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Abstract

The problem of community detection with two equal-sized communities is closely related to the
minimum graph bisection problem over certain random graph models. In the stochastic block model
distribution over networks with community structure, a well-known semidefinite programming (SDP)
relaxation of the minimum bisection problem recovers the underlying communities whenever possible.
Motivated by their superior scalability, we study the theoretical performance of linear programming
(LP) relaxations of the minimum bisection problem for the same random models. We show that, unlike
the SDP relaxation that undergoes a phase transition in the logarithmic average degree regime, the LP
relaxation fails in recovering the planted bisection with high probability in this regime. We show that
the LP relaxation instead exhibits a transition from recovery to non-recovery in the linear average degree
regime. Finally, we present non-recovery conditions for graphs with average degree strictly between linear
and logarithmic.
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1 Introduction

Performing community detection or graph clustering in large networks is a central problem in applied disci-
plines including biology, social sciences, and engineering. In community detection, we are given a network
of nodes and edges, which may represent anything from social actors and their interactions, to genes and
their functional cooperation, to circuit components and their physical connections. We then wish to find
communities, or subsets of nodes that are densely connected to one another. The exact solution of such
problems typically amounts to solving NP-hard graph partitioning problems; hence, practical techniques
instead produce approximations based on various heuristics [39] 10} [0 [20].

The stochastic block model. Various generative models of random networks with community structure
have been proposed as a simple testing ground for the numerous available algorithmic techniques. Analyzing
the performance of algorithms in this way has the advantage of not relying on individual test cases from
particular domains, and of capturing the performance on typical random problem instances, rather than
worst-case instances where effective guarantees of performance can seldom be made. The stochastic block
model (SBM) is the most widely-studied generative model for community detection. Under the SBM, nodes
are assigned to one of several communities (the “planted” partition or community assignment), and two
nodes are connected with a probability depending only on their communities. In the simplest case, if there
is an even number n of nodes, then we may assign the nodes to two communities of size n/2, where nodes
in the same community are connected with probability p = p(n) and nodes in different communities are
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connected with probability ¢ = ¢(n), for some p > ¢. This is the so-called symmetric assortative SBM with
two communities.

In this paper, we study the problem of ezact recovery (henceforth simply recovery) of the communities
under this model. That is, we are interested in algorithms that, with high probability (i.e., probability
tending to 1 as n — 00), recover the assignment of nodes to communities correctly. For this task, the
estimator that is most likely to succeed is the maximum a posteriori (MAP) estimator, which coincides with
the minimum bisection of the graph, the assignment with the least number of edges across communities (see
Chapter 3 of [1]). Computing the minimum bisection is NP-hard [22], and the best known polynomial-time
approximations have a poly-logarithmic worst-case multiplicative error in the size of the bisection [26].

Semidefinite programming relaxations. However, there is still hope to solve the recovery problem
under the SBM efficiently, since that only requires an algorithm to perform well on typical random graphs.
Indeed, in this setting, one recent stream of research has shown that semidefinite programming (SDP) re-
laxations of various community detection and graph clustering problems successfully recover communities
under suitable generative models [2] B2] 28] [5, [30, 29]. Generally speaking, these works first provide deter-
ministic sufficient conditions for a given community assignment to be the unique optimal solution of the SDP
relaxation, and then show that those conditions hold with high probability under a given model. For the
symmetric assortative SBM with two communities, the work [2] gave a tight characterization of the values
of p and ¢ for which any algorithm, regardless of computational complexity, can recover the community
assignments (often called an “information-theoretic” threshold). In particular, the authors found that re-
covery changes from possible to impossible in the asymptotic regime p(n), g(n) ~ logn/n. The authors also
conjectured that an SDP relaxation in fact achieves this limit, and proved a partial result in this direction,
later extended to a full proof of the conjecture by [23, [5]. These results indicate that, remarkably, the
polynomial-time SDP relaxation succeeds in recovery whenever the (generally intractable) MAP estimator
does, in a suitable asymptotic sense.

Linear programming relaxations. It is widely accepted that for problems of comparable size, state-
of-the-art solvers for linear programming (LP) significantly outperform those for SDP in both speed and
scalability. Yet, in contrast to the rich literature on SDP relaxations, LP relaxations for community detec-
tion have not been studied. In this paper, motivated by their desirable practical properties, we study the
theoretical performance of LP relaxations of the minimum bisection problem for recovery under the SBM.
Recently, in [I6], [15] I8, [I7], the authors investigate the recovery properties of LP relaxations for K-means
clustering, join object matching, K-medians clustering, and Boolean tensor factorization, respectively.

Integrality gaps of LP relaxations for graph cut problems. Perhaps the most similar line of prior
work concerns LP relaxations for the maximum cut and the sparsest cut problems. Poljak and Tuza [35]
consider a well-known LP relaxation of maximum cut problem often referred to as the metric relaxation [19].
They show that for Erdds-Rényi graphs with edge probability O(polylog(n)/n), the metric relaxation yields
a trivial integrality gap of 2, while for denser graphs with edge probability (y/logn/n), this LP provides
smaller integrality gaps. In [4], the authors consider an LP relaxation obtained by adding a large class of
inequalities to the metric relaxation. Yet, this stronger LP does not improve the trivial integrality gap of the
metric relaxation for edge probability O(polylog(n)/n). In [14], the authors show that, for high-girth graphs,
for any fixed k, the LP relaxation obtained after k£ rounds of the Sherali-Adams hierarchy does not improve
the trivial integrality gap either. In fact, the authors of [11] prove that, for random d-regular graphs, for every
€ > 0, there exists v = v(d, €) > 0 such that integrality gap of the LP relaxation obtained after n” rounds
of Sherali-Adams is 2 — €. In contrast to all of these negative results, the recent works [34, 24] provide a
partial “redemption” of the Sherali-Adams relaxation for approximating the maximum cut, by showing that
LP relaxations obtained from n°® rounds of Sherali-Adams obtain non-trivial worst-case approximation
ratios. For the sparsest cut problem, the authors of [28] give an O(logn)-approximation algorithm based on
the metric relaxation, and show that constant degree expander graphs in fact yield a matching integrality
gap of O(logn) for this relaxation.

We draw attention to the unifying feature that, in all of these results, the upper bounds produced by LPs
for dense random graphs are significantly better than those for sparser random graphs. Our results describe



another setting, concerning performance on the statistical task of recovering a planted bisection rather than
approximating the size of the minimum bisection, where the same phenomenon occurs.

Other algorithmic approaches. Recent results have also shown that spectral methods can achieve opti-
mal performance in the SBM as well [T, [B]. As these methods only require estimating the leading eigenvector
of a matrix, they are faster than both LP and SDP relaxations. However, it is still valuable to study the
theoretical properties of LP relaxations for community detection. First, LP methods provide a general
strategy for approximating a wide range of combinatorial graph problems, and understanding the behavior
of LP relaxations for the minimum bisection problem sheds light on their applicability to other situations
where similar spectral methods do not exist. Second, works like [33, B6] suggest that convex relaxations
enjoy robustness to adversarial corruptions of the inputs for statistical problems that spectral methods do
not, making it of practical interest to understand the most efficient convex relaxation algorithms for solving
statistical problems like recovery in the SBM.

Our contribution. Our work serves as the first average-case analysis of recovery properties of LP re-
laxations for the minimum bisection problem under the SBM. Proceeding similarly to the works on SDP
relaxations described above, we begin with a deterministic analysis. First, we obtain necessary and sufficient
conditions for a planted bisection in a graph to be the unique minimum bisection (see Theorems (1| and .
These conditions are given in terms of certain simple measures of within-cluster and inter-cluster connectiv-
ity. Next, we consider an LP relaxation of the minimum bisection problem obtained by outer-approximating
the cut-polytope by the metric-polytope [19]. Under certain regularity assumptions on the input graph, we
derive a sufficient condition under which the LP recovers the planted bisection (see Propositions [1] and [2)).
This condition is indeed tight in the worst-case. Moreover, we give an extension of this result to general
(irregular) graphs, provided that regularity can be achieved by adding and removing edges in an appropriate
way (see Theorem . Finally, we present a necessary condition for recovery using the LP relaxation (see
Theorem . This condition depends on how the average distance between pairs of nodes in the graph
compares to the maximum such distance, the diameter of the graph. These two parameters have favorable
properties for our subsequent probabilistic analysis.

Next, utilizing our deterministic sufficient and necessary conditions, we perform a probabilistic analysis
under the SBM. Namely, we show that if p = p(n) and ¢ = ¢(n) are constants independent of n, then the LP
recovers the planted bisection with high probability, provided that ¢ < p — % (see Theorem @ Conversely,
if ¢ > max{2p — 1, %(3 —p—+/(3—p)%2 —4p)}, then the LP fails to recover the planted bisection with high
probability (see Theorem [7]1). Thus, within the very dense asymptotic regime p(n), g(n) = ©(1), there are
some parameters for which the LP achieves recovery, and others for which it does not. On the other hand, in
the logarithmic regime p(n), q(n) = ©(logn/n), we prove that with high probability the LP fails to recover
the planted bisection (see Theorem . We also present a collection of non-recovery conditions for the SBM
in between these two regimes; that is, when p(n),¢(n) = ©(n~v) for some 0 < w < 1 (see Theorem |ﬂ2—
3). In summary, we find that LP relaxations do not have the desirable theoretical properties of their SDP
counterparts under the SBM, but rather have a novel transition between recovery and non-recovery in a
different asymptotic regime.

Outline. The remainder of the paper is organized as follows. In Section [2] we consider the minimum
bisection problem and obtain necessary and sufficient conditions for recovery. Subsequently, we consider the
LP relaxation in Section [3|and obtain necessary conditions and sufficient conditions under which the planted
bisection is the unique optimal solution of this LP. In Section [i] we address the question of recovery under
the SBM in various regimes. Some technical results that are omitted in the previous sections are provided
in Section Bl

2 The minimum bisection problem
Let G = (V, E) be a graph. A bisection of V is a partition of V into two subsets of equal cardinality. Clearly

a bisection of V only exists if [V| is even. The cost of the bisection is the number of edges connecting the
two sets. The minimum bisection problem is the problem of finding a bisection of minimum cost in a given



graph. This problem is known to be NP-hard [22] and it is a prototypical graph partitioning problem which
arises in numerous applications. Throughout the paper, we assume V = {1,...,n}. Furthermore, we denote
by (i,7) an edge in F with ends i < j.

Let G be a given graph and assume that there is also a fixed bisection of V' which is unknown to us.
We refer to this fixed bisection as the planted bisection, and we denote it by Vi, V,. The question that we
consider in this section is the following: When does solving the minimum bisection problem recover the
planted bisection? Clearly this can only happen when the planted bisection is the unique optimal solution.
From now on, we say that an optimization problem recovers the planted bisection if its unique optimal
solution corresponds to the planted bisection.

We present a necessary and sufficient condition under which the minimum bisection problem recovers
the planted bisection. This condition is expressed in terms of two parameters di,, doys of the given graph
G. Roughly speaking, dj, is a measure of intra-cluster connectivity while dyy is a measure of inter-cluster
connectivity. Such parameters are commonly used in order to obtain performance guarantees for various
clustering-type algorithms (see for example [27, 29] 30]). These quantities will also appear naturally in the
course of our construction of a dual certificate for the LP relaxation in Theorem In order to formally
define these two parameters, we recall that the subgraph of G induced by a subset U of V', denoted by G[U],
is the graph with node set U, and its edge set is the subset of all the edges in F with both ends in U.
Furthermore, we denote by F; and Ey the edge sets of G[V1] and G[V2], respectively, and we define Gy as
the graph Go = (V, Ey), where Ey := E \ (E; U E3). The parameter dj, is then defined as the minimum
degree of the nodes of G[V1] U G[Vz], while the parameter doyt is the maximum degree of the nodes of Gy.

