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Abstract

This paper is concerned with finding an optimal algorithm for minimizing a composite convex
objective function. The basic setting is that the objective is the sum of two convex functions: the
first function is smooth with up to the d-th order derivative information available, and the second
function is possibly non-smooth, but its proximal tensor mappings can be computed approximately
in an efficient manner. The problem is to find — in that setting — the best possible (optimal) iteration
complexity for convex optimization. Along that line, for the smooth case (without the second non-
smooth part in the objective) Nesterov proposed (|25], 1983) an optimal algorithm for the first-order
methods (d = 1) with iteration complexity O (1 / kz), while high-order tensor algorithms (using up to
general dth order tensor information) with iteration complexity O (1 / kd+1) were recently established
in [3,27]. In this paper, we propose a new high-order tensor algorithm for the general composite case,
with the iteration complexity of O (1 JkBd+1)/ 2), which matches the lower bound for the d-th order
methods as established in [27] [31], and hence is optimal. Our approach is based on the Accelerated
Hybrid Prozimal Extragradient (A-HPE) framework proposed by Monteiro and Svaiter in [24], where
a bisection procedure is installed for each A-HPE iteration. At each bisection step a proximal tensor
subproblem is approximately solved, and the total number of bisection steps per A-HPE iteration is
shown to be bounded by a logarithmic factor in the precision required.
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1 Introduction

In this paper, we consider the following composite unconstrained convex optimization:

min F(x) := f(z) + h(z), (1.1)
reR™
where f is differentiable and convex, and h is convex but possibly non-smooth. In this context, we
assume that convex tensor (polynomial) proximal mappings regarding h can be approximately computed
efficiently. Given that structure, a fundamental quest is to find an optimal algorithm that solves the
above problem, using the available derivative information of the smooth part f.

In case F(x) = f(x), and only the gradient information of f is available, Nesterov [25] proposed a
gradient-type algorithm, which achieves the overall iteration complexity of O(1/k?), matching the lower
bound on the iteration complexity of this class of solution methods, hence is known to be an optimal
algorithm among all the first-order methods. Since Nesterov’s seminal work [25], especially in the
recent years when the large scale machine learning applications have come under the spotlight, there
has been a surge of research effort to extend Nesterov’s approach to more general settings; see e.g. [4]
(12| [19] [14), 30], and/or to incorporate certain adaptive strategies to enhance the practical performances
of the acceleration; see e.g. [20] 29, 13]. At the same time, there has also been a considerable research
effort to fully understand the underpinning mechanism of the first-order acceleration phenomenon; see

e.g. [7,[32] 33, 34].

When the Hessian information is available, Nesterov [26] proposed an acceleration scheme for cubic reg-
ularized Newton’s method, and he showed that the iteration complexity bound improves from O (1 / k‘2)
to O (1/ k3). A few years later, Monteiro and Svaiter [24] proposed a totally different acceleration
scheme, which they termed as Accelerated Hybrid Prozimal Extragradient Method (A-HPE) framework,
and they proved that if the second-order information is incorporated into the A-HPE framework then
the corresponding accelerated Newton proximal extragradient method has a superior iteration complex-
ity bound of O (1/k‘7/2) over O (1/k?). In 2018, Arjevani, Shamir and Shiff [31] showed that O (1/k7/2)
is actually a lower bound for the oracle complexity of the second-order methods for convex smooth
optimization. This shows that the accelerated Newton proximal extragradient method is an optimal
second-order method.

As evidenced by the special cases d = 1 and d = 2, there is a clear tradeoff between the level of derivation
information required and the overall iteration complexity improved. Therefore, a natural and important
question arises:

What is the exact tradeoff relationship between d and the worst-case iteration
complexity?

Such question has been in fact raised and addressed in some way in recent works [5, 10, 11l 22] in
the context of nonconvex optimization. For convex optimization, the accelerated cubic regularized
Newton method was generalized to the general high-order case [3| 27] with the iteration complexity



being O (1 / kd+1), where d is the order of derivative information used in the algorithm. Jiang, Lin
and Zhang [I8] extended Nesterov’s approach to accommodate the composite optimization (II]) and
relaxed the requirement on the knowledge of problem parameters such as the Lipschitz constants and
the requirement on the exact solutions of the subproblems while maintaining the same iteration bound
as in [3, 27]. Along the line of bounding the worst case iteration complexity using up to the d-th
order derivative information, there have also been significant progresses as well. Arjevani, Shamir and
Shiff [3T] showed that the worst case iteration complexity of any algorithm in that setting cannot be
better than O (1 / k(B3d+1)/ 2). A simplified analysis of the bound can be found in Nesterov [27]. So,
there was a gap between the achieved iteration bound O (1/kd+1) and the best possible bound of
O (1 / (Bd+1)/ 2). Clearly at least one of the two bounds is improvable. In this paper, we aim to settle
the above theoretical quest by providing a new implementable algorithm whose iteration complexity is
precisely O (1 / kBd+1)/ 2). As a result, the tradeoff relationship discussed above is pinned down to be
exactly O (1/kB34+1D/2),

Our algorithm is based on the A-HPE framework of Monteiro and Svaiter [24], which is presented as
Algorithm [ in this paper. In fact, our algorithm specifies a way to generate an approximate solution
through the use of high order derivative information by Taylor expansion. In each iteration, such
approximate solution is computed by means of a bisection process. At each bisection step, a regulated
convex tensor (polynomial) optimization subproblem is approximately solved. Moreover, we show that,
to implement one A-HPE iteration, the number of bisection steps — each calling to solve a convex tensor
subproblems — is upper bounded by a logarithmic factor in the inverse of the required precision. Our
bisection procedure is similar to the one proposed in [24] for the case d = 2; however, a key modification
is applied which enables the removal of the so-called “bracketing stage” used in [24]. After submitting
the first version of the paper, we became aware of two other independent works [I5] [§] establishing
similar iteration bounds as ours, with the main difference being that the focus of [I5, 8] is on the
smooth case: F(z) = f(x), while our method accommodates a composite objective function. The
common theoretical development by the three groups was subsequently jointly announced in the form
of abstract at Conference on Learning Theory (COLT) [17]. It is also worth mentioning that other
than the afore-mentioned three papers there are some other related works on high-order optimization
methods [0l 1l 2] based on large-step A-HPE framework.

The rest of the paper is organized as follows. In Section [2, we introduce some preliminaries including
the assumptions and the high-order oracle model used throughout this paper. Then we present our
optimal tensor method and its iteration complexity analysis in Section Bl The line search subroutine
being used in the main procedure of our optimal tensor method is presented and analyzed in Section [l
Finally, some technical proofs and lemmas are provided in the appendix.



2 Preliminaries

2.1 Notations

We denote V¢f(z) to be the d-th order derivative tensor at point @ of function f with the (iy, ..., iq)

component given as:
ot f

8$i1 e '(%cid

V(@) (z), V1 < ig,.yig <

Given a d-th order tensor 7 and vectors z', ..., z% € R", we denote

n
1 dy . 1 d
Tlz ..., 2% = Z Tiv,iaZiy - -+ 2

4"
1,..,0g=1

The operator norm associated with 7 is defined as:

|7]:== max  T[z',...,29.
Izil|=1, i=1,....d
For given 2+, ... 24, T[z**1, ... 29 is a k-th order tensor with the associated (iy,- - -
defined as:
n
k41 dy. o - k1 d
T 2%y iy, = E : 7;17---7Zkylk+17---71d2ik+1 ce Ry

ik+17“'7id:1

for 1 <iq,...,7 < n. Denote

(oo )= argmax (TR 2) [ )
llytll=1,i=1,....k

One has

HT[Zk—i_l? "’72d]” = T[Zia s 7Z>vazk+17 ’"72d] < ”T”sz-‘rl” e ”Zd”

, 1) component

(2.1)

As a matter of convention, for quantities z and y, we use the notation y = ©(z) to indicate the relation
that there are positive constants a and b such that ax < y < bx. If a is absent, then we shall indicate

the relation as y = O(z).

2.2 High-Order Oracle Model and Regularized Tensor Approximation

In this paper, we consider the following high-order oracle model and the algorithm we are going to

propose is such oracle model.



d-th Order Oracle Model

e fis d times Lipschitz-continuous and differentiable with Lipschitz con-
stant Ly for d-th order derivative tensor; i.e.

IV9f(z) = VIl < Lalz —y]| Yo,y € R™, (22)
where the left side is the d-th order tensor operator norm.
e Given any z, the oracle returns f(z),Vf(z), V2f(x),..., Vif(x).

e At iteration k, xjp is generated from a deterministic function h and
the oracle’s responses at any linear combination of 1, xo, ..., zx_1 and

Vif(x1), Vif(xa),...,Vif(zp_1), where 1 < i < d.

