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Abstract

To systematically study the implications of additional information about routes provided
to certain users (e.g., via GPS-based route guidance systems), we introduce a new class of
congestion games in which users have differing information sets about the available edges and
can only use routes consisting of edges in their information set. After defining the notion of
Information Constrained Wardrop Equilibrium (ICWE) for this class of congestion games and
studying its basic properties, we turn to our main focus: whether additional information can be
harmful (in the sense of generating greater equilibrium costs/delays). We formulate this question
in the form of Informational Braess’ Paradox (IBP), which extends the classic Braess’ Paradox in
traffic equilibria, and asks whether users receiving additional information can become worse off.
We provide a comprehensive answer to this question showing that in any network in the series of
linearly independent (SLI) class, which is a strict subset of series-parallel networks, IBP cannot
occur, and in any network that is not in the SLI class, there exists a configuration of edge-specific
cost functions for which IBP will occur. In the process, we establish several properties of the
SLI class of networks, which include the characterization of the complement of the SLI class in
terms of embedding a specific set of networks, and also an algorithm which determines whether
a graph is SLI in linear time. We further prove that the worst-case inefficiency performance of

ICWE is no worse than the standard Wardrop equilibrium.

1 Introduction

The advent of GPS-based route guidance systems, such as Waze or Google maps, promises a better
traffic experience to its users, as it can inform them about routes that they were not aware of or
help them choose dynamically between routes depending on recent levels of congestion. Though

other drivers might plausibly suffer increased congestion as the routes they were using become more
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congested due to this reallocation of traffic, or certain residents may experience elevated noise levels
in their side streets, it is generally presumed that the users of these systems (and perhaps society
as a whole) will benefit. In this paper, we present a framework for systematically analyzing how
changes in the information sets of users in a traffic network (e.g., due to route guidance systems)
impact the traffic equilibrium, and show the conditions under which even those with access to
additional information may suffer greater congestion.

Our formal model is a version of the well-known congestion games, augmented with multiple
types of users (drivers), each with a different information set about the available edges in the
network. These different information sets represent the differing knowledge of drivers about the
road network, which may result from their past experiences, from inputs from their social network,
or from the different route guidance systems they might rely on. A user can only utilize a route
(path between origin and destination) consisting of edges belonging to her information set. Each
edge is endowed with a latency/cost function representing costs due to congestion. We generalize

the classic notion of Wardrop equilibrium (I_Mmpl 1955], Beckmann et alJ h%ﬂ] and [Schmeidl

1), where each (non-atomic) user takes the level of congestion on all edges as given and chooses

a route with minimum cost (defined as the summation of costs of edges on the route). Our no-
tion of Information Constrained Wardrop Equilibrium (ICWE), also imposes the same equilibrium
condition as Wardrop equilibrium, but only for routes that are contained in the information set of
each type of user.

After establishing the existence and essential uniqueness of ICWE and characterizing its main
properties for networks with a single origin-destination pair (an assumption we impose for simplicity
and later relax), we turn to our key question of whether expanding the information sets of some
group of users can make them worse off — in the sense of increasing the level of congestion they
suffer in equilibrium. For this purpose, we define the notion of Informational Braess’ Paradox
(IBP), designating the possibility that users with expanded information sets experience greater
equilibrium cost. We then provide a tight characterization of when IBP is and is not possible in a
traffic network.

Our main result is that IBP does not occur if and only if the network is series of linearly
independent (SLI). More specifically, this result means that in an SLI network, IBP can never
occur, ensuring that users with expanded information set always benefit from their additional
information. Conversely, if the network is not SLI, then there exists a configuration of latency /cost
functions for edges for which IBP will occur. To understand this result, let us consider what the
relevant class of networks comprises. The set of SLI networks is a subset of series-parallel networks,
which are those for which two routes never pass through any edge in opposite directions. An SLI
network is obtained by joining together a collection of linearly independent (LI) networks in series.
LI networks are those in which each route includes at least one edge that is not part of any other
route. The intuition of our main result is as follows. To show IBP does not occur in an SLI network,
we show the result on each of its LI parts. A key property of LI networks used in proving our main

result is that for a traffic network with multiple information types if we reduce the total traffic



demand, then there exists a route with strictly less flow. When some users have more information,
they change their routing, redirecting it to some subnetwork A of the original network from some
other subnetwork B (and since the original network is LI, both A and B are also LI). All else equal,
this will increase flows in A and decrease flows in B. By the key property of LI networks, this will
reduce flows in some route in B and since users with more information have access to routes in B,
this rerouting cannot increase their costs. Other users adjust their routing by allocating flows away
from A (since flow in A has increased), which again by the LI property of the subnetwork implies
that costs of some routes in A decrease, establishing “if” part of our main result. The “only if” part
is proved by showing that every non-SLI network embeds one of the collection of networks, and we
demonstrate constructively that each one of these networks generates IBP (for some configuration
of costs).

We should also note that, since SLI is a restrictive class of networks, and few real-world networks
would fall into this class, we take this characterization to imply that IBP is difficult to rule out
in practice, and thus the new, highly-anticipated route guidance technologies may make traffic
problems worse.

Since the class of SLI networks plays a central role in our analysis, a natural question is whether
identifying SLI networks is straightforward. We answer this question by showing that whether a

given network is SLI or not can be determined in linear time. This result is based on the algorithms

for identifyi serles—parallel networks proposed by [Valdes et al.| dlﬂd lSdlmnm.a.lﬁtA dl9_9_d and

If, rather than considering a general change of information sets, we specialize the problem so

that only one user type does not have complete information about the available set of routes and
the change in question is to bring all users complete information, then we show that an IBP is
possible if and only if the network is not series-parallel. It is intuitive that this class of networks is
less restrictive than SLI, since we are now considering a specific change in information sets (thus
making IBP less likely to occur).

Our main focus is on traffic networks with a single origin-destination pair for which we provide
a full characterization of network topologies for occurrence of IBP. In Section 6.4 we consider
multiple origin-destination pairs and use our characterization to provide a sufficient condition on
the network topology under which IBP does not occur.

Our notion of IBP closely relates to the classic Braess’ Paradox (BP), introduced i 1n

and further studied in |Mur_ch].a11d| ﬂlf)_ﬁj and |A.rllQ_‘cL_aJl£LSmal]| dlﬂ9_4| |, which considers whether an

additional edge in the network can increase equilibrium cost. When BP occurs in a network,

IBP with a single information type also occurs (since IBP with a single information type can be

shown to be identical to BP). Various aspects of BP and congestion games in general is stud-

ied 1n|MJ.1r_tha11d| V|19_7d |Stemherg and Zangw1l]| VIlB&i] |Daiﬂeria11d_N_a.gurnev| dl%él '
Vlﬁﬂ M Lwd w VIJXﬁ snez and Stier-M M Meir and Parkggl
M],[Nimmmgmhmﬁ 2014], |C_hﬂnﬁLalJ 12015], andmmmm_ﬂummﬂ 2015]. Our

characterization of ICWE and IBP clarifies that our notion is different and, at least mathematically,




more general. This can be seen readily from a comparison of our results to the most closely related
papers to ours in the literature, Milchtaich ﬂmﬂ, IZOIE] The characterizations in [Milchtaich ﬂﬂl(}d]

imply that BP can be ruled out in series-parallel networks. Since IBP is a generalization of BP, it

should occur in a wider class of networks, and this is indeed what our result shows- indeed SLI is a
strict subset of series-parallel networks. This result also indicates that IBP is a considerably more
pervasive phenomenon than BP. Notably, the mathematical argument for our key theorem is differ-
ent from lMllQhIﬁJ.Ch‘ ﬂZD_Qd] due to the key difficulty relative to BP that not all users have access to

the same set of edges, and thus changes in traffic that benefit some groups of users might naturally

harm others by increasing the congestion on the routes that they were previously utilizing.

