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A core problem in the area of revenue management is pricing goods in the presence of strategic customers.
We study this problem when customers are heterogeneous with respect to their initial valuations for the
good and their time sensitivities, i.e., the customers differ in both their initial valuations and the rates at
which their initial valuation decreases with a delay in the purchase. We characterize the optimal mechanism
for selling durable goods in such environments and show that delayed allocation and dynamic pricing can
be effective screening tools for maximizing firm profit. We also investigate the impact of production and

holding costs on the optimal mechanism.

1. Introduction
Dynamic pricing is increasingly prevalent in many industries. One of the main advantages of
dynamic pricing is that it helps mitigate the risk associated with demand uncertainty (see,
for instance, |Aviv and Pazgal 2008 and Cachon and Swinney|2011)). In this paper, we show
that dynamic pricing (DP) can play an important role in differentiating between customers
over time, even in the absence of demand uncertainty. In many settings, especially in
fashion and electronic retail, a customer’s willingness to pay (or valuation) for a product is
time-sensitive and decreases over time. In these situations, customers are not only different
in terms of their initial willingness to pay for these products when they are first introduced
to the market, but they are also different in terms of how rapidly they lose interest in
these products. Thus, we may have customers who initially value the product at a high
level but as time progresses, they lose interest in the product completely. We may also
have customers who initially value the product at a low level, but still remain interested
in the product as time progresses. That is, the willingness to pay of the lower valuation
customers may diminish at a lower rate relative to that of the higher valuation customers.
This phenomenon is illustrated in Figure

In this paper, we show that when a firm sells to customers who have heterogeneously

decreasing valuations, the firm can achieve significant benefits by incorporating dynamic
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Figure 1 At time 0, customer 1 has a higher value than customer 2. But, his value decreases faster than customer

2, and beyond ty, customer 2 has a higher value.

pricing, even in the absence of demand uncertainty. This is not the case if customers
were homogeneous in their valuation decay rate. In that case, in the absence of demand
uncertainty, the firm’s optimal pricing strategy would be to post a fixed price, and dynamic
pricing would have no benefit. When customer valuations decrease at different rates, the
ranking of customers (in terms of their valuations) changes over time (as in Figure[l). This
allows a firm to generate more profit by revising its initial price to target customers who
currently have higher valuations even though they initially had lower valuations.

Formally, we characterize a profit-optimal selling mechanism for a firm with customers
who have heterogeneous valuations that decrease in a heterogeneous fashion. We assume
that the firm knows the total demand'| and the customer valuation distribution, but does
not know the precise valuation of each individual customer. The firm acquires or produces
the units that it would like to sell to the customers, and it does so prior to the start of
the selling period. The firm may incur production costs to procure the units and holding
costs to hold units in inventory until they are sold. In our setting, the firm commits to a
price trajectory, and the customers are strategic in selecting the best time to purchase so
as to maximize their individual net utility. We assume that customers with higher initial
valuation also have a higher rate of valuation decrease. To the best of our knowledge, this
setting has not been studied in the literature.

We next describe the main characteristics of this optimal mechanism ignoring the pro-
duction and holding costs, i.e., when the firm has no capacity constraints] The optimal

! We investigate the impact of this assumption in Section

2 The impact of inventory constraints is studied in Appendix
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mechanism consists of the firm posting a series of decreasing prices, which essentially di-
vides the customers into three groups based on their initial valuations. The first group
comprises all customers with initial valuations above a threshold (high-type customers) who
purchase the product immediately. The second group consists of all customers with initial
valuations below a smaller second threshold (low-type customers). For these customers, the
posted prices are designed in a way to extract their entire surplus. Finally, the third group
consists of customers with valuations between the two thresholds (medium-type customers)
who do not purchase the product immediately but purchase before the low-type customers,
and obtain a positive net utility, or surplus.

The low-type customers in our mechanism play an important role in contrast to what
occurs in fixed pricing. In a fixed pricing policy, all customers with valuations above the
price would immediately purchase, and those with valuations below the price would not
purchase. However, in our optimal mechanism, the low-type customers purchase the prod-
uct after some delay and the firm is able to extract their entire surplus. In the absence
of production and holding costs, the firm sells the product to all customers in this fash-
ion. Selling to all the customers can not only increase social welfare but can also generate
significant additional profit. For instance, we show that a firm can increase its profit by
approximately 23% by employing the optimal mechanism (relative to fixed pricing) when
the initial valuation distribution is uniform and the valuation decay rates are proportional
to initial valuations; in fact, more than three quarters of this increase is obtained by selling
to the low-type customers.

We show that our main results and insights extend to more general settings. Namely, we
investigate the impact of the length of the horizon, the production costs, and the holding
costs on the optimal selling mechanism [

We establish our main results for a setting with no restrictions on the length of the
selling horizon. Then, we generalize these results to the case in which the time horizon is
exogenously fixed. We show that when the length of the time horizon is small, similar to
the optimal unrestricted mechanism, the high-type customers purchase the item at time
zero, and medium-type customers delay their purchase but make a purchase before the
3 We also investigate the impact of the inventory constraints on the structure of the optimal mechanism. We show

that the production costs and inventory constraints affect the optimal mechanism in a similar fashion. Because of
this, in the introduction, we only discuss how the production costs influence the optimal mechanism.



Golrezaei, Nazerzadeh, and Randhawa: Dynamic Pricing for Heterogeneous Time-Sensitive Customers

end of the time horizon. Finally, the low-type customers are the bargain hunters. These
customers get the item at the end of the time horizon at the lowest price. We also present
an approximately-optimal mechanism when the length of the time horizon is “large.” This
mechanism resembles the features of the optimal unrestricted mechanism. Furthermore, we
show that as the length of the horizon increases, the profit of this mechanism approaches
the optimal profit rapidly.

We observe that both production and holding costs motivate the firm to reduce the
length of the selling period but in different ways. Interestingly, we find that the optimal
selling mechanism is rather robust to the production cost. In particular, in the presence of
a production cost, the optimal mechanism naturally introduces a cut-off on the customer
valuations so that the firm sells only to customers with initial valuations higher than this
cut-off. However, all such customers who purchase the product do so at the same time as
in the baseline setting (with no production costs). Thus, production costs only change the
price of purchase, and not the time of purchase.

We find that the optimal mechanism is more sensitive to holding costs. These costs
motivate the firm to price in a manner so that customers are incentivized to make their
purchases earlier (than in the baseline case). We find that depending on the holding cost,
the optimal mechanism takes three forms. If the holding cost is larger than a threshold,
then the firm determines it is too expensive to carry the product and simply posts a fixed
price so that all customers who purchase the product do so immediately. If the holding
cost is moderate (below the previous threshold and above another lower threshold), then
the firm benefits from DP but cannot extract the entire surplus of customers with low
initial valuations. If the holding cost is below the lower threshold, then the structure of the
optimal mechanism is similar to that of the baseline optimal mechanism. There are three
distinct groups of customers and the firm can extract the entire surplus of customers with
low valuations. Overall, the value of DP decreases with increasing production and holding
costs. These results are presented in the appendix.

Finally, we summarize our main technical contribution. In our setting, one of the hur-
dles in characterizing the optimal selling mechanism is the lack of consistent customer
ranking based on customer types. As a result, satisfying the individual rationality and

incentive compatibility constraints is challenging[] Note that when there is a consistent

4To characterize the optimal mechanism, using the revelation principle, it suffices to focus only on mechanisms in
which customers have an incentive to participate, that is, the individual rationality constraints hold, and customers are
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ranking of customers, individual rationality constraints are binding for the lowest customer
type that the firm would like to sell the product to, and the mechanism is incentive-
compatible if the allocation rule is monotone in the customer type. In contrast, in our
setting, the individual rationality constraint is binding for a group of customers with low
initial valuation. Furthermore, the monotonicity of the time of purchase in the initial
valuation does not guarantee that the mechanism is incentive-compatible. To character-
ize the optimal mechanism, we first establish necessary and sufficient conditions to thus
have an incentive-compatible mechanism. One of these conditions resembles the traditional
envelope condition (Myerson![1981)), which ensures that the mechanism is locally incentive-
compatible. The other condition, called interval condition, ensures that the mechanism is
globally incentive-compatible. We first relax the problem by ignoring the interval condi-
tion and characterizing a profit-optimal mechanism that satisfies the individual rationality
constraints and envelope condition. Then, by establishing several additional properties of
this mechanism, we show that the mechanism indeed satisfies the interval condition, and

thus is optimal.

Related Work

Our work is related to the growing literature on pricing mechanisms for customers who
strategically time their purchases. There is also an extensive literature on dynamic pricing
with myopic customers (see for example [Lazear| 1984, |Wang| 1993, |Gallego and Van Ryzin
1994} [Feng and Gallego|[1995, Bitran and Mondschein|1997, |Federgruen and Heching||1999,
and (Talluri and Van Ryzin/[2004). We do not provide a summary of this line of literature
here, but we refer the reader to excellent surveys by Bitran and Caldentey| (2003)), Chan
et al. (2004), and [Shen and Su (2007)).

Coase| (1972)) is one of the first papers to study pricing for strategic customers. Coase
conjectured that when a firm sells a durable good to patient and strategic customers
and cannot commit to a sequence of posted prices, then the prices would converge to
the production cost. Later Stokey (1979), |Gul et al.| (1986)), and Besanko and Winston
(1990) found that with commitment, posting a decreasing sequence of prices is optimal.
In particular, Stokey| (1979)) showed that when production cost declines over time, posting

a decreasing sequence of prices results in higher profit for the firm. However, when the

willing to reveal their private information to the mechanism designer, that is, the incentive compatibility constraints
hold (see Myerson|/1981).
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production cost is zero, DP is not beneficial. In contrast, we show that with heterogeneous
decay rates, DP can improve profit even if the production cost is zero.

In the context of revenue management, several papers show that DP can increase firm
profit when demand is uncertain (see, for example, Su 2007, /Aviv and Pazgal 2008, El-
maghraby et al.2008], /Araman and Caldentey[2009, |Cachon and Swinney| 2011}, Aviv et al.
2015, and [Yu et al.[2015). Specifically, |/Aviv and Pazgal| (2008) studied a model in which
a firm sells a limited inventory of a product in two periods to an unknown number of
strategic customers who are heterogeneous in their valuations and time of arrival. They
showed that when the level of heterogeneity in customers’ valuation increases, the ben-
efit of customer segmentation using pricing decreases. Conversely, in this work, we show
that as the level of heterogeneity in customers’ decay rates increases, the firm can better
differentiate customers and generate more profit.

One important factor that differentiates our work from the aforementioned research is
that in our work, demand uncertainty is not a key driver of DP. That is, even in the absence
of demand uncertainty, DP increases profit significantly. Furthermore, in the aforemen-
tioned papers, the firm uses the customers’ fear of rationing to extract more profit from
strategic customers (see also Liu and Van Ryzin 2008 and |Bansal and Maglaras||2009), but
in our work, customers do not face such a risk. In fact, when the production and holding
costs are zero, all the customers purchase the product.

Other papers have examined intertemporal pricing with new consumers arriving in every
period. (Conlisk et al.| (1984), Besbes and Lobel (2015), and |Chen and Shi (2016) showed
that when customers arrive over time, the firm’s optimal strategy is to use a cyclic pricing
policy. Borgs et al.|[2014] studied how to set prices to extract profit while guaranteeing
service availability to all paying customers arriving and departing at different times. See
Board and Skrzypacz (2016|) and (Garrett| (2011) for other papers that study pricing with
heterogeneous arrivals. In these papers, the firm can gain from DP since it can differentiate
customers based on their arrival times. In contrast, in our work, all of the customers are
in the market when the sales starts and they strategically optimize their time of purchase.
That is, we attempt to isolate and capture the impact of heterogeneity of valuation decay

rates on the optimal DP policy, absent any other considerationS.E]

® We further discuss this assumption in Section
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One of the closest papers in the literature to ours is that by |(Chen and Farias| (2015),
who studied the design of dynamic selling mechanisms when valuations of the customers
decay over time at possibly different rates and the customers incur monitoring costs. They
proposed an approximately profit-optimal pricing policy that incentivizes customers to
purchase the product immediately rather than waiting to get the product later. In contrast,
we design an optimal pricing policy in a setting in which customers with higher initial
valuations are more time-sensitive than those with lower initial valuations.

Chen and Farias (2016)) built on the results in |(Chen and Farias| (2015) by imposing a
constraint on the structure of customer’s disutility from waiting. In particular, they assume
that the customer’s disutility is a non-decreasing and concave function of his valuation.
Under this assumption, they show that posting a fixed price is asymptotically optimal.
This is in contrast with our results where we show dynamic pricing can be significantly
beneficial. Put differently, our work complements |Chen and Farias (2016)) by showing that
dynamic pricing is beneficial when the customer’s disutility is not concave.

Another closely related work is by |(Chen and Shi| (2016)). This paper studied joint pricing
and inventory management for a setting where customers suffer from delay disutility if they
postpone their purchases and wait for the product to get delivered. In their model, unlike
our setting, customers’ valuation does not decrease with time if customers purchase the
item later. However, customers incur waiting costs when the product gets delivered with
a delay. They show that without production and holding costs, adopting dynamic pricing
is not profitable. In contrast to our work, they find that the key driver of dynamic pricing
in their setting is inventory-related costs rather than heterogeneity in delay disutility.

Our work also relates to the growing body of research on dynamic mechanism design;
see [Bergemann and Said (2011)) for a survey. There, the firm offers a direct mechanism
that allocates the products over time as a function of customers’ reports of their private
valuations. See Akan et al. (2009), |Kakade et al.| (2013), Pavan et al. (2014])), Battaglini and
Lambal (2012)), Boleslavsky and Said| (2013), Golrezaei and Nazerzadeh| (2016), and Lobel
and Xiao| (2013) for recent results on designing optimal dynamic mechanisms. In these
papers, the buyer’s value changes with time, as the buyer receives new private information
over time. In contrast, in our work, the buyer value changes with time because of gradual
loss of interest in the product. The paper closest to ours within this literature is|Akan et al.

(2009), where customers are heterogeneous in their valuation distribution and in how fast
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they learn their true value. |Akan et al.| (2009) showed that when high-type customers (such
as business travelers) learn their valuation slower, relative to low-type customers (such as
leisure travelers), in the optimal mechanism, the firm sequentially screens customers by

offering them a menu of expiring refund contracts.

Organization of Paper

The remainder of this paper is organized as follows: In Section [2], we formally introduce our
model. Section [3| performs some preliminary analysis by introducing direct mechanisms in
this setting and the conditions needed for these to be incentive-compatible. In Section
we characterize our key structural results and the optimal mechanism in the absence of
production and holding costs. In Section [5] we show how our results extend when the
simplifying assumptions with respect to the length of time horizon, production cost, and
uncertainty in market are relaxed (we discuss the case of holding costs and inventory

constraints in Appendices |A| and . We conclude in Section @

2. Model
We consider a firm that sells multiple units of an item (product) to a mass of customers
over a sales period of duration 7' time units. The firm produces and stores all units just
prior to the start of the sale period. The cost for producing each unit is ¢, and the holding
cost to store each unit is h per unit time. For convenience, we focus on the case in which
the sales time horizon is unbounded, i.e., T' = oo, the production and holding costs are
zero, i.e., ¢ =h =0, and the firm does not face any inventory constraints. This simpler
version of the model allows us to understand and highlight the key trade-offs. We then
discuss how the results generalize in Section

The firm’s goal is to implement a selling mechanism to maximize its profit. At time 0,
the firm declares and commits to a price trajectory p(t), ¢ > 0. Given the pre-announced
prices, customers decide whether and when to purchase the item. Each customer is assumed
to be infinitesimal and demands a single unit of the item. The valuation of a customer
at time t is V(0,t) where V : R? = R and 6 is the customer type. To capture customer
heterogeneity both on their initial valuation and time sensitivity in a tractable manner, we
consider a multiplicative model V(6,t) = 8e=99*. Here, V(6,0) = @ is the initial valuation,

and g represents the (exponential) rate of decay of the initial valuation.
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We note that in our model, we assume that customer decay rate, g(6), is the same across
all the customers with the same type, and as a result, consumer private information can
be represented by a one-dimensional signal. This assumption simplifies our problem, as
multidimensional mechanism design problem has shown to be very challenging to solve
(Briest et al.[2010, Chawla et al.|2010, and |Alaei et al.|2012). There are papers that have
made some progress in designing optimal/suboptimal multidimensional mechanisms by
imposing some assumptions; see, for example, |Cai et al.| (2012)), |Chen and Farias (2015,
2016), and Hart and Nisan| (2017)).

Our focus is on cases in which there is some structure on this decay rate g. In particular,
g should be positive so that valuations decay over time. We further assume that g is
strictly increasing. This implies that customers with higher initial valuations lose interest
in the item much faster than customers with lower initial valuations. Furthermore, the
monotonicity of g implies that for any 6, # 6, > 0, there exists a unique intersection point
7> 0 that solves V(61,7) = V (6, 7) | That is, any two valuation curves cross each other
exactly onceE] Because of this, the customers are not ranked in a persistent manner over
time; see Figure [I] The fact that a persistent ranking for customers does not exist makes
the problem of designing an optimal mechanism challenging. Furthermore, as we will show
later, it allows the firm to extract more profit by revisiting its prices over time.

We make two additional assumptions on g that give us analytical tractability: we assume
that ¢ is log-concave and further that 6¢’(0) is increasing. The log-concavity assumption
implies that % is decreasing. We will further discuss the log-concavity assumption in
Section [4] The condition that f¢’(f) is increasing ensures that the time of allocation in the
optimal mechanism is decreasing in #. This condition will be further discussed in Section
Roughly speaking, this condition, which is satisfied by all the convex and increasing func-

tion g(-), implies that function g(-) cannot be “too concave”. Note that 0¢'(6) is increasing

: '(0)
if ¢"(0) > — 2.

We would like to add that our valuation function satisfies the following assumptions that

have been made in the seminal work by Stokey| (1979): (i) 0,V (0,t) <0 and (ii) for any

log(02)—log(61)
9(02)—g(61) *

"In Section , we use an example to discuss situations in which this assumption may not hold.

S Equation V(01,7) = V (s, T) gives us 7=

8 Every positive concave function is log-concave. However, the reverse does not necessarily hold (Boyd and Vanden-
berghel([2004).
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t < ==, 0V (0,t) <0 and 02V (0,t) <0. As it becomes clear later, is the maximum

9)97 g’( )0

delay in purchase that customers of type 6 experience in the optimal mechanism. Further,
0;V(0,t),i=1,2,is the derivative of the valuation function V' (6,t) w.r.t. its i-th argument,

and (91 QV(O t) 9 avegett) .

