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We study a firm’s optimal strategy to adjust its capacity using demand information. The capacity adjust-
ment is costly and often subject to managerial hurdles which sometimes make it difficult to adjust capacity
multiple times. In order to clearly analyze the impact of demand learning on the firm’s decision, we study
two scenarios. In the first scenario, the firm’s capacity adjustment cost increases significantly with respect
to the number of adjustments because of significant managerial hurdles, and resultantly the firm has a single
opportunity to adjust capacity (single adjustment scenario). In the second scenario, the capacity adjustment
costs do not change with respect to the number of adjustments because of little managerial hurdles, and
therefore the firm has multiple opportunities to adjust capacity (multiple adjustment scenario). For both
scenarios, we first formulate the problem as a stochastic dynamic program, and then characterize the firm’s
optimal policy: when to adjust and by how much. We show that the optimal decision on when and by how
much to change the capacity is not monotone in the likelihood of high demand in the single adjustment sce-
nario, while the optimal decision is monotone under mild conditions and the optimal policy is a control band
policy in the multiple adjustment scenario. The sharp contrast reflects the impact of demand learning on
the firm’s optimal capacity decision. Since computing and implementing the optimal policy is not tractable
for general problems, we develop a data-driven heuristic for each scenario. In the single adjustment scenario,
we show that a two-step heuristic which explores demand for an appropriately chosen length of time and
adjusts the capacity based on the observed demand is asymptotically optimal, and prove the convergence
rate. In the multiple adjustment scenario, we also show that a multi-step heuristic under which the firm
adjusts its capacity at a predetermined set of periods with exponentially increasing gap between two con-
secutive decisions is asymptotically optimal and show its convergence rate. We finally apply our heuristics

to a numerical study and demonstrate the performance and robustness of the heuristics.

Subject classifications: capacity investment; demand learning; exploration-exploitation; Bayesian updating;
data-driven.

Area of review: Operations and Supply Chains

1. Introduction
In most cases capacity investment requires significant time and resource commitment. Because of
this, many capacity decisions are made when there exist significant demand uncertainties. While

early capacity installation enables a firm to seize a time-to-market opportunity, installing capacity



with little market information may result in a significant mismatch when the realized demand is
seriously different from the capacity level. As choosing a “perfect” initial capacity level well before
the planning horizon is often impossible, many firms adjust their capacity levels after observing
some demand information during the planning horizon. For this strategy to be successful, the firm
should be able to evaluate the benefit and cost between two options — waiting it out (gathering
more information) and committing to an action (adjusting the capacity level) — a classic trade-off
between exploration and exploitation.

However, changing capacity later on is often difficult. Changing capacity often requires a consid-
erable amount of time. It may take several weeks or months to get new machines or workers ready
for production, layoff current labor, or disinvest installed equipment. Increasing capacity by adding
new machines and/or hiring new workers is expensive and often irrevocable. Downsizing the capac-
ity level, which typically requires layoffs and equipment disinvestment, can also be costly. Moreover,
the de facto capacity adjustment cost may increase in the number of capacity adjustments that the
firm has committed to. For example, when Genentech, a biopharmaceutical company, evaluated
the option to build the third cell culture production plant (CCP3) in Vacaville, CA, it was noted
that the effective cost to build this plant would be higher compared to CCP2 which was being built
for the managerial hurdles associated with managing this additional construction project as well
as lower effective operating efficiencies caused by the diseconomy (Snow et al. 2006). As another
example, in a major cosmetic company that the authors have intimate knowledge about, a product
manager needs to get approval from senior executives to change capacity. As frequent requests to
change capacity may be perceived as a sign of incompetence, this managerial hurdle makes it dif-
ficult to change capacity often. We model the fact that it becomes increasingly difficult to change
capacity as the capacity adjustment cost increases in the number of adjustments made.

Naturally, if the capacity adjustment features a long leadtime and high capacity adjustment
costs, or the capacity adjustment increases significantly with respect to the number of adjustments,
less frequent capacity adjustments are observed such as the case in the biopharmaceutical industry
(Kaminsky and Yuen 2014) and the major cosmetic company above. On the other hand, if the
capacity adjustment features a short leadtime and low capacity adjustment costs, and the capacity
adjustment does not vary significantly with respect to the number of adjustments, more frequent
capacity adjustments are observed such as the case in the I'T-based company, where the capacity
adjustment for a data center features significantly low adjustment cost, extremely short leadtime,
and no managerial hurdles. Therefore, the capacity adjustment cost is independent of the number
of adjustments and a dynamic capacity adjustment strategy in real time is feasible to manage the

data center capacity (Power Assure 2009).



Motivated by these observations, we examine a make-to-order firm’s capacity decision using
demand observation: when, and by how much, should a firm adjust its capacity? To investigate
this question, we consider a firm selling a single product for a finite planning horizon when the firm
has only partial information about random demand. In each period, the firm observes the realized
demand and collects more information. Based on the information, the firm actively updates its
knowledge about demand, and uses this updated knowledge in the capacity adjustment decision.
Because of managerial hurdles in capacity adjustment, we consider the scenario where the capacity
adjustment cost may increase with the number of capacity adjustments.

We first build a general model where the capacity adjustment costs increase in the number of
capacity adjustment that the firm has committed to. We show that the decision problem can be
equivalently characterized as one featuring a state-dependent fixed cost. This problem is in general
intractable and we show that even in the special case where the fixed cost is not state-dependent,
the optimal policy can be rather complicated, which clouds the impact of demand learning.

In order to clearly analyze the impact of demand learning on the firm’s capacity adjustment
decision, we consider two special settings of the general model, which differ in how fast the capacity
adjustment cost increases with respect to the number of capacity adjustments. In the first setting,
the capacity adjustment cost increases significantly with respect to the number of capacity adjust-
ments, and resultantly the firm has only a single chance to adjust capacity (a single-adjustment
scenario). This case, in a stylistic way, represents a business environment where it is difficult
to change capacity because of managerial hurdles, as illustrated in the earlier examples in bio-
pharmaceutical and cosmetics industries. In the second setting, the capacity adjustment cost does
not vary with respect to the number of capacity adjustments, and therefore the firm has multi-
ple opportunities to change its capacity (a multiple-adjustment scenario) as long as such change
results in net benefit. We specifically choose these settings while acknowledging the fact that most
decisions in practice fall between these two extremes. We will show that the resultant number of
opportunities that the firm has to adjust its capacity critically affects the structure of the optimal
policy and asymptotically optimal heuristics.

In both single-adjustment and multiple-adjustment scenarios, we first articulate the stochastic
dynamic program formulation of the problem as a special case of the general model and characterize
the structure of the optimal policy. Our technical results show that, while optimal polices and
derivations are methodologically interesting, they are difficult to implement in practice. For this,
we develop data-driven heuristics that are not only implementable but also asymptotically optimal
with guaranteed convergence rates.

In the single adjustment scenario, we show whether to adjust capacity or not in a given period is

not monotone in the firm’s posterior belief about demand. In fact, it can be optimal for a firm to



increase the capacity level when the likelihood of high demand is moderate, but to stay put (and
collect more demand observations) when the likelihood of high demand becomes even higher. Thus,
the firm’s belief about a demand type does not monotonically affect the decision to adjust capacity
or not, while the amount of capacity to adjust is monotone in the firm’s belief conditioning on that
the firm decides to adjust capacity. In addition, the dynamic program has a very large state space
as a state has to include the firm’s belief about demand type represented as an information vec-
tor. Consequently, solving and implementing the optimal policy quickly becomes computationally
intractable even when there are only a few possible demand types. To overcome this, we propose a
two-step data-driven heuristic, which only depends on the firm’s observed demand data. We prove
that this heuristic is asymptotically optimal in the case where the true demand follows a stochastic
process with stationary and independent increment in time. Specifically, we characterize the rate at
which the regret (the percentage profit loss relative to an upper bound when the firm has complete
demand information) converges to 0 as the problem scale increases.

We then consider the multiple-adjustment scenario and show that the optimal policy is a control
band policy (characterized in Eberly and Van Mieghem 1997), where in each period for a given
information vector, the firm will adjust the capacity up to a threshold if the capacity level is
significantly low relative to the inferred demand, adjust the capacity down to another threshold
if the capacity level is significantly high, and stay put in between. We then further show how the
optimal policy changes with respect to the information vector and provide a condition in which
the optimal policy changes monotonically. Our results illustrate that computing and implementing
the optimal policy are extremely difficult. In place of this, we propose a data-driven heuristic in
which the firm adjusts capacity in exponentially increasing intervals and prove that this policy is
indeed asymptotically optimal with a provable convergence rate.

The impact of limited capacity adjustment opportunities is highlighted when we compare the
optimal policies under the single and multiple adjustment cases. In the single adjustment case,
we show that the optimal policy (and the resultant capacity level) is not monotone in the firm’s
belief about demand being high while in the multiple adjustment case the optimal policy is indeed
monotone in the firm’s belief about demand being high. In the single adjustment, the firm needs
to decide two things: when to adjust and how much. The non-monotonicity is caused by the option
value of adjustment opportunity (if we change the capacity in this period, we cannot change the
capacity again). In the multiple adjustment case, however, the firm does not need to worry about
exhausting the opportunities (although whether to change or not, and to what level are still driven
by capacity cost and leadtime). Although there is a stay-put interval, this is purely driven by cost.

Finally, we illustrate the performance of our heuristics using a numerical study where some of

the key parameters and data are derived from actual production and sales data of an automobile



instead of using a randomized test bed in order to highlight the fact that our heuristic can be
implemented with demand data and a few parameters that can be either inferred or collected by the
firm. The numerical study demonstrates the value of using demand learning in capacity decision,
and show that our heuristics are very robust with respect to problem parameters and assumptions.

The rest of the paper is organized as follows. The related literature is reviewed in Section 2. The
optimal policy of the stochastic dynamic program for the single-adjustment scenario is presented
and discussed in Section 4. In Section 4.2, we propose a two-step heuristic and prove its asymptotic
optimality. In Section 5 we consider the multiple-adjustment scenario. Similarly to the single-
adjustment scenario, we first characterize the optimal policy of a corresponding stochastic dynamic
program. We then propose a data-drive heuristic policy under which the firm adjusts its capacity in
exponentially increasing intervals and show that this policy is asymptotically optimal. We present

the set-up and results of our numerical study in Section 6 and conclude the paper in Section 7.

2. Literature Review

There is an extensive body of literature in the general area of capacity management. Manne (1967),
Freidenfelds (1981) and Luss (1982) provide surveys on the earlier literature. In the early work, the
main focus is to expand capacity to meet growing demand with no uncertainties. Therefore, the firm
is able to make optimal capacity expansion plans to balance economy-of-scale savings and the cost
associated with a mismatch between demand and supply. For problems with uncertain demand,
Davis et al. (1987) use the piecewise-deterministic Markov process to model an optimal capacity
expansion problem with leadtime. Dixit and Pindyck (1994) provide a survey about the real options
approach to analyze investment without detailed operational implications. Van Mieghem (2003)
provides a comprehensive review about recent developments.

In their seminal paper, Eberly and Van Mieghem (1997) consider a capacity investment prob-
lem and present the optimal capacity policy as a control band policy with respect to initial
capacity, labeled as the ISD (invest—stay put—divest) policy, when the dynamic capacity adjust-
ment is costly and partially irreversible. The major difference between our work and Eberly and
Van Mieghem (1997) is that we explicitly model partially observable states on demand types (which
we call information vector) and learning. In particular, we present a concrete scenario on how the
evolution of information vector (the probability space) occurs through demand learning and infor-
mation updating, and study how the information vector affects the optimal policy. For instance, in
the multiple adjustment setting, we show that the thresholds defining the ISD policy are monotone
in the information vector when the information vector is updated according to Bayes’ rule. We
show that, as the firm’s belief of demand being high increases, the firm’s decision to adjust capacity

changes monotonically with respect to the information vector. We also show, through our analysis



with the single adjustment case, that this intuitive result does not hold when the firm has very
limited opportunities to adjust capacity. Methodologically, we also extend the result in Eberly and
Van Mieghem (1997) to the case where the capacity level is discrete using the Lf-concave function
and its Lovész extension, and establish the optimal policy of the ISD type. We also derive the opti-
mal policy when fixed costs are incurred to adjust capacity. Finally, we propose simple data-driven
heuristics with provable analytical bounds.

Among more recent literature on capacity management, a number of papers assume the firm
has complete information about the parameterized demand distribution. Among them, Chao et al.
(2009) characterize a firm’s optimal capacity policy when the existing capacity is subject to dete-
rioration and random supply constraints. Besanko et al. (2010) study an oligopoly in which firms
make lumpy capacity investment and disinvestment, and show that while firms build excess capac-
ity for a preemption race in the short run, capacity coordination can be achieved in the long run.
Wang et al. (2013) show the optimal capacity policy for two competing technologies is a control
band policy. In contrast to these works, our work emphasizes the firm’s active role of learning
about demand and using it for capacity decisions.

A number of papers consider demand learning in operations contexts. Boyaci and Ozer (2010)
consider a firm acquiring information via pricing and advance selling, and characterize the firm’s
optimal policy to stop collecting information and building capacity as a control band policy. Kwon
and Lippman (2011) analyze a firm’s optimal strategy to invest in project-specific assets with
a real option approach, where the firm’s profit follows a Brownian motion, and characterize the
optimal policy as a control band policy. Kaminsky and Yuen (2014) show a pharmaceutical firm’s
investment strategy to acquire clinical trial information and build capacity as a threshold policy.

In our paper, we characterize the firm’s optimal policy to adjust capacity (increasing or decreas-
ing) in two separate settings — single and multiple adjustment cases. We show that, limiting adjust-
ment opportunities can significantly change the optimal policy and methodology that enables us to
characterize the optimal policy. As computing and implementing the optimal solution is extremely
difficult when the firm has uncertainties about underlying demand process, we propose a simple and
implementable heuristic that is asymptotically optimal with a provable convergence rate. These
heuristics overcome challenges posed by incomplete information (Lovejoy 1993).

Our analysis of the optimal policy is closely related to literature on partially observed Markov
decision processes (POMDPs), with a particular emphasis on demand learning with Bayesian
updating. That is, decision makers know the family of distributions, and update their knowledge
about key parameters characterizing the distribution with new observations. Monahan (1982) and
Lovejoy (1991) provide surveys about early works in POMDP. Demand learning in a Bayesian
fashion has been applied in inventory management (e.g., Scarf 1959, Azoury 1985, Eppen and Iyer



1997, Lariviere and Porteus 1999, Burnetas and Gilbert 2001, Chen and Plambeck 2008). Recently,
Aviv and Pazgal (2005) analyze a firm’s pricing decision using the POMDP framework. In our
paper, we analyze a different operational decision, capacity. Compared to these papers, there are
similarities and differences between capacity and inventory decisions. Both capacity and inventory
are similar as they are used to satisfy demand, and once acquired, they are costly to maintain
(capacity overhead cost and inventory holding cost). Thus, capacity and inventory problems often
use the same machinery to derive analytic results. For instance, convexity (concavity) and its
preservation over the dynamic program is behind the optimality of the base-stock inventory pol-
icy and the optimality of the ISD capacity policy. However, there are several differences between
capacity and inventory literatures. First, capacity is a resource used to produce the inventory to
satisfy demand. Thus, unless adjustment is made, the capacity level stays the same (regardless of
the demand) for each period. On the other hand, inventory is being consumed to meet demand.
Thus, the state and its transition in the corresponding dynamic programming formulation are dif-
ferent. In addition, increasing and decreasing capacity are being considered in capacity literature
while much of inventory literature (although there are exceptions) does not consider disposal as an
active decision. Finally, compared to inventory, capacity adjustment often incurs more significant
costs and are subject to managerial hurdles (e.g., the biopharmaceutical plant and the cosmetics
company). Therefore, compared to inventory decisions where the firm can reorder every period,
the firm may have fewer opportunities to adjust its capacity.

In our work, we explicitly consider the different characteristics of capacity above, formulate the
demand learning process of the firm, and analyze both the optimal policy and simple data-driven
heuristics. Due to these characteristics of capacity, in our multiple adjustment case, the decision to
adjust capacity can be triggered by two or more thresholds with respect to initial capacity while a
typical inventory reordering decision is triggered by a single threshold with respect to initial inven-
tory (such as in the base-stock policy or (s, S) policy). In addition, we show through our analysis
for the single adjustment case that the limited opportunities to adjust capacity significantly change
the firm’s optimal policy: although the firm’s optimal capacity adjustment decision is monotone
with respect to the information vector in the multiple adjustment case, when the opportunities to
adjust capacity are very limited, this intuitive result does not hold.

Methodologically, our heuristics are closely related with the recent research on data-driven opti-
mization. Most papers have focused on inventory (Huh et al. 2011, Besbes and Muharremoglu
2013) and pricing (Burnetas and Smith 2000). Some papers also use regret to quantify the heuris-
tics such as Huh and Rusmevichientong (2009) and Besbes and Zeevi (2009). To the best of our
knowledge, we are one of the first to apply data-driven optimization in the capacity management

setting. In contrast with inventory and pricing decisions, a firm usually has limited opportunities



to adjust its capacity, and the adjustment process is often costly and lengthy, which makes the

problem somewhat challenging.

3. General Model

In each period, the firm decides whether to change its capacity with existing information and then
observe the demand. The firm serves a single product for a finite horizon of J periods, with period
1 and J as the starting and ending periods respectively. The firm operates in a competitive market
and is a price-taker so that it cannot adjust price instead of capacity. We assume that each period
is of length 7 units of time, which will be useful to derive the heuristic in Section 4.2.

