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1. Introduction
The classical approach to expected utility maximization, pioneered by Merton (1969), is to fix a
planning horizon, and specify a utility function to measure the investment performance at the end
of the horizon. Despite Merton’s portfolio problems admitting analytically tractable solutions with
direct economic interpretations, they fail to capture several behavioral features of investor’s decision
making. Importantly, the chosen utility function is static, and the investor’s risk preferences are
specified once for all future times.

To overcome these limitations, a novel approach to portfolio selection was introduced by Musiela
and Zariphopoulou (2008). This approach does not require the investor to fix her risk preferences

beforehand, but rather gives her the flexibility to dynamically adapt them. Concretely, as opposed
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to fixing a market model and a terminal utility, the investor starts with an initial investment
performance measure, and then updates it over time as the factors driving the market dynamics
evolve. The evolution of this forward investment performance process, or FIPP, is driven by a
forward-in-time version of the dynamic programming principle, designed to guarantee time consis-
tency. In financial terms, this means that the investor updates her risk preferences so that her past
investment choices, viewed from the perspective of her current risk preferences, are still optimal.
Throughout the paper, we will also refer to this process as a forward performance process, or simply
as a forward process.

The forward utility framework allows capturing risk preferences which evolve over time and which
are sensitive to changes in investor’s wealth. The study of Strub and Zhou (2021) shows that the
curvature of the Arrow—Pratt risk-tolerance measure determines how risk preferences change with
passage of time. Their theoretical findings imply that investors become more risk-tolerant as they
grow older. Strub and Zhou (2021) additionally show that risk preferences are constant with respect
to time if and only if the initial utility function of a forward utility pair exhibits constant relative
risk aversion. It thus follows that the class of power forward preferences considered in this paper
possesses a risk-tolerance measure which is invariant over time. Nevertheless, these preferences are
still allowed to depend on the investor’s wealth.

The evolution of the forward performance process can in general be described by a stochastic
partial differential equation (SPDE) which, due to degeneracy and nonlinearity, presents several
technical challenges. In particular, the volatility of the forward performance process depends on the
process itself and its gradient. Hence, existing results on existence and uniqueness of solutions to
fully non-linear SPDEs are not applicable (see, for instance, Musiela and Zariphopoulou (2010b)).
Musiela and Zariphopoulou (2010b) and Musiela and Zariphopoulou (2010a) study the case of zero
volatility, and find that the solution to the corresponding SPDE can be characterized by a class
of so-called time-monotone processes. A time-monotone process is a composition of deterministic
and stochastic inputs, where the deterministic input is a space-time function satisfying an ill-posed
PDE, and the stochastic input is a finite variation process. Another widely studied setting is that
of homothetic forward performance processes, in which the dependence on the investor’s wealth
is either exponential or of the power form. Zitkovic (2009) provides a dual characterization of the
exponential forward performance processes in a general semimartingale market model, and devel-
ops an explicit parametrization for markets driven by Ité-processes. Choulli and Ma (2017) study
power forward performance processes in a locally bounded semimartingale market, but without
portfolio constraints. A few studies have considered forward performance processes in the factor

form (see Musiela and Zariphopoulou (2010b), Nadtochiy and Tehranchi (2017), Shkolnikov et al.
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(2016) and Avanesyan et al. (2020)), in which the SPDE simplifies to a so-called forward HJB equa-
tion. In a complete Black-Scholes (BS) market with stochastic factors, Nadtochiy and Tehranchi
(2017) characterize both the power forward performance process and the optimal strategy in terms
of a forward HJB equation defined on a semi-infinite time interval. For the case of incomplete BS
markets, the portfolio selection problem under the forward performance criterion has been inves-
tigated by Shkolnikov et al. (2016), who develop an expansion formula for the underlying ill-posed
HJB equation. Avanesyan et al. (2020) analyze forward performance processes of the factor form,
in which the randomness only enters through a stochastic factor process. They solve the associ-
ated ill-posed PDE, and generalize the Widder’s theorem of Nadtochiy and Tehranchi (2017) to
establish a local forward investment performance process (FIPP) of separable power factor form.

Our work is also related to recent studies on forward investment, consumption and entropic
risk measures by Liang and Zariphopoulou (2017), Chong et al. (2019) and Chong and Liang
(2019). All these studies focus on Brownian driven markets. Liang and Zariphopoulou (2017) and
Chong et al. (2019) apply the so-called discount BSDE method, previously used in the analysis
of ergodic BSDEs (see, e.g., Richou (2009), Cohen and Hu (2013) and Li and Zhao (2019)), to
establish existence and uniqueness of Markovian solutions for their infinite horizon BSDEs. They
introduce an arbitrary positive parameter in the BSDE to make the driver strictly monotone in the
first solution component, and then apply Theorem 3.3 in Briand and Confortola (2008) to obtain
existence and uniqueness of their BSDE solution.

In this paper, we study the power forward performance process in a semimartingale market with
portfolio constraints. We provide necessary and sufficient conditions for the existence of such a
process, exploiting the multiplicative decomposition of a strictly positive special semimartingale.
Because of portfolio constraints, the optimal trading strategy cannot be characterized via a first-
order condition as in Choulli and Ma (2017). Rather, the optimization problem yielding the optimal
trading strategy is a constrained extremum problem. Using results from convex analysis, we trans-
form the constrained problem to an unconstrained one, and explicitly characterize the recession
function and cone of the objective function of the transformed problem when the return process
is of the Lévy type. In a factor market model (R,Y’), where both the return process R and the
factor process Y are semimartingales, we use the Jacod’s decomposition to relate the construction
of a power FIPP to a triplet of processes, whose first component admits an integral representa-
tion w.r.t. the semimartingale Y. We then extend our analysis to time-monotone processes in the
semimartingale factor form, by allowing the forward performance criterion to depend on the inte-
gral of the semimartingale factor process, and hence on its sample path. We establish closed-form

representations of forward processes in this extended setup by characterizing the input function
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as the classical solution of a forward HJB equation. We construct such a solution using the factor
representation of the above discussed triplet of processes.

The paper proceeds as follows. In Section 2, we describe the semimartingale market model.
In Section 3, we provide necessary and sufficient conditions for the existence of power FIPPs in
this setting. In Section 4, we study the structure of power FIPPs in a market model enhanced
with an additional semimartingale factor process, and relate them to a triplet of processes which
admit an integral representation w.r.t. the semimartingale factor. In Section 5, we relate the factor
representation of the triplet to the smooth solution of a forward HJB equation. Some technical
proofs of supporting results are delegated to the Appendix. We collect mathematical symbolism in
the following table, and refer to it whenever needed in the main body.

List of symbols

B(R™) Space of Borel sets on R"

E°[ . ] Expectation under a probability measure Q

[M, M]° Quadratic variation process ([M?, M7]9); j=1....n under Q

(M, M)? Predictable compensator of [M, M]? under Q

O (P) o-algebra on  x [0,00), generated by cadlag (continuous) adapted processes
(Q,0,P) (2% [0,00) x R", O® B(R™), P ® B(R™))

Al%';r Set of locally @-integrable increasing processes

MS,C (MS,’CC) Set of (continuous) @-local martingales vanishing at time 0
MS,’; Set of scalar local martingales M € ./\/llciC satisfying 1+ AM >0
Ve Set of adapted processes with finite variation under Q

HO? (Hff,f) Set of (locally) square-integrable martingales under @

L92(M) (L&2(M)) Set of predictable processes H s.t. H' - (M°, M°)?H is (locally)
Q-integrable if M € H2:?

loc

2. The Model

This section presents the modeling framework. In Section 2.1, we describe the market return
process. In Section 2.2, we define the set of admissible trading strategies, and the forward investment
performance criterion. In Section 2.3, we introduce the set of portfolio constraints. Throughout the
paper, let (2, F, P) be the original probability space where the filtration F = (F;),> satisfies the

usual conditions and Fy is P-trivial. All processes considered are assumed to be F-adapted.

2.1. Semimartingale market model

We consider an n-dimensional return process described by a cadlag semimartingale R=(R;):>o.
Let (B,C,v) be the predictable characteristics of R relative to a truncation function h:R™ — R™.
Then, the canonical representation of R is given by (cf. Theorem I1.2.34 in Jacod and Shiryaev

(1987)), P-a.s.

R=B+ R +h(u)*(u—v)+ (u—"h(u))* p, (2.1)
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where B € PN VY is the predictable finite variation (FV) part of R, R® € M} ¢ is the continuous
local martingale part of R, and pu is the random measure for the jumps of R with predictable

compensator v. We assume that the predictable characteristics (B, C,v) admit the form:
B :/ bdt, C :/ cdt,  v(dt,du) = F,(du)dt, (2.2)
0 0

where F is a predictable kernel satisfying F;({0}) =0, [(|ul[* A1)Fi(du) < oo, and b, ¢ are predictable
processes. It follows from (2.2) that R is quasi-left-continuous (QLC), which implies that all jumps
of R are totally inaccessible stopping times. The price process of the n risky assets is given by
the Doléans-Dade exponential £(R). In addition to the risky assets, the investor has also access
to a money market account which accrues zero interest rate. An R"-valued trading strategy = is a
predictable R-integrable process, where the i-th entry denotes the fraction of wealth invested in the
i-th risky asset. Using the self-financing condition, the wealth process satisfies X™* =z + X7 R,
where x > 0 is the investor’s initial wealth and 7 R := fo mdR; is the stochastic integral w.r.t. R.

Hence, we can write X™* =z&(7- R).

2.2. Admissible trading strategies and FIPP

We define the class of admissible trading strategies and the forward investment performance process
(FIPP) under an arbitrary probability measure equivalent to P with density process £(M ), where
M € Mf): . More precisely, for any M € M!+ we define the following class of probability measures:

loc

_Jop

—5m@ht20}. (2.3)

Ao
Obviously, P € Q) with M =1. Let Q € Qy, Ci(w) : [0,00) x Q@ — B(R™) be a predictable set-valued
process and UZ (z,w) : [0,00) x (0,00) x 2 — R be a progressively measurable random field. We
remark that any FIPP is necessarily of this form, i.e., a stochastic process of utilities that, at each

time ¢, depends on the investor’s current wealth amount x.

Definition 2.1 (Set of Admissible Trading Strategies) An R™-valued predictable process m
is said to be C-constrained under Q if m(w) € C;(w) for all (t,w) € [0,00) x Q. The class TS of
admissible investment strategies associated with U® includes all C-constrained, predictable and R-
integrable processes m that satisfy 7' AR > —1, Q-a.s., and s.t. for any x>0, U?(zE (7 - R))~,
t >0, is of class (DL) under Q.

