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Abstract

Consider a storage system where the content is driven by a Brownian motion absent control.
At any time, one may increase or decrease the content at a cost proportional to the amount
of adjustment. A decrease of the content takes effect immediately, while an increase is realized
after a fixed lead time ¢. Holding costs are incurred continuously over time and are a convex
function of the content. The objective is to find a control policy that minimizes the expected
present value of the total costs. Due to the positive lead time for upward adjustments, one
needs to keep track of all the outstanding upward adjustments as well as the actual content
at time ¢ as there may also be downward adjustments during [¢,t + £), i.e., the state of the
system is a function on [0,¢]. To the best of our knowledge, this is the first paper to study
instantaneous control of stochastic systems in such a functional setting. We first extend the
concept of Li-convexity to function spaces and establish the Lf-convexity of the optimal cost
function. We then derive various properties of the cost function and identify the structure of the
optimal policy as a state-dependent two-sided reflection mapping making the minimum amount

of adjustment necessary to keep the system states within a certain region.

1 Introduction

Consider a storage system, such as an inventory or cash fund, whose content fluctuates according to
a Brownian motion absent control. A convex holding cost of the content is incurred continuously.
At any time, a controller may initiate an upward adjustment to increase the content, which is

realized after a lead time, and/or a downward adjustment to decrease the content, which takes
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effect immediately. Both upward and downward adjustments incur a variable cost. The objective
is to find a control policy that minimizes the expected discounted cost over an infinite planning

horizon.

Absent the lead time, the state of the problem is one dimensional, and [Harrison and Taksar
(1978, 11983) show that an optimal control policy can be characterized by two closed-form control
limits. The method used to analyze the problem is referred to as a lower-bound approach by
Dai and Yag (2013a) and involves three steps. (1) Based on the optimality equations, heuristically
derive some differential inequalities of the optimal cost function, with at least one equation being
tight. This is know as the Hamilton-Jacobi-Bellman (HJB) equation. (2) For a control limit policy,
first obtain a set of ordinary differential equations (ODESs) of the cost function and then solve those
equations. (3) Find the control limits under which the cost function is continuously differentiable

and hence optimal.

The problem becomes much more complicated, however, when there is a positive lead time /¢
for upward adjustments. This is because the on-hand inventory at t + ¢ cannot be predicted solely
from the inventory position at any time ¢ as there may be downward adjustments in [t,¢ + ¢). One
needs to keep track of the amount and timing of each outstanding upward adjustment as well as the
content on-hand at any time, or the state of the system is a function on [0, ¢]. Thus, step (2) of the
lower bound approach will only result in partial differential equations (PDEs) with an uncountable

number of unknown boundary conditions, which are almost impossible to solve.

To derive and prove the structure of the optimal control policy in the presence of a positive
lead time, we follow step (1) to heuristically derive an HJB equation based on two optimality
conditions, optimizing the timing and amounts of adjustments, respectively. The similarity between
our analysis and the lower bound approach in|Harrison and Taksar (1983) stops here and we proceed
with the following steps, each of which involving challenging and deep mathematical analysis. (2)
Extend the concept of Li-convexity defined on finite dimensional spaces and introduced by Murota
(2005) to a function space, and show that the optimal cost function is the limit of the costs of a
series of periodic review systems and hence is Lf-convex in our state space. This is one of the key
steps in our analysis and a fundamental building block. (3) Derive some properties of the optimal
cost function using the Li-convexity of the cost function, and identify two sets of states in which
an upward and a downward adjustment are needed, respectively. These two sets also reveal the

boundaries of the PDEs for the HJB equation. (4) Construct a state dependent two-sided reflection



policy making the minimum amount of upward or downward adjustment necessary to prevent the
state from entering into the two sets and prove it is optimal. Such a policy is much more complicated
than that in [Harrison and Taksar (1983) and the proof of its optimality requires the establishment

of properties such as the monotonicity, Lipschtiz continuity, and complementarity of the policy.

To the best of our knowledge, this is the first paper to consider instantaneous control of stochas-
tic systems where the state is a function on a continuous time interval. Existing methods can only
deal with systems with single dimensional states, e.g., zero lead time for both upward and down-
ward adjustments in our problem. For periodic control problems, except for those with states of
one or two dimensions, the common approach is to establish the Li-convexity of the optimal cost
function, with which a threshold policy can be easily shown to be optimal. Such an approach
cannot be applied directly to problems with instantaneous control as Li-convexity is only defined
on finite dimensional spaces. As one can see, identifying the optimal policy is nontrivial even after
extending and applying the concept of Li-convexity to a function space (i.e., step (2)), and requires

additional challenging steps, i.e, steps (3) - (4) mentioned above.

The remainder of this paper is organized as follows. In §2, we provide a brief summary of
relevant literature. In §3, we present a precise mathematical formulation of the Brownian control
problem. We then derive two optimality conditions and provide a heuristic derivation of an HJB
equation. In §4, we extend the concept of Li-convexity to a function space, and show that the
optimal cost function is the limit of the costs of a series of periodic review systems and hence is
Lf-convex. In §5, we provide various properties of the optimal cost function, which lead to the
optimal control being a state-dependent two-sided reflection policy in §6. We discuss the general

case with positive lead times for both upward and downward adjustments in §7.

2 Literature Review

Research on the stochastic control of Brownian motion dates back to [Bather (1966) and the early
work was aimed at minimizing the total expected discounted costs. |Constantinides and Richard
(1978) show that a control band policy is optimal when there is a fixed cost for upward and down-
ward adjustments and [Harrison et al. (1983) develop a method to find the optimal bands. Davis
(1993) and|@ksendal and Sulem (2009) show the equivalence of this control problem to a sequence of
optimal stopping problems. All of these papers assume that the holding cost is linear. [Dai and Yaco

(2013h) extend this work to a general convex holding cost function. Harrison and Taksar (1978,



1983) prove that a control limit policy is optimal absent fixed costs under linear and convex holding
costs, respectively, and the latter also provides a procedure for computing the optimal limits. The
methodology used in these papers is the three-step approach described in the Introduction. Later,
these policies are shown to be optimal also under the average cost criteria by IOrmeci et all (2008)
and [Dai and Yao (2013a) with fixed costs when the holding cost is linear and convex, respectively,

and by [Taksar (1985) without a fixed cost.

Note that all of the abovementioned work assumes away a positive lead time for upward or
downward adjustments, except (@ksendal and Sulem (2009) which show that, with some additional
assumptions which will be discussed in Section [7 the problem where the lead times for upward and

downward adjustments are the same can be reduced to one with zero lead times.

Since the state in our problem is on a function space, the literature on Li-convexity which
extends convexity to multiple dimensions is also relevant. We refer to |Zipkin (2008) for an excellent
summary of the development of the concept and its application in inventory management. By
establishing the Lf-convexity of the optimal cost function, |Zipkin (2008) develops a new approach
to the structural analysis of the standard, single-item, lost-sales inventory system with a linear
ordering cost and a positive replenishment lead time. This concept is also used in the structural
analysis of problems where the state is of a finite dimension, e.g., inventory-pricing control with lead
times (Pang et all (2012)) and perishable inventory systems (Chen et all (2014)). In our paper, we

will extend Li-convexity to a function space.

The two-sided reflection policy shown to be optimal for our problem is inspired by [Skorokhod
(1961) and ISkorokhod (1962) which solve the stochastic differential equation for a reflecting Brown-
ian motion. The idea of the reflection mapping is widely used in the study of queueing systems. For
example, [Harrison and Reiman (1981) and Reiman (1984) obtain the heavy-traffic limits for some
open queueing network using multidimensional reflection mappings. We refer to [Chen and Yac

(2001) and [Whitt (2002) for more in-depth knowledge about reflection mappings.

3 Model Description

In this section, we formulate the problem mathematically and heuristically derive the Hamilton-

Jacobi-Bellman(HJB) equation.



3.1 Problem Formulation
3.1.1 Modeling Details

Let © be the set of all continuous functions w : [0,00) — R, and W; : @ — R be the coordinate
projection map Wi(w) = w(t) for t > 0. Denote by .# = o(Wy,t > 0) the smallest o-field such that
Wy is F-measurable and .7 = 0(W,,0 < s < t) for each ¢t > 0. Also let P be the unique probability
measure on (€2,.%) such that W; is a Brownian motion with drift 4 and variance o2, and E be the

associated expectation operator.

Now consider a storage system, such as an inventory or bank account, whose content Hy, ¢t > 0,
fluctuates according to a Brownian motion W; with drift y and variance o2, without any control.
Holding costs are incurred continuously at the rate h(H;) where h is convex with h(0) = 0. At any
time, we may take an action to cause the storage level to jump by a positive amount after a fixed
lead time £ or by a negative amount which takes effect immediately. An upward adjustment incurs
a variable cost kT, while a downward adjustment incurs a variable cost k*. Thus, the cost for an

upward &7 and/or downward &+ adjustment at any given time is given by
(6" €") = KT + ket (3.1)

When ¢ = 0, the problem reduces to that in [Harrison and Taksar (1983). With a positive
lead time for upward adjustments, the problem becomes much more complicated for the following
reasons. (i) As instantaneous downward adjustments can occur at any time, by itself the inventory
position at any time ¢ cannot predict the content on-hand and hence the expected holding cost at
time t+/¢. One needs to keep track of all the upward adjustments that will be realized in [t,t+¢), or
a profile of outstanding upward adjustments. (ii) With continuous time, such a profile is a function
on [0,/]. Dynamic control with infinite dimensional state variables is well known to be extremely
challenging and there has been little work in the literature. Next, we define the state and decision

variables, and provide the system dynamics of the problem.

1. The state variables: Let X;(u) € R be the content of the system plus the total amount of
outstanding upward adjustments at time ¢ that will be realized by t+wu. Then, X;(0) is simply
the content of the system at time ¢. For technical purposes, we include X;(u) = X;(¢) for

u > £ in our state. Thus, X;(u),u > 0, is right-continuous, non-decreasing and constant for



u > 4.