Issues related to Braess’ Paradox arise not only in the context of models of traffic, but in
various models of communication, pricing and choice over congested goods, and electrical circuits.
See e.g., ILMMLJ M], l&&hsﬁﬁﬂ ML%TI], Kelly et al, M] andlﬁm&mm.yl M] for
communication networks; the classic works by [Pigo V[192d] and | as well as more
recent works b, LEM&MA ﬂ&(ﬁ], IAcemoglu and Ozdagl Vlﬂleh Ashl m

VELYM] for related economic problems; lEm.nk‘ ﬂl})ﬁlh, ﬂl9_9_lh, and

hen and Jeffri ﬂﬂﬁh for mechanical systems and electrical circuits; and nthal [1973] and

and

ll&TLﬁ‘ | for general game-theoretic approaches. This observation also implies that the results
we present here are relevant beyond traffic networks, in fact to any resource allocation problem
over a network subject to congestion considerations. As pointed out in | and
] the Braess’ paradox and related inefficiencies are a clear and present challenge to traffic
engineers, who often try to restrict travel choices to improve congestion (e.g., via systems such as
ramp metering on freeway entrances).

Other inefficiencies created by providing more information in the context of traffic networks

have been studied in [Mahmassani and Herman V[19§_4| Ben-Akiva et all ﬂl9ﬁl| |Arnott et all ﬂl9_91|
and |L l_um_l m In particular, |Arnott et al J ﬂ_%ﬂ' consider a model with atomic drivers in

which users decide on their departure time and route choice. They show that providing imper-

fect information regarding capacity /delay of roads might be worse than providing no information.

More broadly, inefficiencies created by providing more information in other contexts are studied

in Maheswaran and Bagaz‘ !Iﬂ)jﬁ] ISanghaVi and Haiekl M], Yang and Ha jgk‘ M], Harel et alJ
ﬂZQlAI], lDJlghmJ‘ ﬂZQlAI], andlB‘Qgﬂsﬁ_alJ ﬂZQlEJ], among others.

Because our analysis also presents “price of anarchy” type results, i.e., bounds on the overall level

of inefficiency that can occur in an ICWE, our paper is related to previous work on the price of an-

archy in congestion and related games started by seminal works of IKoutsouDias and Paoadimitriou‘
| andlelghga.r_d_eu_am_Ta.r_dﬂfj MZM] and followed by [Correa. et al. ﬂzoml,[zmﬂ], and [Friedman
|, as well as more generally to the analysis of equilibrium and inefficiency in the variants
of this class of games, including lMﬂghLamh‘ ﬂZ@A_alJﬂ IAQQnghl_eJ_alJ V[2Q0_7] lMamnuﬂ.&Le_t_&LJ
VIJE_TI Nisan et al J !IJ}MI Arnott and Smal LM m Meir and Park@A m and
I.An&hﬂesmh_ej_aﬂ

]. Here, our result is that the presence of users with different information

sets does not change the worst-case inefficiency traffic equilibrium as characterized, for example, in



Roughgarden and Tardod [2002].

The rest of the paper is organized as follows. In Section 2] we introduce our model of traffic
equilibrium with users that are heterogeneous in terms of the information about routes/edges they
have access to, and then define the notion of Information Constrained Wardrop Equilibrium for
this setting. In Section B we prove the existence and essential uniqueness of Information Con-
strained Wardrop Equilibrium. Before moving to our main focus, in Section ] we review some
graph-theoretic notions about series-parallel and linearly independent networks, and then intro-
duce the class of series of linearly independent networks and prove some basic properties of this
class of networks, which are then used in the rest of our analysis. Section [l defines our notion
of Informational Braess’ Paradox. Section [0l contains our main result, showing that Informational
Braess’ Paradox occurs “if and only if” the network is not in the class of series of linearly inde-
pendent networks. Section [7l characterizes the worst-case inefficiency of Information Constrained
Wardrop Equilibrium, and finally, Section [8 concludes. All the omitted proofs are included in the
Appendix.

2 Model

We first describe the environment and then introduce our notion of Information Constrained

Wardrop Equilibrium.

2.1 Environment

We consider an undirected multigraph without self-loops denoted by G = (V, €&, f) with vertex
set V, edge set £, and a function f : & — {{u,v},u,v € V,u # v} that maps each edge to its
end vertices. For the ease of notation we will refer to G as (V,€) and denote an edge e with
f(e) = {u,v} by e = (u,v). We use the terms node and vertex interchangeably. Each edge e € £
joins two (distinct) vertices u and v, referred to as the end vertices of e. An edge e and a vertex v
are said to be incident to each other if v is an end vertex of e. A path p € G of length n (n > 0) is a
sequence of edges e ...e, in € where e; and e;;1 share a vertex. If an edge e appears on a path p,
we write e € p. The first and last vertices of a path p are called the initial and terminal vertices of
p, respectively. If ¢ is a path of the form e,y ... e,,, with the initial vertex the same as the terminal
vertex of p but all the other vertices and edges of ¢ do not belong to p, then ey ...epep41 ... €y 18
also a path, denoted by p + ¢. For a path p and two nodes v and u on it, we denote the section of
path between u and v by pys-

Throughout the paper, we focus on an undirected multigraph G = (V,&) together with an
ordered pair of distinct vertices, called terminals, an origin O and a destination D, referred to
as a network. A subnetwork of G is defined as (V’,£’), where V/ C V and & C & and for any
e = (u,v) € £, we have u,v € V/. We assume that each vertex and edge belong to at least one
path between the initial vertex O and the terminal vertex D. This assumption is without loss of

generality because the vertices and edges that do not belong to any path from O to D are irrelevant



for the purpose of sending traffic from O to D. Any path r with O as the initial vertex and D as
the terminal vertex will be called a route. The set of all routes in a network is denoted by R.

We suppose there are K > 1 types of users (we use the terms users and players interchangeably)
and use the shorthand notation [K] = {1,..., K} to denote the set of types. Each type i € [K] has
total traffic demand s; € R, and we denote the vector of traffic demands by si.x = (s1,...,5K).
For each type 7, we use & C & to denote the set of edges that type i knows and R; to denote the
routes formed by edges in &; (assumed non-empty). We refer to & or R; as type i’s information
set. We use &1.x = (&1,...,EK) to denote the information sets of all types.