We next provide the definition of a FIPP with constraint set C under a probability measure

Q € Qur, where M € M, (see Musiela and Zariphopoulou (2010b) for the definition in the absence

loc

of portfolio constraints):
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Definition 2.2 (FIPP) The random field U® is a Q-FIPP with optimal trading strategy ©* € F?
if it satisfies the following self-generating properties:

(i) Q-a.s., for anyt>0, x — UtQ(x) s concave and increasing;

(ii) For any = >0, and © € TS, the process U(X™*) := (U2 (z& (1 - R)))is0 is a Q-
supermartingale;

(iii) For any x>0, U(X™ %) is a Q-martingale.

2.3. Budget constraint

For any 7 € TS where Q € Q) and M € M/}, the condition 7T AR > —1 in Definition 2.1 is
related to the budget constraint of an admissible trading strategy, as specified by Karatzas and
Kardaras (2007). Let (BM,CM v™) be the predictable characteristics of R under Q. It follows
from Theorem I11.3.24 in Jacod and Shiryaev (1987) that

BM —B—i—/'csasds—i—h(u)(ﬁ(u) —1)xy, CM=0C, vM=¢x, (2.4)
0

where a = (a!,...,a")" is a predictable process and ¢ is a P-measurable nonnegative process,

which are determined by

£=1+MP(AMIP), (M, R)F = / cads. (2.5)

0
Here, denote by M (-) the positive measure such that M} (W) = E”[(W * )] for all measur-
able nonnegative functions W, and M, (W|P) the M +-a.s. unique P-measurable function W’ s.t.
MP(WU) = MEP(W'U) for all nonnegative P-measurable functions U (see Jacod and Shiryaev
(1987), page 170).

Remark 2.1 Theorem II1.3.2/ in Jacod and Shiryaev (1987) gives

L PPy, (€M), R = /O.S(M)Scsasds. (2.6)

&= S(M)_ "

It follows from (2.6) that E(M)_(§ —1)=MFP(AE(M)|P)=E(M)_MF(AM|P). Because E(M) >
0, it then follows that £ =1 +M5(AM|75). Moreover, using the relation (E(M)¢, R)F' =&E(M)_ -
(Me,R)F, it follows from (2.6) that (M¢, R°)" = [ c,ads. We then obtain the identities in (2.5).

In view of (2.4), the differential characteristics of R under @ is given by
WM =b+ca+h(u)(E(u)—1)*F, M=c, FM(du)=¢&(u)F(du). (2.7)
Then, using (2.1) and (2.4), it follows that the continuous local martingale part of R under @ is

RM*c=R°— / csgds. (2.8)
0
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The budget constraint of an admissible strategy under @ can be formally specified via the set-valued

mapping
Cé‘/[:: {mreR™; FM({UERZ}; 7'u+1<0}) =0}, (2.9)

where Ry := R\ {0}. Note that C}! depends on (¢,w), because F'™ does. To lighten notation, we
avoid to explicitly specify the dependence on (¢,w). The predictability of such a process follows
directly from Lemma 9.4 in Karatzas and Kardaras (2007). Moreover, C}! is closed, convex and
contains the origin. Thus, m(w) € C;(w) NCy(w), for any 7 € I'S. Let Cy be the set-valued mapping
(2.9) with FM replaced by F, i.e., Cy is the budget constraint of an admissible strategy under P.
Then, it can be easily verified that Cy = C}!, P(dw) ® dt-a.s. We also introduce the predictable

set-valued process of null-investment given by
N@:={reR" Mr=0, F¥({ueR}; n'u#0})=0, 7' =0} . (2.10)

Under @ € Qj, the wealth process remains the same if one invests according to the strategy
specified by a vector in N'9. For any (t,w) € [0,00) x Q, N2 (w) is a linear subspace of R” and hence
an affine set which contains the origin. This implies that it is closed (it is also relatively open).
We next list the technical assumptions under which the results in this paper will be derived:
(A¢) For (t,w) € [0,00) x Q, the constraint set C;(w) in Definition 2.1 is compact, convex and
contains the origin.
Under Assumption (Ac), the recession cone of the constraint set C;(w) is given by 07C,(w) :=
Nas>0ACt(w) (see, e.g., Corollary 8.3.2 in Rockafellar (1970)).
(AFr) For pe€ (0,1), under the probability measure @ € Q,;, the predictable kernel of R given
in (2.7) satisfies

/ |ulP FM (du) < 400, Q(dw) ® dt-a.s. (2.11)
Jul>1

We also introduce a scalar exponentially special P-semimartingale D = (D;),>¢ which will be
used in Section 3 to define the power FIPP. Let (B”,CP,v"(dt,dv)) = ([, bPds, [, cPds, F?(dv)dt)
be the predictable characteristics of D under P. Then the canonical representation of D relative
to a truncation function h”(v), v €R, is given by, P-a.s., D = Do+ BP + D¢+ hP(v) * (u? —vP) +
(v —hP(v)) * uP. By Proposition 8.26 in Jacod and Shiryaev (1987), the exponential specialty of
D is equivalent to imposing one of the following conditions:

(Ap) (i) (" =1=hPv))xvP eVP; (ii) e"1,5 xvP € VP,
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3. Power FIPP: Characterization and Optimal Strategy

This section characterizes a class of power P-FIPPs. Section 3.1 develops an explicit multiplicative
decomposition of a power random field. Section 3.2 then provides the exact conditions under which
the decomposed random field is a power P-FIPP. Section 3.3 studies the optimal trading strategy
associated with the FIPP.

3.1. Multiplicative decomposition of a power random field
Let p € (—00,0)U(0,1) and D be the scalar P-semimartingale introduced at the end of Section 2.3.

Consider a random field U of the form
Dy
Ui(z) == %x”, (t,2) € [0,00) x (0,00). (3.1)
We omit the dependence of U,(x) on p to lighten notation. It follows from Assumption (Ap)-(i) or
(ii) that L :=eP” is a special P-semimartingale that admits the decomposition L = e?0 + ML 4+ VL,
P-a.s., where M* € MF_and VI € V¥ N'P. We provide more details about this decomposition in

the following Lemma 3.1.

Lemma 3.1 Let Assumption (Ap)-(i) or (ii) hold. Then, it holds that, P-a.s.
L=ePoE(M)E(V). (3.2)

The pair (M,V) e MF . x (VP NP) admits the following representation:

loc
cP
M =D+ (e’ — 1) (u” —vP), V:BD—G—T—{—{EU—l—hD(’U)}*I/D, (3.3)
where the jump process of M is given by AM = (e*P — 1)1 apo, and V is continuous, i.e., AV =0.

3.2. Characterization of U as a P-FIPP

In this section, we identify the conditions under which the random field U in (3.1) is a P-FIPP.
The multiplicative decomposition of U given in (3.2), under the conditions of Lemma 3.1, yields
the following representation: for (¢,z) € [0,00) x (0, 00),

Us(z) = Up(2)E(M)E,(V) = E(M)UY (), with Up(z) = %xpeDO, (3.4)

where the random field U" is defined by
U/ (z):=Uy(2)&(V), (t,x)€]0,00) x (0,00). (3.5)

By Lemma 3.1, we have M € M, 7, and hence £(M) > 0. Thus, £(M) may be viewed as a local
density process (see also Liptser and Shiryayev (1986), pp. 220-221). Next, we use the decompo-
sition (3.4) to develop a local change of measure that characterizes U as a P-FIPP. For ¢t > 0,
define

dQ]W
=& (M). 3.6
7, ~ &0 (36)
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Lemma 3.2 Assume that the probability measure Q™ defined in (3.6) belongs to Q. Then, the
following statements hold:

(i) TE = FCQM, i.e., the set of admissible strategies under P coincides with the corresponding set
under QM ;

(i) the random field U given by (3.4) is a P-FIPP with optimal trading strategy = € T if and
only if the random field UV given by (3.5) is a QM -FIPP with optimal trading strateqy 7 € F?M.

Next, we characterize the P-semimartingale D that makes U given by (3.4) a P-FIPP with corre-

sponding optimal trading strategy 7* € I'.. The main result of this section is stated as follows:

Theorem 3.3 Let Assumption (Ac) and the conditions of Lemma 3.1-3.2 hold. The random field
U given by (3.4) is a P-FIPP with optimal trading strategy = € TL if and only if the following
conditions hold, P(dw) ® dt-a.s.

(i) E(pM RMe T (u)* (u—vM))E(M) is a P-martingale, where R*:¢ and v™ are respectively
given by (2.8) and (2.4).

(ii) there exists m* € T such that @) (7*) = WEEECOCI)Z])”(W);

(iii) The predictable characteristics (BP,CP,vP(dt,dv)) = ([, bPds, [, cPds, FP(dv)dt) of D sat-
1sfy the equation
sup CID;‘)/[(W)ij1{bD+%+(e”—1—hD(v))*FD}:0. (3.7)

7eCNCo

For w € Cy, the random mapping

p

-1
PM(myi=a oM+ e+ {pt (1 + 7 w)? —pt —wTh(u)} * FM, (3.8)

p
where (U™, F™) is given by (2.7), M :=pry, and Wﬁw(u) = {1+ () u}r — 1.

Observe that the conditions (i)-(iii) in Theorem 3.3 do not depend on the choice of Dy. That
is, the initial utility Uy(z) = eDO% is compatible with a FIPP of the form given in (3.4). Thanks
to Lemma 3.2, the proof of Theorem 3.3 is reduced to characterizing the exponentially special
semimartingale D that makes U" given by (3.5) a QM-FIPP with optimal trading strategy m* €

M M
F? . We next state two auxiliary lemmas. For 7 € F? , and (w,t,u) € Q x [0,00) x R", define

W (w,u):=p *(1+ 7 (w) Tu)? —p, (3.9)

QM

loc

I1.1.27-(a) of Jacod and Shiryaev (1987), page 72.

and recall the space G}°,, (1), related to the jump measure p of R under Q| and specified in Def.
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Lemma 3.4 Assume that the conditions of Theorem 3.3 hold and the process UV given by (3.5)
is a QM-FIPP. Then, for any w € F?M, e Ll%c 2(RMe), W™ € Gl%c (n), and [p7*(1+ 7 u)? —

pt—7wTh(u)] x ™ € .Aloc . Moreover, the predictable characteristics (BP,CP vP(dt,dv)) =
(J,bPds, [, cPds, FP(dv)dt) of D satisfy (3.7), Q" (dw) ® dt-a.s.

For 7 € Cy, the concave function ®)/(7) given by (3.8) is well defined and takes values in RU
{sign(p)oo}, see, e.g., Lemma 5.3 in Nutz (2012b).
Proof of Theorem 3.3. By Lemma 3.2, it is enough to prove that UV given by (3.5) is a
QM-FIPP with the optimal trading strategy 7* € FéQM if and only if (i)-(iii) hold.