2.1 A sufficient condition for recovery

We first present a condition that guarantees that the minimum bisection problem recovers the planted
bisection.

Theorem 1. If d;;, — doyr > n/4 — 1, then the minimum bisection problem recovers the planted bisection.

Proof. We prove the contrapositive, thus we assume that the minimum bisection problem does not recover
the planted bisection, and we show di, — doys < n/4 — 1. Let 171,\72 denote the optimal solution to the
minimum bisection problem.

Let Uy := V; N V. Up to switching Vi and Vs, we can assume without loss of generality that |U;| < n/4.
Since the minimum bisection problem does not recover the planted bisection, we have that U; is nonempty,
and we denote by ¢ its cardinality, i.e., t := |Uy|. Let Us := Vo N Vs and note that |Us| = t. We also define
Wi :=ViNVs and Wa := Vo N V;. In particular, we have Vi = Uy U Wy, Vo = Us U W, Vi = Uy U Wa, and
Vo = Us UWy. See Fig. 1] for an illustration.

R

Figure 1: Both graphs in the figure are G. The graph on the left represents the planted bisection Vi, Va.
The graph on the right represents the optimal solution of the minimum bisection problem Vi, Vs.



We define the following sets of edges:

Ry :={e € E : ¢ has one endnode in U; and one endnode in W5},
Ry :={e € E : e has one endnode in W; and one endnode in Us},
Sy :={e € F : e has one endnode in U; and one endnode in W},
Sy :={e € E : e has one endnode in Uy and one endnode in Ws},
Ty :={e € E : e has one endnode in U; and one endnode in Us},

T, :={e € E : e has one endnode in W; and one endnode in Ws}.

Furthermore, let R:= R{ U Ry, S:= 51 U5y, and T :=T7 UTs.

The optimality of the bisection V7, V5 implies that S|+ |2 < |R|+ |2, thus |S| < |R|. Next, we obtain an
upper bound on |R| and a lower bound on |S|. By definition of dout, we have |R;| < tdoy and |Ra| < tdout,
thus |R| < 2tdoys. Consider now the set S1. The sum of the degrees of the nodes in U; in the graph G[V4] is
at least td;,, while the sum of the degrees of the nodes of the graph G[Uj] is at most ¢(¢t — 1). Thus we have
|S1] > t(din — t 4+ 1). Symmetrically, |S2| > t(din — t + 1), thus |S| > 2¢(di, — t + 1). We obtain

2U(dim —t+1) <|S| < |R| < 2tdows = din —t+ 1 < dous.

Since t < n/4, we derive diy — dout < n/4 — 1. O

2.2 A necessary condition for recovery

Next, we present a necessary condition for recovery of the planted bisection. To this end, we make use of
the following graph theoretic lemma.

Lemma 1. For every positive even t, and every d with 0 < d < t/2, there exists a d-regular bipartite graph
with t nodes and where each set in the bipartition contains t/2 nodes. Furthermore, for every positive even
t, and every d with 0 < d <t — 1, there exists a d-reqular graph with t nodes.

Proof. Fix any positive even ¢, and let Uy, Us be two disjoint sets of nodes of cardinality ¢/2. We start by
proving the first part of the statement. For every d with 0 < d < t/2 we explain how to construct a d-regular
bipartite graph By with bipartition Uy, Usz. The graph By, is the complete bipartite graph. We recursively
define By_1 from By for every 1 < d < t/2. The graph By is regular bipartite of positive degree and so it has
a perfect matching (see Corollary 16.2b in [37]), which we denote by M. The graph By_; is then obtained
from By by removing all the edges in M.

Next we prove the second part of the statement. Due to the first part of the proof, we only need to
construct a d-regular graph G4 with node set Uy U Us, for every d with t/2+1 < d <t —1. Let H be the
graph with node set U; U Us and whose edge set consists of all the edges with both ends in the same U;,
1 =1,2. Note that H is a t/2 — 1 regular graph. For every t/2+ 1 < d <t — 1, the graph G, is obtained by
taking the union of the two graphs By_;/511 and H. O

We are now ready to present a necessary condition for recovery. In particular, the next theorem implies
that the sufficient condition presented in Theorem [I]is tight.

Theorem 2. Let n be a positive integer divisible by eight, and let d;,, dou: be nonnegative integers such that
din <n/2—1 and doyt < n/2. If dip—dour < n/d—1, there is a graph G with n nodes and a planted bisection
with parameters d;y, doys for which the minimum bisection problem does not recover the planted bisection.

Proof. Let n, di,, doyt satisfy the assumptions in the statement. We explain how to construct a graph G with
n nodes, and the planted bisection Vi, V5 with parameters dj,, dou;. Furthermore we show that the minimum
bisection problem over G does not recover the planted bisection.

The notation that we use in this proof is the same used in the proof of Theorem [1] and we refer the reader
to Fig. [1| for an illustration. In our instances the set V; is the union of the two disjoint and nonempty sets
of nodes Uy, W7. Symmetrically, the set V5 is the union of the two disjoint sets of nodes Us, Ws. We will
always have |Uy| = |Us|, thus |W;| = |Wa|. In order to define our instances, we will use the sets of edges
Ry, R3, R, S1,52,5, and Ty, T, T, as defined in the proof of Theorem [f}



By assumption, we have doyy € {0,...,n/2}. We subdivide the proof into two separate cases: d;, <
dows — 1 and di, > dout. In all cases below, the constructed instance will have |S| < |R|. Thus, for these
instances, a solution of the minimum bisection problem with cost no larger than the planted bisection V7, V5
is given by the bisection U; U Wy, Uy U Wh.

Case 1: d; < dowt — 1. Let G[V;] and G[Va] be dj,-regular graphs. Since |Vi| and |V3| are even and
0 < din < n/2 — 1, these graphs exist due to Lemma Let T'U R be the edge set of a bipartite doyt-
regular graph on nodes V; U Vs with bipartition Vi, V. Note that this graph exists due to Lemma [1} since
0 < dous < n/2. Then Gy is doyt-regular. Let U contain only one node of V4, and U, contain only one node
of V5. Hence the sets Wy, W5 contain n/2 — 1 nodes each. It is then simple to verify that |S| = 2d;, and
|R| > 2(dout — 1). Thus we have |S| = 2d;, < 2(dout — 1) < |R|.

Case 2: di, > doys- In the instances that we construct in this case we have that all sets Uy, Wy, Us, Wy
have cardinality n/4. We distinguish between two subcases. In the first we assume di, < n/4 — 1, while in
the second subcase we have di, > n/4.

Case 2a: dip, > doyt and di, < n/4 — 1. Let G[Uy], G[W1], G[Us], GIW3] be diy-regular graphs. Since
|Uy| = |Wh| = |Us| = |Wa| is even and 0 < di, <n/4 — 1, these graphs exist due to Lemma Let S1, S be
empty. Then G[Vi] and G[V5] are di,-regular.

Let T7 be the edge set of a bipartite dyy-regular graph on nodes Uy U Uy with bipartition Uy, Us, which
exists due to Lemma since 0 < doyy < din < n/4 — 1. Symmetrically, let T be the edge set of a bipartite
dout-regular graph on nodes Wiy U Wy with bipartition Wy, Ws. Furthermore, let Ry, Ro be empty. Then G
is doyt-regular.

In the instance constructed we have |S| = |R| = 0.

Case 2b: dip > dowt and di, > n/4. Let G[Up], GIW1], G[Us], G]W2] be complete graphs, which are
(n/4 — 1)-regular. Let S; be the edge set of a bipartite (di, —n/4 + 1)-regular graph on nodes Uy U W with
bipartition Uy, W7. This bipartite graph exists due to Lemma [I] since

l=pA—pA+1<dpn—n/A+1<n/2-1-n/d+1=n/4,

where the second inequality holds by assumption of the theorem. Symmetrically, let S be the edge set of
a bipartite (di, — n/4 + 1)-regular graph on nodes Uy U Wy with bipartition Uy, Wy. Then G[V4] and G[V53]
are dy,-regular.

Employing Lemma [I| similarly to the previous paragraph, we let Ry be the edge set of a bipartite
(din — n/4 4+ 1)-regular graph on nodes U; U W5 with bipartition Uy, Wa, and let Ry be the edge set of a
bipartite (dij, — n/4 + 1)-regular graph on nodes Uy U W; with bipartition Uy, W;. Furthermore, let 77 be
the edge set of a bipartite (dout — din + n/4 — 1)-regular graph on nodes U; U Us with bipartition Uy, Us.
This bipartite graph exists due to Lemma [1| since

0 < dow — din +1/4—1< de — de/+n/d—1=n/d—1,

where the first inequality holds by assumption of the theorem. Symmetrically, let 75 be the edge set of
a bipartite (dout — din + n/4 — 1)-regular graph on nodes Wy U Wy with bipartition Wi, Ws. Then Gy is
dout-regular.

Note that in the instance defined we have |S1| = |S2| = |R1| = |Rz], thus |S| = |R]. O

3 Linear programming relaxation

In order to present the LP relaxation for the minimum bisection problem, we first give an equivalent formu-
lation of this problem. Given a graph G = (V, E) with n nodes, the cut vector corresponding to a partition

of V into two sets is defined as the vector z € {0, 1}(3) with z;; = 0 for any ¢ < j € V with nodes i, j
in the same set of the partition, and with z;; = 1 for any i < j € V with nodes 4, j in different sets of
the partition. Throughout the paper, we use the notations z;; and x; interchangeably; that is, we set
xj; = x; for all ¢ < j € V. We define a;; = 1 for every (i,j) € E and a;; = 0 for every 4,j € V with
(i,7) ¢ E. Then the minimum bisection problem can be written as the problem of minimizing the linear
function 3 e p @i = Do1<icj<p, @ij®ij over all cut vectors subject to 30y, o, Tij = n?/4, where the
equality constraint ensures that the two sets in the partition have the same cardinality.



The most well-known LP relaxation of the minimum bisection problem is the so-called metric relazation,
given by

H?;:in Z aijxij (LP—P)
1<i<j<n

s.t. @y < @ik + Tk v distinct ¢, 5,k € [n], i < j (1)
@ij + Tigy + T < 2 Vi<i<j<k<n (2)
1<i<j<n

Problem is obtained by first convexifying the feasible region of the minimum bisection problem by
requiring x to be in the cut polytope, i.e., the convex hull of all cut vectors, while satisfying the condition
that the two sets in the partition have equal size, enforced by . Subsequently, the cut polytope is outer-
approximated by the metric polytope defined by triangle inequalities and . From a complexity view-
point, Problem can be solved in polynomial time. From a practical perspective, it is well-understood
that by employing some cutting-plane method together with dual Simplex algorithm, Problem can
be solved efficiently.

