢] and that ||p — ¢|| = 7. From here, we derive that p + 27 2=+ = p+ 27 L, =

lp—=]] lla—pll —
p+2(¢ —p) =2q —pand also [p—q,q — p] € B(0;7). Hence,

p.p+2r =] = [p.20—p) =q+ [p— .0 -p) Ca+ B(O;7) CC, (107)

and the conclusion follows. [ |

Remark 5.5. The converse of Proposition 5.4 is not true. For example, consider a nontrivial obtuse
cone C in R? that is strictly contained in a halfspace. Then, for every 7 € Ry, C is T-injectable
but is not a T-enlargement of any subset of R2.

Enlargements emerge in several applications. For example, the design problem in civil engineer-
ing discussed in [8] is modeled so that all constraints are represented in the form of enlargement
sets. In this case, enlargements are exactly the original constraints of the feasibility problem. In
general, one should not replace an original set by its enlargements since it may significantly change
the solution of the feasibility problem. Yet there are certain cases where enlargements are actu-
ally useful. For instance, in [21], the image reconstruction problem is to solve a system of linear
equations where constant coefficients may contain inevitable noise. Such systems may not have any
exact solution. Therefore, it is reasonable to allow original equations to be only satisfied within a
certain tolerance. This leads to a feasibility problem with enlargement sets. Here enlargements are
replacements of the original constraints. In both examples, the injectability property is exploited
to improve convergence.

Lemma 5.6. Let C' be a nonempty closed subset of X and let w € C. Suppose that C' is strictly
injectable around w, i.e., there exist T € R4 and § € Ry such that C' is T-injectable on B(w;0).
Set ¢ := min{r,d}. Then

YA e[l1,2], Ve € B(w;d'): PlzCC. (108)

Proof. Let A € [1,2], let z € B(w;d') C B(w;d), let 2 € PAx, and write . = (1 — Az + \p =
p+(A—1)(p—x) for some p € Poxz. Now assume that p # x, then 0 < |[p—z| = do(z) < ||z —w| <
o' < 7. Since A € [I,2] we have 0 < A —1<1< . Combining with the 7-injectability of C' on
B(w;0) yields

llp—=]]

p—x
zo=p+AN—1)(p—2x) € |pp+T cC, 109
f=p+A-Dp-2) €| >l (109)

which finishes the proof. [ |

We arrive at our main results on linear convergence of cyclic relaxed projections.
Theorem 5.7 (cyclic relaxed projections with at most one reflection). Let w € C =
MNicr Ci, € € [0,1], and 6 € R4,. Suppose that

(a) {Ci}ier is k-linearly regular on B(w;d/2) for some k € Ry 4.

(b) {Citier is (g,0)-reqular at w.

(c) Ai €]0,2] for every i € I and there is at most one \; equal to 2 with the corresponding set C;
being T-injectable on B(w;d/2) for some T € Ry .

(d) Setting T := ];[1(1 + %)1/2, J:={jel|X=2} andv:= ig}i\nj{l,)\i}, it holds that

1

_ 2m
pi= r2—Z—z( 3 2AiA) 1(?:)‘” <1 (110)
+

N g
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Then whenever the starting point is sufficiently close to w, the cyclic sequence (ry)nen generated
by the relazed projections (Pé:)ze 1 converges R-linearly to a point T € C with rate p. In particular,
shrinking § if necessary so that §/2 < 1, the linear convergence of (x,)nen is guaranteed provided

that either (Tmn)nen C B(w;dg) or xg € B(w; (;OJ%__?), where g 1= ‘Srml}l(l + e )1/2

Proof. Set Q := C N B(w;d) and for every i € I, set v := 1+ 1/\85 and f§; = 2;—?" Then

I'=(7-- '%n)l/z and dy = %mi}q%l/z. On the one hand, for every ¢ € I ~. J, Proposition 3.5
1€

implies that Péj is (C; N B(w;d),7;, Bi)-quasi firmly Fejér monotone on B(w;d/2). On the other
hand, for every i € I, Proposition 3.6 implies that Péz is (Cj, A\i)- and therefore (Cj,v)- quasi

coercive on X. We consider two cases.