Let X = {X;(u),u > 0} be the state of the system at time ¢ and D be the set of all possible
states. That is, D is the set of all functions on Ry with the following properties: (1) right-

continuous on [0, 00) with left limits in (0,00), and (2) non-decreasing. For convenience, we

denote T = {Z(u) = 1,u >0} € D and X + a = {X(u) + a,u > 0} € D for a € R.

2. The decision variables: Let YT(t) and Y*+(t) be stochastic processes adapted to the filtration
Z; for all t > 0, representing the cumulative upward and downward adjustments up to
time t, respectively. Thus, YT and YV are non-decreasing functions. For convenience, let
7= YT, Y+ = {(YT(t),YH(t)) : t > 0} represent a control policy over the planning horizon

such that any control at time ¢ is based on information that has been revealed up to t.

3. The system dynamics: For ¢ > 0,

Xy(u) = Xo(u+t)+ Wi+ YTt +u—0) —YHt), u<l, (32)
X (), u> L.

That is, apart from W, Aj(u) includes the content at time 0 plus the upward adjustments
made before time t +u — £ if u < £ or t otherwise, minus the downward adjustments made up
to t. When u < £, Xp(u-+t) is the content of the system at time 0 plus the upward adjustments
made before time 0 that will be realized by t4+u. Among the upward adjustments made during
[0,), only those made before t + u — ¢ will be realized by time ¢ + u, which is YT (t +u — £).
Thus, the content on hand at ¢ can be written as H; = Xy(t) + Wi + YT (t —£) — Y+(¢).

3.1.2 The Cost Function

For any given policy 7 and initial state X € D, the total expected cost can be written as

C(X,m) =E [ /0 e h(X,(0))dt + /O T et tay () + kvt (3.3)

where -y is the discount rate. We impose the following mild assumptions on the holding cost function

for the rest of this paper.

Assumption 3.1. The holding cost function h : R — R satisfies the following conditions: (1)
h(-) is convexr and piece-wise C?-continuous; (2) h(0) = 0; and (3) there exists M > 0 such that
(W)l <M.



Parts (1) and (2) of Assumption B.] guarantee that it is never optimal to make a downward
adjustment exceeding the available content at any time. Without loss of generality, we will only

consider feasible policies that result in finite control costs, i.e.,
o
E [/ e dY T (t) + dYHt))| < oo (3.4)
0

Thus, under Assumption 3] a policy 7 is feasible if and only if C(X, ) is finite. Denote by II the
set of all such control policies and by C*(X) = ;glf] {C(X,m)} the optimal cost.

The following proposition shows that the optimal cost C*(X) is Lipschitz continuous on D.
All the proofs in the paper are either in the main body or can be found in the Appendix. Since
the states are functions, we define the distance between two states X and X’ € D as d(X,X”) =
JoT e X (t) — X'(t)|dt. Tt is easy to see that the space D is a complete metric space under the
distance d(-, ).

Proposition 3.1. Under Assumption [31, C*(X) is Lipschitz continuous. That is, for any states
X and X', |C*(X) — C*(&")| < Md(Xx,X").
3.2 Heuristic Derivation of the Hamilton-Jacobi-Bellman(HJB) Equation

We first note that, for any given initial state X € D, the optimal cost should satisfy the following

optimality conditions:

Xy = b {06+ O (@ (X))} (8.5)
C*(X) = inf {E [ /0 ’ e T R(X (1) + W )du + e 5 C* (05 (X) + WS)} } , (3.6)

where s is a stopping time and

Deret(X) = {X(u)—fwéﬁ{uzz}:uzo}, (3.7)

os(X) = {X(s+u),u>0}

are the states after an adjustment (£T, &) is made and after a period of time s with no adjustment

for a given initial state X, respectively. Let

C(X,&,¢") = ¢(&1,€") + CH*(Per 1 (X)) (3.8)

7



T el
be the minimum cost under a given adjustment (£7,£4). Assume for now that % and

Ty . . . .
% exist, which we will prove later. Then, with a small amount of adjustment e,

C(X,e,0) = C’*(X)—I—%éo’o)e+o(e), (3.9)
C(X,0,¢) = C*(X)—F%g’f’o)e—i—o(e). (3.10)

If (£7,¢%) = (0,0), i.e., no adjustment is made at time 0, absent further adjustment, the state at

time s > 0 becomes o5(X) + w for any realization of Wy = w. We define
Vx(w,s) = C* (o4(X) +w). (3.11)

If no adjustment is made for ¢ amount of time, then, by Ito’s formula, the minimum expected

discounted cost becomes

E [ / "M h(X0))dt + eV (W, €) | = () + [TV (0,0) — 1V (0,0) + A(X(0))]e + ofe)

0
(3.12)
o) a? 092 o) :
where the operator I' = 5 + & 55 + pg,;. Thus, for any given X,
X X
TV (0,0) — 1V (0,0) + h(x(0))] v 2000 CX,0.0) (3.13)

o&r o&r

which is precisely the HJB equation. This equation involves a PDE with an uncountable number
of unknown boundary conditions and no known method is available to solve it directly. Instead,
we will solve the problem by first establishing the Lf-convexity of the optimal cost function on

function spaces. And we will give a solution to the HJB equation in Theorem

4 The L*-convexity of the Optimal Cost Function

Since the concept of Li-convexity is defined on R™, we first study a periodic version of the problem.
We then extend the concept of Li-convexity from R™ to I by linking the problem to the limit of a

series of periodic problems.



4.1 A Periodic Review System

Consider a periodic review of the system with period length %, i.e., an upward adjustment takes
n periods. In such a system, the state in any period is an n-dimensional vector denoted by x; =
(@0, %1, -, Ten—1) Where x4 is the current content of the system and z;,;, 1 < i < n—1, is
the content of the system plus the total outstanding upward movement that will be realized from
period t + 1 to ¢t + 4. Letting ytT and yt¢ be the upward and downward adjustments in period ¢, we

obtain the following dynamics:
Xep1 = (Te1,Te2,  + , Ten—1, Tep—1 + ytT) — yie + we (4.1)

where e is a vector of all 1’s whose dimension will be clear from the context and wy = Wt11ye — Wi
is the random change caused by the Brownian motion. Let N, represent a normally distributed

random variable with mean ap and variance ac? for any a > 0. Then, the discount rate becomes
£

a =e % and holding cost is given by h"(z) = E [fo e 7h (:17 —|—./\/'£> ds} in the periodic system.

Next, we present definitions where the concept of Lf-convexity can be found in Zipkin (2008),

and show that the optimal cost function for the periodic system is L-convex.

Definition 4.1. Let f be a function on R".
1. f is submodular if for any x1,x2 € R™, f(x1) + f(x2) > f(x1 V x2) + f(x1 A x2).
2. f is Lo-convex if the function g(x,&) = f(x — &e) is submodular in R™H1,

Thus, a function f is Li-convex if and only if, for any x;,xs € R” and &, & € R,

f(x1—&e)+ f(xo —&ee) > f(x1 Vxo — (§1 VE)e) + f(x1 Axo — (&1 A&a)e).

To show the Li-convexity of the optimal cost function for the periodic system, we define CtT M (x¢)

as the optimal cost function from period ¢ to T for a given (7),n) and state x;. Then,

T7 1 T7
Ct n(xt) = Tmin {Ct n(xhyz\ayi)} ’
Y Yy >0

where

T, T,
¢ " (x4, Z/tT, yb = kaZ/tT + kiyti + ol [Ct+7f(xt+1) + h"(x0 — yi)]

for 0 <t < T —1and C}"(xr) = 0.



Proposition 4.1. c?’"(xy?yi) is Lf-convex in (x x,,y") and C;‘F’"(x) is Li-convex in X.

By Theorem 6.2.3 of |[Putermanl (1994) C*°"(x) := Tlim {C’g’"(x)} < oo is the unique solution
—00

to the optimality equation C°"(x) = Tmlin {e>n(x,y", y)} where
yhyr20

> (x,yt yh) = KTyt +kyt +oF [Cw’"((:ch Ty, Tt Tyt +y') — yre + wie) + h"(zp — yi)]

and hence we have the following theorem.

Theorem 4.1. C*"(x) is Li-conver and hence the optimal cost for the infinite horizon periodic

review system for any given n.

Thus, there exists a unique optimal adjustment (y, %) for any given x and the optimal 4 (y*) is
increasing (decreasing) in x, where the order of x in R™ is defined in the usual way of componentwise

comparison.

4.2 The Continuous Review System

Since the state X is defined on D rather than R™, we need to extend the concept of Lf-convexity

to D. The Lf-convexity of C*(X) will enable us to construct an optimal policy in Section [Bl

Definition 4.2. Suppose that X1, Xo € D.

o Order: Xy = Xy if Xi(u) > Xa(u) for any u > 0, and X; < Xy if Xi(u) < Xa(u) for any

u > 0.

e Maz and Min Operations: X1V Xy = {X1(u)VXo(u),u > 0} and X1 AXe = {X(u) AXo(u), u >
0}.

Definition 4.3. A function F on I is Li-convex if, for any X1, X, € D and &1,&5 € R,

F(X — &)+ F(Xy — &) > F(X VA — (& VE)) + F(XLAX — (&1 A &)).

To connect the periodic review systems with our original one, for any given state X and policy
m, consider the following discretized state X™ and policy 7" which makes adjustments only at
multiples of %. It is easy to see that X" and 7" approach X point-wise and m, respectively, as

n — Q.

10



1. The state X™ is such that

Xn(u) = X(%)? lf (Z 1) <u S Zf 1= 2737"' , 1, (42)

Let

S 3
Y =Y & and Y1) Z 130 (4.3)
=0

where ( 6”,55”) = (Y1(0),Y*+(0)) and (gnT gm) (YT(EZ) _ YT< i—1)¢ > v (_g) vi <(Z nl) >>
fori=1,2,---.