Recall that the exact proximal minimization at point z with stepsize A > 0 is defined as

1
min f(y) +nly) + ﬁ\ly—x\IQ- (2.3)

To utilize all the derivative information, we consider the regularized tensor approximation of f(y) at

point x:

Folt) = F@)+ V@) (g =2)+ 5V @y =l o+ V@l =o'+ il =l (24)

where M > 0 is the parameter of the high-order regularization term |y — z[|%*!. Then, by 22) and
the Taylor expansion, we can bound the gap between f,(-) and f(-) for any z (see Nesterov [27]):
Lemma 2.1 For every x,y € R",

IVF() ~ VEelw)l < oy —
Therefore, it is natural to consider the tensor approximation of (23]):

min £2(y) +hiy) + 5y — (2.5)

In fact, (23 is the subproblem to be solved in the Optimal Tensor Method that will be introduced
later. Note that similar subproblems have appeared in [24] and [27]. Specifically, the one used in [24]
corresponds to d = 2 in (Z3) without the term involving ||y — z|*** (ie., M = 0), while [27] uses
the subproblem that only minimizes f,(y) (i.e., without the nonsmooth term h(y) and the quadratic
regularization term ﬁlly — z||?). In contrast, our above subproblem installs both the high-order and
quadratic regularization terms.

Note that the unique solution y of (2.3]) is characterized by the following optimality condition:

u e (Vf,+0h)(y), A +y—z=0. (2.6)



For a scalar € > 0, the e-subdifferential of a proper closed convex function h is defined as:
Och(x) := {u | h(y) = h(z) + (y —x,u) —¢, Vy € R"}.

With the above notion in mind, let us consider the following approximate solution for (2.0) (hence

2.5))-

Definition 2.1 Given (A, z) € Ry X R™ and 6 > 0, the triplet (y,u,e) € R™ x R™ x Ry is called a
g-approximate solution of (Z1) at (N, x) if

ue (Vie+0h)(y) and |[Mu+y— x| +2xe < 63|y — |2 (2.7)

Obviously, if (y,u) is the solution pair of (2.0)), then (y,u,0) is a d-approximate solution of (ZI]) at
(A, z) for any & > 0. In the rest of our analysis, we assume the availability of a subroutine which, for
given (A,z) and ¢ > 0, returns a g-approximate solution (y,u,€). Let us call this subroutine ATS
(Approximate Tensor Subroutine). Different from [27], where a similar subproblem as (23] without a
possible nonsmooth function h(-) and regularization term % ly — x||? is exactly solved, we only assume
an approximate solution in the form of ([2.7)) is available and no further assumption on A(-) is required.
Note that the possibly nonsmooth function h(-) can be viewed as a fixed parameter in ATS. Once h(-)
is given, ATS could be called in each step of the bisection search, which itself is a subroutine in the
main procedure of our algorithm.

3 The Optimal Tensor Method

3.1 The tensor algorithm and its iteration complexity

Our bid to the optimal tensor algorithm is based on the so-called Accelerated Hybrid Proximal Extragra-
dient (A-HPE) framework proposed by Monteiro and Svaiter [24] for problem (I.1]), whose main steps
can be schematically sketched below:



Algorithm 1 A-HPE framework
STEP 1. Let xg,y0 € R", 0 < 0 < 1 be given, and set Ag =0 and k£ = 0.

STEP 2. If 0 € 0F(yx), then STOP.
STEP 3. Otherwise, find A1 > 0 and a triplet (§g41, Vk+1,€x+1) such that

Vg+1 € 8ek+1F(gk+l)v (31)
INke10k41 + Tt — Zll® + 2016041 < 02 |Trr1 — Tl (3.2)
where
7 = Ay, " g1 .
A + ag+1 Ap+aper
Ak+1 + \/)\iﬂ + A1 Ag
Ak+1 = 9 :

STEP 4. Choose yiy1 such that F(ygi1) < F(grs1) and let

App1 = Ap+ apqa,

Tk+1 = Tk — Qg41Vk+1-

STEP 5. Set k < k+ 1, and go to STEP 2.

Note that in STEP 2, the stopping condition is 0 € 0F(yx). However, in practice, the condition is
replaced by an approximate version of it (see Algorithm 2] below). In the following, we quote some
technical results derived in [24] for A-HPE. Since our proposed algorithm is within that framework, the
results in Lemma [3.T] hold true for our method as well, and they will be used in the subsequent analysis.

Lemma 3.1 Suppose the sequence {x, yr, Tr, Jr} s genernated from Algorithm[d. Let x, be the pro-
jection of xo onto the set of optimal value points X, Fy be the optimal value, and D be the distance
from xg to X,. Then for any integer k > 1, it holds that (Theorem 3.6 in [2)),

k

Sllae — il + Ae(F(yk) — F) + > g —#al* < 5D (3.3)
2 2 =N 2
Therefore,
k
Ao L D?
Z )\—7||yj —F < o2 (3.4)
j=1"

Furthermore, Ay and A\, has the following relation (Lemma 3.7 in [2]|])
2

k
VA (3.5)
j=1

Ay >

| =



If yi. is chosen as Gy, for all k, the distance between yy and . can be bounded as follows (Theorem 3.10

in @/}}

2

+ 1> D. (3.6)

Now we are ready to propose our optimal tensor method in Algorithm Bl

Algorithm 2 The optimal tensor method

STEP 1. Let g = yo € R", vy € 9f(z9), €0 =0, k =0 and set 0 < €p < 1, M > Ly. Let 6 > 0,
0 < 0; <0y < 1suchthat 0 := 6+ 0, < 1 and o3(1 +6) ! < o, (1 — 5) 1.

STEP 2. If |jvg|| < p and €, < € then STOP. Else, go to STEP 3.

STEP 3. Find A\;4; and a -approximate solution
(Y41, Uk+1, €k+1) € R x R™ x Ry of (23] at (Agy1,Zx) such that either

dloy  nd—1 dloy,
< — < .
EST Meatllyrs1 — Tl “7 < Y] (3.7)
or |V f(yk+1) + ukt1 — Vfz, (Yr+1) || < p and €41 < € hold, where
- Ay Af+1
T A ak+1yk Ag + apq1 (3:8)
and
Ak+1 + \/Azﬂ + A1 A
Ap+1 = . (39)

2

(Note that Agpiq appears in both (377) and (3.9]), and seeking a proper A\xii requires a bisection
procedure, to be called Algorithm [3in Section ()

STEP 4. Let
Vkp1 = VI(Urt1) +urrr — Ve, (Uke1), (3.10)
App1 = Ap+apg1,
LTi+1 = Tk — Ak+1Vk+1-

Set k < k4 1 and go to STEP 2.

At this point, neither Algorithm [[Inor Algorithm [2] has been shown to be implementable. In fact, STEP
3 in both algorithms presented above remain unspecified. Since A\;11 appears in both [B.7) and (3.9,
it is even unclear why such solutions as required by STEP 3 exist at all. Actually, the double roles
played by Apyq in (B7) and ([B9) are crucial for the overall O (1 JEBd+1)/ 2) convergence rate. As a
tradeoff, such A\;41 is not easy to find. In Section ] we shall discuss a practical method to find a proper
Ak+1 (and thus establish a practical implementation of STEP 3 in Algorithm 2) via the Approximate
Tensor Subroutine (ATS) in combination with a line-search subroutine.

First, let us remark that Algorithm [2is indeed a specialization of A-HPE. For simplicity, we let yi11 =



Jg+1 in STEP 4 of Algorithm [[I Because (yxi1,ukt1,€k+1) is a d-approximate solution at (Agt1,Zg),
one has that ug1 € (Vfz, + e h)(Yr+1), and so we have

Vg4+1 € Vf(yk-i-l) - vfik (yk-i-l) + (fok + 8€k+1h)(yk+l)
= Vf(Wrt1) + Ocpy h(Wk+1) S O (f + 1) (Yrt1)

which satisfies (B.]). To establish ([B.2]), we need the following proposition.

Proposition 3.2 Let (y,u,€) be a G-approzimate solution of (2.4) at (X, &) such that B.1) holds. Define
v:=Vf(y) +u—Viz(y). Then,

_ . Lg+M ) _
Ao +y — Z|* + 2Xe < <U+A Iy — & 1) ly — Z[|*. (3.11)
Consequently,
A +y — &* +2Xe < o®[ly — &|*  with o =0y +6, (3.12)

where oy, is a input paramter in Algorithm [2 and also appears in [B1).