We assume that the firm has incomplete information about the demand: while the firm knows the
demand pattern or distribution family about the demand, some key parameters characterizing the
demand (which we call demand type) are unknown. Specifically, there are I € N potential demand
types: 0; for i € {1,2,...,I} and 6, <§,, if i; <i,. The parameter, 6;, determines the parameter(s)
of the underlying demand distribution. Thus, for given demand type ¢, the demand in period j,

D;, is represented by a random variable D;|6; = \;(6;) + &;|0; where \;(6;) is the mean demand

s
of D;|0;, and &;]60; is a random term with mean 0. We assume the random term ¢; is independent
across periods. A number of demand processes can be expressed in this way and our results on the
optimal policy apply to a large class of random variables and demand processes (see remark on
demand process in Section EC.2.1.2).

We assume that demand in each period is stochastically ordered in the demand type parameter:
D;|6;, <5 D;|0;, for iy <i,. Thus, demand stochastically increases in the demand type index, i. We
use F;(-10;) and f;(:|6;) to denote the cumulative distribution and the density function (probability
mass function in the case of discrete demand) of D;|6;. Finally, for ease of exposition, we write
Aj(0;) as A;;, and assume \;; < oo for all j for analytical tractability.

The firm observes demand and uses the observations to update its belief about the true demand
type. The firm’s information about the demand evolves as follows. Let the vector 7y be the firm’s
prior distribution of the demand type at the beginning of period 1: 7y = (711,...,m1 ;) Wwhere 71 ; =
Pr(© = 0;). At the beginning of period j (j > 1), the firm’s information about the demand type
is represented by an information vector m; £ (71, 7;2,...,m; 7). The m;,; is defined as the posterior
distribution of the demand being type i given the past demand history, i.e., 7, ; £ Pr(© = 6;|d;_1)
where d;_4 £ (dy,ds,...,d;_1) is a demand history up to period j — 1. After the firm observes d;,
demand at the end of period j, the information vector is updated following Bayes’ rule:

7515 (d;165)

7Tj+1,i = (1)

S [ £ (ds103)]




Before the realization of D;, the information vector is a vector of random variables (denoted
by IT;11). The following lemma, adapted from page 96 of Williams (1991), proves that given the
current distribution about the demand types, the conditional posterior distributions in the future
periods are the same as the current one in expectation. Thus, the posterior distribution has the

martingale property.

LEMMA 1 (Martingale property of the posterior distribution, Williams 1991).
E [Hj2|Hj1] = Hju for j1 < Ja. (2)

In each period, the firm observes the realized demand, d;, and fulfills the demand using the firm’s
existing capacity in that period. For each unit it satisfies with existing capacity, the firm accrues a
profit of p, which represents the revenue minus the variable production cost (excluding any capacity
cost). If demand exceeds the firm’s capacity, we assume that it is satisfied by an outside option
such as overtime production, emergency fulfillment, or using other production facilities. Let ¢; be
the per-unit outside option cost (we call this outside option or outsourcing cost). Note that c;
represents the cost premium of producing one unit using the firm’s outside option. In addition to
production costs, the firm also incurs an overhead cost to maintain the existing capacity, denoted
by ¢ per unit capacity and unit time. As this cost represents the firm’s cost to own and maintain
the capacity, it is incurred whether the capacity is used or not in that period. To avoid trivial cases,
we assume p > ¢; > ¢y, i.e., the unit profit is higher than the unit cost associated with the outside
option, otherwise the firm will not outsource any demand; the unit outsourcing cost is higher than
the cost to maintain one unit of the firm’s own capacity for one period, otherwise the firm will not
have incentive to build any capacity. A similar cost structure was used in Chao et al. (2009).

When the firm’s capacity level is px and the firm’s belief about the demand type is 7;, the firm’s
expected operating profit h;(m;, ) in period j (note that each period is 7 units of time) is as

follows, where 2 £ max{z,0}
hy(mj, 1) £ Eo {EDj|® [ij —e1 (D —pr)" = CoMT|@} ‘ Wj}

1
= Zﬂ-j’kE |:ij —C (DJ — /,LT)+ — C()MT|@ = 9]{| . (3)

k=1
We note that our base model has a number of assumptions such as (i) demand is not censored,
(ii) leadtimes are symmetric (leadtime for building capacity is the same as leadtime for dispos-
ing capacity), and (iii) only variable capacity costs are assumed. We show that relaxing these
assumptions does not change our results and analysis: see the remarks in Section EC.2.1.2.

We next describe the firm’s capacity decision. At the beginning of the planning horizon, the firm

has initial capacity, pg. This is for generality. The firm may start with no existing capacity: o =0,
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or the firm may use the prior distribution to choose a capacity level or use the existing (legacy)
capacity: pg > 0. In each period, the firm decides whether it should adjust its capacity. As changing
capacity often requires considerable amount of time, we assume there is a leadtime of [ periods.
To be more specific, suppose that the firm has a capacity level of p in period j.! If the firm
decides to change the capacity level from p to p' in period j, the firm’s existing capacity will be
changed to u' after [ periods (in period j +1). We assume that both increasing and decreasing the
capacity level are costly to the firm. As we noted earlier, the capacity adjustment cost may depend
on the number of adjustment the firm has made. Let n denote the number of capacity adjustments
that firm has already made, and ¢,, be the cost of adding one unit of capacity and v, be the
cost of decreasing one unit of capacity. Thus, the cost associated with changing the capacity level

from p to ', denoted by C(u, p';n), is

Cus 1'51) 2 Carn(BW = 1)+ Yarm(p — 1), where ¢, ,, = o+ An and ., = 7, + An. (4)

A~

Notice that if the firm does not change the capacity, C(u,u;n) =0. We assume c¢,, > 0 and
Can+Ya,n = 0, indicating that it is costly to reverse the installed capacity. Following our discussions
earlier, we assume that c,, and v,, weakly increase in 7, i.e., A > 0, which means that the more
capacity adjustment the firm commits to, the more expensive it becomes to adjust capacity. The
parameter A measures the degree of managerial hurdles in capacity adjustment. The greater the
hurdle is, the larger the A is. For example, A is larger in the case of the cosmetics production
manager than the case of the data center. Note that v,, <0 implies that the firm may salvage
a portion of its capacity cost, and 7,, > 0 implies that downsizing the capacity is costly to the
firm (e.g., cost of layoff). To avoid trivial cases, we also assume ¢;(J — )T > ¢4 0 + ¢o(J — )T and
co(J —1)T > 74,0- The first assumption implies that it is less costly to increase a unit of capacity for
the first time and maintain it than outsourcing this unit to the more expensive outside option for
the whole time after the adjustment. The second assumption implies that it is cheaper to dispose
unnecessary capacity for the first time than holding it for the whole time after the adjustment.
To simplify notations, we define fi; as the capacity position in period j. In general, if the capacity
position is fi; in period j, the actual capacity level in period j +1 is p;4; = f1;. In the example
above, if the firm decides to adjust capacity from p to ' in period j, the capacity position fi; is
changed to p/ immediately while the actual capacity level will be updated to p’ after [ periods.
We allow the set of capacity levels (denoted by K) to be discrete or continuous. When capacity
level is primarily determined by the number of key machines or production lines, it may be appro-
priate that the capacity level must be chosen from a discrete set, i.e., K ={kd : k € Z, }, where Z,

stands for the set of nonnegative integers. Otherwise, capacity levels can be continuous (e.g., the
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capacity is measured by the available labor hours), i.e., =R, where R, stands for the set of
nonnegative real numbers.

Given state (7;, f1;—1,7;), we next derive V;(7;, fi;_1,n;), the firm’s value-to-go function starting
at period j. We first define H; (7}, f1;-1, [1;,7;) to be the expected operating profit in period j+1
(that is, when the capacity is in effect) minus the capacity adjustment cost that the firm incurs,

provided that the firm has adjusted the capacity n; times.
Hj (5, fij 1, fi,m5) = B | By (Mg, 1) = C (fij -1, fi;m;) \7"31 =l (5, 045) — C (fj-1, fiy3m5) (5)

The equality follows Lemma 1 and the fact that h;; (IL;4y, f1;) is linear in IT;;;. We also define
a policy g as {fi;(m;, f1j—1,m;),7 =1,2,...,J — [} and G™ as the set of all the admissible policies.

Then, the firm’s problem is to determine a policy g* € G™ to maximize the total expected profit,

l J—1
max » E[h;(IL;, po)|m] +2Eg (H;(TLy, fij—1, f1j,m5) | 74] (6)
gegm™ = =

where the expectation is taken over D; for all j at time zero. As the profit from the first | periods is
not affected by the firm’s capacity decision, the decision problem is to find a policy that maximizes
the following function:
J—l
Vi(my, fio,0) = max » B9 [H;(IL;, fij -1, fi;,m;)|7w4] (7)

egm
g s

We define an indicator 1: 1o =1 if condition C' is met and 0 otherwise. Then the optimal value-

to-go function is recursively defined as follows: for all j € {1,2,...,J — [},

Vi(m, fij—1,m;) = max I [Hj(ﬂ'm fg—1s B my) + Vi Wy, f105) e

+ Vi1 (T, 1,5 + ]‘)1{/17éﬂj71}|ﬂ-j

‘/j(ﬂjvﬂj—17nj):0forj>‘]_l‘ (8)
Equivalently, by defining a state-dependent fixed cost K (m;, f1;—1,7;) = ElV (T, fi1,m;) —
Vig1(ILjqq, ftj—1,m; + 1)|7;], we have equations (8) reformulated as follows:

Vi(ms, fj—1,m5) = max {hj+l (7050 1) = C (g -1s 1) = K (75 g -15m3) L ey
+ EVie1 (T, 4, m; + 1) ;] } + K (7, f1j-1,75);

V(7 fij—1,m;) =0 for j > J—1. 9)

Therefore, the decision problem is equivalent to one featuring both demand learning as reflected
by the state 7; and a state-dependent capacity adjustment fized cost K(m;,ft;_1,m;). The state-

dependent fixed cost makes the problem generally intractable. In fact, we show that even for a
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capacity investment problem with demand learning and a stationary fixed cost, the optimal policy
can be rather complicated in Section EC.2.2.2.

In order to clearly understand the impact of demand learning on the capacity investment decision,
we consider two special cases in the following sections. Recall that ¢, , = ¢, + An and 7., = v, + An
where A measures the degree of managerial hurdles. We first consider the case where the capacity
adjustment cost increases significantly with the number of adjustments, i.e., A = M where M is
a very large number, reflecting the scenario with significant managerial hurdles such as the case
for the cosmetic production manager. As a result, the firm has only one opportunity to adjust its
capacity over the decision horizon. We analyze this case in Section 4. We also consider the case
where the capacity adjustment cost does not change with respect to the number of adjustments, i.e.,
A =0, reflecting the scenario of little managerial hurdles in capacity adjustment. In this scenario,

the firm has multiple opportunities to adjust its capacity. We analyze this case in Section 5.

4. Capacity Investment with a Single Adjustment Opportunity
We first study the case where the firm’s capacity adjustment cost increases significantly in the
number of adjustments, i.e., the managerial hurdle parameter A = M where M is a very large
number. In this case, it follows that the firm has a single opportunity to adjust capacity during
a planning horizon. The state of initial capacity o is suppressed for simplicity and the number
of capacity adjustment is embedded in the new formulation. Therefore, we only need to show the
state of the firm’s information on the demand type as the state.

We derive Vj(7r;), the firm’s value-to-go function starting at period j, as follows. If the firm has
not adjusted the capacity before, then the firm can choose either to adjust capacity, whose value
corresponds to L¢(m;), or to stay put in period j, whose value corresponds to L$(m;). Formally,

the value-to-go function V;(7;) is defined as follows*:
Vj(m;) = max { L (m;), Lj(m;) } (10)

If the firm chooses to adjust capacity in the period, then the firm chooses the capacity that

maximizes the expected total profit. Thus, Lj(7r;), where the superscript a is for “adjustment”, is:

Wj] Zng{ > hk(ﬁw)—@(uo,u)}

J
LY () £ max E | > hy (T, 1) = Clpao, 1)

nekK Pt k=j+1
J A
= 37 () — C (o, () (1)
k=j+l

The first equality follows Lemma 1 and the fact that hy (I, p) is linear in IT;. We also define the
induced target capacity position if(m;) = argmax,, {Zg:j-o-l hu (7, 1) — C(uo,,u)}, the optimal
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capacity position to adjust in period j for given information vector 7; if the firm decides to adjust
capacity. Later in the paper, for simplicity, we write it as /if when there is no confusion. In case
there are multiple maximizers, we break the tie by choosing the smallest capacity position.

If the firm stays put in period j, the value-to-go function Lj(7;), where we use the superscript

s for “stay put”, is defined as
Li(m5) £ hya(m, o) + B Vi1 (T )| 5] (12)

which is the sum of the two terms: the expected one period profit when capacity is p and the
expected future profit (from period j+ 1). Note that, if the firm stays put in period j, it maintains
the option to change the capacity in the future.

Therefore, to characterize the firm’s optimal policy, we only need to compare L§(m;) and L5 (7r;):
the choice between making an adjustment in period j or delaying the decision. Note that, in the
single adjustment case, the problem of choosing “when to adjust” and “by how much” is recast as

an optimal stopping time problem.

4.1. Optimal Policy in the single adjustment case

We now characterize the firm’s optimal capacity policy, starting with the case when capacity levels
form a discrete set (X ={kd : k € Z,}). To this end, we first define a convex partition of the set that
contains feasible information vectors 7;: P; = {7; = (M1, Tj2, - Tjr) : Sor_y Wi = 1,5 > 0}

DEFINITION 1. P; ={P;;:P;r CP;} is a convex partition of P;, if the following conditions are

satisfied:

(i) 0 ¢ Pj;

(i) Uy Pjr = Py

(iii) if k #r, then P, P, = 0;

(iv) for any a € (0,1), if w; € P;; and #; € P}, then am; + (1 — a)ft; € Pj .

In other words, IP; is a collection of subsets of information vectors where each subset is non-empty
and convex, and the union of these subsets is P;.

We next characterize the firm’s optimal policy to adjust the capacity. We use m; < 7} to
denote that the posterior distribution 7r; is smaller than 7} in the first order stochastic sense, i.e.,
22:1 Tk > 22:1 mi, forall i=1,2,..., 1. Let fij(m;) be the optimal capacity position in period
J given information vector 7;, S;; be a sequence of convex sets, and S; =J, S;x. The following

proposition characterizes the optimal policy.

PRrOPOSITION 1 (Optimal capacity policy: Discrete capacity case). Forj=1,2,....J —1:
(i) L§(m;) and Li(m;) are convex in m;. Therefore, Vi(m;) is convex in ;.

(it) Let Py = {m;: p2(w;) = ké}. Then, Py ={P;): Pjx # 0,k €Z.} is a convex partition of P;.
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(1ii) In each P, € P;, there exists at most one convexr set ;i C Pjr such that if w; € Sjy, it is
optimal to adjust the capacity position to ké: ji;(m;) = ji§(mw;) = kd. If w; ¢ S;, then it is optimal
to wait: i} (m;) = po-

(iv) If wj, w5 €S; and w; w5, then fif(m;) < i} (m}).

Part (iii) of Proposition 1 implies that the firm’s decision to adjust capacity level in the current
period is not monotone in its belief about the demand type, 7;. That is, it is possible that the
firm may increase the capacity when the likelihood of high demand is low, but wait to observe
more demand when the likelihood of high demand becomes even higher, i.e., ji}(m;) > i} (7}) for
m; < 7. Thus, as m; stochastically increases, the optimal policy can switch multiple times between
waiting and adjusting. Within each P; € P;, it is optimal to adjust capacity only when m; falls
in a convex subset S; . If w; € P; 1 \S;, it is optimal to wait. Recall that the problem defined in
equation (10) is indeed an optimal stopping problem. Thus, one would expect that the optimal
policy would be characterized by a monotone threshold (switching curve) in information vector
as m; stochastically increases. Proposition 1 shows that it is not the case. Although this seems
surprising at first, this phenomenon indeed reflects the primary trade-off that the firm juggles—
exploration versus exploitation. On one hand, the firm would like to exploit benefits from the
current information by adjusting the capacity now. On the other hand, if a few more observations
of the demand (and, resultantly, updated belief) may shift the firm’s target capacity position
considerably, it might be beneficial to wait. Part (iv) shows that in regions where it is optimal to
change the capacity position, the target capacity position increases in the information vector, ;.
In other words, given that the firm changes the capacity in the same period, the optimal capacity
position is monotonically increasing in the information vector.

Figure 1 illustrates how the optimal policy changes in 7r; in a two-demand-type case. We note
that as there are only two demand types, the information vector is 7v; = (m;1,7m;2) and 71 +m;2 =1,
so it is sufficient to show how the optimal policy changes with respect to ., the probability of
demand being type high. In this case, the space of feasible information vectors P; is partitioned
into 5 convex subsets (P;,), and each subset corresponds to a different level of jif(m;) (i.e., the
induced target capacity position given the firm decides to adjust capacity in that period shown by
the dashed lines in Figure 1(B)). The white regions correspond to the regions in which it is optimal
to adjust the capacity (S;) while the grey regions correspond to the stay-put region. Notice that
the firm may choose to adjust capacity for the whole region (S;x, =Pk, ), or choose to wait for
the whole region (S, =0).

In Figure 1(B), we observe that i (indicated by dashed lines) increases in the information
’

vector, i.e., i;"(m;) < 4%(w}) when m; < 7}, However, the decision to adjust the capacity is not
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Figure 1 A numerical example of the optimal policy with two demand types and discrete capacity levels.