Case 1: There is no A; equal to 2, i.e, J = &. Noting that Jy < 21“77171/2’ we then apply

Theorem 4.5 to derive that if either (z,,,)neny C B(w;dp) or zp € B(w 7520J£1F_’2), the sequence

(Zn)nen converges R-linearly with rate

<1 (111)

Case 2: There is only one \; = 2, i.e, J = {j}. Using Lemma 5.6 and shrinking § so that
0/2 < 7, we have

Vo € Bw;d/2): PylwCC. (112)

It follows from Proposition 3.5 that R, = Péj is (Cj,7;)-quasi Fejér monotone on B(w;d/2)

with v; = 5. Since &y < 2F7J1/ Theorem 4.7 implies that if either (z,,,)neny € B(w;dg) or

zo € B(w; (;OSF_’;) ), the sequence (xy,)nen converges R-linearly with rate

1
2m

p= —”—2(2 )l(ifi) <1 (113)
ZEI\J +

Combining the two formulas for p, we obtain (110) and complete the proof. |

In the following, we present the convergence result with refined linear rate for cyclic over-relaxed
projections. In particular, if all sets are injectable, we will obtain linear reduction after every m —1
steps. Therefore, the upper bound for linear rate is reduced.

Theorem 5.8 (cyclic over-relaxed projections for injectable sets). Let w € C =, C;,
e€ (0,1, 0 € Ryy, and 7; € Ry for every i € I. Suppose that

(a) {Ci}tier is k-linearly reqular on B(w;d/2) for some k€ Ry..

(b) {Ci}tier is (e,0)-regular at w.

(c) For everyie I, \; €[1,2] and C; is ;-injectable on B(w;0/2) with 7; > 0 whenever A\; > 1.
)

(d) Setting I :=max [] (1+ £)Y2 it holds that
JEL el {5}

1 s A \—1]20mD
L 2 7 . . )
pi= [F ((22—)\i) 152?2—>\i) k <1 (114)
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Then whenever the starting point is sufficiently close to w, the cyclic sequence (zy)nen gener-
ated by the relaxed projections (Pc)\v:)iej converges R-linearly to a point T € C with rate p. In
particular, shrinking & if necessary so that /2 < min{r; | A\; > 1}, the linear convergence of

. 9(1—p)
» 2+4+T—p

(Zn)nen is guaranteed provided that either (2(m,—_1yn)nen C B(w;d) or zo € B(w ), where

<. 0 i -1/2
0:= or(l+max £5) .

Proof. We first shrink 6 > 0 if necessary so that 6/2 < min{r; | A; > 1}. For every i € I, note that

Vz € B(w;3/2): Pdia CC. (115)
Indeed, if A\; = 1 then (115) is automatic; and if A; > 1, then (115) follows from Lemma 5.6.

Next, define v; := 14 £ and f; = 2;Ai for every ¢ € I. Then

1—¢ i

P= (G e (525w - (55) w09

min;ey v; il el max;es (3

By Proposition 3.5, for every i € I, Pé; is (C; N B(w;6),;, B;)-quasi firmly Fejér monotone on
B(w;¢/2). Now all assumptions in Theorem 4.8 are satisfied, hence the conclusion follows. |
Remark 5.9 (refined linear rate). One can observe that, given the same constants ¢ € R4,
Ai € [1,2] (which yields v = 1 in Theorem 5.7), and x € R4, the (upper bound) rate p in (114) is
smaller than the one in (110). Thus, if all sets are injectable, we obtain a better upper bound for
the linear rate.

Corollary 5.10 (refined linear convergence for cyclic projections). Let w € C := ;¢ C;,
e €[0,1], and § € Ry4. Suppose that

(a) {Citier is k-linearly regular on B(w;d/2) for some k € Ry 4.
(b) {Ci}tier is (e,0)-regular at w.
(c) It holds that

1
1 1 2(m—1)
pi= — — < 1. (117)
(I—g)m=t  (m—-1)s%]

Then whenever the starting point is sufficiently close to w, the cyclic sequence generated by the
classical projections (Pc,)ier converges R-linearly to a point T € C with rate p.

Proof. Apply Theorem 5.8 with \; = 1 for every i € I. |

The next corollary shows that when {C;};cr is a linearly regular system of superregular sets,
the cyclic relaxed projections converge locally with linear rate.
Corollary 5.11 (cyclic relaxed projections for superregular sets). Let w € C := ;c; C;
and let \; € 10,2] for every i € I, where there is at most one \; equal to 2 with the corresponding C;
being strictly injectable around w. Suppose that the system {C;}icr is linearly reqular around w and
superreqular at w. Then when started at a point sufficiently close to w, the cyclic relaxed projection
sequence generated by (Pé«:)iej converges R-linearly to a point T € C'.