= Suppose that UY given by (3.5) is a QM-FIPP with the optimal trading strategy 7* € F?M
Then, by Definition 2.2, we have UY (X™ ) is a Q-martingale for any 2 > 0. On the other hand,
for any 7 € F?M, it follows from (A.6) and (A.9) in Appendix that

UV(X™)=Uy(x)& <V+p/0. N (m,)ds + pr- RM+ pW™ (u) % (u — yM)) ) (3.10)

Where W™ have been defined in (3.9). Because UV is a QM-FIPP, Lemma 3.4 implies that pm €
L2 2(RM<), pW™ € G,

loc loc

( ), and the condition (iii) holds. Moreover, using the equality (A.10) in

the proof of Lemma 3.4, we also have that

d
il +p sup @) (7)=0. (3.11)
dt rECNCy
In view of (3.10), we have that
UYV(X™ %) = Uy(2)E (V +p/ ) (nk)ds + M- RM* +WM(u) * (p— 1/M)> (3.12)
0

is a QM-martingale, it is a local QM-martingale (clearly, it is a o-martingale under Q*). This

implies the drift rate (w.r.t. A, =t) of UV(X™ *) is zero, i.e.,

%H@M( *)=0. (3.13)

Taking the difference between (3.11) and (3.13), we deduce that

p< sup @, (m) — ‘1%”(77*)) =0,
TeCNCo
which implies that the condition (ii) holds. Moreover, it follows from (3.12) and (3.13) that

U (X7 %) = Uy(2)€ (5M CRMe W () (- VM)) , (3.14)

and hence that condition (i) holds.
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<= Suppose conditions (i)-(iii) hold. Lemma 3.1, together with (3.7), implies that
il +p®M(7r*)=0, sup ®Y(7w)=dM(7¥) (3.15)
dt P " recncy ¥ P ' '
Using the equations above, along with (3.12), we obtain that
UY (X)) = Uy(2)€ (5M R LW () # (0 — VM)) . (3.16)

Then, condition (i) implies that UY (X *) is a Q™-martingale, where 7* € C NC, is determined
by (3.15).

We next prove that, for any 7= € F?M, UY(X™%) is a Q-supermartingale for all z > 0. We prove
this claim by considering the following two subcases:

(a) The power parameter p € (0,1). In this case, it follows from (3.15) that, for any 7 € F?M,
p®M (1) <p@M(7*) = ——. (3.17)

We next show that UY (X™) given in (3.10) is a Q™-supermartingale. First, observe that the drift

rate (w.r.t. A, =t) of the semimartingale
Vv +p/ ) (m,)ds + pr- R+ pW™ (u) * (u — v™)
0

is given by 47 + p®» (). It follows from (3.17) that the drift rate is negative. Recall that, for the
process N (7) defined in (A.4) of the Appendix, it holds that

V + N(n) :V+p/ M (my)ds +pm - RMC 4+ pW™ (u) * (n— ™).
0

It can be seen from (A.4) that, for all 7 € FCQM, 1+ A(V+N(m))=1+AN(m) >0 since AV =0,

QIVI
and hence, forall reI'y

£ <V+p/0. ) (my)ds + pr- RMC 4+ pW™ (u) *(,u—uM)> (3.18)

is strictly positive. It thus follows from the inequality in (3.17) that the drift rate (w.r.t. 4, =t)
of the Doléans-Dade exponential (3.18) is also negative. Using Proposition 11.3 in Appendix 3
of Karatzas and Kardaras (2007), we conclude that the Doléans-Dade exponential (3.18) is a Q-
supermartingale, because this stochastic exponential is uniformly bounded from below. This, along
with the fact that Uy(x) > 0, leads to the conclusion that UV (X™7) is a Q™ -supermartingale for all
e FCQM. Note that UY () itself is positive for all (¢,z) € [0,00) x (0,00), and hence (U (X™ +*))~
is clearly of class (DL). Therefore, the vector 7* € C, N C specified by (3.15) is the optimal trading
strategy.
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(b) The power parameter p < 0. In this case, we have that
p®M (1) > p@M (7*) = ——. (3.19)
We then deduce from (3.19) that the drift rate (w.r.t. A, =t) of

- <V+p/ ) (my)ds +p7T-RM’°+pW’T(u)*(;L—VM)>
0

is negative. Because Uj(z) is negative for z > 0, it follows that, for any = € F?M and x > 0,
UV(X™")=-UY(zE(r-R))~ is a QM-semimartingale with a negative drift rate. Because 7 belongs
to the class of admissible strategies FCQM given in Definition 2.1, UV (z€(m- R))~ is of class (DL).
Then, for any T'> 0, we have that UY%,(X™") is of class (D). Because a semimartingale of class
(D) with negative drift rate is a supermartingale, we conclude that, for all 7 € FCQM and x > 0,
UY(X™) is a QM-supermartingale, i.c., EQ" [UY  (X™)|F,] < UYp(X™) for 0 <t < 5 < +o00.
Because (U),,(X™))r>o is of class (D), it follows that UY(X™") is a @Q"-supermartingale by
letting 7" — oo. This yields the condition (ii) in Definition 2.2. It remains to verify that 7* €
CNCy determined by (3.15) is the optimal trading strategy. This is equivalent to proving that

(UV(X™*))~ is of class (DL). From (3.16), we then obtain that (UY(X™ *))~ = —U,(x)E(BM -
RM:c +WM(u) *(p—v™M)) is a QM-martingale using (i). It can then be easily seen that (UY (X7 *))~
is of class (DL). This completes the proof of the theorem. O

Remark 3.5 Similar to our study, Choulli and Ma (2017) employ a change of measure technique
to establish a power forward performance criterion. However, there exist major technical and con-
ceptual differences between our approach and theirs, originating from the different set of assump-
tions made in the two studies. Choulli and Ma (2017) assume the discounted risky asset price
process to be a locally bounded semimartingale S. The proofs of their Theorem 3.2-3.8 strongly rely
on the assumption of local boundedness of S. They use the minimal Hellinger martingale (MHM)
densities to mainly characterize sufficient and necessary conditions on a process D used in the con-
struction of the power random field (see their Theorem 3.2-3.3). In addition, their analysis ignores
portfolio constraints, and can thus directly use the first-order equation for optimality. It is worth
highlighting that the existence of the minimal Hellinger martingale density heavily depends on the
locally boundedness assumption of S (plus some other assumptions). The locally boundedness of S
(which, in particular, implies that [ |z|*F(dz) < co where F is the differential characteristics of the
Jump compensator of S) helps proving fundamental properties such as convexity, and first-order dif-
ferentiability, of the function @f()\). This in turn makes it possible to use the first-order condition
to pin down the optimal trading strategy (see Lemma 6.2 in Choulli and Ma (2017)). Unlike their

study, we do not impose that the multi-asset discount price process is locally bounded. As a result,
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the proof of our Theorem 3.3 uses a different argument because the MHM density argument is not
applicable in our semimartingale market model. In Definition 2.1, apart from the constraint set C,
a key condition is that “U2(x&(m- R))~, t € Ry, is of class (DL) under Q7. This key condition
makes it challenging to prove the equivalent characterization of the forward utility under P and
Q, compared to the proof of Proposition 2.1 in Choulli and Ma (2017). We prove the equivalence
result in Lemma 3.2 by establishing an equivalent condition of the class of (DL) (see Lemma A.1
in the Appendiz). Additionally, we provide the equivalent characterization of the optimal trading

strategies under P and Q) in Lemma 3.2.

3.3. Optimal trading strategies

By Theorem 3.3, the optimal strategy m* under the original probability measure P can be recovered
as the solution of the constrained extremum problem, with objective function <I>;,”(7r) defined by
(3.8), and subject to the constraint that = € CNCy. For 7 € Cy, the mapping ®)'(7) can be rewritten

as:
OM(m)=mToM + p;lemH—IM(W) (3.20)
P 2 ’ '
where we choose the truncation function h(u) =wul, <1, and the function

™(7) = 1M (m) + 1 (7) (3.21)

:/|<1{p1(1+7TTU)p—p1—7TTU}FM(du)+/ (1 + 7w — p VM (du).

lul>1
Then, under (Ar) in Section 2.3, the optimal strategy 7* can be completely characterized (see
Lemma A.2 in the Appendix).

If the return process R is a Lévy process and the constraint set satisfies C;(w) = C for all (¢,w)
(where C' C R" satisfies Assumption (A¢)), the random mapping ®)'(7) becomes deterministic.
Note that the budget constraint Cj := C, is also independent of (t,w), and hence it is also a
(deterministic) closed subset of R". We study the constrained extremum problem with objective

function @)/ (7), and constraint set Co N C. For m € R", define the convex function

—m oM -t Ter —{p(1+m"u)P —p~t =7 h(u)} x FM, 7 € Cy;

P(m) = (3.22)
+OO, ™ ¢ CQ.
We recall that (b™, FM) is given by (2.7). Hence, the constrained extremum problem with objec-
tive function ®)/(7) and constraint set Co N C' is equivalent to solving the unconstrained convex
minimization problem

inf {¢(m)+o(n|C)}, (3.23)

TeR™
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where 6(-|C') denotes the indicator function of the convex set C, i.e., it equals 0 if 7 € C, and +oc0
otherwise. The indicator function 6(-|C) is clearly convex. In view of (3.22), and noting that C'NCy
contains the origin, this implies that C' N dom()) # 0, where dom(v) := {m € R™; ¢(7) < 400} is
the efficient domain of . The condition (2.11) also implies that () is a closed, proper and convex
function on R™.

The following lemma provides explicit representations of the recession function ¥0" of ¢, and of

the recession cone of 1. First, we introduce the following sets:
A_(y):={ueRy; y u<0}, AT (y):={ueRy; y u>0}. (3.24)

Lemma 3.6 Under Assumption (Ar), it holds that
(i) If re{yeR" FM(A_(y)) =0}, then

{ 7 (h(u) * FM — M), e =0;
POt () = (3.25)
+o00, e #0.
If re{yeR™; FM(A_(y)) >0}, then Y0 (m) = +oc.
(i) If re{yeR"; FM(A*(y)) =0}, then
{ —7 " (h(u) * FM — M), e =0;
PO (—7) = (3.26)
+00, e #0.
If re{yeR™; FM(A*(y)) >0}, then Y0T(—m) = +oco.
(iii) The recession cone of 1 is given by
{meR™ FM(A_(7))=0, cr=0, 7' (h(u)« FM —b) <0}. (3.27)

(iv) The constancy space of v is given by NoM

By the claim (iv) of Lemma 3.6, N/ Q" is the largest subspace contained in the recession cone of
1. The directions of the vectors in N @™ are the directions along which 1 is constant. Kardaras
(2009) refers to every element in the set {m € R"; 10+ (r) <0} \N?" as an Immediate Arbitrage
Opportunity under Q. Essentially, those are constant portfolios that result in increasing profits.