Then, the cost of the system for a given (X", ™) is given by

ClX", ) = E [ /0 T et (0))dt + /0 T ety (1) + kidyni(t))] (4.4)

where X/'(-) is the corresponding state at time ¢ under 7" with the initial state X™. By (B.2]), we
also have X/*(0) — X;(0) as n — oo for any ¢t > 0. It then follows by (33]), (44]) and the Lebesgue’s

dominated convergence theorem that

lim C(X",7") = C(X, 7). (4.5)

n—oo

It remains to be shown that the optimal cost of the original problem is the limit of the costs of

periodic review systems and hence is Li-convexity by Theorem E.I1

Proposition 4.2. C*(X) = lim C*®"(x").

n——+00

Proof. Since C*(X) is the optimal cost, for any € > 0, we can find a policy 7 such that C(X,7) <

C*(X) + e. On the other hand, as C°™(-) is the optimal cost of the periodic review system,

11



Con(x") < C(X™, ™). Then, we have

limsup C*"(x") < lim C(X",7")=C(X,7) < C*(X) +e.

n——+o00 n—+00

As € > 0 is arbitrary, we have lim sup C°*"(x") < C*(X). Combined with the fact that

n——+o0o

lim inf C°*"(x™) > ll)l}_l C(X"™) > C*(X), we have the result. O

n——+o0o

Theorem 4.2. The optimal cost C*(X) is LE-convex in D.

Proof. For any X;, Xy € D and their respective x] and x4, it is clear that x7 V x4 is the vector
form of (X; V X2)"™ = (X1)™ V (Xa)™ and x}' A XY is the vector form of (X} A X2)"™ = (X1)™ A (Aa)™.
For any &;,&; € R, by the Li-convexity of C°"(x) in Theorem F.1]

COMX] — &1e) + O (xh — &e) > COM(xT VxS — (§1 VE&)e) + CM(xP Axy — (& Aa)e).

Letting n — oo, we see that C*(X) satisfies Definition [4.3] O

5 Properties of the Optimal Cost Function C*(X)

5.1 Impact of Adjustments on the Cost Function

Recall the function C'(X, &t fi) and their partial derivatives %ﬁ;éi) and %w introduced
in Section B2l A quick fact is that the Li-convexity of C*(X) immediately implies that the cost
function C(X,&T,€4) is convex and differentiable in ¢ and ¢+, The following properties of the
partial derivatives will help identify the control regions and consequently construct the optimal

policy in Section [6l

Lemma 5.1. Monotonicity of the derivatives:

1. If X 2 Xy and Xy (0) = Xo(0), 80(?3é§ £ > acwggtw

IC(X+agleh) - a0(x et e
2. Fora >0, ( 6; )§ (65 ),

3. aC(ngTvgi)

Bev is decreasing in X.

are continuous in X.

N
Lemma 5.2. Continuity of the derivatives: ICXLLEY) g %ﬁ’éi)

ogt

12



9C(X 7,64

Proof. Since the proofs are similar, we only prove the continuity for 9 G Suppose it is not

continuous and there exists ag > 0 and a sequence {X,,,n = 1,2,...} in D such that, as n — oo,

4 '
d(X,X,) — 0 but 6(}(23%5 £ _ 80(2(;?’5 ) > 2ag or < —2aq for all n. By the continuity in

C(X,ET+bo,EY) oC (X164 OC (X, +by, &%)
oeT o€t OET

Lemma [5.2] there exists by > 0 such that 9
IC(Xn 1 ,64)

< + ag. Thus,

IC(X T e

<

— ag. Since C(X,&T,€%) is convex in &7, the partial derivative is increasing

oeT e
in 7. We have
O+ by €5 — O(X. €T, 61 = /Ob‘) 80(?(,22: € 4
B /Obo aC(X,gaTg bo, £+) s
< [M(emE ),
o [ e, N,

= O(X,, & +b0,&") — C (X, €1, €T) — agby.

On the other hand, because d(X, X,,) — 0 as n — co and C*(X) is continuous in D, C(&,, T+

bo, E9) —C(&,,, €1, €4) converges to C(X, T+ b, £4) — C (X, €T, &4) as n — oo. This is a contradiction

e is continuous in X. O

We also note that C(¥, €1, 64) = C* (B ¢ (X)) < C* (Bt o1 et (X)) + O(ET + ¢, 65+ eb) =
CH(X, &M 4 €l &b 4 ) for any €', et > 0. Thus, %W > 0 and %ﬁfﬂ) > 0, and we have

the following lemma.

ICXLEY g IR ETEY

Lemma 5.3. Non-negativity of the derivatives: e an Bev

are mon-negative.

Since there are no fixed adjustment costs, any adjustment at a particular time can be viewed as
the result of multiple simultaneous adjustments. Thus, starting with a smaller adjustment allows

more flexibility and results in the non-negativity of the derivatives.

5.2 The Set of Naturally Reachable States and Its Representation

Starting from an initial state X, the state at time s will be o4(X) + w without any adjustment
given a realization of the Brownian motion Wy = w. Thus, for any s > 0 and w € R, we call
0s(X) + w a naturally reachable state from X and {o5(X) +w: s> 0,w € R} C D is the set of all

naturally reachable states from X'. For a fixed initial state X, any naturally reachable state can be

13



fully described by a pair (w, s) € R x Ry, referred to as a reachable state from a given initial state

with a slight abuse of notation.

5.2.1 The Set of States where no Adjustment is Needed

At any naturally reachable state (w, s) from an initial state X', an adjustment may or may not be

£ 9C(X,0.0)

needed. It is obvious that no upward (downward) adjustment should be made at X' i

(% > 0). That is, the set of naturally reachable states in which no adjustment is needed is
given by
s X , U, S X [ g)
Sy = {(w,s) eR xR, : 200! a)gw 0,0) ¢, 9C(osl a)gjw 0.0) >0}. (5.1)
Let
0C(os(X ,0,0
w/T\f(S) = max {w eR: (7 0)5: w,0,0) = 0} ; (5.2)
S X 9 )
wﬁg(s) = min {w eR: 9C (os( 3)§j_w 0.0 = 0}. (5.3)

By Lemma 5.1 W >0 (W > 0) if and only if w > w;(s) (w < w}(s))

Thus, (5.1 is equivalent to
Ey = {(w,s) ERXxR;: w;(s) <w < wﬁf(s)} .

Since o4(X) increases in s initially and remains constant when s > ¢, by Lemmal[5.1], w;(s) increases
in s and stays constant at w$ (6) + X(£) for s > ¢ and wﬁ((s) decreases in s and stays constant at

wg(€) + X (€) for s > ¢ as shown in Figure 5.1

At any given state X', no adjustment is needed if (0,0) € Ey, or equivalently wi(O) <0<

w;(O). Otherwise, as ¢ (£+) increases, by Lemma [5.1], the marginal cost remains zero initially,

oC(X £ Eh) [aC(X£T.eh)
ot aet

ie., ) stays at 0 for a while until it becomes positive. Since there are no
fixed control costs, intuitively, the optimal upward (downward) adjustment should be obtained
at the maximum ¢ (&%) at which the derivative is zero. This means that an upward (downward)
adjustment is needed at time s if w < w;(s) (w > wﬁ((s)) as depicted in Figure[5.Jland simultaneous

upward and downward adjustments are needed at a reachable state (w,s) if and only if wé(ﬁ) >

14



downward
downward
wy(s)
no adjustment = downward and upward
- wh(s) " ‘
i wpward wh(s) i upward
i 5 0

Figure 5.1: w;(s) and wﬁf(s) which define Zx

wg (¢) as shown in the second case in Figure (.11

Furthermore, we show in the next proposition that wg (¢) and w% (¢) provide sufficient informa-

tion for deciding whether or not an upward or downward adjustment is not needed at a state.

Proposition 5.1. No upward and downward adjustment is needed at X if X(£) > wg(ﬁ) and
X)) < wé(f), respectively.

4
Proof. 1t X(¢) < wé(@), we have X' < wé(@)Z. By part 3 of Lemma [F.1] 294500 > 90w (DT,00) _

oer = OET =
% > 0. If X(¢) > wg(ﬁ), there exists b > 0 such that

0. Hence, by the definition of wé(ﬁ),

N
X)) —-b= wg(ﬁ) and X —b < w%(@)Z. Then 80(52}0’0) > 80(2;;”0’0) > ac(w%(é)z,o,o) = 0 by parts 2
and 1 of Lemma [5.1], and % > 0 by the definition of wg(ﬁ). O

5.2.2 Properties of Vy(w,s) on Ex

In this section, we will show that the optimal value function Vy(w, s) defined in (3.I1) is a solution

to the HJB equation (BI3]) with Zx as the boundaries and identify the timing of adjustment.

Theorem 5.1. The partial derivatives 8VX8(;”’S), 8‘/’5&”’8) and 82‘/5‘15;” 3) erist and
oV 20%V. oV
X(w78)+0- X(wvs)_‘_u X(w78) —ny(w,s)+h(X(s)+w):0 (54)

0s 2 Quw? ow

holds for almost every (w,s) € Zx.

The key step in proving Theorem [l is to establish the following property of Vy(w,s) in a

small enough neighborhood of any point (w, §) in E .
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Proposition 5.2. For a given X € D and (0,8) € ZEx, there exists a neighbourhood of (w,$§),

=

C Zx, such that
Vy(w,s) =E [/ e Mh(X(s+t)+w+ Wy)dt| +Ele "V (w + Wy, s +7)], (5.5)
0

for all (w,s) € Eg?}’é), where T 1is the first time the process {(w + Wi, s +1t) :t > 0} leaves Egé“)

Proof. By the continuity of the partial derivatives in Lemma [5.2] there exist § > 0 and ko > 0 such
that, for any X satisfying d(o3(X) + @, X) < 36,

dC(X,0,0)
o¢r

dC(X,0,0)

>
= k07 88

> k. (5.6)

Consider a neighbourhood of (w, §), Egﬁus) = (w, §) + B(0), where B(9) := [0, 0] X [O, %] For

any (w,s) € Eg?’g), recall the definition of the distance d(-,-) in Section [3.1],

d(oz(X) + w,05(X) +w) < d(og(X)+w,05(X) +w0) + d(os(X) +w,04(X) + w)

< (s—8)yX(0) +5 <25

Thus, E(;(”) C =x. Next, show the proposition holds in this neighborhood by contradiction via the

following three steps.
1. Suppose (5.5) does not hold at a pair (v, s’) € EE@US) Since Vy (w',s") = C*(og(X) +w') is

the optimal cost at oy (X) + w’, there exists a positive ¢y such that

!