To summarize, we make the following assumptions on g:

ASSUMPTION 1. For any 0 € [©,0)], function g(0) is differentiable, positive, strictly in-

creasing, and log-concave. Furthermore, 04'(0) is increasing in 6.

In our model, the valuation function V', which includes function g, is known to the
firm and customers. However, the customer type is the customer’s private information,
and these types are independently drawn from a known distribution F' with probability
density function f, where F :[0,0] — [0,1] and © > 0. The negative inverse hazard rate
associated with distribution F is denoted by a : [©,0] — R, and is defined as a(z) =

_1}5;()@. Throughout the paper, we make the following assumption, which implies « is

non-decreasing.

ASSUMPTION 2. The type distribution F' has a non-decreasing hazard rate. That is, o-)

18 non-decreasing.

This is a common assumption in the literature and is satisfied by several common distri-
butions such as uniform, exponential, gamma, etc.

In our model, all customers are present in the market at time 0 and exit after making a
purchase. That is, customers can make a purchase at any time ¢t > 0. We would like to point
out that this model is very common in the literature of dynamic pricing. Stokey| (1979) was
one of the first papers that adopted such a model. Later, such a model has been used in
a series of work; see for example Besanko and Winston| (1990), [Elmaghraby et al.| (2008]),
Levin et al.| (2009), |Liu and Van Ryzin (2008), Dasu and Tong| (2010)), Liu and Van Ryzin
(2011), Cachon and Swinney| (2011)), and |Aviv et al.| (2015). That is, in all aforementioned
papers as well as our work, the customers are not heterogeneous in their time of arrival.ﬂ
This allows us to focus on the impact of the customer heterogeneity in their valuations and
valuation decay rates. We note that this is a good model for electronic products such as

iPhones and iPods. For these products, potential customers wait for a new product launch

 There have been some other papers in the literature that consider such heterogeneity; see for example [Sul (2007)
and |Aviv and Pazgal (2008).
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and a new launch is often announced publicly. Because of these, it is fair to assume that
all the potential customers are in the market when the product is launched.

Customers are fully strategic about whether and when they purchase the item from the
firm. Specifically, each customer either does not purchase the item, or purchases a unit
in the period in which his utility gets maximized. Customers are risk neutral, and utility
of a customer with type # who purchases the item at time ¢ at price p is V(6,t) — p.
Furthermore, all customers are present during the entire time horizon. Then, given prices
p={p: :t >0}, a customer with type # purchases a unit of the item at time t*(9) :=
argmax,>o{V(6,7) — p-} if V(6,t*(0)) — pi-(9) > 0, and she does not purchase otherwise.
Here, p; is the price for the item at time t.

We consider a deterministic baseline model where the firm knows the total mass of
customers, i.e., the market size. The assumption of deterministic demand is justified when
the number of customers is large and fairly predictable. This modeling choice allows us to
study the impact of strategic customers and decay in customer valuation, but it deliberately
removes the element of uncertainty from the model. That is, we seek to understand if the
firm gains from DP when there is no demand uncertainty. In Section [5.3] we relax this

assumption and show that our results can hold even with uncertainty in the market size.

3. Direct Mechanisms and Optimality

To characterize a profit-maximizing (optimal) selling mechanism, by the revelation princi-
ple, we focus on direct incentive-compatible and individually rational mechanisms where
customers first report their type and then the mechanism determines their payment and
time of allocation.

More precisely, any direct mechanism M consists of a tuple (t,s,p), where p: [0,0] — R
is a transfer scheme and (t,5) : [©,0] — R x {0,1} is an allocation rule. That is, p(#) and
t(0) are respectively the price for a unit of the item and time of purchase for a customer
with type H.H Further, ¢(f) =1 when the customer of type € purchases the item, and is
zero otherwise. One can assume that t(6) = oo when () = 0.

We note that the mechanism design theory enables us to focus on specifying the alloca-
tion rule policy rather than the pricing rule. In fact, once the allocation rule is determined,

by the revenue equivalence theorem, we can characterize the pricing rule. Due to this

10 Note that the allocation rule t for a customer is only a function of the customer type, and does not depend on the
type of other customers, because in our model, each customer is infinitesimal and there is no inventory constraint.
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property, mechanism design approach has been widely used in the literature of dynamic
pricing; see, for example, |Gershkov and Moldovanul (2012)), Chen and Farias (2015| 2016]),
and Board and Skrzypacz| (2016|). We further note that as it becomes more clear later, we
use direct mechanism to propose optimal posted price mechanisms, which are widely used
in practice.

We start by defining incentive compatibility and individual rationality. Let u(@,é) be
the expected utility of a customer with type # when she reports 0. That is,

u(0,0) = <(B)(V(0,4(0)) —p(0)) -
Then, mechanism M is incentive-compatible (IC) if for each customer with type 6 € [©, O],
truthfulness is a best response, that is, u(@,é) <wu(0,60). Roughly speaking, in IC mecha-
nisms, no customer wants to deviate from the truthful strategy.

We can now define the individual rationality constraints for the mechanism. IC mecha-
nisms are individually rational (IR) if for each customer with type 6, his utility under the
truthful strategy is nonnegative, i.e., for any 6 € [0, 0], we have u(6,0) > 0.

The following lemma presents the necessary and sufficient conditions under which a

mechanism is IC.

LEMMA 1 (Necessary and Sufficient Conditions for IC). Consider  mechanism
M with allocation rule (£(-),s(+)). Then, the mechanism is IC if and only if both conditions,
stated below, are satisfied.

e Envelope Condition: For any 0,0 € [©,0],

w(0,0) —u(0,0) = /:é ¢(2)e 9 (1 — ¢ (2)t(2)2)dz . (1)

e Interval Condition: For any 6 < 0,
0 ) X o 0
/ (0)e IO (1 — g/ (2)4(0)2)dz < u(B,0) —u(f,0) < / (0)eIO(1 — g/ (2)4(0)2)d= .
z=0 z=0
(2)
All the proofs are provided in the appendix.

Lemma (1] is analogous to the characterization of incentive compatibility in standard
static settings, where an envelope condition and monotonicity of allocation rule are used to

characterize incentive compatibility (see Myerson| (1981))). The envelope condition above
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is a standard one and can be rewritten as u(6,0) —u(f, ) = fj:é §(2)01V (2,t(2))dz, where

HV(0,t)= %. But, the interval conditions, which can written as

0 0 0
/ 5(0)01V (2,4(0))dz < / $(2)01V (2,t(2))dz < / 5(0)01V (2,t(0))dz
z=0 z=0 z2=0

replace the monotonicity conditions. The interval conditions compare the utility obtained
by the truthful strategy (middle term in Eq. (2)) with untruthful strategies (the rightmost
and leftmost terms in Eq. (2)).

We are now ready to characterize the firm’s profit under any IC mechanism. Note that
the profit of a mechanism M from a customer of type 6 is the customer’s payment minus
the production and holding costs, which can be written as <(6)(p(6) —c— ht(f)). Thus, the
expected payment is given by fa(:i@ F(0)s(0)(p(0) —c—ht(0))dd =E[s(0) - (p(0) — c— ht(0))].
Note that throughout the manuscript, unless stated otherwise, all expectations are with
respect to customer type 6. Then, the total profit of the mechanism is the market size
times the expected profit from selling the item to one customer. Considering that the
market size is constant, that is, demand is deterministic, the total profit of the mechanism
is maximized if we maximize the expected profit from a single customer.

An IC and IR mechanism is optimal if it maximizes the expected profit among all IC
and IR mechanisms.

The following lemma characterizes the firm’s profit in any IC mechanism M.

LEMMA 2 (Profit of IC Mechanisms). In any IC mechanism, the expected firm

profit from a single customer is given by

E[s(8) (e (04 a(6) (1~ ¢ (0)1(0)6)) ) — ht(9) — ) — u(©,0)] , (3)
where the expectation is taken with respect to the customer type 6.

Lemma [2| suggests that in order to optimize profit, the optimal mechanism should
maximize virtual profit, that is, E [g(@) (6_9(9)“9) (0+a(0)(1—g'(0)t(0)0))) — ht(d) — c) -
u(O, @)] , and pick a transfer scheme that makes it both IC and IR. Throughout the paper,
we refer to (e’g(e)t(Q +a(0)(1—g'(0)th))) — ht — c) as virtual value/profit of a customer
with type 6 at time ¢.

In the next section, we present an optimal mechanism for the case when both production

and holding costs are zero. We discuss generalizations of this in Section [5



Golrezaei, Nazerzadeh, and Randhawa: Dynamic Pricing for Heterogeneous Time-Sensitive Customers

14

4. Optimal Mechanism
We begin with characterizing an optimal mechanism when both the production and holding
costs are zero. By Lemma[2] an optimal mechanism should maximize virtual profit subject

to IC and IR constraints. Given that ¢ = h = 0, the expected virtual profit is given by

E[<(0) (¢ (0+ a(6) (1~ g ()1(0)6)) ) — u(©, )| == E[<(6) R(6,4(9)) — u(©, )]
(4)

where R(6,t) =e 9@ (0 + a(0)(1— ¢'(0)t0)) is the virtual value of a customer of type 6 at
time ¢. Note that the initial virtual value, i.e., R(6,0) =0+ «(0), is equal to the virtual
value in a standard static setting (c.f. Myerson|/1981)).
To characterize the optimal mechanism, we need to solve the following optimization
problem.
e adX o (B[O)RO,40)) —u(©,0))}

s.t. IC and IR constraints. (OPT)

Solving the above optimization problem is rather involved because we are maximizing over
the allocation and payment functions t(-), <(-), and p(-). For this reason, we characterize
the optimal solution of the above equation in two steps. Recall that by Lemmal[I] satisfying
the IC constraints is equivalent to satisfying the envelope and interval conditions. In the
first step, we relax the problem by ignoring the interval conditions. That is, in the first
step, we only focus on satisfying the envelope conditions and IR constraints. In particular,
we consider the following relaxed problem:

wodax  E[(ORE,40) - u(©,9)}]

0

s.t. u(0,0) = u(@,@)+/ ¢(2)e I (1 — ¢/ (2)(2)2)dz > 0, 0€[O,0].
o

(RELAXED)

Note that the constraint follows from the envelope conditions. In the second step, we show
that the solution to the relaxed problem satisfies the interval conditions. This implies that

the optimal solution of Problem is also an optimal solution of Problem



Golrezaei, Nazerzadeh, and Randhawa: Dynamic Pricing for Heterogeneous Time-Sensitive Customers

15

Next, we characterize the optimal solution of the relaxed problem. We need one more

definition to present our result. Let

tr(0) = Tt (5)

be the solution to the first-order (necessary) optimality conditions. That is, t;(6) =
arg max;>o R(6,t) and solves 0 R(0,t;(8)) =0.Then, we have the following result.

LEMMA 3 (Optimal Solution of Problem . If Assumptions and hold,
then in an optimal solution of Problem u(©,0)=0, ¢(0) =1, §<[0,0], and

the allocation time, denoted by t,, is given by
0 if 0> 0y High-type;

ty(0)=q t;(0) if 0 €[0r,05] Medium-type; (6)
\ m if 00,01  Low-type,

where t;(0) is defined in Eq. EP Oy solves Oy + a(0y) + % =0, and 0, solves
9(01) +a(0)g'(6) =0.

As we will show in the proof of Lemma the log-concavity of g(-) implies that (1 —
t,(0)g’ (9)0) > 0 for any 6. This allows us to conclude that the described mechanism is
IR; that is u(#,6) > 0. This also leads to monotonicity of u(6,6) in 6.

The following theorem shows that the optimal solution of the relaxed problem, charac-

terized in Lemma [3] fulfills the interval conditions, and thus is optimal.

THEOREM 1 (Optimal Mechanism). Suppose that Assumptions (1] and[9 hold. Then,
the optimal mechanism sells to customers of type 6 € [@ O] at time t,(0), defined in Eq.
(@), and at price p(6) = Ge=9tO) _ fee e 9P (1 — t,(2)g'(2)2)dz. In addition, in the

optimal mechanism, ¢(6) =1 for any 6 € [©,0)].

We next discuss the main insights of Theorem [I] We first note that the firm sells the item
to all customers. In addition, as we will prove in Lemma [7] the purchase time of customers
t,(0) is decreasing in customer type; that is, customers with lower initial valuation purchase
the item later than customers with higher initial valuation.

We note that the optimal mechanism divides the customers into three groups: high-type,

medium-type, and low-type. The high-type customers who have high initial valuation (6 >
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0 ) purchase the item immediately. The low-type customers who have low initial valuation
(0 <0;) delay their time of purchase. We note that the purchase time of high-type and
low-type customers does not depend on the distribution of the customer type, F', directly.
The time of purchase of these customers depend on F' only through thresholds 65 and 6.

We also observe that low-type customers with type 6 purchase the item at time m
and more importantly, get zero utility. To understand why, note that customers with type
0 < 01, pay

0
pO) = VO.4,0) = [ PO (-4, (:)g ()2)dz = V(O.4,(0)),
where the second equality holds because t,(z) = Ti)z for any z < 6. Note that this is
in contrast with the traditional static mechanism design. In the static mechanism design,
customers whose type is high enough get the product and enjoy a positive surplus, whereas
low-type customers do not get the product at all. In fact, there is typically one customer
type on the boundary that gets zero utility after purchasing the product. However, in our
setting, there exists a group of customers who purchase the item and obtain zero utility.

The medium-type customers who have medium initial valuation 6 € [0;,0y] do not pur-
chase the item immediately. However, unlike the low-type customers, these customers enjoy
a positive utility.

The optimal mechanism presented in Theorem (1| highlights the fact that the firm benefits
from the positive correlation between the valuation decay rate and the initial valuation by
adopting DP and delaying allocation. In fact, the extra profit that the firm makes comes
partly from the low-type customers from whom the firm extracts their entire surplus.

We would also like to point out that the optimal mechanism of Theorem [l has an
equivalent dynamic pricing interpretation. Specifically, it recommends the firm to post
prices p(-), and consequently, customers with type 6 will find it incentive compatible to
purchase at time t,(6).

Comparison to a Model with Homogeneous Valuation Decay Rate: Assume that customer val-
uation decay rate is homogeneous, that is, V(6,t) = fe~"! or equivalently g(6) = 3 where
B >0 is a constant. Note that with homogeneous decay rates, the valuation curves do not
cross each other. In this case, the optimal mechanism posts a fixed price of 6y, where 6,
solves 0y + a(0y) = 0. Thus, customers with type greater than 6, purchase the item at time

zero, and in contrast with the optimal mechanism under heterogeneous valuation decay,
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customers with type 6 < 6y do not purchase the item at all. The reason is that, with ho-
mogeneous decay rates, these customers have negative virtual value throughout the time

horizon. Thus, the firm is not willing to sell the item to these customers.

To shed more light on Theorem (1} we study the following example.

EXAMPLE 1. Assume that 6 follows the uniform distribution in the range of [0, 1]; that is,
6 ~U(0,1). Here, we present the optimal mechanism when ¢(f) =6%, a >0, and h=c=0.
It is clear that when a = 0, the decay rates are homogeneous across customers. Further,
as a increases, the customers’ decay rates become more heterogeneous. For this valuation
function, thresholds 0y and 6 are respectively Z—i; and ﬁ Note that both 65 and 6;,
are increasing in a and converge to 1 as a grows without bound. Thresholds #y and 6,
are depicted in Figure [2a] We observe that as a increases, the high-type and medium-type
regions shrink while the low-type region expands. Recall that low-type customers get zero
utility. Thus, when heterogeneity among customers increases, that is, a increases, the firm
can extract the entire surplus of more customers. As a result, as depicted in Figure [2b] the
firm’s profit grows when the decay rate of customers gets more heterogeneous.

Figure shows the profit gain of the optimal mechanism relative to the fixed price

(FP) policy. Note that the profit-maximizing FP policy posts a price of §, = 1 at time

2
zero. We observe that as a increases, by employing DP, the firm increases its profit by
more than 23% and 90% at a =1 and 10, respectively. The reason is that by increasing a,
the valuation decay rates become more heterogeneous, which, in turn, increases the value
of differentiating customers via DP.

Figure [2balso shows that the social welfare of the customers and the firm increases when
a increases. Note that for allocation time t,(-), the social welfare equals E [06*9(9)"9(9)},
where fe~ 9Dt i the valuation of a customer with type # who purchases the item at time
t;(0). Observe that, for any value of a, DP outperforms FP in terms of obtained social
welfare. However, the customer’s surplus (utility)m under DP is lower than that under FP.

This is so because by adopting DP, the firm can extract high profit from the customers,
see the profit gain of the DP in Figure

1 By Lemma the expected customers’ surplus (utility) is E[u(8)] = E [f(g e 9 (2) (1—1t4(2)g'(2)2) dz].
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Next, we discuss the purchase time, payment, and utility of customers. Given that g(0) =

0, the purchase time in the optimal mechanism is given by

0 if 6> atl.

a+2’
t(0) = ¢ LG it 0 €[4, 4h); (7)
1 : a
0% lf 9 - [0, m] .

The purchase time is shown in Figure for a =0,0.5, and 1. We note that a =0 cor-
responds to homogeneous decay rates. Recall that under homogeneous decay rates, a FP
policy is optimal. The figure shows that under FP (a =0), there is a one-time sale where
only customers with a type greater than 6, = % purchase the item immediately. However,
this is no longer the case under DP when a > 0. Under DP, the purchase time, t,(6), is
decreasing in customer type; see also Eq. . We also observe that when a increases, the
purchase time of low-type and high-type customers increases, whereas the purchase time
of other customers does not vary remarkably.

Figures |3bfand respectively, show the payment and utility of customers as a function
of their types in the optimal mechanism. In Figure [3b] we observe that the payment of
customers under DP (a > 0) increases as their type increases. High-type customers pay
more when the firm uses DP rather than FP. However, this may not be the case for the
medium-type customers. This group of customers delay their purchase and their valuation
at the purchase time is not as high as their initial valuation. Therefore, the firm may reduce
their payments. Furthermore, the DP policy enables the firm to extract more profit from
low-type customers. Figure [3b| also shows that customer payments are not monotone in a.

Figure [3c| shows that under both DP and FP policies, the utility of customers, u(6,6),
is an increasing function of §. But, the customers earn higher utility under the FP policy.
Moreover, the utility of customers decreases when a increases. The reason is that when
a is large, the firm can better differentiate the customers in order to extract more profit
from them.