The following result is a consequence of Lemma, 3.6.

Proposition 3.7 Let assumptions (Ac) and (Ar) hold. If, it holds that
{mreR™; FM(A_(7))=0, ecr=0, 7' (h(u)* FM —b") <0} n0TC = {0}, (3.28)
then 1 attains its infimum over C. In the case that C is additionally polyhedral, if for any nonzero
ye{reR" FM(A_(7))=0, et =0, 7" (h(u) « F" —b™) <0} N0*C, (3.29)

it holds that y ENQM, then 1 achieves its infimum over C.
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Proof. By Theorem 27.3 in Rockafellar (1970), if ¢» and C have no direction of recession in
common, then 1 attains its infimum over C'. Using (iii) of Lemma 3.6, this condition in our case is
equivalent to the condition (3.28). In the case where C is also polyhedral, the condition that for
any nonzero element in the set (3.29), we have that y € N QM s equivalent to the statement that
every common direction of recession of ¥ and C' is also a direction in which 1 is constant, using
(iv) of Lemma 3.6. Hence, v achieves its infimum over C' by applying the last conclusive statement

in Theorem 27.3 of Rockafellar (1970). O

4. Semimartingale Factor Model
Leveraging the multiplicative decomposition of a power random field given in Section 3.1, and
building upon the equivalent characterization of a power FIPP given by Theorem 3.3, we study a

class of random fields of the form

U(z) = Us(2)E(M)E(VM), with Uy(z) = Z—I)xpeDO, 250, (4.1)

Pt
loc

where Dy € R is an input which determines the initial utility, M € M is determined by a
semimartingale factor process Y, and V¥ € VP NP is jointly determined by the semimartingale
pair (R,Y") (see (4.6) below). We first provide conditions for the existence of U as a P-FIPP using
Theorem 3.3. We then relate the performance process U to a triplet of processes (c.f. (4.5) below),
whose first component admits an integral representation w.r.t the semimartingale factor Y.

We begin by introducing the factor market model (R,Y’), where the stochastic factor Y is an
Re-valued cadlag semimartingale under P. Let (BY,CY,vY (dt,dv)) = ([, bY ds, [, c¥ ds, F} (dv)dt)
be the predictable characteristics (and hence (b¥,c¥, FY) is the differential characteristics) of Y,
relative to a truncation function A¥ : R? — R4, and ¥ be the jump measure of Y. Let (B,C,7) be

the joint predictable characteristics of the R"*9-valued semimartingale (R,Y’). Then, the canonical

representation of (R,Y) is given by, P-a.s.

<$> = <390> + <§y> + (fj) + <hhy(22)> * (7 —7) + <U“__hh§z‘3)> T, (4.2)

where 77 is the jump measure for (R,Y’), and it holds that

_ B —ij R\ [ RY _ o Y - n
B= By , O = ve ) o\ ye , p(dt, du) =n(dt, du x RY), p* (dt,dv) =p(dt, Ry x dv).

4.1. Existence of P-FIPP U in factor form
This section provides the necessary and sufficient condition for the existence of U as a P-FIPP in

P
loe  With

the factor market (R,Y’). To start with, we apply the Jacod’s decomposition of M € M

respect to the factor Y, recalled in the lemma below.
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Lemma 4.1 (Theorem 3.75 in Jacod (1979)) There exists a predictable Y -integrable process
HM NM ¢ Mloc satisfying [Y,NM]F =0, and UM € P, GM € O satisfying (JUM|* 1Y), < 400,
\/ZO<S< (5, AY,) 21 Ay, 20 € Al and MP (GM|P) =0 such that, P-a.s.

M=HM.Y*+ JM)x (¥ — ")+ GM(v) s« p¥ + NM. (4.3)

Here JM :=UM + [i]:y with UM := [ UM (v)vY ({-},dv), and UM has a version such that {a¥ :=
[vY({},dv) =1} C {UM =0}. Moreover {ANM #0} C {AY =0}.
We refer to (HM, UM, GM NM) as Jacod’s decomposition of M with respect to the factor Y. Some

immediate implications of this decomposition are presented in the remark below:

Remark 4.2 Note that the factor semimartingale Y is QLC, and we have that UM € G}, (1Y)
and UM = 0. This yields that J™ = UM . Moreover, it holds that 1+ AM =1+ UM +GM, Mfy—a.s.
Observe that 1+ AM >0, and hence Miy-a s

1+ AM =1+U"+GY >0. (4.4)
It follows from UM € P and M, (GM|P)=0 that 1+ UM >0, M} -a.s.
We next introduce processes that will be later used to construct the forward performance process:
oY .=n(EM)EWVM)), zZM.=HM,;
WM (v) := M5 (In(1+ UM (v) + G (v))|P); (4.5)
EM(v) :=In(14+ UM (v) + G (v)) = M5 (In(1+ U (v) + G (v))[P).
The process VM € VP NP satisfies the following (stochastic) equation:

AV M (%) =0 oM = ol 4.6
—— + @, (77) =0, p (") = sup (). (4.6)

p
d TECHNC

For m € Cy, we define the random mapping as

M () =" {b+cH + h(u)M? (AM|P)(u) * F} + p%lﬂm
+H{p A +7u)P —p =7 "h(u)H(1 4+ M (AM[P)(u)) * F, (4.7)

where the process H € L;;?(R°) is determined by the equation
[Me, Me]P = / H¢.H,ds. (4.8)
0
Throughout the section, we consider a random field of the form (4.1), i.e.,
Uy(z) = Uy (2)E(M)E (VM) = Uy(z) exp(ITM),  (t,2) €[0,00) x (0,00). (4.9)

It follows from (4.9) that II)Y = 0. The subsequent lemma characterizes U as a P-FIPP, and its

proof invokes Theorem 3.3.
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Lemma 4.3 Fiz M € M7, Let QY € Qu; be defined by (3.6) and Assumption (Ac) hold. Then,
the random field U given by (4.9) is a P-FIPP with the optimal trading strategy 7 € T if and
only if the following conditions hold:
(i) there exists ™ € FC such that sup, ccqe, @5 (1) = ®)1 (7*), where ®)! () is defined by (4.7);
(ii) (ﬂM-RM’C—i—W ( )* (u—vM))E(M) is a P-martingale, where RM= R°— [ c¢,Hds, i.e.,

it is the continuous local martingale part of R under Q™, and
Mo=pr, W, (u):= {1+ (m)Tu}? —1, o™= (1+MF(AM[P)(u)) v

The P-dynamics of the random field U given by (4.9) plays an important role in the analysis of
the so-called time-monotone processes. An explicit expression for this dynamics follows from (4.5)
and (4.9):

Lemma 4.4 For any x>0, the P-dynamics of the random field U defined by (4.9) is given by
D
dU(z) =U;_(x) {th p sup ®)(rw )dt} , Uy (z)=Uy(x) = L eDo (4.10)
meCynC b
Using Lemma 4.4, we revisit time-monotone processes, first introduced by Musiela and

Zariphopoulou (2010a) in Brownian markets, and discuss how existing results can be generalized

to semimartingale markets:

Example 4.1 (Time-Monotone Process with Semimartingale Factor Market) Consider
a semimartingale process Y satisfying Y¢ =0 and p¥ =0, ie., Y € PNVE is of the form
Y =Yy + BY =Yy + [, b¥(Y.)ds, where b is Lipschitz on R?. Assume the P-predictable charac-
teristics of R is given by (B,C,v(dt,du)) = ([, b(Y,)ds, [, c(Y,)ds, F (Y, du)dt), and the constraint
Ci(w) =C(Y;_(w)) satisfies Assumption (Ac). The triple (b,c, F) satisfies conditions (i) and (ii)
of Theorem II1.2.32 in Jacod and Shiryaev (1987). Taking the trivial P-local martingale M =0,
we obtain 11° = fo Y,)ds. Hence, the dynamics (4.10) reduces to

dU,(z) = U,_(z)dll) = —U,(x) f(Y,)dt, (4.11)
where, for y € RY, the function

R T p—l T -1 T.\p 1 T
fmp s {5+ B e [ 0 = =2 Bl ) .

T€Cp(y)NC (1
with Co(y) :={m € R"; F(y,{u e Ry; 7"u+1<0})=0}. Since 0 € C(y), sign(p)f(y) >0 for all
y €RL. Then, Eq. (4.11) may be further simplified to

120-p) ., |00, ()
> MW aE T

dU,(x) = dt. (4.12)
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Note that @f(y) >0 because 1 —p >0 for all y € RY. Then (4.12) takes a similar form as
SPDE (28) with zero volatility in Musiela and Zariphopoulou (2010b), Section 6.1. It was shown in
Musiela and Zariphopoulou (2010a) that its solution is characterized by the so-called time-monotone
process given by

Ui(z) = G <x/0t Mf(ys)ds> e (x —#H?) , (4.13)

p

where, for (z,t) € (0,00) x [0,00), G(x,t) solves the fully nonlinear equation 0,G = %. The
solution of this equation has been studied by Musiela and Zariphopoulou (2010a). In Musiela and
Zariphopoulou (2010b), and Nadtochiy and Tehranchi (2017), the stock return process R is a drifted
Brownian motion in the factor form (i.e., jumps are not allowed). This is equivalent to assuming
that the stock price process is a geometric Brownian motion in the factor form. Therefore, Eq. (4.13)
suggests that the solution of SPDE (28) in Musiela and Zariphopoulou (2010b) corresponding to

the zero volatility case can also be characterized by a time-monotone process in a semimartingale

market (i.e., when the stock return process R is a semimartingale).

4.2. Integral representation of ITM
This section shows that the processes defined in (4.5) admits an integral representation w.r.t. the

semimartingale factor Y. This, in turn, serves to construct the factor representation of the processes

P+
loc

defined in (4.5). To establish this representation, we restrict the class of martingales from M

to a subset M, of M}, defined as follows:

Definition 4.1 (Subset M, " of M;.") For e € (0,1) and p > 1, define the positive increasing
process as follows:

ADM,|P
O (e) := Z mﬂame(l,e), (4.14)
0<s<-

related to the jumps of M € Mﬁj The space ./\;lli:r is the set of all scalar local martingales M €
M for which there exists a constant € € [0,1) such that (i) if M € AE ., then ©'(e) € AT, (ii)
if M eH,?, then ©*(e) € AT

loc loc

Obviously, any continuous scalar P-local martingale belongs to ./\;(f):r . The following theorem
establishes an integral representation of the process I, which will be used in the construction of

the P-FIPP:

Theorem 4.5 Let M € M7 and (HM, UM, GM NM) be Jacod’s decomposition of M w.r.t. the

semimartingale factor'Y . Consider the process (ITM, ZM WM KM) defined by (4.5). We then have
that
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loc

\/ZO<S< AY )QHAY #0 € Aloc Y
(i) the process NM e MY satisfies [Y, NM]" =0 and {ANM £0} C {AY =0};

(i) the predz'ctable process ZM € L2 (Y), WM € GE (1Y), KM € O satisfy MY, (KM|P) =0 and

(iii) the scalar process IIM is an exponentially special semimartingale admitting the decomposi-
tion e = M + VI where M™ € MP and Ve VENP is such that e AV S 1, Poa.s.;
(iv) (IM, ZzM WM KM NM) satisfies the following equation: for any 0 <t <T < oo, P-a.s.