We use f() = (fri) . 7 € R;) to denote the flow vector of type i, where for all r € R;, fT@ >0
represents the amount of traffic (flow) that type i sends on route 7. We use f(1E) = (D f(K))
to denote the flow vector of all types. Each edge of the network has a cost (latency) function
ce : RT — R™ which is continuous, nonnegative, and nondecreasing. We denote the set of all cost
functions by ¢ = {c. : e € £}. For instance, if all the cost functions are affine functions, then for any
e € £, we would have ¢ () = aex+be, for some a.,b. € RT. We refer to (G, £1.x, s1.x, €) as a traffic
network with multiple information types. A feasible flow is a flow vector f1H) = (f @ ))
such that for all i € [K], f is a flow vector of type i, i.e., f® : R; - Rt and Y oreRs fri) = s;.
We denote the total flow on each route r by f,, i.e., f,. = Zfil fT@.

2.2 Information Constrained Wardrop Equilibrium

The cost of a route r with respect to a flow (f(l), e ,f(K)) is the sum of the cost of the edges
that belong to this route, i.e., ¢,.(f(15)) = Y ecr Ce(fe), where f. denotes the amount of traffic that
passes through edge e, i.e., fe = > cr . cep [r-

We assume flows get allocated at equilibrium according to a “constrained” version of Wardrop’s
principle: flows of each user type are routed along routes in her information set with minimal (and

hence equal) cost. We next formalize this equilibrium notion.

Definition 1 (Information Constrained Wardrop Equilibrium (ICWE)). A feasible flow
fEE) = (£ )Y is an Information Constrained Wardrop Equilibrium (ICWE) if for every
i € [K] and every pair r,7 € R; with f#i) > 0, we have

er (fUF) < (£, (1)

This implies that all the routes in R; with positive flow from type ¢ have the same cost, which is
smaller or equal to the cost of any other route in R;. The equilibrium cost of type i, denoted by ),
is then given by the cost of any route in R; with positive flow from type i. Note that the Wardrop
Equilibrium (WE) is a special case of this definition for a traffic network with a single information

type, i.e., K = 1.

We next provide an example that illustrates this definition and how it differs from the classic

Wardrop Equilibrium.



Figure 1: Example of a network with edge cost functions given by ce, (z) = ce,(z) = ce(x) = @
and ce, (z) = ce, () = ce, () = 1+ az and c., = az for some a > 0.

Example 1. Consider the network G = (V, ) given in Figure [l with s; = s, so =1 — s, and the
cost functions specified in Figure [[l There are 5 different routes from origin to destination, which
we denote by 11 = ejegeq, 9 = ejeses, r3 = egeszeyq, 14 = €geges, and r5 = eger. We let £ = £ and

&y = {eg, er}, which results in Ry = {ry,rs,73,74,75} and Re = {rs5}, respectively.

o [f s < 32:2[111’ ICWE is j}gll ) = 5 and j}gf ) = 1—s. The equilibrium cost of type 1 is ¢! =
e (f12)) = s+ as +s = s(a+ 2). The equilibrium cost of type 2 is ¢ = ¢, (f1?)) =

(I—s)+(1+a(l—s))=(1-s)(1+a)+ 1. Hence, the equilibrium cost of type 1 and type

2 users need not be the same.

o If s > 32:2[111’ ICWE is f7§11) = 32:2651, T(sl) = s — 32:2‘; > 0 and f7§52) = 1 — s, which give

2
) =@ = (?ai;l . This illustrates that when different types use a common route in an

equilibrium, their equilibrium costs are the same.

3 Existence of Information Constrained Wardrop Equilibrium

In this section, we show that given a traffic network with multiple information types (G, £1.x, 1.k, €),
an ICWE always exists and it is “essentially” unique, i.e., for each type, equilibrium cost is the
same for all equilibria. Our proof for existence and essential uniqueness of ICWE relies on the

following characterization, which is a straightforward extension of the well-known optimization

characterization of Wardrop Equilibrium (see Mmannﬂ_aﬂ ﬂlB.Sd] and [Smmb| ﬂlﬂd])

Proposition 1. A flow f5) s an ICWE if and only if it is a solution of the following optimization

problem:

K
fe:Z Z fr(l)a

i=1reR,; : eer

Z f9 = s, and f9 >0 for all v € R;. 2)
reR;



We call 3 ¢ fo ce(z)dz the potential function and denote it by ®.

Using the characterization of ICWE as the minimizer of a potential function, we can now show

the existence and essential uniqueness.

Theorem 1 (Existence and Uniqueness of ICWE). Let (G,&1.x, s1.x,¢) be a traffic network

with multiple information types.

o There exists an ICWE flow f&K) = (f0 | fK)),

o The ICWE is essentially unique in the sense that if f&5) and fO5) are both ICWE flows,
then ce(fe) = co(f.) for every edge e € E.

Remark 1. Asshown in|Milchtaich M], Gairing et alJ M], and Mavronicolas et alJ M] the

essential uniqueness of equilibrium does not hold for multiple type congestion games where different

types of users have different cost functions for the same edge. This class of congestion games is also
referred to as player-specific congestion games. Several conditions on the edge cost functions and

network topology have been proposed to guarantee the existence of an essentially unique equilibrium

(see [Konishi et all [1997], Voorneveld et all [1099], Milchtaichl [2005], Mavronicolas et all [2007),
Georgiou et alJ M and |Gairing and Klimm m In particular, [Milchtai Qﬂ m | provides

sufficient and necessary conditions on the network topology under which an essentially unique

equilibrium exists. [Mavronicolas et alJ M] and |Georgiou et alJ M] show that when the edge

costs are affine functions and differ by a player-specific additive constant, then an equilibrium exists.

Our model is a special case of a player-specific congestion game in which the cost of an edge e for
a type 7 user is c.(-) if e € & and oo, otherwise. Therefore, the results of Mamnmd@w_aﬂ ﬂZD_Olh

and rei 1. |2009] can directly be used to establish the existence of an equilibrium in our

model. For completeness, we provide an alternative proof of Theorem [Ilin the Appendix [Q.1] based

cdﬁe classical results of Beckmann et alJ M], Sghmeidlgzl M], Smitﬂ M], and
]

Theorem [I] assumes that the cost functions are non-decreasing. If we strengthen this as-

sumption to strictly increasing cost functions, then the results of |Bm1ghgard&u_am1ardgsj ﬂZDQj],
Mavronicolas et alJ M], and |Georgiou et alJ M] show that the essential uniqueness result can

be strengthened. In this case, the total flow on any edge at any equilibrium would be the same.

4 Some Graph-Theoretic Notions

In this section, we first present two classes of networks namely series-parallel and linearly in-
dependent networks which we use in our characterization of IBP. In preparation for our main
graph-theoretic results, we also present equivalent characterizations of these networks and delin-
eate the relations among them. Finally, we define a new class of networks termed series of linearly

independent and present a characterization for it in terms of embedding of a few basic networks.