O

Example [1| shows that the DP policy earns significantly more profit than the FP policy.
Motivated by this, we present a lower bound on the profit gain of DP over FP in Appendix
when g(0) = 0*. We derive the lower bound on the profit gain by characterizing the

extra profit the firm extracts from the low-type customers. The bound implies that for
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Figure 2 (a) The thresholds 05 and 61, as a function of the exponent a for the mechanism described in Theorem
(b) Relative gain of profit, social welfare, and customer’s surplus of DP (relative to the FP policy)
in percentage, as a function of the exponent a. The customer type 8 ~ U(0,1), V(0,t) = 9e~9(Dt,
g(@)=6% and h = ¢ = 0.
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Figure 3  The time of purchase (a), payment (b), and utility of customers (c) in the optimal mechanism described
in Theorem Customer type 8 ~ U (0,1), V(0,t) =0e 9, g(0) =0% and h = ¢ = 0.

the setting in Example , the DP policy earns at least 50 - e"a percent more profit than
FP. Thus, the profit gain of the DP for a = 0.5,1,1.5, 2, is at least 6.8, 18.4, 25.7, and
30.3 percent, respectively. Another interpretation of this result is if the firm ignores the
heterogeneity in decay rates and follows the optimal mechanism under the homogeneous

model, it will suffer from at least 50 - e"a percent profit loss.

5. Extensions

In this section, we relax some of the simplifying assumptions we made for our analysis in
the previous section. Namely, in Section |5.1] we consider the case of a finite selling horizon.
In Section 5.2, we consider the case of non-zero production costs. Finally, in Section [5.3

we consider the case in which there is uncertainty in the number of customers of each type.
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In Section [5.4] we use an example to discuss situations in which customers with higher
initial type do not necessarily have higher decay rates. We consider additional extensions

of non-zero holding costs and inventory constraints in Appendices [A] and [B], respectively.

5.1. Finite Time Horizon

In Section {4, we characterized the optimal mechanism when the length of the time horizon
T is infinite. In practice, because of seasonality and changing the popular trends, the length
of the time horizon can be finite and exogenous. Here, we seek to understand how an
exogenous time horizon impacts the structure of the optimal mechanism.

In the following, we first present an optimal mechanism when the length of the time
horizon is small, specifically, the case T' < m where 6, solves g(0L) + a(01)g'(0.) = 0.
We will show that the optimal mechanism bears a resemblance to the mechanism presented
in Section {4] in which the length of the time horizon is co. We then focus on the case
when the length of the time horizon T > m. Motivated by the structure of the optimal
mechanism in Theorem [I| we present an approximately optimal mechanism. We show that

the gap between the profit of the our mechanism and that of the optimal mechanism

converges to zero as 1T’ increases.

PROPOSITION 1 (Small Time Horizon). If Assumptions[l] and[g hold, the production
and holding costs are zero, and the length of the time horizon T < m, then the optimal

mechanism sells one unit of the item to customers with type 0 > 01 at time

0 f0>0u
tr(0) =< t,(6) if 0 € [6%,04] (8)
T ifoelor,on]

and at price p(6) = He= 9Ot ®) _ f(f{ e 9 (1 —tp(2)g'(2)2)dz. Here, 07 solves t;(6%) =
T, 0F solves R(OT,T)=0, t;(0) and R(0,t) are defined in Eq. (@ and Eq. , respectively,
and O and 01, are defined in Lemma[3. Further, for any 6 < 0%, ¢(6) =0 and p(f) = oo,
and for 0 > 07 ¢(0)=1.

Observe that similar to the mechanism in Section [ high-type customers, i.e., those
with type 8 > 0y, get the item at time zero. Medium-type customers, i.e., those with type
6 € (07,,0), get the item at the solution to the first order condition (FOC), i.e., t;(6). Note
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that at type 0%, the FOC solution is TE Then, low-type customers, i.e., those with type
0 € [0F,0%] get the item at time T', where 67 is the smallest type that the firm would like
to sell the item to at time 7. We point out that low-type customers are bargain hunters:
They wait till the end of the time horizon to get a good deal. Finally, customers with type
6 < 6T do not get the item at all.

We now focus on the case when the length of the time horizon T > . We will

1
g'(01)01
propose a mechanism, denoted by M, that only sells to customers with type greater than

0T at the following time

(0 if0>0y,

t4(0) if 0 € [0, 0]

tr(0)=¢ " ., (9)
W lf 0 (- [0H79L]

T ifoe[dr,0]]

Q

and charges the customers with type 6 > 6%, p(f) = e 9O @) _ f:f e 9@Mr)(1 —
tr(2)g'(2)z)dz. Here, with a slight abuse of notation, we use 67 to refer to the solution of
m =T and we use 07 to denote the solution to R(#%,T) = 0. Note that the allocation
rule of mechanism My is very similar to the allocation rule of the mechanism in Theorem
[ However, in mechanism Mgy, we ensure that the sale ends at time 7' and customers
that have a very low type, i.e., those with type 6 < 67 do not purchase the item. For these
customers, the firm gets a negative virtual value regardless of their time of purchase, i.e.,
R(6,t) <0 for any 6 < 6T and t € [0,T].

We note that when the selling horizon is small, the optimal mechanism posts the
prices in such a way that the customers who purchase the item do so at time tr(0) =
min(max(0,t7(6)),7"). However, when the selling horizon is large, one cannot design
prices in a manner to incentivize customers of type 6 to purchase the item at time
min(max(0,¢;(6)),7). Similar to the optimal mechanism in Theorem |I| where T" = oo, the
time of purchase of low-type customers should be distorted to make the selling mechanism

truthful. Recall that in Theorem 1, low-type customers of type 6 purchase the item at time

9)9 While such a distortion does not hurt the seller’s profit when 7' = oo, it can slightly

12 : 1
In fact, the assumption that T < FUCTAT

ensures that 67 > 0r. To see why observe that t7 () = PRGOS )9 , and by
Lemma |7} tf(0) is decreasing in 6. This implies that ty(0) <

1 T
W for any 0 > 0L ThuS when S m 9H

that solves t;(0%) =T is greater than 6z.
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reduce the seller’s profit when T is large but finite. This is the case because with a finite
selling horizon, the seller cannot afford to sell to all customers. The following proposition

shows that mechanism M is approximately optimal.

ProrosITION 2 (Large Time Horizon). Suppose that Assumptions and@ hold, and
the production and holding costs are zero, and the length of the time horizon T >

Then,

1
g'(0r)0r "

9(07) T
sta) D

where Rev,, and Revy, are the optimal profit and profit of mechanism My, respectively.

Revyr — Revg, < 0T exp (—

To get a better understanding of the bound in Proposition 2] let us assume that g(6) = 6°
and 6 ~ U(0,1), where a > 0. Then, Rev,,; — Revy,, < (#7)2e~a. As we show in the proof

of the proposition, 1 —T¢'(#1)0T > 0. This gives us an upper bound on #7. In particular,

we get 67 < W By applying this in our bound, we yield

1 _ 1
Revopt — ReVMT S W@ =0 (CZT/G) .

Q=

Thus, when a =0.5,1, and 1.5, the maximum profit loss of mechanism Mt converges to

1 1

zero at the rates of 77, 73,

and #, respectively.
In the following, we revisit Example [I] to evaluate mechanism M. Note that when

1
T's OrLg'(0L)’

. . 1
M is optimal when T' < IR

we also refer to the mechanism in Proposition |1| as mechanism M. Then,

ExAMPLE 2 (REVISITING EXAMPLE [} FINITE TIME HORIZON). We evaluate mecha-
nism Mo for the setting in Example[l] The allocation and payment rules of this mechanism
are depicted in Figures and respectively, with T'=1,2,3, 4, and g(f) = 6. Recall

that mechanism My is optimal when T' < - 1

————— = 2. We observe that as T decreases,
01)0r

more customers wait until the end of the time horizon to avail the lower price. In addition,
as T decreases, the high-type customers’ payment decreases, whereas that of the low-type
customers increases. Overall, the spread in the customer payments decreases when the firm
needs to end the sale earlier.

Figure [4c| illustrates the maximum profit loss of this mechanism as a percentage of an

upper bound on the optimal profit when ¢(0) = 6* with a =0.5,1, and 1.5. For the upper
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bound, we use the tighter bound, which is provided in the proof of Proposition [2} see Eq.
. In particular, when T > g’(f)i)@L = a(alL)a, we have

Bge’g(z)T 2—(1—-4'(2 zM 2)dz
(- a-g@ra 22 sz,

where 0, = 1. For T' < _7;, we have Rev,,; = Revy,. Figure |4c| illustrates the upper

a(fr)*’
gap(T)
gap(T)+Revp

gap(T) = f@% e 9T (z -1 —g’(z)Tz)gg,(é))> f(2)dz. We observe that the upper bound on

the profit loss decreases as a gets smaller. In addition, the upper bound decreases as T

Revep: < Revpy, + /
e

bound on the profit loss of mechanism M7y (in percentage), i.e., 100 - , Where

increases, and it gets maximized at T'= m. However, the upper bound does not exceed

0.4%, 3.3%, and 7.2% when a = 0.5,1, and 1.5. respectively. The upper bound is maximized

m and the jump in the plot occurs at T'= a(6’+)“ because the upper bound on
1

the optimal profit is not tight when T is close to PR We note that despite the fact that

the bound is not tight, the profit loss of mechanism M is insignificant.

at T =

—a=05
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1 1
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Figure 4  The time of purchase (a) and payment of customers (b) in mechanism M when g(0) =60, h=c=0,
and 0 ~ U (0,1). The profit loss of the mechanism M (c) as a percentage of the upper bound when
g(0) = 6% with a=0.5,1, and 1.5.

5.2. Production Costs

In this section, we present an optimal mechanism when the production cost ¢ > 0, and the
holding cost h is zero. We show that when the firm faces production costs, it ends the sale
sooner, compared to when the production cost is zero. In particular, the production cost
introduces a cut-off such that customers whose type 6 is greater than the cut-off purchase

at time t,(6), and other customers do not purchase the item at all. That is, a positive
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production cost does not change the time of allocation of customers who purchase the
item.
Defining 6. as the smallest value that solves R(GC, tg(HC)) = ¢, we present the main result

of this section. Here, R(G,t) and t,(-) are defined in Equations and @, respectively.

THEOREM 2 (Production Costs). If Assumptions (1] and [ hold, the production cost
c €10,0], and the holding cost h = 0, then the optimal mechanism only sells to cus-
tomers with type 0 > 6. at time t,(0), given in Eq. (@, and at price p(6) = e 9O
f;c e 9 (1 — ty(2)g'(2)2)dz. Furthermore, for 6 < 0., <(6) =0 and p(9) = oo, and for
0>0., c0)=1.

In Theorem , we assume that the production cost ¢ is less than ©, as the firm has
no incentive to produce and sell the items when the production cost is greater than the
maximum valuation of customers ©.

The main idea of the proof is to show that the virtual value of a customer with type 6 at
time t,(0), that is, R(H, tg(H)), is increasing in 6. Then, provided that R(@C, tg(HC)) —c =0,
we have R(6,t,(0)) —c < 0 for any 6 < 6. This implies that the firm would rather not
sell the item to customers with type 6 <6..

Theorem [2| suggests that the production cost will not change the allocation time of
customers with type 6 > 6.; rather, it only changes the payment rule such that the lower-
type customers are not willing to purchase the item. In other words, the payment rule is
designed to enforce a cut-off, 6., in the allocation rule. For more insight into Theorem
we revisit Example [1]

EXAMPLE 3 (REVISITING EXAMPLE [I} PRODUCTION CosTS). Consider the same set-
ting in Example [I] Figure illustrates the cut-off 6. as a function of the production
cost when ¢(f) = 0* and a = 0,0.5,1. Here, with a = 0, the optimal mechanism can be
implemented via an FP policy. For any a > 0, FP policies are no longer optimal. Figure
compares the threshold 6. with that in the FP policy. Note that in the FP policy, the
threshold 6. ; solves R(6.s,t =0) = c. We observe that the threshold is smaller than in
the DP policy for a = 0.5,1, which suggests that the DP policy sells to more customers
than the FP policy. In addition, the cut-off is decreasing in exponent a. That is, the firm
is willing to sell to lower-type customers when a gets larger and differentiating customers
gets easier. However, when the production cost increases, the difference in the cut-off gets

smaller and converges to that of the FP policy.
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Figure shows the payment of the customers in the optimal mechanism when the
production cost is 0.1,0.2,0.3, and 0.4, and g(#) = 6. Note that in the figures, the cut-offs
are depicted via dashed vertical lines. Figure shows that when the production cost
increases, the firm increases the payment of the customers who purchase the item. By
increasing the payment, the firm can enforce the cut-off and ensure that customers with
type less than 6. do not purchase the item. Note that as the production cost increases from
0.1 to 0.2, the payments of customers with type greater than 6y, the cut-off at ¢ =0.2,
remain the same. The reason for this is that all the extra customers who make a purchase at
the production cost of 0.1, i.e., those with type 6 € [0y 1, 6p2], buy at time m and receive
zero utility (see the time of purchase of the optimal mechanism presented in Theorem .
Therefore, selling to these customers does not impact the utility and payment of other
customers. Recall that by Lemma [1} in any IC mechanism with the allocation rule t(-), the
utility of a customer with type 6 is u(0) =u(0) + fj:@g(z)e—g(Z)f(z)(l — ¢'(2)t(2)2)dz, and
here (1 —¢'(2)t(z)z) =0 for any z € [y.1, 60 2]

g L :
2 0.8 0.6 !
<= i
8 1
£ 067 7 g :
5 s £ 041
S 04} > :
] 1 a !
& 1 —a=1 :
= 02y —a=05 | 020 !
§ -a =0 (FP) ;
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3 02 04 06 08 1 02 04 Y 08 |
Production Cost, ¢ Customer Type
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Figure 5 (a) Cut-off 6. as a function of the production cost ¢ in the optimal mechanism with ¢g(f) =6 and
a=0,0.5,1; (b) The payment of customers as a function of their type with ¢=0.1,0.2,0.3, and 0.4 and
g(6) = 6. Customer type 6 ~ U (0,1) and the holding cost h = 0.

5.3. Uncertainty in the Market
In this section, we investigate the impact of uncertainty in the market. We consider a

market of finite size with customers belonging to a set of discrete number of possible types
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(there may be infinite types). There is uncertainty both in the total market size and the
number of customers of each type.

In particular, we compare the profit of the firm under two scenarios. In the first scenario,
the firm is not aware of the exact market size and only knows the expected number of
customers, i.e., the average market size. In the second scenario, the firm is fully aware of
the market size and based on this knowledge, it designs an optimal selling mechanism.
We show that the profit of the firm under these two scenarios is very close to each other.
Specifically, the difference between these two profits converges to zero as the market size
grows without bound.

We use M to denote the total number of customers, where M is drawn from distribution
D. We use © = {0,0,,...,0k} for any K >0 to denote the set of all possible customer
types. We say that a customer is of type & when his type is 6. Then, conditional on M,
the number of customers of each type, denoted m = {my,ma,...,mg}, is drawn from a
multinomial distribution with M trials and probabilities q = {q1, 4o, ...,qx }, Where g is
the probability that a customer is of type k € [K]:={1,..., K}.

We consider the following two scenarios:

Scenario 1 (Unknown Market Size): In this scenario, the firm is not aware of the market

size M and exact number of customers of each type, {my : k=1,...,K}. The firm is
only aware of the distribution D and the probabilities {g;:k=1,...,K}. Let Rev,, (M)

denote the expected profit that firm can obtain from a single customer under scenario 1,
conditional on the market size realization being M. We refer to Revtl)pt(M ) as the normalized
profit under scenario 1. This profit can be calculated by solving the following optimization
problem:

max § ReV
{(tr:prsk), kE[K]} Z KP4k ( )
ke[K]

s.t. §k(¢9k6_g(0k)tk —pk) Z gj(gke_g(ek)tj _pj)a ja k € [K]v (IC)

gk(eke_g(ek)tk_pk) >0, kelK]. (IR)

Here, py and t;, are the payment and time of allocation of customer of type k € [K], respec-
tively. Finally, ¢, =1 if the customer of type k purchases the item and is zero otherwise.
The first set of constraints ensures that customers do not have an incentive to be untruth-

ful and the second set of constraints guarantees that the utility of the customers under
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truthful strategy is nonnegative. For convenience, we denote the optimal solution to (Rev))

1
opt

by Rev(q), and we note that Rev, ,(M) = Rev,,(q), and is a constant independent of M.

Thus, in the following, we denote Rev,,,(M) by Rev, .

Scenario 2 (Known Market Size): In this scenario, the firm is fully aware of both the
market size M and the number of customers of each type, {my:k=1,...,K}. Then,
defining q = {1, Go, - - ., i }, where g = my, /M, the optimal profit from a single customer in
this scenario, denoted by Rev’,(q, M), equals Rev(q). We note that given q, RevZ,,(q, M)
is independent of M. Hence, we denote Rev.,(q, M) by Rev’,(q).

In the following proposition, we show that E[Rev?)pt((]) | M] = Rev!

opt Where the expecta-

tion is w.r.t. q. We further show that for large market sizes, the gap between the normalized

profits in the two scenarios converges to zero.

PROPOSITION 3 (Uncertainty in the Market). The expected normalized profits in
the two scenarios (with known market size and unknown market size) are equal, i.e.,

Rev,,, = E[Rev’

opt(Q) | M]. In addition, for market size distributions such that M >n a.s.,

for some n, we obtain

lo 8]
gn+_
n

E|| Rev! . — E[Rev? o

opt opt((i) | M]H S (:) 9 (10)

where © = maxe (k] Or and the inner and outer expectations is with respect to q and market

size M, respectively.

By Proposition [3], the gap between the expected normalized profits in the two scenarios
converges to zero as n, the lower bound on M, increases. Furthermore, the bound in
Proposition [3] is not a function of the number of types K and holds for any value of K.
Thus, for large markets, the normalized profits in the two scenarios are quite close to each
other. Proposition [3| can be extended to show that the gap between total profits is also
small (sub-linear) for a sequence of systems with increasing market sizes, in which each of

the individual profits increases in a linear fashion.

5.4. Generalizing Customer Valuation Model
In this paper, we assume that customers with higher initial valuations have higher valuation
decay rates compared with customers with lower initial valuations. We briefly discuss the

impact of relaxing this assumption using an example.
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Figure 6 Example with three customer types: LP represents low initial valuation patient customers, HP represents

high initial valuation patient customers, and HI represents high initial valuation impatient customers.

Consider three customer types: low initial value and patient (LP), high initial value and
impatient (HI), and high initial value and patient (HP). Customer valuations decay over
time as V (ab,t) = v,e~%!, where a € {L,H} and b € {I,P}. We set v;, =0.6, vy =1, p = vy,
and d; = vg; see Figure [6l We denote the intersection point of HI and LP valuation curves
by 7 =1.28. Further, we set the mass of LP-customers at unity, the mass of Hl-customers
at 1 —~ and that of HP-customers at + for some 0 <~ < 1.