T T
HV—H%M/ FOM,ZM WM KM)ds / (ZMYTaye (4.15)
t

—/tT/WSM(U)(,u v (ds,dv) — / /KM Y(ds,dv) — /tTdNSM.

The random function f is given by
F(M, Z,W,K) = ZT & Z+p sup O (r)— {W(U)H—eW(v)Mfy (eK(”)|75)}*FY. (4.16)
weCoNC
Before presenting the proof of Theorem 4.5, we collect few observations in the following remark:
Remark 4.6 Observe that (R,Y) is QLC. We can then make the following claims:

(i) As a consequence of from (4.6), we have that the predictable process of finite variation VM

is continuous. Moreover, the dynamics of V™ is given by

dVM=—p sup @) (m)dt. (4.17)

weCoNC

(ii) Let M € Mloc , and (HM UM 0,0) be the Jacod’s decomposition of M w.r.t. Y. A direct
implication from (i) in Theorem 4.5 is that the process (ITM | ZM W™M) given in (4.5) satisfies the

followint integral equation: for 0 <t <T < oo, P-a.s.

T
ngyzng\u/ f(M,Z;”,WSM)ds—/ (ZM)Taye - //WM — oV dsdv). (4.18)
t

t

In the expression above, the function f is given by

f(M,Z,W)= ZT " Z+p sup O (m)—{W(w)+1—-eV}xFY. (4.19)

weCoNC

Proof of Theorem 4.5. Claim (ii) follows from Lemma 4.1. We next verify Claim (iv). Since
VM e VPNP, and VM is continuous by (4.6), using Yor’s formula (see, e.g. Karatzas and Kardaras

(2007)) we obtain that E(M)E(VM) =E(VM 4+ M). An application of It6’s formula yields

M = gV 4 dM — %d (M, M) +d Y {In(1+ AM) — AM]. (4.20)
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It follows from (4.6) that dV™ = —p®) (7*)dt = —psup,cc,nc P’ (7)dt. Using (4.3), Eq. (4.20) can
be rewritten as:
1
dlm™ = — <p sup O () + —(HM)TCYHM> dt+ HMdy*
r€CoNC 2

+ UMW) xd(p” — ")+ V() xdp* +dNM

+{In(14+UM(v) + GM(v)) = UM(v) = GM(v)} x dp” . (4.21)

Then, the predictable compensator of {ln(1+ U (v) + G (v)) — UM (v) — GM(v)} x ¥ is given by

{WM(v) —UM(v)} % v¥, where we used the fact that M5, (GM|P) =0 and WM (v) is defined in
R H

(4.5). Tt can be seen that W™ € P. Using the above arguments, we can rewrite (4.21) as

1
dIM = — <p sup ) () + =
rECHNC 2

+ HMAY  + WM (v) s d(p” —v¥) + KM(v) xdp” +dN™, (4.22)

(HM)TeY HM — (WM () — UM ()} % FY> dt

where we recall the expression of K™ (v) given in (4.5). Notice that W™ (v) + K™ (v) = In(1 +
UM (v) +GM (v)), and hence UM (v) = W' @+K" (@) _ 1 _ GM(y). Observe that UM € P and WM €
P. Applying the operator Mfy(]ﬁ) to both sides of the above equation, we obtain that

UM (v) = eWM(”)Mfy (eKM(”) ‘75> -1 (4.23)
Hence, using (4.16) we deduce that

p sup ‘I’y(ﬂ)—F%(HM)TCYHM—{WM(Q))—UM(U)}*FY

weCoNC

1 ~
=p sup ®)(m)+ §(HM)TCYHM — {WM(U) — eWM(”)Mfy (eKM(”)‘P> + 1} * FY

weCoNC

= f(M,HM W™ K"). (4.24)
Note that ZM = HM in (4.5). It then follows from (4.22) that
AT = — F(M, ZM, WM KMt + ZMdY° + WM (0) 5 d(1” — ) + KM (0) % dp? +dNM.  (4.25)

This yields Claim (iv).
We next prove Claim (i). We first verify that W € P also belongs to GE. (1Y) (see also (4.5)).

loc

Note that Y is QLC. It then follows from I1.1.31 and I1.1.32 in Jacod and Shiryaev (1987) that
C(WM)=|WMZxp¥ and C(WM) = |[WM %Y. Observe that M € M, and by Proposition 1.4.17

loc

in Jacod and Shiryaev (1987), up to a localization, it is enough to prove that W € Gf. (1) both

loc

for the case of M € M{, N H? satisfying ©2(e) € A”T for some € € [0,1), and for the case M €
ME N AP satisfying ©'(e) € APT for some € € [0,1). We first consider the case M € M{ NHD?

loc loc
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satisfying ©2(e) € AT for some € € [0,1). It then follows from (4.4) and Jensen’s inequality applied
with the operator Mfy(|75) (see Problem 3.2.11 in Liptser and Shiryayev (1986)) that

ET [C(WY)o] = EP [(IWY [ 5v)o] = BT [(IWH 25 ) o] = M5 (JWH]?)

<ME (JIn(1+AM)]?) =E” |3 1In(1+ AM,)|*1 a0 (4.26)
5>0
=E" | " |In(1+ AM,)*Lane-eoo) | +E” Z|1n(1+AMS)|2]1AMS€(176)],
s>0 s>0

Using the inequality - <In(1+z) <z for all z > —1, it holds that |In(1 + )| < max{|z|, %} for
all x > —1. Then, it holds that

P 2 P 2 |AJ\4S|2
E §|1n(1+AMS)| Tarcleno)| <E Z;max{|AMs| T M T AN, e[ c.00)
” , - |AM,|?
<F Z\AMS\ +F E WEAMSG[—@OO)

s>0 5>0

> lAaM,?

s>0

< <1 + ﬁ) EF < <1 + ﬁ) EP[[M,M]"] < 4occ.

Moreover, it holds that

E” Y 1In(1+AM) " lar,e-1-o | <E” +EP

s>0

2 |AM,|*
> 1AM thme(—ke)

s>0 s>0

< EP[[M,M)!]+ E*[02 (¢)] < +o0.

Using (4.26), the above estimates imply that EX [C(WM) ] < 400, i.e., C(WM) € A”* and hence
WM e GE (1Y) using Theorem I1.1.33-(a) in Jacod and Shiryaev (1987). We next consider the case

of M e Mf N A" satisfying ©'(¢) € A”" for some € € [0,1). By (4.4), we have that

E7 [CWM) o] = BV [(IWYM] 5 1)oo] = BV [(IWY |5 )] = My (JWH])
<My (|In(1+AM))) (4.27)

=E" | |In(1+ AM,)Larel—co0) | +E”

s>0 5>0

> (14 AMS)|]1AMSG(176>] :

First, we obtain that

|AM,|
EP E ‘ln(l—i_AMs)‘]lAMse[—e,oo) SEP E ’AMS‘ +EP E TAMSHAZWSE[_E’OO)
>0 s>0 s>0
2—¢
<——FE" ) |AM
<1 S>O\ s|| < oo,
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and the following inequality also holds

EF Z [In(1+AM,)[Lame-1,-0 | < B

s>0

The above estimates imply that E¥ [C(WM),] < 400, ie., C(WM) € APF, and hence WM €
GE.(1Y) using Theorem I1.1.33-(b) in Jacod and Shiryaev (1987).

loc

Recall the expression of K" (v) given in (4.5). It can be easily seen that M (KM(v)|P) =

> 1AM,

s>0

L E” [01(0)] < +.

0, and it satisfies Claim (i), using similar estimates to the ones derived above. Next, recall the
definition Z™ := HM given in (4.5). Because HM € P, we obtain that Z* € P. Moreover, because
HM ¢ LP2(v*), we deduce that ZM € LP*(Y*). Using (4.5), we conclude that e = E(M)E(VM).
Since VM € VP NP, we conclude that [M, VM =AM - VM = AVM . M =0 using (4.17) and (3.6)
in Liptser and Shiryayev (1986), page 119. The Yor’s formula yields e = E(VM 4 M). This leads
to the equality VI = ™ VM and hence e TY AV = AVM =0 > —1, P-as., by (4.17). This
verifies Claim (iii). O

The integral representation (4.18) w.r.t. the semimartingale Y is also related to the solution of a

forward HJB equation in an integrated semimartingale factor model. We explore such a connection

in Section 5.

5. Forward HJB Equation with Integrated Factor
We incorporate time-monotone performance processes in our semimartingale factor form by allow-
ing the forward performance process to depend on the sample path of the factor process Y via its

integral functional. More specifically, we consider a random field of the form:

Ul(z)=G <t,a:,Yt,/0tg(s,Ys)ds> , (t,x) ER%F. (5.1)

The factor function G(t,,y,2) : [0,00) X (0,00) x R? x R — R belongs to C*?*! and g: [0,00) x
R?— R is a Borel function. If the input function G(t,z,y, z) = Uy(z)T'(¢,y, 2) with Uy(z) = %aﬁpeDO
(Dy is an input which determines the initial forward preference), then I'(t,y, 2) is the solution to
a forward (partial integro-differential) HJB equation (see (5.3) below).

Unlike the classical HJB equation, the forward HIJB equation (5.3) specifies the initial rather
than the terminal value, and needs to be solved forward in time. Therefore, it is an ill-posed (time-
reversed) HJB equation, and the classical theory of HJB equations is not applicable. We bypass this
difficulty by connecting the solution of the forward HJB equation (5.3) to the triplet of processes
(TM, ZM W™M) analyzed in the previous section. We prove that solving the forward equation is
equivalent to constructing the process [T with representation (4.18) and satisfying the factor form
(5.1). We establish a closed-form factor representation of (IT", ZM™ W™M) when the factor Y is a

special semimartingale (see Lemma 5.4 below).
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Throughout the section, we consider the predictable characteristics of R and Y admitting the
factor representation:

(Bw), C(w), v(w, dt, du)) = < / b(s, Y(w))ds, / | c(s,Ys(w))ds,F(t,K(w),du)dt) (5.2)

0 0

(BY (w),CY (w), v (w,dt,dv)) = </ by(s,Ys(w))ds,/' cY(s,Ys(w))ds,FY(t,Yt(w),dv)dt> .