Proof. First of all, according to Lemma 211 it follows that

Ld—I-M

Mlu= vl = AIVF@) = Vi@ < A=

~1d
ly — 2%

Combining the above inequality with (27)), one has that

[Av +y — 2| + 2)e
< (Mu4y = Z]| + Mlu—v]))? + 2xe
= (Mu+y—Z)* +2Xe) + 2\[Ju — v[[|Au +y — F|| + A?|ju — v|?

) i La+M, o\ ap - La+M,  _.\?
< &y - al 42 (Vg - a1 oly - ol + (VL gy - 21¢)
o Lg+M N
= (o aZ My = a) - a1,

proving the first inequality. Then, by the right hand side of (31, ALd;]M ly — ||4~! < o4, and so the
second inequality follows. O

We summarize the above discussion in the theorem below.

Theorem 3.3 Algorithm[2 is a manifestation of the A-HPE framework, and thus the results of Lemma
[Z1) hold for the sequence generated by Algorithm [3.

Before addressing the implementation of STEP 3 in Algorithm [2 let us first present the overall iteration
complexity of Algorithm 2] assuming STEP 3 could be implemented.



Theorem 3.4 Let D be the distance of xg to X.. Then, for any integer k > 1, the iterate y, generated
by Algorithm [Q satisfies:

Fyr) — Fi < (%)

3d+1
2

2d
(1= (6 + 0u)2) T dloy

3d+1

DY Ly + M)k~ "2

3d+1

The above theorem establishes the O(1/k2) iteration complexity for Algorithm 2l Since Algorithm
falls into the category of the High-Order Oracle Model, whose iteration complexity has a lower bound of
o(1/ ke ); see Arjevanim, Shamir and Shiff [31] and Nesterov [27]. The worst-case iteration complexity
of Algorithm [2l matches this lower bound and it is therefore an optimal method.

3.2 Proof of Theorem 3.4
We first provide a recursive bound on Ay as an intermediate step.

Proposition 3.5 Let D be the distance of xg to X,. Suppose {AL}32, is generated from Algorithm [3,
then

oo\
1 2 1
A > ZC q E Aj (3.13)
Jj=1
) ' __2
_ 3d+1 _ 3d+1 _ D dlo 1
where ¢ = <21, p = 545 and C = (e (Ld+§w) .

Proof. Suppose {zy,yi, Tr} is the sequence generated by Algorithm 21 Then, according to ([B4) and
Proposition B2] it holds that

k

S iy, gy <
e A—
= /\j J J 1-— (O‘ + O'u)2
which together with the left hand side of ([B.7)) implies
k k ~
3 A _ 3 Ajlly; = %) 1
. % . )\j % ~ 2
i=1 A j=1 A lyy = E5al
2
D? dloy \ 41
< =C. 3.14
< e (nrw) o

By the definition of p and ¢, we have % + % = 1. Using Hoélder’s inequality, together with ([BI4]), we
have

k % ) k % k A % k 1 A% k 1
ORVATY INCTEN D DRVAvY I D DE o I SOV e St
j=1 j=1 j=1 A j=t A=



Finally, by (33]) we obtain

Ay >

VA

k ko
—1 j=1

| =
1V
| =
9
2|y
=,

J

0

Proof of Theorem [3.4. Let p, ¢ and C be defined as in Proposition Construct { By} such that
(2p/@)*~"

1— i 2p
By =A and By =T =2/a (A)®/0"" for i > 2, where T := %(é) qp(ﬁl)z”. Next, we shall apply
induction to show that for any k > 1,

Ay > Bk Vi > 1, (3.15)

where r; = %2“ [1—(2p/q)"!]. When i = 1, this is obvious because Ay > A; = B1k™. Now suppose

that for any k > 1, Ay > B;k" for some i. Then, by the induction hypothesis and ([BI3]) it holds that

2p 2p
1 2 . 1 2 N
Ay z O [ X A7) =0T | D (B
7j=1 j=1
2p "
1B\ ¢ Zk:_ 1 Bqu/k wo\Y
= = 1 - (= xadr
i\c) \&’") “ilc 0
COL(BNT (L \T BT (g VT ()
4\ C 1+7ri/q 4\ C q+r;
2p 2
LB (2 \7 ap(u+1)
> == k q 3.16
- 4<C> <d+1> ' (3.16)

where the last inequality follows from

g r=y 1 1 2

= = > -
gtri MELLSTEL —(2p/g)i-] 1+ G- (/)i T 1+ G d+ ]

Let us further simplify the expression. First of all, from the definition of 1" and B;, one observes that

2p

1 /B\7 [ 2 \¥ B%T T%A@p/q)“l o
— - [ — . o —<p/q
s\ d+1 i '
_ P ety
1-(2p/q)* i

11



Then, the construction of ¢ and r; implies that

rs 3d+ 1 3d2+1( (2p/q)i~ 1
2P<E+1> = I+ 1 <1—|— 3d+1
_3d+1 d—1 =
= S (S0 e
_3d41(d+1 d- i
- d+1< 2 2 ~(p/a) )
3d+ 1 .

= 5 (1—(2p/q)") = ris1, (3.18)

where the second last equality holds true due to the fact that 2p/q = (d — 1)/(d + 1). Now the desired

inequality (B.I5]) follows by combining (3.16]), (B17) and [BI8]). Observe that 2p/q = (d—1)/(d+1) < 1,
1

and so lim B; = T1%/¢ = 7% and lim r; = &;1 Finally, by letting i — oo in (8.I5]) and using the

1—>00 1—>00

definition of C' in (8.14), we have

d+1 3d+1

Ak>T2]€ =

Flys) — F. < —~ D% < <ﬂ> - 2 per(p g
24 2 (1= (64 04)?) 7 dlo
O
3.3 Comparison with Nesterov’s Accelerated Tensor Method
In Nesterov’s accelerated tensor method [27], an auxiliary function
V() = () + M|z — 20| (3.19)

with [ being some linear function, is constructed to satisfy

Ri ¢ Bri= min ¢ () — ApF(y) > 0,
Rz : 1/Jk($) < AkF(a:) + MHJZ — JZQHd—H, Vo e R

where Aj, = ©(k%t1). In fact, the function ¢y (z) serves as a bridge to guarantee the following relation:

ARF(ye) < min gy (2) < (@) < AP+ M. — x| (3.20)

12



As a result, F(y,) — Fy < AMka* — 29[|+ yielding the iteration complexity of O(1/k%+1).

In the implementation of high-order A-HPE framework, it is crucial to ensure that condition ([B.7) is
satisfied. In the remainder of the paper, we shall focus on how to satisfy [B.1) in STEP 3 of Algorithm
2 Our bid is to use bisection on a parameter A (to be introduced later), while calling an Approximate
Tensor Subroutine (ATS). Observe that Z, which is the point to define f;(y) in (24) to approximate
the smooth function f(y), is indeed heavily dependent on A. In other words, we need to search for the
point where the Taylor expansion (2.4]) is to be computed. This is a key difference between the A-HPE
framework and Nesterov’s approach [27]. Once condition (3.7 is satisfied, then inequality ([B.3]) would
follow, which leads to the following tighter estimation than (B.20):

1
ApF(yg) + Br < ApFy + §Hx* — x0?,

1—0?

as B = 5 Zle f—jHﬂ] —Zj_1]|*> > 0 is totally missing in (320). The above inequality also gives an

upper bound on f;. Together with the lower bound (B.6)) this gives a better lower bound on Ay, namely
Ay > O(k:LZH), which leads to the optimal iteration complexity presented in Theorem [3.41

4 A Line Search Subroutine and Its Iteration Complexity

After establishing the overall iteration complexity for Algorithm [l it remains to find a way to implement
STEP 3 of the algorithm. In this section we discuss how this can be done, from a special case to the
general one. The idea is better illustrated by considering the special case. Finally, for the general
composite objective function, assuming the tensor proximal mapping regarding h(z) is possible, our
approach is based on a line-search procedure for the point on which the Taylor expansion is computed.

4.1 The Non-Composite Case

Let us first consider a special case for Algorithm Pl where F'(x) = f(z) in the objective function and
Yka1 1S the exact solution of the following convex tensor proximal point problem:

. 1 ~ 12
m;Hfmk(y)+m||y—$k\| .

We shall discuss how to find A\p;1 to satisfy the alternative condition in STEP 3 of Algorithm 2

Note that for fixed z; and yi, Zx and yi41 are uniquely determined by Agi1. Therefore the functions
Zr(N\) and yr41(A) are continuous with respect to A (where we denote A1 to be \). Next, we show
that:

(1) Mlyre1(A) — (V)71 — 0, as A — 0;

(ii) Either there exists an increasing sub-sequence A; 1 oo, such that )\ijkj—l()\j) — T (M) =
as j — oo, or there exists A such that ||V f(yr+1(N))|| < p for any A > A.
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Observe that

fao) (Whr1(N) + %Hykﬂ()\) — ZR(A)[?