Notice that at v =0, this model reduces to a discretized version of our original model with
high initial valuation customers being more impatient than low initial valuation customers.
Further, at v =0, the optimal mechanism comprises two price points with HI-customers
purchasing at ¢t =0 at price p; = 0.93, and LP-customers purchasing at ¢ =0.82 at price
P2 = 0.37.[:3] In this mechanism, LP-customers receive zero net utility, whereas HI-customers
receive a positive surplus.

Now if we consider the case of v > 0, then the firm has no means of separating HP
customers from both HI and LP customers. If the firm sets price p; at t =0 and price
pe = V(LP,ts) for some t; < 7 such that it can sell to HI and LP customers at time 0 and
to, respectively, then HP customers strictly prefer to purchase at time ¢, than to purchase

at time 0. Thus, this model becomes effectively equivalent to one in which the LP-customer

13 We note that to characterize the optimal mechanism, it suffices to consider the mechanisms that offer p; at t =0,
and p2 = V(LP,t2) at some t2 < 7 such that the mechanism incentivizes HI-customers to purchase at t =0 and
LP-customers to purchase at ¢t =t3. That is, to obtain the optimal mechanism, we only need to optimize on p; and
ta.
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mass equals (1 + ). Consequently, as 7 increases, the optimal mechanism changes such
that p, increases (with the corresponding time of purchase also decreasing so that LP
customers receive zero net utility), and p; decreases (with a time of purchase zero). We
find that at v = 0.3, the optimal mechanisms sets p; = p = v, and sells to all customers at
t = 0. This example provides some intuition as to how one can tackle situations in which

Assumption [I] does not hold.

6. Conclusion

Dynamic pricing is a common practice in many industries and has proven to be an effective
tool in mitigating the negative impact of demand uncertainty. This work contributes to
the literature by showing that dynamic pricing can have significant benefit even in the
absence of demand uncertainty. Specifically, we show that when customers’ valuations are
time-sensitive and decay at different rates, the firm can increase its profit by implementing
dynamic pricing even when the firm knows the overall market size with certainty. We find
that the heterogeneity in customer time sensitivities allows the firm to differentiate between
customers more effectively. In addition to extracting more profits, this differentiation also
increases product allocations so that customers with low initial valuations can also procure
the product. In this fashion, we show that a firm can successfully embrace a seemingly
unfavorable scenario of decaying customer valuations to improve its profit and customers’
welfare.

In our setting, the customers’ strategic nature is an essential ingredient required to
extract the aforementioned benefits. The fact that each customer is forward-looking and
times his purchase to obtain the best value for himself is what allows the firm to set a
price trajectory that can effectively differentiate between the customers over time. In this
sense, our work also illustrates how dynamic pricing can be beneficial when customers are

forward-looking.
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Appendix

This appendix is organized as follows. In Appendix [A] we generalize our optimal mechanism to include
positive holding costs. Appendix [B]is dedicated to the optimal mechanism with inventory constraints. Ap-
pendix [C] proves Theorem [I] Appendix [D] proves the results in Section [} Appendix [E]| proves the results in
Sections [3| and [d] and also establishes an additional supporting result. Appendix [F] proves Theorem [3] (of
Appendix . Supporting lemmas in the proof of Theorems [1| and |3| are proved in Appendices (G| and

respectively.
Appendix A: Holding Costs

In this section, we characterize an optimal mechanism for a setting with positive holding cost. Similar to
production costs, holding costs motivate the firm to end the sale sooner. However, with a positive holding
cost, the firm incentivizes customers to purchase the item earlier, as carrying the items in inventory is costly.
This is in contrast with the optimal mechanism with a positive production cost. There, the purchase time
for all customers who make a purchase remain the same, whereas with a positive holding cost, customers
are incentivized to purchase the item sooner. To simplify the exposition, here, we focus on an exponential
valuation function V(6,t) = fe~; that is, we assume that g(0) = 0[]

Before presenting the optimal mechanism with a positive holding cost, to get intuition on the impact of

the holding cost, we revisit Example [1] when h > 0 and g(6) = 6.

EXAMPLE 4 (REVISITING EXAMPLE [I} HOLDING COSTS). We present the optimal mechanism for the
setting in Example [1| when the holding cost h > 0, the production cost ¢ =0, and g(8) = 6. Figure [7a|shows
how the optimal mechanism divides customers into different regions. A precise definition of the boundaries
of these regions will be given later in Egs. and .

Observe that when the holding cost is small (h < H, :=0.04), there are four regions: high-type, medium-
type, low-type, and no-allocation. We later define H; in Eq. for any type distribution F. While customers
in the high-type region get the item immediately, customers in the low-type and medium-type regions delay
their purchase time. Moreover, customers in the no-allocation region do not purchase the item at all. These
customers and customers in the low-type region get zero utility. We note that as the holding cost increases,
the low-type region shrinks, whereas other regions grow. This pattern continues until the holding cost hits H,.
At h = H;, the low-type region vanishes and there will be only three regions: high-type, medium-type, and
no-allocation. As we increase the holding cost further from H; to Hj, :=0.25, the high-type region gets larger
while the medium-type region gets smaller; see the definition of Hj, in Eq. for any type distribution F.
In fact, at h = H},, the medium-type region disappears. Finally, for h > H,, only two regions remain: those
of high-type and no-allocation. That is, when the holding cost is high enough, the firm posts a fixed price,
which only incentivizes the high-type customers to purchase the item at time zero.

Figure shows the customers’ surplus, social welfare, and profit gain of DP in percentage (relative to the

FP policy) as a function of the holding cost. We note that the FP policy does not change as the holding cost

14 All the results can be generalized to g() = 86 where 3> 0 is a constant.
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varies. For any value of the holding cost, the FP policy posts a price of 8, = % Thus, the social welfare of
the FP policy equals E[f x 1{6 > 0,}]. The social welfare of the DP policy is the expected value of customers
at the time of purchase t,(-) minus the holding cost, that is, E[(fe~(®) — ht, (0)) x 1{60 >0, }] where 0, is
the lowest type that purchases the item. We formally define t,(0) and the cut-off 8, in Egs. and ,
respectively.

Interestingly, social welfare is not monotone in the holding cost. At first glance, we expect social welfare
to decrease when the holding cost gets larger, but this is only the case when the holding cost is not too large.
For larger holding cost values, social welfare increases in h. To understand why, note that by increasing the
holding cost, the firm incentivizes customers to purchase earlier as holding the items is costly.This, in turn,
enhances the social welfare as the net value increases for customers at their time of purchase. Furthermore,
we observe that when the holding cost is not too large, the social welfare of the optimal DP mechanism is
greater than that of FP. Thus, for small holding cost values, DP not only increases the firm’s profit but also
the social welfare.

Figure [7H] shows that DP outperforms FP by a higher percentage when the holding cost is small, because
a smaller holding cost allows the firm to lower prices and further delay the time of allocation to customers.
This enables the firm to earn more profit from the customers. Due to the same reason, the customer surplus

is increasing in the holding cost.
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g 2
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= oh ype - %
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Figure 7 (a) Structure of the optimal mechanism as a function of the holding cost h; (b) Customer surplus,

social welfare, and profit gain of the optimal mechanism (relative to the FP policy) in percentage as

a function of the holding cost. The customer type 8 ~ U (0,1), V (8,t) = 8e~%, and the production

cost c=0.

O

Example [4] illustrates how the holding cost influences the structure of the optimal mechanism. Next, we

formalize these observations by presenting the optimal mechanism with a positive holding cost. We will show
that the optimal mechanism only sells to customers with initial valuation 6 > 6,. That is, ¢(f) =1 when

0 > 0, and zero otherwise. Here, the cut-off 8, depends on the holding cost, h, and is given by

max{0,,0} if h<H, Low Holding Cost;
0,:=< 0\ if h € [H;, H,] Medium Holding Cost; (11)
% if h> H, High Holding Cost.
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Here, H, = (6)%¢~! and H), = 62 = 62 where 0 solves 20 + a(§) = 0 and 6, is defined in Lemma [3| In
particular, when g(0) =0, 0, solves 0, + «(0;) = 0; that is 0, = 6. Noting that 0 < 6y, it is easy to observe
that H; < H;,. We refer to the holding cost as low and medium when h < H; and h € [H,, Hy], respectively,
and we refer to it as high when h > H). For low holding costs h < H,, the cut-off 8, =6, , where 8, solves
e 1(,)? = h. Observe that at h= H,, the cut-off §, =6, and at h =0, we have §, =0.

When the holding cost is medium, only customers with initial valuation 8 > 6,, purchase the item where
0, solves R(0,,,t;(0,,)) — ht;(8,,) =0, R(6,t) is defined in Eq. (4), and t;(8) is the FOC solution. We note
that when g(8) =0, we have

R(0,t)=e " (6 + a(0)(1 —t0)). (12)

Further, the FOC solution, t;(6), solves WM(@) = 0. One can show that when h = H,, 6 solves
R(0,,(0)) — ht;(9) =0.
We show that in the optimal mechanism, the purchase time of a customer with type 8 > 6, is

0 it 6 > 0% High-Type;
t,(0) =< tp(0)if 6 € [0F,0%] Medium-Type; (13)
= if 0 € [©,07] Low-Type.
Note that when § € [©,67], the time of purchase is = = ¢. In Eq. ,

O

0h —6, it h> H:; 10
That is, for h < H,,, the FOC solution at 0% € [6y,05] is zero:
A(R(0%,t) — ht
%;M 0k (0% 420(0%) —h = 0. (15)

We note that for any 6 < 6%, the FOC solution is negative, and R(f,t) — ht is maximized at ¢t = 0. We also
observe that at h = 0 and h = H,, 0% is respectively 8y and 6,. Furthermore, 6% is decreasing in h,

indicating that as the holding cost increases, more customers purchase the item at time zero.
We now define 0} in Eq. (13):

o =0 if h>H;
{ff(%)glhif h<H,. (16)
L

That is, for h < Hy, 67 € [0,6,)] solves

A(R(O",1) — ht)

5 ’t:% = 0 e 1O +adl)—h = 0. (17)

We note that at h = 0 and h = H,, 0" equals 6, and 0, respectively. Furthermore, 6” is decreasing in h.
This suggests that as the holding cost increases, the highest customer type who purchases and obtains zero
utility decreases. That is, the low-type group gets smaller. Figure in Example [4] shows how 67 and 6%
vary as the holding cost h increases.

We now describe the optimal mechanism by consolidating the time of purchase t,(-) and the cut-off 6, .
In the optimal mechanism, when the holding cost is low, that is, h < H;, the firm sells to high-type and

medium-type customers and some low-type customers with 6 € [max{©,0,},0%]. Thus, with low holding
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costs, the firm can extract the full surplus of some of low-type customers. However, under medium and high
holding costs, the firm has no such opportunity, as it must end the sale early due to the high cost of carrying
the items. In particular, when the holding cost is medium, h € [H;, H,,], the firm only sells to high-type and
some of medium-type customers, that is, those with 6 € [8,,,0%]. Finally, when the holding cost is high, the
firm does not benefit from the heterogeneity of valuation decay rates, and it simply posts a fixed price of
0o. Then, only customers with a type greater than §, = 6, purchase the item at time zero. The following

theorem formally characterizes the optimal mechanism.

THEOREM 3 (Holding Costs). Suppose that V(0,t) =0e%. If Assumption holds and 0 is the unique
solution of R(0,t;(0)) — Hit;(0) =0, then the optimal mechanism sells to customers of type 8 > 0, at time
t,(0) and at price p(0) =V (0,4.(0)) — f;h e *n() (1 — 24, (2))dz where R(0,t), t,(0), and 0, are defined in
Equations @, , and , respectively. Further, for any 0 <6,, ¢<(0) =0 and p(0) = oo, and for 6 >0,
c(0)=1.

In Theorem [3] we assume that at h = H,, the solution of R(0,t;(0)) — ht;(#) =0 is unique. In Lemma
in Appendix we show that if R(6,t:(0)) — Hit;(#) = 0 has a unique solution, then the solution
of R(0,t;(0)) — ht;(#) =0 is also unique for any h € [H;, H,]. We use this assumption to characterize the
optimal mechanism when the holding cost is medium and large (h > H;). This assumption ensures that
R(0,t;(0)) — ht;(0) <0 for any 0 < 8, =0,,. We note that this holds when the virtual value of customers,
that is, R(6,t;(0)) — ht;(0) is increasing in the customer type 6. In this sense, this assumption resembles the
standard assumption in the standard mechanism design literature where it is assumed that the virtual value
of customers is monotone in their types.

In Appendix we provide sufficient conditions to satisfy this assumption. We show that if for any < 6,
a’(0) is small enough, then this assumption holds. The aforementioned condition is satisfied for the uniform,
exponential, and truncated normal distributions.

Theorem 3| shows that holding costs, similar to production costs, introduces a cut-oftf §,. That is, the
mechanism only sells the item to customers with type greater than or equal to §,. However, unlike the
production cost, the holding cost changes both the purchase time and the price. Moreover, the thresholds
that divide customers into different groups, that is, 8% and 6%, also change with h.

Observe that when h =0, we can recover the optimal mechanism with no holding cost, as presented in
Theorem To understand why, note that 6% =6, 09 =6, = 6, and §9 = 0. Furthermore, the FOC solution,

t:(0) = t,(0) = 9:2?9()6)' Note that when we increase the holding cost from 0 to € > 0 with € ~ 0, the

purchase time remains the same for low-type and high-type customers, but medium-type customers purchase

the item sooner; see Example [4]

The proof of Theorem [3]is presented in Appendix [F}
Appendix B: Inventory Constraints

In this section, we study the impact of the inventory constraints on the structure of the optimal mechanism.

Here, the firm has X units of the item at time zero, and would like to sell them to the customers. For
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convenience and without loss of generality, we normalize the market size to one, and correspondingly, we
assume that X € [0,1]; we refer to X as the normalized capacity. Then, given X € [0, 1], the firm can only
sell the item to X fraction of the customers. In the following proposition, we show that the firm prefers to
sell to customers with type above a threshold.

PRrROPOSITION 4 (Inventory Constraints). Suppose that Assumptions (md@ hold, the production and
holing costs are zero. Let Ox solve Pr[f > 0x] = XE Then, the optimal mechanism only sells to cus-
tomers with type 0 > 0x at time t,(0), given in Eq. (@), and at price p(f) = e~ 9Ot (®) _ f(fx e~ 9 (=) (1 —
t,(2)g'(2)z)dz. Furthermore, for 8 <0x, <(§) =0 and p(f) = oo, and for 6 >0, <(0) =1.

Observe that the impact of the inventory constraint here is similar to that of the production cost in
the sense that the inventory constraint does not change the allocation time of the customers who make a
purchase. That is, customers of type 8 > 0x purchase at the same time as they would have if there were no
inventory constraint.

We only provide a sketch of the proof of Proposition 4] because this proof is similar to that of Theorem
To establish Proposition 4} we apply the weak duality theorem. Specifically, we characterize an upper bound
on the profit of the firm by dualizing the inventory constraint, and we then show that the mechanism in
Proposition [4] obtains the upper bound. Thus, it is optimal. To dualize the inventory constraints, we use the
Lagrangian multiplier of Ax = R(0x,t,(fx)). Then, considering the fact that R(¢,t,(0)) is increasing in 0
(see the proof of Theorem [2)), we have R(6,t,(6)) — Ax >0 for § > 6, and R(6,t,(6)) — Ax <0 for 6 < 0x,
where R(0,t) is the virtual value of customer of type 6 at time ¢, and is defined in Eq. . This implies that
the firm prefers to sell the item to customers with type 8 > 6. Then, by definition of fx, we ensure that the
inventory constraint is binding, and as a result, by the weak duality theorem, the mechanism in Proposition
[)is optimal.

Appendix C: Proof of Theorem

We start with presenting the proof of Lemma [3] That is, we first show that t,(-), given in Eq. @, and
u(0) = 0 solve Problem Then, we show that this solution satisfies the interval condition. Therefore,
it is an optimal solution of Problem [OPT}

C.1. Proof of Lemma [3

Throughout the proof, to simplify the notation, we denote u(6,6) with u(8).
The proof has two parts. In the first part, we need to show that t,(#) and u(©) =0 construct a feasible
solution of Problem To this aim, we use our assumption that g(-) is log-concave; that is, g0 g

9(0)

decreasing in 6. In the second part, we show that the solution is optimal. To this end, we find an upper
bound on the relaxed problem by dualizing the IR constraints. Then we show that t,(6),¢(0) =1, 6 € [, 0],
and u(©) =0 achieves the upper bound.

First Part: Here, we show that the allocation rule (t,(6,5(6)) and u(©) =0 construct a feasible solution of

Problem Here, ¢(6) =1 for any 6 € [©,©]. To this aim, we show that u(f) = fg s(2)e 9= (=) (1 —

15 1f the solution is not unique, we choose the smallest one.
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g (#)t,(2)z)dz =0 for any 0 <6, and u(f) > 0 otherwise. The former is easy to verify as t,(6) = for

1
09’ (0)
0 <6. To verify that u(f) > 0 for any 6 > 0, we make use of the following lemma.

LEMMA 4. For any 0 € [0, 0], we have (1 —¢'(6)t,(6)0) > 0.

To show Lemma we use the assumption that g(-) is log-concave; that is, % is decreasing.

In what follows, we do not show dependency to ¢(6), as ¢(6) is one for any 6 and we simplify denote the
allocation rule by t,(-). Lemma |4] shows that u(0) = f:) e 9 (1 — g'(2)t,(2)2)dz > 0 for any 6 € [©, O)].
Next, we show that (t,(-),u(0)=0) is an optimal solution of Problem In the following, we find
an upper bound for the optimal value of Problem using the weak duality theorem. Then, we will
show that (t,(-),u(©)=0) achieves the upper bound, thus it is optimal.

In the proof, with a slight abuse of notation, we denote the optimal value of Problem with
RELAXED]

Second Part: Here, we present an upper bound on For any allocation time t(-), and Lagrangian
function \:[©,0] — R*, we define the following function.

S}

L(t(),A(-),u(©)) = E[R(9,f(9))]+/ A(2)u(z)dz —u(©) ,

o

where u(6) = u(©) + fggefg(z)t(z)(l — ¢'(2)t(2)z)dz. Then, considering the fact that A(6) > 0, for any
(t(+),u(©)) such that u(f) =u(©)+ fg e 9 (1 — g (2)t(2)2)dz > 0, we have we have

E[R(0,4(0)) —u(©)] < L(t(-),A(-),u(©))

Therefore, for any \:[0,0] — R¥,

{E[R(0,4(0))] —u(©)} <

)} < max
(t(-),u(8))eT

{L(t()7)‘()’u(9))} ) (18)

max
(t(),u(®@)eT

where

T= {(t(-),u(@)) :u(©) >0, 4(0) >0, and u(©) + [3 e~ (1 — g/ (2)t(z)z)dz > 0 for any 0 € [©, é]}

is the set of feasible solution. In the following, we will characterize an upper bound for Problem

by evaluating the r.h.s. of the above equation for a specific Lagrangian function, defined below.