E / e Mh(X (s +1t) +w' + Wy)dt +E[e_77/VX(w’+WT/,s’—l—T')] > Vy(w', s')+co, (5.7)
0

where 7/ is the stopping time when {(w'+ Wy, s’ +t) : t > 0} leaves (w, §) + B(d). Introducing
X' =o0yg(X)+w, (51) is equivalent to

’

E / e h(X'(t) + Wi)dt | +E[e™ Var(Wor, 7)] > Var (0,0) + co. (5.8)
0

For any feasible periodic control policy 7" = (Y"1, V™) defined in @3J)), let A/ be the
updated state at time ¢ under this policy n". For any € < 4, we define N(e) = inf{k :

Zf:o & T+£Zm) > e}. Without loss of generality, assume that Zﬁi(oe) (£Zm+£lm) = ¢, otherwise
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split the adjustments 517?(6) and /or 517\1}(6) into two. Let A be the event where the N(e)th

adjustment is made after 7/, ie., A= {7’ < TN}

2. Estimate the cost C'(X’,7") by considering the events A and A€, respectively.

(a) On the event A, from (5.0)), the marginal costs for the upward and downward adjustments

are quite large implying that
C(X!, ™) > C*(X') + P(A)e P kge > Var (0,0) + P(A)e ™ kge. (5.9)

(b) On the event A€, the cumulative amount of upward and downward adjustment by the
stopping time 7’ is less than €, i.e. d(X], 04(X") + W) < € for any 0 < s < 7/. Combining
with (5.8) we can imply that

C(X',7™) > Var (0,0) + co — % — P(A)(6h + V), (5.10)

where h and V are two constants. The detailed proofs of (5.9) and (5.I0) are presented in

the Appendix.

3. Properly choose ¢ = min{d, 53F} and denote py = e T min{gz%}méﬁw\?' If P(A) > po,

from (59) C(X',7) > Var(0,0) + e ko min{d, 53 }po. Otherwise, if P(A) < po, from (E10)
C(X', 1) > Var(0,0) + e ko min{s, 357 }po. Thus, for any discrete policy 7", its associated
expected cost will be at least Vy/ (0, 0)+e‘“’5 ko min{Jd, %}po. However, this is a contradiction

of Proposition

We are now ready to prove Theorem [5.11

Proof of Theorem [5]l. In Proposition [5.2] we’ve proved that for any (w,$) € Ey, we can find a
corresponding subset E(,ﬁus) € Zx such that all the points in the subset satisfy (B.5]). Applying
(w,3)

Dynkin’s law in [Dynkin (1956) to (5.3)), we find that (5.4) holds for all (w,s) in =3 ". In other

words, for any (w,§) € Ey, we can find a corresponding neighborhood Eg?)s) € Eyx where (5.4)
holds. Since =y = U EE@U’S), we can conclude that (5.4]) holds for all points in = . O
(w,s)eEx

Define 7x > 0 to be the first time the process {(w + Wi, s +t) : t > 0} leaves Zy. By Ito’s

formula and Theorem [5.I], we have the following corollary (whose proof is skipped as it is same to
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that of Theorem [B.T]). The corollary helps to identify the time of the adjustment since the equation

in the corollary actually holds for any stopping time 7 such that 7 < 74 with probability 1.

Corollary 5.1. For any given X € D and (w, s) € Zy,
Tx
Vy(w,s) =E [/ e Mh(X(s+t) +w+ W)dt| + E[e "™ Vy(w+ Wry, s + Tx)].
0

Based on the Li-convexity of C*(X) and its optimality, we have the following proposition.

2
Proposition 5.3. The partial derivatives 6‘/"6(;”’8), 6‘/’3(;”’5) and 6‘3“7(;”’8) exist and

OVy(w,s) n 02 0?Vy(w, s) n #8‘/}((11),3)

Os 2 Qw2 ow

—YVx(w,s) + h(X(s) +w) >0

holds for almost every (w,s) € R x R4.

The above proposition and Lemma (5.3 show that each one of the three terms of (BI3)) is
always non-negative. Moreover, if X € Zy, the first term of (8.I3]) must be zero by Theorem [(.11
Otherwise, by the definition of Zy, at least one of the last two terms of ([B3.13]) is zero. This yields

the following theorem.

Theorem 5.2. For any X € D, Vx(w,s) is a solution to the HJB equation (3.13) with Ex as the

boundaries.

6 The Optimal Control Policy

In this section, we will construct an optimal control policy. We will first define the set of states in
which an upward or downward adjustment is needed. We then examine the corresponding upward
(downward) adjustment policy for a given downward (upward) adjustment policy, referred to as
the one-sided reflection mapping in Section [B.1.1] and construct a two-sided reflection mapping
in Section We then show that the two-sided reflection mapping is an optimal control in
Section

We have demonstrated in Figure 5.1l that an upward (downward) adjustment is needed at time

sifw < w;(s) (w > wﬁ((s)) Define

D' = {XeD;w;(o) <o} and DV = {XeD;wﬁf(O) >o} (6.1)
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to be the subsets of D in which an upward adjustment and downward adjustment are needed,

respectively. Lemma [5.] immediately leads to the following corollary.

Corollary 6.1. Let D and DV be the complements of DT and DY, respectively.
1 IfX = X' and X () = X'({), then X' € D implies X € DT.
2. If X € DT, then X +a € D' for all a > 0.

3. If X = X', then X € DV implies X' € D*.

If there exists a state belonging to both DT and DV, then we need to make downward and upward
adjustments at the same time. This can happen when it is too costly to hold a unit of inventory
that is likely to be needed ¢ amount of time later, i.e., when the cost for holding a large amount
of inventory is relatively high and the lead time is relatively long. When this happens, the optimal
adjustment can be quite complicated. Thus, we will focus on the case where DT N D% = @ which
holds in most real applications. The following lemma also provides an explicit sufficient condition

for this to hold.

Lemma 6.1. D' NDY = @ if and only if wé(@) > wg(ﬁ). A sufficient condition for DTNDV = @ is

KY o+ kb > 12 max i ().
v x>0

Proof. A direct result from Figure[5.1lis that a necessary and sufficient condition for non-simultaneous
upward and downward adjustments is wé 0) > wg(ﬁ). If these two subsets intersect and (¢7,&V) are
simultaneously adjusted, for a downward and an upward adjustment (£7 — e, & —€), we increase the
holding cost by no more than e foz et max R'(x)dt while reducing the control cost by (kT + k¥)e.

l—e— 7

Since kT + k+ > max B (x) ~ °, the total cost will decrease. O
xT

6.1 Reflection mappings

We first identify the minimum upward (downward) adjustment needed to ensure X; € DT (X, € DY)
at all s > 0 for a given downward (upward) adjustment. We refer to them as one-sided reflection

mappings that will lead to the two-sided reflection policy, an optimal control.
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6.1.1 One-sided Reflection Mappings

For a given sample path of the Brownian motion w and initial state X, the state X; under policy

(YT, Y+) can also be written as
Xy = 05(X) +w(s) = YHs) + oo (YD AYT(s)T

by the dynamics ([B.2]). For convenience, we use the superscripts i,j € {1,,}, ¢ # j, to indicate a

pair of upward and downward adjustments. For any given (X,Y7,w),
X, YT w) ={Y: X =0,(X) = YHs) + s oY) AYT(5)T + w(s) € DY, for all s >0} (6.2)

is the set of all the feasible one-sided adjustments Y that will ensure X, € D’ at all s. Recall that
D is a functional set. For any subset () # S C D, let inf S be a function that takes the infimum of

all functions in S at any point, i.e.,
(inf S)(t) = }ng{f(t)} for any ¢t > 0.
€

By Lemma 14.2.2 in (Whitt (2002), infS € D.

Definition 6.1 (One-sided reflection mappings). We call *: (D,D,D) — D a one-sided reflection

mapping for D' if, for a given state X, sample path w and Y7 € D,
YA, Y7, w) = inf ITH(AX, Y7, w).

Next, we show the existence of the one-sided reflection mappings in Proposition and provide

some properties of the mappings in Proposition

Proposition 6.1 (Existence of the reflection maps). ¥ (X, Y7, w) exists and belongs to TI'(X, Y7, w).

Proof. Since the proofs are similar, we only prove the result for ¥T(X, Y+, w). We first claim that
T (X,Y*,w) is non-empty as an adjustment g(¢) = sup {wg(ﬂ) —wu) + YHu) — X(u+0)} €
0<u<t

IT(X, Y, w). This is because

Xy(0) = X(s+0) + w(s) — Y¥(s) + g(s) > wg(ﬁ), for any s > 0
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and by Proposition (.11 w =0. So IIT(X, Y+, w) at least has one element.

It remains to be shown that ¢T(X, Y+ w) € IIT(X, Y+, w). For any fixed e > 0 and s > 0,
there exists Y1 e IIT(X, Y+ w) such that YT = oT(X, Y4 w) and YV (s) < ¢T(s) +e. Thus,
os(X) +w(s) —YHs)+0,_o(YT)AYT (s)Z € D'. Then, by parts 1 and 2 of Corollary B.I}, we know
that os(X) + w(s) — Y¥(s) + os_¢(¥T(s) + €) A (¥T(s) + €)Z € D'. Because s and ¢ are arbitrary,

PH (X, Y w) e TN (A, YH w). O
Proposition 6.2. Let X be the initial state and w a sample path.
1. T X, Y4 w) decreases in YV and ¢+ (X, YT, w) increases in Y.

2. sup (X, Y] w)(u) — wi(X,YQj,w)(u)] < sup \Ylj(u) - YQJ(U)\ for any given t > 0, hence

0<u<t 0<u<t
VX, Y7, w) is Lipschitz continuous in Y7 under the uniform norm.

Proof. We will only prove the results for ¢ (X, Y+, w).