0 0
Here b(t,y) (bY (t,y)), c(t,y) (¥ (t,y)), and F(t,y,du) (FY (t,y,dv)) satisfy conditions (i) and (ii)
of Theorem II1.2.32 in Jacod and Shiryaev (1987). We also set the portfolio constraint to be in a
factor form as C;(w) := C,(Y;—(w)) CR", where C': [0,00) x R™ — B(R").

5.1. Forward HJB equations and connection to factor form of BSDEs

Recall the wealth process given in Section 2.1. It follows from Definition 2.2 and (5.1) that, if
Ui(x) =Uy(z)T'(t,Ys, fo Y,)ds) is a P-FIPP, then the pair of functions (I', g) satisfies the following
equation: for (t,y,z) € [0,00) x RY x R,

1
0=0,I'(t,y,2) +0.T(t,y,2)g(t,y) + V,[(t,y,2) b (t,y) + Qtr [Vf!yf‘(t, y,z)c” (t,y)]

-1
s AT )+ T e

m€Co,+(y)NCt(y)

+ 7l (ty) V(s 2) + / {p7 A+ 7T’ (t,y +v,2) —p 'T(t,y, 2)

—T(t,y,2)7 " h(u) —p 'V, [(t,y,2 (v) }F(t,y, du, dv)} (5.3)
with initial value I'(0,Y;,0) = 1. Here [; c/™ds = ((Re,Y9))I=p 4 and we have used the nota-
tions: 9, := gt, 0, := %, Vy:=(0y,...,0,,)" and A ((92 )” 1d:

Next, we connect the solution of the forward equation (5.3) to the factor representation of T
specified by (5.1). To this purpose, let M € Mloj be such that the Jacod’s representation of M
w.r.t. R and Y is respectively given by

(H(t,Y:-(w)),E(t,Y:-(w),u),0,0), and (A(t,Y;-(w)), e "= —1,0,0).

The deterministic functions H(¢,y), Z(t,y,u), A(t,y) and (¢,y,v) are all Borel measurable. Then,
P-a.s.

M=H R +Zu)*(p—v)=A-Y+{’@ 1} % (u¥ —0"). (5.4)

The decomposition (5.4) implies the existence of a relation between Jacod’s representations of M
w.r.t. R and w.r.t. Y. We state this relation in the following lemma.

Lemma 5.1 We have H ¢c"™YA=ATc"RH=H"cH =A"c"A, and Z(AR) =e’?Y) — 1, P(dw)®
dt-a.s.
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The following main result connects the solution of the forward equation (5.3) satisfied by (I, g)

to the factor form of ITM specified by (5.1). The proof is reported in the Appendix.

Theorem 5.2 Let M € M be given as in (5.4). If the component TIM in, the integral representa-
tion (4.18) with initial value I} = 0 admits a factor representation (i.e., there exist Borel functions
e CY! and g such that I} =T1I(t,Y;, [, §(s,Y,)ds) for t >0), then the forward HJIB equation
(5.3) admits a classical solution (U'(t,y,2),9(t,y)) = (e""¥2) g(t,y)) on (t,y,2) €[0,00) x R? x R.

5.2. Factor representation of (IT", ZM WM)
In this section, we establish the factor representation (5.1) for the triplet of processes
(T ZM WM admitting the integral representation (4.18) when the function g is nonzero. We
provide a closed-form expression for g when Y is a special semimartingale factor.

The following lemma provides an explicit form for the integral representation (4.18) w.r.t. the

semimartingale factor:

Lemma 5.3 Let M € ./\;lﬁj admit the Jacod’s decomposition in (5.4). Then, the triplet of processs
(T, ZM WM defined in (4.5) admits the representation

HtM—/ sYds+/AsY )dYE + // s v) (" =) (ds, dv),
0

ZY =AY, ), WM(0)=6(t Y ,v). (5.5)
For (t,y) € [0,00) x R, we have defined
1
\Ij(ta y) = —pﬁﬂ(t7 y) - §A(t7 y)TCY(t7 y)A(t7 y) - /{ee(t,y,v) —-1- H(ta Y, U)}FY(t7 Y, d’l)), (56)

where the function @(t,y) is given by

o(t,y):=  sup {WT(b(t,y)+C(7f,y)l‘l(7f,y))+p%lWTC(t,y)7r

7€Ct(y)NCo,t(v)
+ / (Lt rTw)? —pt — 7 h(w) ) F(t,y, du) (5.7)

+ /{pl(l T w)?P — p e by) I}F(t,y,du,dv)}.

If the factor process Y is a special semimartingale, the process II” in (4.5) admits an integrated

semimartingale factor representation:

Lemma 5.4 Let 0 € R? and consider the local martingale M in (5.4) with A=0c and 0(v)=0"v.
If Y is special, then the process (I, ZM W™M) given in (4.5) admits the representation:

t
Hi”:/\ll"(s,Ys)ds+aT(Yt—Yo), ZM = WM) =00, (5.8)
0
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For (t,y) € ]0,00) x R, we define
1
\I/U(tjy) = —pﬁﬂ(tn@) - §UTCY(t7y)O- - UTbY(tay) - /{edT’U —-1- UTU}FY(taya d’U) (59)

The function o(t,y) is given by (5.7). In addition, the function 0(v) =oc"v, and H satisfies the

relation given in Lemma 5.1 with A =o.

Remark 5.5 Lemma 5.3 suggests the existence of a solution of the form (II(t,y,z),9(t,y)) =
(IL(t,y) + 2, U(t,y)), where the function U is gwen by (5.6). Using this solution structure,
Lemma A.8 in the Appendixz may be restated as follows: under the conditions of Lemma 5.3, the
component IM of (4.18), with the additional constraint II}' =0, admits a factor representation
(IL, ) if and only if TI(t,y,2) = (t,y) + 2z and II is a classical solution of the forward equation:

for (t,y) €]0,00) x RY,
_\I/(tv y) = atﬁ(ta y) + Ayﬁ(ta y) + f(tv Y, vyﬁ(ta y)? ﬁ(tv Y+ U) - ﬂ(tv y)) (510)

with the initial condition ﬁ(O,Y}J) =0. Moreover, Lemma 5./ indicates the existence of an explicit
solution of the forward equation (A.12) when the local martingale M is given by (5.4), and the

factor process Y is a special semimartingale. The explicit solution of (A.12) is given by

(T, y, 2),9(t,y) = (0" (y = Yo) + 2,97 (,9)), (5.11)

where U is given by (5.9). It may be easily verified that TI(t,y) =0 (y—Yy) is a classical solution
of (5.10) of U is replaced by V.

Building on Remark 5.5, we revisit a Black-Scholes market with It diffusion factors of the form

(5.1) and nonzero g.

Example 5.1 In a one-dimensional continuous diffusion model, Nadtochiy and Zariphopoulou
(2014) characterize the solution to the forward Cauchy problem when the coefficients in the Ité
representation of Y are sufficiently smooth. Liang and Zariphopoulou (2017) consider a multi-
dimensional continuous diffusion model and account for portfolio constraints. They assume that
the return-factor process pair (R,Y’) follows the dynamics dR, = b"(Y;)dt + c®(Y;)dB; and dY; =
bY (Y,)dt + 0¥ dB;, where B is a d-dimensional Brownian motion, and the factor process Y is also
d-dimensional. They additionally require the covariance matriz o¥ (o¥)" to be positive definite,
and hence invertible. They prove that the solution component I1 of their infinite horizon BSDE
admits a factor representation of the form I, = G(Y;), for some function G : R* — R that exhibits
at most linear growth. We next analyze the model by Liang and Zariphopoulou (2017) under the
factor form (5.1) but with a nonzero g. We show that this yields a family of P-FIPPs. Let & be
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an arbitrary R¥-valued column vector. Take the scalar local martingale M = 6" B. Then M is a
continuous P-martingale and E(M) is a P-martingale. Hence, dQ° = E(M)dP defines a probability
measure Q°, and B? := B, — &t, t >0, is a d-dimensional Brownian motion under Q°. In the Ité

diffusion model discussed above, (4.18) reduces to
dll° = —f(Z%)dt + Z° - dY*", Y¢=0"B, (5.12)
where the driver f is gien by f(Z)=3|Z oY |* +psup,cc ®p(m;Y, Z), and
B, (miy, 2) =T (0"(9) + 0" () (") 2} + Lm0 () (o) T (513

Since Y¢ = o¥B by (5.12), we obtain the martingale representation (5.4) with H =
a¥[(cY) oY ]716. Moreover, the factor Y is an Ité diffusion process, and hence it is a QLC special
semimartingale. It follows from Lemma 5./ that TI? =11° (¢, Y}, fot g°(s,Y,)ds) fort>0, and II] =0

admits a factor representation:

7(t,y,2) == H' (y—Yo) + 2, (5.14)

o7 ()= —psup {7 (00) + 0 )0 )T H) + PR )" ) T GIHT - T ().

Assume of(y) has full rank. Then o®(y)"C is also closed. The market price of risk is then given
by My) = o®(y)T[o®(y)ol(y) |10 (y), i.e., o (y)A(y) = b (y). The optimal strategy w°* thus
satisfies that

o (y) 7 €PLryTe {(L—p) (A (y) +5)}. (5.15)

Here, for any nonempty closed subset K of R™, Px{x} is defined as the projection that maps a vector
x €R™ to the points in K with minimal distance from x. Define G°(t,x,y,2) := Uo(x)en&(tvyvz). By
Lemma 4.3, if Q% :=E(pa(Y)"7n%* - B%) is a Q% -martingale, then

} t
U? (x) := Uy(z)e = G? <t,a;,Y},/ g&(s,YS)ds> , t>0 (5.16)
0

is a P-FIPP. The above representation of U° in terms of G° gives a solution of the forward HJB
equation (5.3); see Theorem 5.2. Moreover, it can also be seen that the FIPP U° depends on the
vector ¢. Hence, we have established a family of power FIPPs given by (U?)scga, that results in a

family of optimal strategies given by (7%*);cpa if (Q7)sera s a family of Q7 -martingales.
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Appendix: Proofs of Auxiliary Results

This section collects the technical proofs of some important auxiliary results that are used to establish
theorems, propositions, and lemmas in the main body of the paper.