3.1 A sufficient condition for recovery

Our goal in this section is to obtain sufficient conditions under which the LP relaxation recovers the planted
bisection. To this end, first, we obtain conditions under which the cut vector corresponding to the planted
bisection is an optimal solution of . Subsequently, we address the question of uniqueness. We start
by constructing the dual of ; we associate variables \;;r with inequalities , variables ;5 with
inequalities , and a variable w with the equality constraint (3)). It then follows that the dual of is
given by:

2

max — 2 Z Wijk — %w (LP-D)
Aot 1<i<j<k<n
s. t. Q5 + Z ()\”k — Aikj — )\jki + /iijk) +w=0 1 < 1< j <n (4)
ke[n]\{i,j}
Aijk = Njik > 0, Wijx = Hikj = Prij > 0 Vi#gj#keln],i<j

Let Z be feasible to the primal and (A, fi,w) be feasible to the dual (LP-D)). Then z and (X, i, )
are optimal, if they satisfy complementary slackness. As before let G be a graph with planted bisection
V1, Va. Let Z be the cut vector corresponding to the planted bisection. Without loss of generality, we assume
Vi={1,....5} Va={% +1,...,n}. Then we have Z;; = 0 for all 4,5 € V1 and all 4,5 € V5 with i < j, and
Z;; = 1forall i € V; and j € V5. For notational simplicity, in the remainder of this paper we let G := G[V1]
and Gy := G[V3].

3.1.1 Regular graphs

In the following, we consider the setting where G; and Gy are both dy,-regular graphs for some dj, €
{1,...,% — 1} and that Gq is doyi-regular for some doy; € {0,...,%5}, where we assume n > 4. This
restrictive assumption significantly simplifies the optimality conditions and enables us to obtain the dual
certificate in closed-form. In the next section, we relax this regularity assumption.

Proposition 1. Let Gy and Gy be di,-regular for some di, € {1,...,5 — 1} and let G be doys-regular for
some doys € {0,...,5}. Then the cut vector T corresponding to the planted bisection is an optimal solution
of if

din - dout > % -1 (5)

Proof. We prove the statement by constructing a dual feasible point (), fi, @) that together with T satisfies
complementary slackness. By complementary slackness, at any such point we have A;;;, = 0 for all 7,5 € Vi,



k€ Vo and for all 4,5 € Vo, k € V1 and fiz5, = 0 for all ¢, 7,k € V1 and all 4, j, k € V5. Additionally, we make
the following simplifying assumptions:

° j\ijk =0forall¢,5,k € V1 and for all ¢, j,k € V5 ,
° j\ikj = ;\jki = 0 for all ¢,57 € Vi such that (i,7) ¢ E; and for all k € V,, and 5\1”»]» = 5\1@]‘1‘ = 0 for all
i,j € Va such that (i,7) ¢ E5 and for all k € V4,
o fij;x =0 for all (¢,7) € Eq and k € Vo, and fi;;, = 0 for all (4, j) € Ez and k € V3.
It then follows that the linear system simplifies to following set of equalities:

(I) For any i < j € V5 and (4,75) ¢ E1:

Z fijr + w0 = 0.

keVs

(IT) For any ¢ < j € Vo and (4, ) ¢ Es:
Z fijr +w0=0.

kevy

(IIT) For any i € V; and j € V, such that (i,5) ¢ Fo:

Z (Nijk — Akji) + Z (Nijik = Aikj) + Z Hijk + Z Rijk + @ = 0.
keVy: keVy: keVy: keVs:
(i,k)€Er (4:k)EE2 (i,k)¢ Er (4:k)E B2

(IV) For any (4,7) € Eo:

T+ Y Qi =)+ Y Qe —Ximg) + D, Bk + Y, Ak +©=0.
keVy: keVa: keVy: keVs:
(i,k)€EL (4,k)€E2 (i,k) ¢ En (4:k)¢ B2

(V) For any (i,5) € Fy:
1-— Z (j\ikj + jxj;ﬂ') +w=0.
keVs
(VI) For any (i,7) € FEa: ) .
1-— Z (/\kz'j + )\kji) +w=0.

keVy

First, to satisfy condition (I) (resp. condition (IT)), for each i < j € V4 such that (i,j) ¢ E; and k € V5
(resp. ¢ < j € Vo such that (i,7) ¢ Es and k € V1), let

iy — — (kT Ak @
Hijk = ( 2 )dout. (6)
Substituting () in condition (I) yields
w w
_2d . Z (aik +ajk) +w= _thdout +w= Oa
ou ou

keVs

where the first equality follows from dou-regularity of Go. It then follows that to satisfy fi;;» > 0, we must
have

@ <0. (7)
We will return to this condition once we determine w. Next, to satisfy conditions (III), for each (i,5) € Ey
and k € V5, let

< < Qik — ik @
Nikj = Ajki = (% 1 (8)
out



and for each (4,j) € F2 and k € V7, let

ik — Gk W

S\kij - j\kji = ( 5 K 9)

Substituting @, , and @ in condition (IIT), for each ¢ € V; and j € V5 such that (i,5) ¢ Ep, we obtain

w w woow
_ Gip — aip +o=———=4+w=0
2dout k;I ’ 2dout 22 ’ 2 2 ’

where the first equality follows from dgy¢-regularity of Gy.
Next we choose @ so that condition (IV) is satisfied. Substituting (6),(8), and (9) in condition (IV), for
each (i,7) € Ey we obtain

1+2iut( Z (1 —ajr) + Z (1 —au) — Z (1+ajx) — Z (1+aik))+a)

keVy, keVa, keVy, keVa,
(i,k)EEL (4,k)EE: (i,k) ¢ Er (4,k)¢E2
w _
(S T S Y Y S w)ee
keva, ke, k€V1\{7,} keVa, keVa, kEVQ\{j}
(i,k)EEL (i,k)¢Er (4,k)EE> (4,k)¢E2
T (din = (5 = 1= din) = dou + 1+ iy — (5 = 1= din) = dow + 1) +
= =7 in — \5 — 1 = Q@in) — GQou in — (7 — 1 = @in) — Qou w
2o 2 ’ 2 ¢
=1+ d (2din+2_dout_ﬁ)+w:07
dout 2

where the second equality follows from dj,-regularity of G1,Go and doy¢-regularity of Gg. Hence, to satisfy

condition (IV) we must have:
2dout
=" 10
YT T ddy, — 4 (10)
It then follows that to satisfy condition we must have di, > § — 1, which is clearly implied by .
To complete the proof, by symmetry, it suffices to find nonnegative X satisfying condition (V) together

with relation (8)). For each (i,j) € Ey and for each k € V5, letting

I ik — aj w - aip — a; I
Aiijmax{O, ( k - ch)d t}+%j’ )\jki:max{O, ( ch2 /c)d t}+%j’ (11)
ou ou

for some ~y;; > 0, it follows that condition (V) can be satisfied if

By dout-regularity of G, we have >, i |air — aji| < 2doys for all 4, j € Vi; hence the above inequality holds
if
1+ 2@ > 0. (12)

By , inequality is equivalent to condition and this completes the proof. O]

We now provide a sufficient condition under which the cut vector corresponding to the planted bisection
is the unique optimal solution of . In [31], Mangasarian studies necessary and sufficient conditions for
a solution of an LP to be unique. Essentially, he shows that an LP solution is unique if and only if it remains
a solution to each LP obtained by an arbitrary but sufficiently small perturbation of its objective function.
Subsequently, he gives a number of equivalent characterizations, one of which, stated below, turned out to
be useful in our context.

Theorem 3 (Theorem 2, part (iv) in [31]). Consider the linear program:

min, pla
s. t. Ax =0, Cx>d,



where p, b and d are vectors in R™, R™ and R* respectively, and A and C are m x n and k x n matrices
respectively. The dual of this linear program is given by:

mMaxXy, bTu+dMw
s. t. ATu+CTo=p, v>0.

Let T be an optimal solution of the primal and let (u,v) be an optimal solution of the dual. Let C; denote
the ith row of C. Define K = {i : C;& = d;,v; > 0} and L = {i : C;& = d;,v; = 0}. Let Cx and Cp, be
matrices whose rows are C;, i € K and i € L, respectively. Then T is a unique optimal solution if and only
if there exist no x different from the zero vector satisfying

Ar =0, Cgx=0, Crz>0.

Using the above characterization, we now present a sufficient condition for uniqueness of the optimal
solution of (LP-P).

Proposition 2. Let Gy and Gy be dip-reqular and let Gy be d,yi-regular. Then the LP relaxation recovers
the planted bisection, if

n
din - do’u,t Z Z (13)

Proof. We start by characterizing the index sets K and L defined in the statement of Theorem |3| for Prob-
lem (LP-P)). By @, fiiji > 0 for the following set of triplets (i, j, k):

1. all 4,5 € V; such that (4,7) ¢ Eq and for all k € V5 such that (i, k) € Eg or (j, k) € Ey
2. all i,5 € V4 such that (i,7) ¢ E2 and for all k € V4 such that (i, k) € Eg or (j,k) € Ey,

and fi;;r = 0, otherwise. Moreover, by condition , we have «;; > 0 which in turn implies j\ikj, S\jki >0
for all (i,7) € E1, k € V, and by symmetry Agij, Ag;s > 0 for all (4,5) € E, k € Vi and As equal zero,
otherwise.

Hence, by Theorem [3] and the proof of Proposition [I] it suffices to show that there exists no z different
from the zero vector satisfying the following

(1) Zl§i<j§n Tij = 0.

(ii) For each (i,5) € Ey and each k € V, (symmetrically for each (i,7) € F2 and each k € Vi): xy, =
Tij + Tjk, Tjk = Tij + Tik and Tij + Tk + Tik <0.

(iii) For each (i,7) ¢ E; and each k € V5 such that (i,k) € Ey or (j, k) € Ey (symmetrically, for each
(1,7) ¢ E9 and each k € Vi such that (i,k) € Eo or (j, k) € Eo): 25 + @k + ik =0, i < T35 + 2,
Tjk < Tij + Tik.

To obtain a contradiction, assume that there exists a nonzero z satisfying conditions (i)-(iii). From
condition (ii) it follows that
Tij = 0, V(Z,j) € F1 U Es, (14)

and for each (4,5) € Ey (resp. (4,5) € Es) we have x;;, = xj, < 0 for all k € V5 (resp. k € V7). Recall
that a Hamiltonian cycle is a cycle that visits each node exactly once and a graph is called Hamiltonian if
it has a Hamiltonian cycle. Dirac (1952) proved that a simple graph with m nodes (m > 3) is Hamiltonian
if every node has degree % or greater. By assumption , we have di, > 7. Since G and G are dj,-
regular graphs with & nodes, by Dirac’s result, they are both Hamiltonian. Now consider a Hamiltonian
cycle in Gy (resp. Gz) denoted by v1vz ... v, 2v1. It then follows that for each k € V2 we have xy,x = 24,1
for all 4,5 € {1,...,n/2}. Symmetrically, for each k € Vi, xy,x = @y, for all i,j € {1,...,n/2}, where
ULU2 - . . Up /U1 denotes a Hamiltonian cycle in G5. Consequently, we have

xij:ag(), VZGW,‘]G‘/Q (15)
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From condition (iii), for each (i,j) ¢ E1 and each k € Vs such that (i,k) € Ey or (j,k) € Ep, we have
Tij = =T, — Tjk = —2a, where the second equality follows from (I5). By dou-regularity of G and also by
symmetry, we conclude that

zy; =20, V(i,j):i<jeVi, (4,5) ¢ B, ori<je Vs, (i,j) ¢ Es (16)

Finally substituting , , and into condition (i), we obtain

(5= (G-t onfi1-5) -

which by assumption holds only if & = 0. However this implies that « has to be the zero vector, which
contradicts our assumption. Hence, under assumption , the LP recovers the planted bisection. O

The results of Proposition [2] and Theorem [2 indicate that the worst-case recovery condition for the LP
relaxation is tight, provided that the input graph is characterized in terms of n,di,, doyt, G1 and Gy are
dip-regular, and Gg is doyi-regular. Indeed, this is a surprising result as the triangle inequalities constitute
a very small fraction of the facet-defining inequalities for the cut polytope.