(A) optimal capacity (solid line) (B) target capacity (dashed line)
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Note. Parameters: price p =7, capacity outsourcing cost c¢i = 7, capacity overhead cost co = 1, capacity upgrading
cost ¢, =0, capacity downgrading cost 7, = 0; high demand type follows a Poisson distribution with mean of 124;
low demand type follows a Poisson distribution with mean of 120. Initial capacity po = 135. Base capacity unit § = 1.
Leadtime [ = 0. There are 20 periods in total and the example illustrates the policy in period 12. The white regions
correspond to the adjustment regions while the grey regions correspond to the stay-put region. When the optimal

decision is to stay put, the optimal capacity corresponds to the initial capacity, as defined in Proposition 1.

monotone in 7r; as shown in Figure 1(A). In this case, given that the initial capacity corresponds
to the optimal target position in region 4, as the information vector increases, the optimal decision
on when to change the capacity is not monotone. The firm first chooses to adjust down (regions
Pjr, to Pjy,), then stay put (regions P, to P;,), then adjust down again (region P;,), then
stay put again (regions P;, to P; ), and finally adjust up (region P;y, ).

While one may think that this discontinuity is driven by the fact that the feasible capacity level
must be chosen from a discrete set, we show that the same result holds even when the capacity
level is a continuous variable, as shown in the next proposition. We define ji}(7;) as the optimal

capacity position in period j given information vector 7; and let .S; = {m; : Lj(m;) > L3(m;)}.

PROPOSITION 2 (Optimal capacity policy: Continuous capacity case). For j=1,...,J —
L,
(i) L§(m;) and Li(m;) are convex in m;. Therefore, Vi(m;) is convex in ;.

(ii) For m; and 7} € S;, if w; 2w, then i} (mw;) < jij(m}).

Part (ii) above implies that as in the discrete type case if the firm decides to adjust the capacity,
then the target capacity position increases in the information vector. However, it is important to
notice that the optimal capacity position under the optimal policy is still non-monotone in the
information vector. This is because the firm’s decision about whether to adjust the capacity in

this period does not change monotonically with respect to the increased likelihood. To see why,



16

Figure 2 An example of non-monotone optimal adjustment region across periods.

J
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Note. Parameters: price p = 60, capacity outsourcing cost c; = 60, capacity overhead cost co = 30, capacity upgrading
cost ¢, = 100, capacity downgrading cost 7y, = 50; high demand type follows a Gamma distribution with mean of
20 and variance of 30; low demand type follows a Gamma distribution with mean of 10 and variance of 15. Initial
capacity po = 25. Leadtime [ = 0. There are 20 periods in total. 7; is the posterior probability of demand being type
high in period j.

note that when-to-stop decision is determined by comparing two functions that are convex in m;,
L$(m;) and Li(7;), in the optimal stopping problem. Thus, S; is not necessarily a connected set.
So far, we have discussed the firm’s optimal policy in any given period. Next, we discuss how the
optimal policy changes across periods. We find that, with capacity cost (even when only the variable
cost is incurred), the optimal policy is non-monotone in time. To see this, we have first considered
the case where it is costless to adjust capacity. In this case, we show that the regions in which the
firm changes capacity (either increasing or decreasing) expands in time. This makes sense, as time
moves towards the end of the horizon, the value of staying-put (and observing demand) decreases
because the time left to utilize the explored knowledge to maximize profit becomes shorter.

As illustrated in Figure 2, this is no longer true if changing capacity is costly, i.e., ¢, > 0 and
Yo > 0. In the figure, the adjustment region first expands, and then shrinks in time. As the firm
gets enough information, the value of staying-put (and observing demand) decreases because the
time left to maximize profit also decreases, which explains the expansion region. As the period
approaches the end of the horizon, the return from the adjusted capacity may not justify the cost
to adjust it. In this case, the information becomes of almost no value as there is not enough time
to recoup investment. Thus, as seen in the figure, the adjustment region shrinks as time moves
towards the end of the horizon even when there is no capacity leadtime.

We briefly discuss modeling features and assumptions on demand process, fixed cost and lead-

time, the rationale behind them, and the consequences of removing or relaxing them in Appendix
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EC.2.1.2. In Section 5, we will consider the multiple adjustment case and highlight the difference.

The subsection following the remarks will derive a heuristic policy and analyze its performance.

4.2. Near-Optimal Heuristic and Performance Evaluation

As Section 4.1 shows, the optimal policy is complicated and difficult to implement even for small
problems with finite demand types and capacity levels. One of the reasons is that the state space—
which includes the information vector 7;—is uncountably infinite, and therefore computing the
exact optimal policy is computationally intractable for large problems. For smaller problems, a fine
mesh approximation with linear interpolation can approximate the value-to-go function and hence
the optimal policy (as we do for one part of our validation case study in Section 6), but in general,
the curse of dimensionality makes it impossible to find the optimal policy.

Therefore, we propose a simple two-step heuristic and prove its performance. The firm observes
demand for a specific amount of time (7, units of time whose value depends on the problem size)
and then adjusts the capacity based on the observed demand. We then show that, in an asymptotic
regime, this heuristic is near-optimal when the underlying demand process is a stationary process
with unknown mean under the regret criterion, which quantifies the gap between an upper-bound
(based on information relaxation and deterministic approximation) and the value-to-go function
derived from the two-step heuristic.

We scale up both demand and capacity by a coefficient n to define the asymptotic regime. For
this, consider the firm’s problem with a planning horizon [0,7] within which the firm reviews its
decision periodically. Let 7,, be the time between two consecutive decision opportunities so that
the corresponding decision problem is a discrete-time dynamic program with J,, = T'/7, periods.
Likewise, let I, be the capacity lead time (described in the number of periods): [,, =1, /7, where
l; € [0,T]. Without loss of generality, we assume J, =T /7, and [,, =[;/7, are integers. Note that
the choice of 7,, affects the performance of a heuristic. In our heuristic, we construct a sequence of
T, to achieve the asymptotic optimality with a provable convergence rate. We note that continuous
monitoring of the demand process may not be feasible, for example, when the demand information
needs to be aggregated from retailers at various locations. In these cases, firms often use a periodic
reporting rule so that the realized demand can be collected and reported in a periodic fashion.

We assume that the firm’s demand follows a stationary random process with an unknown average
demand rate. Let {N(t),t > 0} denote a standard random process with stationary and independent
increment, which satisfies N(0) =0, has mean E[N(t)] =t¢, and variance Var[N(t)] = ot for t > 0.
For example, when o = 1, the process { N (¢),t > 0} may represent a unit-rate Poisson process, as the
one considered in Besbes and Zeevi (2009); when o # 1, {N(t),t > 0} may represent a compound
Poisson process. When the demand type is i, we define {N(nA;t),t >0}, i € {1,2,....,1} as the
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Table 1 The two-step heuristic

Given the period length of 7,

1. The firm serves the demand in period 1 with initial capacity nuq. Let nj\m be the observed demand
rate in period 1.

2. The firm adjusts its capacity position to nj\fn.

3. The firm serves demand from period 2 to [, + 1 with the initial capacity nug, and from [, + 2 to J,
with capacity nj\m.

corresponding demand process with demand type parameter 6, ,, = n\;. That is, given demand type
i, the firm’s demand in period j is D;|6; ,, = N (n\;j7,) — N (nX;(j —1)7,,), and therefore the demand
in each period is a sequence of i.i.d. random variables with mean n\;7, and variance o?n\;7,.3

We assume that the firm’s initial capacity is scaled up as npuo. All other aspects of the model
(e.g., costs, revenue, etc.) are the same as the original model considered in Section 4. To show
the asymptotic optimality, we impose the following assumptions on A; such that \; € [0, M]. The
assumption stipulates that, the demand rate for any type ¢ is bounded from above. With this
set-up, we now introduce and analyze the two-step heuristic, denoted by (ts).

The two-step heuristic. The firm observes demand for one period comprising 7,, units of time,
and then uses the observed demand rate to adjust the capacity for the rest of the time horizon,
as specified in Table 1. We will show that this simple policy is asymptotically optimal with an
appropriately chosen 7, (which is a function of the scale parameter n).

Under the two-step heuristic, the firm always adjusts the capacity to the observed demand rate

in the first period. Therefore, we define

N N(n\,
)\“n L M7 (13)

nt,
Then the firm’s expected value-to-go function under the heuristic is as follows.

1 pDy, 1 — 1 (Dy, o1 —nporn)t = conporn — C(npo, n i 1,
VE)L; (1) = Z T Jn N + N
, — ’ —+ E ij —C (D] — n)\i’TnTn> — Con)\ianTn

j:ln+2

O;in (14)

For ease of exposition, we suppress the dependency of V{)tjl (1) on 7v; when there is no confusion.

As the two-step heuristic is a feasible policy for the corresponding optimal stopping problem,
it follows that the value-to-go function under the two-step heuristic, Ut,iw is a lower bound of the
value-to-go function under the optimal policy, denoted by V{',,. However, because of the complexity
of the optimal policy and the curse of dimensionality, the exact value function under the optimal
policy, denoted by Vi, is difficult to compute. Hence, we will introduce an upper-bound of V', to
evaluate the performance of the heuristic.

Upper bound. We derive an upper bound of V', based on information structure relaxation.

Consider a hypothetical model, where the information of demand type is revealed to the firm in
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the first period. In this case, the firm has full information (fi) about the demand type, and is able
to decide the optimal capacity position contingent upon the demand type. Consequently, we obtain

the firm’s value-to-go function as follows:

I In
V (7r1) = max ZﬂuE { Z [ij —c (Dj — nMiTn)+ — con,uirn] — C(nug,np;) Gm} (15)

j:ln"rl
We observe that the value-to-go function above is concave in the demand. Therefore, by Jensen’s
inequality, we have an upper bound of Vof fl from a deterministic (d) problem as follows:

Vodn(ﬂ—l) = max Zm ; { pnX; — (N — )t — con,u,] (Jo = 1)T0 — C’(n,uo,nui)}

M1

:ZI: { —co)nXi(J, —ln)Tn—é(nMQ,n)\i)} (16)

In the deterministic problem described in equation (16), the optimal target capacity for demand
type i is u; = A;. It is not a surprise that the firm’s optimal action is to adjust the capacity to
the mean instead of a newsvendor type fractile, because the decision problem is deterministic, and
there is no uncertainty in the demand. Finally, it follows that V', < VO{ I < Vil

Performance evaluation. To evaluate the performance of the policy in the asymptotic regime,
we analyze the metric of regret, which measures the gap between the value-to-go function under
the heuristic and the deterministic upper bound. Formally, the regret of the two-step heuristic is
defined as R!* =1—V{s /Vi! . In the following, we say a heuristic is asymptotically optimal if the
regret converges to 0 as the scale factor n increases to infinity. For two sequences {a, } and {b, }, we

write a,, < b,, if a,, = O(b,) and b,, = O(a,). Then we characterize the asymptotic regret as follows.

PROPOSITION 3 (Asymptotic regret: Two-step heuristic).
If 7, < n=3 for all n, the two-step heuristic is asymptotically optimal and R = O <n*%> .

We first observe that the firm sets 7, < n~3 corresponding to a problem scale of n. This reflects
the exploration-exploitation tradeoff the firm faces. For a given problem scale n, the firm has
incentive to set a long observation period to explore the demand so that it can obtain more demand
information. However, the longer the observation period is, the less time is left for the firm to
exploit the benefit of its knowledge about demand by adjusting the capacity. Therefore, the firm
has to choose an appropriate period length to balance this tradeoff. As the problem scale increases,
more demand information is available within a unit of time. Therefore, the firm is able to reduce
the observation period and starts to exploit its knowledge earlier. The result in Proposition 3
directly extends to the case where the variance does not depend on A;. We also extend the result
to accommodate the case where the variance may increase in a different rate with respect to the

problem scale n in Appendix EC.2.1.2.
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5. Capacity Investment with Multiple Adjustment Opportunities
We now move on to the other case where the capacity adjustment cost does not depend on the
number of adjustments the firm has committed to, i.e., the managerial hurdle parameter A =0,
and therefore the capacity adjustment cost C(u, 1) 2 co(p' — )+ +va(p — w/)*. In this case, it
follows that the firm has multiple opportunities to adjust capacity during a planning horizon. As
described in Section 3, at the beginning of each period, the firm first decides whether it will adjust
its capacity or not, and if so, by how much. Then the demand is realized and satisfied using the
firm’s capacity and (if short) an outside option. At the end of the period, the firm updates the
posterior distribution of demand types. We first present the case where the capacity level set is
discrete, i.e., K ={kd : k € Z,}, where Z, stands for the set of nonnegative integers, and there are
still I demand types. Then we also characterize a similar optimal policy for the continuous capacity
level. We consider the case that the capacity adjustment decision is made based on the capacity
position. We also discuss the case where capacity reduction cannot exceed the current installed
capacity level in Section EC.2.3. We use a superscript m to indicate the multiple adjustment model.
Following equation (9), the optimal value-to-go function is recursively defined as follows: recall

that K= {k§: ke Z.}, for all j € {1,2,....J — 1},

Vit (g, 1) = max {hj+l (5, 00) — C (fij—1, ) + E (Vi (T, )| 5] } ;
‘/jm(ﬂ'j,/jbjfl):OfOI'j>J—l. (17)

Let m; be the information vector and fi;_, be capacity position at the beginning of period j.

The next result shows that, for a given 7r;, the optimal policy is of a control band type.

PRrROPOSITION 4 (Optimal policy for multiple adjustment opportunities). The optimal
capacity position, [i*(7;), is characterized by two thresholds I (m;) and fi;(7;), such that:
(1) If fr;—y <Hj(7rj)’ it is optimal to adjust the capacity position up to f1*(7;) = I, (7).
(ii) Ifﬁj(ﬂ'j) <jfij—1 < pj(m;), it is optimal to stay put, i.e., *(7;) = fi;_1.
(111) If fu;—1 > fj(7;), it is optimal to adjust the capacity position down to j*(m;) = fi;(7;).
When proving the result for discrete capacity levels, the usual argument based on concavity does
not work as the concavity requires the continuity. Instead, we use L*-concavity (Murota 2003) and
its Lovész extension, both of which have been used in inventory literature: see Zipkin (2008), Huh
and Janakiraman (2010), Gong and Chao (2013) and Chen et al. (2014). To define Li-concavity, let
e=(1,...,1) be an n-dimensional vector of 1’s and S C Z" be a lattice. A function f:S —R is L
concave if the function ¢ (v,&) = f(v —€e), a scalar £ >0, is supermodular on {(v,&)|v — e € S}.
In order to prove the result, we show that Lf-concavity is preserved in the dynamic program and

its Lovéasz extension is a concave function. The proof is in Appendix EC.2.2.1.
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This result expands the result of Eberly and Van Mieghem (1997) who show that the optimal
policy is of a control band type for a given information vector to the discrete capacity case. Intu-
itively, as it is costly to adjust capacity, the firm will adjust the capacity only if the current capacity
position is significantly lower or higher than the expected level. In contrast to the single adjustment
case, where the value-to-go function is not necessarily concave in the initial capacity, we show that
the value-to-go function is Lf-concave in the starting capacity for the multiple adjustment case.
The Lf-concave value-to-go function and its Lovasz extension enables a simple characterization of
the optimal policy by two state-dependent capacity adjustment thresholds. Note that, however, the
result only holds for a given information vector. Thus, in order to fully characterize the optimal
policy, we also need to know how the optimal policy changes with respect to the information vector.
Also, note that, in spite of the fact that the structure can be readily described, the optimal policy
is still computationally complex because the information vector 7r; is uncountable.

When the capacity type is continuous, i.e., K =R, the optimal value-to-go function is modified
accordingly. The control band policy similar to Proposition 4 holds for the continuous capacity
case. The details are relegated to the Appendix EC.2.2.1.

We next show how the two thresholds Hj(ﬂ'j) and fi;(7;) change in the information vector ;.
For this, we introduce the likelihood ratio order: for information vector m; = (m;1,...,m; ) and
w5 = (7} ,...,7; 1), we have 7r; is smaller than 7} in the likelihood ratio order sense, i.e., m; <, 7},

ey , .o
if 7, /70 < wj’g/wﬁ for any 7 <.

PROPOSITION 5 (Monotonicity of switching curves). Both I (m;) and fi;(m;) increase as

the information vector, m;, increases in the likelihood ratio order sense.

Proposition 5 implies that as the underlying demand type becomes more likely to be high, both
invest-up-to and divest-down-to thresholds increase. In other words, the switching curves and the
resultant capacity levels that the firm sets under the optimal policy are both monotone in ;.
This is a sharp contrast to the result of the single adjustment case, in which the optimal policy
(and the resultant capacity level) is not monotone in the information vector. This highlights how
optimal policy changes when the firm has very limited opportunities to change the capacity. In the
single adjustment case, the firm needs to decide two things: when to adjust and by how much. As
a result, the firm may decide to wait even in the state when ; is high while it increases capacity
when 7r; is lower. In the multiple adjustment case, however, the firm does not need to worry about
exhausting the opportunities (of course, whether to change or not, and to what level are still driven
by capacity cost and leadtime). Although there is a stay-put interval, this is purely driven by cost.
In the single adjustment case, however, the non-monotonicity is caused by the option value of

adjustment opportunity (if we change capacity in this period, we cannot change it again).
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Table2  The multi-step heuristic

Given the period length 7,, and the number of adjustment opportunities K,,,
1. The firm serves the demand in period 1 with the initial capacity nuyo.
2. For k=1:K,

a. The firm adjusts the capacity position at the start of period 2* to the observed average
demand during the first 2 — 1 periods denoted by n\,. The capacity level will be updated
accordingly [,, periods later.

b. The firm serves the demand from period 2* to 257! — 1 using the (updated) capacity.

End

3. The firm serves the demand in the remaining periods using the updated capacity.

Our results can be generalized to the case with fixed capacity cost, the capacity reduction is
limited by the current available capacity, and different leadtimes to increase and decreases capacity.

The details are provided in EC.2.2.2 and EC.2.3.