Proof of Lemma 3.1. We provide the proof for a general increasing and predictable process A = (4:):>0
used in the representation of predictable characteristics for semimartingales. Then, the desired result follows
by taking A, =t. An application of It6 formula yields L = Lo&E(N), where the process N = BP + D¢ + % +
hP(v) * (uP —vP) 4+ (e¥ — 1 — hP(v)) * uP. Note that D is exponentially special by the assumption (Ap)-(i)
or (ii). Then, we have that

M*=Lo&E(N)_ - {D°+ (" = 1) * (u” —v")},
D
VL—LOE(N)-{BD+ +(e“—1—hD(v))>f<uD}. (A.1)
Note that ABP = [ hP(v)v? ({-},dv), so it follows from (A.1) that

AVE = Lo&(N). /{e“ S WP ({),dv) = LoE(N). (/ VP ({}, dv) — aD> , (A.2)

where a” := [vP({-},dv). By Theorem 2.5.1 in Liptser and Shiryayev (1986), page 127, we have

M_(L+AVL)1.ML_{/e“yD({~},dv)+1—aD}1~{DC+(e”—1)*(uD—VD)},

and hence V =L-'. VI =DBP 4 < C +{e" —1—hP(v)} *vP. Using the expression for M derived above, we
obtain that

AM = {/e“yD({-},dv)—i— 1 —aD} L€ 1)r (147 — oP)({-} o)
(eAP —1)apso+a” — [evP({-},dv)

JervP({-},dv)+1—aP '
Using (A.2), we get AV = [e"vP({-},dv) — a®. Note that, it follows from Proposition I1.2.9 in Jacod
and Shiryaev (1987) that a? = AA,FP(R%). This yields that a” =0 when A, =¢ for ¢ > 0 and hence
Je'vP({-},dv) =0 when A, =t for t > 0. From these, we conclude the lemma. O

Proof of Lemma 3.2. To prove Lemma 3.2, we first need an auxiliary result. For any T" € (0, 00), let Tr
be the set of F-stopping times 7 <T. Then, we have the following equivalent characterization:
Lemma A.1 An adapted process ¢ = ((;)i>o0 is of class of (DL) under a probability measure Q if and only
if for any T € (0,00),

(1) sup, ey E2[IC.1] < +00;

(i) for any e >0, there is 0 >0 s.t. whenever Q(A) <0 with A € Fr, we have

sup  E9[|¢ 1] <e
{reTr; AcF,}

Proof. We first assume that ¢ = ({;):>o is of class of (DL) under @. Then (i) follows immediately. On the
other hand, for any > 0, there exists § > 0 s.t. whenever Q(A) <0 with A € Fr, we have that

EC[|¢-|14] = E[IC-Langcsa) + BN G L ange1<a], ¥V A>0.
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Since (¢;)rery is U.L, there exists a sufficiently large X\ > 0 s.t. sup, .. E?[|C;|Ljc,>2] < &/2. Take
6 = ¢/(2\). Tt then holds that sup .. E[([14] = /2 + MQ(A) < e. This yields the inequality
P erns aerey BG4 < 5up_cpy BYIG14] <, L, (i) holds.

We next assume that (i) and (i) hold. Let o :=sup, .. E?[|(]], and hence a € [0,00) by (i). Then there
exists § >0 s.t. for all 7 € 77, Q(A2) < § for A > a/d. Here, we have set A2 := {|¢;| > A}. In particular,
7e{r e€Tr; A} € F.}. Therefore, for sufficiently large A > «/d, it holds from (ii) that

BOlGy] < s BO[GILn] <- (A.3)
{reTr; A2eFr}
Since 7 € Tr and € > 0 are arbitrary, it follows from (A.3) that (¢, ),z is U.L under Q. This ends the proof.
O

We are now in a position to prove Lemma 3.2. For (i), by Definition 2.2, it is enough to verify that
TE F?M if and only if w € I'S. By Definition 2.1, it is sufficient to show that U,(x& (7 - R))™, t > 0,
is of class (DL) under P if and only if UY (z&, (7 - R))™, t > 0, is of class (DL) under Q. For nota-
tional convenience, set ¢, := U} (z&€, (7 - R))~ and hence U, (& (7 - R))™ = &(M)(; because E(M) > 0. We
first assume that &(M)(, t > 0, is of class (DL) under P. Then, it follows from Lemma A.1 that (i)
sup,cr.. BV [E-(M)(,] < +o00, and (ii) for any € >0, there exists 0 >0 s.t. whenever P(A) <6 with A € Fr, it
holds that sup,cr... acr y E7[E-(M)(14] <e. By (3.6), we obtain sup, ... E?Y[¢,] < 400. Since QM ~ P
and P(A) < ¢ for A € Fr, there exists 6 > 0 s.t. QM (A) = EP|Ex(M)14] < 0. By (ii) and (3.6), we also
have that sup, .. acr.y E? [(-14] <e. This shows that ¢ = (¢;):>0 is of class (DL) under Q" using again
Lemma A.1. Similarly, we can verify that if ¢, ¢t >0, is of class (DL) under @, then &, (M), t >0, is of
class (DL) under P.

We next prove (ii). Let us assume that the random field UY defined by (3.5) is a Q™-FIPP with optimal

il

trading strategy 7* € I‘?M. It can be easily seen that x — U,(z) := Up(x)E,(M)E, (V) is concave and increas-
ing because Uy(z) = %x” for z > 0. It follows from Definition 2.2 with Q = Q* that, for any 7 € I‘EZM,
UY(X™) = Upg(X™")E(V) is a QM-supermartingale. This yields E@" [UY (X[")|F.] <UY(X™*) for any
0 <s<t<oo.In view of (3.6) and using Eq. (3.9) from Chapter IIT of Jacod and Shiryaev (1987), page 168,
it follows that E?" [UY (X[")|F.,] = E¥ [U/(X["")|F.]/Es(M) because M € M. Hence, E”[U,(X]")|F.] <
E(MUY(XT") =U,(X™"), P-a.s. by using (3.4). Together with (i), this implies that, for any = € '},
U(X™") is a P-supermartingale. Moreover, it follows from (i) that 7* is also admissible under P, i.e., 7* € ',
and UY (X™"*) is a Q™-martingale. Therefore, EQ™ [UY (X[ *")|F,] = UY (X7"*) for all 0 < 5 < t < co. More-
over, by (3.4) and (3.6), we have that U(X™ +®) is a P-martingale. Hence, we have proven that U defined by
(3.4) is a P-FIPP with optimal trading strategy 7~ € I’}

In the sequel, assume that the random field U defined by (3.4) is a P-FIPP with optimal trading strategy
7 € TZ . Tt follows from Definition 2.2 with Q = P that, for any 7 € TS" , U(X™%) = £,(M)UY (X™*) is a P-
supermartingale. This yields the inequality E¥[E,(M)UY (X[")|F] < E(M)UY (XT) for all 0 < s < t < 0.
Using (3.6), we obtain EP[£,(M)UY (X)|F.]/E(M) = EQ™ [UY (X[")|F.]. Together with (i), this implies

that UY(X™") is a QM-supermartingale for all 7 € I‘?M. Similarly, we can verify from (i) that 7* € I‘?M,
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and UY(X™*) is a Q™-martingale. This shows that the random field U defined by (3.5) is a Q-FIPP
with optimal trading strategy n* € 1"? " . This concludes the proof of Lemma 3.2. ([
Proof of Lemma 3.4. We provide the proof for a general increasing and predictable process A =(A4;):>0
used in the representation of predictable characteristics for semimartingales. The desired result then fol-
lows by taking A, =t. Observe that, for any = € F?M, it holds that UY(X;"") = Uy(2)&(V)E(m - R)P =
Uo(z)E,(V)E,(N()), where the stochastic logarithm N(7) is given by

@wTCW +{(A1+7"u)? =1 —pru} * p. (A4)

Observe that V € V2" NP. Then, using (3.6) in Liptser and Shiryayev (1986), page 119, we have

N(m):=pr-R+

[V,N(m)]®" =AN(x)-V =AV - N(n). (A.5)
From the Yor’s formula, it follows that
UY(X™%) =Up(x)E(V + N(x) + [V, N(m)]9") = Us(2)E(V + (1 + AV) - N(m)). (A.6)

By Definition 2.2, for any 7 € F?M andx € R, UV (X™?) is a QM-supermartingale, and there exists 7* € F?M
such that UV (X™*) is a Q*-martingale. By (A.6), for any 7 € F?M, p H{V+ (1+AV)-N(m)} is a local
QM -supermartingale and p~'{V + (1+ AV)- N(7*)} is a local Q™-martingale. As Q™ ~ P, by Lemma 3.1,
QM (dw) ® dA;-a.s.

I4+AV =1 aD—i—/e“uD({-},dv). (A7)
For 7 € I‘?M and (¢,u,w) € [0,00) x R™ x Q, define
H] (w):= (1 —aP(w)+ /e“uD(w, {t},dv)) T (w);
W[ (w,u) := (1 —aP(w)+ /e”uD(w, {t},dv)) A +m(w)w)P—p '} (A.8)
Using (A.4) together with (3.8), we deduce that, for any 7 € FQM,

pHV + (L+AV)-N(m)} =p Vo +p~ 13/1 A+ [(1+AV)@Y (n)] - A

+H™ - R+ W™ (u—v™). (A.9)

loc

7w h(u)|xvM e Aloc . Moreover, it holds that, Q" (dw) ® dA,-a.s.

It follows from (A.7) that, for all 7 € T, H™ € L2, 2(RM<), W™ € G2 (1) and [p~ (1 + 7 u)? —p~t —

V *
P dA +(1+AV)®) (1) =0, sup DN (m) = @) (7). (A.10)

rec@™ ne

Note that, by (A.8), we have H" =7 and W™ =p~ ' (1 +m,(w) "u)? —p~! when A, =t. Then, by taking A, =1,
Eq. (3.7) follows from (A.10), (A.7) and (3.3). Thus, we complete the proof of the lemma. O
Proof of Lemma 3.6. (i) For 7€ {y € R"*; FM(A_(y)) =0}, note that {ueRY; 7#"u+A<0}TA_(7) as
A1 0. This implies that F™({u € Ry; 7Tu+ A <0})=0 for all A > 0. Thus A\~*m € Cy for all A > 0. In view
of (3.22), we have

AMp(A ) = - THM — p )\ aler —{p "IN PN\ +r"u)? —Apt — 7 h(u)} x FM,
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for all A > 0. Then, from Corollary 8.5.2 in Rockafellar (1970), it follows that 07 (7) = limy o Ay(A~*7) and
this gives (3.25). For m € {y e R"; FM(A_(y)) > 0}, because {u € RY; nTu+ A <0}t A_(7) as A0, there
exists a constant \g > 0 such that for all positive A < )¢, it holds that F™({u € R}; 7 u+ A< 0}) > 0. This
implies that A~!m ¢ Cy for all positive A < Ag. By the definition of 1(7) in (3.22), we have that Ap(A~17) =
+o0 for all positive A < \g. Hence 907 (7) = limy 0 Ay(A~!7) = 4+00. The proof of (ii) is similar to that of (i)
and hence we omit it. (iii) It follows in a straightforward manner from previous arguments that the recession
cone of 1 is given by {m € R"; 40" () <0}. (iv) The direction of the vectors in the recession cone of 1 is
the direction of recession of 1. The constancy space of ¥ is given by {7 € R"; ¥0%(7) <0, ¥0*(—7) <0}.
It thus holds that {m € R™; 40T (1) <0, 90t (—m) <0} =N&". O

Lemma A.2 (Nutz (2012a), Appendix A) Let Assumption (Ar) hold. Then, the following statements
hold:

(i) If p€(0,1), I™(7) defined by (3.21) is finite and continuous on Co;

(i) If p<0, IM(m) defined in (3.21) is finite and continuous on Co, and I3* () defined in (3.21) is finite
on Uxe[o,1)ACoj

(iii) Under (Ac), any optimal strategy m* € argmax®) () and is unique, modulo Nt
weCNCo

Proof of Lemma 5.1. We provide the proof for a general increasing and predictable process A = (4:):>0
used in the representation of predictable characteristics for semimartingales. Then, the desired result follows

by taking A, =t. It follows from (5.4) that
AM =Z(AR) —E(u) s v({-},du) =’ @) —1 — {*® — 1}« ¥ ({-},dv).