In [7] the authors present a sufficient condition under which the minimum ratio-cut problem recovers a
planted partition, in terms of the spectrum of the adjacency matrix of G. It can be shown that a similar
recovery condition can also be obtained for the minimum bisection problem. Such a condition yields stronger
recovery guarantees than that of Theorem [I] for sparse random graphs. At the time of this writing, we are
not able to construct a dual certificate using the spectrum of the adjacency matrix, and this remains an
interesting subject for future research.

3.1.2 General graphs

We now relax the regularity assumptions of the previous section. To this end, we make use of the next two
lemmata. In the following we characterize a graph G by the three subgraphs (Go, G1, G2), as defined before.

Lemma 2. Suppose that the LP relavation recovers the planted bisection for (Go,G1,G2). Then it also
recovers the planted bisection for (Go, G1,G2) where E(Gy) C E(Gy).

Proof. Let |E(Go)\ E(Gg)| = m for some m > 1 and denote by Z the cut vector corresponding to the planted
bisection of (Go, G1,G2). Since the LP relaxation recovers the planted bisection for (G, G1, QQ), the optimal
value of this LP is equal to |E(Gy)|. Moreover, the objective value of the LP relaxation for (Gy, G1,G2) at T
is equal to |E(Gg)| —m. If Z is not uniquely optimal for the latter LP, there exists a different solution Z that
gives an objective value of | E(Gy)| —m — 6 for some § > 0. Now let us compute the objective value of the LP
relaxation for (Go, G1,G2) at &; we get ZeGE(Gl) Te + ZeeE(GQ) Te + ZeEE(GO) Te + ZeeE(Go)\E(G‘O) Fo =
|E(Go)| —m = 0+ 3 ccp(Go)\B(Gy) Le- Since the planted bisection is recovered for (Go,G1,G2) we must
have. |E(G0)| -—m-—0+ ZEEE(GO)\E(GO)‘QEG > |E(Go)l; i€, 3o oep(Go)\B(Go) Te > m+ 0. However this is not
possible since we have x;; <1 for all 4, j. O

Lemma 3. Suppose that the LP relavation recovers the planted bisection for (Go,G1,G2). Then it also
recovers the planted bisection for (Go, G1,Gs) where E(G1) 2 E(G1) and E(G2) 2 E(Gs).

Proof. Denote by Z the cut vector corresponding to the planted bisection of (Gg,G1,G2). Since the LP
relaxation recovers the planted bisection for (G, G1, G3), the optimal value of the LP is equal to |E(Gy)|. Tt
then follows that Z gives an objective value of | E(Gy)]| for the LP corresponding to (Go, G1,Gs) as well. If Z
is not uniquely optimal for the latter LP, it means there exists a different solution & that gives an objective
value of |E(Gp)| — d for some § > 0. Now compute the objective value of the LP for (Go,G1,G2) at &;
we obtain Yo c g,y Te + 2cep(Ga) Te T 2oceB(Go) Te = DecB(Gr) Te — 2oec B(G\E(Gr) Te T 2cc(Ga) Te —
ZeéE(@z)\E(GQ) Te JrZeeE(Go) Te = |E(Go)|—0— ZeEE(C_v‘l)\E(Gl) Te— ZeeE((;«z)\E(Gz) T. Since the planted
bisection is recovered for (Go, G1, G2) we must have [E(Go)| =6 =3 c 5y )\ B(G1) Te — 2oceB(Ga)\B(G2) Te >
|E(Go)l; ie., ZSEE(Gl)\E(Gl) Te + ZeeE(éz)\E(Gz)je < —0. However this is not possible since we have
Lij > 0 for all Z,] O

11



Utilizing Lemma 2] Lemma [3] and Proposition [2] we now present a sufficient condition for recovery of the
planted bisection in general graphs. As in Section [2] we denote by d;, the minimum node degree of G; U G4
and we denote by dy,t the maximum node degree of Gy.

Theorem 4. Assume that G1 and Ga contain d;,-regular subgraphs on the same node set and assume that
Gy is a subgraph of a dyyi-reqular bipartite graph with the same bipartition. Then the LP relaxation recovers
the planted bisection, if di, — dout > 7 -

We should remark that in general, the assumptions of Theorem [ are restrictive; consider a graph G; with
the minimum node degree d;,. Then it is simple to construct instances which do not contain a dj,-regular
subgraph on the same node set. Similarly, in general, a bipartite graph Gy with maximum node degree
dout is not a subgraph of a d,y-regular bipartite graph with the same bipartition. However, as we show in
Section [4] for certain random graphs, these assumptions hold with high probability.

3.2 A necessary condition for recovery

Consider Problem ; in this section, we present a necessary condition for the recovery of the planted
bisection using this LP relaxation. To this end, we construct a feasible point of the LP whose corresponding
objective value, under certain conditions, is strictly smaller than that of the planted bisection. This in turn
implies that the LP relaxation does not recover the planted bisection.

Before proceeding further, we introduce some notation that we will use to present our result. Consider
a graph G = (V, E), and let pg : V? — Z>o U {+00} denote the pairwise distances in G; i.e., pc(i, ) is the
length of the shortest path from ¢ to j in G, with pg(i,j) = +oo if i and j belong to different connected
components of G. Define the diameter and average distance in G as follows:

max G) = .7 ' )
Pmax(G) = max pa (i, j)

. 2 .
pavg(G) = Ei,jNUnif(V) [PG(Z,])] = ﬁ Z PG(%J)

1<i<j<n

Let us also give some intuition behind our argument, which will also give some explanation for the
relevance of these quantities. Problem optimizes, as its name suggests, over a choice of a metric on
the vertex set of G, and seeks to make the distances under this metric small between pairs of points that are
adjacent in G. To find a non-integral feasible point with a large value, it is therefore natural to start with
the metric pg itself, and try to renormalize it to build a feasible z for Problem . This is precisely
what we will do in the proof of the next result; pavg(G) will be involved when we normalize x to have a fixed
value of ), j Tigs and pmax(G) when we adjust our construction to satisfy the other “triangle inequalities”
included in the problem.

Theorem 5. Let G = (V, E) be a connected graph on n > 5 nodes. Define

C(G) ‘= max {0’ 3pmaX(ﬁ)::pan(G) } . (17)
It
L+ c(C) || < |Eo|, (18)

2pavg (G) + 2¢(G) (1 — 1)
then LP relazation (LP-P)) does not recover the planted bisection.
Proof. Define the point # € R() as
S sl @) palig) +el@)
! 2Pavg(G) +2¢(G)(1 - %) % Zl§i<j§n(pG(iaj) + ¢(G))

We first show that Z is feasible for (LP-P)). By construction Z satisfies the equality constraint . Also, since
pa is a metric and ¢ > 0, & satisfies inequalities . Thus it suffices to show that & satisfies inequalities .
To do this, we bound:

- - - 3 max(G) + ¢(G
Zij + ik + Ty < 5 - pmax(G) + £(G)

S RS <] W () FR 19)
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Two cases arise:

(i) ¢(G) = 0: in this case, we have pymax(G) < 3pavg(G) and hence we can further bound the right-hand
side of inequality as:

~ ~ ~ 3 pmax(G)
Bi B+ g < o - LmextT) o =2.
7Tk Ik pave(G)

Mol o
ol

(ii) ¢(G) > 0: in this case, we have pmax(G) > 3 pavg(G) and ¢(G) = (3pmax(G) — 4pavg (G))/(1— 2); hence
we can further bound the right-hand side of inequality as:
§ . pmaX(G)(l B %) + 3pmaX(G) — 4pavg(G)
2 pavg(G)(1 = ) + Bpmax(G) = 4pavg (G)) (1 — 7))
3 4pnanl(@)(1— 1) — 49 (©)
2
=2.

Tij + Tik + Tji <

3pmaX(G)(1 - %) - Spavg(G)

Thus in either case T satisfies inequalities , implying z is feasible. It then follows that the objective value

of (LP-PJ)) at Z, given by ; (G;izggi(l—i) . % provides an upper bound on its optimal value. Moreover, the
avg n

objective value of (LP-P|) corresponding to the planted bisection is equal to |Ep|. Hence, if condition
holds, the LP relaxation does not recover the planted bisection. O

The no-recovery condition depends on ¢(G) which in turn depends on the relative values of payg(G)
and pmax(G). Clearly, for any graph G we have payg(G) < pmax(G). As we detail in Section {4 for random
graphs, very often these two quantities are quite close together, whereby |Ey| must be quite small compared
to |E| in order for recovery to be possible. In short, this result lets us infer that, since typical distances
between nodes in random graphs are comparable to the maximum such distance, the LP seldom succeeds in
recovering the planted partition.

Before proceeding to those arguments, to illustrate the basic idea we explain how this analysis looks for
a specific type of deterministic graph. Let G = (V, E) be a graph such that pg(i,5) < 2 for every i,j € V,
pc(i,j) = 2 for some 4,5 € V. That is, G is not the complete graph, but any pair of non-adjacent nodes in
G have a common neighbor. In this case, we may explicitly compute pmax(G) = 2 and

pus(@) = = (1E1+2((5) - 181) ) =2 (1- 1) - e

Thus 3pmax(G) — 4pavg(G) = =2+ 2 + B |E|. If moreover n is sufficiently large and |E| < "72 —n, we
have ¢(G) = 0. Thus the non-recovery condition reduces to |Ey|/|F| > m, where pave(G) € (1,2).
Therefore, in this type of graph our analysis implies that if a sufficiently large constant fraction of edges
cross the planted bisection, then the LP cannot recover the planted bisection.

4 The stochastic block model

The stochastic block model (SBM) is a probability distribution over instances of the planted bisection problem,
which in recent years has been studied extensively as a benchmark for community detection (see [I] for an
extensive survey). The SBM can be seen as an extension of the Erdds-Rényi (ER) model for random graphs.
In the ER model, edges are placed between each pair of nodes independently with probability p. In the SBM,
there is an additional community structure built in to the random graph. In this paper, we focus on the
simplest case, the symmetric SBM on two communities. In this model, for an even number n of nodes, we
first choose a bisection V7, V5 of the set of nodes uniformly at random. We then draw edges between pairs of
nodes i,5 € V; or i,j € V5 with probability p, and draw edges between pairs of nodes ¢ € V; and j € V5 with
probability ¢g. As in the ER model, all edges are chosen independently. In addition, we always assume p > g,
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so that the average connectivity within each individual community is stronger than that between different
communities.