1. Suppose Yli - Yzi. For any Y € TIT(X, Yli,w), O'S(X)+O’(S_g)(Y)/\Y(S)I—Yli(s)—i-OJ(S) € D
By part 2 of Corollary 6.1l 0s(X) + o(,_g)(Y) A Y(s)Z — Yzi(s) + w(s) € D' for all s > 0
and consequently Y € HT(X,Y;,w). Thus, H(X,Yli,w) - H(X,Y;,w) and QpT(X,Yli,w) =<
(X, Yy, w).

2. We prove this part by contradiction. For convenience, let ag = sup \Yli(u) —Y2¢(u)\ < oo and
0<u<t

g1 = V(X Yli,w) and gy = YT (X, Y;,w). Suppose that the inequality does not hold. Define
7:=1inf{s > 0: |g2(s)—gi(s)| > ap}. Without loss of generality, we assume g2(7) > g1(7)+ao.
Because g1 and go are right-continuous, there exists an € < £ such that gs2(s) — g1(s) > ag for

s € (1,7 + €. Consider the following function

, g1(u) +ag ué€lr,7+e),
go(u) = .
g2(u) otherwise .

Then, for all t < 7, g4 (t) = g2(t) < g1(7)+ap = ¢g5(7) and gh(T+¢€) = ga(7+€) > g1(T+€)+aop.
Thus, ¢}, is also non-decreasing and strictly less than g,. Next, we show that g5 € II(X, Y;, w)

or equivalently, for all s > 0,

05(X) + 05095 A gh(s)T — Y5 (5) + w(s) € DT (6.3)
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and hence, we have a contradiction. Note that, os(X) 4+ o(s_g)gr A gr(s)L — Yki(s) +w(s) € DT
for k =1,2.
e For 0 <5 <7, 03,-¢)(95) N g5(8)T = 0(s—p)(g2) A g2(s)Z, and (E.3]) holds.

e For 7 <5 <7+¢ gy(s) = g1(s) + ap and O(s—0) (95) N 92(8)T + ap = 0(5—5)(91) A g1(s)T.
By part 1 of Corollary B.1} o5(X) + 0(s—p)(93) A g5(8)T —ap — Yli(s) + w(s) € D. Since
ag + Yli(s) > Yzi(s), (63]) holds by part 2 of Corollary [6.11

o For s > 7 +¢, gh(s) = ga(s) and o(s_p)(95) A g5(5)T = 0(5-¢)(g2) A g2(s)Z. By part 1 of
Corollary [6.1], (63]) holds.

O

Due to the “inf” operator, ¥(X, Y7, w)(t) increases in ¢ only when X; hits the boundary of D*,

i.e., %&’0’0) = 0, which is summarized in the following proposition.

Proposition 6.3 (Complementarity of the reflection mappings). If X; is the state at time t under

policy " for a given Y7 and initial state X, then ff %g;o’o)dwi()(, Y7, w)(t) =0 for any 0 < a <

b < oo.

6.1.2 A Two-sided Reflection Mapping

We are now ready to define a two-sided reflection mapping, and show its existence and uniqueness.

Definition 6.2 (A two-sided reflection mapping). For a given X and Brownian motion sample

path w, (YT, YV is called a two-sided reflection mapping if

YT =yl(x, YHw), (6.4)
Y=ot YT w). (6.5)

Proposition 6.4. For any given X and Brownian motion sample path w, there exists a unique

two-sided reflection mapping (YT*, Yi*).

Proof. The existence of a two-sided mapping: We show the existence of a two-sided mapping as

the limit of a series of one-sided mappings and the convergence of the mappings is achieved in

a finite number of steps. For any X and sample path w, we construct a series of upward and
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downward reflection mappings as Y} =0 and

Y =M, w), (6.6)
Vi =yH XY w), (6.7)
for k =1,2,3,---. By part 1 of Proposition [6.2] one can easily see that both YkT and Y,j increase

in k (in the sense of “<”) and hence converge as k — oo. We now show that, for any fixed ¢, both

YkT(t) and Y,j(t) converge in a finite number of steps.

Let X € D' denote the resulting state at time s under policy (Y,J, Y,j_l) and X € DY denote
the state at time s under policy (Y,J,Yki), for k = 1,2,---. Let tz = inf{t : Xtm € D'} and
tt = inf{¢ : thi € D'} be the first time thT enters D¥ and thi enters DT, respectively.

We first prove that for any given k > 1, Yy = Y,j_l on [O,tZ] for all m > k. The proof of
YWE = Y,J on [O,tt] for all m > k is similar and hence omitted. Thus, Ynt and Ynﬁ converge to YkT
and Y,j in k steps on [O,tzﬂ] and [O,tt], respectively. Since Y,j_l(s) < Y,j(s) = zﬂ(X,YkT,w)(s) for
all s > 0, Y,j_l is a smaller downward adjustment than Y,j and can also prevent the profile from
entering D¥ as X5 € DV for s € [O,tl]. Note that the one side mappings (6.6) and (6.7]) on [0, s]
only depend on the sample path w on [0, s]. Thus, Ylj_1 = Yki on [O,tz] implying that (YkT,Y,j_l)
jointly satisfy (€.4]) and (6.5]) on [O,ti]. Hence, Y;), = YkT and Yy, = Y,j_l on [O,ti] for m > k.

Next, we show that t£ < tt < t£+1 < ttﬂ for any given k > 1. Since Y = Yki—l on [O,tZ],

X = xF for s e [O,tz] and tZ < ti. Likewise, since YkT+1 = YkT on [O,tt], tt < t£+1'

It remains for us to show that, for any fixed ¢, there exists &’ such that tt, > t. Denote
s = inf {t£ <t < ti : Y,j(t) = Y,j(tt)} Then, no adjustment is made on [sk,tt] and X/
enters DT after tt due to the Brownian motion w. If Yki (sg) > Yki (sk—), by Proposition [6.3]

kL
W = 0. On the other hand, if Yki(sk) = Y,j(sk—), we can find an increasing sequence

{up,p = 1,2,--- } such that li_)ln up = sy and Yki increases at u,. By Proposition 6.3 we have
P o0

dC(X%,0,0)

kl
e = 0forp=1,2,..., which implies that 80(%*s; 0.0)

et
in Lemma Then, by Proposition 5.1, we must have X'(sy) + w(sg) — Yki(sk) + YkT(sk) > wé(ﬁ)

and X (t) + w(ty) — Y (t) + ¥ () < wh(0).

= 0 following the continuity property

Since Y,j(sk) = Y,j(tt), X(sg) < X(ti) and Y,J(sk) < Y,J(tt), we have

w(sk) — w(ty) > wh(l) —wh(0). (6.8)



By the continuity of the sample path w, there exists a § > 0 such that

sup  w(ur) —w(uz)| <
Jup—ug|<é
0<ui<u2<t

This implies that ty > sy + 30 >t} +3 >ty + 3 if t} < t. So té] > t.
Let (Y, Y+) be the point-wise limit of the sequence {(YJ, Yki) :k=1,2,---}. Since conver-
gence can be achieved in a finite number of steps for any given ¢, (Y*, Y+*) are finite at all £ > 0.

Taking the limit on both sides of (6.6) and (6.7)), by the Lipschitz continuity of T(X, Y+, w) and
YHX, YT, w), we can show that (YT*, Y+ jointly satisfy (64) and (6.5).

The uniqueness of the two-sided mapping: Finally, we prove the uniqueness of the two side map-

ping. Suppose that there exists a two-sided mapping (YTI,YV) that satisfies (6.4]) and (6.5]). By
part 1 of Proposition[6.2] YV > 0 implies Y1 = YlT and YV > Yli, and subsequently, Y1 = YiT and
YV = Y fori=2,3,.... Thus, YT > Y™ and YV > Y¥*. Define 77 = inf{t > 0: Y (¢) > YT*(t)}
and 7+ = inf{t > 0: YV (t) > Y& (1)}

1. If 77 > 74, then YV (u) = Y (u) for 7+ < u < 77, Let

YT(u), ue€lo,7h),

Y (u) = ,
YT (u), otherwise.

Since Y1 (u) = YT (u) for u < 77, Y1 is increasing and strictly less than Y. By part 2 of
Corollary 6.1, Y1 € It (x, Yil,w), a contradiction.

2. If 7+ > 77, the proof is similar and omitted.

3. If 77 = 7+, there exists some & > 0 such that both YT — YT and Y¥ —Y? are strictly positive
in (77,717 4 6). Denote Ag = X (7T +0) +w(r") + YT (r1) =YV (+1).

o 4y > WOFwa®

+ T / / wh (M) —w!
such that |X(t + ) — X (T + €)] < 20O 1yl ) — y¥ (1) < 2@ 4nq
+ T
lw(t) — w(th)] < M when t € [rT, 71 +9).

: Since X(t), w(t) and Y+ are right-continuous, there exists a § < ¢’
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. 1
Choose € < M and let

YV —e YY) > YT,
v (u) = YV () if Y'(rT) = YT(T),

Yy otherwise.

u e [rT, 714 6),

Then, under adjustments (YT”, YV),

X(0) = X{t+0)+w@®)+YT () —YY(D)
> X +0)+w)+ YT vV () -

Cwg(O) —wh(t)

> Ao 5 > we(£)

for t € [r7,77 + §). By Proposition B.1l we know X; € D' for t € [rT, 71 +§). For t ¢
[T, 77 45), &; € D' following the same argument as that in the proof of Proposition
So Y™ e o', Yil,w), a contradiction.

o A < LoOtwp(®)

3 : Similarly, by finding the corresponding 4, ¢ and letting

yV (TT) —¢ ifY¥ (TT) > Yi(TT),
vV (u) = vV it YV (1) = Y,
YV (u) otherwise,

u e [rT, 714 6),

we can show YV’ (X, YT/,w), a contradiction.