Definition 2 (Series-Parallel Network (SP)). A (two-terminal) network is called series-parallel

if two routes never pass through an edge in opposite directions. Equivalently, as was shown by

|Rj£1rdail_aJl£LS_bannm]| ﬂl%j], a network is series-parallel if and only if

(i) it comprises a single edge between O and D, or

(ii) it is constructed by connecting two series-parallel networks in series, i.e., by joining the

destination of one series-parallel network with the origin of the other one, or

(iii) it is constructed by connecting two series-parallel networks in parallel, i.e., by joining the

origins and destinations of two series-parallel networks.

As an example, the networks shown in Figure and Figure 2d are series-parallel networks,
while the network shown in Figure 2al is not series-parallel. The reason is that two routes ejeseq
and eseses pass through the edge es; in opposite directions.

An important subclass of series-parallel networks are linearly independent networks.

Definition 3 (Linearly Independent Network (LI)). A (two terminal) network is called

linearly independent if each route has at least one edge that does not belong to any other route.

Equivalently, as was shown by [Holzman and Law—ygné M], a network is linearly independent if

and only if

(i) it comprises a single edge between O and D, or

(ii) it is constructed by connecting a linearly independent network in series with a single edge

network, or
(iii) it is constructed by connecting two linearly independent networks in parallel.

This class is termed linearly independent because of an algebraic characterization of the routes
when viewed as vectors in the edge space. In particular, for any r € R, let v, € F‘f' be v, =

(v} ...,fu?‘fgl), where v!. = 1 if e; € r and 0, otherwise. A network G is LI if and only if the set of

vectors {v, : 7 € R} is linearly independent (see Milchtaich ﬂmﬁ] and Digﬁi}gi dﬁlOd])

As Definitions Bland Bl make it clear, the class of linearly independent networks is a subset of the

class of series-parallel networks. An alternate characterization of linearly independent and series-
iarallel networks is based on the “graph embedding” notion, shown by|D41ﬂin| ﬂl9ﬁ_d] and |M1].lead_cb|

|, respectively. We next define a graph embedding and then present these characterizations

which will be used later in our analysis.

Definition 4 (Embedding). A network H is embedded in the network G if we can start from
H and construct G by applying the following steps in any order:

(i) Divide an edge, i.e., replace an edge with two edges with a single common end node.

(ii) Add an edge between two nodes.



Figure 2: Networks that cannot be embedded in SP and LI networks: Network (a) is not embedded
in SP networks, Networks (a),(b), and (c) are not embedded in LI networks.

(iii) Extend origin or destination by one edge.

Proposition 2. (a) J:Mdﬁ_hﬁl_md M]] A network G is LI if and only if none of the networks

shown in FigurelQ are embedded in it. Furthermore, a network G is LI if and only if for every

pair of routes r and v’ and every vertex v # O, D common to both routes, either the section

Tov 1 equal to T, or Typ is equal to T .

(b) J'Quﬁd J]Qéd] and Mz’lchtgicd M// A network G is SP if and only if the network shown in

Figure is not embedded in it. Furthermore, a network G is SP if and only if the vertices

can be indexed in such a way that, along each route, they have increasing indices.

This proposition shows that series-parallel networks are those in which the network shown in
Figure 2al which is referred to as Wheatstone network (see ]), is not embedded. LI
networks, in addition, also exclude embeddings of series-parallel networks that have routes that
“cross”as indicated in Figure 2b] and Figure 2d

We now introduce a new class of networks, which we refer to as series of linearly independent
networks (SLI).

Definition 5 (Series of Linearly Independent Network (SLI)). A (two-terminal) network

G is called series of linearly independent if and only if
(i) it comprises a single linearly independent network, or
(ii) it is constructed by connecting two SLI networks in series.

A biconnected LI network is called an LI block, where a graph is biconnected if it is connected and
after removing any node and its incident edges the graph remains connected (see MMM_MD.H;I
, Chapter 3]). Equivalently, a network G is SLI if and only if it is constructed by connecting
several LI blocks in series (see Appendix [0.2.1] for a formal proof). We refer to each of these blocks
as an LI block of SLI network G.

We next provide a new characterization of SLI networks in terms of graph embedding using the

characterizations for SP and LI networks presented in Proposition 21

Theorem 2 (Characterization of SLI). A network G is SLI if and only if none of the networks

shown in Figure [3 are embedded in it.
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:

( ) (b)
(e) ( ) (2) (h) (i)

Figure 3: Networks that cannot be embedded in SLI networks.

The class of SLI networks is a subset of series-parallel networks and a superset of linearly
independent networks. This class plays an important role in our characterization of networks that
exhibit IBP. [Valdes et a!J ﬂ_lQ_Z(J] provided an algorithm to determine whether a given network is
SP in O (|€] + |V]) steps based on a tree decomposition of SP networks. This leads to the question

whether one can find a linear time algorithm (i.e., linear in the number of vertices and edges) to
recognize an SLI network. We next use the results of [Valdes et alJ ﬂlﬂd] to show that we can

recognize whether a given network is SLI in linear time.

Proposition 3. There exists an algorithm that can determine whether a given network G is SLI

in O(|E]+ V).

5 Informational Braess’ Paradox

We first present the classical Braess’ Paradox (BP) which is defined for a traffic network with single
type of users with & = &, denoted by (G, &1, 51, ).

Definition 6 (Braess’ Paradox (BP)). Consider a traffic network with single information type
(G, &1, s1,¢). BP occurs if there exists another set of cost functions ¢ with é.(x) < ¢.(z) foralle € £
and x € RT, such that the equilibrium cost of (G, £y, s1,¢€) is strictly larger than the equilibrium
cost of (G, &1, s1,¢).

BP refers to an unexpected increase in equilibrium cost in response to a decrease in edge
costs. We next discuss the Informational Braess’ Paradox (IBP), which arises when providing more

information to a subset of users in a traffic network increases those users’ costs.

Definition 7 (Informational Braess’ Paradox (IBP)). Consider a traffic network with mul-
tiple information types (G, &1.x, S1.x, ¢). IBP occurs if there exist expanded information sets (‘,:1; K
with & Cc & C £ and & = &, for i = 2,...,K, such that the equilibrium cost of type 1 in
(G,gl;K, S1:.K,¢) is strictly larger than the equilibrium cost of type 1 in (G, &1.x, 1.5, ¢). We de-
note the equilibrium cost of type i € [K| before and after the expansion of information sets by )

and ¢, respectively.
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The choice of type 1 users in this definition is without loss of generality, i.e., we assume that the
information set of only one type expands and the information sets of the rest of the types remain
the same. In comparing IBP to BP, first note that BP occurs in a network if and only if a special
case of BP occurs in which we decrease the cost of one of the edges from infinity to its actual
cost, i.e., equilibrium cost increases by adding a new edge to the network. The “if ”part holds
by definition and the “only if ”part holds because the special case of BP occurs in Wheatstone
network (as presented in Example[2(a)) and Wheatstone network is embedded in any network that
features BP as shown by IM@H M] In light of this, it follows that the occurrence of IBP

is a generalization of that of BP since addition of a new edge to the network can be viewed as

expansion of the information set of a type to include that edge in a traffic network with single
information type.
The next example shows that IBP occurs in all networks shown in Figure [B] i.e., all the basic

networks that are embedded in non-SLI networks.

