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We consider the bin packing problem with d different item sizes and revisit the
structure theorem given by Goemans and Rothvo [GR14] about solutions of the
integer cone. We present new techniques on how solutions can be modified and give
a new structure theorem that relies on the set of vertices of the underlying integer
polytope. As a result of our new structure theorem, we obtain an algorithm for the
bin packing problem with running time \VPO(d) -enc(I)°M) | where V is the set of
vertices of the integer knapsack polytope and enc(l) is the encoding length of the
bin packing instance. The algorithm is fixed parameter tractable, parameterized by
the number of vertices of the integer knapsack polytope |V|. This shows that the
bin packing problem can be solved efficiently when the underlying integer knapsack
polytope has an easy structure, i.e. has a small number of vertices.

Furthermore, we show that the presented bounds of the structure theorem are
asymptotically tight. We give a construction of bin packing instances using new
structural insights and classical number theoretical theorems which yield the desired
lower bound.

1 Introduction

Given the polytope P = {z € R? | Az < ¢} for some matrix A € Z™*¢ and a vector ¢ € Z¢. We
consider the integer cone

int.cone(P N Zd) =1 Z AP | A € ZEQZd}
pEPNZL

of integral points inside the polytope P. Let P; = Conv(PNZ?) be the convex hull of all integer
points inside P, where for given set X C R? the convex hull of X is defined by Conv(X) =
{2pexapp | € [0, 1%, |z|l; = 1}. Let VI be the vertices of the integer polytope P; i.e.
Pr = Conv(Vy). In case of the (fractional) cone Cone(P NZ%) = {3 cpnza A\pp | X € RQQW},
we know by Caratheodory’s Theorem (see e.g. |Sch86]) that each v € Pr can be written as a
convex combination of at most d + 1 points in V7 and hence Cone(P N Z%) = Cone(V7).
In this paper we investigate the structure of the integer cone int.cone(PNZY) versus int.cone(Vr).

Therefore, we define the vertex distance of a point b € int.cone(P N Z%) which describes how
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many extra points from (P NZ%)\ V; are needed to represent b. The vertex distance is defined
by

Dist(b) = min{||v||, | v € Zggzd,)\ € ZZ’O such that b = Z AU + Z VoD }
- vEV] PEPr

In this paper we show that for every point b € int.cone(P N Z%), the vertex distance Dist(b) is
bounded by 920 Hence, every b can be written by b = >_ cy, Avv + > ,epnza Ypp for some
A€ Z‘>/0 and some 7y € ZPOZ , where ||v]|; < < 229,

A related result concerning the structure of the integer cone was given by Eisenbrand and
Shmonin [ESOG]. They proved that every b € int.cone(P N Z%) can be written by a vector
A E ZPOZ with b = 3 cpnza App such that A has a bounded support (=number of non-zero
components) Therefore, for a given set M and given vector A € R>07 let supp(A) be the set of
non-zero components of A, i.e. supp(A\) ={s € M | zs # 0}.

Theorem 1 (Eisenbrand, Shmonin [ES06]). Given polytope P C RY. For any integral point
b € int.cone(P NZ%), there exists an integral vector \ € ZPOZ such that b =3, cpnza A\pp and
|supp(A)] < 27.

Let (s,b) be an instance of the bin packing problem with item sizes sq,...,s4 € (0,1] and
multiplicities b € Z‘io of the respective item sizes. The objective of the bin packing problem
is to pack all items b into as few unit sized bins as possible. When we choose P to be the
knapsack polytope, i.e. P = {z € Z<¢, | sTo < 1}, then a vector \ € Z>0 of int.cone(P N Z%)
yields a packing for the bin packing problem. A long standing open question was, if the bin
packing problem can be solved in polynomial time when the number of different item sizes d
is constant. This problem was recently solved by Goemans and Rothvo8 [GR14] using similar
structural properties of the integer cone. They proved the existence of a distinguished set
X C P of bounded size such that for every vector b € int.cone(P N ZY) there exists an integral
vector A € ZPOZ where most of the weight lies in X. More precisely, they proved the following
structure theorem.

Theorem 2 (Goemans, RothvoB |[GR14]). Let P = {x € R? | Az < ¢} be a polytope with
A € 7% ¢ € 74 such that all coefficients are bounded by A in absolute value. Then there
exists a set X C PNZY with | X| < md9@ (log A)¢ such that for any point b € int.cone(PNZY),

ZPHZ

there exists an integral vector A € such that b = zpefpmzd App and

1. A,<1 VYpe(PNZH\ X
2. |supp(\) N X| < 224
3. Jsupp(\) | X| < 2

The set X is constructed in [GR14] by covering P by a set of integral parallelepipedes. The set
X consists of the vertices of the integral parallelepiped and can be computed in a preprocessing
step. Note that by the construction of Goemans and Rothvof3, we have that V; C X as the set
of vertices of some inner centrally symmetric polytopes is computed.

1.1 Our results:

At first, we study the special case when P is given by the convex hull of integral points
By, Bi,...,B; € Z% i.e. P is the simplex S = Conv(By, By, ...,Bg). This is for example
the case in the knapsack polytope when all items sizes are of the form s; = 1/a; for some
a; € Z>1. In this case, all vertices of the knapsack polytope are of the form By = (0, ... ,O)T
and B; = (0,...,0,a;,0,...,0)" for 1 <4 < d and therefore integral. We prove the following
theorem:



Theorem 3. Let S be the simplex defined by S = Conv(By, By, ..., By) for B € Z* and let B
be the set of vertices B = {By, B1,...,Bg}. For any vector b € int.cone(S NZ%), there exists

an integral vector \ € Zggzd with b =Y cgnzd AsS and

1.2 <227 vse(Snzd)\ B
2. |supp(A) \ B| < 21

This theorem shows that in the case that the integer polytope P is a simplex, the vertex
distance Dist(b) can be bounded by a term 227 for any b € int.cone(P NZ%). In Section B
we complement this result by giving a matching lower bound for Dist(b). We prove that the
double exponential bound for Dist(b) is tight, even in the special case of bin packing, where the
simplex S is a specific knapsack polytope. The lower bound is based on the sylvester sequence
S; which is inductively defined by S1 = 2 and S;+1 = ( 2:1 S;) + 1 |[GKPY].