Proof. Let ¢ € ]0,1[. By assumption, there exist x € Ry, and § € Ry, such that {C;}ics is

r-linearly regular on B(w;d/2) and (e, d)-regular at w. Borrowing notation from Theorem 5.7 and
noting that Bﬁ—’f(}—f?)m > Bﬂ—'f > 0 and that 1+ 1/\—155 — 17 as e — 07, we choose ¢ sufficiently small

and shrink ¢ if necessary so that p < 1. Finally, apply Theorem 5.7. |
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Now we turn our attention to the case of convexity in which global linear convergence is expected.
Corollary 5.12 (global linear convergence of convex cyclic relaxed projections). Sup-
pose that for every i € I, C; is conver and that (Niey, Ci N Ny, 11C; # @, where I, :=
{i € I | C; is polyhedral}. Let \; € ]0,2] for every i € I and suppose that there is at most one
Ai equal to 2 with the corresponding C; being a translation of an obtuse cone in X. Then regard-
less of the starting point, the cyclic relaxed projection sequence gemerated by (Pé;)iel converges
R-linearly to a point T € C := (\;e; C;. In particular, for every starting point xo € X, the linear
rate is

pi= 1—1/—( Z 2ii/\i)_1 ’ (118)
+

where J = {i €l |\ =2}, v:= ,g}in(]{l,)\,-}, and k is a linear reqularity modulus of {C;}icr on

B(w;6/2) for some 6 € Ry satisfying 6 > 2dc(xo).

Proof. Let xyp € X, let § € R4 be such that § > 2dc(zg), and pick w € C such that § >
2||xo — w|| > 2dc(xg). Let (x,)nen be the cyclic sequence generated by (Pé:)iel with starting point
xo. Employing [2, Corollary 5], there exists k € Ry such that {C;};cs is k-linearly regular on
B(w;§/2). By convexity, {C;}icr is (0,00)-regular at every point in X (see [10, Remark 8.2(v)]),
which combined with Proposition 3.5 implies that for every i € I, Pé; is (Cy, 1)-quasi Fejér monotone
on X. In fact, Péi: = (1- %)Id —1—%1%01. is even nonexpansive due to [3, Corollary 4.10 and
Remark 4.24(i)].

By Proposition 5.2, the set C; corresponding to A; = 2, if any, is co-injectable on X. We also
see that p < 1 and all assumptions in Theorem 5.7 are therefore satisfied with ¢ = 0. Now since
xg € B(w;0/2), Lemma 3.4(ii) and the (Cj, 1)-quasi Fejér monotonicity of Pé‘f yield (zp)neny C
B(w;¢/2). Hence the proof is completed by applying Theorem 5.7. |
Remark 5.13. When Ay = 2,y = --- = A\, = 1 in Theorem 5.7 and Corollary 5.12, the cyclic
relaxed projections is precisely the reflection-projection algorithm, whose global convergence was
studied in [9] with the reflection across an obtuse cone. It is worth mentioning that our results are
the first to conclude local and global R-linear convergence for the reflection-projection algorithm.

We finish this section by two examples showing that convergence may fail even in convex settings
if there are more than one \; equal to 2 or if the strict injectability of C; corresponding to \; = 2
is violated.
Example 5.14 (failure of convergence when more than one )\; equal to 2). In X = R?
consider two convex sets Cq| = Ri and Cy = (—R+)2. Then C7 and Cy are obtuse cones and also
polyhedral sets in X with C; N Cy = {(0,0)} # @, hence {C1,Cs} is linearly regular. It is easy to
see that when started at a point xg = ((,€) € X ~ {(0,0)}, the sequence generated by (Rc,, Rc,)
does not converge since it cycles between two points (||, |¢|) and (—|¢], —|&]).
Example 5.15 (failure of convergence if strict injectability is violated). Suppose X = R?,
that C1 = R x {0}, and that Cy = {0} x R. Then C; and C5 are polyhedral but not strictly
injectable, and C; N Cy = {(0,0)} # @. Take xg = (0,&) with £ € R~ {0}, the sequence generated
by (Rey, Pc,) cycles indefinitely between z¢ = (0,£), 21 = (0, —=§), 22 = (0, =) and x5 = (0, ).