Example 2. In this example we will show that for all networks shown in Figure Bl there exists

an assignment of cost functions along with information sets for which IBP occurs.

(a) IBP occurs for Wheatstone network shown in Figure Bal This follows from the occurrence of

BP on Wheatstone network as shown in
sake of completeness in Appendix [9.3.1]

We will provide the example for the

(b) Consider the network shown in Figure BH with cost functions given by c, (z) = 3z, ce,(z) =
T4 3, cey(x) = 32, ¢y (x) = 2 and ¢, (x) = z. The information sets are £ = {e2, 3, €5},

Ey ={e1,eq,e5}, and & = {e1,e9,e3,e5}. For s = % and sy = 1, the equilibrium flows are

3 10
&, =102 =040, = S0 =
- R ~ ) 6 -
fe(lg‘l - O’fe(s) = 1’fe(223 = vae(123 - Z’ 6(5) - Z
The resulting equilibrium costs are ¢(!) = ¢(2) = % and e — &2 — %' Since &1 > (), IBP

occurs in this network. The main intuition for this example is as follows. After adding ey to
&1, type 1 users will no longer use eseg and instead redirect part of their flow over ejeg. This
in turn will increase the cost of ejey for type 2 users, and induce them to redirect all their
flow from ejey to e5. In balancing the costs of ejes and es for type 1 users, their equilibrium

cost goes up.

(c) Finally, for the networks shown in Figures Bd Bdl Bel Bf Bg} BLl, and Bl IBP occurs if we use

the same setting as part (b) and include extra edges in all information sets with zero cost.

Remark 2. In Appendix @.32] we show that Example RI(b) is not degenerate and provide an
infinite set of (affine) cost functions for which IBP occurs in this network. Similar to Example 2{(c),
this argument extends to show that there are infinitely many cost functions for which IBP occurs

in networks shown in Figures Bd..., Bl Finally, for the network shown in Figure [Bal there are
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infinitely many cost functions for which BP occurs when edge e5 is added, hence IBP occurs as well

(see e.g. [Steinberg and Zangwili ML%A])

In a seminal paper, Milghi;aigﬂ ﬂl@ﬁ] provided necessary and sufficient conditions on the network

topology under which BP occurs. In particular, [Mi i | showed that for a given traffic

network with single information type (G, &1, s1,¢), BP does not occur if and only if G is SP. That
is, if G is SP, then for any assignment of cost functions ¢ and traffic demand, BP does not occur,
and if GG is not SP, then there exists an assignment of cost functions ¢ for which BP occurs.

We next investigate conditions on the topology of the network under which IBP occurs. Similar
to the characterization provided by [Milchtaich M], we will identify classes of networks for which

IBP does not occur regardless of the cost functions of the edges. Since, as already noted, IBP

is a strict generalization of BP, we will see that IBP can occur in a broader class of networks,
underscoring the problem mentioned in the introduction that IBP is likely to be a more pervasive

problem.

6 Characterization of Informational Braess’ Paradox

In this section, after establishing the key lemmas which underpin the rest of our analysis, we provide
our main characterization of IBP. In Subsection we provide a characterization for IBP for a
more restricted type of change in information sets. We conclude this section with a discussion of

extensions of our results to multiple origin-destination pairs.

6.1 Three Key Lemmas

The following lemmas identify properties of the traffic network consisting of heterogeneous users

over an LI network.

Lemma 1. (a) Given an LI network G , let FEE) and fOE) be two arbitrary non-identical
feasible flows for two traffic networks (G, &1.x, $1.x,¢) and (G, &1.x,51:k,C), respectively. If
Zfil si > Zfil Si, then there exists a route r such that Zfil f,gl) > Zfil frl) and fo > fe,
forall e € r.

(b) Given an LI network G, let ¢V and &%) denote the equilibrium cost of type i € [K| users in
traffic networks (G, &1.x, $1.x,¢) and (G, glzK,sl;K,c), respectively. If & C & and & = &,
fori=2,... K, then there exists some i € [K| such that &%) < (@),

This lemma directly follows from Milghl;aigﬂ m, Lemma 5 and Theorem 3]. The first part
of the this lemma shows that in an LI network, if the total traffic increases, then there exists at
least one route whose flow strictly increases, and the flow on each of its edges weakly increases.
The second part shows that in an LI network, if we expand the information set of type 1 users,
then the equilibrium cost of at least one of the types does not increase. In fact, a similar argument

shows that even if we expand the information set of multiple types, then the equilibrium cost of at
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least one of the types does not increase (see |M1]£;bIaJ_Qb| ﬂZ_OD_d, Theorem 3]). Note that this result is
not sufficient for establishing that IBP does not occur over LI networks because what we need to

establish is that it is the equilibrium cost of type 1 users that does not increase. For completeness,

in Appendix @41l we show how this lemma follows from the results of Milchtai M]

The next lemma shows a property of equilibrium flows and equilibrium costs in a network which
is the result of attaching two networks in series. We use the following definition to state the lemma.
Suppose f1F)
G5 in series. We denote the attaching point of G; and Gy by D;. The restriction of f35) to G4

(similarly to G) is defined as fOK) =(f FO L fE )) where the flow of type ¢ on any route 7 in

is a feasible flow for (G, &1.x,81.Kx,¢) where G is the result of attaching G; and

(G is the summation of the flows of type ¢ on all routes of G which contain 7. Formally, for any
i € [K] we have f(i)( ) = ZreR f( (r), where R;(7) = {r € R; : rop, = 7}. Note that FOE)

is a feasible flow on G;.

Lemma 2. (a) If G is the result of attaching two networks Gy and G in series, then the restric-

tion of an equilibrium flow for G to each of G1 and G is an equilibrium flow.

(b) If G is the result of attaching two networks G1 and Gy in series, then the equilibrium cost of
any type on G is the summation of the equilibrium costs of that type on G1 and G.

The third lemma shows our key lemma that we will use in the proof of Theorem Bl Intuitively,
this lemma states that in an LI network, if we decrease the traffic on one subset of routes R 4 of the
network and reroute it through the rest of the routes in the network, denoted by Rp = R\ R 4, then
the maximum cost improvement over all the routes in R4 cannot be smaller than the minimum
cost improvement over all the routes in Rp. This result will enable us to establish that in an LI or
SLI network, the reallocation of traffic due to one type of users obtaining more information cannot

harm that type.