1

Theorem 4. There exists a bin packing instance with sizes ar

..,a—ld for a; € Z>1 and multi-
plicities b € Z%O corresponding to a point b € int.cone(PNZY), where P is the knapsack polytope

such that
Dist(b) > Sy — 2 = 22"

Furthermore, in the end of Section 4, we discuss the difficulty of finding instances with large
vertex distance and we show a connection to the modified roundup property (see [ST97]).

As a direct consequence of our main Theorem Bl we obtain a structure theorem that is similar
to the one given by Goemans and RothofS|GR14] but uses a different set X C P of distinguished
points. Instead of the set of vertices of integral parallelepipedes, our theorem uses the set of
vertices V7 of the integer polytope.

Theorem 5. Let P = {z € R? | Az < ¢} be a polytope with A € Z™*4 c € 7%, and let
Vi € PNZ be the set of vertices of the integer polytope Pr with Conv(Vy) N Z4 =Pnzl
Then for any vector b € int.cone(P NZ%), there exists an integral vector \ € Zggzd such that
b=7>pepnzad App and

1.2, <22° vpe(Pnzd)\V;
2. |supp(\) NVy| < d-2¢
3. |supp(A) \ Vi| < 2%¢

This theorem finally shows that for arbitrary polytopes P and any b € int.cone(P N Z%), the
vertex distance Dist(b) is bounded by 22° and hence independent of the number of inequalities
m and the largest entry A in the description of P.

Recall that a parameterized problem with parameter p and input [ is called fixed parameter
tractable (fpt) if there exists an algorithm with running time O(f(p) - enc(I)°™M) for some
computable function f of p which is independent of I and enc(I) is the encoding length of
instance I. We refer to the book of Downey and Fellows [DF99] for more details on parameterized
complexity. As a consequence of our structure theorem, we present in Section 2 an algorithm for
the bin packing problem with a running time of |V1|20(d) log(A)°W) | where A is the maximum
over all multiplicities b and denominators in s. Since |V7| > d + 1 this is an fpt-algorithm
parameterized by the number of vertices of the integer knapsack polytope V7.

Theorem 6. The bin packing problem can be solved in fpt-time parameterized by the number
of vertices Vi of the integer knapsack polytope.



This theorem shows that the bin packing problem can be solved efficiently when the underlying
knapsack polytope has an easy structure i.e. has not too many vertices. However, since the
total number of vertices is bounded by O(log A)? [HL83] the algorithm has a worst case running
time of (log A)2O(d), which is identical to the running time of the algorithm by Goemans and
Rothvo [GR14].

1.2 Related results

The bin packing problem is one of the most fundamental combinatorial problems in computer
science. It has been very well studied in the literature, mostly in the context of approxima-
tion. A major contribution was given by Karmarkar and Karp [KK82]. They presented a
polynomial time approximation algorithm with a guarantee of OPT + O(log?(OPT)). Very
recently, this famous result by Karmarkar and Karp was improved by Rothvofl [Rot13] who
presented an algorithm with guarantee OPT + O(log OPT loglog(OPT)) and later by Hoberg
and Rothvof§ [HR15] who improved the guarantee further to OPT + O(log(OPT)). Concerning
the bin packing problem when the number of different item sizes d is constant, Jansen and
Solis-Oba [JS11] presented an approximation algorithm with a guarantee of OPT + 1. Their
algorithm has a running time of 920 enc(I )0(1) and therefore is fpt in the number of differ-
ent item sizes d. Finally, as mentioned above, Goemans and Rothvofl |[GR14] presented their
polynomial time algorithm for the bin packing problem with running time (log A)2O(d).

In a very recent work, Onn |Onn15] discussed the problem of finding a vector A € ZQQZd with
b= 3 epnza App for given b € int.cone(P N Z%). He presented an algorithm for the case that
the polytope P = {z € R? | Az < ¢} has a specific shape. In the case that the matrix A is
totally unimodular he gave a polynomial time algorithm even in the case that the dimension d
is variable.

2 Proof of the main theorem

Given simplex S = Conv(By, By, ..., By) for B; € Z¢, and a vector b € int.cone(S N 7Z4). We
consider integral points in cone(B) generated by the vertices B = {By, By, ..., Bq} = Vi of the
simplex S. For convenience, we denote by B also the matrix with columns By, B1, ..., Bg. As
our main subject of investigation, we consider the parallelepiped

I = {xoBO +x1B1+ ...+ x4By | x; € [0, 1]}

By definition of S = {z¢By + x1B1 + ... + z4Bq | x; € [0,1],>; x; = 1} we have that S C II.
Furthermore, one can easily see that cone(B) can be partitioned into parallelepipedes IT (see
figure M with By = 0), as each point b = xqBg + 218 + ... + £4By € cone(B) N Z% for some
r € R%, can be written as the sum of an integral part Bx™™ = |z¢|By + ... + |z4)Bg and a
fractional part [Bz] = {20} By + ...+ {x4}Bq € I (we denote the fractional part of some v € R
by {v} = v — |v] and for some vector x € R? we denote by {x} the vector ({zo},...,{zqs})T.
For vector b € Cone(B) with b = Bx let [b] = [Bz]|. We say that two points b,b" € Cone(B) are
equivalent if [b] = [b'].

For the proof of the main theorem, we consider a A € ZEQZd with b = " g Ass and suppose
that A does not fulfill property (1) of Theorem Bl Then there exists a v € (PNZ9)\ V; with big
weight ie. Ay > 22" The key idea of the proof is that we consider the set of multiplicities
v,27,37, ... of the vector v. Our goal is to find a possibly small multiplicity K > 1 such that
K~ is equivalent to a point § in the convex hull S. Hence, weight on ~ can be shifted to the
vertices By,...,Bq of S. Then K~ can be written as the sum of vertices > A; B; plus some
§ € SNZ4 (see Lemma [ for a detailed proof). In figure [l we have that 3y is equivalent to a
point in the simplex (as remarked by the grey areas) and hence in that case 3y = 0By + By for



Figure 1: Partitioning Cone(B)

some § € S. Before we are ready to prove the existence of a small multiplicity K, we give some
definitions and observations.