. 1 - 9
min favon (W) + ﬁHy — (M)l

Tae ) (@k(N))
= f(@r(N) <00, VA>0

IN

where f(Zr(\)) is bounded, since () is a convex combination of x; and yi. Letting A — 0 in the
above inequality leads to |yxr1(\) — Zr(N)||? = 0, which implies A||ypr1(A) — Zr(A\)||*™1 = 0 as A — 0,
proving (i).

To prove (ii), it suffices to show that if the “either” part does not hold, then the “or” part must hold.
In this case, there must exist C; > 0 such that when A\ — 0o, A||lypr1(N\) — Z(\)||“F < C4, and thus
lyk+1(A) — Zk(A)|| = 0. Moreover, for any A > 0 the optimality condition is

Y far oo @it (V) + = (st (V) — 35(A) = 0.

A
Letting A — oo in the above identity yields that V fz, () (¥r+1(A)) — 0. Recall that in this case we have
lye+1(A) — Zk(N)|| = 0, thus V f(yg+1(A)) — 0 proving the “or” part.

To summarize, either we have A||yx11(A)—Zk(A) |97 — 0as A — 0and A\j{lygr1(A;) =Tk (A)[|971 — oo as
j — 00, which guarantees the existence of A to satisfy (B.7) due to the continuity of A||ygr1(\)—Zx(\)||?
on A\. Or we have a Agyq such that ||V f(yg+1(N)]| < p. In this case, since h(x) is not present,
U1 =V fz, (Yr+1) and ||V f(ye41) +urt1 — V iz, (Ye+1) || = [V (k11| < p. Therefore, we have shown
that the alternative condition in STEP 3 is actually satisfied.

4.2 A Bisection Subroutine

To present the algorithm that computes A satisfing the conditions in STEP 3, we first construct By =

Ak+1 _
Trtar s from B9)), we can see that g1 =

by means of Bx11:

At1 -
Atar s Therefore, we are able to represent A\;y1 and Ty

Mep1 = Appitl
k+1 — kl_BkJrl’

T = Brrrzr + (1= Brr1)yk-
In the k-th iteration, we denote
2
NO) = A, BeO.1) (@.1)

Its inverse on the domain A > 0 is

VAZ +4AXNA, — A

24y ’

BA) =

which is monotonically increasing.
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We shall perform bisection on g instead of A in STEP 3 of Algorithm [2] to search for A;y1. In that way,
the initial interval for the bisection is [0, 1]. (Monteiro and Svaiter [24] presented a bisection process for
their A-HPE algorithm too. However, we can skip what they called the bracketing stage in [24]).

Algorithm 3 Bisection on  based on the subroutine ATS

INPUT: M > Ly, 6> 0,0 < 0y < 0, < 1suchthat 0 :=6+0, <1and o;(14+6)" < 0,(1—6)471,
tolerance p > 0 and € > 0.

STEP 1. Let a = Li!fj\/l and a_ = Lj!f:ﬁ\/[-

STEP 2. (Bisection Setup) Set f_ =0, B4 =1, Ay = A(B4) = 400, A_ = A\(5-).
2.a. Let g = % and let

A =AB), xp=(1—PB)yk+ P, (4.2)
and use ATS to compute (ys,ug,€g) as a d-approximate solution at (Ag,zg), and vg = V f(yg) —
meg(iUB)“‘“B'

2.b.

if [jug|| < p and eg < € then
output (Ag,z,ys, ug,€3) and STOP.
else if \gllys — 759! € [a—, ay] then
set (Br+1, Tk, Yk+1, Vkt1) = (B, 238, Yp, vg) and STOP.
else if \g|lys — 25)¢"! > ay then
set By < f, and go to STEP 2.a.
else if Agllys — 25)9"! < a_ then
set f_ < 3, and go to STEP 2.a.
end if

We remark that the conditions on p and € are only used in the final stage of the algorithm to decide the
point that is close to optimum. In the implementation, it is reasonable to set a lower precision at the
beginning stage of the algorithm. Now an upper bound for the overall number of iterations required
by Algorithm [Blis presented in the following theorem, whose proof will be postponed to the subsequent
section.

Theorem 4.1 Algorithm[3 needs to perform no more than

O (max{logy(¢ "), logy(p™1)}) (4.3)

bisection steps before reaching \,+1 > 0 and a 6-approximate solution (Ygi1, Ug+1, €x+1) at (Ags1, Tk(Akr1))
satisfying
a < N [[E(krn) — g |77 < ag,

or to return vg41 and €x4q1 such that ||vg41] < p and €pqq < €.

4.3 The Iteration Complexity Analysis

In this subsection, we establish the iteration bound of Algorithm [ and give a proof for Theorem F.T]
First, we review some facts for maximal monotone operator. For a point-to-set operator 17" : R == R",
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its graph is defined as:
Gr(T) ={(z,v) e R" xR" | v € T'(2)},

and the operator T is called monotone if
(v—=0,2—2)>0 VY (z,v), (2,0) € Gr(T),

and T is mazimal monotone if it is monotone and maximal in the family of monotone operators with
respect to the partial order of inclusion. Given a maximal monotone operator 1" : R = R™ and a scalar
€, the associated e-enlargement 7 : R™ = R" is defined as:

T(2)={veR"|{(z—Z2,v—10) > -, VZeR", 0€T(2)}, VzeR"

For a convex function f, its subdifferential df is monotone if f is a proper function. If f is a proper
lower semicontinuous convex function, then df is maximal monotone [2§].

Recall that the optimality condition of subproblem (2.3) is characterized by (2.6]), which is:
0NV fe+0h)(y)+y—x=ANVf+0h)+1)(y) —z.
Furthermore, z is optimal to (1)) if and only if y = . Therefore, it is natural to consider the residual
wumy:AW1+Mvh+aer@—xH

for any A > 0,z € R™. The above residual was adopted in [24] for the quadratic subproblem. In this
paper, to accommodate the high-order information, we consider the following modified residual:

d—1
wumy:AW1+Mvh+aer@—xH

We have an immediate property regarding (-).
Proposition 4.2 Let € R" A > 0 and 6 > 0. If (y,u,€) is a d-approximate solution of (2.3) at
(N, x), then

A1 =6)" My — 21" <p(hz) <AL +6) ly — 297 (4.4)

Proof. From proposition 7.3 in [24], it holds that

AL =)y =2l < o™ sz) < AL+ 6)]ly — 2l (4.5)
Notice 9=t (\;z) = A=2¢(\;z), and so ([@4) readily follows by combining the above inequalities and
identity. O

Lemma 4.3 Let scalars p > 0, € > 0, ¢ > 0 and o > 0 be given and satisfy & + Ld:[!Ma =0 < 1.

Suppose

1 2 -1
1 Lo+ M \1'""2 [o2a771 )\
A>max{ a4 = (14+6+ d+ « , Ua? , (4.6)
P d! 2€

and (y,u,€) is a d-approrimate solution of (24) at (A, z) for some vector x € R™. Then, one of the
following holds: either (a) M|y — z||4"! > a; or (b) the vector v := V f(y) — V f.(y) + u satisfies

ve (Vf+(0h))(y), lvll<p e<e (4.7)
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Proof. Suppose that \ satisfies (Z6]) but not (a), namely
Ally - 2]/ < . (48)

In that case, recall that Oh, is the e-subdifferential of h and (Oh)€ is the e-enlargement of operator Oh.
According to Proposition 3 in [9], one has dh.(x) C (0h)(z) for any € > 0 and = € R". Therefore, the
inclusion in ([£7) directly follows from Proposition Moreover, inequality ([B.I1]) leads to

Ld—I-M
d!

~ d—
Alell = lly — 2ll < o +y—afl < (am ly— ] ) ly — 2.