Lemma 3. Given an LI network G, we let R4, R # 0 denote a partition of routes R, i.e.,
Rp =R\ Ra. Welet fEK) and FEE) e two feasible flows for traffic networks (G, &1k, 51:K,€)
and (G, &1k, .§1 K, c), respectively. For these two flows, we let the traffic over Ra and Rp be s4 =

ZT‘GRA ZZ 1 fT’ ’ SA - ZTERA Zz 1 7“ 7 - ZTGRB Zfil 751)’ and §B - ZTE’RB Zfil f’“Z)' If

54 <s4 and sg > sp, then we have

max{c, — ¢} > min {c, — C
reRa {er =} reRp {er =&t
where for any route v, ¢, and &, denote the cost of this route with flows fY5) and fOK) | respec-

tively.

Before proving this lemma for a general LI network, let us show it for the special case where
G consists of parallel edges from O to D. In this case R4 and Rp are two disjoint sets of edges
from O to D. Since 54 < s4, there exists an edge e4 in R4 such that fe 4 < fe,. Similarly, since

$p > sp, there exists eg € Rp such that feB > fep- Since the cost functions are nondecreasing,
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we have

max {c, — &} > coy(fen) = Cea(fes) 20> cep(fep) = Cep(fep) = min {e, — &},
reER A reRp

which is the desired result. The proof for the general case is by induction on the number of edges

and is included next.

Proof. We first note a consequence of Proposition

Claim 1: If a network G is LI then for any vertex v, either the sections from O to v of all routes
that pass through v (which consists of v and all the vertices and edges preceding it on the route)
are identical or the sections from v to D of all routes that pass through v (which consists of v
and all the vertices and edges succeeding it on the route) are identical. Consider a route r that
passes through v. First, note that since G is SP, part (b) of Proposition [l implies that the only
common node of ro, and r,p is v. Also, the only common node of 7y, and 7/, is v. Claim 1
follows since if the contrary holds, then there exist two routes r = ro, + ryp and 7’ = rp, + 7l
with a common vertex v such that ro, # rp), and r,p # 7. This contradicts the statement of
part (a) of Proposition 2

We now prove Lemma [3] using induction on the number of edges. For a single edge it evidently

holds. For a general LI network, we have the following cases:

e There exists 7 € R4 such that ¢, > ¢, and ' € Rp such that ¢,» < ¢. This leads to

g%{cr — G266 —6>20>c¢p — & > rlélvizng{cT — G},

which concludes the proof in this case.

e For any r € R4, we have ¢, < ¢.. We break the proof into three steps.

Step 1: There exists a route r € R4 and an edge e € r with the following properties: (i)
The flow on r from 54 is less than or equal to the flow on 7 from s4. (ii) The flow on e from
Sp is larger than the flow on e from sp and the flow on e from 54 is less than or equal to the

flow on e from s4.

This step follows from invoking part (a) of Lemmal[ll Since §4 < s4, using part (a) of Lemma
[ there exists a route r € R4 such that the flow on each edge of r from 54 is less than or
equal to the flow from s4. However, we know that the overall cost of any r € R4 has gone
up, i.e., ¢, > ¢,.. This implies that there exists an edge e € r such that the flow from §p on e

is more than the flow from sg on e.

Step 2: Let R, denote the set of routes using edge e = (ue,v.) as defined in Step 1. R, has
the following properties: (i) Either there exists a vertex D’ € V such that all routes r € R,
have a common path from O to v, and a common path from D’ to D, or there exists a vertex
O’ € V such that all routes r € R, have a common path from u, to D and a common path

from O to O'. Without loss of generality, we assume it is the former case. (ii) There exists
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a subnetwork G’ with origin O’ = v, and destination D’ such that for the restricted parts
of R4 and Rp over G’, denoted by R/; and R'5, if we let 4, §,, s’5, and § to denote the
corresponding traffic demands on R’y and R'y, then we have §, < sy and §5 > s5.

Using Claim 1, for an edge e = (ue,ve) either there is a unique path from O to v, or there
is a unique path from v, to D; we assume without loss of generality it is the former case.
We let D’ to be the first node on route r such that all routes in R, coincide from D’ to D.
Therefore, all routes r € R, have a common path from O to v, and a common path from D’
to D, showing the first property.

We next show that the subnetwork consisting of all routes from v, to D’, denoted by G,
satisfies the second property. To see this, note that the flows on G’ are only the ones that are
passing through edge e. From Step 1, we know that the flow on e from Sp is larger than the
flow on e from sp and the flow on e from 54 is less than or equal to the flow on e from s4,

showing the second property.

Step 3: Using steps 1 and 2, and induction hypothesis for G’, we will show that

e mekz g le—ak
First note that R, N R4 # () since r € R4 and e € r. Furthermore, R, N Rp # 0, since as
explained in Step 1, the flow on e from 3p is strictly positive. This in turn shows that R',
and R’z are nonempty. Using Step 2, all the conditions of Lemma [ hold for subnetwork G'.
Therefore, we can use the induction hypothesis for LI network G’ to obtain

max{c, — ¢} > min {¢, — G }.

reR’A{ " = reRjB{ " r}
Using Step 2, for all the routes in R, the costs of going from O to O’, denoted by co/_,o are

the same. Similarly, the costs of all routes in R, going from D’ to D, denoted by cpr_,p are

the same. Therefore, we have

max{c, — ¢} > max_ {c¢, — &} = (coso — Cosor) + max{c, — &} + (epp — ¢prp)
re€RA r reR/,

ERANR.
- o . L L _ . xS i L
> (coor — Co—or) + TH€1712I’]13 {¢ =&} + (cp=p — Ep—p) e gggne{cr G} > Jmin {ev — &},

which concludes the proof in this case.

For any r € Rp, we have ¢, > ¢.. The proof of this case is similar to the previous case. We

state the three steps without repeating the reasoning for each of them.

Step 1: There exists a route r € Rp and an edge e € r with the following properties: (i)
The flow on r from §p is larger than or equal to the flow on 7 from sp. (ii) The flow on e
from §4 is smaller than the flow on e from s4 and the flow on e from §p is larger than or

equal to the flow on e from sp.
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Step 2: Let R, denote the set of routes using edge e = (u,,v.) as defined in Step 1. We have
the following properties: (i) Either there exists a vertex D’ € V such that all routes r € R,
have a common path from O to v, and a common path from D’ to D, or there exists a vertex
O’ € V such that all routes r € R, have a common path from 1, to D and a common path
from O to O'. Without loss of generality, we assume it is the former case. (ii) There exists
a subnetwork G’ with origin O’ = v, and destination D’ such that for the restricted parts
of R4 and Rp over G’, denoted by R/ and R'y, if we let 4, §4, sz, and & to denote the

corresponding traffic on R’y and R'5, then we have §y < 'y and §5 > 5.

Step 3: Again, using steps 1 and 2, and induction hypothesis for G, we have

g%i{cr — &} > %izr;{cr — &}y

which completes the proof.