5.1. Near-Optimal Heuristic and Performance Evaluation

We next derive a simple near-optimal heuristic similar to the one in Section 4.2. The setting is
entirely identical other than the fact that the firm is able to adjust its capacity multiple times
during the decision horizon [0,7] (equivalently period 1 to J, in discrete time). We also show that
in an asymptotic regime (same as the one defined in Section 4.2), this multi-step heuristic (ms) is
asymptotically optimal, and provide a performance upper bound for the heuristic under the regret
criterion. To show the asymptotic optimality, we also impose Assumption 7?7 on A;. Note that the
choice of 7,, affects the performance of a heuristic. In our heuristic, we construct a sequence of 7,
to achieve the asymptotic optimality with a provable convergence rate. The result also holds for a
demand process where the variance does not depend on \;.

The multi-step heuristic. In this heuristic, the firm adjusts its capacity only in a subset
of the J, periods, instead of doing it in every period. Specifically, the " adjustment of the
capacity position occurs at the beginning of period 2%, and the actual change of capacity levels
occurs at the start of period 2" 41, for k =1,2, ..., K,,, where K, is the largest integer such that
L4 S os-1< 1 ie., K, 2 [logy(J, — I, 4+ 1)] — 1. That is, the time between the x — 1" and
k" adjustments is 2%~ !7, (2°~! periods). The intuition for choosing the exponentially increasing
periods between two consecutive adjustment decisions is that as more demand information is
collected, adding new observations is less likely to change the information vector in a significant
way. The details of the heuristic are illustrated in Table 2.

In this heuristic, the firm always adjusts the capacity position to the observed demand rate.
To evaluate the value-to-go function under this heuristic, we denote the observed demand rate

contingent upon the demand type i by n\; . for x> 1. Then, we first define \; ., recursively below.

A 1{Yin
)\171 =

nrty,
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N >\zn n(2%~ 1—1 Tn+ 2" _Hl Dgzn
N 2 2 ( (2) 1)2 =1 Dl M k=2,3,.... K, (18)

For notational simplicity, we also define \; o = po. Then we have the firm’s expected value-to-go

function under this heuristic as follows.

r ZK” ! Z;"Tj:;fl [pD —¢ (D; —nA; ,{Tn)+ - conS\an]
Vo"lf ) Z B q & Z] L t2Kn [pD- — (D]- — n)\i’KnTn)Jr — conj\i’KnTn] Oin (19)
Z CA'(n)\m 1,1 )

As this heuristic is a feasible policy for the corresponding optimal capacity adjustment problem,
we have that V{7> < V", where V(" denotes the value-to-go function under the optimal policy.
As the optimal policy is not computationally tractable, we need to derive an upper bound of the
value-to-go function under the optimal policy in order to evaluate the performance of the heuristic.

Upper bound. We first observe that the Vi, (see equation (16) in Section 4.2) is still an upper
bound of V" This is because in the deterministic stationary demand setting, once the firm obtains
full information about the demand type, even if the firm is able to adjust capacity any time, it is

still optimal to adjust it only once at the beginning of the time horizon as the adjustment is costly.

That is, we still have the optimal target capacity u; = \;, and V})d’n as follows.

On Zﬁ z{ —Co n)\ (J ln)Tn—Can(/\qz—MO)JF—%”(MO—)WV} (20)

Performance evaluation. To analyze the performance of the heuristic, we evaluate the asymp-
totic behavior of the regret of the multi-step heuristic, defined as R =1 — Vi /Vi! . We derive

the following characterization of the asymptotic regret.

PROPOSITION 6 (Asymptotic regret: Multi-step heuristic).
If r, =< n-3 for all n, the multi-step heuristic is asymptotically optimal and R, = O (nf%) .

The intuition of the proof is that as the firm observes more demand information and adjusts
capacity to match the observed average demand rate, we are able to bound outsourcing costs and
capacity adjustment costs by the bound shown in Proposition 1 in Gallego (1992), which derived
a one-sided deviation bound for the class of distributions with finite mean and variance. As noted
above, we choose the exponentially increasing time between two consecutive decisions because the
adjustment is costly, and with more information learned, it is less necessary for the firm to learn
about demand frequently. Finally, the time interval 7,, is set to minimize the derived upper bound.

Recall that when the firm has only one chance to adjust its capacity, the upper bound of the
regret is also O (n_l/ 3) (see Proposition 3). Here, although the upper bound of the regret is still
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of the same order, the capacity adjustment cost makes a difference. With multiple adjustment
opportunities, the firm is able to correct errors that it might have made in a one shot decision,
and therefore, the regret should be smaller. However, when capacity adjustment is very costly,
with multiple capacity adjustments specified in the heuristic, the firm needs to pay a higher total
capacity adjustment cost as it chases the mean demand. Therefore, the benefit from the learning-

while-doing may be diluted. In Section 6.2, we compare the two heuristics numerically.

6. Numerical Study

In order to demonstrate that our method can be implemented with actual demand data and a
few parameters related to costs, we develop a numerical study where the model premises (such as
demand pattern, problem scale, cost, and profit) are motivated from actual application. Although
we need to make some simplifying assumptions because we estimated parameters from aggregate
financial and accounting data, we show that the results and conclusions are quite robust to model
parameters and our assumptions.

In what follows, we first illustrate the information we extracted from the production and financial
data such as the demand pattern, and then explain the context and assumptions of our numerical
study in section 6.1. In section 6.2, we use numerically examine the impact of the market size
and leadtime to adjust capacity on the performance of our proposed heuristic. In addition, we
compare the performance of the two-step heuristic versus the multi-step heuristic, and illustrate the
performance of the heuristic relative to the optimal policy. We relegate the impact of misspecified

demand and cost parameters to Appendix EC.3.

6.1. Data and Parameters

Our example utilizes production and financial data related to the Ford Focus and tries to solve
the following problem. Using the data from the first two generations of the Focus in the North
American market, the numerical study illustrates how one could use our heuristics in deciding how
to adjust capacity for the third generation. In this section, we briefly describe how we collect data
and estimate the demand and cost parameters, with details deferred to the appendix.

Demand. Our focus is on how the assembly factory should adjust its capacity based on orders
received from the dealership. Therefore, the demand is closely related to the number of Ford
Focus sedans produced at the assembly factory. While customers buy cars from dealers who hold
inventory, the plant operation is close to a make-to-order environment as Ford produces cars based
on dealer orders and its production plan.

To analyze the demand pattern, we first collect monthly production data of Ford Focus in
North America from January 2005 to December 2010 from the database of Automotive News Data

Center*. There are two (redesigned) generations of Focus during this period: the first from January
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Figure 3  Monthly production of Ford Focus in North America market (a), and the empirical cdf and gamma

distribution with sample mean and variance (b), from January 2005 to December 2010
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2005 to September 2007, and the second from October 2007 to December 2010. Although there
is seasonality within each year affected by factors such as mid-year discount when manufacturers
switch production to the next year model and end-of-year sales to boost sales figure, we observe
the demand pattern is plausibly stationary within each generation: see Figure 3(a). As the demand
pattern of the first two generations is similar, we group the production data from January 2005 to
December 2010 and observe that the monthly demand approximately follows a gamma distribution
with a mean of 17.21 thousand units per month and a standard deviation of 5.04; see Figure 3(b).?
When we construct the empirical cumulative distribution function, we excluded the data point in
July or August to account for the regular summer shutdown. We also excluded the data when
there was a model transition in that month. We denote the two key parameters of the gamma

distribution by a and b, i.e., the probability density function is characterized as

f(zla,b) =

where I'(-) represents the gamma function.

In fact, we test the cleaned production data from January 2005 to December 2010 with a
gamma, distribution where the estimated parameters are a = 11.67 and b = 1.47 using a one-sample
Kolmogorov-Smirnov test, which yields a p-value of 0.74, supporting our choice for the demand
distribution. Therefore, we model the monthly demand (with the unit of a thousand cars) for Focus
using a stationary gamma distribution.

Based on the demand pattern extracted from the production data, we next construct the context
for the numerical study. We would like to note that our heuristic, which is data driven, does not

rely on knowledge about the prior distribution or the exact demand distribution for each type.
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The specific context of our numerical study is necessary only to evaluate the performance of the
heuristic, i.e., computing the regret. Also, it should be noted that our heuristic applies to more
general settings, e.g., when there are more than three market scenarios, or the unknowns are a
vector of parameters rather than a single parameter.

To evaluate the performance of our heuristic, we postulate the following scenario. The decision
maker has three possible scenarios (demand types) for the third generation of the product, low,
medium and high. In the medium scenario, the demand will remain at the same level as the first
two generations: monthly demand will follow the same distribution. In the other two scenarios, the
demand for the third generation (released in May 2011) is either lower or higher than the first two
generations depending on the popularity of the third generation and economic environment.

In the low and high scenarios, we assume the average monthly demand is either dropped by or
raised by 5 thousand units (which is about one standard deviation). That is, the two key parameters
are a = 8.28 and b = 1.47 for the low demand case, and a = 15.06 and b= 1.47 for the high demand
case. We assume that the parameter b, which stands for the ratio between variance and mean, stays
stationary, i.e., a higher demand is associated with a higher variance. We will later show that our
result is quite robust with respect to the misspecification of the average demand parameters.

Finally, as the second generation Focus was on sale for three years, we assume the decision horizon
T for the third generation is also 3 years, starting from January 2011. Following the convention
of the asymptotic analysis, we also assume when n =1, the average medium type demand in the
three year horizon is 1 unit and 71 = 36 months. Therefore, the problem scale in the base case
is n; = 17.21 x 10% x 36 = 619,610, and we assume the firm reviews demand and makes capacity
adjustment decisions in a monthly scale at the current demand level, i.e., 7,,, =1 (recall that

/3 and the practical limitation that the data used to construct the numerical study were

Ty X nl_l
collected on a monthly scale.) We will illustrate the impact of market size on the performance of
the heuristic in the numerical study. We also assume there is no leadtime, i.e., [ =0, and we will
study the impact of leadtime later.

Initial capacity. Our target is to analyze Ford’s capacity adjustment decision for the third
generation. Therefore, besides demand information, we also need capacity information. Since Ford
does not publish their exact maximum capacity, we use the maximum production quantity from
January 2010 to December 2010 as the starting capacity, i.e., 22.97 thousand cars per month.°

Cost /profit parameters. We use aggregated cost parameters at the firm level to approximate
the ones at the product level. Specifically, we recover the gross capacity of Ford using its public
financial reports and data, and then identify the unit profit and capacity related costs at the firm

level. Although these are rough estimates, the performance of our heuristic is quite robust to the

cost parameters. Note that the cost parameters would be significantly more accurate if one could
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Table 3 Production and capacity related profit/cost parameters

Estimated cost parameters for Focus Value

Capacity adjustment (upgrading) cost ¢, $4,487 month/unit
Capacity adjustment (downgrading) cost 7, $448.7 month /unit
Capacity overhead cost ¢ $181.1 per unit
Capacity outsourcing cost ¢; $362.2 per unit
Unit profit p (excluding capacity related cost) $1,270 per unit
Average retail price $22,154 per unit

extract the cost information from an ERP or internal accounting system. We summarize the cost
parameters derived from Ford’s Annual Report in 2012 (Ford Motor Company 2012) in Table 3,
and relegate the details of estimations to Appendix EC.3.

6.2. Numerical Analysis

In the numerical study, we evaluate the performance of our heuristics using the regret with respect
to its deterministic upper bound. Specifically, for given scale parameter n, define R =1— Vot;; / V0°fn
and R =1V / Vodn to be regrets associated with the two-step heuristic and multi-step heuris-
tic, respectively. The decision horizon, demand distributions, initial capacity, and profit and cost
parameters are the ones specified in Section 6.1. In what follows, we first present the impact of
various parameters and demand assumptions (market size and leadtime) on the performance of our
two-step heuristic. We then compare the performance of the two-step heuristic with the multi-step
heuristic. Finally, we show the performance of the two-step heuristic with respect to the optimal
policy. We relegate the impact of misspecified demand, cost and profit parameters to Appendix
EC.3 for the interest of space.

To evaluate the value-to-go function under the two-step heuristic, Votfn, for a given prior vector
71, we apply a simulation approach with 10° experiments. In each round, a demand distribution (a
demand type) is first generated according to the prior, then a sample path of demand in each period
is generated according to the distribution. For each sample path generated, the firm follows the
two-step heuristic, and the resultant profit is calculated. We use the average of the 10° observations
to approximate ot,i- The deterministic upper bound, Vo‘fn, is computed following equation (16).

Market size. We first analyze the impact of market size, which is determined by the scale
factor n. From Proposition 3, when the scale factor of the decision problem is n, setting the

length of the learning period as 7, <xn~/3

results in asymptotic convergence at most on the order
of n='/3. In Figure 4, we show that as log(n) increases linearly, the log of the regret decreases
linearly. In the base case (n; = 619,610), we assume the firm reviews the demand information
monthly, and adjusts capacity based on the observation in the first month, i.e., 7,, =1 month,

following earlier discussions in Section 6.1. To analyze the impact of the market size, we let n be
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Figure 4 Regret with respect to market size when the prior w1 = (0.2,0.4,0.4)

Regret in log scale
100% :

Heuristic
10%r

10 L L 1
1764 1/8 1 8 64
Relative problem scale n/n1

Figure 5 Regret and value-to-go function with respect to leadtime when the prior w1 = (0.2,0.4,0.4)
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8%n,,k=—2,—1,...,2, corresponding to a 7, of 27% k= —2,—1,...,2 month respectively. That is,
as the magnitude of demand increases, the firm can adjust capacity within a smaller window of
demand data. For instance, when k = —2, 7,, is 4 months, and when k =2, 7,, is 1/4 months (about 1
week). In Figure 4, we observe that the log of regret decreases at the slope of —0.33, corresponding
to the n~'/3 convergence rate. This implies that the absolute difference between the upper bound
and the heuristic is sub-linear in n. The cases are similar when the priors are different, so for the
interest of space the details are not shown here.

Leadtime. In the base case, we normalize the leadtime as 0. One may think that this might
favor the two-step heuristic, but the result is the opposite. The performance of the two-step heuris-
tic improves as the leadtime becomes longer. To show this, we change the leadtime [ from 0 to

12 months when the review period 7,,, is 1 month and compute the total revenue of the planning
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Figure 6 Two-step heuristic vs. multi-step heuristic when the prior 71 =(0.2,0.4,0.4)
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horizon (i.e., the value function plus the revenue of the first [ periods (before any adjustment is
made). In Figure 5(a), we observe that the regret decreases as the leadtime increases: the relative
profit loss due to the lack of information decreases in leadtime. Although this is counter-intuitive
at first glance, we observe from Figure 5(b) that, with a longer leadtime, the benefit of full informa-
tion decreases, thus the performance of the deterministic upper bound deteriorates substantially,
resulting in the decrease in the regret.

Single vs. multiple adjustments. We now compare the two-step heuristic with the multi-step
heuristic. The capacity adjustment cost is specified in Section 6.1. In Figure 6, we observe that as
the market size increases, the regrets of both policies decrease. In this case, as the firm needs to pay
a much higher adjustment cost under the multi-step heuristic, which dominates the benefit from
extra opportunities to adjust capacity, we observe that the regret under the multi-step heuristic
is higher than the one under the two-step heuristic. However, when the capacity adjustment cost
is small, as one may expect, the regret under the multi-step heuristic is lower than the one under
the two-step heuristic, which reflects the benefit of learning-while-doing.

Heuristic vs. optimal policy. To simplify the computation for the optimal policy, we consider
only two demand types in this part: medium and high. As there are only two demand types, we
use 7, the posterior distribution of high demand, to denote the information vector. Figure 7 shows
the regret of the two-step heuristic. Compared to the deterministic upper-bound (which assumes
the knowledge of full information and no randomness), the regret of our data-driven heuristic is
no more than 6.03%. We use the deterministic upper bound to define the regret, because a large
state-space makes it intractable to compute the optimal policy and resultant value function. In the
two demand-type case, however, we can numerically approximate the value function of the optimal
with linear interpolation (i.e., evaluating the value at a set of fine fixed grid points

policy, V;

0,n
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Figure 7 Regret of the two-step heuristic with respect to upper bound and optimal policy
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Figure 8 Firm’s capacity decision under the two-step heuristic and optimal policy
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and then approximating values for the rest of the states using linear interpolation). As Figure 7
shows, the regret (compared to the optimal policy) is less than 2.24%.

From the timing perspective (Figure 8(a)), the firm always adjusts its capacity in the second
month under the two-step heuristic. On the other hand, under the optimal policy the firm adjusts
capacity early (in the first period) when the prior is close to the extremes (7 close to 0 or 1), and
delays the decision when there is no dominant demand type in the prior. In addition, Figure 8(b)
shows that, on average, the capacity levels under the optimal policy and the two-step heuristic are
fairly close when the firm adjusts the capacity at the beginning of the decision period, because the
optimal capacity level in this case is close to the average demand. When the firm is less certain

about the demand type and prefers to delay the capacity adjustment to the future, consistent with
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the conventional wisdom, the firm invests more in capacity compared to the average capacity level

built under the two-step heuristic.

7. Conclusions

We analyze a firm’s capacity investment decision for a product with a finite planning horizon, and
investigate when, and by how much, the firm should adjust its capacity. When the capacity
adjustment costs increase significantly with respect to the number of adjustments and therefore
the firm can adjust the capacity once in a planning horizon, we show that the firm may alternate
its decision to pull the trigger (adjust capacity) or delay the adjustment multiple times as the
likelihood of demand type changes. Although the optimal policy in general is non-monotone in
the likelihood, we characterize the underlying structure of optimal policy. We show that if the
firm decides to adjust the capacity, the target capacity position increases in the likelihood. We
demonstrate that, even after knowing the structure of optimal policy, computing and implementing
the policy can be very difficult. Instead, we present a very simple but provably well-performing
data-driven heuristic when demand follows a stochastic process with stationary and independent
increment. In this heuristic, the firm observes demand during an exploration period, and then
adjusts capacity to match the observed demand rate. By carefully choosing the length of exploration
period, the firm is able to balance the exploration and exploitation tradeoff, and the regret of the
heuristic asymptotically converges to 0.