We denote by G, , the ER model on n nodes with edge probability p, and by G, p , the SBM on n nodes
with edge probabilities p and ¢q. We write G ~ G, ,, or G ~ G, ,, 4 for G drawn from either distribution.
Generally, we consider probability parameters depending on n, p = p(n) and ¢ = ¢(n), but for the sake of
brevity we often omit this dependence. When p and ¢ are in fact constants independent of n, we refer to the
graph G ~ G, , ; as very dense. When instead p and ¢ scale as

p=an¥, q=pn"", (20)

where «, # and w are parameters independent of n such that « > 8 > 0 and 0 < w < 1, we refer to the
graph G ~ G, , 4 as dense and finally when p and ¢ scale as

logn logn
p=a—2 g=p—22 (21)
n n

where o and 3 are parameters independent of n such that o > 8 > 0, we refer to the graph G ~ Gy, ,, 4 as
having logarithmic degree.

Let us briefly review some of the existing literature on recovery in the SBM, to establish a baseline for
our results. In [2], the authors show that the minimum bisection problem recovers the planted bisection with
high probability for very dense and dense graphs as long as p > ¢. For graphs of logarithmic degree, they
show that the minimum bisection problem recovers the planted bisection with high probability if and only if
Va—+/B > /2. This gives an “information-theoretic limit” on recovery, in the sense that if /oo — /B < /2,
then no algorithm (efficient or not) can recover the planted bisection with high probability. Moreover, the
authors consider an SDP relaxation of the minimum bisection problem, and conjecture that in the logarithmic
regime the SDP relaxation recovers the planted bisection whenever the minimum bisection problem does.
The authors of [2] provided a proof of a partial result in this direction, and the subsequent works [23], [5] gave
complete proofs. In Section we show that the deterministic recovery condition in [5] implies that the
SDP relaxation also recovers the planted bisection for very dense and dense graphs up to the information
theoretic threshold. The final picture emerging from this analysis is that the SDP relaxation is “as good as”
the information-theoretically optimal integer program.

In this section, we investigate the theoretical performance of the LP relaxation for recovery in the SBM.
We show that in any of the three regimes described above, the LP relaxation does not recover the planted
bisection with high probability in the full regions of parameters where it is information-theoretically possible
to do so. More specifically, we first obtain a sufficient condition under which the LP relaxation recovers the
planted bisection for very dense graphs. Subsequently, we obtain non-recovery conditions for very dense and
dense graphs. Finally we show that for graphs of logarithmic degree, the LP relaxation fails to recover the
planted bisection with high probability. In short, the LP relaxation is not “as good as” the SDP relaxation
in recovering the communities in the SBM.

4.1 Recovery in SBM

In this section, we consider very dense random graphs and obtain a sufficient condition under which the
LP relaxation recovers the planted bisection with high probability. To this end, we first show that in the
very dense regime, the regularity assumptions of Theorem [4] are essentially not restrictive. Subsequently,
we employ Theorem [] to obtain a recovery guarantee for the very dense SBM. The following propositions
provide sufficient conditions under which bipartite ER graphs and general ER graphs are contained in or
contain regular graphs of comparable average degrees. In the remainder of the paper, for a sequence of
events A,, depending on n, we say A, occurs with high probability if P[A,] — 1 as n — oc.

Proposition 3. There exists a constant Crego > 0 such that, for any q¢ € (0,1), with high probability
G ~ Gno,4q is a subgraph of a dyeg-reqular bipartite graph with the same bipartition, where dyeg = %5+ +

Creg /T 108 5.

Proposition 4. There exists o constant Cregq1 > 0 such that, for any p € (0,1), with high probability
G ~ G, p contains as a subgraph a dieg-regular graph on the same node set, where dreg = pn — Creg,1v/1 logn.
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We note that 4* and pn are the expected degrees of any given vertex in G ~ G, 04 and G ~ G, p,
respectively. The proofs of Propositions [3]and [4] are given in Sections and respectively, and consist of
performing a probabilistic analysis of conditions for the existence of “graph factors” as developed in classical
results of graph theory literature [40]. As such, these results are of independent interest to both optimization
and applied probability communities.

By combining Theorem [] and Propositions [4] and [3] we obtain a sufficient condition for recovery in the
very dense regime.

Theorem 6. Let 0 < ¢ <p <1 withp —q > % Then, the LP relaxation recovers the planted bisection in
G ~ Gy, p,q With high probability.

Proof. As before, denote by G and G the subgraphs of G induced by V; and V5, respectively, and denote
by Gy the bipartite subgraph of G of all edges between V; and V5. We start by regularizing the bipartite
graph Go. By Proposition [3] with high probability, it is possible to add edges to Gy to make it doyt-
regular, for douw = % + Creg,2v/ 5 log(5) and Cieg2 a universal constant. Similarly, by Proposition
with high probability, it is possible to remove edges from G; and G5 to make them d;,-regular, for di, =
Bt —Chreg,14/ 5 10g(%) and Creg,1 another universal constant. From Theoremit follows that the LP relaxation
recovers the planted bisection with high probability, if di, — dout > 7. Substituting for the values of dj, and

dout specified above gives that, with high probability, it suffices to have

pnoqn n n n
a5 0 5 re, re =1 (*) > .
3 g (Guesa ey f5log(5) 2 5

Dividing both side of the above inequality by n and letting n — oo then gives the result, since p — ¢ > % by
assumption. |

To better understand the tightness of the sufficient condition of Theorem [6} we conduct a simulation,
depicted in Figure As can be seen in this figure, as an artifact of our proof technique, the condition
p—q> % is somewhat suboptimal. While a better dual certificate construction scheme may improve this

condition, as we can see from this figure, such an improvement is not going to be significant.

4.2 Non-recovery in SBM

We now consider random graphs in various regimes and provide conditions under which the recovery in these
regimes is not possible. Our basic technique is to evaluate both sides of the condition in Theorem
asymptotically for the SBM, and to verify that in suitable regimes, the condition holds with high probability.
To this end, for a graph G ~ G, , 4, we need to bound ¢(G) defined by . This in turn amounts to bounding
the quantities pmax(G) and pavg(G) in different regimes. Luckily the distance distributions of ER graphs
have been studied extensively in the literature. Utilizing the existing work on ER graphs, we obtain similar
results for the SBM. We refer the reader to Section [5.4] for statements and proofs.
Our first result gives a collection of non-recovery conditions for very dense and dense graphs.

Theorem 7. Let p=an™ and g = fn~* for a, 8 >0 and w € [0,1), with o, B € (0,1) if w = 0. Suppose
that one of the following conditions holds:

1. w=0 and
3—a—/B_aZ_1
5>max{ a (2 @) a,?al}. (22)
2. we (0,1) with 7= ¢ N and
1
B> —F——- (23)
M1
3.w:%and
2
1—2e™@ 1
5>max{ Ppp—— 3+26a2}.a. (24)
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p

Figure 2: The empirical probability of success of the LP relaxation in recovering the planted bisection in the
very dense regime. For each fixed pair (p, q), we fix n = 100 and the number of trials to be 20. Then, for
each fixed (p,q), we count the number of times the LP relaxation recovers the planted bisection. Dividing
by the number of trials, we obtain the empirical probability of success. In red, we plot the threshold for
recovery of the LP as given by Theorem[6] In magenta, we plot the threshold for failure of the LP relaxation
as given by Part 1 of Theorem [7} In green, we plot the information-theoretic limit for recovery in the very
dense regime.

4. we (0,1) with 2= € N\ {2} and
1
2. 1 — 1+2exp(faﬁ)

1—w

b >

Q. (25)

Then, with high probability, the LP fails to recover the planted bisection.

Proof. First, we bound the fraction of edges across the bisection in the SBM. Let p,q = Q(logn/n) and
having lim,,_,+, p/q existing and taking a value in (0, 1]. Then, for any € > 0, an application of Hoeffding’s
inequality to both |E| and |Ep| shows that

. q | Eo| q
Iim P|(1—¢ < —<(1+ce€ =1, 26
n—oo ( )p+q |E| ( )p+q (26)
where we note that I?Eléo‘l = Tfm + o(1), explaining the appearance of this quantity.

Next, define

1 G
W) = +¢(G) _
2pavg(G) + 2¢(G)(1 = )
By Theorem [f] if |Eo|/|E| > b(G), the LP does not recover the planted bisection. Thus our task consists in
obtaining an upper bound on b(G). First, notice that b(G) is increasing in ¢(G) since pavg(G) < & - (5) =
— L. Moreover, b(G) is decreasing in payvg(G). Hence, to upper bound b(G) it suffices to upper bound
Pmax(G) and to lower bound payg(G). We will treat the four cases individually.
Condition 1: w = 0. By Proposition [I6] for any € > 0, the distance distribution in G satisfies, with high
probability,

(27)

p+q
(I—e) (2 - 2) < Pavg(G) < pmax(G) = 2. (28)
On the event that this holds, we have
p+gq
3Ppmax(G) — 4paveg(G) <6 —4(1 —¢€) [ 2 — — <2(p+qg—1)+8e

16



Therefore, we have, for sufficiently small €, with high probability,

1

oG) < 7=

(2max{0,p+q— 1} + 8¢) < 2max{0,p+ ¢ — 1} + 9e.

AT

We now consider two cases depending on the output of the maximum in the first term.
Case 1.1: p+ g < 1. In this case, with high probability ¢(G) < 9e. By , we also have, with high
probability, pave(G) > (1 — 6)4_’%. Thus from the definition of b(G), for e sufficiently small, with high

probability,
1

4-p-q
Therefore, by and and by taking e sufficiently small, it suffices to have

b(G) < (14 0(e))

1 q
< .
4—p—-q p+tq
The above is equivalent to ¢ > (3 — p — /(3 — p)? — 4p) upon solving the inequality for g, completing the
proof.

Case 1.2: p+q > 1. In this case, with high probability ¢(G) < 2(p+ ¢ — 1) + 9e. For € sufficiently small,
with high probability,

1+2(p+qg—1)
d—p—q+4alp+q-1)

2p+2q—1
3p + 3q

b(G) < (14 0(e)) =(14+0(¢)

As in Case 1.1, it then suffices to have
2p+2q—1 q

3p+ 3¢ p+q
The above is equivalent to ¢ > 2p — 1 upon solving the inequality for g, completing the proof.
Condition 2: w € (0,1) with ﬁ ¢ N. By Proposition in this regime for any ¢ > 0, the distance
distribution in G with high probability satisfies

1 1
1- — | < pav < Pmax =7 |-
(1= | 22| < pusl€) < (@) = | 2|
On this event, we have 3pmax(G) — 4pavg(G) < —[1251 4 O(e), so for sufficiently small e this quantity is
negative, whereby ¢(G) = 0. In this case, we have

1 1

O = ety = 1Oy

and thus it suffices to have

3 1
atB AT

The above condition is equivalent to condition after solving the inequality for 8, completing the proof.

Condition 3: w = % In this case, ﬁ =2. By Proposition in this regime for any € > 0, the distance

distribution in G with high probability satisfies
(1= €)(2+exp(—a?)) < pave(G) < pmax(G) = 3.
On this event, we have
3pmax(G) = 4Pavg(G) < 9 —4(1 — €)(2 + exp(—a?)) < 1 — dexp(—a?) + O(e).

We then consider two cases:

17



Case 3.1: exp(—a?) > 1. In this case, we have 3pmax(G) — 4pavg(G) = O(€), whereby ¢(G) = O(e) with
high probability as well. Thus,
1

b(G) < (1+ O(e)) py pv et

@) < (140(e)

It then suffices to have
B 1
a+ 8" 4+ 2exp(—a?)’
which, upon solving the inequality for /3 is equivalent to 5 > m - Q.
Case 3.2: exp(—a?) < 1. In this case, we have ¢(G) < (14 O(e))(1 — 4exp(—a?)) with high probability.
Thus,

1+ (1 —4exp(—a?)) 1 — 2exp(—a?)
b(G) < (14+0 <1+0() 75
(@) =1+ (6))2pavg(G) +2(1 —4dexp(—a?)) — (1+ (6))3 — 3exp(—a?)
It then suffices to have
Ié] S 1 —2exp(—a?)
a+8 " 3—3exp(—a?)’
which, upon solving the inequality for 3 is equivalent to 5 > 12ep(-a?) Q.