Together with (46]) and (48], the above inequality yields

1 R Lg+ M _
ot < 5 (144 22 Ay — o)
1 . Lg+M ay att
< — —
_)\<1+U+ il a)(x)
<5

On the other hand, inequality (BI1]) also implies that

. Lg+ M 1\ . Li+ M \?
e < <0+ Ay — o 1) ly = 2|2 < (5 + ==a) lly - z|]* < o*|ly — l|*.
Combined with (6] and (L)) this leads to
Ply =zl _ o jayas
< < — (= <€
s 25 (5)7 s
Hence, (b) must hold in this case. O

In the rest of this section, we simply let @ = a_ in Lemma and denote
d—1

< 174 |1 Li+ M l_é 0204% o
A = max { o/ —(14+05+ oz_)] , —

4.
p d! 2€ (4.9)

Lemma 3] implies that if A is sufficiently large, then either Algorithm Bl stops because (7)) is satisfied,
or ||y — z||%"! > a_, which achieves half of the bisection goal. Now we are ready to prove Theorem

21
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Proof of Theorem [l Suppose that Algorithm [ has performed j bisection steps before triggering

the stopping criteria. We aim to show j < © (max{logy(€™"),logy(p™")}). At that iteration let us

denote x4 = xg,, v_ = wg_, yy = yg, and y_ = yg_, and we also have f; — 3_ = 2% Denote
B = B(\), where A is as defined in @3). If 3 < 3 then 1EB < 2;if B> 1, then (@) gives

1%5 _ ﬁ@ < j—i < max{@ ((ﬁ_l)%> ,© ((E_l)%>}'

Therefore, in the rest of the proof we may assume j > logy(2/(1—f3)), for otherwise j < logy(2/(1—3)) <
O(max{logy(p~1),logy(€71)}) already holds.

Note that the bisection search starts with 5, = 1, corresponding to A\ = 400 according to (£I]) when
B+ is not updated during the procedure. However, the following lemma tells us that after running
Algorithm [3] for a number of iterations, Ay will be reduced and upper bounded by some constant
depending on € and p.

Lemma 4.4 Suppose that Algorithm[3 has performed j bisection steps with j > logy(2/(1 — B)), where
B =PB(N\) and X are as defined in [A9]). Then we have

Ay < max {94, /4, 81} = max {@(E_l), o ((p—l)d%l)} . (4.10)

We shall continue our discussion without disruption here and leave the proof of Lemma [£.4] to the
appendix. Since Algorithm [Bldid not stop before iteration j, the bound on S, must have been previously
updated, and so

|d—1

Allysy = 1770 > ans Allys. —ap || < a-y

where A\, is upper bounded due to Lemma [4.41
By Proposition £.2] we have that

U = ) 2 A (1 =6) "y —ag T > (1-6)" Ty,
o= YA ) <A (1+6) yo —a |7 < (14 6) e,
Consequently,
Yy —p_ > (1 —6) "o, —(1+6) o, (4.11)

The parameters o and a_ are pre-specified. Therefore, it suffices to show that ¥, — ¥_ is upper
bounded by B4+ — - multiplied by some constant factor and hence the number of bisection search j
can be bounded as well. To this end, denote

Jr = (T+ A (Vfe, +00)  (@y) and g = (T+A(Vfs +0h) " (z ). (4.12)
Then, there exist

Uy € (Vfz, +0h)(U4+), st Apuy =24 — Yy,
Ur = Apllgy — 2|7 = A fag | (4.13)
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and

i € (Ve +0h)(§-), st. Aa_=x_—7_,
e N A il 72 K (4.14)

To proceed, we have the following bound on A2 ||t — %_ || whose proof can be found in the appendix.

Lemma 4.5 It holds that

Ny —a|| < 2NNV fuy (54) = Voo @)+ M = A=l — 24| + A flzg — 2. (4.15)

Note that

‘ad_l - bd_l‘ - ((a —B)(a? + 0?3+ -+ 642)| < (d - 1)|a — b| max{a, b}2, (4.16)

for any a,b > 0. Now combining (@I3), [EI4), (EI5) and (EI6) we have

vy — |
= Pt = x|
S L e [ R T PV
< Py = AN a4 g — a4 — 1) mas g ), a- [}42Ad
= g = A [dT a7+ (d = D)flag — ao|| max{ | A_ag ||, [[A-a—|[}92A2
< Py = A X a1+ (d = Dflay — a- [ max{ [ Apag |, A-a[[}2A2
= Ay = — o @ Dl — o ma ey — g, e — g 32
< A = A5 — 24 |47 4 (@ = Dmax{las - gl fa- - g [}2

X A2V oy (04) = Ve @)+ A = AlFs — 24|+ A [Jay —2—])) . (4.17)

Next, by applying (L9), ([£9), Lemma [A2 Lemma [AH and Lemma [A.6] we have

max{@ <E_Z;+}) ,O <,5_%) } < max {@(E_l), © <ﬁ_%)} )

Ao < A

A < max{0(F).0 (7T ) | (B - B0,
los = gill < max{6(E), 0 (57" )},
Jo-—g-Il < max{e (), 0 (7)) <max{6E™), 0 (7%},
IVFe ) - Ve @) < max{e (e, 0 () (5, - ).
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Combining the bounds above with (ZI7) yields

e — 9|
= dmax{@ (e+7).® (P‘H> } (B — )+ (d - Dmax {0 (2) 0 (575}

X <2max{@ (é‘d‘1> , 0 <p‘(d+dl)2>} +max{@ (%, (/TWTH))}
+max {0 (), 0 (p—“I”)})(m 52

< max{e(e2), 0 () (8 - 50),

where the last inequality is due to d > 2. Because 54+ — f_ = %, from (£I1]) we have

(2d—1)(d+1) 1
(1— c})d_1a+ - (14 c})d_la_ < max{@ <€_2d+1) , 0 <ﬁ—%>} TR

The left hand side of the above inequality is a positive constant. Therefore,
j < © (max{logy(e™"), logy(571)})

as required. 0

Remark 4.6 In fact, we can quantify the constants in the proof of Theorem [{.1] more explicitly, and
obtain the exact form of the bound © (max{logy(e™1),logy(p~1)}). Recall that

FES TN R b T
d! B ’ 2€

- 1
A = max al_/d -(1+6+
p

2
and D1 =24+ ——D |.
: ( V1—o? )

Introduce the following constants

4(\ +40)?
G = (+7AC)7
C
LyD 9_ -
Gy = D—I—TmaX(ZC’,ES)\),
LDdJrlf
Gy = (146)|D;+ dd,l A,

d
G o= Y [(z — 1)BiD1(Dy + Ga)' "2 + By D1 (Dy + Gz)H] + BaDn,

where
d+1
d

dloy - o?D  DBI=D/CD (] 4 5)1/d <1>

(La+ M)D{" T Y,
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and B, ..., By is a sequence defined by
By =|Vf(@)ll, Bii =V (@) +2D1By, 1=2,....d.

Then the complezity bound in Theorem [{.4) can be explicitly expressed by

(4.18)

1 dGl/_\d_l + (d — 1) maX(Gg, G3)d_2/_\2(2/_\2G4 + G1G9 + /_\Dl)

o} .
& (1-6)""1ay —(1+0)ta_

It is clear that the dependence of the resulting bound depends logarithmically on the parameters Lg, D,

and input parameters o, a_, oy, and polynomially on d. The derivation of (I8 is skipped for the
sake of succinctness.

Now, for a given € > 0, we denote

D, :=sup{||x — .|| : Jy € OF (x) s.t. ||y|| < €}.

Combining the bounds provided in Theorem 3.4, Theorem [£.J]and (4.18]), we obtain the overall iteration
bound for Algorithm [2]in terms of the ATS calls as follows:

Theorem 4.7 Given € > 0. Assume that Algorithm [Q is implemented with M < 2L4. Set € = ¢/2,
p < min{ L e}, and define

2D,

o [a+1 2d S (Ly+ M)D! TZHT
< 2 (1 — (6 + 0,)?)d=D/2dl0, € ‘

T —1 dGlj\d_l + (d — 1) maX(GQ, Gg)d_25\2(25\2G4 + G1Gy + S\Dl)
«T 08 -6 Ta, — (1+6)" la '

where

Then, a point z € R™ satisfying
F(z)—F.<e

can be found by Algorithm [ with no more than K. calls of ATS.

Proof. We consider two cases separately. In the first case, Algorithm [2] terminates because we find a
k < K. such that ||vg|| < p and |legx|| <€ Aswvy =V f(yg) =V fa, (yr) +up and uy € V fo, (yr) + 0, h(yr),
we have vy, € V f(yi) + O, h(yr). Let . be the projection of xy onto X,. By the convexity of f and h,

() + (V) e — Yk)
h(yr) + (v — Vf (Yk), T — yr) — €.