A (6) = { éf(a)(j,((?) +a(0))) if 0 <0,; »

otherwise;

LEMMA 5. If Assumptions and hold, for any 0 € [©,0], \,(0) > 0.

g'(0)
9(0)

In the proof of Lemma we use our assumption that ¢’(6) >0 and is decreasing in 6.

Then, the proof is completed by the following claim.

Claim: With a slight abuse of notation, let (t\(-),u,) = argmaxy.)u(@))er{L{(-), A¢(-),u(©))}. Then,
tr(0) =t,(0) for any 0 € [©,0] and uy = 0. Furthermore, L(t,(-), A\,(-),u(©) = 0) = E[R(0,,(0))], where the

expectation is taken w.r.t. 6.
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Proof of the Claim: By Eq. ,

LUO) (@) = [ Rtz [

where the second term can be rewritten as

/GL Rz, 4(2))f(2)d> + /GL u(z)d (f(z) ( 9(2)) + a(z))> .

e e g'(z

:/@L f(z)e 9= (z+a(z)(1 —g’(z)t(z)z))dz

+u(2)f(2) (gg((?) +a(z)) f;—/; eI (1 - g (2)t(2)2) £ (2) (gg((?) +a(z)> dz
_ /@ * f(apema ) (z— (1- ¢ ()1(2)2) j((é) 4z~ u(©) /(©) (j((?) +a<@>) , (21)

where the second equation follows from Eq. and integrating by part, and the last equation follows from
definition of 0 ; that is, ;,((%LL)) +a(f;) = 0. By plugging Eq. in Eq. , we have

S
L) Ay (), u(©)) = / R(z,4(2)) f(2)d=

+/®Lf(z)e*g<z>t<z> (z(1g’(z)t(z)z)j(z))dzu(@)f(@)g

Considering that the coefficient of u(®), i.e., —f(0) g((@)) < 0, to maximize the above equation, we set

9’ (&
u(©) =0. That is, uy =0. Then,

{L{(), A (1), u(©)=0)} < f(2) I&&g{{R(z,t)}dz

max
(t(),u(®@)=0)eT

+ ij f(z) max {eQ(z)t (z — _gl(z)tz)gg/((z))> } &

In Lemma@ stated below, we show that for any 6 > 6,, we get argmax;>o { R(z,t) } =t,(2). Then the result

follows because for any z < 6;, we have

g {9 (2 - (1= g 2 ) | =

LEMMA 6. For any 6 > 0;, we have argmax,>o{R(0,t)} = t,(0).

C.2. Optimal Solution of Problem

In this section, we show the optimal solution of the relaxed problem satisfies the interval conditions. This
implies the solution given in Theorem [I] is an optimal solution of Problem [OPT] Note that the interval
conditions hold if for any 6,6 € [©, O] such that 6<0:

/: Ay(z,t,(0))dz < /; Ay(z,t,(2))dz
/: A, (z,t,(2))dz < /: A, (z,t,(0))dz

where A,(z,t) = e 93t (1 — g/(2)tz). To this aim, we show that for any z >0, A,(z,t,(0)) < A,(z,t,(z)) and
for any z< 6, A,(z,t,(2)) < A,(z,t,(0)).

We make use of the following lemma.
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LEMMA 7. The allocation rule t,(-), given in Eq. @, is decreasing.

We start by showing that A,(z,t,(0)) < A,(z,,(z)) for any z > 0. We consider two cases: 1- (1 —
g'(2)t,(0)z) <0 and 2- (1 — g'(2)t,(6)z) > 0.

Assume that (1 —g¢'(2)t,(6)z) <0. Then,
O (1 - (2)4,(0)2) < 0 < O (1 g (), (2)2) |

where the second inequality follows from Lemmal[d] given in the proof of Lemma[3] There, we show that for any
z€[©, 0], we have e~ 9t () (1 — ¢/ (2)t,(2)z) > 0. The above equation implies that A,(z,,(0)) < 4,(z,t,(2)).

Now, assume that (1 —g¢'(2)t,(6)z) > 0. By Lemma t,(+) is decreasing. This leads to
1-g(2)t,(2)z) > (1 —g’(z)tg(é)z) > 0, and e 9P > 7960
By the above equations, we have A,(z,t,(0)) < A,(z,,(2)).
Next, we will verify that A,(z,t,(z)) < A,(2,t,(0)), for z <. Since t,(-) is decreasing, for any z < 6, we
get
0 < (1-g'(2)4(2)2) < (1-g(2)t,(0)2), and e 9P < =9t (®)
where the first inequality holds because as we showed in Lemma |3} for any z € [©, 0], we have e~9(*)ts(2) (1 —
g'(2)t(z)z) > 0. The above equations lead to A,(z,t,(z)) < A,(z,t,(0)).
Appendix D: Proof of Results in Section
D.1. Proof of Proposition

To show the result, we use Lemma That is, we maximize the virtual profit subject to IC and IR
constraints. We start with ignoring both IC and IR constraints and for any 6 € [©,0], we character-
ize argmaxcio,r) R(6,t). We show that for any 6§ > 6], argmaxcior) R(0,t) = tr(f) and for § < 6],
argmax;eo,r) R(0,t) =T and R(6,T) < 0. To complete the proof, we show that the mechanism that only
sells the item to customer of type 6 > 6T at time t7(0) and price p(f), defined in the proposition, is IR and
IC. Thus, it is optimal.

First of all, using the proof of Theorem |1} it is easy to show that argmax,cjo,r] R(0,t) = tr(0) for 6 < 67.
Thus, in the following, we show that for 6 < 67, argmax;cpo,r) R(#,t) =T and R(6,T) < 0. Observe that for
any 6 < 07, t;(0) = argmax,>o R(,t) > T. This follows from the fact that t;(67,) =T and t;(-) is decreasing;
see Lemmalﬂ Then, as we show in the proof of Lemma |§|, R(6,t) has an inverted u-shape in ¢. This implies
that the unique maximum of R(6,t), t;(0), is greater than 7', and as a result, argmax,co,r) R(0,t) =T, for
any 6 < 0. Next, we show that R(6,T) < 0 when 6 < §7. To do so, we confirm that €97 R(, T is increasing
in 6. Then, the result follows because by definition, R(67,7) =0.

The derivative of e9)TR(0,T) w.r.t. § is given by

A(esOTR(0,T)) 0+ a(0)(1—4g'(6)0T))

- _ i = 1+a/(0)(1 —g'(0)0T) — a(0)(g'(8)0)'T > 0,

where the inequality holds because by Assumption [} ¢’(6)6 is increasing. By the monotonicity of ¢’(#)6 and
the fact that (1 —g¢'(07)07T) > 0, we have (1 —¢'(0)0T) >0 for any 6 < 6.

So far, we characterized argmax,co,r) R(6,t). To complete the proof, we need to show the mechanism is

IR and IC. We start with showing the mechanism is IR. Given the payment rule of the mechanism, the

mechanism is IR if 1 — ¢’'(0)60tr(6) > 0 for any 6 > 67. To show this, we consider the following cases:
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e Case 1 (6 >0g): For this range of 6, 1 —¢'(0)0tr(0) =1 > 0.

e Case 2 (0 € 67,,0y]:) For this range of 6, 1 — ¢'(0)0t(0) =1 — ¢'(0)6t;(0). To show the result, we make
use of Lemma |4 where we have that 1 — ¢’(0)6¢,(¢) >0
fact that 6% > 0.

e Case 3 (0 € [07,0%]:) For this range of 6, 1 — ¢'(8)0t+(0) =1 — ¢'(9)0T. By Case 2 and the fact that
t;(05) =T, we have 1 — ¢'(6%)05T > 0. Then, the monotonicity of ¢’'(6)f implies that 1 — ¢’(6)6T > 0 for
any 6 € [07,0%].

Finally, the mechanism is IC because for any 6 > 07, 1 — ¢'(6)0t-(0) > 0 and tr(-) is decreasing; see the

for any 6 € [01,0]. The result then follows by the

proof of Theorem [I] for details.

D.2. Proof of Proposition

First observe that mechanism My is IR and IC because tr(-) is decreasing and 1 — ¢'(0)6tr(6) > 0 for any
6 > 67 see the proof of Proposition Next, we show that mechanism M is approximately optimal. To this
aim, we dualize the IR constraints to construct an upper bound on the profit of the optimal mechanism and
we then compare the profit of mechanism M with the upper bound.

To dualize the IR constraints, we use A,(-), defined in Eq. . Following the proof of Theorem one can

show that
0f

Revo,s — Revay, < / max]{e_g(z)t (;;-(1- g(2)t2) 9<Z>) f(z)}dz

e €T 9'(2)

< [Femon (:- =g 25 s < [ Y, o

o g'(2) e

where the equality follows because argmax;co 7] {e‘g(z)‘ (z —(1—g'(2)tz) 22 )} =T and the second in-

9’ (=)

equality holds because argmax;>g {6*9(2” (z —(1 fg’(z)tz);,((zz)))} == (z)z To get the desired bound, we
9(2)

show that z+ ze ¢’(= is increasing. This implies that Rev,,, — Rev,,. <07 exp 9(07) F(6T).
P T L

T g/(6eT)eT
. . - Q(Z) . .
The derivative of ze 9= w.r.t. z is given by

2 / 2, / / /
o (1_Z(9 (2)) 2 (9 (Z)z) 9(2)) _ (Z/“) 2)'9(2)
(9'(2)2) (9'(2)2)?
where the inequality holds because by Assumption [I} g(z) >0 and ¢'(z)z is increasing.

>0,

D.3. Proof of Theorem [2|

We need to find an optimal solution of Problem [OPT]| where the objective function is replaced with
E[c(0)(R(0,4(0)) — ¢) —u(8,0)].

The proof of this theorem is similar to that of Theorem [1} We first relax the problem by ignoring the
interval conditions. We will show that in an optimal solution of the relaxed problem, ¢(f) =1 for 6 > 6., and
is zero otherwise. Here, 0. solves R(0.,t,(0.)) = c. We further show that for customers with type 6 > 6., the
optimal allocation time is t,(6).

To show the result, we make use of Lemma (8] stated at the end of this section, where we show that
R(0,t,(0)) is an increasing function of § € [©,0)]. Then, to complete the proof, we show that the optimal
solution of the relaxed problem satisfies the envelope conditions. This part of the proof is similar to that of

Theorem [l Thus, it is omitted.
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LEMMA 8. R(0,t,(0)) is increasing in 6 where R(0,t) and t,(0) are defined in Equations and (@)

Proof of Lemma[§ By definition, we have
0+a(d) if0>0y;
R(6,t,(0)) = R(G;(E{(G)) if 0 €[0,,0u];
e @0 ifHe[0,0.];
R(0,t,(0)) is obviously increasing in § when 6 > 6. Furthermore, given that 6 <6, then R(6,t,(0)) is also

increasing. To see why note that for any 0 <6,

9(0)

dR(0,t,(0)) d(e a'®99) 90 0g(0)(g'(6)0)’

_ — e 900

do do (g'(0)6)2

where the inequality holds because ¢'(6)0 is increasing. Furthermore, observe that R(6,t,(6)) is a continuous

>0,

function of 0 because t,(6) is continuous. Thus, it suffices to show that R(0,t,(0)) is increasing in 0 € [0, 0y].
Recall that t,(0) =t,(0) for 0 € [0,,0x]. That is, t,(0) is the FOC solution. Thus, by the Envelope theorem,
the derivative of R(6,t;(0)) w.r.t. 6 is given by

HEOL O osms 0 (— g oy1,6) (6 + (61~ /(61 (6)0)

+ 1+ (0)(1 = g'(0)t,(0)0)) — ffOé(@(Q'WW)’)

= OO (1= g (0)4(0)0) (o (0) — a(9)) — :(O)a(0) (9 (0)9) ) = 0,
where the inequality holds because, as we show in Lemma [4 (1 — ¢'(0)t;(6)0) >0 for any 0 € [0,0], and
by Assumption [T} ¢'(6)@ is increasing in 6. O
D.4. Proof of Proposition of [3]

Recall that Rev, , =Rev(q) and Rev? ,(q) = Rev(q). Therefore, any feasible solution of Problem Rev(q) is a

feasible solution of Problem Rev(q) and vice versa. In fact, for any feasible solution of Problem Rev, we have

Rev(q) —Rev(@) = Y cupi(ae — )
kE[K]
= Rev(q) —E[Rev(q Z sepr Ellgr — @) [M] = 0,
ke[K]

where the above equation is the desired result.
Next, we prove claim . Let x;, be 1 if customer ¢ is of type k and zero otherwise. Note that for any

1 € [M], we have Zkem x4, = 1. Then, for any feasible solution of Problem Rev(q), we get

Rev(a) —Rev(@) = Y apelar—d@) = Y s (Qk - % > xk)

ke[K] ke[K] i€[M]
1
= Z SkPk (E[%k] M Z xzk) = §k% Z (E[xzk] - $1k>
ke[K] i€[M] ke[K] ie[M]
= 77 Z Z Ckpk *Izk)
7,€ [M] ke[K]

Define y; = ZkE[K] SkPk (E[xm} — xm) Note that E[y;] =0, i € [M]. For any M, let e =© log(M) and define

the following event
={ > yi—Elyl > ¢}

ie[M]
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We will show that Pr (A| M) < L. This implies that with high probability Rev(q) — Rev(q) < © log(M)

Then, we get
E[E[|Rev(a) - Rev(@)||M] | = E|[E [|Rev(a) -~ Rev(@)|1{A} + [Rev(a) — Rev(@)1{A}|M] |
<E %+6 10%5\2”)] <o 1o§;n)+% (23)

where A° is the complement of event A. To obtain the first inequality, we used the fact that (i) under
event A°, |Rev(q) —Rev(q)| <e=0 %, (ii) |Rev(q) — Rev(q)| < ©, and (iii) Pr(A|M) < L. Further, the

second inequality, which is the desired result, holds because M >n a.s.

To complete the proof, we show that Pr (A | M ) < ﬁ To do so, we use the Azuma-Hoeffding inequality:
2M 2
Pr(A|M) = ( > yi—Elyl>e \M) < OXp<—6) (24)
maX;ec[m |yz|2
ie[M] [M]

In the following, we present an upper bound on max;eas |y:|?. Let k' € [K] be the type of customer i; that

is z;y =1 and z;;, =0 for k € k’. Then,

Z §kpk *%k = Z SkPr4r — Sk’ Pr

ke[K] ke[K]
= |y;| € max p, < max 6, = O, (25)
ke[K] ke[K]

where the last inequality follows from the IR constraints. Applying in , we get,
Pr(A|M) < exp(—”—“z) =1

©2 M®

Appendix E: Proofs and Additional Result for Sections [3| and

Proof of Lemma The proof falls naturally into two parts. In the first part, we show that in an incentive-
compatible mechanism conditions in Equations (/1)) and (2f) hold. In the second part, we show that if Equations
and hold, the mechanism is IC.

First Part: Consider a customer with type 6 that reports 6. Without loss of generality, we assume that
0 > 0. Then, the utility of the customer is given by u(6,6) = c(é).(V(G,t(é)) - p(é)) Incentive compatibility
implies that

w(8,0) —u(8,0) < w(6,0)—u(d,0) = <(0).(V(6,4(0)) — V(0,49)))
= / 6é§(0)81V(z,t(9))dz = / eég(a)eg<z>*<9>(1—g'(2)t(9)z)dz, (26)
and
u(,0) —u(d,0) > u(f,é)—u(é,é) = <(0).(V(8,4(8)) — V(8,4(6)))

/ _Ac(é)alV(z,t(é))dz = / jg(é)e’g(z)t(é)(l— q(2)t(0)z)dz (27)

where 0,V (0,t) = 9V(0.) Then, using the above equations, we have

J2_55(0)e 2@ D (1 — g/ (2)4(0) 2)d= < ul0,0) - u(f,6)
6—6 - 6—0 ’

[755(0)e 9O (1 — ¢ (2)4(8) 2)d= L u(8.6) — u(6,6)
69— - 9—6
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Finally by taking the limit as 0 — 0, we get Eq. Then, by Equations , , and li we get the
second condition, given in Eq. .

Second Part: Here, we will show that if in a mechanism Equations and hold, the mechanism is
IC. By Eq. (1),
w(0,0)— u(6,6) = / D (e IO (1 - g (H())dz > / " @)D (1 g ((d)2)d
2=0 2=0
= <) (9e—9<9>*<9> —ée—g@f@) = u(0,0) —u(d.) (28)
where the inequality follows from Eq. . The final equation implies that «(6,6) > u(6, é) Similarly,

u(8,0) —u(d,0) = / 7é§(z)e’9(z)‘(z)(l—g’(z)t(z)z)dz < /fég(ﬂ)e*g@t(e)(l—g'(z)t(&)z)dz

= <(0) (ae*gwﬂw) féeﬁ(é)f(”) = u(0,0) —u(d,0) , (29)

That is, u(é, é) > u(é, 6). The above equation along with Eq. imply that the mechanism is IC.

Proof of Lemma[ Consider any IC mechanism. Then, the expected profit of the firm from selling to a

single customer is given by

E(0)(p(0) — ht(0) )] = E[s(0) (6@ —u(0,0)  ht(0) ). (30)
where the expectation is with respect to the customer type 6. In the following, we compute E[u(6,8)]. By
Lemma [T]

) 6
E[u(6,0)] = u(©,0) +/ dF(é?)/ ¢(2)e I (1 — ¢/ (2)t(2)2)dz
=6 2=6
o o
— u(0,0)+ / AF(0)s(2)e= 9 (1 — g/ (2)t(2)2)d=
z2=0 Jo=z
6
= u(©,9) +/ (1= F(2))s(2)e D (1 — ¢/ (2)4(2)2)d=
2=0
1-F
By replacing Eq. in Eq. , we get the desired result. O

E.1. Lower Bound on the Profit Gain of the Dynamic Pricing Policy

Here, we compare the profit of the optimal mechanism given in Theorem [I| with that of the optimal FP
policy when ¢(0) = 6%, a > 0. We note that the FP policy is optimal when a =0. Under the FP policy, the
firm only sells to customers with type 6 > 0, at time zero by posting a fixed price of 6y where 6, solves
0o +a(fy) = 0.
LEMMA 9 (Lower Bound on the Profit Gain of DP). Suppose that g(0) =0*. Then, we have
Rev,,: — Rev; N E[01{0 <6,}]
Rev; - Oo(1—F(6y))’

where Revy and Rev,,, are the expected profit of the firm under the FP policy and optimal DP policy, respec-
tively, and 0y solves 60y + a(6y) = 0.