When the capacity adjustment costs remain stationary with respect to the number of adjustments
and therefore the firm has multiple opportunities to adjust capacity, we show the firm’s optimal
policy is a control band policy, characterized by thresholds. Under this policy, in each period,
the firm stays put to observe the demand when the capacity is between the two thresholds, and
adjusts its capacity to the lower threshold only when the capacity is below it, and vice versa.
We also develop a simple but asymptotically optimal heuristic, in which the firm predetermines a
set of time points at which the firm will adjust its capacity to match the observed demand rate.
The time between two consecutive decisions increases exponentially, reflecting the fact that the
adjustment is costly, and it is less necessary for the firm to adjust capacity frequently with more
demand information collected. The multiple adjustments enable the firm to correct errors in early
decisions. However, when the capacity adjustment cost is high, the multiple adjustments also yield
a higher adjustment cost, which dilutes the benefit of the learning-while-doing. The optimal policy
and heuristics are illustrated using a numerical study.

To the best of our knowledge, this is one of the first papers analyzing the capacity adjust-
ment with demand learning by characterizing the optimal policy as well as deriving near-optimal
heuristics. We believe there are more opportunities in the area combing learning and capacity man-

agement. For example, how does the firm’s learning opportunity affect the joint decision of capacity
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and inventory? How should the firm compute its capacity management strategy efficiently when

the product life cycle is not stationary? We leave these questions for future research opportunities.

Endnotes

1. Since each period is 7 units of time, the maximum demand the firm can satisfy with its own
capacity in this case is ur.

2. The detailed derivation of the value-to-go functions is provided in Section EC.1.

3. We note that our results do not require {N(t),t >0} to be weakly increasing. In particular,
when {N(t),t > 0} represents a Brownian motion with positive drift, it implies that the demand
in each period forms a sequence of i.i.d. normal random variables. Although this implies that the
realized demand may be negative, assumptions of demands following normal distribution have been
used for its analytical tractability, c.f., Eppen (1979) and Dong and Rudi (2004), particularly when
the standard deviation is small relative to the mean.

4. Automotive News Data Center: http://www.autonews.com/section/datacenter.

5. We observe that during the automotive industry crisis (2008-2010), the demand pattern of
Focus did not change. This may be because the Focus is a fuel-efficient model, and therefore the
substantial increase in the prices of automotive fuels did not cause a significant drop in sales, unlike
the sport utility vehicles and pickup trucks, whose demands declined in the same period.

6. According to Ford Motor Company (2012), the vehicle assembly capacity is categorized as
installed capacity and manned capacity. Installed capacity refers to “the physical capability of a
plant and equipment to assemble vehicles if fully manned”. Manned capacity refers to “the degree
to which the installed capacity has been staffed”. In this numerical example, we use capacity to

refer to the installed capacity that is specific to Ford Focus.
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Supplement Materials for “Capacity Investment with
Demand Learning”

EC.1. Derivation of the value-to-go functions in the single adjustment
case

In this section, we provide an alternative detailed derivation of the firm’s value-to-go function
in Section 4. To model the firm’s capacity decision, we first introduce the state vector w; =
(74, ftj—1,v;—1). Here, m; is the firm’s belief about demand type given the demands up to period
j—1, and fi;_; is defined as the capacity position in period j — 1 (the capacity position fi;_;
represents the capacity level in period j +1— 1 since the capacity leadtime is [ periods. In general,
for period k, we have fiy = pg4; and py = fig—;). Lastly, v;_; is defined as an indicator to denote
whether capacity has been changed on or prior to period j — 1. Formally, if capacity adjustment is

made in period j, we define

[0 ifk<j

We next describe the transition of the state vector. We first observe that the transition of r;
is specified in equation (1) and 7r; satisfies the property in Lemma 1. To describe how capacity
position changes, we first introduce u; to represent the firm’s decision to adjust capacity in period
VE

;= { 0 if the firm decides to stay put and continue to observe the demand (EC.2)

1 if the firm decides to adjust capacity in period j
As the firm has only a single opportunity to adjust the capacity, the feasible action space to adjust
capacity in period j for given v;_1, A(v;_1), is contingent upon whether the firm has adjusted the
capacity or not, i.e.,

Alv;_) = { }8,}1} g 2:1 - (11 (EC.3)

If u; =1, the firm adjusts the capacity level from the initial level 7 to maximize the expected
profit from period j 4 till the end of the planning horizon based on the information vector ;.
The induced target capacity position ﬂ}l(ﬂj), i.e., the capacity level that maximizes the remaining

profit from period j +1 till the end is specified as follows.

Wj] ZargmaX{ Z hk(ﬂj,u)—@(uo,u)}-

J
> (T, ) = Cpro, 1)
HEK k=g +1
(BC.4)

k=j+1

5 () £ argmax F
HEK

The equality follows Lemma 1 and the fact that hy (I, ) is linear in II,. When the maximizer
is not unique, as a tie-breaking rule, the firm chooses the smallest capacity level. Then, the firm’s
(induced) capacity position transits as follows.

o) = {

/:L?(Tl'j) if u; =1;
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We observe that using fi}(7r;) defined in equation (EC.4) in the dynamic program turns the firm’s
decision problem into an optimal stopping problem, i.e., when to pull the trigger and adjust the
capacity to the level specified by jif(m;). For ease of exposition, we suppress the dependence of
f15(m;) on m; when there is no confusion.

Having characterized the state transition, we next define the objective function. Given the indi-
cator v;_i, and the starting capacity position fi;_;, if the firm adjusts its capacity position to ji§
in period j (i.e., u; =1), with a capacity leadtime of [ periods, it accrues profit in period j+[ with
capacity p;; = fij, but pays a capacity adjustment cost in period j. Otherwise the firm’s capacity
level in period j + ! will be fi;,_;. Formally, we have the expected operating profit in period j +1{
minus any capacity cost that the firm incurred, H;(7;, fi;_1,vj_1,u;), as

H(s, iy, 05-1,15) 2 Bl (T, i (w5,u5)) = C (i1 i (wy,u5)) |5
= hy (0, fiy (w5, 05)) = C (A1, 15 (wj, 1))

_ S (g, ig) — C (10, 12) if u; =1 EC.6
{hﬁl(ﬂ’jaﬂjl) if u; =0 (EC.6)

The first equality follows Lemma 1 and the fact that h; ;(IL;4, fi;) is linear in II;4,. For ease of
exposition, we suppress the dependency of fi;(w;,u;) on w; and u; when there is no confusion.

To represent the firm’s capacity decision as a dynamic program, we define a policy as a sequence
of functions mapping the state vector to the action space A(v;_;) for all j <J—1, i.e., {u;(w;),j =
1,2,...,J —l}. We notice that with a leadtime of [, the firm should not adjust its capacity after
period J — . Let G denote the set of all the admissible policies, and the firm’s objective is to find
a policy ¢g* € G to maximize the expected total profit,

! J-1
max E[hk(Hkaﬂo)’ﬂ'l]+ZE9[Hk(nkaﬂk—lavk—huk”ﬂ'l] (EC.7)
k=1 k=1

where the expectation is taken over D; for all j at time zero. Due to the [-period leadtime, the
expected profit of the first [ periods, 22:1 E [hy, (T, po)| 4], is independent of the firm’s capacity
adjustment policy. Therefore, it is sufficient to maximize
J—1
max » FE9[Hy, (g, fig_1,05_1, ug)|m1] (EC.8)

24
g k=1

Define a partial policy g, 2 Ly (T flio—1,V—1), k = J, ..., J — 1} and the set of all the admissible
partial policies by G;. Then at the beginning of period j, given the initial states m;, fi;_; and v;_4,
the firm’s optimal value-to-go function is

J-l

Vi(mj, fij—1,vj-1) = max B9 [Hy, (I, fig—1, Vg1, up,) | 774] (EC.9)

9;€G; e
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Then, the optimal value-to-go functions satisfy the following recursive optimality equations for all
je{1,2,...J—1}.

Vi(mj, flj—1,vj-1) = Imax {H; (15, 1y —1,v5-1,u5) + E[ Vi (M, fiy,05) | 5]
Uj Uj,

Vk(ﬂk,ﬂk,vk):O, for k>J -1 (EClO)

To simplify the optimality equations above, we observe the following: for j =1,2,...,J — [, if the
firm has not adjusted the capacity before period j, i.e., v;_1 =0, we have fi;_; = 1. In this case, if
the firm decides to adjust its capacity in period j, i.e., u; =1, then for k=j+1,...,J — [, we have
A(vg—1) ={0} and u, =0, and therefore the firm’s value-to-go function is as follows:

LY (75, fij1,05-1) = LS (705, 10,0) 2 by (705, ) = C (o, 1) + B [Vier (T, 15, 1) | 5]
-l

=Ny (m5,019) = C (po, 49) + > Hy (05, (1, 1,0)

k=j+1
J

= > hu(myig) = C (uo, 1) (EC.11)
k=j+1
We note that the firm’s induced target capacity position jif maximizes the value-to-go function (see
equation (EC.4)), and the firm needs to pay a one-time capacity adjustment cost of C (,uo, ,&?) After
the adjustment, the firm does not have another opportunity to change the capacity (recall that
A(1) ={0}). Therefore, the firm’s expected operating profit in period k is simply Hy(m;,/if,1,0),

which in turn equals hy (7, i) from equation (EC.6).
If the firm has not adjusted the capacity (v;,_1 =0), and decides to delay decision one more

period (u; =0), then we use the superscript s for “stay put”, and have the value-to-go function as
L3705, fbj—1,v5-1) = L3 (705, 110, 0) £ by (75, o) + E [Via (T, pro, 0)| 705] (EC.12)

By delaying the adjustment, the firm earns a profit based on the starting capacity level in this
period. However, it maintains the option to change the capacity in the future, as reflected by the
term E [V 1 (Ij11, o, 0)| 7r5].

On the other hand, if the firm already adjusted the capacity before, i.e., v,_; =1, then for
k=3j,....J —1, we have A(vi_1) = {0} and uy =0, and we have

J—1 J
L3(m5, fijo1,051) = Ly (5,410, 1) 2> Hi(m5, /151, 1,0) = > (s, f151) (EC.13)
k=j k=j+1

To sum up, we have the following value-to-go functions contingent upon whether the capacity

has been adjusted or not.

Vi(j, it-1,0) = V; (75, 1o, 0) = max { LG (75, 1o, 0), L (705, 110, 0) } (EC.14)
‘/j(ﬂjaﬂjfl’l):L;(ﬂjaMOal) (EC]_E))
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When the maximum in equation (EC.14) is attained by L§ (7 , 110,0), it is optimal to adjust the
capacity. Otherwise, the firm should delay the adjustment and continue to observe the demand. For
ease of exposition, we suppress the dependence on p and v;_;, and write V(7 , 110,0), L (75, 1o, 0)
and L3(7;, o,0) as Vj(m;), Lj(m;) and L3(m;) respectively. Therefore, to characterize the firm’s
optimal policy to stop observing the demand and adjust the capacity, we only need to compare
L$(m;) and L3(m;). Note that, in the single adjustment case, the problem of choosing “when to

adjust” and “by how much” is recast as an optimal stopping time problem.

EC.2. Proofs and additional technical details.
EC.2.1. Capacity investment with a single adjustment opportunity

EC.2.1.1. Proofs

In the proofs we focus on the case where the demand distribution is discrete. When the demand
distribution is continuous, similar proofs hold.

Proof of Lemma 1. We first show that for any j, we have E[Il;,|II;] =1II;. From equation

(1), we have

- 0, f;(d;|0;
B, T, =) 1.11(16:) Pr(D; = d;|I1;)
d;=0 Zk 1[ kaj(d |‘9k)]
I

_ > 0, f;(d;]0:)
S [T £ 160)] Z o100

=11, Z £i(d;]6:) =11, (EC.16)

That is, E[IT;41|I1;] =II;. Then for any j; < jo, we have

E[sz |Hj1] = E[E[sz |H Hjl]‘l—‘[jl] = E[E[sz‘njz—l]‘njl]

jo2—1>5

= B, 1[I0 ] (EC.17)

Applying the above equations iteratively, we have E[IL;,|IL; | =1I;,. O
Proof of Proposition 1. For ease of exposition we define the expected operating profit from
period j +1 till the end of horizon minus any capacity cost when the firm adjusts capacity from pu

to p in period j, given the information vector of m; as follows.

(i, p Z (75, 1) — C o, 11) (EC.18)
k=j+1

It is observed that for given p, we have G;(7r;, i) is linear in 7;. For given =, if C =Ry and p € K,
we have G(7;, 1) is concave in p; if K={kd:k € Z,}, we define AG, ;(7;) as follows:

AG, () 2 G (s, (k+ 1)? — Gy, k0) ¢k e z.. (EC.19)
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For given j and m;, we have AG,;(m;) is a decreasing sequence in k. In addition, we have
G,(m;,0) < oo and lim, ., G;(m;, ) = —oo. In the following, we use ” to denote the transpose
of x.

(i). We prove the convexity by induction. By equation (EC.11) and (EC.12), we have
LY (my_iq1) and L5, (my_141) are linear and therefore convex in 7;_; 1. As the maximum
of convex functions is convex, we have V;_; i (mws_;11) is convex.

For j <J —1, assume L§,,(m;41), L3, (mj41) and V1 (m;41) are convex. By equation (EC.4)
and (EC.11), we have

Lj(mj) = sup {G;(m;, kd)} (EC.20)

For each k, we have G;(7;,k0) is linear in ;. As the supremum of convex functions is convex
and a positive linear combination of convex functions is convex, we have Lj(7r;) is convex in ;.

From the induction hypothesis, we have V,,(m;41) is convex, then we can write Vj 1 (7mjt11) =
SUPkek, {aym] | +bi}, where K, represents an index set, a; is a constant vector of dimensions
1x1, 7'ro+1 stands for the transpose of 7, and by is a constant. Then define a 1 x I vector e £
(1,...,1) and a I x I diagonal matrix P;(d;) £ diag(f;(d;|01),..., f;(d;|01)), and following equation
(EC.12), we have

m]

L3(m;) = hj (7, o) + B [Vipa (W) [705] = by (7, o) + E | sup {aIL, + by}

k‘EKj+1
> [ P;(d;)wT
= hj(m), po) + sup {akm+bk} eP;(d;)m”
JHIN ; heK er(dj)ﬂ'JT INFI) G
= hji(, o) + Z sup {&k(dj)TFjT}] (EC.21)
d:=0 _kGKj+1

where ay(d;) £ a, Pj(d;) + bpeP;(d;).

Once again, as the supremum of convex functions is convex and a positive linear combination of
convex functions is convex, we have L3(m;) is convex in ;. It follows that Vj(mr;) is convex in ;.

(ii). We show that IP; is a convex partition of P; by verifying the four conditions in Definition 1.

e Condition (i): By the construction of P;, we have () ¢ P;.

e Condition (ii): Let |J, P;, denote the union of all sets in ;. For any m; € |J, P, it is trivial
that 7; € P;. Therefore, we have |J, P;, C P;. For any m; € P;, we have AG,;(7;) decreases
in k. As we have |G;(7;,0)| < oo and lim,,_, . G;(7;, ) = —o0, there exists a k such that kd =
argmax,, ., G;(m;, ). Therefore, we have m; € J, P; . It follows that P; CJ, P;x. Then we have
proved that (J, Pjr = P;.
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e Condition (iii): Assume there exist k; < ko such that P, x, € P;, P;x, €P;, and P i, (| Pjk, 7# 0.
Then for m; € Pj 1, [\ Pjry, we have fif(mw;) = k10 and fi§(m;) = k0. However, this contradicts the
fact that jif(7;) is uniquely-defined.

e Condition (iv): Let m; € P; ; and #; € P, ;. We have fif(m;) = k6 and 5 (7r5) = k6, and

L%(m;) = G;(m;,kd), and L%(#;) = G;(#;, ko) (EC.22)

We observe that G, (75, k6) is linear in 7r;. From part (i) we have L4 () is convex in 7r;. Therefore,

for any av € (0,1), we have
Le(am; + (1 — a)ft;) < aL?(m;) + (1 — o) LI(7;) = G (am; + (1 — a)ft;, ko) (EC.23)
By the definition of L§(am; + (1 — a)7;), we have
L amy + (1= a)g) = sup Gy amy + (1 - )y, K9)} > Gylamy + (1 —a)g.hd)  (EC.24)
By equation (EC.23) and (EC.24), we have
Lé(am; + (1 - a)t;) = Gj(am; + (1 — o), ko) (EC.25)

which implies that ¢ (am; + (1 —a)ft;) = ko.

(iii). Consider P; ;. € P;. For m; € P; 1, we have L§(mr;) is linear in 75, and L$(7r;) is convex in ;.
Therefore, the difference AL;(mw;) £ L4(m;) — L3(m;) is concave in ;. Therefore, if AL;(m;) <0
for all 7; € P; 1, we have S;;, = (). Otherwise, define S; £ {m; : w; € P, AL;(m;) > 0}. It follows
that S, is a convex set and for all 7w; € S} ;, it is optimal for the firm to stop observing the demand
and adjust the capacity.