2—exp(—a?)

Condition 4: w € (0,1) with 2~ € N\ {2}. In this case, w = %1 for some k € N with k > 3, and
ﬁ = k. By Proposition in this regime for any € > 0, the distance distribution in G’ with high probability
satisfies

(1 - 6)(k + exp(—ak)) < pan(G) < pmax(G> =k+1.

On this event, we have
3pmax(G) — 4pave(G) <3 — (1 —4e)k —4(1 —¢) exp(—a®) < 12¢ — 4(1 — €) exp(—a®),

where the second inequality is valid since k& > 3. It then follows that for € sufficiently small, 3pmax(G) —
4pave(G) < 0, and hence for such e with high probability ¢(G) = 0. On this event, we have

1

b(@) 2k + 2 exp(—ak)’

B 2pave(G) = (13 0(e)

and thus it suffices to check that
B 1
a+pB " 2k+2exp(—ak)’
The above inequality is equivalent to inequality after solving the inequality for 3, completing the
proof. O

The non-recovery thresholds of Theorem [7] are plotted in Figure [£.2] for several values of w. Moreover,
condition is plotted in Figure [2| as well. As can be seen from this figure, our non-recovery threshold in
the very dense regime is almost in perfect agreement with our empirical observations.

Finally, we show that the LP relaxation fails to recover the planted bisection in the logarithmic regime.

Theorem 8. Suppose p = ak’% and q = ﬁlo% with a, B > 0. Then, with high probability, the LP relaxation
fails to recover the planted bisection in G ~ Gy, p 4.

Proof. If “—;rﬂ < 1, then the statement follows from the information-theoretic bound of [2]. Let us suppose

that %ﬂ > 1; in this case, since %q = %iﬁ > 0 is a constant, it suffices to show that for any ¢ > 0,

with high probability, b(G) < 6. By Proposition in the logarithmic regime, for any ¢ > 0, the distance
distribution in G satisfies, with high probability,

logn logn

(1—¢) < pave(G) < pmax(G) < (1 +¢) (29)

loglogn loglogn’

It then follows that with high probability ¢(G) = 0 and b(G) < 5 (11_6) lolgol% and hence the result follows. [
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Figure 3: Non-recovery thresholds as given by Theorem [7] for SBM in the very dense and dense regimes. For
each choice of w, our results prove that with high probability the LP does not recover the planted bisection
for all choices of (a, 3) lying above the given curve in the left panel. The curve for w = 0 is identical to
that compared with numerical results in Figure In the right panel, we show the value of 3/« at the
non-recovery threshold value of § for a fixed & = 0.8 as w varies. In contrast, the same ratio for the SDP
relaxation is always equal to 1.

In [28], the authors consider the metric relaxation of the sparsest cut problem. They show that, for
constant degree expander graphs, which includes random regular graphs of constant degree, the LP relaxation
has an integrality gap of O(logn). We outline this argument: a d-regular expander satisfies, by definition,
|[E(U,U°)| 2 dmin{|U|,|U¢|} for all U C V, with “>” hiding a constant not depending on n. Thus the

sparsest cut objective function is ming % > %. On the other hand, the authors of [28] show that the

< 11252 . %. For d constant, this shows the integrality gap of ©(logn).

For random regular and ER graphs of average degree d = d(n) 2 log n, the same lower and upper bounds
for the sparsest cut and its metric relaxation are valid. Up to an adjustment of constants, we also expect
them to hold for SBM graphs, since these are nothing but “non-uniform ER graphs”. For d ~ logn, we
have % ~ l(’{gol% = 0(1), so we expect the metric relaxation to have a diverging integrality gap over all
SBM graphs. Thus it seems plausible that the proof techniques of [2§] could reproduce the non-recovery
result of Theorem E On the other hand, for d ~ n'~* as in our dense regimes, we have }ggi ~1—-wis
a constant. Since we expect that working with SBM graphs rather than ER graphs also creates a constant
order adjustment in the integrality gap, the argument of [28] does not show non-recovery, and the more
refined analysis of Theorem [7] is necessary.

Our results do still leave open the question of whether the LP relaxation fails to recover the planted
bisection in the entirety of the dense regimes p,q ~ n™* with w € (0,1) of the SBM, or whether they
undergo a transition from recovery to non-recovery as in the very dense regime w = 0. As we detailed at the
end of Section [3.1.1] it may be possible to strengthen our deterministic recovery condition in Proposition
by characterizing the input graph in terms of the spectrum of its adjacency matrix rather than the two
parameters diy,, doyt- This could imply that recovery occurs with high probability in part of the dense regime;
a full characterization of the regime over which the LP relaxation undergoes a transition from recovery to
non-recovery is a subject for future research. Finally we must point out that triangle inequalities constitute a
very small fraction of facet-defining inequalities for the cut polytope and many more classes of facet-defining
inequalities are known for this polytope [19]. It would be interesting to investigate the recovery properties

of stronger LP relaxations for the min-bisection problem.

value of the metric relaxation is
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5 Technical proofs

5.1 Proof of Proposition

To prove the statement, we make use of two results. The first result provides a necessary and sufficient
condition under which a bipartite graph has a b-factor. Consider a graph G = (V, E); given a vector
be ng a b-factor is a subset F' of E such that b, edges in F' are incident to v for all v € V. For notational

simplicity, given a vector b € Z‘z/o and a subset U C V, we define b(U) := ) ., b,. Moreover, for U, U’ C V,
we denote by N (U, U’) the number of edges in G with one endpoint in U and one endpoint in U’.

Proposition 5 (Corollary 21.4a in [37]). Let G = (V, E) be a bipartite graph and let b € Z¥,. Then G has
a b-factor if and only if, for each U C 'V, B
1
N(U,U) > bU) — ib(V).
The second result that we need is concerned with an upper bound on the maximum node degree in a
bipartite dense random graph.

Proposition 6. Let G ~ Gay, 0,4 for some g € (0,1). Denote by dmax the mazimum node degree of G. Then,
there exists a constant C' > 0 such that, with high probability, dm.x < gm + Cv/mlogm.

Proof. We introduce the bipartite adjacency matrix of G: let X € RV1*"2, where when i € V; and j € Vs,
then X;; = 1if 4 and j are adjacent in G and X;; = 0 otherwise. Then, when G ~ Ganm 0,4, Xi; has ii.d.
entries equal to 1 with probability ¢ and 0 otherwise. In particular, E[X;] = q.

The degree of ¢ € V4 is given by d(i) = >y, Xi;. In particular, the d(i) are themselves i.i.d. random
variables. Since X;; € [0, 1], Hoeffding’s inequality applies to each d(¢), giving, for C' > 0 a large constant to
be fixed later,

P |d(i) > qm—i—C\/mlogm] =P Z(Xij - E[X;;]) > Cyv/mlogm

JEV2

o912
< exp (Mbgm) _ 207
m

Since each d(7) is independent for distinct ¢ € V3, we moreover have, for some fixed i; € V7,

P [d(z) > gm + Cy/mlogm for some i € Vl}
—1-P [d(z‘) < gm+ Cy/mlogm for all i € vl]

—1- (1P [a@) > qm+ C/mlogm])"
1= (o) o (8 o))

k=0

_ 2 _ 2
<m-m~207 = 1207,

Symmetrically, the same bound applies to V; replaced with V5, so we find
P [dmax > qm + C’W} < 2m1_202,
and setting C' large enough gives the result. O
We can now proceed with the proof of Proposition [3| We first set some useful notation. Let V' be the

node set of G and let Vi, V5 be the bipartition of V, so that |Vi| = |Vo| =m. For U CV, let Uy =UNV;
and Uy = U N V,, whereby U is the disjoint union of Uy and U,. For v € V, let d(v) be the degree of v.

20



Let G be the bipartite graph complement of G, with the same node partition. Finally, for U, U CV, let
N(U,U’) be the number of edges in G with one endpoint in U and one endpoint in U'.
The statement of the theorem is equivalent to G having a b-factor for

b(v) = dreg — d(v).

Let dpax be the maximum node degree of G. By Proposition @ for sufficiently large Cieg,2, we will have
dreg > dmax With high probability, and thus b(v) > 0 with high probability. Let A4eg be the event that this
oceurs.

On the event Ageq, by Proposition [5] such a b-factor exists if and only if, for each U C V,

N(U,U) > b(U) — %b(V). (30)

Let Ay be the event that this occurs. Then, whenever the event A = Agee N () Av occurs, G is a
subgraph of a dyeg-regular bipartite graph. Thus it suffices to show that P[A°] — 0 as n — oco. Taking a
union bound,
P[A7] < P[A§e,) + > PlA7]- (31)
Ucv

We have already observed that for Cieg,2 large enough, the first summand tends to zero, so it suffices to
control the remaining sum.
Let us first rewrite each side of the equation . For any U C V', we have

b(U) = dveg|U| = Y d(1t) = dreg|U| — 2N (U,U) — N(U,U°),
uelU

and therefore )
b(U) = 3H(V) = deeg (U = m) = N(U,1) + N(U*,U°).

Also, -
N(U.U) =03l 0] = N, U).
Thus,
_ 1
Ay = {H(0.0) 2 00) = 5000} = { N0 < 03] 0]+ o (0 - 101 .
Note that

NUU) < Vi \Ui| - [V2\ Uz| = (m — |UL]) (m — |Us]) = |U1| - |U2| = m (JU| = m).