Hence, the second identity follows from the assumption that (R,Y") is QLC (if A; =t¢, then it is automatically
satisfied). We next prove the first identity. Applying (5.4) again, we obtain

1 1
M= S(H R4 A-Y) o (2() (=) + {0 = 1} e (0 —Y).
Consequently, we obtain that

(M, M)P ==(H-R°+A- Y H-R+AN-Y)' =H cH-A=AT¢"A-A. (A.11)

1
4
Moreover, it holds that

i(H RAN-Y H-RA+AY) = (H cH+AT A+ H ™A+ AT H) - A

(HTCH + HTCRYA) - A,

N — | —

where we use the fact that H ' ¢™ A = AT¢""H. Then, (A.11) implies that £(H"cH + H ¢™A) - A=
HTcH- A, and hence H'c¢®¥A- A= H cH - A. The proof then follows by taking A, =t for ¢t > 0. O
In order to prove Theorem 5.2, we need the following auxiliary result.

Lemma A.3 The following statements hold:
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(1) Let (ITM, ZM W™M) satisfy the integral representation (4.18) with initial value 1YY = 0. If there exists
a pair of functions (I, g) with L € C*21 and g being a Borel function, such that TIM =TI(¢, Y, fo 5,Y,)ds),
then (IL, g) is a classical solution of the following forward equation: 11(0,Y,,0) =0, and for (t,y, z) € [0,00) X
R x R,

0=0,I1(t,y, z) + A II(t,y, z) + g(t,y)d.IL(t,y, z) + f(t,y, V,I(t,y,2), Ity +v,2) = 1I(t,y,2)). (A.12)

The function f in (4.18) is given by

1
F(ty, 2,W) =527 (6,9) 2 +pe(t,y; 2,W) = {W (v) +1 - "N w FY(t,y), (A.13)
where
—1
o(t,y; Z,W) = sup " (b(t, y) + (¢, y)Z) + p—ch(t, y)m (A.14)
7EC (1)NCo,t (y) 2

+ / {p 4 a ) —p™t —a h(w)}F (Y, du) + / {p™ (17 u)” —p e — 1}F<t7y,du,dv)}-
The integral-differential operator AY is defined as:
AYI(t,y,2) ==V, (¢, y,2) 0" (t,y) + = tr[V2 (t,y,2)c” (t,y)]
+{I(t,y+v,z)— H(t,y, 2) =V, (t,y,2) "R (v)} = FY(t,y). (A.15)
(i) Assume the pair of functions (I1,g), where Il € CY2! and g is a Borel function, satisfy the forward
equation (A.12) with initial condition 11(0,Yy,0) = 0. Then, (IIM,ZM W™M) with integral representation
(4.18) admits a factor representation with initial value I = 0.

Proof. () Suppose first that TIM =TI(¢, Y, fo 5,Y,)ds) for t >0, i.e., II™ has a factor representation. Let
(s,Y;)ds for t > 0. Then, an application of It6 formula yields that
09

dIT™ = (B,II(Y_,V_) + AV TI(Y_, V) + g(Y_)A.II(Y_, Y_)) dt + V,II(Y_, Y_)dY*
H{I(Y_ +0, Y ) —T(Y_, Y )} xd(p* — ). (A.16)

Recall that (ITM, Z™ W) satisfies the integral representation (4.18), i.e., dlIM = — f(Y_, ZM WM)dt + ZM .
dY e+ WM s d(u” —v"). Then, it holds that Z™ =V, II(Y_,Y_), WM(v) =IL(Y_ +0v,Y_) —II(Y_,Y_), and

—fY_, ZM WM =0,I(Y_, Y )+ AI(Y_, V) + g(Y_)d.II(Y_,V_). (A.17)

Recall that sup, ccne, @ () = p(Y_), where the function o(t,y) is given by (5.7). It follows from Lemma 5.1

that the function ¢(t,y) can be rewritten as:

o(t,y;A0)= sup {WT (b(t,y) + ™ (t, y)A(t,y)) + p—;lWTC(t,y)ﬂ

7€Ct(y)NCo,¢(y)
+ /{p”(l + 7 u)? —p~t =7 h(u)}F(t,y, du) + /{p”(l +mu)? —p e — 1V F (L, y, du, dv)}-

By Lemma 5.3, the component (Z* W) in (4.18) is given by Z* = A and W™ (v) = 6(v). Hence, ZM =
A=V,II and WM (v) =0(Y_,v) =I(Y_ +v,Y_) —II(Y_,)_). Recall that the driver f of (4.18) is given by
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(4.19). Then, f(Y_,ZM W™M) = L(ZM)TeY ZM 4+ pp(Y_, ZM, WM) — {WM (v) + 1 — " )}« F¥. Plugging
the above expression into (A.17), we obtain the forward PDE (A.12).
(i) Suppose that (II, g) is a classical solution of the forward equation (A.12). Then, Eq. (A.16) reduces to
dIL(Y,Y) = —f(Y_,V,I(Y_, V), (Y. +v, V) - I(Y_,Y_))dt + V,II(Y_, Y )dY*
+ {H(Y, +U,y7) - H(vay*)} *d(lu’y - VY)'
Using the above representation, a solution of (4.18) is of the form: I =II(Y,Y), Z™ =V, II(Y_,Y_), and
WM)=T(Y_ +v,Y_)—TI(Y_,)Y_). Hence, (1™, Z™ W) admits a factor representation. O

Proof of Theorem 5.2. By applying the Cole-Hopf transform to (5.3) given by I'(t,y, z) = e*(#¥:*) and
we have that, for (¢,y,2) €[0,00) x R* X R,

1
0=08,L(t,y,2) +9.L(t,y,2)g(t,y) + V,L(t,y,z) 0" (t,y) + Qtr[ViyL(t, y,z)c” (t,y)]

1
+5VuL(ty, z)e (ty)VyL(t,y,z)+p  sup {WT (b(t,y) + ™ (t,y)V, L(t,y, 2)) + pTWTC(t,y)W

w€C(y)NCo ¢ (y)

+{p~ 1+ WTu)peL(t’y'*'“’z)*L(t’y’z) —p ' =7 h(u) —p 'V, L(t,y,z) ThY (v)} = F(t, y)} (A.18)
We rewrite the terms in the last line of (A.18) as:
{p~ 1A + 7w Tu)Peltutv ) =Lty.2) )=l 2T p (qy) —p 'V, L(t,y,2)ThY (v)} x F(t,y)
={(p (147w —p ) (e v EOwD DYV Bt y) + {p T (147 w)” —p =7 h(u)} « F(t,y)
+p et vteR) kv 1 L(t,y,2) ThY (v)} * FY (8, y).

Then (A.18) is reduced to

1
0=0,L(t,y,2) +0.L(t,y,2)g(t,y) + A L(t,y,z) + ivyL(t, y,2) ¥ (t,y)V,L(t,y,2)
4 {ebtvtva)=Ltws) 1 (L(t y+v,2) — L(t,y,2))} « F¥(t,y)

-1
+p sup {WT(b(tay)+CRY(tay)vyL(tvyaz))+pT7TTC(tay)7T (Alg)

m€C(y)NCo,¢(y)

T AT —pt = Th(u) b F(ty) + {(p7 (L7 )P —p ) (Pt b s 1)) R, y)}-

Recall the integral-differential operator AY defined by (A.15). Using the expression of the function f given
by (A.13) in Lemma A.3, it follows from (A.19) that

0= 6tL(t7yuz) +azL(t7y7z)g(t7y) +AYL(t7yuz) + f(t7y7 vyL(tayuz)uL(tuy+U72) - L(tayuz))

Using Lemma A.3 again, (II, §) satisfies the above equation. Then (T, g) = (', ) is a solution of the forward
HJB equation (5.3). This completes the proof of the theorem. ]
Proof of Lemma 5.3. For the local martingale M given in (5.4), Theorem 4.5 guarantees that
(T™, ZM W™M) with the integral representation (4.18) given by (4.5) admits the form:
' 1
v = _p/ sup M (m)ds + M — S (M, MY —{eC=) 1 —0(Y_,v)} ¥,
0

nels (y)ﬁCO,s (y)

ZM = A(Y), WM(v)=0(Y_,0v).
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We next compute [ SUp co. e, .p) Po ()ds. Note that [ sup,.co.ync, (v Po (M)ds = [; @(Y.)ds, where

Plty)= s {wT<b<t,y>+c<t,y>H<t,y>>+”Tww,y)w (4.20)

T€C(y)NCo,¢(y)
+ /{p”(l +mtu)’ —p =7 h(u)}E(ty, du) + /{p”(l +mlu)” —p Ay, ) F(ty, dU)},
for (t,y) € [0,00) x R?. Using the first identity in Lemma 5.1, we obtain that

{p’l(l + ﬂ-Tu)P _pfl}E(u) * = Z{pfl(l i WTAR)P —pfl}E(AR)
= Z{Pﬂﬂ +7 AR)P _pfl}{ee(Ay) —1

={p (A +7Tuy —p  He" W — 1}
By taking the dual predictable projection on both sides of the above equality, we conclude that
{p' (147w —p JE)« F={p~ (1+7 u)’ —p ' He’'™ =1}« F.

By (A.20), we deduce that ¢(¢,y) = ¢(t,y). Then, the relation (5.5) follows from (5.4). O
Proof of Lemma 5.4. Since the factor Y is a special semimartingale, it admits the canonical representation

Y=Yy+B  +Y+ux(p" —v"). (A.21)
If A=c and 0(t,y,v) =0 v, it follows from (A.21) that

AYet0w) (@ —v )= {Y+uvx(u’ —v")}=0" (Y—Yb—/bfds) .
0

Plugging the equality above into (5.5), we obtain (5.8). O
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