16 By Theorem 2 in [Milgrom and Segall (2002), to satisfy Eq. , t(+) is not required to be continues.
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Proof of Lemma[J]is given at the end of this section.
Assume that the customer type 0 is drawn from the uniform distribution in the range of [0,1]; that is,
0 ~U(0,1). Then, 6y = %, and Rev; = %. Lemma |§| implies that the firm can increase its profit by more than

0,
100.6’%.% =50.e~« percent by using DP. The profit gain of the DP (in %) for a =0.5,1,1.5, and 2 is

at least 6.8, 18.4, 25.7, and 30.3, respectively.

Proof of Lemma[9 By Lemma [2] under the FP policy (a =0),
Rev; = E[c(0)R(0,0)] = E[(0+a(8))1{6 = 0o}] , (32)

where the last inequality holds because in the FP policy, t(f) =0 for § > 6, and ¢(0) =1 only for customers
of type 6 > 0,.

Similarly, under the mechanism described in Theorem [1} we have
Rev,,: = E[R(0,t,(0))] = E[e 9D%@ (04 a(0)(1—g'(0)t,(0)0))] = E[e "D (0+a(8)(1—ab*t,(0)))]

=E[(0+a(0)x1{0> 05} +e 9O (0 +a(0)(1 - ab*t,(0))) x 1{0 € (0,0u)} +e 20 x 1{0 < oL}] ,

where the second equation holds because g(#) = 0* and the third equation follows from the time of purchase
in the optimal DP policy, i.e., t,(-), which is given in Eq. (@

We consider the following two cases.

o 0 <0y: We start with rewriting Rev,,; as follows.
Rev,,, = E [(9 +a(0) x 1{0> 04} + e 9@ (0 4+ a(0)(1 — ab*t,(0))) x L{O € (60,0x)}
+e"9O) (94 a(0) (1 — abt, (0))) x 1{0 € (0,,00)} + e +0 x 1{0 < aL}] :

In the above equation, we broke down the middle term of Rev,,; into two terms. Considering that 6 € (6,,04),

t,(0) is the FOC solution, i.e., t,(0) = argmax;>o{R(0,t)}, we get

Rev, > E[(9+a(9))x]l{GZGH}+(9+a(0))x]l{&e(@o,QH)}
te tOx1{0€ (0,,00)} + e +0x 11{9g9L}] :
- E[(a+a(a))x1{9>90}+e—éexn{egeo}]

By the above equation and Eq. , we get Rev,,, — Rev; > e wE[f x 1{0 <6,}]. Then the result follows
because Rev; = 6y(1 — F(6y)).
e 0, > 0y: Since for 0 € (01,,0y), t,(0) is the FOC solution, we have

Revo, > E[(9+a(9))xn{9>9L}+e*%9x11{ogoL}]
This leads to
Rev,,: — Rev; > e—%E[(ee—%—e—a(e))xn{ee(90,9L]}+9e—%11{9g00}}

To complete the proof, we show that for any 6 € (6g,6.], (e~ — 6 — () > 0. This gives us Rev, —
Rev, > e «E[f x 1{f <#6,}], which is the desired result.
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To show (fe~« — 0 —a()) >0 for any 6 € (6y,0,], we will verify that (i) (e~ = —0 —a(6)) >0 at § =6, and
(i) (Be~= — 60 — a(f)) is decreasing in 6. By definition, t,(-) is continuous at § = 6. This implies t,(f) = "

when 6 = 6. Then, considering the fact that t,(6;) is the FOC solution, we have R(0.,t,(0.)) > R(6y,0).
Thus, we get e~ @ — 6 — a(f) >0 at 0 =0, Finally, fe=v — 0 — a(0) is decreasing in 6 because e"a—1<0

and «(-) is increasing.
([l
Appendix F: Proof of Theorem [3] of Appendix [A]

The proof of Theorem is divided into three lemmas: Lemma and In Lemma and we
characterize the optimal mechanism for when the holding cost is low, medium, and high, respectively.

To characterize the optimal mechanism, by Lemma 2] we should solve the following optimization problem.

E[<(0)(R(6, 40)) - ht(0))] — u(©,©)

max
{u(©,8)>0, (t;s,p)}

s.t. w(0,0) > u(0,0) 6,0€[0,0] (1IC)
u(6,0) >0 0e[O,0] (IR) (OPT-H)

Here, the objective function is the virtual profit and R(6,t(9)) is defined in Eq. (12)). The first and second

sets of constraints ensure that the mechanism is IC and IR, respectively.

LEMMA 10 (Low Holding Cost). If Assumption @ holds, the valuation function V(0,t) = 0e=%, and
the holding cost h < H,, then the optimal mechanism sells to the customer of type § > max{0,,0} at time
t,(0) and at price p(0) =V (0,t,(6)) — f;ax{% o} e ()2 (1 —+t,(2)2)dz where Hy, t,(-), and 0, are defined in

Equations and (13). Further, for < max{6,,0}, p(d) = oo and <(§) =0, and for 6 > max{f,,0},
s(0)=1.

The proof of Lemma [I0]is given in Appendix [F-1]

LEMMA 11 (Medium Holding Cost). If Assumption[q holds, the valuation function V (0,t) = 0%, the
holding cost h € [Hy, Hy,], and R(0,t;(6)) — ht;(0) =0 has a unique solution, then the optimal mechanism sells
to the customer of type 0 > 0,, at time t,(0) and at price p(0) =V (0,,(0)) — f;M e~ (2)2(1 —t,(2)2)dz where
R(0,t) is defined in Eq. (@) and Hy, Hy, 0,,, t.(-), and the FOC solution t;(-) are defined in Equations
and (13). Further, for < 6,,, p(8) = oo and <(0) =0, and for 6 > 0,,, <(§) =1.

The assumption in Lemma is discussed in Appendix [F.4] and the proof of Lemma is provided in
Appendix

LeEmMA 12 (High Holding Cost). If Assumption @ holds, the wvaluation function V(0,t) = 0e=%, the
holding cost h > H,,, and R(0,t;(0)) — H,t;(0) =0 has a unique solution, then the optimal mechanism sells
to customers with type 0 > 0y at time zero and at price p(0) = Oy where Oy solves Oy + a(6y) = 0, R(0,t)

is defined in Eq. (@, and Hy, Hy, and the FOC solution t;(-) are defined in Eq. . Further, for 6 < 6,
p(0) = oo and <(0) =0, and for 6> 6y, <() =1.

The proof is given in Appendix
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F.1. Optimal Mechanism for a Low Holding Cost

In this section, we present the proof of Lemma [I0] Throughout the proof, for convenience, we assume that

6, > 0O. We need to show that the time of allocation in the optimal mechanism is given by

0 if 6> 0%
() = t,(0) if 0 > max{0,,0}; ) t;(0) if 0 [0},0%]; (33)
T oo if@<max{f, .0} )5 if6elf, 07
oo if0<8;.

Note that t*(6) = co implies that the mechanism does not allocate the item to customers with type 6; that
is ¢(#) =0.

To characterize the optimal mechanism, by Lemmal[2] we need to solve the optimization Problem [OPT-H]
That is, we need to maximize the expected virtual profit subject to IR and IC constrains. Lemma (1| shows
that a mechanism is IC if and only if the interval and envelope conditions hold. In the following, we relax
Problem and only consider the IR and envelope conditions. We then show that the solution of the
relaxed problem also satisfies the interval condition. Thus, it is optimal.

The relaxed problem can be formulated as follows.

(o2 ) BIO) (RO, 4(0)) — ht(6))] - u(,0)

0

st u(®.6) = u(©.0)+ [ () I (1-t()2)dz = 0 for 9€(0.6], (IR) (OPT-HR)
<)

where the maximization is taken over the purchase time t(f) and utility of a customer with type O, i.e.,

u(©,0). Here, R(0,t) is the virtual value of customer of type ¢ at time ¢, and is defined in Eq. (12).

The following lemma characterizes the optimal solution of the relaxed problem.

LEMMA 13. Suppose that V(0) = 0e%. Then, if Assumptions|q hold and the holding cost h < H;, in an
optimal solution of Problem|OPT-H-R], u(©,0) =0, the optimal allocation rule is t*(-) where t*(-) is defined
in Fq. .

The proof is provided in Appendix In the proof, we first show that t*(-) is a feasible solution of the
relaxed problem. Then, we show that it is optimal.

To verify that t*(-) is an optimal solution of Problem |[OPT-H| we show that the interval condition specified
in Lemma is fulfilled. That is, for any 6,6 € [©, 6] such that 6 <4,

/:A(z,t*(é))dz < /:A(th*(z))dz,
/:A(z,t*(z))dz < /:A(z,t*(a))d’

where A(z,t) = 0.V(z,t) = e *(1 — zt). Note that A(z,f) =0 when ¢ goes to infinity. Thus, for
any z < 0, and ¢t > 0, we have A(z,t*(2)) = ¢(2)A(z,t). Further, for any z > 0,, we have A(z,t"(2)) =
¢(2)A(z,t,(2)). Thus, showing the above equations is equivalent to verifying the interval conditions in Lemma

In addition, note that f;A(z,t*(z))dz = u(6,0) — u(f,0). To this aim, we show that for any z > 6,

A(z,t7(0)) < A(z,t*(2)) and for any z < 6, A(z,t*(2)) < A(z,t°(0)).

We will make use of the following preliminary results.
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LEMMA 14. The FOC solution t;(0), defined in Eq. , is a decreasing function of 6 as long as
R(0,t;(0)) — ht;(0) > 0. In addition, for any 0 € [©,0], 0 < A(0,t,(0)) <1 where A(z,t) =e (1 — zt).

LEMMA 15. For any h >0, R(0,4,(0)) — ht,(0) is increasing in 6 > 0, . Furthermore, R(0,4,(0)) —ht;,(6) >
0 for any 0>96,.

Unless stated otherwise, the proof of all technical lemmas is given in Appendix [H]

By Lemmal[I5] R(6,t;(0)) —hts(6) > 0 for any 6 € [0%,6%]. This and Lemma [14]imply that t,(6) = t;(6) is
decreasing for any 6 € [0%,6%]. Then, considering the fact that t,(0) = 0 for § > 0%, t,(6) =+ for € [0,,0%],
t,(0%) =0, and t,(0%) = é, we can conclude that t,(6) is decreasing in 6 >0, .

Now, we are ready to show that the interval conditions are satisfied.

We first note that when 6 <@, , it easy to show that for any z > 6, A(z,t*(0)) < A(z,t*(z)). This holds
because A(z,t*()) =0 and as shown in Lemma A(z,t"(z)) > 0. In addition, when 6 < @,, we have
A(z,t*(2)) < A(z,t*(0)) for any z < 6. This follows from the fact that both A(z,t*(2)) and A(z,t*()) are
both zero.

Next, we assume that both 6 and @ are greater than @, . Recall that for 6 > 6, , t*(0) = t,(#). We start with
showing A(z,,(0)) < A(z,4,(2)), z > 6. We consider two cases: 1- (1 —t,(0)z) <0 and 2- (1 —t,(6)z) > 0.

Assume that (1 —t,(6)z) <0. Then, we have
e *nO(1—4,(6)2) < 0 < e "G (1—t,(2)2) ,

where the second inequality follows from Lemmawhere we show that A(z,t,(z)) =e > ) (1 —t,(2)z) >0.
By the above equation, we get A(z,t,(0)) < A(z, t,(2)).

Now, assume that (1 — t,(0)z) > 0. Then, considering the fact that t,(-) is decreasing, for any z >0,
we have (1 —,(2)z) > (1 — t,(0)z), and e~ ()= > ¢=%(®= By multiplying these two equations, we get

Az, 4,(0)) < A(z,t,(2)).
Next, we will verify that A(z,t,(2)) < A(z,t,(6)). Given that t,(-) is decreasing, for any z > 6, we have

0<(1—t,(2)2) <(1—1,(0)2), and e ()= <e (@

where the first inequality follows from Lemma [14] where we show A(z,t,(2)) = e **%(3)(1 —t,(2)z) > 0. By
multiplying these two equations, we have A(z,t,(2)) < A(z,t,(0)).

F.1.1. Proof of Lemma Here, with some abuse of notation, we denote t*(-) with t,(-). Recall that
t(0) = t,(0) when 0 >0, and is co otherwise. In addition, for simplicity, we denote u(6,0) by u(6).

The proof has two parts. In the first part, we show that the solution given in Lemma is a feasible
solution of Problem [OPT-H-R] In the second part, we verify that this solution is an optimal solution of this
problem.

Feasibility: To show that t,(-) is a feasible solution of Problem we will verify that u(6) >0
for any 6 € [©,©]. For any 6 < 0" it is easy to verify that u(#) = u(©) = 0. Thus, we only need to show that
u(f) >0 for any 6 > 0%. To prove that u(f) >0 for 6 > 6" we make use of Lemma (14| where we show that
e (@%(1 —,(8)A) > 0. This implies that u(d) = [Je (1 —t,(2)z)dz > 0
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Optimality: Here, we will show that the solution given in Lemma is an optimal solution of Problem
[OPT-H-R] To this end, we find an upper bound for the optimal value of Problem [OPT-H-R] by dualizing
the IR constraints. Then, we will show that the solution given in Lemma [13| achieves the upper bound and
thus is optimal.

Upper Bound of : For any purchase time t(-) and Lagrangian function \:[©,0] — RT, we

define the following function.
e
Lult(). A (@) = EIR(6,4(6)) ~ ht(6) ~ u(@)] + | “A)ulz)ds

e

where u(z) = f@ze*‘(”e(l —1(6)0)dd + u(©), and R is defined in Eq. 1' Note that E[s(8)(R(6,t(0)) —
ht(0)) — u(©)] is the objective function of Problem However, here we remove ¢(6) and instead,
we assume that R(0,t(6)) — ht(f) =0 when t(f) = co. Recall that given that t,(0) = oo, we have ¢(f) = 0.

Then, considering the fact that A(-) >0, for any (¢(-),u(©)) such that u() =u(©) —|—f(g e *tE) (1—2t(2)) >
0, we have -

Lu(6(),A(), u(®)) = EIR(,46)) — ht(6) — u(©)]

One can think of A() as a dual variable for the IR constraints. Therefore, for any \: [©,0] — R*,

{E[R(6,40)) = ht(0) —w(@)]} < max {Ly(t(-),A(),u(@))} (34)

max <
(t(-),u(@)eT (t(-),u(@)eT
where

T= {(t(~),u(@)) :u(©) >0, 4(8) >0, and w(©) + [ =) (1 - 24(2)) > 0 for any § € [©, é]}

is the set of feasible solutions. In the following, we will characterize an upper bound for
max((.),u(@))eT{E[R(6,4(0)) — ht(§) —u(©)]} by considering a specific Lagrangian function, defined below.
0 if 6> 6%;
a(@) = (FOO+a0)+ ) it o (e, 00) (35)
(F0@o0+a@))  itocien,)
where (f(0)(26 + a(@)))/ and (f(6)(0 + a(6) + 1))/ are respectively the derivative of (f(6)(20 + (6)))
and (f(0)(0+ a(0) + 52+)) with respect to 6. The following lemma establishes that A, () > 0.

LEMMA 16. When h < H,, for any 0 € [©,0], \,(0), defined in Eq. , 18 nonnegative.

The following claim shows that (t,(-),4(©) =0) is an optimal solution of Problem |[OPT-H-R]
Claim: With a slight abuse of notation, let

(t(),ur) =arg ~max {L,(t(-), An(-),u(@))} -

() u(@)eT
Then, t,(-) = t,(0) for any 0 € [©, 0] and uy = 0. Furthermore, Ly, (t,(-), A\ (-),ux) = E[R(6,4,(0)) — ht, (0) —

’(L/\].
Proof of the Claim: By definition, A,(f) = 0 for 6 > 6. Thus, we get

L (), M (), u(8)) = /zeh (R(z,t(2)) — ht(2)) f(2)d=

+/ " ((R(z,t(z)) —ht(2)) f(z) + )\h(z)u(z))dz —u(9) . (36)

=e
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From definition of A (-), the last two terms of Eq. can be written as

/G’LL (R(2,4(2)) — ht(2)) f(2)dz + /:}LL u(z)d (f(z)<z +olz) + zeh*1 >>

QL ZL

QL QL
/ (R 42) = mt(2)) f()dz + / u(2)d(f(2)(22 + a(2)) — u(©) . (37)
e e
We first focus on the first two terms where z € [0, ,0%]. By integrating by part and using the definition of R,
the first two terms can be rewritten as

/ ’ (7% (2 + a(2)(1 — t(2)z) — ht(2)) f(2)d=

95
h

% _ /GL e D (1—t(2)2) f(2) (Z+CY(Z) + Zeh1> dz .

0
9 0,

+u(2)f(2)(z+alz) +

ze 1L

)
In the above equation, we use the fact that "“;—(;) =e "*)2(1—1(z)z). Then, by definition of 67, i.e., the fact

that (07 +a(0%) + =) =0, the above equation is simplified as

SO )FO)E, + o)+ o)
-|-/0 : f(2) (et(z)zz%c(z) —ht(2) —e "7 (1 —t(z)2) zeh—1> dz . (38)

Now, we focus on the last three terms of Eq. . Again, by integrating by part and using definition of R,
the last two terms of Eq. can be rewritten as

/@ o F(2) (672 (2 + a(2)(1 — 4(2)2)) — ht(2)) dz

+u(z) f(2)(22 +a(2))[ g — /@ et O (1 4(2)2) £(2) (22 + a(2)) dz — u(©)

= u(8,)(8,)(26, +0a(6,)) +u(©)( ~ 1~ /(©)(20+0a(©)))

0
+/ f(z) (ze7 "2 (=1 +2t(2)2) — ht(z)) d= . (39)
<)
Note that the coefficient of u(©), i.e., (—1— f(©)(20 4+ a(©))), can be simplified as —20 f(©) < 0. By
plugging Equations and into Eq. , and by using definition of 6, , we get

L (t(), An (), u(@)) = /h (R(z,t(2)) — ht(2)) f (2)dz

0%

+ / E f(z) (e—«z)zz%(z) — ht(z) — e 7 (1= t(2)2) Ze’i - ) dz

or

n (: F(2) (26O (—1 4 24(2)2) — ht(2)) dz — 20£(©)u(©) .