AV

Summing up the two inequalities above yields

Fo > Fyr) + (U, T — yr) — & > F(yr) — pllyx — ]| — €
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By the construction of p, we have that ||v.|| < p < e. Together with the definition of D, this implies
that [|yx — x«|| < D.. Again, by evoking the construction of p and €, it holds

€ €
Fo2 Flyr) =5 —5=Fly) —«

\)

In the other case, condition ([B.7) holds for every k& < K.. Then, according to Theorem B4 for all
k < K. we have

3d+1

2 d
F(yk) - F, < <ﬂ> 2 — Dd+1(Ld + M)k_3d2+1
2 (1 - (5'4-0'“)2)7(1!0-1

By the definition of K, and letting k = K, in the above inequality, one has
F(yk,) — Fy <e.
O

Note that the implementation of our framework is based on the assumption that the ATS can be
efficiently computed. By the construction, the objective in (Z5]) has a %—strongly convex smooth part,
which can be solved by many start-of-the-art optimization algorithms. However, there is few efficient
algorithms customized for problem (2.5]). Without further knowledge of the problem structure, the
proposed approach is not necessarily more efficient as compared to, e.g., a direct application of a
general-purpose convex optimization algorithm on (II]). At the end of the paper, we shall briefly
discuss a method for the subroutine in the special case d = 3 introduced by Nesterov [27], which opens
the door for this line of research. Of course, how to efficiently solve ATS in general remains a further
research topic.

5 Concluding Remark

To conclude this paper, we shall discuss how to compute ATS efficiently with d = 3. Note that in STEP
2.a of Algorithm [l an Approximate Tensor Subroutine (ATS) is required, which can be implemented
in polynomial time in the case of convex optimization. In some applications, ATS may be implemented
efficiently if some additional structures on the tensor (Taylor) expansion and/or the h function exist.
In this subsection, we show how ATS (i.e., solve problem (Z3l)) may be computed efficiently in the
absence of the non-smooth part, i.e. F(z) = f(x), when d = 3. Note that since h = 0, the €g in the
bisection subroutine may be simply set to 0.

In this case, the objective function in (ZH) becomes: f,(y) + 3|y — z[|* = f(z) + Uy — x) where

1 1 1 M
Qz) = 2"Vf(z) + §ZT (sz(:n) + XI> z+ gv?’f(x)[z]?’ + ZHZ||4-
Therefore, the subproblem (Z35)) is equivalent to min,cgn Q(z). Let M = 3x?Lz with x > 1. Then, a
similar argument as in Lemma 4 of [27] implies that function §2(z) satisfies the strong relative smoothness

condition
k+1

V,o(z)_VQ(z)_ﬁ_l

V2p(z) (5.1)
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with respect to function

T(rk—1_, k—1 M —3kL3 4
=T (2 BT ) BT e
Such condition allows to minimize €2(z) efficiently by a gradient method described in [21], 27], where

we need to solve the following problem in every iteration:

1
min aTz—l——,szLz%—szH4 , A= 0, v >0,
z€R™ 2 4

which was considered at the end of Section 5 in [27]. According to a min-max argument in [27], the
above problem is shown to be equivalent to

1
Ig]g <77’2 + §aT(77'I + A)_1a> ,

which is actually a univariate optimization problem with a strongly convex and analytic objective
function, hence is easily solvable in practice. Note that a matrix inverse operation is required in the
univariate optimization above. Since in all iterations of the gradient method described in [21] 27],
the matrix A is exactly V2f(x) throughout and only the vector a varies, the matrix inverse operation
needs to be performed only once. As the gradient method in [21] 27] is linearly convergent, the total
computational cost of an ATS call is in the order of O(n3 + n?log(p~1)).

Acknowledgments.

We would like to thank Tianyi Lin at UC Berkeley for the helpful discussions at the early stages of the
project.

References

[1] M.M. Alves, R.D.C. Monteiro and B.F. Svaiter (2014) Primal-dual regularized SQP and SQCQP
type methods for convex programming and their complexity analysis.

[2] M.M. Alves, R.D.C. Monteiro and B.F. Svaiter (2016) Iteration-complexity of a Rockafellar’s
proximal method of multipliers for convex programming based on second-order approximations.

arXww:1602.0679/

[3] M. Baes (2009) Estimate sequence methods: extensions and approximations. Institute for Opera-
tions Research, ETH, Zurich, Switzerland.

[4] A. Beck and M. Teboulle (2009) A fast iterative shrinkage-thresholding algorithm for linear inverse
problems. SIAM Journal on Imaging Sciences, 2(1):183-202.

[5] E.G. Birgin, J.L. Gardenghi, J.M. Martinez, S.A. Santos, and Ph.L. Toint (2017) Worst-case eval-
uation complexity for unconstrained nonlinear optimization using high-order regularized models.
Mathematical Programming, 163(1-2):359-368.

23


http://arxiv.org/abs/1602.06794

[6]
[7]

8]

B.Bullins (2018) Fast minimization of structured convex quartics. ArXiv Preprint: 1812.10349.

S. Bubeck, Y.T. Lee, and M. Singh (2015) A geometric alternative to Nesterov’s accelerated gradient
descent. ArXiv Preprint: 1506.08187.

S. Bubeck, Q. Jiang, Y.T. Lee, Y. Li and A. Sidford (2018) Near-optimal method for highly smooth
convex optimization. ArXiv Preprint: 1812.08026.

R.S. Burachik, A.N. Iusem and B.F. Svaiter (1997) Enlargement of monotone operators with
applications to variational inequalities, Set-Valued Anal., 5, 159-180.

C. Cartis, N.I.M. Gould, and Ph.L. Toint (2017) Improved second-order evaluation complexity for
unconstrained nonlinear optimization using high-order regularized models. larXw:1708.04044.

C. Cartis, N.ILM. Gould, and Ph.L. Toint (2018) Universal regularization methods: varying the
power, the smoothness and the accuracy. |arXiv:1811.07057v1.

A. Cotter, O. Shamir, N. Srebro, and K. Sridharan (2011) Better mini-batch algorithms via accel-
erated gradient methods. In NIPS, pages 1647-1655.

L. Calatroni and A. Chambolle (2017) Backtracking strategies for accelerated descent methods
with smooth composite objectives. |arXiv:1709.09004.

Y. Drori and M. Teboulle (2014) Performance of first-order methods for smooth convex minimiza-
tion: a novel approach. Mathematical Programming, 145(1-2):451-482.

A. Gasnikov, P. Dvurechensky, E. Gorbunov, E. Vorontsova, D. Selikhanovych and C. A. Uribe
(2018) The global rate of convergence for optimal tensor methods in smooth convex optimization.
arXiv:1809.00382.

G.N. Grapiglia and Yu. Nesterov (2018) Accelerated regularized newton methods for minimizing
composite convex functions. Technical Report CORE Discussion paper.

A. Gasnikov, P. Dvurechensky, E. Gorbunov, E. Vorontsova, D. Selikhanovych, C.A. Uribe,
B. Jiang, H. Wang, S. Zhang, S. Bubeck, Q. Jiang, Y.T. Lee, Y. Li and A. Sidford (2019) Near
optimal methods for minimizing convex functions with Lipschitzp-th derivatives. In: Conference
on Learning Theory (COLT), pp. 1392-1393.

B. Jiang, T. Lin, and S. Zhang (2018) A Unified Adaptive Tensor Approximation Scheme to
Accelerate Composite Convex Optimization. larXiv:1811.02427.

G. Lan (2012) An optimal method for stochastic composite optimization. Mathematical Program-
ming, 133(1):365-397.

Q. Lin and L. Xiao (2014) An adaptive accelerated proximal gradient method and its homotopy
continuation for sparse optimization. Computational Optimization and Applications, 60(3):633-674.

H. Lu and R.M. Freund and Yu. Nesterov (2018) Relatively smooth convex optimization by first-
order methods and applications. SIAM Journal on Optimization, 28 (1), pp. 333-354.

24


http://arxiv.org/abs/1708.04044
http://arxiv.org/abs/1811.07057
http://arxiv.org/abs/1709.09004
http://arxiv.org/abs/1809.00382
http://arxiv.org/abs/1811.02427

[22]

23]

A

J.M. Martinez (2017) On high-order model regularization for constrained optimization. SIAM
Journal on Optimization, 27(4):2447-2458.

R.D.C. Monteiro and B.F. Svaiter (2012) Iteration-Complexity of a Newton Proximal Extragra-
dient Method for Monotone Variational Inequalities and Inclusion Problems. SIAM Journal on
Optimization, 22, 914-935.

R.D.C. Monteiro and B.F. Svaiter (2013) An accelerated hybrid proximal extragradient method for
convex optimization and its implications to second-order methods. SIAM Journal on Optimization,
23 (2), pp. 1092-1125.

Yu. Nesterov (1983) A method for unconstrained convex minimization problem with the rate of
convergence o(1/k?). Doklady AN SSSR, translated as Soviet Math. Docl., 269:543-547.

Yu. Nesterov (2008) Accelerating the cubic regularization of Newton’s method on convex problems.
Mathematical Programming, 112(1):159-181.