(iv). By equation (EC.20), we have Lj(m;) = sup, {G;(m;,k6)}. As AG,;(m;) (defined in equa-
tion (EC.19)) is a decreasing sequence in k for given 7r; and j, to prove the result, it is sufficient
to show that for given k, if m; < 7%, then AG;x(m;) < AG;(7}). We first prove the result for
the case where for iy <4y and € >0, we have 7, =m;;, —€, ), =m;i, + € and 7. =7, ; for all
i i, iy,

First, by equation (EC.18) and (3), we have

S [haml, (B +1)8) — ha(wl, k6)] S Thalme, (k+1)8) — hy(mr;, k6)]

AG; p(75) — AG i (75) = -

0 5
=5 {ElD).] - EloD)p.) } (EC.26)

where

g(Dz) £ —Cq [Dz — (k + 1)(57’]+ +c (Dz — k(ST)+ — CQ(ST.
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Because D;|0;, =« D;|6;,, and g(D;) increases in D;, we have

For an arbitrary pair of m; and 7} such that m; < 7}, we observe that m} can be obtained from
7r; within finite steps using the operations above (subtract €;; from an element with a lower index
and add €;; to an element with a higher index). O

Proof of Proposition 2. The proof of part (i) is similar to the proof for Proposition 1(i). We
only prove part (ii) here.

When the feasible set for the capacity adjustment is continuous, we have
L3(m;) = max {G (5. 1)} (EC.28)
nER L

We first define

Gy(mj,m), 1) £ Gy(m, ) — Gy, ). (EC.29)
Then to prove the result, it is sufficient to show that for given p, if w; < 7}, we have a(,%j(ﬂj, s W) >
0. Following a similar step as in the proof of Proposition 1(iv), it is sufficient to prove for the
following case: for 7; < i, and € >0, we have 7/ ;) =7 —¢€, Ty, =7, +¢€, and 7w ; =7, ; for all
i, 0s.

Following equation (EC.18) and (3), we have

les ) ' Ton;, Oh;
T = 3 | G~

i=j+1
=€ T Z W(ur)6;,) — Fi(ur]6:,)] >0 (EC.30)
i=j+l
It follows that if(m;) < i (), which completes the proof. [
We state the following proposition from Gallego (1992) before proving Proposition 3.

ProrosiTiION EC.1 (Proposition 1 in Gallego (1992)). Let F denote the class of cumula-

tive distributions with finite mean p and variance 0%, and R be a finite constant.

max/(x—R)+dF(:U) = %(\/A2+02—A) (EC.31)

FeF
where A= R — p.

Essentially, this is a one-sided deviation bound. Following a similar proof, we have

ma / (R—2)"dF(z) = %(\/A2 Fo?—A) (EC.32)

FeF

where A =p — R.



e-companion to Author: Capacity Investment with Demand Learning ec9

Proof of Proposition 3. We derive an upper bound of the regret as follows. We first observe

that for any z, y, and z, we have

(z—y)t<(@x—-2T+(E=-y)T. (EC.33)

We have \; ., = N(%;T") from equation (13). To simplify the notations, we similarly define

3 DO, N(n\ir.)—
Sige 2 il0in _ N(AifTa) = N(nA(j —)70) o i=2,3,....J, (EC.34)

nty, s

We observe that Xi)m for y=1,2,...,J, is a sequence of i.i.d. random variables with E (5\”77) =\

and Var (S\i,jm> = 2% From equation (14), we have

nTn

. . + . .
I PN (1 +1)70 T — C1T <)‘i,(ln+1)7'n - Mo) Ty, — ConpioT, — C(npo, nA; 1, )

t
Voo (i) = E B . . Nt .
i=1 + ZJ —lp42 pn/\i,jan —cn (Ai,an - )\i,m> Tn — Con)\i,an

ei,n
(EC.35)
We show analysis for the case where A\; > g for all i, as the analysis for the other case is similar.
+
The expected operating profit from the period l,, + 1, pnA\;7,, —cinE ()\ (n+1)7 u()) T — CoN U Tr,
is positive, as p > c¢; > ¢y. We also note that the lead-time in the unit of time [, satisfies that

l, =1, 7,.Therefore, we have
— Co)n)\i(T —Tn—Ul)—F [C’(nuo, nj\iﬂ_n)]

< + (EC.36)
—C1NTy, ZJ In+2 < 4,JTn _)\iﬂ'n)

I
RHS of (EC.35) > ) m;
i=1

By equation (16), we have the deterministic upper bound

On Zmz{ —co)nA (T — )—C’(nuo,n)\i)}.

Therefore, combining equation (EC.36) and the expression above for Vi | we have the regret

no

Ry =1-V55/Vih,

I Jn
1 . . . . . +
Sv—d Z 1 {(p —co)n\iTy, — C(npg,nA;) + E |C(npyo, n)\l-ym)} +cent, Z E ()\Z-J-Tn - )\i,m) } .
L J=ln+2

(EC.37)

Recall that for the initial capacity position p and target capacity position u', we have C (u,p) =
Ca(p — )" +v.(p—p')". We notice when ~, > 0, we can directly apply (EC.33) and E[—v,(nuo —
n\)T + Yo (npo — nj\i,rn)ﬂ < Elvan(A; — 5\”n)+] When 7, <0, we have E[—v,(npo — nA;)™

Ya(npo — n;\i,m)*] < 0 by Jensen’s inequality. Following the discussions, we have established that
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—CA’(n,uo,n)\i) +FE [C’(n,uo,nj\mn)} < canE(j\iVTn — X))+ ynEN — ;\iyfn)f Therefore, applying
(EC.33), we have

(p— co)nXiTw + canE(Niry — X)) T+ nE(N — Air, )T
RHS of (EC.37) < T Z”M e Y { (AJ - Ai)+ E (AZ— B A”
(EC.38)
From equation (EC.38), it is clear that to derive an upper bound of R, we need to find
upper bounds for £ (S\iJTn — )\i>+ and F ()\i — Xwn) ’ respectively. Recall that F (5\”%> = \; and
Var (5\1 an> = % In the following, we use C; to represent a constant for all ¢, which is independent
of n and 7,.

< +
We first find an upper bound for £ ()\i,m — )\i> . By equation (EC.31), we have

AN
- 2/nt,

< +
For £ ()\i — )\i,m) , by equation (EC.32), we have the following

~ +
E ()\iJTn - )\1> fOI' ] = 17 27 teey Jn' (EC39)

. oV
E()\i—)\im) < 5 (EC.40)
From equation (EC.39) and (EC.40), we have
Cy
RHS of (EC.38) < Ci7, + (EC.41)

N

1

Then the result follows by setting that 7, <n=3. O

EC.2.1.2. Remarks

In this section, we briefly discuss some of the modeling features and assumptions, the rationale
behind them, and the consequences of removing or relaxing them.

General demand process: The optimal policy characterized in Section 4.1 can be applied to
a large class of random variables and demand processes. In our base model, we have finite demand
types and each type is characterized by a demand type parameter. However, our model can be
extended to accommodate more general features. First, demand type ¢ can be characterized by
a vector of parameters 8;. We only require the demand stochastically increases in the demand
type index, i.e., D;|0;, =4 D;|0;, for i; <i,. Thus as long as the demand type forms an ordered
set, our results apply. Second, if there are uncountably infinite demand types, i.e., the prior and
posterior distributions are characterized by a continuous distribution function, Proposition 1 and
2 still hold. That is, assuming the firm decides to adjust the capacity, the target capacity increases

as the likelihood of demand being high increases. As in the base model, the decision to adjust the
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capacity is not monotone in the likelihood. Finally, the optimal policy still holds when the demand
is non-stationary; for example, D;|6; may represent a non-stationary Poisson process with the
mean demand \;(6;) following a Bass diffusion curve where the market size is 6; and the coefficient
of innovation and coefficient of imitation are fixed across all the demand types. In this case, the
random term ¢;|6; represents a “shifted Poisson” distribution, which has mean 0 and variance
Aj(6;).

Censored demand: As the demand beyond capacity is satisfied by an outside option (e.g., out-
sourcing, overtime, or temporarily using the capacity designated for a different product), demand
is fully observed and not censored. However, our model can be extended to accommodate censored

demand. In the case of unobservable lost sales, the posterior distribution can be updated as follows:

m;5.4f5(d;10;) it d
i <
_ ) Sioa[miedi(ds1on)] Hdy=p EC.49
Tj+1 = 7, Pr(D;>p|©=0;) : (EC.42)
T ——ifd; >p
ke [m5kPr(D; > nl0=0;)]

Correspondingly, the firm’s expected profit in one period is changed as follows.

I

R (s, 1) = ZWN-E [pmin{D;, ut} — coput|O© = 6,] (EC.43)

i=1
Then, following a similar process of defining equation (EC.10), we can define the value-to-go func-
tion VF(m;, fi;_1,v;_1). Following a similar proof as that of Proposition 1, we can show that an
optimal policy with similar structure holds.

Fixed cost: If the adjustment decision is associated with a fixed cost, the cost associated with

changing the capacity level from y to p/, denoted by C/(u, u'), is
Clus ') 2 ca(p = )" + KL psop +Ya(i = 1) + KLy sy, (EC.44)

where K is the fixed cost associated with capacity investment, and K is the fixed cost associated
with capacity disinvestment. In this case, the optimal policy remains the same. However, as it
becomes more costly to adjust capacity, the adjustment region shrinks when the fixed cost increases.

Leadtime: Our results can be generalized to the case where the leadtime to invest in capacity
(say, 1) is different from the leadtime to disinvest, [. To see this, first consider the case where [ > [.
In period j, if the firm decides to invest, the invested capacity will be available in period j + .

Therefore, the target capacity position from equation (EC.4) should be modified as

J
ﬁ;(ﬂj) = argmax Z hk: (ﬂ-]v ,u) — Cq 4 . (EC45)

ex,u> -
nelmzpo | 0
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Similarly, if the firm decides to disinvest, the target capacity position should be modified as

pe(mw;) = argmax { Z hk(wj,u)+’ya,u}. (EC.46)

J
HEK,0<n<po h=j+1

Then we define the firm’s value-to-go function f; (m;) when the firm invests to fj(mr;) and the

value-to-go function L (;) when the firm disinvests to I (7;) as follows.

L) = 3 hulmgopo) 3 (o () — e (75 ) — o)
k=j+l k=j+1
L () = 37 i (g0 m3)) =30 (110 — () (BC.47)

Then, we define the value-to-go function when the firm adjusts capacity and the associated target
capacity position as

L% (m;) = max{L; (m;), L% (m;)} and g (m;) = {Za E:ﬁ ;ftﬁr(;éiz L (m;) (EC.48)

When the firm chooses to stay put, the value-to-go function is as follows:
Li(m;) = hyyi(mj, po) + E [ Vi (41 )| 7] (EC.49)

Then following similar proof of Proposition 1 and 2, the same structure of the optimal policy holds.

Alternative demand process in the two-step heuristic: Our results and analysis also hold
for a stationary demand process where the demand in each period, [)jwm“ is a sequence of i.i.d.
random variables, whose mean is n\;7, and variance is n° o?7,. The following corollary shows that
our heuristic is asymptotically optimal with a convergence rate that depends on the variance term,

assuming the variance does not increase too fast with respect to the problem size n, i.e., §; < 2.

COROLLARY EC.1. For a  stationary  demand  sequence  D;|0;, whose  mean
51—2
is n\T, and wvariance is n’lo’t,, if & < 2 and T, X n L for all n,

51—
the two-step heuristic is asymptotically optimal and R!* = O (anQ)

Intuitively, as the variance term increases with respect to the size of the problem, the firm is able
to extract less information per unit time. Therefore, it takes the firm more time to learn about
demand to justify a capacity adjustment.

Proof of Corollary EC.1 The proof is similar to the proof of Proposition 3. Therefore, we only
show the key steps. We derive an upper bound of the regret as follows. To simplify the notations,

we define
y D.16;
>\7:7.an é M for j - 17 27 M Jn (EC-50)

nty
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We observe that 5\i,j-rn for j=1,2,...,J, is a sequence of i.i.d. random variables with (;\@m) =\

Hi,n}

(EC.51)

and Var (5\1',]'%) = ﬁ From equation (14), we have

~ ~ + A ~
i” { P (1 41)7 T — €11 (N (1 41)m — Ho) - To — ConptoTn — C(npo, nXi 7))
1,2

Jn S N Lot N
+ Zj:ln-‘rQ [pnAi,j‘rnTn —Cn ()\i,j‘rn - Ai,Tn) Tn — COn)\i,‘rnTni|

We show analysis for the case where A\; > g for all i, as the analysis for the other case is similar.
The expected operating profit from the period [,, + 1, pn\;7,, —cinE ()\ (n+1)7 ,uo) T — CONO T s

is positive, as p > ¢; > ¢y. Therefore, we have

I { p—co)n\(T—71,—1,)—FE [C“(Wm”j‘w)] } (EC.52)

RHS of (EC.51) ]
Z —CiNTy, Z] ln+2 ( 4,JTn _)\iﬂ'n)+

i=1
By equation (16), we still have the deterministic upper bound

07, ZW“{ —co)nA(T —1;) —C’(npo,n)\i)}.
Therefore, combining equation (EC.52) and the expression above for Vo‘fn, we have the regret
Rts —-1— Vte /V'Od

I Tn

<V§C,ln 2 T {(p — Co)NANiTy — C’(nuo,n)\i) +FE (:“(nuo,nj\iym)} + cinT, j;QE (S\iwn — }\ivm)*} )
(EC.53)

Recall that for the initial capacity position p and target capacity position u’, we have C (') =

Ca(p — )" +v.(p—p')". We notice when ~, > 0, we can directly apply (EC.33) and E[—v,(nuo —

nA)T + Ya(npo — njxi_,n)ﬂ < Elvan(A; — Xi,m)ﬂ. When ~, <0, we have E[—v,(npo — nA;)™

Ya(npto — nX; -, )T] <0 by Jensen’s inequality. Therefore, applying (EC.33), we have

RHS of (EC.53) Vodn Zw“

=1

(p—co)nAiTn + canE(j\i,Tn —A)T+vnE\ — Xi,fn)Jr
-i—clm'n ZJ Ln+2 |:E (}\ivan — Az)+ + FE ()\,L — 5\1',Tn)Jr

[E—

(EC.54)

From equation (EC.54), it is clear that to derive an upper bound of R, we need to find

upper bounds for FE (Xmm — /\i)Jr and F ()\7; — j‘i,m)+ respectively. Recall that F (jxm-m) = \; and
Var (5\17#") = ﬁ In the following, we use C; to represent a constant for all 4, which is inde-
pendent of n and 7,.

We first find an upper bound for F (Xi,jfn — )\i)Jr. By equation (EC.31), we have

for j=1,2,...,J,. (EC.55)

 2ny/T,
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For E ()\i - 5\i77n)+, by equation (EC.32), we have the following

{N o
EMN—XNq) <—F—. EC.56
( ) 2v/n2-01r, ( )
From equation (EC.55) and (EC.56), we have
. C,
RHS of (EC.54) < Cy7, + (EC.57)

Vvn?=oir,
51—2

Then the result follows by setting that 7,, < ns . O

EC.2.2. Capacity investment with multiple adjustment opportunities

EC.2.2.1. Proofs

Without loss of generality, we consider X =Z, in the following proof. In the general case of
K =1{ké:kcZ,}, the following proof holds by defining new decision and state variables ji = f1/§
and fi; £ fi; /0.

LEMMA EC.1 (Lf-concavity preservation). Let S CZ, be a lattice.

(i) If f(v) and g(v) are L*-concave in v, then af(v)+ Bg(v) where a, 3 >0 is also L*-concave.

(ii) If f(v,&) is Li-concave, then g(v) =maxecs f(v,&) is also Li-concave.

Proof of Lemma EC.1 We note the part (i) is trivial. We prove part (ii) below following a
similar approach of Lemma 2 in Zipkin (2008).
If f(v,€) is Li-concave, then we have r(v,&,¢) = f[(v,€) — ((e,1)] is supermodular. Therefore,

we have

Y(v,¢) = g(v —Ce) zrgggf(v—ée,f) zrglggf[(m@r() —((e, 1)] =I?Ea§<7“(v,§+c,é)

= hpax _ r(v,€)

Note the set {(¢,¢) : € >(,e,{ € S} is a sublattice of Z3 . Therefore, the maximum over e is super-
modular following Theorem 2.7.6 in Topkis (1998). As a result, we have g(v) is Li-concave. [

To proceed, we use the following definition of Lovész extension on the hypercube {L,U}" (Lovész
1983, Chen et al. 2014) to obtain a continuous extension of an Lf-concave function. Here, the
hypercube {L,U}" refers to the set {z € Z} : 2; e {L,U},j=1,2,...,n}.

DEFINITION EC.1 (LOVASZ EXTENSION). Given a discrete function f:{L,U}" — R, for any
given point « € [L,U]", let o be the permutation of {1,2,...,n} such that z,1) > Z,@2) > ... > To(n)-
For 0 <i <n, define y(i) € {L,U}" such that y,1)() = Yo2)(%) = ... = Yo(s)(1) = U and y,11)(i) =
Yo(it2) (1) = ... = Yo(n) (i) = L. Let \; be the unique coefficient of y(i),i=0,1,...,n; i.e.,

T = i Xiy(7) (EC.58)
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The Lovész extension f©:[L,U]™ — R of function f at point @ is defined as follows:
Fi@) =" Nif(y(). (EC.59)
=0

The following results are due to Lovéasz (1983) and Murota (2003). We skip the proof of the
lemma and refer interested readers to Murota (2003) and Chen et al. (2014).

LEMMA EC.2 (Concave extension of an L*-concave function).

(i) For a discrete function f defined on a hypercube {L,U}™, its concave envelope is identical to
its Lovdsz extension if and only if f is supermodular.

(ii) For a discrete L*-concave function f, its global extension can be obtained by first obtaining
its Lovdsz extension for every unit hypercube in its domain, and then paste all these extensions

together.

LEMMA EC.3 (Lf-concavity of value-to-go functions). For all j €{1,2,....J —1+1},
(i) H™(w;, 11, 1) is L*-concave in (fi;_1,1).

(it) V"(7;, fi;—1) is Li-concave in fi;_;.