Instead of multiplicities of v € S N Z?, we consider multiplicities of a vector x € [0,1)4*+! in
the unit cube with v = x9By + x1B1 + ... + 4By = Bz.

Definition 1. Consider multiplicities x,2x,3x, ... of a vector x € [0,1)™ with Y x; = 1. We
say components i jumps at K if [Kx;] > [(K — 1)z;]. We define

d
Level(Kz) = Z{le}
=0

Note that Level(Kx) is always integral as Level(Kz) = Y% Kz; — Y% | Kz;] and both
terms Y% o Kz; and Y% | Kz;| are integral. The following lemma shows that we obtain the
desired decomposition of K~ if Level(Kx) = 1.

Lemma 1. Let v € SNZ? be the vector with v = Bx for x € [0,1)%1. If Level(Kx) = 1, then
there exists a A € Zé‘gl and a § € SNZ? such that

d
1=0

Proof. As above, we split every component ¢ of Kx € chgl into an integral part Kz = | K|
and a fractional part {Kxz;}. Then Kz = K2 + {Kz} and we set § = B({Kz}) = [B(Kx)].
Observation 1. § € Z.

Since Ky = KBz € Z and K Bx™ € Z% we obtain that 6 = B({Kz}) = B(Kz) — B(K2™)
is integral and therefore § € Z%.

Observation 2. 6 € S.

Since Level(Kxz) = 1 we obtain that Y% ({Kz;} =1 and § = B{K=z}) = {Kzo))Bo+...+
({Kx4})Bg, we can state 0 as a convex combination of By, By, ... By. Therefore § € S.
Finally, we can decompose K+ into

d
Ky = KBz = B{{Kzq}) + B(Kz™) = B(Kz"™) + 6 =6+ Y A;B;
1=0

for some A € Zgo. O



The following lemma gives a correlation between the level of some point Kz and the number
of jumps.

Lemma 2. Let J be the number of jumps at K, then
Level(Kz) = Level((K — 1)x) + 1 — J.

Proof. For every component i of Kz which jumps, we obtain that {Kxz;} = {(K — 1)z; +x;} =
{(K —1)x;} + x; — 1. Hence

Level(Kx) Z{le}

= ({(K—l)wi}+xi—1)+ > (K = Dy} + )
ijumps at K i does not jump at K
d

_Z{ — D} in—J:Level((K—l)x)_Fl_J.

i=0
O

Theorem 7. Given z € [0,1)™! with Level(z) = XL x; = 1. Then there is a K € Nxy with
K < 22° such that Level(Kz) = Y4 {Kx;} = 1.

Proof. We suppose that % > x> T > ... > Xg. In the case that xy > % we obtain that
Level(2z) < 1 and are done. Let d < d be the smallest index such that

1
Z T < =T
i=d+1 X(d)

where X (d) = H‘LO p; and p; = [%1 Intuitively, d is chosen such that there is a major jump
from x5 to ﬂ:d+1, ie. wg>> z5,,. Note that the above equation is always fulfilled for d=d

and since < ( X@%d < xz7 < 1/2 we have that d > 1. First, we prove the following lemma to give
bounds for X (d) and z;

Lemma 3. Assuming for every 0 < j < d that Zg:jﬂ T > % ( S OLSL then the following parame-
ters can be bounded by

e X(d) < 22°Y 4nd

e component xj > 229%.
Proof. For j =0 we know that g > ﬁ as xg is the largest component. This implies also that
X (0) < d+ 1. We suppose by induction that for every j < d,

x> (27 )
and
X(j) < @7 a?

Since j < d we obtain that Zf j +1 Ty > X( X% and since the coeflicients are sorted in non-

increasing order we get drj;1 > ( X T Using the induction hypothesis this gives
> (2]22J'+1d22f+1)71 . (2j22jd22j)71 !
( j22]+1+]22j d22]+22j+1+1)
(22 §22+t d2 22J+1) 1
= (%

§220+1) 22(J+1))_1



Product X (j 4+ 1) can be bounded as follows:

. 1 ) 1 )
X([G+1)=[——1X({) < (— +1DX()
Tj+1 Tjt+1
< (QUFDZATED 22Uy gy 92t ga
< 2(j+1)22(1+1)+1d22(j+1) ) 2j22j+1d22j+1
_ 2(j+1)22(j+1)+1+j22j+1 -d22(j+1)+22j+1

< 22.(j+1)22(j+1) -d2'22(j+1)

2.(j+1)22(j+1)+1 ] d22(j+1)+1

As a result we obtain that X (d) < (2622207+1 -d22d_+1) =227 and z; > (2g225-d22d_)*1 = 229%. O

Let X = X (d), for each component 0 < i < d, we define the distance D;(K) of a multiplicity
K by D;(K) = j, where j > 0 is the smallest integer such that component ¢ jumps at K + j.
Note that D;(K) is bounded by p; as p;z; > 1. We say Kz = K’z if for every 0 < i < d
the distance D;(K) = D;(K'). Consider elements x,2z,...,(X + 1)z. Since the number of
equivalence classes is bounded by X = ngl pi, there exist two elements Kz, (K + Z)x with
K,Z € Z>y and K, (K+Z) < X +1 such that Kz = (K + Z)x. We will see that the equivalence
of two multiplicities implies the existence of a multiplicity M > 1 with Level(Mx) = 1.

First, we argue about the level of multiplicity Z —1. Note that since zglzo x; = 1 we have that
Level(Kx) = Y% o{Kx;} for every multiplicity K € Zs;. The case that Level((Z —1)x) > d+2
is not possible since

d d d
Level((Z—l)x):Z{(Z—l)xi}gci—kl—}—(Z—l) Z r; <d+1+(X-1) Z x;
i=0 i=d+1 i=d+1

<d+1
<d+1+ =

$d*<(j+2.