Since, for sufficiently large m, dieg < m, if |U| > m then Ay always occurs, so in fact for such m we have
P[Af] = 0 whenever |U| > m. Thus,

dim Y PIAG] = lim Y PlAG]. (32)
UcCv UCv
[U|<m

Recall that we set X € RV1*"2 to be the bipartite adjacency matrix of G. When G ~ Gn,0,q; Xij has
ii.d. entries equal to 1 with probability ¢ and 0 otherwise. In particular, E[X;;] = ¢. Also, we may compute

edge counts as N(U,U) =3 ,cp, 2 e, Xij-
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Therefore, we may rewrite

Ay

ST Xy <UL |Us| + dreg(m — |U)

i€V1\U1 jEVQ\U2

Yo Y (Xiy—EXy)) Uil Uz| = q(m — [Ur])(m — [Uz|) + dyeg (m — |UY)

iGVl\U1 JEVL\Us

YooY Xy —EXy)) £ 1= @)U Ul + (dreg — gm)(m — |UY)

iEVl\Ul jeVQ\UQ

S Y (X —EXy) < (1= q)|Uh] - [Ua] + Cregay/mlogm(m — |U])

iEVl\U1 JEVL\Us

In this form, since X;; € [0,1], Hoeffding’s inequality (Theorem 2.2.6 in [41]) applies and gives

PAG =P | > Y (X —E[Xy)) > (1 q)|U1] - |[Ua| + Creg2y/mlogm(m — |U])
’iEVl\Ul jGVQ\Uz
< oxp [ 2= DIV V| + Creg o/ Togm(m — U])°
- (m — |Ur])(m — [Uz])

Note further that this bound, for a given U, depends only on |U;| and |Us|. Thus, in the sum appearing
in , we may group terms according to new scalar variables a = |U;| and b = |Us| and bound

Do BlAGl= > D PlAfun

Ucv abe[ml U, (')
|U|<m a+b<mU 6(‘(;2)
2=\
2((1 = q)ab + Creg2v/mlogm(m —a — b))2
< _ ;
<2 eXp( (m — a)(m — b)

a,be[m U1€( ] )
a+b<m (VZ)
b

B m\ (m (1 = q)ab + Creg2v/mIogm(m — a— b))
> ( (b)eXp< (m—a)(m—b) ) 33
a+b<m

Now, note that since (m — a)(m —b) = ab+ m(m —a —b), for any choice of a,b € [m] with a +b < m we

have either ab > % (m—a)(m —b) or m(m—a—>b) > 4(m—a)(m—b). Note also that the latter is equivalent

tom—a—b> %(m —a)(m —b). Notating this decomposition more formally, define
T ={(a,b) € [m]*:a+b<m}
1
7, = {(a7b) S [m]2 ta+b<m,ab> 2(m—a>(m_b)}
1
Iy = {(ayb)E[m]z;a+b<m,mabzz(ma)(mb)}.
m

Then, the above observation says that Z = 7; U Zs.
When (a,b) € Z;, then we have

2((1 — q)ab + Cregav/mTogm(m —a —b)* _ 2(1 - g)*(ab)’*
(m—a)(m—10) ~ (m—a)(m-0)
> L1 = )(m — a)(m 1), (34)
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and when (a,b) € Z, then we have

2((1 = g)ab + Chreg,2v/mlogm(m — a — b))2 - 207, ymlogm(m — a — b)?
(m —a)(m —b) - (m —a)(m —b)
> 2O B (m — a)(m — 1) (35)

For sufficiently large m, the right-hand side of (35]) is always smaller than the right-hand side of for
all (a,b) € Z. On the other hand, either or (35)) holds for any (a,b) € Z, since Z = Z; UZ,. Thus for
sufficiently large m, for all (a,b) € Z, we have

2((1_q)ab‘i‘creg,Q\/W(m_a_b))Q 1 , logm o
(m —a)(m — b) 2 5Ceg2— —( )(m —b).

Using this in , we may bound

m 1 _, logm

mhg(l)o E PlA7] <mh§}x> E <a>(b)exp(20reg2m(ma)(mb)).
Ucv a,be[m]
|U[<m at+b<m

Whenever a + b < m, then either a < m/2 or b < m/2, so symmetrizing the sum we have

< gm 2 3 (M) ) erw (-5 - a)m - 0)

Now, note that (') = (,",) < m™ " = exp(logm - (m — b)), and (") < m* = exp(logm - a). Moreover,
a <m — b in all terms in the summation, so (") ('7) < exp(2logm - (m — b)). Therefore, we continue

. 1
< mlgnOOQ Z exp (— (4038&2 - 2) logm - (m — b)) .
a€lm/2]

be[m]
a+b<m

Finally, there are at most m? terms in the summation, and m —b > 1 in all terms, so we finish by bounding,
for Cieg 2 sufficiently large,

1
. 2 2
< W}gréo 2m” exp (— (4Creg’2 — 2) log m)

. 1
< w}gnoo 2 exp (— (401,26&2 - 4> log m) (36)
Choosing Cig 2 again sufficiently large, this limit will equal zero.
Combining and , we have therefore found that, for C,es 2 sufliciently large,

. e1
lim > PlAG] = 0.
Ucv
Using this in , we have
lim P[A]] < lim P[Af,] + lim_ > PlAG] =0,
UCV

giving the result.
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5.2 Proof of Proposition

In this proof we consider a general ER graph G ~ G,, , with the minimum node degree denoted by dui, and
we show that with high probability G' contains as a subgraph, a d;cs-regular graph with the same node set,
where d,eq is asymptotically equal to dmin. To this end we make use of the following results concerning the
existence of b-factors for general graphs, degree distribution of dense random graphs and node connectivity
of dense random graphs. Let U C V; in the following, we denote by G — U the graph obtained from G by
removing all the nodes in U together with all the edges incident with nodes in U.

Proposition 7 ([40]). Let G = (V, E) be a graph and let f € ZY,,. For disjoint subsets S,T CV, let Q(S,T)
denote the number of connected components C' of G — (SUT) such that f(C)+ N(C,T) =1 (mod 2). Then,
G has an f-factor if and only if, for all disjoint subsets S, T CV,

F(S) = £(T) + Y d(v) = N(S,T) = Q(S,T) = 0

veT

Proposition 8 (Chapter 3 of [21]). Let G ~ G, for some p € (0,1). Denote by dwyin the minimum node
degree of G. Then, there exists a constant C > 0 such that, with high probability, dmin, > pn — Cy/nlogn.

Recall that the node connectivity x(G) of a graph G is the minimum number of nodes whose deletion
disconnects it, or the total number of nodes for G a complete graph. It is well-known that «(G) < dumin,
where as before dp,;, denotes the minimum node degree in G. Surprisingly, for ER graphs, the two quantities
coincide with high probability.

Proposition 9 (Theorem 1 of [9]). Let G ~ G, , for some p € (0,1). Then, with high probability, k(G) =

dmin .

We proceed with the proof of Pr0p081t10n l First, for A C V, let Q(A) denote the number of connected
components in G — A. Clearly, Q(S T) <Q(SUT) for any disjoint S,T C V (where Q(S T) is as defined
in the statement of Proposition [7]).

We will apply Proposition 0 the function f(v) = dyeg for all v € V. Without loss of generality, we
may suppose dyeg is even. In this case, the case S = T = () is satisfied automatically, so we may suppose
|S| + |T| > 1 in the sequel. Using the above observation, we find that the desired regular subgraph exists
provided the following event occurs:

A= (| Asr,  where Agy :—{ )= d(v) < dueg(|S] — |T|)Q(SUT)}.
S, TCV veT
SNT=0
|S|+|T|>1
We have

> d(v) =2N(T,T) + N(S,T) + N(V\ (SUT),T),
veT
whereby we may rewrite

Asr — { CON(TT) — N(VA(SUT).T) < dueg (5] — |T]) - Q(SUT)}

=3 - > Xy -ERXg) - ) (X —E[Xy)
{17]}6(72") iGVj\E(.;:UT)

<pITI(IT] = 1) +p|T|(n = [S] = |T) + dreg (IS = T]) = Q(S UT)}

= { B Z (ZXij - ]E[2Xij]) - Z (Xij — E[Xij])
{i.iye(%) ieVJ\é;uT)

< (p(n —\|T) — Creg’“/nlogn> |S| + (Creg,1v/nlogn — p)|T| — Q(S U T)}7
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where we have performed the manipulation
PITI(T| = 1) + p|T|(n = |S| = |T]) + dreg (IS] = |T)
=p|T|(n = [S] = 1) + (pn — Creg1v/nlogn)(|S| — T
:p|5\n _p‘S| : ‘T| —p|T| + C’reg,l V nlogn(|T| - ‘SD
= plS|(n = |T]) 4 Creg1v/nlogn(|T| - [S]) — pIT|

_ (p<n 7)) = Crogav/nlog n) 5]+ (Croga v/ Tog 1 — p)|T].

Now, we give a lower bound for the right-hand side by considering two cases, depending on the size of
|T|. If |T| < n—2Creq1p 'v/nlogn, then p(n — |T|) — Creg,1v/n10gn > Creg,1v/nlogn, and for sufficiently
large n we also have Cieg 1v/nlogn —p > iCLreg\/nlog n, so in this case

1
(p(n —|7) - Creg,lvnlogn> |S| + (Creg1/nlogn —p)|T| > 7 Creg1v/nlog n(|S| + |T1).

If, on the other hand, |T'| > n — 2Ceg1p~ ' v/nlogn, then, since S and T are disjoint |S| + |T'| < n whereby
|S| <n—|T| < 2Cheq,1p~ 'v/nlogn. Therefore, for sufficiently large n, we will have

(00 = IT1) = Crag V/ToET ) 18]+ (Crogr v/ Tom ~ ]

1 1

iCregyln\/nlogn — Creg,1V/nlogn|S| > iCregyln\/nlogn - QCfegylp_lnlogn
1 1

> *Creg,ln\/ nlogn > ZCreg,l V nlogn(|5| + |T|)

4

>

Thus the same bound is obtained in either case, and we find that, for sufficiently large n, for all S, T C V
disjoint, we have

Agr 2 { -2 Y (X -EXy) - > (X —E[Xy)

(i.ire(?) ieV]\éiuT)
1
< ZCrcg,l\/nlogn(|S| + 7)) — Q(SUT)}.

Now, note that we always have Q(S UT) < n. Moreover, if x(G) is the node connectivity of G, and
|S| +|T| < K(G), then Q(SUT) = 1. And, by Propositions [§ and [9] with high probability £ = dpin >
pn — Cy/nlogn. Let A.on denote the event that both the equality x = dyi, and the subsequent inequality
hold in G. Then, for sufficiently large n, on the event Acqp,

1 it |S|+|T| < pn/2
n otherwise

2
Qs UT) g{ } <2081+ 7)),

where in the last step we use that S and T are not both empty. Thus, again for sufficiently large n,

Agr D Acon N { -2 Z (Xij — E[X4]) — Z (Xij — E[X45])
{’L,j}E(Z) ZEVJ\E(;UT)
1
< gCreg_,“/nlogn(|S| + |T|)}

Now, returning to the main event A, we note two special cases that make the left-hand side of the
definition of the event inside the intersection above equal to zero: (1) if T = 0, and (2) if |[T] = 1 and
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SUT = V. Thus we may neglect both of these cases, and write, for sufficiently large n,

A :_) Acon N ﬂ { -2 Z (Xl — E[XU]) — Z (ij _ E[le])
i {i.ire() €V A(SUT)
|T|>2 or |S|+|T|<n

1
< §CusaVaTogn(ls| + 7).
Applying a union bound and Hoeffding’s inequality, we may then bound

202, inlogn(|S| +|T))*
lim P[A°] < lim P[AS, ]+ lim exp [ —2—4% reg 17108 (1] + [T1) .
we S Mmoo 2 2(T((1T] 1) + [T1(n 5] — [T}

SNT=0
|T|>2 or |S|+|T|<n

The first limit is zero by our previous remark. In analyzing the remaining exponential terms, we first bound
the denominator as 2|T'|(|T'| — 1) + |T|(n — |S| — |T'|) < 3n|T|, continuing

i 1 logn - (|S| + |T|)?
D SR (e SR RS

n—oo
S,1CV

SNT=0
|T|>2 or |S|+|T|<n
and then observe that (|S| + |T))2/|T| > (|S| +|T)2?/(|S| + |T|) = |S| + |T'|, whereby

. 1 2
sim S e (-goChotonns (sl +T)
S,TCV

SNT=0
|T|>2 or |S|+|T|<n

1
<tim 3 e~ goCheatonn- 151+ 7))

n—oo
S,TCV
|S|+|T|>0

and introducing scalar variables a = |S| and b = |T| and grouping according to these values, we further

bound
L ny\ (n 1 5
= fm > }<a>(z))e’(p(‘gacreg’”"g”'“’“’))'

a,be{0,...,n
a+b>0

To finish, we use that (') < exp(alogn) and (}) < exp(blogn), and there are at most (n + 1)? terms in the
outer sum, whereby

n—oo

1
< lim Z exp <966’r26g71 logn - (a+b) +logn - (a+ b))

a,be{0,...,n}
a+b>0
. 1
< nh_}n;o exp (— (9601126&1 - 1) logn + 2log(n + 1)) .