First of all, since the coefficient of u(0) is negative, to maximize the above equation, we need to set u(©) to

zero. That is, uy =0. Then, max(.),u(@))er{Ln(t(-), \n(-),u(©))} can be upper-bounded as follows

e
ot AL, (), u(@) =0)} < /9}z f(z)max {R(z,1) — ht }dz

02 h
+ (2) max{ (e_tzz2t—ht—e_tz (1—t2) 1)}dz
o, >0 ze~
0r,
+ f(2) max{rgag({(zetz(lJthz) ht)},()}dz . (40)
e =

We take advantage of the following lemma to simplify the first term of the above equation.
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LEMMA 17. If Assumption @ holds and the holding cost h < H,, then for any z > 0%, we have
argmax>o { R(z,t) —ht} = t,(z), where R(6,t) is defined in Eq. .
Note that the optimal solution characterized in Lemma [17]is the maximum of the FOC solution and zero.

We now simplify the second term of Eq. . It is easy to verify that for any z €[4, ,60%], we have

argmax{(e—“zzt—ht—e—“(1—tz) h )} _ L1 t(2) . (41)

t>0 ze 1

Finally, the following lemma characterizes an optimal solution of the third term of Eq. .
LEMMA 18. If Assumption@ holds and the holding cost h < H;, for any z <8,, we have

max {(ze " (—1+2tz) —ht)} < 0.

>0
Lemmas and Eq. show that ¢, (0) =t,(6) and uy = 0. Then, the proof is completed by observing
that L, (t,(-), \n(:),0) = E[R(6,,(0)) — ht,(6)].

F.2. Optimal Mechanism for a Medium Holding Cost
Here, we present the proof for Lemma [TI] We show that in the optimal solution of Problem [OPT-H] the

time of purchase is given by
: h
t*<e>={§;§"> 028 L) e 008, (42)
=M oo if0<b,,,
and u(0,60) = f;M e *n(2) (1 — 2t,,(2))dz. Here, t*(§) = oo implies that customer with type 6 does not purchase
the item; that is, ¢(¢) =0.

The proof has three main steps. In the first step, we relax the problem by ignoring both IC and IR
constraints and we find an allocation rule that maximizes the virtual profit. Then, we show that the solution
of this relaxed problem can construct a mechanism that satisfy the IR and envelope conditions. Finally, we
show that the aforementioned solution also satisfies the interval conditions, as a result, it is optimal.

e Maximizing virtual profit without IC and IR constraints: Consider that following optimization problem.

E[R(0,t(0)) — ht(0 PT-H-1
(0o g o, EIR(,4(6) — ht(O)], © )

where R(0,t) is defined in Eq. B The following lemma shows that t*(-), given in Eq. , is an optimal
solution of Problem [OPT-H-1l

LEMMA 19. The optimal solution of Problem|OPT-H-1|is given by t*(-) where t*(-) is defined in Eq. @

The proof is similar to the proof of Lemma thus, it is omitted. The main idea of the proof is to show
that R(6,t) — ht as a function of ¢ has an inverted u-shape. Thus, it obtains its maximum at max{0,t;(6)},
where t;(0) is the FOC solution. Note that to show Lemma we need the assumption that 6,,, i.e., the
solution of R(6,t;(0)) — ht;(8) =0, is unique. By this assumption, for any 6 < 0,, we get

max {R(0,t)—ht} = R(0,t;(0)) —ht;(§) < 0 for 6 < 0, .
This implies that it is optimal not to allocate the item to customers with type 8 < 8,, and set ¢(6) = oc.

17 Again, we assume that R(6,(6)) — ht(6) =0 when £(6) = co.
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e Maximizing virtual profit with IR and envelope constraints: Here, we show that the purchase time t*(+)
is an optimal solution of Problem [OPT-H-R} [T¥] To this aim, we verify that
0
u(6,0) = / e (1 —t,(2)2)dz > 0.
0

M

Particularly, we show that for any 6 > 0,,, (1—0t,(6)) > 0. Since t,,(6) =0 for 8 > 6%, it suffices to show that
(1—6t,(0)) >0 for any 6 € [0,,,0%].

LEMMA 20. For any h € [H;, Hy] and 0 € [0,,,0%], we have 1 —04,(6) > 0.

In the proof, we show that when h > H; and 6 > 9~, we have 1 —t;(0)0 > 0. Then, we show that 6,, > 6. This
implies that 1 —t;(0)0 > 0 for any 0 € [,,,0%], which is the desired result.

e Maximizing virtual profit with IR and IC constraints: Here, we need to show that the time of purchase
t*(+) and its associated payment, given in Lemma satisfy the interval conditions presented in Lemma
This part of the proof is very similar to that of Lemma [I0] Thus, we do not repeat it here.

F.3. Optimal Mechanism for a High Holding Cost

In this section, we present the proof of Lemma

In the following, we show that max;>o{R(6,t) — ht} = R(0,0) = 0+ a(f) > 0 for 6 > 6y, and for any
0 < 6o, max,>o{R(6,t)— ht} < 0 where R is defined in Eq. (I2). This implies that in the optimal mechanism,
the firm only sells to customers with type 6 > 6.

We first show that for any 6 > 6y, argmax,;>o{R(0,t) — ht} = 0. To this aim, we will verify that
W o < 0. This will give us the desired result because as we show in Lemma R(0,t) — ht as a

function of ¢ has an inverted u-shape. Therefore, if W |t:0 <0, we have argmax;>o{R(0,t) — ht} =0.

By definition,
O (R(0,t) — ht)
ot

and at t =0 and for any 6 > 6y, we have

8 (R(0,t) — ht)
—— iz

= —0e(0+a(0)(2—01) —h ,

where the inequality holds because

h > H, = 05 = —0p(0p+2a(fy)) = max {—0(0+2a(0))} .

0€[00,0]
The first equality follows because 6y + a(fy) = 0 and last equality holds because argmaxgc(o, g){—0(0 +
2a(0))} = 6y. To see why the latter holds note that

(—0(0+2a(0))) = —2(0+a(0) —200/(0) < 0,

where the inequality follows because for any 6 > 6y, we have (0 + «(6)) > 0.
Next, we will verify that for any 6 < 6y, max,>o{R(0,t) — ht} < 0. Note that it suffices to show that
max;>o{R(0,t) — H,t} < 0 considering the fact that R(,t) — ht is decreasing in h.

181t is easy to observe that in an optimal solution of Problem [OPT-H-R} we need to set u(©, ) to zero.
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By Eq. , at h = Hj, we have t;(6p) = 0, and
I?Zaox{R(Q,t) — Hyt} = R(6o,t:(00)) — Huts(0p) = 0o+ (b)) = 0.
Then, by our assumption that R(6,t;(0)) — Hyt;(6) =0 has unique solution, we have
R(0,t,(0)) — Hpts(0) = Ig:tg{{R(@,t) —Hipt} < 0 for any 6 <0, .

F.4. Discussing the Assumption in Theorem
In this section, we discuss the assumption in Theorem [3] This assumption requires that the solution of
equation R(6,t;(6)) — ht;(#) =0 to be unique, where R(6,¢) is defined in Eq. (12).

The following lemma shows that for any h € [H;, H,], R(6,;(0)) — ht;(#) = 0 has a unique solution if
the solution of R(0,t;(0)) — H;t;(#) =0 is unique. In addition, it shows that R(0,t;(0)) — H;t;(#) =0 has a

unique solution when «'(#) is small enough.

LEMMA 21. If the solution of R(6,t;(0)) — Hit;(0) =0 is unique, then, for any h € [H;, Hy], R(0,t;(0)) —
ht;(0) = 0 has a unique solution. Furthermore, the solution of R(0,t;(0)) — Hit;(8) = 0 is unique if
o/ (0) < @ ~ 5.2 for any 0 <0 where § solves 20 + () = 0 and H, and the FOC solution t;(-) are

defined in Eq. .

The proof of Lemma is given at the end of this section. Note that for the uniform and exponential
distributions, we have o/(f) < 5.2. In fact, for the uniform distribution U(a,b), we have o/(0) =1 for any
0 € [a,b] where a < b and a,b € R. For the exponential distribution with rate A >0, o/(#) =0 for any 6 > 0.
Furthermore, for a truncated normal distribution with mean pu, standard deviation o, and cut-off greater than
1 — o, we have o/(0) <4.48 for any 6 > (u— o). Note that the domain of the truncated normal distribution
with cut-off C is [C, c0).

Proof of Lemma First, we show that if the solution of Eq. is unique at h = H;, then this equation

has a unique solution for any h € [H;, H},].
R(0,t;(0)) —ht;(0) =0 . (44)

By Lemma 6 solves R(6,t;(0)) — Hit;(8) = 0 where 20 + a(f) =0 and 1 — t;(9)8 = 0. Then, by our
assumption, 6 is the unique solution of Eq. at h = H;. This assumption and the proof of Lemma
imply that for any h > H;, any solutions of Eq. satisfy the following property: 1 — 6t;(6) > 0.
Next, we use this property to show that for any h € [H;, H,], there is only one solution to Eq. . Let 0*
solve Eq. (44)). By the Envelope theorem, the derivative of R(6,t;(6)) — ht;(6) w.r.t. 6 at 6* is given by
d(R(9,t,(0)) — ht,(6))

9 lomr = (077707 +a(67)(2— ,(67)0")

+ e (1L (07)(1 - t4(67)07))
= htféif*)"‘e_t‘f(e*)g*(l+04/(9*)(1_tf(9*)9*)) >0, (45)

8(R(0*,t)—ht)
ot ty (6

(1—1t4(6%)6%) > 0. By the above equation, the derivative of R(6*,t;(0*)) — ht;(0*) w.r.t. 0* is always positive.
This implies that Eq. has a unique solution.

where the second equality follows from the FOC, i.e., y = 0 and the inequality holds because
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Next, we show that at h = H;, the solution of Eq. is unique if for any 6 < 0, o/(0) < @ ~ 5.2.

We first argue that any 6 > 6 cannot solve Eq. . To this end, we use the proof of Lemma |11| where we
show 1 —t,(8)0 > 0 for any 6 > 0. The fact that 1—t,(6)8 > 0 for any ¢ > § implies that 6(R(9"f(9;;’H"f("))
0; see Eq. . Then, considering the fact that R(6,t;(9)) — Hyt; () = 0, we have R(6,t;(6)) — Hyt;(6) >0
for any 6 > 0.

Next, we show that any 6 < 6 cannot solve Eq. . Let ¢(0) = 6¢;(0). For simplicity, we denote {(6) by

¢. Then, Eq. at h = H, can be written as

G(0,¢) == 0e(0+a()(1—C)—H( = 0.

We assume, contrary to our result, that there exists 6* < 6 that solves Eq. . Then, we show that we have
_; > 0. This implies that there cannot exist 6* < 6 that solves Eq. .
We consider the following two cases: i- 1 — (>0 and ii- 1 — { <0.

Case i- By the FOC, we have %—f =0. This implies that

9G 9G
=5 > 0 and 20

90 10=06* 6

O = SO () (1 )+ 6140/ (0) (1~ )
= ¢ e ao)a-0) = 0. (46)

where the second equation holds because G(6*,¢) =0 and the inequality holds because 1 — ¢ > 0. Note that

0G(0,¢)
o6 0

the above equation also implies that _; > 0 considering the fact that at 0 = 9~, we have 1 —(¢ = 1—
Case ii- Next we focus on the case of 1 — ¢ < 0. In the following, we show when 1 — ( < 0 and

a'(0) < @ ~ 5.2 for any 0 < 0, we get % > 0. This implies that 8* does not exist.

0=0*

By definition,

= e (20" + (07 (0") + a(67))(1 = ©))

e ¢ (20" + (07a/(07) — 207)(1—()))

e 0" (o' (07)(1—¢)+2¢) . (47)

oG
% ‘9:9*

v

The inequality holds because 1 — ¢ < 0 and 6* < . Note that for any 0* <4, a(f*) < —20*. To complete the
proof, we show that (/(6*)(1—¢)+2¢) >0 when o/(6*) < @
First assume that o’/(0*) < 2. Then, we get

(@)1= +2) > 21—+ =2 > 0,
where the first inequality holds because 1 — ¢ < 0.

VE+1)?
2’( 2)]

Now, assume that o/(0*) € | . We make use of the following claim.

Claim: Let 0* < 6 solve Eq. . Then, ¢ = 1—¢t,(0*)0* < 714_2\/5.

The proof of the claim is given at the end of the proof of this lemma.
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Given that o/ (0%) € 2, (ﬁ;n ], then ¢+ ( is decreasing. Then, by the claim, we get

3 )

VE+1)?2
: ~

0)(1
a'(0)(1—-¢)+2¢ > o( (
) <

where the second inequality holds because o/ (

Proof of Claim: Since 6* solves Eq. and t;(0*) is the FOC solution, we get
0 e (0" +a(0*)(1-¢)) = H¢ and —0*e (0" +a(0")(2-C)) = H,,

(0" +a(0)1-0) _ - _

where the second equation implies that ( < 2. By dividing these two equations, we get — T a0 (@=0)

This can be simplified as

1+¢—-¢?
0" +a(0)——— = 0,
(6") 1+¢
where for any ¢ € [1,2], (+— % is decreasing, 1+1§+—C<2 crosses zero at 1+2\/5, and at ( =1, 1+1<+C<2 |C:1 = %
We note that 6* + «(6*) 1+14+<< _,=0"+%a(0") < Oforany 6* <0, and 0"+ (") 1+1i’f (orass = 6 > 0.
Then, we can conclude that ¢ that solves 0* + a(G*)% = 0 should be less than %‘/‘?’

Appendix G: Proof of Supporting Results of Appendix [C]
G.1. Proof of Lemma [

It is easy to verify that (1 —g¢’(0)t,(0)0) =1 for any 6 > 6y, and it is zero for any 6 < @,. Thus, it suffices to
show that (1 —g¢’(0)t,(0)0) >0 when 6 € [0,04].
By definition, for any 6 € [0, 6], we have

(1= @400) = 0 (g + 250 ) -

Since 0 > 0, to show (1 —¢’(6)t,(6)0) > 0, we only need to verify that @ + 9((09)) <0. To that end, we show

+ ‘;((eeL) =0, we have W + q(f)) <0 for any

that w + £ ((6) is decreasing in 6. Then by the fact that

0e0r,0x]
The derivative of (0) + £

(9)

w.r.t. 6 is given by

9(9)
—o/'(0) , g(0),,
+ <0
UMDY
The inequality holds because by Assumption we have o/(0) >0, and by Assumption “'; /((69)) is decreasing

in 6.
G.2. Proof of Lemma [5]

To show the result, we will verify that A (6) >0 for any 6 <.
By Eq. , for any 0 <40,

00 = 10 (S +a0p) + 0 ((45) +a@) |

We consider the following cases:
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1- f'(0) <0: Observe that the first term of A (6) is nonnegative. This is the case because by Assumption
gg,((?) +a(f) <0 for any 8 <6r. To see why note that gg,((eg)) + () is increasing in 6, and ;/((ZLL)) +a(f)=0.
In addition, note that the second term of A, (,6’), ie., f(9)((g“’,((?)), +a/(6)), is greater than or equal to zero.
This holds because by Assumption ( 9(0) ) > 0.

g’ (6)
1- f'(6) > 0: Since ¢'(8) > 0, we have
Ag(0) = [(0)a(0) + f(0)a'(0) = (f(0)a(0)) = 0.

The last inequality holds because f(0)a(f) = F(0) —1 is increasing in 6.

G.3. Proof of Lemma

Here, we show that for any 6 > 6, argmax,>o { R(6,¢)} = t,(6). To this end, we show that the objective
function, i.e., R(6,t), has an inverted u-shape in ¢. Then, we show that for 6 > 0, R(6,t) achieves its
maximum at ¢t =0, and for 6 € [0,,0y], R(0,t) gets maximized at t,(6), where t,(6) solves the FOC; that is,
t,(0) = argmax, R(0,t) for 0 € [0.,0x].

R(0,t) Has an Inverted U-shape: Let to = gw)a“;gg;?;g?,?;g;(6)9(3). We will show that R(6,t) is concave for
any t <to and is convex otherwise. We further show that R(6,t) is decreasing for any ¢ > ¢y and is increasing

at t = —oo. This implies that R(6,t¢) has an inverted u-shape and argmax; R(6,t) < to.

The second derivative of R(6,t) w.r.t. t is given by
O?R(0,t _ / /
THOD ()@ (~g(6)0 —a(0)g(0)(1 ~ g (0)01) ~ 20(0)g'(9)9)
It is easy to observe that the second derivative is negative for any t < ¢y, and positive otherwise. This implies
that the objective function is concave for any ¢t <t,.
Next, we discuss the first derivative of R(6,t) w.r.t. t. By definition,

AR(0,1)

EED = a0 (— g(0)0 ~ a(O)g(6)(1 — ¢ (6)01) ~ a(6)g'(6)0). (48)
This leads to
OR(0,1) _ ,
o lime = €77 (l6)g'(6)0) <O
Then, considering the fact that lim,_, aRa(f’t) =0 and R(6,t) is convex for any t > tq, we can conclude that
% <0 for any t > ty. The proof of this part is completed by observing lim,_, _, aRa(f‘t) > 0.

So far, we established that R(6,t) has an inverted u-shape in ¢. This implies that the unique maximizer
of the R(0,t), i.e., argmax, R(f,t) solves the FOC. Let us call the unique maximizer, the FOC solution and
denote it by t;(0). We will show that for any 6 > 6y, the FOC solution is negative. Then, by the fact that
R(0,t) has an inverted u-shape, we can conclude that for any 6 < 0y, R(6,t) gets maximized at t,(6) = 0.
Similarly, one can show that the FOC solution is positive for any 0 € [0, 6]

By Eq. , the FOC solution, which solves % =0, is equal to t;(0) = “(e)gi)(:f;fg)@;f?g()?g/(‘9)9. Since
g'(0) >0, the FOC solution is negative if

; 1 g0 1
g0t (0) = — + +-<0.
OO = S " o) "
By Assumptions |1| and ﬁ + ggl((:)) + % is decreasing in 6. Then, considering this and the fact that

g (0m)t;(0g) =0, we have g'(0)t;(0) <0 for any 6 > 0. This implies that t;(§) <0 for any 6 > 0.
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G.4. Proof of Lemma
First of all, it is easy to observe that t,() is continuous and by definition of t,(-) and Assumption (1} t,(6)
is decreasing for # > 0y and 6 < 6. Considering this, in the following we will show that t;(0) is decreasing
when 0 € [0,,0y]. Recall that for this range of 6, t;(6) is the FOC solution.