5.2 Cyclic semi-intrepid projections

Cyclic intrepid projections [7, 8] have found their applications in solving the feasibility problem
(1), notably the road design problems [8]. The technique is to adjust the cyclic projections such
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that for every projection FPg,, one tries to be “more aggressive' by extrapolating into the set C;
whenever possible. However, there is little incentive to “leave" the set C;, therefore, the ratio is
limited to which the extrapolated point remains within the set. This idea was first used in [21] for
special polyhedra named “strips", i.e., intersections of two halfspaces with opposite normal vectors,
see also [8, 22]; and was later generalized in [7] for enlargement sets. Motivated by this, we give the
definition of semi-intrepid projectors.

Definition 5.16 (semi-intrepid projector to injectable sets). Let o € [0, 1], let 7 € R4, let
C be a 7-injectable set on a given set U of X, and let x € X. The a-intrepid projection of x into
C'is defined by

P(a Ty = {p + (p — ) min{«, M} ’ pE PclE} (119)

with the convention that = =0if p=u=.

Tp—= ml

We note that PéO’T) and Pé ) are just the usual projector onto C' and that Pél’T) is the original

intrepid projector [7, Definition 4], see also [8].
Proposition 5.17. Let 7 € Ry and let C' be a T-injectable set on a given set U of X. Then

Vae0,1], VeeU: P& zcc. (120)

Proof. The proof is straightforward from the definition. |
Proposition 5.18 (quasi firm Fejér monotonicity of semi-intrepid operators). Lete € Ry,
0 €Ryy, T€RY, and a € [0,1]. Let C be a T-injectable set on B(w;d/2) and suppose that C' is
(e,0)-regular at w € C. Then the semi-intrepid projector Péa’T) (C N B(w;9), 1+O§, L—g) quasi
firmly Fejér monotone on B(w;d/2).

Proof. Take z € B(w;0/2) and x4 € P(a )z, There exists p € Poa such that
vy =p+d(p—z)=2+(1+)(p—2x), where o :=min{a, m} (121)

Then z, is an image of the relaxed projection Péfralzn and, by Proposition 3.5,

_ _ 2—(1+o/ 1 _
vTeCnBw): oy — 7+ HE ey -l < (14 G2E) e -3t (122)
As o/ < a, one can check that %ﬁf/) > ijr—g and 1+ % < 11+ € Hence,
VE e CNBwo): oy 7|2+ 52 ey —af? < 2|z — 72, (123)
and the proof is complete. |

We now prove the R-linear convergence for the cyclic semi-intrepid projections, one of which is
allowed to be the original intrepid projection [7, 8].
Theorem 5.19 (cyclic semi-intrepid projections). Let w € C = (;c;C;, € € ]0,1], and
deRyy. Foreveryiel, let 7y € Ry and o; € [0,1], where there is at most one «; equal to 1. Set
J:={jel|aj=1}and

1+ e

.= (M for every i € I. (124)

1=[J]

1

2
) , where ~; ==
miner v;

Suppose that
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(a) {Ci}ier is k-linearly regular on B(w;d/2) for some k € Ry 4.
(b) {Citier is (g,0)-reqular at w.
(c) For everyi € I, C; is T;-injectable on B(w;d/2).

(d) It holds that

1
2(m—1+]J])

1 14 a1 /1 + e\l
p=r2- (X % _ (1 _1J]) min +a’) ( +€) <1 (125)
.IJl—OéZ icI~J 1 — o 1—¢
STAN +

Then whenever the starting point is sufficiently close to w, the cyclic sequence (zy,)nen generated by
semi-intrepid projections (P((;f’ﬁ))Z o converges R-linearly to a point in C with rate p. In particular,
the linear convergence of (T )nen is guaranteed provided that either (2 (;—14|.7)n)neny C B(w;d") or

1/2 )\J|—1_

.1
zo € B(w 724(r1F p)), where &' ::%niael}l’yi/ (max*y

Proof. According to Proposition 5.17, for every i € I,
Vo € B(w;/2): Pz C G (126)

and P((j_”’n) is thus (Cy, 1)-quasi coercive on B(w;d/2). Next, we learn from Proposition 5.18 that,
forie I~ J, Pé(ji’Ti) is (C'N B(w;6), i, %)—quasi firmly Fejér monotone on B(w;d/2) and that,
for j € J, ngjjj) is (C'N B(w;6),7;)-quasi Fejér monotone on B(w;d/2).