Proof of Lemma EC.3 We first prove part (i). By definition, in order to show HJ"(7;, fi; 1, 1)
is Lf-concave in (fi;_1, /i), we need to show that ¢ (7}, fi;_1, fi,¢) = H™((7;, fij—1, 1) — ¢(0,1,1)] =
H' (w5, 1,1 — ¢, o — ¢) is supermodular in (fi;_1,/,¢). For j =J — 141, it is trivial as
HY (g1, iy — G e —¢) =0. For any j=1,2,...,J — 1, we have H}"(m;,j1;_1 — (, 1 — () =
i (75, — C) — C (f1;-1, ). Note that h;y, (7, i — ¢) is supermodular in (f1,¢) and —C (fi;_1, 1)
is supermodular in (ji, fi;_1), and we have H"(m;, fi;—1 — C, /i — () is supermodular in (fi;_1, iZ,().
Therefore, we have proved that H"(m;, fi;_1, 1) is Lf-concave in (fi;_1, f1).

We next prove part (ii) of this lemma by induction. For period J — [ + 1, we have
Vi (Ty—iq1, fy—1) = 0. Therefore, it is trivial that V™, | (7141, fly—s) is L*-concave in fi;_;.

Assume that for period j + 1, we have that V™ (w1, ;) is Li-concave in fi;. For period j, we

Jj+1

have V™ (75, fij—1) = maxgec {H (705, ij—1, i) + E [V, (I 41, i) |7;] }. By the induction hypothe-

sis and Lemma EC.1 (i), we have E [V (IL; 44, i)|7;] is Li-concave in fi; and therefore it is also
L*-concave in (fi;_1,/1). Note that we have proved that H"(m;, fi;_1, i) is L*-concave in (fi;_1, fi).
Then by Lemma EC.1 (i) and (ii) and the fact that K is also a lattice, we have V™ (m;, f1;_1) is
Lf-concave in ji; ;. O

Proof of Proposition 4 For any j=1,2,...,J —l+1 and any [ € KC, we define

fmgfijo1, o) & HP (75, o, o) + E [V (T, 1) | 5] (EC.60)
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Correspondingly, we denote the Lovész extension of f by fL. By Lemma EC.2 and the definition of

Lovész extension, we note that f is a piecewise linear concave function and we have the following:

Vit (mg, fij—1) = mas f (5, fij 1, f1) = max FE(my, fija, f1) (EC.61)

We next show the optimal policy follows the control band structure. For fi;_4 = 0, we have

f(75,0, ) = by (705, i) — caft+ E [V7} (Tj4a, fi)|7;] and the corresponding Lovdsz extension by

fE (7,0, ). Then we define

Hj('ﬂ'j) = arﬂgeﬁax {f*(m;,0,01)} (EC.62)

As f¥ is the piecewise linear concave envelope for f, we have Bj(ﬂ'j) € K. For any /i, < K (7;),
it is optimal to adjust the capacity up to the level K (7).

For an arbitrary large fi;_1, we have f(m;,fi;—1,/1) = hjq (75, 4) + Yoo + E [Vj”jl(l—IjJrl,/l)hrj]

and the corresponding Lovész extension by f*(m;,fi;_1, /). Then we define J1;(m;) such that

i (m;) = argmax { f*(m;, fi; 1, 1) } (EC.63)

AERy

As f¥ is the piecewise linear concave envelope for f, we have fi;(m;) € K. It is optimal for the firm
to disinvest its capacity to fi;(m;) for all fi; 1 > f1;(m;). As ¢, >0 and ¢, > —7,, it follows that
() > K (7;). Following the concavity of the Lovasz extension of the value-to-go function, it
is optimal for the firm to stay put when Ej(ﬂ'j) < fij—1 < @j(m;). Therefore, we have proved the
optimal policy is a control band policy. [

When the capacity type is continuous, we have the value-to-go functions as follows. For all
je{l,2,...,J =1},

V(7 fij—1) = max E [H" (75, fiy—1, i) + V)3 (T4, ) |75

/1€R+
= max { Ay (152 ) = C (o) + B [V (W o) ]
Vit (7, fij—1) =0 for j > J —1. (EC.64)

The optimal policy for the continuous case extends the result in Proposition 4 and is shown as

follows.

ProposiTION EC.2 (Optimal policy for multiple adjustment with continuous capacity).
Suppose the firm has information vector m; and capacity position [i;_1 at the beginning of period j.
Then, the optimal capacity position, denoted by fi*(;), is characterized by two thresholds Hj(ﬂ'j)
and fi;(7;), such that:

(1) If fr;—1 < 1 (7;), it is optimal for the firm to adjust the capacity position up to fi*(7;) :Hj(ﬂ'j).
(i1) Ifﬁj(ﬂ'j) <fij—1 < pj(m;), it is optimal for the firm to stay put, i.e., *(7;) = fi_1.

(1ii) If fij—1 > p;(m;), it is optimal for the firm to adjust the capacity position down to
i () = i (705).
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Proof of Proposition EC.2. The proof follows in two steps: (1) show V/"(m;,fi;_1) is concave
in the capacity position fi;_; for all j <.J —1[1+1; (2) show the optimal policy follows the control
band structure and find the lower and upper thresholds.

We first show the concavity by induction. For j=J — [+ 1, we have V", (7j_141,f7—1) =0,
and therefore is concave in fi;_;. For j + 1, assume V7 (m;41,/1;) is concave in fi;. It follows

that E [V}”jl(HjJrl,ﬂ)\wj} is concave in [ as the positive combination of concave functions is

concave. Therefore, we have h;y; (75, /1) — co (fi—fi; 1) = 7o (.1 — 1)+ E (Vi (T g, ) |7
is jointly concave in (p,f1). For a jointly-concave function f(x,y) and a convex set ), we have

g(x) =max,ey f(z,y) is concave in . Then it follows that
Vit (ms, fijo1) = max {th (75, 00) = Ca (o= f1j-1) " — Yo (51 — 1) + B [Vi% (Thjqa, ) |75 }

is concave in fi,_;.
We next show the optimal policy follows the control band structure. For fi;_; =0, we define
p(mi) = arg max {hjsi (105, 1) = cafr+ B [ViE (T4, 1) |05 } (EC.65)
LER
For any fi;_; that is sufficiently small, i.e., fi;_; < B, (7;), it is optimal to adjust the capacity up
to the level . (7).
For an arbitrary large fi;_;, we define
Py 5) & argna (o (03, ) + 7+ B [V (U, )] (EC.66)
peR4
It is optimal for the firm to disinvest its capacity to m;(m;) for all ji; , >, (m;). As ¢, >0 and
Ca = —a, it follows that 1i,(m;) > 1 (7;). Following the concavity of the value-to-go function, it is
optimal for the firm to stay put when K, (m;) <p< I (7;). Therefore, we have proved the optimal
policy is a control band policy. O
Proof of Proposition 5. We first note that the likelihood ratio order implies first order stochastic

dominance. To simplify the notations, we define the two functions

G, fij1, 1) = byt (5, 1) = Ca (o= ;1) " — Yo (fijo1 — 1) "+ B VI3 (Tjga, 1) |75
G5(mj, 1) =y (75, 1) + B [V (T, 1) |5 (EC.67)

We observe that V™ (m;, fi;—1) = max; G§(;, fi; 1, it). We also have the fact that G (m;, fi;_1, 1)

is concave in i from Proposition EC.2. To show the two thresholds increase in the information

o . . leld . . .
vector 7, it is sufficient to show that for j=1,....,J —1, —Z(7;, f1;-1, /1) increases in 7; for any

of
N N 8G3 N . . . N N . . .
it # ft;—1, and T;(ﬁj,u), which is a special case when fi = fi;_;, increases in 7;. We prove this by

induction. We present the result for G¢(-) as the proof for G(-) is identical.
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To establish induction basis, let j=J —[. If g <fi;_;_1, we have

0G5 i RS i
g o) = 3 maler(L= Fa(irlfi) = eo] 47 (EC.68)

i=1

. o oG ~ AN e .
Therefore, as D;|0; <5 D;|0; for i <1, we have 8‘;‘1 (my_1,fij_1_1,[1) increases in my_; when
< fiy_;—1. A similar argument establishes the result for the case fi > fi;_;_;.

Suppose that the result hold for all t=j+1,...,J —[. Thus, at period j + 1,

(7‘-34—17/1’]7/1’)

increases in 744 for all /i # fi;. From the induction hypothesis, the two switching curves By (Tj41)
and fi;,1(mj41) increase in ;41 as well. We now show that oG] (7rj,,uj 1, f4) increases in ; for
A -1

For any ji < fi;_1, we have

oGe X v, A
i (705, f- 1,N):Zf:ﬂj,i[cﬁ(l—Fj+l(MT’9i))—COT]+’Ya+E[ o (T, 1)

] (EC.69)

The expression for E(ﬂ'J, ftj—1,ft) when fi > fi;_; is similar. In order to show equation (EC.69)

of

oV
increases in 7, we need to show that E 7“ (ILj41, /)

71',} increases in 7;, which is shown in
two steps.

We first observe that

oym Ca if iy <p,,(7iq1)
+1 ~ BG ~ _
azj (7541, 415) = o (T, 1) if By L) <y <y (40) (EC.70)
—Ya if i, > [ij+1(7j41)

Notice that 6;/{_ (741, f1;) is continuously decreasing in fi;, and p +1(7r3+1) and fi;41(7j41)

. . ovim
increase in ;4. From the induction hypothesis,

Bh L (7 41, f1;) increases in ;4.

Next, we show that IL;;|m; increases in 7r; in the ﬁrst order stochastic dominance sense. Notice
that as 7r; increases in the likelihood ratio order, 7;y, increases in the likelihood ratio order,
which implies that ;4 increases in the first order stochastic dominance. In addition, we have the

stochastic dominance relationship among the demand types, i.e., D;|6; < D,|0; for i < 1. Therefore,

} increases in m;

IT; 1 |7; stochastically increases in ;. Thus, the fact that E V]/jl (41, f2)
immediately follows. It then follows that Ga (71'], ftj—1, 1) increases in 7; for i < fi;;. A similar
argument proves the case for > fi;_,. T herefore, the result holds for period j. [

Proof of Proposition 6. Similar to the proof of Proposition 3, we first find an upper bound of
the regret by finding a lower bound of V{*. To simplify the notations, we define the firm’s expected
profits under the multi-step heuristic (given the demand type J;) in different periods as follows.

gl i,M

We still use 5\i7jm to denote . First, in period [, + 1, the firm’s capacity is still the initial

capacity g, and we have

. +
W n(N) éE{pn)\iy(lnH)an cn ()\ (nt1)r ,uo) T — con,uoTn} (EC.71)
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Second, during period [,, +2 and [,, + 2% — 1, the firm’s capacity level is updated according to the
heuristic. Observing that E[)\;,] = \;, we have the firm’s expected profits as

Kn—1 [ lp+2rt11

m n E Z Z |:pn5\i,j7'n7—n —Ccn (Ai,jrn - )\i,n)+ Tn — COnS\i,nTn] - é (nj\i,m—lv nj\i,l’@)

J=ln+2%F
Kn—1 A oo+ - ~
=Y S p—com 2 —cinr, Y E (Aim - Am) ~E [C (nXino1, nAM)}
k=1 j=ln+28

(EC.72)

Finally, during period I, + 2%» and .J,, the firm makes the last adjustment, and the capacity

maintains at this level for the rest of the time horizon. Then we have

JIn
Win(\) 2E Z [pn;\i,jan —cn (Xid’m — 5\1»7;(") ! T — con/\i,KHTn] - C (nj\iyKn_l, T“L;\LKH)
j=ln+2Kn
In . _ +
=(p—co)n\; (T ;- (2Kn — 1) Tn) —cint, Z E(Ai,m — )‘i,Kn>
j=ln+2Kn
—E [é (X k1, nxi,Kn)] (EC.73)

We show analysis for the case where \; > g for all ¢, as the analysis for the other case is similar.

Because W ,,(A;) >0 as p > ¢; > ¢g, we have

Vo = Zmz{ o)+ W (A + Wi (A } Zwu{ - +Wln()\z)} (EC.74)
Therefore, by equation (20), we have an upper bound of the regret as follows
Ry =1- Vo"ZS/Vod

<7 5 { (0 AT = 1)~ Clns i) ~ W0~ Wi (0]

i=1

(p—co)n\iTn — C’(nyo, n\;) + ZKnl E [C’ (nj\i 15 WG N)}

I
1
:TZWU Kn—1 2511 = 3 3 3 *
‘/O,n =1 +cinT, |:Z Zj Jlr +or 1 ()\z T zn) +Z] In42Kn ()‘iJTn _Ai,Kn> :|
(EC.75)

To find an upper bound for the right hand side of equation (EC.75), we need to find an
upper bound for F (5\2 it — 5\2-7,{)+, EXi—Xis—1)T, and E(\; .1 — A, )" respectively. Note that
E[X\ix] =X\ and Var[\, ] = (2',2% We use C; to represent a constant which is independent of
n and 7, for all 7. By Proposition EC.1 and the inequality of (EC.33), we have

oV oV Cs

o — + N
E )\i j T _)\in SE )\z KE _)\L E >\ _A’LH = S
( sJTn 5 ) ( »JTn ) + ( ) 2 /nTn + n(2fi _ 1)7_71 /77&7}-50 76)
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For k=1, we have

T\t

E (5\1‘,1 - >\i,0)

(Ai — MO)Jr (EC.77)

a
2/,

=E(M1—p0) <EMia =)+ —po)” _2\/\7/%

E (5\1‘,0 - >\i,1)+ =FE (,Uo - /\1,1)+ < (o — )\i)+ +FE ()\i - 5\1‘,1) < (o — )\i)

(EC.78)

By equation (18), for k > 2, we have

- N n(2F1 1 N(n)\; (25 — 1)7,) — N(n\; (251 — 1 - *
B (M= Mo 1)+=E( et [+ A2 L) = VL )Tn)—/\m—1>

n(2% —1)7,
o (N0 - D) = N@aA@ ! = D7) = A2 '\
N n(2% —1)7,
_ (O9Kr—1 __ + _
<E ( (n(2” )T’gz VA2~ Dm) Ai> +E (M= Aiwr)
K— Tn
<oV Uﬁ < & (EC.79)
2¢/n2+ 11, 2\/71 251 — Vn28T,
E (X1 — S\i,rc)Jr < Co (EC.80)

— \/n2cT,
We next apply the inequality (EC.76) to (EC.80) to the right hand side of equation (EC.75),
and gather the items by the outsourcing costs and capacity adjustment costs respectively. Then

we obtain an upper bound of the regret as follows

RHS of (EC.75) < Cq7,, + Cs _|_ Co Z mw(l
n K

ClO
N

The last inequality follows the fact that K, satisfies that (25! —1)7, <T —1,.

S 077-71 +

(EC.81)

By setting 7, < n*%, we obtain an upper bound of the regret on the order of n"3. 0O

Remark: The exponentially increasing time between two consecutive adjustments is important
in establishing the upper bound in the order of n~'/2. To illustrate this, we alternatively consider
another heuristic, where the time between two consecutive adjustments is fixed as 7i7,,, 7 € NT. We
denote the regret under this heuristic as R/®. Following the same logic as in the proof of Proposition

6, it can be obtained that the upper bound of the regret satisfies the following

+) T
RI® < G,y + Oy S 4 0y P oY)
n ST O e
1
<O+ Ciz——— = (EC.82)

1/5 and yield an upper bound in the order of n=/5. It cannot

In this case, the firm should set 7,, <xn~
tighten the upper bound to the order of n~!/3, because the capacity adjustment is too frequent

and the adjustment cost is too high.
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EC.2.2.2. Remark

Our results can be generalized to the case with fixed capacity cost, the capacity reduction is
limited by the current available capacity, and different leadtimes to increase and decreases capacity
as follows.

Fixed cost. If there exist fixed costs with capacity change, we can show that the optimal
policy has state-dependent regions where the firm can alternate between increasing and staying
put (or between decreasing and staying put) multiple times as the initial capacity increases: e.g.,
ISDSD and ISISD. This shows that, with fixed costs, even the fundamental structure such as “the
optimal policy is of an ISD type” no longer holds. This is because concavity (its preservation
under maximum over a convex set), which is the original machinery of proving the optimality of
an ISD policy, no longer holds with fixed costs. To characterize the structure of the optimal policy,
we use weak (K7, K,)-concavity, developed in Semple (2007). For a given information vector, the
structure of the optimal policy is now characterized with several thresholds with respect to the
initial capacity. Specifically, as the initial capacity increases, the optimal policy may switch between
investing and staying put before disinvestment region starts. Likewise, the optimal policy may
alternate between staying put and disinvestment multiple times. We show that these thresholds
are dependent on the information vector, which represents the firm’s belief about demand types.
Thus, we generalize the result of Semple (2007) to the case with an unknown demand type.

The weak (K, K»)-concavity developed in Semple (2007) is as follows, where K; and K, are
given nonnegative constants.

DEerFINITION EC.2 (SEMPLE (2007): WEAK (K, K5)-CONCAVITY). A continuous function
f(z) is weakly (K, K5)-concave on the interval [0, U] if and only if for any two points z,y € [0, U]
with z <y and any X € [0,1],

F(A=Nz+Ay) = (1 =N (f(z) = K2) + A(f(y) — K1) (EC.83)

The concept of weak (K, K;)-concavity allows us to characterize the structure of optimal policy.
If the value-to-go function in one period satisfies the weak (K, K5)-concavity, the structure of the
optimal policy can be shown as the one in Proposition EC.3 below. In addition, it can be shown
that the weak (K, K3)-concavity preserves in the dynamic program, and therefore, we are able to
completely characterize the optimal policy with respect to initial capacity. Below we describe the
details of the optimal policy.