6.2 The Optimality of the Two-sided Reflection Policy

In this section, we show that the two-sided reflection mapping 7n* = (YT*,Yi*) is optimal and
makes the minimum amount of adjustment to prevent the state X;, t > 0, from falling into DT and

D*. Under the one-dimensional setting in [Harrison and Taksan (1983) and described in Section 5,
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D' = {y < b} and D* = {y > a}, our two-sided reflection mapping reduces to the same closed-forms

R(t) = Oil’;l}it [a —w(u) + L(u)], t >0,

L(t) = Oil’;ll,gt w(u) + R(u) —b], t >0

in their paper. This reflection mapping makes the minimum amount of adjustment to keep the

controlled process in the region {a <y < b}.
Theorem 6.1. The policy ©* = (YT, Y V) is optimal, i.e., C(X,7*) = C*(X) for all X € D.

We prove Theorem [6.1] by considering a cost characterized by ¢ > 0 in (6.9) and showing that
this cost approaches both C(X,7*) (Lemma [6.2)) and C*(X) (Lemma [6.3]) as 6 — 0. Let X} be
the state at t under the two-sided reflection policy n* = (YT*, Yi*) with initial profile X. For any
small § > 0, let DV —§ = {&" —§,: VX' € D'} and DT + 6 := {&" + 4§ : VX’ € D'}. For a given
sample path of the Brownian motion and associated control 7*, the state X; will enter DT +§ when
IC(X=0.0.0) _ () 14 Db — § when 2CE+80.0

et BEv = 0 many times over time. Without loss of generality,

we assume that X, first enters DT 4§ and at

Tf:inf{tzoz oC(&: — 6,0,0) :0}.

o&r

The process evolves and eventually enters DV — § at

7'3 = inf {t > 7_{5 : 80(%6—55’0’ 0) = 0} .

For j =1,2,---, define

. 0C(X; —6,0,0
ng+1:1nf{t>7'§j: ( T ):0}’
0C (X, +6,0,0)
é : 0 3
72j+2:1nf{t>7'2j+1: a£¢7 ) 0\,
ng .1 represents the first time X; enters DT + § since ng, and ng 4o Tepresents the first time X}
enters DV — § since T§j+l‘ Thus, Tf, i =1,2,---, form a series of stopping times. Let N(¢) =
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max{k : Tlf < t} be the total number of such stopping times by ¢,

Xy —9, if t<Tf,
X =S X6, it Tl <t<7d

X, —6, if 19, <t <79,

and
5 ) — Ooe—t ) 1 Ooe—t Tx 0 ooe—t 1x .
(X, ) =E [/0 Th(XP(0))dt + k /0 TAYT () + k /0 ndy (t)] (6.9)

be the cost associated with the process {&} and policy 7*. C°(X, 7*) differs from C(X, 7*) only by
the holding cost term and the difference is bounded by fooo e Vdt = %5 as stated in the following

lemma.

Lemma 6.2. |C(X,7*) — C%(X,7%)| < %5.

Applying Proposition and Theorem 5.1l we can show the following lemma.

Lemma 6.3. For any fired T > 0,
CO(X,m*) < C*(X) + (2EN(T) + 3)M6& — R1(X,5,T) + Ry(T), (6.10)

where Ry (X,0,T) — 0 as § — 0 for any fired T and Ro(T) — 0 as T — oo.

The proof is quite technical and can be found in the Appendix. We are now ready to prove the

optimality of the two-sided reflection policy 7*.

Proof of Theorem[6.1. We first show that EN(¢) is finite for any ¢ > 0. Consider a sequence of

stopping times of the Brownian motion W,

Loy — ot
Ulzinf{t>0,|Wt|:M},
ig _ Tf
Uj:inf{t>Uj—la|Wt—WUj1|:M}, j=1,2,-.

and let N'(t) = max{j : U; < t} be the corresponding counting process.

By the definitions of two consecutive stopping times ng_l and ng, X enters DV —§ at ng_l and

then enters DT 4 § at ng. By the same argument leading to (6.8)) in the proof of Proposition [6.4]
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for a small enough ¢, there exist ng_l <81 <89 < ng such that

L ?
% wg(0) — wpy (£
o = Way 2 wi(£) —wh(6) — 20 > M

Thus, there must exist i; such that U;; € [s1,s2] C [ng_l,ng] for each 7 = 1,2,---. Hence
N(t) < 2N'(t) for any ¢t > 0 and EN () is finite. Fixing the 7" and letting § — 0 in Lemma [6.2] and
Lemma [6.3] we have

C(X, ") <C*(X)+ Ra(T) (6.11)

for any T" > 0. Note that Ro(T) — 0 as T — oo, combining the above with the optimality of
C*(X), we have C(X,7*) = C*(X). O

7 Conclusions and Discussion of the General Case with a Lead

Time for Downward Adjustments

In this paper, we consider the optimal control of a storage system whose content is driven by a
Brownian motion absent control. Because there is a positive lead time for upward adjustments,
the state of the system is a function on a continuous interval and such a problem is extremely
challenging. We develop a novel four-step approach described in the Introduction to identify the
structure of optimal control as a state-dependent two-sided reflection mapping that makes the
minimum amount of upward or downward adjustment to prevent the state from entering into
certain regions. To the best of our knowledge, this is the first paper to study instantaneous control
of stochastic systems in a functional setting and the methodology developed in the paper may

inspire ways to solve other control problems in various applications.

We have assumed that downward adjustments are instantaneous. If they are not and there is a
positive lead time for downward adjustments, then by the time a promised downward adjustment
is made there may not be enough content left due to the Brownian motion. The only way to avoid
this situation completely is to add a constraint on downward adjustments and set aside enough

inventory. But then it will be too difficult to calculate the inventory cost.

Now suppose that backlogging of downward adjustments after the lead time is allowed at the
same penalty cost as that whenever the content is negative. Then, if the lead times for upward

and downward adjustments are identical, the problem can be reduced to one with zero upward and
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downward adjustment lead times by Theorem 3.11 in (@ksendal and Suleml (2009). Otherwise, our

analysis can be extended by transforming the problem into one with a single lead time as follows.

Since upward and downward adjustments are symmetric analytically when the latter can be
backlogged, we only need to consider the case where I > ¢4 > 0 and show that the system can be

transformed into one with zero lead time for downward adjustments.

Define X/ (u) as the total outstanding movement i, i € {1, ]}, at time ¢ but before any adjustment
at time ¢ that will be realized during (¢, + u] and X} = {X}(u),u > 0}. Then, (XtT,Xti) is the
profile of the outstanding movements at time ¢ with X/(0) = 0 and X} (u) = X} (¢*) for u > ¢%, and
(Ht,XtT,Xti) describes the state of the system at time ¢. Hence, for ¢ > 0, the dynamics of the

system can be written as

Hy=Ho+ Wi+ X1 (t) — X5 (t) + YT (t — 1) = Y+t — %), (7.1)
. Xi(t+u) — X(t) + Yt +u—0) =Yt — 00, ifu</,
Xi(u) = g( | u) — Xg(t) (t+u—L) (t—¢), ifu< (7.2)
X0, else,

and the cost function for any initial state (Ho, XOT , XOi ) and policy 7 is
C(Ho, X, X}, 7) =E [ / e "'h(Hy)dt + / e T dY T () + / e—vtkidyi(t)] . (7.3)
0 0 0

Now consider another system where there is no lead time for downward adjustments and the
lead time for upward adjustments is ¢ = ¢T — ¢+, the initial state is Xp(u) = H0+X(]T(u+£¢) —Xoi(ﬁ),
and the holding cost rate is h(z) = e E [h(x + Ny )]. The following proposition reveals that the
difference between the cost functions of the single lead time system and the original system is a
constant under the same policy. Thus, the problem reduces to one with zero lead time for downward

adjustments.

Proposition 7.1. For any fized policy T,

A3
C(X(b 7T) = O(H07 XJ) X(]¢7 7T) —E

J

where Xy(u) = H0+X0T(u—|—€¢)—2€0¢(€¢) and E [foé¢ e‘”th(Ht)dt] is a constant for given (Hy, XOT, Xé).

e‘“’th(Ht)dt] ,
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Appendix

Proof of Proposition [3. By the definition of C*(X), for any ¢ > 0, we can find a policy 7 such
that C(X,7) < C*(X) + e. We apply the same policy 7 to the state X’ and denote X; and X/ to

be the states under 7 with initial state X and X”, respectively.

CHX) — C*(X) —e < CWX,71)—CX,n)=E [ /0 T MR (0)) — h(X(0))dE

IA

M /OO e (X () — X(t)])dt = Md(X, X").
0

By symmetry, we also have C*(X) — C*(X') — e < Md(X’, X). Letting ¢ — 0, we have that C*(X)

is Lipschitz continuous. O

Proof of Proposition [{.1]. For any given state x = (zg, 21, - ,Zp_1), if we let x,, = zp_1 + yT, we

can rewrite

C?n (x, yTyi) = kT$n + Kyt — kT$n—1

+akE [Cﬂ((% T, Tpo1,Tp) — yre +wie) + h"(zg — y¥)

and view cf’"(x, yfyi) as a function of (x xy,,y"). We next show by induction that ctT’n(x,yTyi) is
Li-convex in (x zy,,y") and C’tT "(x) is Li-convex in x simultaneously.

Since h"(z) is convex, C%’n(x) is 0 and hence Li-convex in x. Assuming that C’g_?(x) is
Lb-convex in x. Since h"(-) is convex and Cﬁrf((azl,xg, e Tp1,Tn) — yte + wee) is Li-convex
in (21, --,,,y%) for a given w;, by Lemma 1 in Zipkin (2008), c?’"(x,yT,yi) is LA-convex in
(X, Tp,y") as LP-convexity is preserved by expectation. Thus,

o/ = min {ef"(xy"y")} = min {mm {c?’"<x,yty¢>}}
Tn>Tn—1,y+>0 Tn2Tn—1 |y+>0
is Li-convex in x by Lemma 2 in [Zipkin (2008) as minimization over a sublattice preserves L’-

convexity. O
Proof of Lemma [5.1.