6.2 Characterization of Informational Braess’ Paradox

We next present our main result, which states that IBP does not occur if and only if the network
is SLI. The idea of this result, as already discussed in the Introduction, is the following. To show
the “if” part, we note that using Lemma [2 it suffices to show IBP does not occur in LI networks.
Consider an expansion of the information set of type 1 and the new equilibrium flows. If the

equilibrium cost of type 1 increases, then ICWE definition implies the following:

e Consider all types with increased equilibrium costs (including type 1). All routes used by
these types (in the equilibrium before information expansion) have higher costs in the new

equilibrium.

e Consider all types with decreased equilibrium costs. All routes used by these types (in the

equilibrium after information expansion) have lower costs in the new equilibrium.

Using these two claims, it follows that the total flow sent over the routes with higher costs is lower,
and the total flow sent over the routes with lower costs is higher (see Figure ). Since the network
is LI, Lemma [3] leads to a contradiction. The “only if” part holds because any non-SLI network
embeds one of the networks shown in Figure Bl and an IBP can be constructed for each of them
(Example 2)) which then extends to an IBP for the non-SLI network.

Theorem 3 (Characterization of IBP). IBP does not occur if and only if G is SLI. More
specifically, we have the following.

(a) If G is SLI, for any traffic network (G, &1.x, $1.x,¢€) with arbitrary assignment of cost func-

tions ¢, K, traffic demands s1.x, and information sets £1., IBP does not occur.
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(b) If G is not SLI, there exists an assignment of cost functions c, K, traffic demands si.x, and

information sets E1.x in which IBP occurs.

Proof. Part (a): To reach a contradiction, suppose that &1) > ¢(1). By Definition [, G is obtained
from attaching several LI blocks in series, denoted by Gi,...,Gy for some N > 1. Using part
(b) of Lemma B we have é1) = Zi\il égl) > Zi\il cgl) = ¢ where cgl) denotes the equilibrium
cost of type 1 users in G;. Therefore, there exists one LI block such as j for which Eg»l) > cgl).
Also, using part(a) of Lemma[2] the restriction of equilibrium flows f (LK) and FK) 4o G creates
an equilibrium flow for this LI block. Therefore, IBP occurs in LI block G;. In the rest of the
proof of part (a), we will assume IBP occurs in an LI block (and hence LI network) and reach a
contradiction. We let f1#) and f(1:5) be the equilibrium flows before and after the information
set expansion. Also, for any route r € R, we let ¢, and ¢, to denote the cost of route r with flows
FEE) and fE) | respectively.

We partition the set [K] into groups A and B as follows

A={ie[k] : éD >0},

and
B={ielk] : & <0},

i.e., set A denotes all types with higher equilibrium cost in the game with higher information, and
set B denotes the rest of the types.

We also partition the routes of the network into two subsets R4 and Rp, where
RA:{T‘GR : 57«>C7«},

and
RBZ{TGR : ETSCT},

i.e., R4 denotes all routes that have higher costs in the game with higher information, and Rp
denotes the rest of the routes. We show the following claims:

Claim 1: For any type i € A and any route » € Rp, we have fT@ = 0, i.e., for a given type i,
if the equilibrium cost increases in the game with higher information, then the cost of all routes
that type ¢ was using (with strictly positive flow) also increases. This follows since if r ¢ R;, then
f,gi) = 0. Otherwise, r € R; which implies r € R; as well, where R; denotes the set of available

routes to type ¢ in the expanded information set. Assuming i € A and r € Rp, we have

where the first inequality follows from the definition of the set Rp. The second inequality follows
from the definition of ICWE. The third inequality follows from the definition of set A. The overall
inequality and the definition of ICWE show that frl) =0.
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Figure 4: Proof of Theorem [t set A (B) represents types with higher (lower) equilibrium costs and
set R4 (Rp) represents routes with higher (lower) costs. There is no dashed (blue) arrow from A
to Rp which illustrates Claim 1 and there is no solid arrow (red) from B to R4 which illustrates
Claim 2.

Claim 2: For any type ¢ € B and any route r € R4, we have ﬁgz) = 0, i.e., for a given route, if
the cost of the route in the equilibrium increases in the game with higher information, then the
equilibrium costs of all types that are using this route in the equilibrium of the higher information
game also increases. This follows since if r ¢ R, then f,@ = 0. Otherwise, r € R; which implies
r € R;, because 1 ¢ B and information set of all other types are fixed. Assuming ¢ € B and
r € R4, we have

Cr > Cp > Q) > E(i),

where the first inequality follows from the definition of the set R 4. The second inequality follows
from the definition of ICWE. The third inequality follows from the definition of set B. The overall
inequality and the definition of ICWE show that fri) =0.

Claim 3: Letting sa = > e, iy W, 54 = 2reRa iy 0, 55 = 2 reRp i £, and
5p = ZreRB Zfil ~7£i), we have 54 < s4 and 55 > sp.

This follows from Claims 1 and 2. The traffic on the routes in R4 from f (1:K) is s 4 which is the
entire traffic demand s; for all i € A (Claim 1) and possibly some portion of the traffic demand s;
for j € B. On the other hand, the traffic on the routes in R4 from f%) is 54, which contains
only some portion of the traffic demand s; for i € A. Claim 2 implies that for all j € B the traffic
demand 5; is only sent on the routes in Rp. This shows that 54 < s4 which in turn leads to
Sp > sp (see Figure [ for an illustration of the partitioning and the flows).

Part (b) of Lemma [[ shows that there exists type i for which ¢ < ¢, which in turn shows
that set B is nonempty. Also by the contradiction assumption 1 € A, which implies that both A
and B are nonempty. Using Claim 1, if A is nonempty, then R4 # 0 as the flow f(5) of the types
in A can only go to routes in R4. Also using Claim 2, since B is nonempty, we have Rpg # ) as
the flow f(1*5) of the types in B can only go to routes in Rp. Therefore, we have partitioned the
routes of the network into two nonempty sets R4 and Rp such that ¢. > ¢, for all r € R4 and

¢ < ¢ for all r € Rp. In other words, we have max,er ,{¢, — &} < 0 and min,cg,{¢, — &} > 0.
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We now have all the pieces to use Lemma [3] which yields

0> max{e — &} > min {e: —&} 20,
which is a contradiction, completing the proof of part (a).
Part (b): The proof of this part follows from Theorem Pl Let G be a non-SLI network. Using
Theorem 2 one of the networks shown in Figure Bl must be embedded in G. Using Example 2 for
all networks shown in Figure B there exists an assignment of cost functions and information sets
for which IBP occurs.

To construct an example for G we start from the cost functions for which the embedded network
features IBP (as shown in Example[2]) and then following the steps of embedding, given in Definition
[, we will update the information sets as well as the cost functions in a way that IBP occurs in the

final network GG. The updates of information sets and cost functions are as follows.

(i) If the step of embedding is to divide an edge, we assign half of the original edge cost to each
of the new edges and update the information set by adding both newly created edges to the
same information set as of the original edge. This guarantees that the equilibrium flow of the

network after dividing an edge is the same as the one before.

(ii) If the step of embedding is to add an edge, then we include that edge in none of the information
sets (or equivalently assign cost infinity to it). This guarantees that the new edge is never

used in any equilibrium.