Case 1: J = {j}. In this case, I' = (y;---ym)"/? and & = me%lp < 21“7]1/2' By Theo-
rem 4.7, if either (2, )neny C B(w;d’) or xg € B(w; gfp__pp)), then (z,,)nen converges with R-linear
rate )

Im
1 1+a\"1/1+¢
_ 2 _ = v
p=|T 52('2 1_0%) (1—5) <1 (127)
ielNJ +

Case 2: J = @. In this case, I' = (ﬁﬁ)lﬂ and ¢ = (meaxy-)_lméo where 0y = %. We

get from Theorem 4.8 that if either (z(n—1),)nen C B(w;d') or 29 € B(w; 24(-1“ 2) then (zp)nen
converges with R-linear rate

1
1 1+ A
=|r2- = — 1. 12
o= [ (S - )T (126)
el 4
The result follows by combining two cases. [ |

Corollary 5.20 (global linear convergence of convex cyclic semi-intrepid projections).
Suppose that for every i € I, C; is conver and that Niep, Ci N iy g, 11C; # &, where I,

{i € I| C; is polyhedral}. Suppose also that each C; is T;-injectable for some 7, € Ry. Let a; € [0,1]
for every i € I and assume there is at most one o equal to 1. Then regardless of the starting point,
the cyclic semi-intrepid projection sequence generated by (P((j_”’n))ie 1 converges R-linearly to a point
T € C:=ic; Ci. In particular, for every starting point xo € X, the linear rate is

S S
2(m—1+[J)

1 1+ o 1+ o\~
1—;((2: 1_O[Z,) (1_"]’)12}1\%1—@2) : (129)
ielNJ 4
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where J :={i € I | a; =1} and k is a linear regularity modulus of {C;}icr on B(w;8/2) for some
0 € Ry satisfying 6 > 2dc(xo).

Proof. Take xp € X, § > 2d¢(x), and choose w € C such that § > 2||xg — w|| > 2dc(xp). Then
xo € B(w;d/2). Let (zy)nen be the cyclic sequence generated by (Pé?“”))ie[ with starting point zg.
We observe from [2, Corollary 5] that {C;}ier is k-linearly regular on B(w;d/2) for some k € Ry
and from [10, Remark 8.2(v)] that {C;}ier is (0, 00)-regular at every point in X (due to convexity).

Note that p < 1 in (129), so all assumptions in Theorem 5.19 are fulfilled with € = 0.

Next, since {C;}ier is (0,00)-regular at every point in X, Proposition 5.18 implies that, for
every i € I, Pé?i’/\i) is (Cy,1)-quasi Fejér monotone on X. Combining with zg € B(w;d/2) and
Lemma 3.4(ii) gives (2, )nen C B(w;d/2). Now apply Theorem 5.19. |

5.3 Cyclic generalized Douglas—Rachford algorithm

In this section, we work with the index set J := {1,..., ¢}, where ¢ is a positive integer. For every
Jj€J, let \j,u; €10,2], let o €]0,1[, and let s;,t; € I such that s; # t; and that

{s;lieyult;|jey=1 (130)

We consider the cyclic generalized Douglas—Rachford algorithm defined by (7});e.s, where
VieJ: Tji=(1-a;)ld+a;PL Py (131)
J J

and shall prove that this algorithm also possesses R-linear convergence properties. It is worth noting
that if each T} is a classical DR operator (i.e., a; = 1/2, A\; = p; = 2), then the cyclic generalized
DR algorithm is the multiple-sets DR algorithm [15]. The latter reduces to the cyclic DR algorithm
[14] when £ = m, (s;,t;) = (j,j+1) for j =1,...,m—1, and (s, t,m) = (m, 1); and to the cyclically
anchored DR algorithm [12] when ¢ =m — 1, (sj,t;) = (1,j+1) for j=1,...,m — 1.

Theorem 5.21 (cyclic generalized DR algorithm). Let w € C := (;c; C;. Suppose that the
system {C;}ier is superregular at w and linearly regular around w and that {Cs,,Cy;} is strongly
reqular at w for every j € J. Then when started at a point sufficiently close to w, the cyclic
generalized DR sequence generated by (T;)je; converges R-linearly to a point T € C.