1. Since ¢(£T,&Y) is a linear function of (£1,&}), we only need to show the monotonicity of

oC* (@ (X))
%. For any € > 0 and Xl = Xg where Xl(g) = Xg(@), @§T+E,§$(Xl) vV (1)517§¢(X2) =
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Detpeet(A2) and Pgrp o1 (X1) A Pyt g1 (X2) = Per 1 (A1), Since CF(X) is Li-convex, letting
&1 =& =0 and F = C* in Definition [4.3], we have

C*(Peryeer (A1) + CF(Per e1 (X2)) = CF (Pt 61 (X2)) + CF (Pt 60 (1)),

or
C*(Peryeer (A1) = C(Per e1 (X1)) = CF(Petyc 61 (X2)) — CF (Pt 61 (X2)),

aC* (® x
which implies the monotonicity of %.

2. For any €,a > 0, letting F' = C*, X1 = ®g1 o(X), Xy = Pery o(X) and (§1,&2) = (0, —a) in
Definition 4.3 we have
O (@1 () = 0) & O (4 (X) — (—0) 2 C* (g1 () — (=) + C*(Dgr 1 (X) — ),

00" (Bgr L (X)+a) _ 9C* (B o1 (X))

Bt > oE and the result holds.

which implies

3. For any € > 0 and X} = Xy, letting F' = C* and (&1,&2) = (§,£ + €) in Definition 3], we have

CH A=)+ (X = (E+6) 2 C7(X =) + O (X — (E+ ),

ocr (<I>07€¢ (X1)) ocr (<I)07§¢ (X2))
o¢t = o¢t
IC(X£T.6Y)
ogt

which implies . Replacing X1 and X» by ¢t (A1) and gt (A2),

we have that is increasing in X.

O

Proof of equations (5.9) and (5.10). Note that, under the periodic policy n", adjustments can only
be made at T}" = % and at the amounts ({fT, 5;&) fori =0,1,2,---. For convenience, we use T; to

represent 77" and (fg,fi) to represent (fzm, fz.m) for i =0,1,2,--- in this proof.

e On the event A, rewrite C(X’,7™) as

Tr(e N(e) o 00
E[ / ()e—'ﬁh(xg(O))dHZe—’YTi¢(§J ,5})} +E[ / e "h(X/(0))dt+ Y e—“fTi¢(gj,gj)],
0 i=1 Tn(e N(e)+1

where the second item is the discounted control cost given initial state X}N() and is thus
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always larger than or equal to the lower bound E [e_'YTN @ C* <XC/FN(5))]' Hence, we have

Tno N(e)
C(X/’ﬂ_n) 2 ]E|:/ e—'yth(X/ dt + E e ’”/T g gi):| + E |:e_'YTN(€) C*(X%N(e))] .
0

(7.4)
Note that the optimal cost C*(X’) can be written as
N(e)
C*(X/) —F |: Z [e—’YTi71 C*(X%z,1) _ e—’YTi C*(XJI“Z—)]]
i=1
7.5
+E [ N e O (A ) — 0*(%)}] +E [e—va C* (X, @)} .
=0
By the optimality condition (B.0]), the first term in (7.5]) is smaller than
N T
Z E / e h(X(0) + W)dt| = E [ / e h(X(0) + Wt)dt} . (16)
171 0

By the dynamics (3.2)) and the definition of C'(X, £T, &%), we have C*(Xp,) = C*(®
C(XF, _, §ZT, §Z¢) - (ﬁ(fg, {j) and the second term in (ZH) can be written as

) =

1=0

N(e Ne)
[Zew xﬁ,o,m0(%@Z@i)]]w[Ze"Twz»(éi,d)} (7.7)

Let A denote the event where {T() < 7'} and A¢ its complement, and E4[X] = E[X14;]

for any random variable X. Then (Z7)) can be bounded from above by

N(e) N(e)
E4 {Z e IC(X),_,0,0) — O (X _, &l 53)1] +E [Z e Tig(e], gb} . (78)

i=0 =0

after dropping the term E 4c[-]. Since C(X,0,0) — C(X, &, €4) is always non-positive for any

34



(X, €1, &) by Proposition Bl and C(X, £, €4) is convex in &7 and &+, respectively,

C(Xﬂ/“l—v 07 0) - C(Xﬂ/"l—v ngv é.zi)
= [C(X’i—y 07 0) - C(X’ﬁ—’ 617 0)] + [C(Xi—’ 617 0) - C(X’ﬁ—’ 617 gi)

_ 00X, 60 90Xy 6.6
= aet i ot
9C(®,r ,(X7,-),0,0) 0C(Xy,,0,0) |

1 (AT,

34

On the event A, for any k < N(¢), (W, T;) is in the set (0 —w, § — s) + B(J). Consequently,
(w+Wr,, s+T;) isin (W, §)+B(J). Moreover, the cumulative amount of upward and downward

adjustments at time 7T; is less than J, which means ) 5} + > ﬁii <e <. By (32),
i<k i<k

d(o3(X) + 1, Xp) < d(o5(X) + 1,007 (X) + w0+ W) + D&+ ¢!
i<k i<k
< d(03(X) + 1, 0(s1)(X) + D) + (00 (X) + 0, 0y (X) + w0+ W) + 6
< (s+T; —8)yX(€) 4+ 26 < 36.
8C(®,1 (X1, _),0,0)
Similarly, we have d(o3(X)+w, @53’0(?(:}1._)) < 34. Thus, by (5.6), we have e >
oC (X} ,0,0 . .

% > ko. That it, (7.9) is bounded by —k:o(ﬁiT + {f) on the event A. Conse-
quently, the first term in (Z.8)) is bounded from above by

ko and

N(e)
E4 [ > —e kel + gj)] < —P(A)e P kge. (7.10)
=0

Plugging (7.6), (7.8) and (7I0) into (T.5]), we have

Tnce) N(e)
CH(X') < E[ / e R (0)dt+ Y e Tp(El &) He TN O CH (A )| —P(A)e ko
0 i=1

Comparing it with (7.4)), we have

C(X!, ™) > C*(X') + P(A)e P kge > Var (0,0) + P(A)e ™ kge.
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e On the event A°, rewrite C'(X’,7") as

!

B [T ot 3 e o eh] <5 | [T emnonas 3 e ol ¢h)|

T,L'ST/ T Ti>T,

Similar to the argument in (7.4]), the second term is greater than E [e‘VT’C’ *(XT’,)] . Dropping

the non-negative item E4[-] in the expectations, we have

’

C(X',7) > Eae [ / " et (0))dt + > e gl ,d)} +Eae [ CM (2]
0 T: <1’
/ Me

> E e [/OT e "hioy(X')(0) + Wt)dt} + Eac {e_W/C'*(UT/(X/) + WT/)} - (7.11)

The second inequality follows because, on the event A€, the cumulative amount of upward
and downward adjustments by the stopping time 7’ is less than e. Thus, by ([B.2]), the distance
d(os(X") + Ws, Xl) < e for any 0 < s < 7/. By Assumption Bl |h(X.(0)) — h(os(X’)(0) +
Ws)| < Me and by Proposition Bl |C*(o5(X) +Ws) —C*(XL)| < %d(as(X’)+Ws, Xl < %e
for any 0 < s < 7. For each of the expectation E 4c[-] in (ZI1]), we can write it as the difference
E[-]=Ea[]. Since the process (W;,t) doesn’t go out of (w0—w, §—s)+ B(J) before the stopping
time 7', the shifted process (w + Wy, s +t) is always in (w, §) + B(9) for all 0 < ¢ < 7/. Then,

for the E4[-] terms, we have the following bound

!

E /O " Moy (X)(0) + Wi)dt | + B [e_“/T/C’*(aT/(X’) v WT,)}

!

— Ey4 / e h(0sst(X)(0) +w + W)dt| +Ey [e—v’vx(w YW s+ T’)}
0
6 —_— — —_— —
< P(A) / hdt + P(A)T = P(A)(Sh + V), (7.12)
0
where h = sup {h(os(X)(0) + w)} < o0 and V = sup {Vx(w,s)} < oo,
(w,s)€(w,8)+B(9) (w,s)€(w,8)+B(9)

all independent of 7/. This means that C*(o/(X") + W) = Vy(w + Wy, s +7') <V and
h(ot(X")(0) + Wy) = h(os4(X')(0) +w + W;) < h for all t < 7/. Plugging (T12)) into (ZI1)),
we have

/

C(X'.7) > E / " (o (X)(0) + Wdt |+ E [T (o () 4 W)
0
_% _ P(A)(6F + V).
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Comparing the above with (5.8)), we have
, Me - =

O

2
Proof of Proposition [5.3. Since C*(X) is Lf-convex, the partial derivatives 6‘/’3&”’8) and 2 ‘gcuféu :3)

exist almost everywhere. Moreover, 8‘/’35;”’5) = 9Cx(o:(M)+w) By part 3 of Lemma B W’éigu’s)

ogt
2
monotone in s. So the partial derivatives a\g;;ia(g,s) exists almost everywhere and hence WXT(;”’S)

exists almost everywhere.
Then by the optimality condition we have

!

Va(w,s) <E / e R(X (s + ) + w+ Wi)dt | +E[e™ Vae(w + Wi, s + 7).
0

for any stopping time 7/. Combining with the existence of above three the partial derivatives, we
immediately derive that

OVy(w,s) n 0_282‘/;((10,3) n M@V){(’w,s)

s T A0 5 YW (w,s) + h(X(s) +w) >0

holds for almost every (w,s) € R x R4. O

Proof of Proposition [6.3. We only prove the result for ¢"(X, Y+ w). Suppose the above equation

does not hold, i.e., there exists ¢ such that % > 0 and " increases at t.

If T(t) > T (t—), then there must exist e,6 > 0 such that '(t) — ¢"(t—) > ¢ and, for any

X(0) g 90X 0.0)

X’ € D that satisfies py (X', A4}) < e+ 6= et

> 0. Hence, the following upward

adjustment
QZJT(U) —€ uct [t7t + 5)7

YT (u) =
T (u), otherwise

is strictly less than v'. Following a similar argument as in the proof of Proposition [6.2], we can

show that Y1 e (X, Y+, w), which implies that ¢" cannot be the infimum, a contradiction.