Yu. Nesterov (2018) Implementable tensor methods in unconstrained convex optimization, CORE
Discussion Paper 2018/05, Catholic University of Louvain, Center for Operations Research and
Econometrics (CORE).

R.T. Rockafellar (1970) On the maximal monotonicity of subdifferential mappings. Pacific J.
Math., 33:209-216.

K. Scheinberg, D. Goldfarb and X. Bai (2014) Fast first-order methods for composite convex opti-
mization with backtracking. Foundations of Computational Mathematics, 14:389-417.

S. Shalev-Shwartz and T. Zhang (2014) Accelerated proximal stochastic dual coordinate ascent for
regularized loss minimization. In ICML, pages 64—72.

Y. Arjevani, O. Shamir and R. Shiff (2018) Oracle complexity of second-order methods for smooth
convex optimization. Mathematical Programming, published online.

W. Su, S. Boyd and E.J. Candes (2016) A differential equation for modeling Nesterov’s accelerated
gradient method: theory and insights. Journal of Machine Learning Research, 17(153):1-43.

A. Wibisono, A.C. Wilson and M.I. Jordan (2016) A variational perspective on accelerated methods
in optimization. Proceedings of the National Academy of Sciences, pages 7351-7358.

A.C. Wilson, B. Recht and M.I. Jordan (2016) A Lyapunov analysis of momentum methods in
optimization. ArXiv Preprint: 1611.02635.

Proofs of the lemmas in Section 4

We first establish an uniform lower bound as well as an upper bound for the sequence {Ay}.
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Lemma A.1 Let D be the distance of xo to X,. Suppose {Ak}izl is generated from Algorithm[3, and
the algorithm has not stopped at iteration £. Then for any integer 1 < k < £, it holds that

dlo;

Ay > - , (1.1)
(La+ M) (25 +2) D!
and
2D DT (1+0)t [(1\T
A <max { — 7 77 7 (L Z)i) <> (1.2)

Proof. We first establish the lower bound. Since {A} is monotonically increasing, it suffices to lower
bound A;. Recall that Ag = 0 and A1 = Ag+ a3 = A1, and the choice of large-step ([B.7]) in Algorithm [2]
leads to

d'O-l d—1
<\ — Zoll* .
FEST 1lly1 — Zo|

Moreover, Lemma [B.J] implies that

lok — 2. <D, and g — 2] < (5— +1)D, (1.3)

2
vi—o
where z, is the projection of zy onto the optimal solution set X,. Combining the above two inequalities

with the fact that o = xg, it follows that

2

ﬁ+2)D.

lon = Foll < llys — @l + o — oll < (

Therefore,
dlo;

d—1
(Lg+ M) (—% + 2) Di-1

which is a uniform lower bound of the sequence {Ay}.

Ar =X\ >

)

Next, we provide the upper bound. By invoking [B12]) to (yg, vk, €k, Ak, Tk—1), it holds that

(L+o)llyr — Zr—1ll,
o|lyk — T

Then, combining (L4]) with (3.4]) leads to

2

A -
ARllonl® < (14 0) Tl — B < (14 0)? = (1.6)

Moreover, it follows from ([BI4]) that
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dlo;
Lg+M*

where a_ = Combining the above two inequalities yields

IS

Ar(1 —o?)(a_ a3 | 140
< il Dg( ) ) logl? Ax, < A llox ]2 Ak < gl

==

or equivalently,

D% (1+0)i ( 1\
Ay < s ( > . (1.7)
(1—0)(a_)dd2) vk
On the other hand, (L) together with (4] implies that
Ak‘ 2 ~ 2 O'2D
2A4pe, < PV e = Zrall® = T3
Consequently,
o’D 1
A 1.8
M =201 02) ¢ (1.8)

Now, since the algorithm has not been terminated, we have either ||vg|| > p or € > €, which combined
with (7)) and (L8] yields that

2D D%%u+@%<1>%%<1i?

2¢(1—02)  (1—o0) Fi

A < max ~
p

ar
and the conclusion follows. O

Below we prove Lemma [£.4] and Lemma respectively.
Proof of Lemma [4.4l We first demonstrate that

B <B=80N). (L9)

Otherwise, we have 3_ > B and A_ > X as the function A\(j3) is strictly increasing in 3. This together
with Lemma and the fact that A_|ly- — z_|| < a_, implies that the vector vg = Vf(y_) —
V fo_(y—) + ug_ satisfies

vp. € (VF+(0h))(y-), Nva_ll <p, €e<FE

and thus the algorithm would have been terminated, yielding a contradiction. So we have B_ < f.

Since j > logy(2/(1 — 3)), we have

- 1 - 1-8 148
B+_B‘+§§B+T_T<1‘ (1.10)

Together with the monotonicity of the function A\(3) this implies that
(1+5)°

L+ BY _ (452 _ s
) A e

)\+§)\<

27



(1+B)2 < 3\2 2 1 3\
(5) Ap when 3 < 5 and Ay < A 7

Therefore, Ay < Akm <
Me(Enm) e ()}

Combining the bounds in both cases, we have
Ay < max {94;/4, 8A} < max{@(é_l), © ((ﬁ_l)

= max{e@), 6 ("))},
where the second inequality is due to the upper bounds of A and A, in [@9) and (L2) respectively. [

Proof of Lemma Let v := 1y — Vo, (7+) + Vfe_ (74). Then v € (Vf,_ + 0h)(y4). By @I3)

and (£I4), it holds that

+ A Uy — AU =Ty — X
= Uy —y- + 2 ( =\ —Ap)up +x4 — 2
+A(D—a)=A_(0—ug)+ (Ao = Ap)uy x4 — .

Recall that v € (Vf,_ +0h)(y+) and u_ € (Vfy_+0h)(y-), and from the convexity of f, +h it holds

that
<g+ — Y-, U — Z_L—> > 0.

Therefore,
Ao —a | < gy -5+ A (G —a)]

= H)\_(’D — ﬁ+) + ()\_ — )\+)'Zj+ + Ty — x_H
<o = ay ||+ [An = Ap[llag ] + oy —z—]].
Using the previous identity and the triangle inequality of the norms implies that

N jas —a- || < N2 (lay — o] + o — a_|)
<2215 — i | + [Am — Ay Al |+ Afler — 2]

<2V fe, 56) — o @Ol + e = Al — a4 Ay — ]|
O

Next we shall present the lemmas with proofs that were used in Section [4l

Lemma A.2 Suppose Ay, A\_, B+ and B_ are generated fr(_)m Algom'thm_. When the nubmer of
iteration j in Algorithm [3 satisfying j > logs(2/(1 — 3)) with = B(A) and X defined in (£9), we have

A A< (max{@ 1), e <ﬁ—%) })2(5+ — ). (1.11)

Proof. Since j > log,(2/(1— f3)), inequality (ILI0) holds. By the mean-value theorem and the definition

of A\(5), there exists n € (8_, f+) such that
4
A — A=A <ﬁ—1> By — B-) < Ay <m—1> (B+ —B-),
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where the inequality is due to (ILI0). Recall that

YrDA A %
24, VA DA A

8=
The relation of 5 and A in (1) gives
A A (W DA N (A +44,)?

(1-5)2  Apt 16 Ap)2 = A,
Therefore, by invoking (£9), (L)) and (T2), we have
A — A
< A1) (- 0)
(1-p)?
< (=)
< OIS 5
k
< (max{o (@), 0 (()%)} +max{o @), 0 (™))} 3, - )
< (max{o (). 0 (")) (5 - 50
O
The following lemma is exactly Proposition 4.5 in [23].
Lemma A.3 Let A:R* = R* be a maximal monotone operator. Then for any x,T € R®, we have
I(Z+AA) " @) = (L +A)7H@)]| < [l - 2. (1.12)
Moreover, if v, € A71(0) then
max{]|(7 +AA) " (@) — 2|, [( + AA) " (@) — 2:l[} < [l — 2. (1.13)

Now we can bound the residual in terms of the distance between current iterate and an optimal solution.