Case (1). Suppose Level((Z —1)x) =d + 1 (for Z > 2).
Case (1a). Suppose {(Z — )a;} > 1 —x; for alli=0,1,....d.
In this case every component 0 < i < d jumps at Z. By Lemma 2] we can bound the level of
Zx by Level(Zz) < Level((Z —1)x) +1—(d+1) = 1.
Case (1b). There is an 0 <14 < d such that {(Z — )a;} <1 — z;.
In this case Z?ZO{(Z ~1a;} <d+1—-2; <d+1—x;and we obtain
d

d
_ _ 1 -
Level((Z — 1)x) :Z{(Z—l)xi} <d+1l-—xz5;+ Z (Z-1Dx;<d+1—-25+ }Cﬂg<d—|—1
i=0 i=d+1

which contradicts the assumption of Case 1.
Case (2). Suppose Level((Z —1)x) < d.

Since K = K+ Z we know that every component ¢ jumps at K + D; and K + Z+ D;, hence for
every 0 < i < d we obtain {(K +D;)z;} < z; and {(K+Z+D;)x;} < x;. Let {(K+D;)x;} = ay
and {(K + Z + D;)z;} = ag for some ay,as < x;. Then {Zz;} = {as — a1} and hence {Zz;} =
ag —aq if o <ag and {Zz;} =1+ ag — aq if @ > agy. Since a3, < x; we have {Zz;} < x;
or {Zx;} > 1 — x;. Hence every component 0 < i < d jumps at Zz; or at (Z + 1)z;. We obtain

by Lemma B that Level((Z 4+ 1)z) < Level((Z — )2) +2 - (d+1) <d+2—(d+1)=1. O



Proof of the main Theorem [3

Consider the vector b € int.cone(S N 7Z4). Let A € 7572 be the integral vector with b =

ZsESﬂZd Ass.
Assume there is a component v € (S N Z%) \ B with high multiplicity i.e. Ay ' Since
v €S, thereis a x € R%‘Bl with Z?:o x; =1and v = 2oBy+ x1B1 + ... x4B4. By Theorem [0

there exists a multiplicity K = 22°” > 1 such that Level(Kxz) = 1. According to Lemma [T}
there exists a 6 € SN Z‘éo such that Ky = + Zflzo A;B; for some A € Z‘é‘gl. Then we can

construct a \ € Zcfgl with b = Y7 cgnza App, which has more weight in B as K > 1:

_ 229(d

A — K
\ — s +1

)\Bi+Ai VB; € B

As Vs € (SN Z4)\ (BU {v,5})

Since K > 1, the resulting vector A\’ has a decreased vertex distance as the sum Zpe(fpmzd)\vl Ap
is reduced at least by 1. Using Theorem [I] applied to components i € (S N Zd) \ B, we can
construct a A’ with |supp(\" \ B)| < 2¢. In the case that there is another component v €
(SN Z%\ B with multiplicity )\f; = 22" e can iterate this process. In the other case, solution
N fulfills the proposed properties.

Proof of the structure Theorem

Proof. Given polytope P = {z € R? | Az < ¢} for some matrix A € Z™*? and a vector ¢ € Z%
and let P; be the integer polytope with vertices V;. The structure theorem follows easily by
decomposing the polytope P into simplices S of the form S = Conv(By, By, ... By) for B; € V.

By Caratheodory’s Theorem, there exist for each v € P vertices By, B1,...,Bg € Vianda x €
Ri‘gl with Zg:o x; = 1 such that v = zoBo+. ..+x4By. Consider the vector b € int.cone(PﬂZd).
Let A € ZPZ* be the integral vector with b = 3 cpnza App. By Theorem [l we can assume

that supp(\) < 2¢ and hence there are at most 2¢ simplices S*) = Conv(Bol,ng),...Bc(lk))

for k = 1,...,2% which contain a point v € P with Ay > 0. Finally, we can apply our main
Theorem Bl to every simplex S*) for k = 1,...,2% to obtain a vector X € Zgg‘zd which fulfills
the above properties. O

2.1 Algorithmic application
Computing V; in fpt-time

Given Polytope P = {z € R? | Az < ¢} for some matrix A € Z™*? and a vector ¢ € Z¢
such that all coefficients of A and ¢ are bounded by A. Cook et al. |[CHKM92] proved that
the number of vertices V7 of the integer polytope P is bounded by m? - O((log A))?. In the
following we give a brief description on how the set of vertices Vi can be computed in time
V7| - dP@D . (mlog(A))°M) and therefore in fpt-time parameterized by the number of vertices
|V7|. For a detailed description of the algorithm we refer to the thesis of Hartmann [Har89].
Given at timestep ¢ a set of vertices V; C V7 and the set of facets F(*) = {F1,...,F;} of
conv(V}) corresponding to half-spaces H; = {x | n;z < ¢;} for normal vectors ny,...,n, € R?
and constants ¢y, ..., cq € Z with conv(V) = ﬂleHi. Consider for every 1 <4 < £ the polytope
PN H, for a halfspace H; = {z | x € P,n;xz > ¢;}. Compute with Lenstra’s algorithm [L.J83]
a solution z* € PNZ% of the ILP max{n;z | z € (PNZ%),n;xz > ¢;}. In the case that n;z* > ¢;,
solution z* does not belong to Conv(V;). Assuming that z* is a vertex of the integer polytope
of PN H, , solution z* is also a vertex of the integer polytope P;. We can add z* to the set



of existing vertices V; C V7, construct the increased set of facets F+D) of Conv(V; U {z*}) and
iterate the procedure. In the case that there is no solution x* with n;z* > ¢; for any 1 <7 </,
we have that Py = Conv(V;) and are done.

Bin Packing in fpt-time

In the following we describe the algorithmic use of the presented structure theorem [l Therefore,
we follow the approach by Goemans and Rothvo8 [GR14].

Theorem 8. Given polytopes P,Q C R, one can find a y € int.cone(P NZ%) N Q and
a vector \ € Zggzd such that b = - prza App in time V127 enc(P)OWenc(Q)°W), where
enc(P),enc(Q) is the encoding length of the polytope P, Q or decide that no such y exists.