By Eq. ([48), the FOC solution, t;(6) solves Q(6,t;(6)) =0, where

. g'(6)
Q1) = 9—|—a(9)(1—g QUES 9). (49)

This implies that 9, Q(0,t;(0)) + 02Q(6, tf(H))d‘f(G) =0, where 0,Q(0,t,(0)), i =1,2, is the derivative of Q

w.r.t. to its i'" argument. This leads to

dt; () 81Q(0,4,(0)) 1+0‘/(9)(179/(0)9tf(9)+ (@)9) ()01 H(0,t:(0))
@b 5Q0.40) 7 (0)0a(0) (50)

where H(0,t)=1—g'(0)0t + £ ((;))9 Next, we will show that 9;H(6,t;(0)) <0. This confirms that dtg—f) <0.

. , / 4
This is so because o/ (f) >0 and (1—g'(6)6t,(0) + ‘79((9)) 0) =—Gy = 0.

We consider the following cases:

e 0+ () >0: By definition,

OLH(0,4,(0)) = —(g'(0)6)'t;(0) + (“”)lez -(Z5 ogw))/tf(o) " (9'("))'0
(o )

— (5t ) otsos0-- (w00 (557)) 0

To show 01 H(6,;(0)) <0, it suffices to verify that (t;(6)g(6) —1) <0. To see why note that 2 (0) is decreasing

and g¢(#) is increasing in 6. By Eq. ., we have

t(0)g(0)—1 =

i(é))) <9§<3>(90)> =0

The inequality, which is the desired result, holds because 6 + «(6) > 0.

e 0+ «a(f) <0: By definition, H(0,t) =1 — g’(9)9(t -1 ) Then, by taking derivative w.r.t. 6, we have

70
(9'(0))%0
g%(0)

To show 91 H(0,t;(6)) <0, it suffices to show the first term, i.e., —(g'(0)8) (t;(0) — ﬁ), is negative. By
Assumption [1} (¢'(0)0) is increasing. Thus, we only need to verify (t;(6) — (9)) >0. By Eq. ,

1 0+ a(f)
YO - = g'<e>< a(0)0 > =0

where the inequality holds because 6 + a(6) < 0.

0H(0.4:(0) = (6 0)0) (4 (0) ~ —75) -
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Appendix H: Proof of Supporting Results of Appendix [F]
H.1. Proof of Lemma [14]

e t:(0) is decreasing in 6: Since t;() is the FOC solution, we have

A(R(0,t) — ht)

iy = 07O+ a(B)(2 - 01,(6) —h = 0.

Define W (0,t) = W = —fe (0 + a(f)(2—6t)) — h. Then, the FOC implies that W (6,t;(6)) =0.
Thus,

Oty (0) _ Wo(0,44(0))
a0 Wi(0,:(0)) °

where Wy(0,t,(0)) = 8W(9 ) t=t,(6) and W, (0,t:(0)) = awa(f*t) 1=ty (0" Throughout the proof, for simplicity,

(¢
we denote t;(0) by ¢. In the following, we will show that both W,(0,t) and W;(0,t) are non-positive. This
f (0)

implies that <0.

By definition, we get

Wo(8,t) = —(1—t0)e (0 +a(0)(2—t0)) — be (1 +a’(0)(2 — t0) — ta(h))
(l—tﬁ)g fe (1 +a'(0)(2—t0) —ta(h)) ,

where the second equality follows because W (6,t) = 0. Again, by the fact that W (0,¢) =0, we can replace

—t6 h
—be ¢ by m Then,

h h
0 01 a0)(2—10)
0+ a(6)(1— t0)
0(6+ a(6)(2—10))

Wy = (1 —t0) — 0 (o (0)(2 — t0) — ta(0))

= h(2—t0) —0e (o (0)(2 — t0) — ta(6)) < 0. (51)

The inequality holds because by the FOC condition, i.e., W(6,t) = 0, we have 2—t >0 and (9 +a(f)(2—
t0)) < 0, and by our assumption that R(6,t) — ht > 0, we have 6 + «(6)(1 — t6) > 0. Note that since
R(9,t)—ht = e (0 + a(0)(1 —t6)) — ht >0, we get 6+ a(0)(1 —t0) > 0.

Next, we show that W;(0,t) <0. By definition,

W, (0,£) =2 0% (0 + a(0)(2 — t0)) +2 0%a(0)e ™" < 0,

where the inequality holds because by the FOC condition, (9+ a(f)(2— t0)) < 0. The above equation along
with Eq. imply that t;(-) is decreasing.

e A(0,t,(0)) €[0,1]: Note that A(8,t,(0)) =0 for # <6 and is 1 for § > 6%. Thus, it suffices to show
that A(6,t,(0)) €10,1] for any 6 € [6%,0%]; see Lemma

LEMMA 22. When h < H;, then (1—1t,(0)0) > 0 for any 6 € [0%,0%].
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H.1.1. Proof of Lemma Here, we show that set {6:60 > 0%, and 1 —t,(6)0 = 0} is empty. That
is, there does not exists any 6 > 67 with 1 —t;(6)0 = 0. Then, by the fact that 1 —t;(6%)6% =1 and
1—t:(0")0) = 0, we have 1 —6t;(6) > 0 for any 6 € [%,0%].

Assume, contrary to our result, that there exists 0* > 0% that solves 1 —t;(6*)0* = 0. Then, we show that
this cannot happen.

Let 0 € {0%,0"}. Since t;(0) is the FOC solution, we have W =ty () = 0. This condition can be

rewritten as

W(O,C,h) = —6e(0+a(0)(2—C)—h = 0,

where = 6t;(6). In the following, we will show that for 6 € {%,6*}, we have 25 = —% <0, where Wy :=

%f’h) and W, := %f’h). This implies that there does not exists 6* > 67 that solves 1 —t;(6*)0* = 0.

To show % <0, we will verify that W, <0 and W, <0. By definition,
We = 0e (04 a()(2—¢)) +0a(f)e ™ < 0,

where the inequality follows from the FOC, i.e., the fact that W (8,(,h) = 0. To make it more clear, by the
FOC, (6 +a(0)(2—¢)) <0 and as a result, W, <O0.
Next, we show that W, <0 for 6 € {0%,0*}. By definition,

Wy = —e (204 (a(8) +60/(0)) (2 ).
By the fact that for 6 € {6,0*}, we have 1 —0t;(6) = 0, and thus ¢ =1. This shows that
Wy = —e ' (204 () +6a'(8)) <0,
where the inequality holds because 6" > 6 and as a result 20 + a(#) >0 for 6 € {0%,6*}. Recall that 6* > 7.

H.2. Proof of Lemma [15

We show the result for h < H; where H, is defined in Eq. . A similar argument holds for h > H;.
By definition, for any h < H;, we have

0+ a(6) if 0 >0
R(6,4(8)) — hta(8) = { R(0,4,(6)) — ht;(6) if 0 € [01,0%);
etk ifoelo,,00;

R(6,t,(0)) — ht;,(0) is obviously increasing when and 6 > 0% and 6 <6} . Furthermore, R(,t,(6)) — ht;(6) is
a continuous function of 6 because t,,(0) is continuous. Thus, it suffices to show that R(0,t,(0)) — ht,(0) is
increasing in 0 € [0%, 0% ].

Recall that t,(0) = t;(0) for 6 € [#%,0%]. That is, () is the FOC solution. Thus, by the Envelope theorem,
the derivative of R(0,t;(6)) — ht;(0) w.r.t. 6 is given by

O(R(0,,(0)) — hts(6))

— =~/ (0)e (0 +a(6) (2~ ,(6)0))

£ YO (14 (B)(1 -1, (6)))
- h@+e_tf(9)‘9(1_|_0/(9)(1—ff(e)e)) >0,
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where the inequality holds because, as we show in Lemma 1—1t4(0)0 >0 for any 0 € [07,0%], and the
second equality follows from the FOC, i.e., by the fact that

OR(0,1)

o iy —h = 070 +a(0)(2-04(0) —h = 0.

Finally, since R(8;,t.(0,)) —htn(8;) = 0, we have R(6,t,(0)) — ht,(6) >0 for 0 > 0, ; see definition of §; in
Eq. .
H.3. Proof of Lemma [16]
The proof is naturally divided into two parts. In the first part, we show that A, (8) >0 for any 6§ < 6, and in
the second part, we show that A, (0) >0 for any 6 € [0, ,0%].
First Part: By Eq. , for any 6 <0, , we have
An(0) = f(0) (20 +a(0))+ f(0) 2+a(0)) (52)

We note that by definition, we have e~1(8,)% = h. Thus, given that h < H, = 62¢~1, we have 0, < 6. This
implies that for any 6 <@, , we have 260 + a(0) <0. Then, if f'(f) <0, we have A,(0) > 0. Now, assume that
f'(0) > 0. Then,

M(0) = f1(0)a(0) + £(0)a'(0)

(f(0)a(0)) = (F(6) —1)" >0, (53)

where the first inequality holds because f'(6) > 0.
Second Part: By definition, for any 6 € [0, ,60%], we have

ni0) = 10) (0+a0)+ 515 )+ 10) (140700~ )

v

70 (0+a0)+ 57 ) +£0) (1400 - i )

= 70 (0+a0)+ ;1) + 10 0)

where the inequality holds because § > 0, , and the last equation follows from definition of §,. We consider
the following two cases.

Case i: f'(0) <0: To show A, (0) >0, we use the fact that for § > 6, , function 0 +— 0 + () + 25 is

sy
increasing in 0. Then, considering the fact that 0} + a(0}) + 72—~ = 0, we have (0+a(0) + ;25) <0 for
L
6 €[8,,0%]. This implies that A, (6) >0 when f’(6) <O0.
The derivative of 6 4+ «(0) + ;5 w.r.t. 0 is given by
/ / h /

where the first inequality holds because 8 > 6, , and the second inequality follows from the definition of 6, .

Case ii: f'(#) > 0: In this case, we have

An(0) = f1(0)a(0) + f(0)a’(0)

I
—~
~
—

=)
N—

Q
~

>
=
=

I
—

!
—

>
=
I

—
N

\%

e}

The last inequality completes the proof.
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H.4. Proof of Lemma

Here, we will show that for any 6, the objective function, R(6,t) — ht is a unimodular function of ¢ and
achieves its maximum at the FOC solution, denoted by t;(-). Then, we show that argmax;>o{R(6,t) — ht} =
max{tf(e), 0} = th (9)

To show that the objective function is unimodular, we will make the following observations: 1- The deriva-

0-+3a(6)
0 (6)

is negative, at t = —o0 is 0o, and at t = co is negative. 2-

0+3a(6)
0a(6)

tive of the objective function w.r.t. t at t =

0+3a(6)
0a(6) °

For any t < the objective function is a concave function of ¢, and for any ¢ > the objective

function is a convex function of ¢. These two observations imply that for any given 6, R(0,t) is a unimodular

0+3a(0)
0a(6)

function of ¢, and achieves its maximum at t <
First Part: The derivative of the objective function with respect to ¢ is given by

%—h = 00+ a(0)(2—0t) —h . (54)

Note that as ¢t approaches —oo, the derivative of the objective function with respect to ¢ converges to co.

Furthermore, as ¢ converges to oo, the derivative goes to —h. In addition, one can easily show that the

0+3a(6)
0a(0)

derivative is negative at t =

Second Part: The second derivative of the objective function with respect to t is given by

(0)%e~*(0+ a(0)(3— 01)) . (55)

0+3a(0)
0a(l)

and is nonnegative otherwise.

0+3a(6)
0a(6)

It is easy to observe that the second derivative is negative for any t <

64+3a(6)

O and it is convex for any ¢ >

This implies that the objective function is concave for any ¢t <
So far, we established that R(6,t) — ht is a unimodular function of ¢ and achieves its maximum at the
FOC solution, denoted by t;(-). By Lemma the FOC solution is decreasing in 6. This and the fact that

t;(0%) = 0 lead to max{t;(#),0} =0 for any 6 > 6% and max{t;(0),0} =t;(0) =t,(0) for any 0 € [0%,0%].
H.5. Proof of Lemma [18

Let G(z,t) := ze~**(—1+2tz) — ht. We show that for any z <@, , we have max;>o{G(z,t)} < 0. First observe
that G(z,t =0) = —2 <0 and G(z,t = o) = —oco. Then, to show that max,;>o{G(z,t)} <0, we will verify
that G(z,t) <0 at the FOC solution, i.e., t that solves

0G(z,t) o
_— = z — 2 — h = .
5 e 2%(3—2tz) 0

We denote the FOC solution by tx(z), and we show that G(z,tr(2)) <0.

To this aim, we show that i- W >0 when (—1+2tp(2)z) >0, ii- 2tp(2) is increasing in z, and iii-
G(0,,tr(8;)) =0. The fact that ztr(z) is increasing in z implies either (—1+ 2tp(2)z) >0 for any z <46;,
(=14 2tp(2)z) <0 for any z <@, , or there exists 2 € [©,0,) such that (—14 2¢x(z)z) > 0 for any z > £ and
(—142tp(2)z) <0. We will focus on the third case, as the proof for this case encompasses that of the other
two cases.

First we show that G(z,tr(z)) for any z > 2. Since G(8,,tr(8,)) =0 and w >0 when (—1+
2tp(2)z) > 0, for any z > £, we have G(z,tr(2)) < G(8,,tr(8,)) =0, which is the desired result. Furthermore,
for any z < %, G(z,tr(%)) <0 as for this range of z, we have (—1+2tp(2)z) <0.
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e Claim i: W <0 when (=14 2tr(2)z) > 0. By the envelope theorem, we get

0G(z,tr(2))
0z

where the inequality holds because (—1+ 2tr(z)z) > 0 and by the FOC (3 — 2tr(2)z) > 0. To see why note

= e " (—1+tp(2)2(5—2tp(2)2)) > 0,

that z+— —1+4 (5 — 2) is positive when z € [3, 3].
e Claim ii: z+ (2tp(2)) is an increasing function. Define { = ztp(z). By the FOC, we have W(z,() :=
e ¢22(3—2¢) —h = 0. Then,

o mE 2620
0z %?O C 2ze¢(3-2¢0) T

where the inequality holds because by the FOC 3 —2¢ > 0.
e Claim iii: G(0,,tr(6,)) =0. Note that t(0,) = -~

;- and as a result,
ZL

h
G(QLatF(QL)) = QLeil—— =0,
0,

where the last equation follows from definition of ¢, .

H.6. Proof of Lemma

The proof has two parts. In the first part, we show that when h > H; and 6 > é, we have 1 —t,(0)0 > 0. Then,
in the second part of the proof, we show that @,, > . This implies that 1 — t;(8)8 >0 for any 6 € [0,,,0%],
which is the desired result.

First Part: Here, we show that any solution of 1 —t;(6)0 =0, denoted by 6*, is less than equal to 0. Let
0* be the maximum of such solution; that is #* = max{6#: 1 — t;(8)8 = 0}. Then, considering the fact that
0*<0,1—0%t,(0%) =1, and 1 — 0*t,;(6*) = 0, we can conclude that 1—6t;() > 0 for any 6 € [9,67,].

Suppose, contrary to our claim, that there exists 6* > 6 that solves 1 — t;(6%)6* = 0. By the FOC, we have

OR(6*,t 0 (0% . e
OO ) = 07O a(6)(2— 04 (60) b = 0
Since 6* solves 1 —t;(6*)0* =0, we get
OR(60*,t)

T‘t:tf(o*) = —9*6_1(9*4—0[(9*)) — h. (56)

We note that 6* — —0*e~(0* + «(6*)) is decreasing in 6*. This holds because

d(_e*(e;e—ta(e*))) — _(29*+a<9*))_9*a/(9*) <0,

where the inequality follows because #* > . This implies that
max{—0"e" (0" + a(0))} = —Oe (0 +a(f)) = 0% = H, .
0% >0
Then, by Eq. , we can conclude that when h > H;, there does not exists any * > 6 such that 1 — t;(0%)0* =
0.
Second Part: Here, we show that 6,, > 6. To this aim, we show that ag—;:/f >0 when 1 —+t;(0,,)0,, > 0.

This verifies that 8,, increases as we increase h from H,;. The reason is that at h = H;, we have 6,, = 6 and

1—1t,(8,,)0,, = 0. This implies at h = H,, when h is increased, we have §,, > 6. Then, by the first part of
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the lemma, we know that 1 —t;(6,,)0,; > 0 when we increase h. This allows us to repeat this procedure to
o8
show that S >0 for any h > H;.
Let 6 =6,, and ¢ =t;(0)f. Then, by definition, we have

G(0,C,h) =00+ a(0)(1—C))—h¢ = 0,
W(0,C,h) = —0e(0+a(0)(2—C))—h = 0.

The first equation follows from the fact that at 6 =0,,, R(8,,,t:(0,,)) — hts(8,,) = 0 and the second equation

follows from the FOC, i.e., W 1=ty (0) = 0. In the following, we show that % >0 when 1 - >0.
The aforementioned equations imply that
oG OGO _
20 Oh O Oh
ow oo owac_
00 Oh ~ d¢ Oh
This leads to ¢ o
W
9 _ ‘1 B¢ B¢~ o
Oh ] 2C 2G| T 3G oW _ 3G oW °
o d 20 ¢ ac o0
o d¢

It is easy to observe that % = W(0,(,h) = 0. Thus, % = & . In the following, we will show that % >0
a0

by verifying 2% > 0. By definition,
oG

50 = e C(0+a(0)(1—C)+0e“(1+a/(0)(1-C)) .

We note that the first term, i.e., (6 +a(6)(1—()), is nonnegative because G(6,(,h) =60e (04 a(0)(1—C)) —
h¢ = 0. In addition, the second term is positive as 1 — > 0. This gives us % >0 and thus % >0.



	Introduction
	Model
	Direct Mechanisms and Optimality
	Optimal Mechanism 
	Extensions
	Finite Time Horizon
	Production Costs
	Uncertainty in the Market
	Generalizing Customer Valuation Model
	Conclusion
	Holding Costs
	 Inventory Constraints
	Proof of Theorem 1
	Proof of Lemma 3
	Optimal Solution of Problem OPT

	Proof of Results in Section 5
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Theorem 2
	Proof of Proposition of 3



	Proofs and Additional Result for Sections 3 and 4
	Lower Bound on the Profit Gain of the Dynamic Pricing Policy
	Proof of Theorem 3 of Appendix A
	Optimal Mechanism for a Low Holding Cost
	Proof of Lemma 13

	Optimal Mechanism for a Medium Holding Cost
	Optimal Mechanism for a High Holding Cost
	Discussing the Assumption in Theorem 3

	Proof of Supporting Results of Appendix C
	Proof of Lemma 4
	Proof of Lemma 5
	Proof of Lemma 6
	Proof of Lemma 7

	Proof of Supporting Results of Appendix F
	Proof of Lemma 14
	Proof of Lemma 22

	Proof of Lemma 15
	Proof of Lemma 16
	Proof of Lemma 17
	Proof of Lemma 18
	Proof of Lemma 20