Setting Creg,1 sufficiently large will make the remaining limit equal zero, giving the result.

5.3 Recovery guarantees for the SDP relaxation

In the following we state a set of sufficient conditions under which a well-known SDP relaxation of the
min-bisection problem recovers the planted bisection under the SBM. This result follows immediately from
Lemma 3.13 of [5] (see [5] for further details about the SDP relaxation). To prove this result we make use
of Bernstein’s inequality (see Theorem 2.8.4 in [41]).
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Proposition 10. Suppose p = p(n) € (0,1), ¢ = q(n) € (0,1) are such that the following conditions hold:

1 logn

T <p < % for sufficiently large n.

2. There exists € > 0 such that p—q > (12 +€)4/p - logn for sufficiently large n.

n

Then with high probability, the SDP relazation recovers the planted bisection in a graph drawn from G, p 4.
Proof. Define

_JN{v}, W) ifveV; _JN{v} Va) ifveW;
degin(v) = {N({v},Vg) foery, OBowl)= {N({v},vl) ifvety’

Then, by Lemma 3.13 of [5], it suffices to show that for any constant A > 0, with high probability

i {de (1) = deona (1)} >~ B degi (1) = deg (1)

for an arbitrary fixed node vy (the expectation on the right-hand side does not depend on this choice).
Noting that

pP—9q

E [degin(vo) - degout (UO)] =

it suffices to show the weaker statement that, again for any constant A > 0, with high probability

n—p,

min deg;, (v) — maxdeg,, (v) > i -
v v

2 logn'
Note that for any v, deg;,(v) is a sum of § — 1 random Bernoulli variables with mean p, and therefore
with variance p(1 — p) < p. Therefore, using Bernstein’s inequality,

%t2pnlogn
Ipn+ m)
=PVt iViogn

1
< exp <—5t2 logn) .

Thus since E[deg;,(v)] = p(§ — 1), taking ¢ = 3, and using a union bound over v, it follows that, with high
probability,

P [dogi(0) ~ Bldess, (0)] < —t/pmTogn] < exp (-

1
min deg;, (v) > FPn = 3v/pnlogn.
v
By a symmetric argument for dout(v), with high probability,
1
max deg, . (v) < Zan + 3y/pnlogn.

Letting ¢t = max{tiy, tout }, we find that, with high probability,
pP—q

mindeg;, (v) — maxdeg,,,(v) > n — 6+/pnlogn.
v v

Thus it suffices to show that under the assumptions in the statement, for any A > 0 and sufficiently large
n’
P—q P—q A
——n —6y/pnlogn > ——n - .
2 priogn = 2 V1ogn
This follows since, by Assumption (2), there exists § > 0 such that 6/pnlogn < (1 —9) - %(p — ¢)n for
sufficiently large n. O

Proposition in particular implies that, if p = an™ and ¢ = pn~¥ for any w € (0,1), the SDP
relaxation recovers the planted bisection with high probability provided that p > ¢ (or equivalently « > f3).
When p = alogT" and ¢ = 595" by Lemma 4.11 of [5], recovery is guaranteed with high probability provided

that o — /B > V2. "
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5.4 Distance distributions in random graphs

Consider a graph graph G ~ G, , .. In this section, we present lower and upper bounds on the average
distance pavg(G) and the diameter pmax(G) of G in very dense, dense, and logarithmic regimes. We use
these results to prove our non-recovery conditions given by Theorems [7] and [§] The distance distributions of
ER graphs have been studied extensively in the literature [8, [12] 3] [38]. To obtain similar results for the
SBM, we use the following tool to relate the distance distributions of SBM graphs to those of ER graphs

Proposition 11. Let0 < g < p < 1 and let n be an even number. Then, there exists a probability distribution
over triples of graphs (G1,G2,G3) on a mutual set V of n nodes such that the following conditions hold:

1. The marginal distributions of G1, G2, and Gs are G, g, Gn.q.p, ond Gy, p, TeSPectively.

2. With probability 1, G1 is a subgraph of Go and Go is a subgraph of Gs. Consequently, for alli,j €V,
pG1(iaj) 2 sz(imj) > st(ia.j)'

Proof. We describe a procedure for sampling the three graphs together. Let V' be their mutual node set,
and fix a uniformly random bisection V' = V; U V5 with |Vi| = [V3] = §.

The key observation is the following. Let Ber(a) denote the Bernoulli distribution with probability a.
Then, if X ~ Ber(a) and Y ~ Ber(b) are sampled independently, then the binary OR of X with Y has the
law Ber(a + b — ab). Now, define a = %. Since ¢ + ’1’%3 —q- % = p, we have that if X ~ Ber(q) and
Y ~ Ber(a), then the binary OR of X with Y has law Ber(p).

We now describe a procedure for sampling the desired triple of graphs. First, sample G; ~ G, 4. Next,
for each ¢ € V7 and j € Vs, sample X;; ~ Ber(a), independently of G;. Let G have all of the edges of G1,
and also an edge between ¢ and j if X;; = 1. By the previous observation, the law of G5 is Gy, 4p-

Similarly, for each ¢,j € V4 and ¢, j € V5, sample Y;; ~ Ber(a), independently of G; and G2. Let G3 have
all of the edges of G2, and also an edge between ¢ and j if Y;; = 1. By the previous observation, the law of
Gg is gmp. O

We now briefly review the existing results on the distance distributions of ER graphs. It will be convenient
for us to give these results in slightly different form than in the original references, so we derive the statements
we will need from prior work below. Below, for > 0, we write |z | for the “floor function” or greatest integer
not exceeding x, and {x} := z — |x] for the “fractional part” of z.

Proposition 12. Suppose p = an™ for some w € [0,1) and o > 0, with « < 1 if w = 0. Let G ~ G, .
Then,
1

lim P | ppnax(G) =1 — || =1

Jm, P @) +L_wﬂ
Proof. First, suppose w € [0, %) Then, our task is to show that ppax = 2 with high probability. By Corollary
10.11(i) of [8], it suffices to check that p?n — 2logn — oo and n?(1 — p) — oco. The latter clearly holds for
any w > 0, and holds for w = 0 since in that case p = a € (0,1). For the former, we have p?n = an!=2v
with @ > 0 and w < 3, and the result follows.

Next, suppose w € [1,1). Define d := 1+ 2| > 3. By Corollary 10.12(i) of [8], it suffices to check

dndfl dflnd72

that d=*logn — 3loglogn — oo, p — 2logn — oo, and p — 2logn — —oo. The first condition

follows since d is a constant. For the second condition, we calculate

pind=1 = dp—w0+ls D+,

Manipulating the exponent, we have

D ] = et (1)

—w(l+| -

I
—
—

|
£
7 N
[

|
—N
—_

| |~
€
—
~_

28



We have (1 —w) € (0,1) and 1 — {12} € (0,1], so pn?~! = a’n® for some § > 0, so the second condition
holds. Finally, for the third condition we have

pd—lnd—Q _ ad—ln—w(l-&-LﬁJ)-&-Lﬁj—(l—w) _ ad_ln_(l_‘“){ﬁ} _ ad—ln—é’

for some 6’ > 0. Thus the third condition also holds, and the result follows. O

Proposition 13. Suppose p = al"% for some a > 1. Let G ~ Gy, ;. Then, for any e >0,

. logn logn
lim P | pmax(G) € | (1 —€¢)————, (1 —— ]| =1
nr00 [p @ (( ¢ loglogn (1+¢ log lognﬂ

logn ~ _logmn
log pn loglogn

Proof. We note that the asymptotic holds as n — oo, since log pn = log a 4 loglog n. Thus

it suffices to show that

i P (@) € (1= 0722 (1 020 )| -

n=rc0 log pn’ log pn

We explicitly make this trivial rewriting to put our result in the form usually used in the literature. The
result in this form then follows directly from Theorem 4 of [12]. O

Proposition 14 (Theorem 1 of [38]). Suppose p = an™* for some w € (0,1) and a > 0. Define the quantity

u:u(w,a):{ ! W+1{11w EN}eXp(—allw).

Let G ~ G, p. Then, for any € > 0,

lim P[pag(G) € (1 — O, (1+ )] = L.

n—oo

logn
n

Proposition 15 (Theorem 1 of [I3]). Suppose p = «
€ >0,

for some a > 1. Let G ~ G, . Then, for any

. logn logn
lim P | pave (G 1-— , (1 =1
o [p 5(G) € <( 2 log pn ( +€)logpn>}

Utilizing the above results on distance distribution of ER graphs together with Proposition in the
following we obtain similar results for the SBM.

Proposition 16. Suppose 0 < ¢ < p <1 are constants. Let G ~ Gy, p 4. Then, for any € > 0,

lim P [(1 —e) <2 - 1”‘2“1) < pava(G) < pmax (@) = 2} ~1.
n—oo

Proof. By Proposition |11{ and Proposition with high probability pmax(G) =2 when G ~ G, ,, 4. On this
event, every adjacent pair of nodes in G has distance 1, and every non-adjacent pair of nodes has distance
2. Therefore, we may explicitly calculate the average distance: when ppax(G) = 2, then

pus(@) = 2 (1112 ((5) - 11) ) =2 (1- 1) - Zml

By Hoeffding’s inequality, for any fixed § > 0, with high probability |E| < (1+6)- 252 (%) (where the second
factor on the right-hand side is E|E|). The result then follows after substituting and choosing ¢ sufficiently
small depending on the given e. O

Proposition 17. Suppose p = an™ and ¢ = n~% for o, > 0 and w € (0,1) such that ﬁ ¢ N. Let
G ~ Gpp,q- Then, for any e > 0,

i P(1-) [ 12| £ me(6) < pumt@) = | 1 | =1

n—oo
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Proof. The result follows from using Proposition [L1] to compare to ER graphs, and then applying Proposi-
tion [I4] and Proposition O

Proposition 18. Suppose p = an™ and q = fn™* for a > >0 and w € (0,1) such that == € N. Let
G ~ Gnp,q- Then, for any e >0,

1 1 1
i — - —aTo) | < < = =1.
nlgrololP’{(l €) (1—w +exp( T )) < Pave(G) < pmax(G) T w +1 1
Proof. The result follows from using Proposition [L1] to compare to ER graphs, and then applying Proposi-
tion [T4] and Proposition O

o . . 1 N 1 . . 4
Proposition 19. Suppose p = a2% and q = B2 for a > 8 > 0 satisfying O‘—QB > 1. Let G ~ Gppq.
Then, for any e > 0,

logn logn

< pavg(G) < pmax(G) < (1 + 6)7 =1

lim P [(1—¢) Toglogn

n—00 1og logn
Proof. The middle inequality holds for any graph G. For the left inequality, we use Proposition to
construct a graph G’ ~ G,,, coupled to G such that G is a subgraph of G'. Then, payg(G) > pave(G’),
and the result then follows by Proposition [I5] The right inequality follows from a standard result on the
diameter of the SBM, which may be obtained by repeating the analysis of the size of the neighborhood of
a node given in Section 4.5.1 of [I] in the case of logarithmic average degree rather than constant average
degree. O
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