Proof. Let P = {z € R | Az < ¢} and @ = {z € R? | Az < &} be the given polytopes
for a matrix A € Z™? and a matrix A € Z7x4, First, we compute the set of vertices of
Pr in time \VI\QO(d) enc(P)°Wenc(Q)°M as described above. Suppose that there is a vector
b € int.cone(P NZ% N Q, then by Theorem [, we know there is a vector A € ZEQZd with
b =2 pepnzd Ass such that

1 A, <22°vp e (Pnzd)\ v,
2. |supp(\) NVi| < d-29,

3. [supp(A) \ V1| < 2%7.

[Vi]
d24
components A\, with p € V7 ie. V) = supp(A)NV;. For each p € V) we use variables 5\1, € Z>p to
determine the multiplicities of A,. Furthermore, we guess the number of different points p ¢ V;
used in A ie. k = [supp(\) \ V7| < 227, We use variables xl(-j) for j = 1,...,k to determine
the points p € V7 and their multiplicity A,. Note that in the following ILP, we encode the
€)
1
by 22¢ . log(220(d)) = 20(d) And finally we use a vector y € Z% to denote the target vector in
polytope Q.

At the expense of a factor (\})) = |V1|20(d) we can guess the support V\ C Vi of A restricted to

multiplicity of a A\, with p & Vr binary, therefore the number of variables x;”/ can be bounded

AdD <b vi=1,...,2°D and Vi =1,... k

- k 20 .
S+ > 21z =y
peEV) 7j=1 =1
zzly <b
eZd  i=1,... .k
5\p € ZZO Vp eV
Y€ 72

Using the algorithm of Lenstra or Kannan (|[LJ83],[Kan87]) to solve the above ILP which
has k20 4 d 4 d2¢ = 20 variables and mk + d + m + d|Vy| = m2°@ + 1 constraints,
takes time (20(d))20(d) - (m29@ 4 )0M Jog(A)OW) = QQO(d)enC(P)O(l)enc(Q)O(l), where A =
max{QQO(d),d!Ad, A}. The total running time is hence of the form: ]W[zo(d) enc(P)®Wene(Q)°M)

U

We can apply this theorem to the bin packing problem by choosing P = {(f) € chgl

sTe <1} and Q = {b} x [0,a] to decide if items b can be packed into at most a bins. Using



binary search, on the number of used bins, we can solve the bin packing problem in time
\VI\QO(d) 1og(A)°M | where A is the largest multiplicity of item sizes or the largest denominator
appearing in an itemsize si, ..., sq. Since |V7| > d+1 this running time is fpt-time, parametrized
by the number of vertices |V;| and therefore we obtain Theorem [G

3 Lower Bound

In this section we give a construction of a bin packing instance (s,b) with vertex distance
Dist(b) = 22" We consider the case that all item sizes S1,...,8q are of the form s; = ai
for some a; € Z>;. In this case, all vertices of the knapsack polytope P = {z € R z|
5121 4 ... + sq1q < 1} are of the form B; = (0,...,0,a;,0,...,0)” and therefore integral. We
obtain that Py =P = Conv(0, By, ..., Bg).

Our approach for the proof of the lower bound is as follows: We prove the existence of a
parallelepipped I = {z1By + ...+ 24By | 7; € [0,1]} with a special element g € (P NZ9)\ V;
such that the unique optimal packing of the bin packing instance K - g (for a possibly large
multiplicity K € Zx>g) is to use K times the configuration g. In this case, weight can not
be shifted to the vertices Bi,..., By and hence the instance K¢ implies a vertex distance of
Dist(Kg) = K. We show that the special element g can be determined by a set of modulo
congruences. Therefore, we are able to use basic number theory to construct a bin packing
instance with double exponential vertex distance.

First, we take a close look at the parallelepipped II and Cone(B). Recall that two points
b,/ € Cone(B) are equivalent if [b] = [V/]. Each point b € Cone(B) is equivalent to a point in
the parallelepiped II.

Lemma 4. Using operation + defined by p +p' = [p + p] for some p,p’ € 1 NZ% then
G(I) = (TINZ4,+) is an abelian group with |G(IT)| = |det(B)| many elements.

The proof that G(II) is a group can be easily seen, since G(II) is the quotient group of Z?
and the lattice ZB1 & ... ® ZB,. For the fact that |G(II)| = det(B) we refer to [Bar(7]. In the
considered case that B; = (0,...,0,a;,0,...,0)T, the group G(II) is isomorphic to (Z/a17Z) x
... x(Z/aqZ). Recall that the set PNZ% C TINZY represents all integral points of the knapsack
polytope and each 6 € P NZ% therefore represents a way of packing a bin with items from sizes
51,...,84. We call 6 € PNZ? a configuration.

In the following subsection B3] we also give an easy observation on how the vertex distance
is connected to the integrality gap of the bin packing problem.

3.1 Preliminaries

In this section we state some basic number theoretic theorems that we will use in the following.
For details and proofs, we refer to the books of Stark [Sta70] and Graham, Knuth and Patashnik
[GKP94].

Theorem 9 ([Sta70]). Letay,...aq € Z with ged(ay,...,aq) = 1, then there exist vy, ... ,vq € Z
such that

aivy + ...aqvg = 1.

Theorem 10 (Chinese remainder theorem [Sta7(]). Suppose ai,...,aq € Z are pairwise co-
prime. Then, for any given sequence of integers i1,...,1q, there exists an integer x solving the
following system of simultaneous congruences.

x=1; moda; forl<j<d.

Furthermore, x is unique mod H‘iizl a;.

10



Theorem 11 (|Sta70]). Given congruence x mod a. If x and a are coprime, there exists an
inverse element v=! € Z/aZ such that xx=' =1 mod a.

Sylvester’s sequence is defined by,

S1=2
j—1
Sj =1+ H S;
i=1
and has following properties (see |[GKP94])

S, ~ 1.264%"

3.2 Proof of the lower bound

We start by defining the size of an element 7 € II by

Size(m Zs ;.