We first define the value-to-go function. We define the cost to adjust capacity from p to p/ with
fixed costs as C(u, i) = ca(' — )t + KL psoy +Ya(t — )" + K1, r=0y- Let the superscript
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mf denote the case of multiple capacity adjustment with a fixed cost and U denote a large constant,
and we have

VM (1, i 1)—M16n[0a>5]{h;+l 7, f1) = C (fij—1, 0) + E [V (T, )| 5] } s

Vi (7, fij1) = 0 for j > J —1. (EC.84)

To simplify notations, we define the value-to-go function assuming the firm can only increase
its capacity, me (7, f1;—1), and the value-to-go function assuming the firm can only decrease its

capacity, V" mf (7, f1;—1) in period j as follows.

—mf

V; (Wjaﬂj—l):ﬂe[%lja)fm{hj—&-l (70, 1) = Calt— fij1) = K as 50y + B [Vi (T, )75 }
K;'nf(ﬂ-jvﬂjfl) Her[él?x 1]{hj+l 7‘-37#) 'Ya(:ajfl_ ) K]l{u] 1— u>0}+E[V (Hg+la )’7‘-3]}
L

(EC.85)
It is immediate that ijf(wj,/lj,l) = max{v;n (75, f45-1), V5" Hmwsy 1)}
To simplify description of the optimal policy, we define the following critical values in period j.
Bj(m;) £ sup{ji € arg max (i (705, 1) = cafi+ E [V (T g, ) |75] 1},

S;(m;) £ inf{ji € arg max (st (105, ) + afi+ B [V (Tga, o) 7e5] ]},

bj(m;) ésup{ﬂiv;nf("wﬂj—l) >V (75, 1), Y- € 10,p)}, if {} empty, set b;(m;) =0,
b3 (m;) S inf{p: V" (w5, ;1) <V (705, 0054), Vi1 € [, U}
s5(m5) Esup{p: V" (75, 051) 2 VI (705, fi51), V1 € [0, ]}

(75)

. —mf N m N N .
sj(m;) Einf{p: V" (w5, ;1) <V Mgy 1), Y1 € (u, U}, if {} empty, set s,(m;) =U.
(EC.86)

That is, given the information vector m;, B;(m;) and S;(m;) represent the largest global invest-
up-to capacity position and the smallest global disinvest-down-to capacity position respectively.
With respect to the optimal policy in period j, we have b;(7r;) is the largest value below which the
firm always invests, bj(m;) is the smallest value above which the firm never invests, s7(mr;) is the
largest value below which the firm never disinvests, and s;(7r;) is the smallest value above which
the firm always disinvests. Following a similar proof of Theorem 2, 3, 4, and 5 in Semple (2007),

we establish the following structure of the optimal policy.

ProposiTION EC.3 (Optimal policy for multiple adjustment with fixed cost). In
period j, given information vector m; and capacity position fi;_, there are two cases.

Case 1: K < K (disinvestment has a higher fived cost.)

(i) fij_1 €1[0,b;(m;)), the firm invests up to B;(m;).
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an

(i) fi;—n € [bj(m;),bi(m;)), the  firm stays put if Vo (my i) =
hivi (75, 05-1) + BV (T, fijo1)|m;).  Otherwise the firm invests up to B;(m;) €
arg maxe(a; ,.v) { Ayt (5, 1) = calit = fy—1) = KLy >0y + B [V (T, 1) |m5]

(i41) fi;-1 € [b5(75),85(m;)], the firm stays put.

(i) i1 € [s5(m;),8;(m;)], the firm stays put if V5 (mj,05-0) = hip(ms, 1) +

[Vﬁ{( IL; 11, f1-1)|7;]. Otherwise the firm disinvests down to S;(m;).

(v) fij—1 € [s;(m;),U], the firm should disinvests to S;(m;).

Case 2: K > K (investment has a higher fized cost.)

(i) f1j—1 €[0,b;(m;)), the firm invests up to B;(m;).

(ii) fyr € [bj(my).b5(my), the firm stays put if V. (mj 1) = hywi(mgfigm) +
E[‘/j”j{(ﬂj+1,ﬂj_1)|7rj]. Otherwise the firm invests up to B;(7;).

(1ii) fij-1 € [b}(7;),s

(iv) fij1 € [si(m;),8;(m;)], the firm stays put if V(w0 fim0) = hjo(mg, o) +
BV (W, i) 5],
argmaxgeqa; ;.0 { Ryt (W5, 0) = Ya (-1 — ) = KL, gm0y + B [V (W, )] -

(v) f1j—1 € [sj(m;),U], the firm should disinvests to S;(m;).

“(m5)], the firm stays put.

|7 Otherwise  the  firm  disinvests — down  to  S;(m;)

m

Note that we have established the optimal policy for the continuous capacity case. When the
capacity is discrete, it remains an open question about how to extend the weak (K, Ky)-concavity
to the discrete case and characterize the optimal policy.

Leadtime. When the capacity reduction is limited by the current available capacity, we show
that the optimal policy is still of the ISD type, where the thresholds will depend on the pipeline
capacity to be installed. The details are provided in Section EC.2.3.

In the baseline model, we assume the leadtime to adjust the capacity is [ periods, which remains
the same for capacity investment and disinvestment. Similar to the discussion in Section EC.2.1.2,
one may expect that the leadtime to invest in capacity, [, might be different from the leadtime to
disinvest, [. In what follows, we establish that when the firm does not actively update its belief
about demand, i.e., the firm’s belief about demand types remains as 7, the decision problem with
different leadtimes can be recast as an equivalent one with the same leadtime following a similar
discussion in Ye and Duenyas (2007). We consider the case where [ > [, and the analysis for the
other case is similar.

Let 11; denote the capacity level in period j after the capacity invested in period j — 1 is installed
and the capacity disinvested in period j — [ is salvaged. Also define ¢/ be the cost to add a unit of

capacity in period j 41 and 47 be the cost to disinvest one unit of capacity in period j +1. Then the
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firm’s capacity adjustment decision problem is to find a sequence of (u1,..., ;) which maximizes

the total profit over the horizon:
max S by () =k (= 1) =9 (1 - )| (EC.87)

where we have ¢/~' = M for all j =1,2,...,] and ¢! = ¢, otherwise; v/t =M for all j =1,2,...,1
and 7?71 =+, otherwise. Here M stands for a very large number. It is immediate that p; = o for
§=1,2,.,0, p; <pjq forall j=1+1,...0, and p; €K for j=1+1,...,J.

Then we define the equivalent optimal value-to-go function as follows: for all j=1,2,...,J,

VI (T, fijo1) = g {hj (my, ) — A7 (= i) =iy — )+ E (VL (1, 1) } ;

Vi (1, i) = 0. (EC.88)

Note the dynamic program has a similar structure as the one in Section 5, we can obtain a similar
structure of the optimal policy following the analysis of Proposition 4 and EC.2. With the optimal
solution of (ji3, ..., 1), the decision the firm should make in period j is as follows. For j =1,2,...,J —
I, invests (5 — fi5_,)"; for j=1,2,...,J — 1, disinvests (7_, —i})".

When the firm actively updates its belief about demand, the capacity adjustment decision
depends on the firm’s information about demand which may be different for increasing and decreas-
ing the capacity for a period because these decisions are made at different times. By tracking a
state vector of the capacity waiting to be installed or disposed between the lead time [ and [ as

well as the belief about demand types, it is possible to show that the optimal capacity adjustment

decision still follows a state-dependent ISD policy in this case.

EC.2.3. Optimal policy when capacity reduction is limited by current capacity

In this section, we derive the firm’s optimal policy to adjust its capacity, when the current available
capacity is the maximum capacity available for making capacity reduction decisions. The model
setting is identical to the one in Section 5, except that the firm cannot reduce its capacity beyond
the current available capacity level.

As the firm can only reduce its capacity from its current available capacity level, the information
states regarding capacity include the current capacity level as well as those in the pipeline. We
denote the capacity vector in period j as pj = (@0, f.15---, ft5,;) Where p; o is the current available
capacity and p;  indicates the capacity increment to be installed or disposed in k periods. As there
is a leadtime of [ periods in adjusting its capacity, the capacity adjustment decision (increasing or
decreasing capacity) will only affect the firm’s profit after the [ periods of leadtime, and the firm
needs to decide the total available capacity after the leadtime, which is denoted by the capacity
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position, . For simplicity, we consider the case where the capacity is continuous. Therefore, we
formulate the firm’s optimal value-to-go function as follows: for all j € {1,2,...,J —(},

l
V(i i—1) = _max {hM (mj, ) —C (Zﬂj—m?ﬂ) + B [V} (T, pg) 5] };
=0

A i1

V(i) =0 for j>J — 1. (EC.89)

J

The capacity states evolve as follows:

g0 = Hj-10+ pj—11 for k=1,....1—1

Hij ke = Hj—1,k+1 for k= ]., ceey -1
!
pia ==Y i for k=1, (EC.90)
i=0
The constraint j > 22:1 ;-1 specifies that the total available capacity [ periods later should
be greater than all the capacity increment waiting to be installed or disposed, which means that if
the capacity is reduced in the current period, the maximum capacity reduction cannot exceed the
current available capacity.
With this additional constraint, we show in the next result that, for a given information vector,

the optimal policy is also of a control band type. This echoes the result in Section 5.

ProrosiTiON EC.4 (Optimal policy for limited capacity reduction). Let m; be the
information vector and fi;_; = Zé:oﬂjfl,k be capacity position at the beginning of period j.
Then, the optimal capacity position, denoted by fi*(7j, j—1), is characterized by two thresholds
p (75, 1) and fi; (705, pj—1), such that:

—J

(1) If f;—1 < Hj(ﬂ'j,/,l,j_l), it is optimal for the firm to adjust the capacity position up to
(ii) Ifﬁj(ﬂ'j,u]’_l) <fij—1 < pj(mj, pj—1), it is optimal for the firm to stay put, i.e., fi* (7, pj—1) =
fj—1-

(1i1) If fuj—1 > fj(mj, pj—1), it is optimal for the firm to adjust the capacity position down to

(5, g 1) = p (705, p—1)-

7 (705, pj—1) = 1 (705, pj—1)-

Proof of Proposition EC.4. The proof is similar to the proof of EC.2 and follows in two steps:
(1) show V™ (m;, u;_1) is concave in the capacity vector p;_; for all j <J —1+1; (2) show the
optimal policy follows the control band structure and find the lower and upper thresholds.

We first show the concavity by induction. For j =J — 1+ 1, we have V", (Ty_i41, s—1) =

0, and therefore is concave in py_;. For j + 1, assume V', (741, 45) is concave in p;. It fol-

Jj+1
lows that F [V,»m

§ " (TLj41, pj)|;] is concave in p; as the positive combination of concave func-

- -
tions is concave. Therefore, we have h;; (m;, i) — ¢, <ﬂ = 22:0 /lzj_Lk) —Ya (Zli:() Mj—1k — ﬂ) +
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E [Y@ﬁl(ﬂﬂl,uj)\ﬂj] is jointly concave in (p;_1,f1). For a jointly-concave function f(x,y) and a

convex set Y, we have g(x) =max,cy f(x,y) is concave in . Then it follows that

ij(ﬂ'j» Mj—l)
JF

1 + !
= _max R (75, 1) — ca (ﬂ - ZM—M) —Ya (Z i1k — /1) + B[V (T, pg)| 5]
i=0 1=0

N i
AZ375—1 M1,k

is concave in pj_q.
We next show the optimal policy follows the control band structure. For Zizl Wi—1e =0, we
define
1 (T, prj—a) = arg max {hjsi (05, 00) = cafi+ E [V (Tjga, 1) |705] } (EC.91)
peER
For any fi;_; that is sufficiently small, i.e., ji;_; < B, (75, pi—1), it is optimal to adjust the capacity
up to the level Hj(ﬂ'j,p,j_l).
For an arbitrary large fi;_;, we define
(g, 1) = argmax  { Ry (5, 0) + e+ B [V (T, py)|ms) } (EC.92)
A= 1k
It is optimal for the firm to disinvest its capacity to fi,(7;, p;j—1) for all iy > 7i;(m;, pj—1). As
ca >0 and c, > —7,, it follows that 7z;(m;, pj—1) > K (7, pj—1). Following the concavity of the
value-to-go function, it is optimal for the firm to stay put when ﬁj(ﬂ'j, Mj—1) < g1 <7 (5, 1)

Therefore, we have proved the optimal policy is a control band policy. [

EC.3. Profit and cost parameter estimations in numerical examples.

We use Production to indicate the total production volume of Ford in 2012, which is approximated
by the wholesale volume of 5,668 thousands units (operating highlights, Ford Motor Company
2012). As estimated by IHS Automotive (P.12, Ford Motor Company 2012), the global automotive
industry production capacity for light vehicles is about 108 million units, which exceeds the global
production by 26 million units. We therefore use the industry capacity utilization Utilization =

10820 — 75.93% to estimated Ford’s total capacity (including all types of products) in 2012 as

Production 5,668 x 103

ity = -
Capacity Utilization 75.93%

= 7,465 x 10*units/year = 622.1 x 10>units/month

e Capacity adjustment cost ¢, and ~,. The capacity adjustment cost ¢, is estimated from the
Amortization of special tools(AST) (P.102, Ford Motor Company 2012). As Ford generally amor-
tizes special tools over the expected life of a product program using a straightline method, we
calculate the expected cost to install one unit of capacity ¢, as

_ASTx§  1861x10°x§ o it
“= Capacity ~ 6221x105 otlars - month/units.
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As the capacity adjustment is often irreversible, we use a coefficient v to measure the irreversibility
and assume 7, = y¢,. In the base analysis, we assume v = 0.1, i.e., it is costly for the firm to
downsize its capacity.

e Capacity overhead cost cg. The overhead cost is estimated from Maintenance and rearrange-
ment expense (MR) (P.102, Ford Motor Company 2012). This cost reflects the firm’s expense to
conduct routine maintenance and repair to keep up its capacity level, and is incurred regardless of

the production location. Therefore, we calculate ¢, as

MR 1,352x10°

= Capacity 7,465 x 103

= 181.1 dollars/units.

e Capacity outsourcing cost ¢;. The outsourcing cost is incurred when the demand exceeds the
installed capacity and therefore has to be satisfied by another facility. Therefore, the capacity
outsourcing cost includes the cost to maintain the extra unit of outsourcing capacity and additional
machine setup and transportation costs, and we denote the cost ¢; = (1 + )cq with > 0. In the
base case, we assume 3= 1.

e Unit profit p. The unit profit is the profit the firm earns from selling a car, excluding the
capacity related cost. We denote the gross revenue by Revenue and the total operating cost by

Cost. Then we estimate the unit profit as

_ Revenue — Cost+ MR+ AST 125,567 — 121,584 + 1,352 + 1,861 "
p= Production N 5,668
= 1,270 dollars/units.

10°

We observe that from Ford Focus’s official website”, a simple average of the starting manufac-
turer suggested retail price (MSRP) for the seven current focus models yields a value of (16,200 +
18,200 + 19,200 + 23,200 + 23,799 + 24,200 + 39,200)/7 = $23,414. We observe that this value
is close to the average retail price estimated from the financial data, Revenue/Production =
125,567/5,668 x 10° = $22,154.

In the numerical analysis, we perform robustness checks with respect to these estimated param-
eters as follows.

Misspecified demand. The base case has assumed three demand types: low, medium and high.
In the low demand scenario, we assume the average demand decreases to 12.21 thousand units per
month. In the medium demand scenario, we assume that the demand remains at the same level
as the demand for the first and second generation. In the high demand scenario, we assume the
average demand has increased to 19.71 thousand units. However, these assumptions may not be
accurate. Therefore, we now analyze the case when the firm has incorrect information about the
demand type and resulting distribution. When calculating the deterministic upper bound, the firm

still has complete information about the demand.
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Table EC.1 Regret for the misspecified demand and cost parameters

Parameters Regret

mean stdev min max
low demand mean 6, 6.02% 0.31% 5.78% 7.711%
high demand mean 0, 5.81% 0.51% 4.32% 6.77%
outsourcing and overhead cost 8= (c¢; —cg)/co 6.08% 0.60% 4.99% 7.71%
downsizing and expansion cost v ="y,/c, 6.01% 0.30% 5.45% 6.92%

Note: The number of observations for each case is 147.

Note that our two-step heuristic does not depend on the firm’s knowledge about the high or
low type demand: The demand information is needed for evaluation and comparison only. In the
analysis, we vary the average demand of low demand type from —20% to 40% in the increment
of 10%, and similar for the high demand type. For each set of demand parameters, we also vary
the prior as (0.2¢,0.25,1 —0.2i — 0.25) where i =0,1,...,5 and 7 =0,1,...,5 —i. We summarize the
test statistics in the first two rows of Table EC.1. We observe that the average regret with respect
to the relaxed upper bound is only about 6% with a range less than 2.45%, which indicates the
performance of the regret is quite robust with respect to the misspecified demand parameters.

Cost parameters. We also analyze the impact of the cost parameter changes on the two-step
heuristic. In particular, we examine this by varying the relative difference between the outsourcing
cost and capacity overhead cost: = (¢; — ¢g)/co fixing ¢o, and the ratio of the downsizing cost to
the expansion cost: 7 =~,/c, fixing c,. In our base case, we have § = (362.2—181.1)/181.1 =1 and
v =448.7/4,487 = 0.1 (see Table 3). Similarly to the misspecified demand scenario, we also vary
the prior as (0.2i,0.25,1 — 0.2 — 0.25) where i =0,1,...,5 and j =0,1,...,5 — 4. In a quite broad
range of 4 (from 0.7 to 1.3) and v (from -0.3 to 0.3), the regret does not change in any significant
manner (see the third and fourth row of Table EC.1). These results show that the heuristic is quite
robust with respect to the cost parameters, as the increase in the regret is smaller than 2.72%

when the cost parameters and the prior vary.
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