Proof. Let j € J and let € € ]0,1/3]. Since {C;}cr is superregular at w, there exists 6 € R, such
that C; is (g, /26)-regular at w for every i € I. Then Cy; and Cy, are (¢,6)- and (g, v/26)-regular

at w, respectively. Using Proposition 3.7, Tj is (CSJ. NCt;, 55 ﬂ)—quausi firmly Fejér monotone on

B(w;§/2), where '

A. .
yj::1—aj+aj<1+1jg)<1+1’”€€>—>1+ as c— 0", (132)

Shrinking ¢ if necessary, we derive from Proposition 3.8 that T} is (Cs; N Cy,, vj)-quasi coercive on
B(w;§/2), where

=0 :
vj = % min {)\j, \/Mijiz} for some k; € Ry and 0; € ]0,1]. (133)
J L+ pj
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Now by the linear regularity of {C;};cr, we again shrink ¢ if necessary and find x € R, such
that
Ve € B(w;0/2) :  de(x) < K max de,(x). (134)
Since Cs;, N Cy; € Cs; and Cs; N Cy; C Gy,

Vield, Vee X : max{dcsj (33)7dctj ()} < de,,noy, (). (135)
Noting also from (130) that
(Cs,NCy,) =(Ci=C, (136)
jeJ el

we conclude that the system {Cs; N Cy, }jes is also k-linearly regular on B(w;d/2).
Finally, set v := minje {1, v;}. Due to (132), we can choose ¢ sufficiently small so that
) 1/2

v Qi -1
pi=|mym— = (> —) <1 (137)
R e N

Thus, applying Theorem 4.5 to (7})jes and the corresponding sets (Cs, N Cy;)jes, we obtain the
R-linear convergence. [ |

We recall from Remark 2.6 that the linear regularity of a system together with the strong
regularity of its subsystems are less restrictive than the strong regularity of that system. This
observation supports the use of our separate assumptions on linear regularity and strong regularity
in Theorem 5.21.

In the case m = 2, we obtain a generalization of [33, Theorem 4.3] which proves R-linear
convergence of the classical DR algorithm for two sets. In fact, the classical DR algorithm also
converges R-linearly in other settings where cyclic projections may not, more details can be found
in [4, 5, 6].

Corollary 5.22 (generalized DR algorithm). Let A and B be closed subsets of X and w € ANDB.
Let A\, n €10,2], a €]0,1[, and set

T:=(1—a)ld +aPsP). (138)

Suppose that the system {A, B} is superreqular and strongly regular at w. Then when started at a
point sufficiently close to w, the generalized DR sequence generated by T converges R-linearly to a
point T € AN B.

Proof. Note that strong regularity implies linear regularity (see Fact 2.5) and apply Theorem 5.21
with m =2, ¢ =1, and (s1,%1) = (1,2). [
5.4 Affine reduction for generalized Douglas—Rachford sequences

In this section, we extend the affine reduction scheme in [33, Section 3] to generalized Douglas—
Rachford sequences. Let A and B be nonempty closed subsets of X. For every n € N, let A\, u, €
10,2], and v, €]0,1[. A generalized DR sequence is given by

VneN: x,11€(1—apy)z,+ oznPgnPj{”a:n. (139)

We start with the following extension of [33, Lemma 3.1] whose elementary proof is omitted.
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Lemma 5.23. Let C be a nonempty closed subset of X, let L be an affine subspace of X containing
C, and let A € Ry. Then the following hold:

(i) (Id=Pp)PA = (1-\)(Id—-Pp).
(ii) PLPA = PAPy.

The idea behind affine reduction for DR is to show that the shadow of any generalized DR
sequence on a certain affine subspace is again a generalized DR sequence. The next lemma provides
more details.

Lemma 5.24 (shadows of generalized DR sequences). Let L be an affine subspace of X
containing AU B and define y, := Ppx, for n € N. Then the following hold:

(i) Vn e N: ypi1 € (1 — an)yn + anPg”Pj{”yn, i.e., (Yn)nen is also a generalized DR sequence.
(i) VR € N: 2pp1 — Y1 = (1 — o) + (1 = X)) (1 — pn)) (20 — yn)-

Proof. Let n € N.