In our case, the sizes s; are given by s; = al, and vectors B; = (0,...,0,a;,0,...,0)T for some
a; € Z>1. Hence, the size of a B; equals to 1 and for each = € [0, 1)d with Bz = m, we have that
4z = Size(r ) Since the matrix B is a diagonal matrix with entries a;, the determinant
equals det(B) = [1%, a;. We define for 1 <i < d that

=]l

@i J#

R, = det(B

In the following lemma we show that the fractional value of the size {Size(Il)} is unique for
every element m € G(II).

Lemma 5. Given parallelepiped T1 = {x1By+. . .4+x4Bq | z; € [0,1)} with B; = (0,...,0,a;,0, ...

If ay,...,aq are pairwise coprime, then for every 0 < a < det(B), there exists a unique vector
7w € IINZY and a vector x € [0,1)¢ with Bx = w, such that

Size(m le =z + a/det(B),

for some z € Z>q.

Proof. Since aj ...,aq are pairwise coprime, we have that gcd(R;, Ri11) = [1i 4105 and
hence ged(Ry,...,Ry) = 1. By Theorem [ there exist vy,...,v4 € Z such that vyRy + ... +
vgRy = 1. For v, = v;R; mod det(B) the sum ZZ v =1 mod det(B). Consider the vector

/
Y1

x = (det(B),..., det(B)) then S =31, det' det(B) + z for some z € Z>¢. The vector

Bx = #@Bl 4+ ...+ det( )Bd is integral since for every 1 < ¢ < d the congruence via; =

viR;a; = videt(B) =0 mod det(B) holds and hence each item sizes a;x; = m; = det( TeaBy % € Z>.

Consider multiplicities z,2z,3x,.... As above we can rewrite each element Kx € RZO by
Kr = Ko™ + {Kz} with {Kz} = ({K21},...,{K24})T and {Kz;} < 1, which implies
that B({Kx}) € II. Since B(Kw) is integral and B(Kx™) is integral, the vector B({Kx})
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is integral as well. Furthermore the sum of all component {Kz} sums up to ¢ {Kz;} =
K4 o — Y4 | K| = det( y + 2, for some z € Z>o. Hence for each multiplicity Kz in

0z, ,2x, ..., (det(B)—1)z there is a vector B({Kz}) € Il with 2% {Kz;} = z—i—WIgB) and since
IT contains exactly det(B) many elements (see Lemma M), each element of G(II) corresponds to
a unique element of Oz, z, 2z, ..., (det(B) — 1)z. O

Consider the specific element g € II N Z¢ with fractional vector « € [0,1)? such that Bz = g

and Size(g) = d?e(lf))l + z. We call g the full generator of the group G(II).

Corollary 1. For every element m € G(II) there exists a multiplicity K such that Kg =7, i.e.

the full generator g generates the group IT and hence G(I1) =< g > is a cyclic group. Element

det(B)—K

Kg €1l has a size of z + ~dH(B) for some z € Z>q.

Proof. In the proof of the lemma above, we showed that the element Bz with >4 | 2; = 24 = y et( )

generates G(II) as each multiplicity Kz of x yields an element B({K=x}) € G(II) of size z+ det( 5

We consider the full generator g with ¢ = Bx' for some z’ with zgl:l T, = z+ dzte(f ))1 for

some z € Z>o. By the same argument as before, the multiplicities Kz yield elements ' =

B({Kz'}) € G(II) with Size(n') = 2 + % for some z € Z>y. O

As above, we consider multiplicities K¢ of a vector g € II and some K > 0. We say that
Kg € cone(B) is unique if g € P and 2g,...,Kg ¢ P i.e. g is a configuration and 2g,...,Kg
are not. In the following lemma we prove that if K¢ is unique and ¢ is a full generator, then
using K-times configuration g is the unique optimal packing for instance Kg.

Lemma 6. Let g be the full generator of G(II). If Kg € cone(B) is unique, then there is no
S Z(fomz ) with Ag # K such that 3 ,cprza \pp = Kg and |\ =

Proof. Consider bin packing instance Kg € cone(B) and a packing of the instance into bins

1,..., K. Since g contains items of size dzt(t]‘? );1, items in instance Kg have a total size of
KUBIZL o hg therefore, the bins 1, ..., K have total free space of Each bin configuration

det(B) de t(B)
¢1,...,¢ci of bins 1,..., K belongs to 73 and hence to II(G). By Cororllary [ for each ¢; there
exists a multiplicity K; € Z>; such that K;g = ¢;. Assuming that ¢; # ¢ and hence K; > 1
we know that K; > K as by definition of the uniqueness of Kg, elements 2g,..., Kg are no
configurations. However, a bin with configuration K;g = ¢; € P with K; > K has free space

deﬁg) > detl((B) and hence more free space than the total sum of free space in bins 1,..., K.
Therefore, a configuration # g can not appear in an optimal packing of the instance Kg. The
unique way of packing instance K¢ into K bins is to use K times configuration g. U

Consider the full generator g =x1B1+...+24Bg € P with x; > 0, We say g has the long-run
property 1f(1—e)— <z < S for 1 <4 <d—1 and 50mee<( 5= ) , where S; is the i-th
sylvester number. The following inequality gives a lower bound for Hle

- 1 1—e¢
le_l—ez (1—¢) 1_Sd—1):1_6_5d—1
> 1 ! Loy L : Lo
(Sa—1)% Sq—1 = (Sa—1)2 (Sa—1)(Sa—2) Sq—2 Saq—2

If g is a configuration and hence ||z||; < 1, we can bound z4 from above by

xd<1—23:Z Sd_2

Recall that the following statements are equivalent:

12



e {Kg} € G(II) is a configuration i.e. Kg € P
o Level(Kz) =1

Lemma 7. If g is a configuration and g has the long run property, then (Sq—2)g is unique for
d>3.

Proof. Let x € [0,1]%*! such that 200 + 1By + ... + 24Bq = g with Zf:o x; = 1. We consider
the level Level(Kx) of multiplicities of . Recall that Level(Kx) = 1 if and only if {Kg} € IT is
a configuration. Hence, it remains to prove that that Level(Kx) > 1 for every 1 < K < S; — 2.