If T (t) = ¥T(t—), there must exist ¢,5 > 0 such that ¥ (s) —¢T(s—) > ¢ and w > 0 for
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t < s <t+4. Then, the following upward adjustment

Yi(), weltt+9),

YT (u) =
YT (u), otherwise

is strictly less than . Similarly, we can show that Y1 e IIT(X, Y+ w) which implies that "
cannot be the infimum, again a contradiction. Thus, the proposition holds. O

Proof of Lemmal6.3. The proof is quite complicated, thus we give a road map. Essentially, we

prove that, for any fixed T > 0,

CO(X, %) — C*(XS) + E [e—VTO*(X%)] — (2EN(T) + 2)M3§

T § T 6
+E |:/ e—ﬁ/t ac(Xt ) 07 0) dYT* (t) + / e—«/t aC(Xt ) 07 0) dyi* (t):|
0 0

o€m o¢t
< E U AP )t + K / Y+ / Oo e_wdyi*(t)} B
T T g

Once this is proven, let Ry(X,6,T) = E[ OT _Vtw dY T (t fT _Vtdei*( )]
and Ry(T) = E [ [2° e h(XF(0))dt + kT [ e tdy ™ (2) + k+ [ e “ﬂdei* )] — EleTC(x8)].

Then, (I3]) becomes

CO(X, 1) < C*(X0) + (2EN(T) + 2)M6 — Ry (X,8,T) + Ry(T). (7.14)

By (34) and the Lipschitz continuity of C*(X’), we immediately get that Ro(T) — 0 as T — .

90(X/,0,0) 0C(X1,0,0) 1,

For Ry (X,6,T), it is easy to see that X — A} as § — 0, so o et

converges to
part 1 of Lemmal5.Jl By the Lebesgue’s Dominated Convergence Theorem, the upward adjustment
cost E [ r _VthYT*( )] converges to E [fo e‘”t%dlﬂ*(ﬂ], which equals to 0 by
§
Proposition[6.3l Similarly, for the downward adjustment cost, we have E [ In e‘”tw&/“ (t)]
converges to 0. Thus, Ry(X,d,T) — 0 as § — 0. Finally, since |C*(X) —C*(X{)| < M4, the lemma

holds.

The remaining of this proof is devote to showing (Z.I3]). To this end, we apply the following
double telescoping to C*(XJ) — E [e 7T C*(X2)] in order to approximate C°(X, ™).

1. In the first telescoping, we write C*(X{) —E [e™7TC*(X2)] according to the partition of the
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interval [0,7] by 0 =7 <7 < ... < TZ{T(T) =T

CH(X) —E [T O ()]

N(T)

— E ; [emac (2 ) —emie (x5)] +E [e—”fvm c* <ngm> — e TCr (X%)]
N(T)

- E > [E [6_772710* (ngﬂ) e Yon (ng) |fT£J] (7.15)

+E [E [e—Wﬁ;m C* <X515V(T)> —e T (X%) yﬁ‘vm” . (7.16)

2. Next, we examine all the terms in (ZI5]) and (I6]) and apply a sub-telescoping on each of
them. We construct a partition of the interval [Tg_l,Tg] by 7',‘3_1 =10 < 1 < oo <l =

T,f for any 0 < € < § where

g = inf{uu> oo (V@) = Y (o) V(0 () = Y (1) =

b

N ™

. B
ey = kg N (bkj—1+€) A Tiyqs

for j =1,2,---,j,. It’s obvious that jj is almost surely finite. We define YT and Y€ piece-
wisely on the interval [rf_;,7P] as YT¢(u) = Y (1 ;) and Y¥(u) = Y¥* (. ;) for 1 < u <
tkj+1- 1t is obvious that they are step functions with jump sizes bounded by §. Let Xy be

the state at time ¢ under policy (YTe, Yiﬁ) with the initial profile X and define

Xf—96, if t<7'f,
6 .
X =4 Xf+90, if ng_l <t< ng,

Xf—o, if 75, <t<7d,.
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For k =1,2,--- ,N(t), based on the second step of telescoping, we estimate (T.I5]) as

E[E|e7iac (af ) —eTie (a2
k—1 k

<l

Tk—1
el o () e (x| el o () o ()] 2
+E [E [e—w‘lc* <X‘5;; )—e—“m‘fc* (%) | 7 ”
Tk—1 Tk -1

> _2Me+E [E [e—WilC* <Xf§ > — e <Xf§>
1

k— k

Jk
=-—2Me+E |E Z e M1 C* <XL(2371> —e ThiC” (Xi’j_) 3?7'1?71
=1
J (7.17)

Jk
FE D emmier () - oot (2
j=1

The last equality follows as a result of telescoping on the partition 7',‘3_1 =10 < 1 < oon <l =

Tg . Since there is no upward or downward adjustment during [¢4 j—1, t ;), the second term in (ZI7)

becomes

[ [ g .
E|E Ze—%k,jﬂE c* (X&e. ) — etk =tk 1) 0% (X&Ej >‘f}bk)j71} F s
j=1 )

Jk _

— —Vlk,j—1 _ —“/(Lk,'—bk,'—l) % — W, R . g gz

=E |E E € 'K VXf,:jil (070) e ’ J VXf,:jil( Lk,j thj—10 Uk,j Lk,J—l)‘ ’/Lk,j—li| ’/7-;371
= L , ,

Jk [ lk,j—lk,j—1 5
=E |E |} e "I /0 e TUh (Xb,jjfl(u) - Wu) du
j=1 -

%kw] T s

Tk—1

k—1
lk,j—1

[ s kg
=E |E | / " e (20°(0)) du| 7
_‘7:1

7_6
—F / F e (Xjﬁ(@)) du| > E
7'1(371

1
k—1

}
/ ' e‘”“h(Xg(O))du] as € = 0.
By the definition of Xt5 and Xt5’€, we have Xi’e € = for any t > 0, which allows us to apply The-

orem [5.1] and Corollary [5.1] to the second equality with X/ = X, %€ as an initial state. Since

Lk, j—1

X2€(0) — X°(0) and h (XS’E(O)) is dominated by h(X?(0)) + M6 as € — 0, convergence is estab-

lished by the Lebesgue’s Dominated Convergence Theorem.

Denote A;j =Yg ;) — YT(ty j—) and Atd = Y¥*(1p ;) — Y¥(t4j—). Then, the third term
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in (ZI7) can be written as

Jk
E Z S Ye (Xé,e AT At,j) — ek (Xi?;_, 0,0)
=1

Lk, = k,]w
. (7.18)
Jk
—Ylg ;i T + — Yk * d,€ * d,€ k
n [$re (ol 01 | o5 [ o (a,) o (e, + )]
j=1
Jk
>E | e mac (Xi’;_, Al Atd) il (X;ij_, 0, 0)
=1
’ (7.19)

J
+E Zk: e~V b (A;j, At,j) —2M6
=1

where the last term in (7.I8]) is due to the fact that, in addition to the jumps (AZ jk,At i)
Xf’g also includes the jump caused by § at ¢y, = Tg . The second term in (7.19) is the total

7_6
discounted ordering cost under policy (Y€, Y¥€) and will converge to E {k:T fT§ e‘”tdYT*(t)] +
k—1

é
E [1& f;éil e tdy ¥ (t)} . The first term in (Z.19) can be written as follows for some (u;(w), uz(w)) €

[0, 5] x [0, ], which is also a discrete Riemann sum of an integral

j aoC (x> , oC (x%¢ _, ,

E Ek:e—m,j ( o= 1 (@) ”2(w)> A6+ < =) “2@)) NG
; o¢t J ot J
Jj=1

T aC (X7, 0,0) 0 aC (X7, 0,0)
—t t o T -t t oY L

LE /T;gle eyt +/Tgle e art

because max Aj; — 0as e — 0. Letting € — 0, each term in (Z.I5) is greater than
J=44 0k

79 o s g
—2M§+E / * e—’ﬁL(Xt’O’O)dYT*(t)Jr / ’ e‘”tiac(xt’o’o)difi*(t)

¢t ot

5 5
k—1 Tk—1

(7.20)

+E +E +E

o
kT / ety (1) .
9

Th—1

.
ot / b etay ()

é
k-1

/ b e (8 (0))du

5
k—1
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Following the same argument, ((T.I0]) is greater than

T é T é
—2MS +E / e—'yt aC(Xt 707 O) dYT* (t) + / e——yt aC(Xt 707 O) in* (t)
- o€ - oE*
N(T) N(T) (7.21)
T T T '
+E / e VR(X0(0))du| + E |ET / e dY™(t)| +E |k / e dY ¥ ()] .
Tfs\r(:r) Tfs\r(T) Tz‘ir(T)
Plugging (7.20) and (7.21)) into (7.I5]) and (7.I6]), we have that
C*(X0) — E [e"yTC*(Xq‘E)] — E[2N(T) + 2] M
T T T
>E [ / e—Wh(xg(o))du] +k'E { / e‘”tdYT*(t)] + k'E { / e—vtdyi*(t)]
0 0 0
T oC(&9,0,0) T oCc(&9,0,0)
+E / e M gy Tt +/ e ML gy (¢ ] :
J ] O+, oer "
Combining the above with the cost function C°(X,7*) defined in (63, we have (TI3). O

Proof of Proposition [7.1]. It follows as

E / e‘yth(Ht)dt] =E [/ e_V(tMi)h(HHﬂ)dt]
¢ 0

1

= E / e VOV R(Hy + Wiy + X (E+ 05 = Xt + 9 + YT+ 04— o) — Yi(t))dt}
L/ 0

= E / e (W, o — Wy + Wi+ Ho+ X](t+ 04) — X5 () + YT (¢ — 0) — Yi(t))dt]
0

= E /Oo eV B(W,,py — Wi+ Xo(t) + YT (t — 0) — Yi(t))dt}
L/ O

= E / T R [h(Wier — Wi + 2:(0))] Xt(O)dtﬂ
L/ 0

= E :/OOO e MR |:e_7£$h(Xt(0) +./\/'g¢)dt]:|

- E /0 h e‘Vtﬁ(Xt(O))dt] .

The cost difference E { fog ' e_'yth(Ht)dt} is a constant because, for ¢ < £+,

H; = Ho+ Wi+ X1 (1) = X () + YT (t — 64 + Y4t — £1) = Ho + Wy + X (t) — X2 (D).
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