Lemma A.4 Let T :=Vf+0h and Ty := V f, +0h. Assume that x, € T~1(0) = (Vf+0h)~1(0) and
let z,z € R™ be given. Then,

AMLg+ M)

lz — (I + ATz) (@) < |z — ]| + p

|7 — @ ||% (1.14)
As a consequence, for every x € R", x, € T71(0), and X\ > 0, it holds that

Mux _ x*Hd>d_1 )

i (1.15)

Wx—u+xn»*mw*lstu—xw+
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Proof. Let r be a constant mapping such that r(z) = V f(z.) —V fz(z.) for any € R™. Then, construct
A =Tz +r, where A is also a maximal monotone operator. By Lemma [A.3],

I(Z+AA) " (@) = 2| < fla — .. (1.16)
Let y = x4+ MVf(2.) — Vfz(x.)) and z = (I + Ar + XT5) " (y). We have
z+ ANV f(ze) = Viz(ze)) =y =T+ r+ A\Tz) (2) = 2 + MV f(zs) — Vz(as)) + Nz (2).
Canceling \(V f(z4) — V fz(z,)) on both sides leads to
(T4 X)) = 2= (T + M+ XT%) " (y) = (I + 2A) " L(y).
Combining the above inequality with (II6]) and Lemma 2] we have

lz — (I +AT5) (@) = o — (I + 24) " ()]
<llz = (I + ) @)l + 1 +A4) " (@) = (T +A4) 7 ()]
< lz =zl + AV F(22) = Vfa(a)|

MLa+ M),
<o -l + 2EE Mg e
which proves (ILI4), and (L.I5]) follows from (II4]) straightforwardly. O

Lemma A.5 Suppose x4 = x5, and x_ = x5 are generated from Algorithm[3, and y, y— are defined
in [@I2). When the number of iterations j in Algorithm [3 satisfies j > logy(2/(1 — B)) with 8 = B(A)
and \ defined in (49, we have

2

1—o02

le— —g_| < max{@ <€_%> , © (ﬁ_%>}.

e
ISy

oy — 2| < (2+ )Py =), oy — gl < max {0, © (570"}

and

Proof. Let x, be the projection of zy onto the optimal solution set X,. According to Lemma B.1] it
holds that

2
e =l S D and g = o] < (=5 +1).

By ([2)), we have x4 = (1 — B4 )yx + B+ and 2 = (1 — f_ )y + S_x). Therefore,

oy — 2. <D, and |jz_ — 2] < ( — 1)D, (1.17)
and
oy —z—|| = [[(B+ = B-) &k —yu)ll < (low — 2l + lye — 2 (B4 — B-)
2
< <2 + 7m>D(ﬁ+ - B-).
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Recall that in the proof of Theorem A1l we showed that when j > log,(2/(1—f)), 8- < 3 and inequality
(£I0) holds. Applying Lemma [A4] with = T = x, inquality (£I0) and ([&35]), we have

ALy

lzs =yl < A+ 0) oy — @l + (1 +6) ==

|2y — ]| 7! < max {@(6_1), © </TT)} .
Since A(B) is monotonically increasing in 3, f_ < 3 amounts to
A <amma{o( ), 0 ()],

Finally, applying Lemma [A.4] again with x = & = z_ and using ([£X) yields

A_L - _
fem— ol < (Lt @)l — |+ (1 + ) e~ < max {0 (55) 0 (7))

Lemma A.6 Suppose that xy = xg, and x_ = xg_ are generated by Algorithm [3, and Y+, Y- are
defined in (EI2). If the number of iterations j in Algorithm [3 satisfies j > logy(2/(1 — B)) with
B =pB(\) and X defined in ([£9), then we have

_ (d=1)(d+1)

IV 52, (5) = Vo (@) <max{© () 0 (774 ) } (8, - Bo).

Proof. According to the definition of function f,(-) in (24]), it holds that

IV o (T4) = Ve, (@)l
d

= | E e (Ve = el = g -2 )
T (A S N A ) H

< Zj o [T = ] = V) - | (1.18)
o s = 21 s = ) g = 2l @ — )| (1.19)
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Note that (LI9) can be further bounded as follows:

e = 21t — ) — e e e 2

- [ e A L A |
= %(W = D)[Igs = 2l = s = @4 | max {gs — oI lgs — 24 132 s — 2|
g = 2414 oy — 2 |))
< o (@ Dmax gy 2 g — e D g — o)+ s - 24 s — 2]
= % (d(H?JJr — |+ llzg — a:_H)d_l) <2 + \/%)D(m ~ )
= max {9[(6_1)[1_1] ol } (B — B-) (1.20)

where the first inequality is due to ([@I6]), and the second last inequality is from Lemma[A 5] and that
19+ — 2|l < 19+ — 24| + llzg — 2.

It remains to bound (LI8]). We first show by induction that for 1 < ¢ < d and any convex combination
of z_, x4 and z, denoted by z,

IVEf(2)l]
IV f(z4) = Vi f(ao)]|

e(1), (1.21)
O1) (Bt - B-). (1.22)

IN A

Our induction works backwardly starting from the base case: ¢ = d. Recall that z is a convex combina-
tion of z_, x4 and x,. By ([LIT7)) we have

[z = 2|l < max{[|z4 — @], [|[o- — .|} < ©(1).
Therefore,

< IV @)+ IV (@) = VIRl
< IV @) + Lallz — .||
< O(1).

IVeF )l

Moreover, by invoking (2:2)) and Lemma [A.5] we have

IV f(zg) — Vf (2o

IN

Lal|z+ — x|

Ld<2 +

A

ﬁ)mm —B) <O1)(By — B-).

Now suppose that the conclusion holds for some ¢ + 1. Consider

z="11x_ +toxy + (1 — 11 —tQ)l‘*, VO<t,ty <1
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Denote Dy := (2 + ﬁ)D By letting z; = t1+t2x + t1+t ——z, and ([LI7), we have ||z; — x| <
lx— — zu|| + |24 — 2| < (2 + ﬁ)D = D;. Consequently,
IV (2) = Vi @all = [V f e+ (b + ) (e — 22)) = V()]
t1+12
‘ / VAL f (24 + u(zy — 24)) [1r — 2] du
0

t1+t2 i1

/ IV F e+ uan — 22)) e — 22| du
0

(tl —I-tQ)Dl@(l),

where the second last inequality is due to (2] and the last inequality follows from the induction
hypothesis on (L2I]). Then, it follows that

IV < IV fa)ll + (1 + t2) DiO(1) < O(1).
Now by induction on (L21), applying Lemma [A5] and using (2.I]) we have

IN

IN

IV ) = Vil = | /0 1V”1f(w—+t(w+—w—))[w+—x—]dtH

< O(1)Di(By — B-)
< OM)(B+ —B-)-
Therefore, by induction it follows that (L2I]) and (L.22]) hold for any 1 < ¢ < d.

Now we come back to bound (ILIf]). For 2 < /¢ <d,

HV fx) e — 247 = VEif(22) 7+ _:E_]g_lH
HV fla)iy — 2 = V(e [gy — 2 ) 1”
| V@D — e = Doy - e (1.23)

Applying Lemma [A.5] and ([L21]), the first term on the right hand side of (L.23]) can be further upper
bounded as follows:

vaf(:u)[zh—:ur] — V(e [gy — 2] 1”

Z_: Vif(ay) {[g-i- — P oo — 2yl — x_]f—j—l}

/-1
< STV @ llgs — 2l Mg — e [ ey — 2|
7j=1
1 - —j—1
< Y oWz - sl (o = gell+ - —ail)) T flas — 2|
=1
-2
< (€= 00)(llos —a-ll+ s —5ell)  Di(By - B-)
< max{0[E ) 2,00 B - ). (1.24)
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Moreover, applying Lemma [A5 (L2I) and (2] to the second term on the right hand side of (L.23)
gives that

L e (O L

< IV s) = V)l — o)
/-1
< OW)(Bs — )l —2— | + s — 7))
< max {e[(e—l)f—l],e[(p—l)w] } (8 — B_). (1.25)

Putting (23], ([24) and (5] together yields
|V £y — 2] = 9 )y — 2 )
< max {@[(E‘l)‘f‘l] , @[(ﬁ‘l)%]} (By —B-)
for ¢ =2,...,d. When ¢ =1, (LZZ) guarantees that
IVf(z4) = V()| < O1)(Bs — B-).

Therefore, the quantity in (I8 can be bounded as

d
2 - o1 [Vl =27 = Vs -2 )7
=1 '

(d+1)(d—1)

< max{O[@ )]0 ]} (8 - ). (1.26)

Finally, replacing (LI9) and (LI8) with (T20) and (L26]) respectively leads to the desired conclusion.
U

34



	1 Introduction
	2 Preliminaries
	2.1 Notations
	2.2 High-Order Oracle Model and Regularized Tensor Approximation

	3 The Optimal Tensor Method
	3.1 The tensor algorithm and its iteration complexity
	3.2 Proof of Theorem 3.4
	3.3 Comparison with Nesterov's Accelerated Tensor Method

	4 A Line Search Subroutine and Its Iteration Complexity
	4.1 The Non-Composite Case
	4.2 A Bisection Subroutine
	4.3 The Iteration Complexity Analysis

	5 Concluding Remark
	A Proofs of the lemmas in Section 4