By Lemma 2 we know that level Level(Kz) = Level((K — 1)x) — Jx + 1, where Jg is the
number of jumps at K. This implies by induction that Level(Kxz) = K — J, where J is the total
sum of all jumps in 2x,..., Kz. Using that Zf x; >1— 1 5 —5, wWe obtain that zg, 4 < ﬁ
and hence Kzg, Kxy < 1 for K < S5 — 2. This means that component 0 and component d do
not jump in 2z, ..., (Sq — 2)z.

Observation 3. For every 1 <i < d—1, component i jumps at 1+ S;,1+25;,14+35;,..., 1+

Li‘fgv:—QJSi-

Since (1— E)SL <z < SL for 1 < i < d we know on the one hand that M S;z; < M and on the

other hand (1 + MS;)z; > (1 — 6)(l + M) > M as 6(L + M) < (H(Sdim) < (Lsk’s;ld_ll)QSL < L

fori <d—1land M < Sd 2 Hence component 7 jumps at 1+ S; from 0 to 1 and at 1+25; from
1 to 2 and so on. The total number of jumps Jx (i) in component i can therefore be bounded
by 1+ Jk(i)S; < K and hence J (i) < [EZL].

The total number of jumps J up to K < ZSd — 2 in components 0, ..., d sums up to

d d—1 d—1
T=Y IR =Y S UK - )Y &
i=0 i=1 ¢ i=1""
Since Z —i =1- —1 we obtain for K < S;—2
d—1 1
J < |(K - );_J_L( )(1—Sd_1)J§K—2

which implies that Level(Kz) = K —J > K — (K — 2) = 2 and therefore {Kg} ¢ P for
K=2..,8-2
O

Lemma 8. An element g € G(II) is a full generator if and only if for all 1 < i <d
gi = —Ri_1 mod a;.

Proof. Consider the full generator g of a group G(II). By definition of the full generator, we
obtain that there exists a z € Z>( such that

det(B) — 1

d d
. gi
Size(g) = Zsigi = Z = =2z+
—~ = a; det(B)

and hence

d
det(B) — 1+ z - det(B) = det(B Z ZRZgZ
i—1 i

13



By definition of the modulo operation this equation is equivalent to

zd:Rigi =det(B) — 1 mod (det(B)). (1)

i=1

As det(B) —1 = —1 mod a; for each 1 < i < d, we obtain by the Chinese remainder Theorem
[[0] (assuming that all a;’s are coprime), that congruence () is equivalent to the following system
of congruences:

iRigZ-E—l mod q; forl1<i<d
i=1
As R; =0 mod a; for any i # j, we obtain that Zle R;g; = R;jg; mod a; and hence
gi = —Ri_1 mod a;.
O

Sylvester’s sequence .S; grows double exponentially by approximately S; ~ 1.264%" and there-
fore S; = 22%Y Tt remains to prove the existence of sizes sq,. .., sq with group G(II) such that
the full generator of G(II) has the long-run property. The following theorem concludes the proof
of a double exponential lower bound.

Theorem 4. There exists a bin packing instance with sizes é, ey a—ld for a; € Z>1 and multi-

plicities b € Z%O corresponding to a point b € int.cone(PNZY), where P is the knapsack polytope
such that

Dist(b) > Sy — 2 = 22"

Proof. Given parallelepiped II = {z1B1 + ... + z4Bg | x; € [0,1)} with configurations B; =
(0,...,0,a;,0,...,0)T. Assume there are sizes s; such that group G(II) with full generator

1

g € P has the long-run property. Then K times configuration g is by Lemma [6] the unique

. K . / d / ! ! :
representation of the vector b = Kg € int.cone(P' N Z*) where P' = Conv(By, ..., B;) with
1

By = (1,0,...,0)T and B} = <
B;
Dist(b) = Sq—2 = 927 Therefore, it remains to prove the existence of sizes sq,...,sq with

group G(II) such that the full generator g of G(II) has the long-run property. In the following
we give an inductive construction of the sizes s; = al,

). According to Lemma [7 this implies a vertex distance of

First, choose ay arbitrarily such that there is an m; with (1 — E)SL1 < T < S% This is

possible for every a; > % that is not a multiple of S;7 = 2. In this case m; can be chosen
. S 1 S S1)—1 1 1

by m; = [g-] and we obtain —L‘“a/l il < 5 and La1a/1 > (a1/a11) > o — g = (1—¢€)Sh.

Additionally, we assume w.l.o.g. that m; and a; are coprime.

For 1 < i < d choose a;11 such that there exists an m;;q with (1 — e)s,l+1 < ZL?: < S,lﬂ. The

existence of the m;;q can be shown for any a;4+1 > Si:I that is not a multiple of S;11 by the

same argument as above for m;. Additionally we choose a;41 such that the following conditions
hold:

i—1
aj11 = (H a;)"' - (=m;)™' mod g; (2)
j=1
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a1 =1 moda;forj=1,...,i—1 (3)
Remark the following points, where we use the fact that ged(a, b) = ged(a mod b,b) for numbers
a,beZ.
e The inverse element of 1711 a; and —m; in Z/a;7 exists since ay, . ..a; are coprime to a;
and m; is coprime to a; (see Theorem [IT]),

e since ay,...a; are coprime, by the chinese remainder theorem [0 there exists a unique
element a;41 mod ([]j_; a;) satisfying the above inequalities,

e condition (2)) implies that a;;1 is coprime to a; as m; is coprime to a; and HJ 1aj is
coprime to a; (coprimeness carries over to the inverse),

e condition () implies that a;41 is coprime to aq,...,a;—1.

Claim (1). The full generator g of the constructed group G(II) has the long-run property.
To prove that g = xlBl + ... 4+ z4Bg4 has the long-run property, we show for all 1 < i < d
that S%( €) <L <4 By LemmaIEI

gi = —R7' mod a;

7

By construction of the a; we obtain for gi,...,g4s—1 the following congruences mod a;:
d _1 —1 i1 -1
_ L) -1 -1
gi = H aj - H = H aj - Qi1 = H a;) H a;)” - (—my)
Jj=i+1 j=1

=m; mod a;

Since for every ¢ € Il we have that d; < a;, we know g; = m,;. By definition of m; we obtain
(1— e) Szp=0t< S%,, which proves Claim 1.