(i): Then there exist r, € Pj{":nn and s, € Ph"ry, such that x,41 = (1 — ay)zn + @ps,. By
Lemma 5.23(ii), Prs,, € PPy Py "z, = P§”P2”PL:E7L = Pg”PX"yn. Since Py, is an affine operator
(see [3, Corollary 3.20(ii)]), it follows that

Yn+1 = Preny1 = Po((1 — an)zy + ansn) = (1 — ay) Pray, + o, Prsy, (140a)
€ (1= an)yn + an P Py, (140b)
Hence, (yn)nen is a generalized DR sequence starting at yj.

(ii): Using Lemma 5.23(i), we have

Sn— Prsp = (1 — ppn)(rn, — Prrn) = (1 — ) (1 — M) (2, — Pray,) (141a)
= (1 - )\n)(l - Nn)(xn - yn)7 (141b)

which implies that

Tpt1 — Unt1 = [(1 — an)2n + ansn] — [(1 — an) Pray, + oan Prsy) (142a)
= (1 — an)(xn — Pray) + an(sn — Prsy) (142b)
= ((1 = an) + a1 = Ap)(1 ,Un))(xn — Yn)- (142c)

The proof is complete. u

In Corollary 5.22, strong regularity of {A, B} at w € AN B is not the most general condition
for R-linear convergence of DR sequences. Indeed, it can be relaxed to affine-hull regularity in the
sense that

Njy(w) N (=Np(w)) N (L —w) = {0} with L :=aff(AUB). (143)

This condition has been observed in [33, Theorem 4.7] for the classical DR sequence (A = p = 2
and a = 1/2). We now continue extending such result for generalized DR sequences. For simplicity
of presentation, we consider only the case of constant parameters (A, tin, o) = (A, w1, @).
Theorem 5.25 (affine reduction for generalized DR sequences). Let A and B be closed
subsets of X such that ANB # &, w € AN B, and L := aff(AU B). Suppose that {A, B} is
superreqular and affine-hull reqular at w. Let (zp)nen be a generalized DR sequence generated by
T :=(1—a)Id+PsP} with A\, €10,2] and o € ]0,1[. Then the following hold:

(i) If A = p = 2, then, whenever Prxq is sufficiently close to w, the sequence (z,)nen converges
R-linearly to a point T € FixT with PAT = PpT € AN B.
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(ii) If either A < 2 or p < 2, then, whenever Prxg is sufficiently close to w, the sequence (xy,)nen
converges R-linearly to a point T € AN B.

Proof. Define y,, := Ppxz, for n € N. By Lemma 5.24(i), (yn)nen C L is also a generalized DR
sequence generalized by T'. By restricting our consideration within the affine subspace L, affine-hull
regularity (143) becomes strong regularity of {A, B} within L. Thus, Corollary 5.22 yields that
(Yn)nen converges R-linearly to a point 7 € AN B when Prxo = yq is sufficiently close to w.

Setting 1 := (1 — ) + a(1 — X\)(1 — p), we have from Lemma 5.24(ii) that
VneN: x, —y, =n"(z0— o) (144)

(i): Assume A = p = 2. Then n = 1 and, since (y,)nen converges R-linearly to 7 € AN B,
(144) implies that (2, )nen converges R-linearly to T := 7+ (29 — yo). Now by [3, Corollary 3.20(i)],
ro—1yo € (L—L)* = (L—w)*, and by [10, Lemma 3.2], PAT = P47 = 7 and PgRAT = Pp(25—7) =
Pp(g+yo—x0) = Ppy = 7. It follows that RgRAT = T, which yields TT = (1—a)T+aRpRAT =T
and so T € FixT.

(ii): Assume either A < 2 or p < 2. Then n < 1 and, by (144), z,, — y, converges R-linearly to
0. Hence, x,, = yp, + (2, — yp) converges R-linearly toT =7 € AN B. |
Remark 5.26. Theorem 5.25(ii) has never been explored before even in convex settings where one
would obtain global R-linear convergence to the intersection; while Theorem 5.25(i) was proved in
[33, Theorem 4.7] for the classical DR algorithm. With some care on the parameters, Theorem 5.25
can certainly be extended to the case of generalized DR iterations of the form (139) with 1 <

inf { A\, i} < sup{ A, pn} <2 and 0 < inf o, < supay, < 1.
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