Claim (2) The full generator g is a configuration.

Suppose Level(z) > 1, then we know by Lemma [ that Zle T, =z + dze(f)g)l for some

A Zzl'

1 1
sz<2—+xd 1—Sd_1)+xd<(1—sd_1)+1

Since x; = Z—i < SL, for 1 < i < d, we know that a; > S; + 1 and hence det(B) > H 1 a; >
971(S; 4 1) > Sq — 1 which implies:

d
1 det(B) — 1
S < (1 y+1=142020 2
P det(B) det(B)
This is a contradiction to Level(x) > 1. O
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3.3 Relation between Dist and the IRUP

In this section we study briefly the connection between the vertex distance and the modified
integer roundup property (MIRUP) which is defined in the following. Let P = {z € Rio |
sTx < 1} be the knapsack polytope for given sizes s1,...s4 € (0,1]. For given multiplicities
ai,-..,aq, a packing of the items into a minimum number of bins is given by a solution of the
following ILP:

min{[Al, | D> App=0bA e Z}. (4)
pEPNZ

The relaxed linear program (LP) is defined by

min{[[All, | D Ap =0 e R} (5)
pEPNZ

Let A\* be an optimal solution of the ILP @) and let A/ be an optimal solution of the relaxed
linear program ([Bl), then the integrality gap of an instance (s,b) is defined by:

I = [

A well known conjecture by Scheithauer and Terno |ST97] concerning the integrality gap for
bin packing instance is that for any instance I, we have that |A*||; < [H)\le] + 1 which is the
so called modified integer roundup property (MIRUP). The integer roundup property (IRUP)
is fulfilled if [|A*[|; < [H)\f Hl] In general, bin packing instances where die IRUP is not fulfilled

appear rarely. In the literature those kind of instances are studied and constructions of instances
are given where die IRUP does not hold (see |[ST97], [CDDDIR14]). In the following we show
that a bin packing instance with a large vertex distance Dist(b) implies the existence of many
subinstances where the IRUP does not hold. Specifically, we show the following theorem:

Theorem 12. Given a bin packing instance (s,b) corresponding to a vector b € int.cone(PNZY)
with vertex distance Dist(b) and let A € ZPZ e a solution with > pepnzd App = b and vertex
distance 3 ,cpnzapv, Ap = Dist(b). For every v € (PN ZY\ Vi with Ay = d + Z for some
Z € L>q, there exist at least Z instances where the IRUP does not hold.

Proof. Given an instance b € int.cone(P N Z%) with Dist(b). Then there exists an integral
optimal solution A € ZP"2" with Y opeprzd App = band 3=, przapy, Ap = Dist(b). We consider
for ay € (PNZ4)\V; with A, = d+Z for some Z € Z> the instances (d+1)y,...,(d+Z)y. Let
V' € int.cone(PNZ?) be the vector corresponding to a multiplicity (d+ Z')y for a Z' < Z. Note
that by definition of &', we have that Dist(b') = d+ Z', as «y is chosen from (P NZ%)\ V7 and the
existence of a solution \” for b with smaller vertex distance would imply a small vertex distance
for b. Since b’ € Cone(P N Z%), there exist a basic feasible solution A/ € RZ, corresponding to
vectors By, ..., By € PNZL of LP (B) with ¥ = A By + ...+ A} By and HAle <d+ 7' Using
Caratheodory’s theorem, we can assume w.l.o.g. that By, ..., By are vertices.

Claim: The vector [V'] = {\}B;+...+ {)\g } Bg does not fulfill the integer roundup property.
Suppose the roundup property for [¢'] is fulfilled, then there exists a packing of instance [b] into

(H{)‘f} HJ bins. Using the decomposition of & = BAS™ + [V'] into an integral part BA ot =
M |Bi+...+ |\ | By and the fractional part [b'], we obtain a packing for b/ into fH)\fHJ <d+Z7'
bins (which implies optimality). The constructed packing has vertex distance of < [H{)\f }HJ
Since (H{)\f}‘ 11 <d < d+Z" = Dist(V'), this is a contradiction to the minimality of the vertex

distance for ¥'.
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Claim: Let vectors b1, b2 e int.cone(P N Z%) be given which correspond to multiplicities
K17 and Ky of vector y € (P NZ%) \ Vi with K; < K. Then [b(V] # [b()].
By a similar argument as in the previous claim, we can argue in this case. Since b(M) b2 ¢
Cone(P N Z%), there exist basic feasible solutions AV, A(?) e RZ  corresponding to vectors

By,...,Bg € Vi of LP @) with 5 = A"B; + ... + A\VB, for i = 1,2 and A1) < \®
as K1y < Koy. Suppose that [b(M] = [b?)], then we obtain for the difference (Ky — K1)y
corresponding to b2 — b1 = BA@™ L 4] = BAD™ _ [p1)] = BAD™ — BAD™ | Therefore,
the difference b® —b(1) can be written by the (positive) sum of vertices By, ..., Bg. This implies
a packing for b® by b®) = b1 4 (b — p(V) with vertex distance Dist(b()) < Dist(b®)) which
contradicts the minimality of vertex distance b(2).

As a conclusion of the above claims, we obtain for each multiplicity (d+ 1), ..., (d+ Z)y of
~ the instances [(d 4+ 1)7],...,[(d + Z)v] € G(II), where die IRUP does not hold. O

Note that an instance with large vertex distance (e.g. double exponential in d) implies the
existence of solutions with large (double exponential) multiplicities Ay as the number of non-
zero components can be bounded by the theorem of Eisenbrand and Shmonin [ES06] applied
to points in (P NZ4)\ V7.

Together with the construction of the previous subsection where we created a bin packing
instance b with a unique solution \ € int.cone(P N Z?) with Ay = 22" for some v € PNZY,
we obtain that b has double exponentially many subinstances where the IRUP is not fulfilled.
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