(iii) If the step of embedding is to extend origin or destination, we let the cost of the new edge to
be ¢(x) = x and update all of the information sets by adding this edge to them. Since this
edge will be used by all types and the flow on it will not change, this step of embedding does

not affect the equilibrium flow.

This construction establishes that since IBP is present in the initial network, i.e., one of the networks

shown in Figure B], it will be present in the network G as well. This completes the proof of part
(b). O

Recall that in Remark 2l we showed for each of the networks shown in Figure [B] there exist
infinitely many cost functions for which IBP occurs. This shows that if IBP occurs in a network,
then it occurs for infinitely many cost functions. Because, if IBP occurs in a network G, Theorem Bl
part (a) implies G is not SLI and Theorem [2] shows that one of the basic networks shown in Figure
is embedded in G. Finally, by construction of the proof of Theorem B part (b), the cost function
configuration of the basic network can be extended to network G, showing that IBP occurs for

infinitely many cost functions.
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6.3 IBP with Restricted Information Sets

In this subsection, we show that restricting focus to networks with a much more specific information
structure — whereby only one type does not know all the edges and the change in question informs
this type of all edges — allows us to establish that IBP does not occur in a larger set of networks.
Interestingly, in this case, IBP does not occur in exactly the same set of networks on which BP
does not occur, series-parallel networks, though the two concepts continue to be very different even
under this more specific information structure. The similarity is that after the change, as in the
classic Wardrop Equilibrium setting studied for BP, there is no more heterogeneity among users.
We first define IBP with restricted information sets and then state the characterization of network

topology which leads to it.

Definition 8 (IBP with Restricted Information Sets). Consider a traffic network with
multiple information types (G, &1.k, s1:.x,¢). IBP with restricted information sets occurs if there
exist expanded information sets (‘,:1; Kk with & C 5~1 =¢&,and & = SNZ =& fori=2,..., K, such that
the equilibrium cost of type 1 in (G, E1L.K, S1:K c) is strictly larger than the equilibrium cost of type
1in (G, &1.k, $1.Kx,¢). We denote the equilibrium cost of type ¢ € [K] before and after expansion

of information by ¢ and é®, respectively.

Theorem 4. IBP with restricted information sets does not occur if and only if the network G is

SP. More specifically, we have the following.

(a) If G is SP, for any network with multiple information sets (G, &1.x, S1:.x,¢) with arbitrary
assignment of cost functions ¢, K, traffic demands s1.x, and information set £, IBP with

the restricted information sets does not occur.

(b) If G is not SP, there exists an assignment of cost functions ¢, K, traffic demands s1.x, and

information set £ in which IBP with restricted information sets occurs.

6.4 Extension to Multiple Origin-Destination Pairs

In this subsection, we consider networks with multiple information types and multiple origin-

destination pairs as defined next.

Definition 9. Consider a graph G = (V,&) containing m origin-destination pairs denoted by
(04, D;), i € [m]. For any i € [m], there are K; types of users, each with information set & ; C &, for
J € [K;]. We refer to (i,7) as the type of a user where i € [m] denotes the origin-destination pair of
this type and j € [K;] represents its information set. The traffic network with multiple information
types and multiple origin-destination pairs is denoted by (G, {&inr, iy sk ey ,c). We let
Ri; to denote the set of routes available to a user of type (i,7) (i.e., routes formed by edges in
&ij). A feasible flow is a flow vector f = (fLLEY - pmiKm)) guch that 0159 is a feasible

flow for origin-destination pair (O;, D;).
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We denote the total flow on an edge e by f. where fo = >, 25{;1 ZTERM e fri’j)- Note
that since G is an undirected graph, the total flow on each edge is the sum of the flows sent through
that edge in either direction (see Lin et alJ M] and [Holzman and Mgndgrgzl M]) The cost of
a route r is defined as ¢, (f) = > ¢, ce(fe). ICWE in this case is defined naturally as follows:

A feasible flow f = (f(l’lzKl), e ,f(m’lsz)) is an Information Constrained Wardrop Equilib-
rium (ICWE) if for every i € [m]| and j € [K;] and every pair r,7 € R;; with fTi’j) > 0, we

have

cr(f) < cx(f). 3)

This implies that all routes of type (i,j) with positive flow have the same cost, which is smaller
than or equal to the cost of any other route in R; ;. The equilibrium cost of type (i, j), denoted by
(3 is then given by the cost of any route in R ; with positive flow from type (i, 7).

The existence of ICWE in this setting follows from an identical argument to that of Theorem
[l Finally, the definition of IBP for this extended setting is as follows.

Definition 10 (IBP with Multiple Origin-destination Pairs). Consider a traffic network with
multiple information types and multiple origin-destination pairs (G, {& 1.k, }ie; s {Si,1:k } iy - €)-
IBP occurs if there exists an expanded information set {&71; Ki}jil with &1 C 5171 and E,'N” =
& j, for all (4,5) # (1,1), i € [m], j € [K;], such that the equilibrium cost of type (1,1)
in (G, ng:Ki :il , {Si715Ki};11 ,c) is strictly larger than the equilibrium cost of type (1,1) in
(G A& ar iy AsinrFity )

Note that the choice of type (1,1) for information expansion is arbitrary and without loss of
generality. We next establish a sufficient condition on the network topology under which IBP
with multi Eﬂlj(n?gin-destination pairs does not arise. We will use the following definitions from

].

Definition 11.

e For any origin-destination pair (O;, D;), the relevant network i denoted by G; = (V;, &)

consists of all edges and nodes of G that belong to at least one route from O; to D; in G.

e For an SLI network (;, each LI block has two terminal nodes, an origin and a destination,
such that the origin is the first node and the destination is the last node in the block visited
on any route in G;. For two SLI networks G; and G, a coincident LI block is a common
LI block of G; and G; with the same set of terminal nodes, allowing origin of one to be the

destination of other.

Note that the definition of relevant network G; as well as its LI blocks depend only on the
network G and the origin-destination pair (O;, D;), not on the information sets. Based on this

definition, we next provide a sufficient condition for excluding IBP.

Proposition 4. Let G be a graph with m > 1 origin-destination pairs. For any i € |[m]|, let
Gi = (Vi, &) be the relevant network for origin-destination pair (O;, D;). IBP does not occur if the

following two conditions hold.
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(a) For any i € [m], the network G; is SLI.
(b) For any i,i’ € [m] either ENEy =0 or £ NEy consists of all coincident blocks of G; and Gyr.

Proof. We let f and f denote the equilibrium flows before and after the expansion of information
set of type (1,1). To reach a contradiction suppose &bV > ¢(L1), Using Lemma [ part (b) and
condition (a) of the proposition, the equilibrium cost of type (1, 1) users is the sum of equilibrium
cost of the LI blocks of Gy. Since éD > ¢(ID | there exists an LI block of Gy for which the
equilibrium cost after expanding information set of type (1,1) increases. We denote this LI block
by G* and its corresponding origin and destination by O* and D*. Using condition (b) for any
i # 1 we have one of the following two cases: (i) G; does not have any common edge with G* and
therefore none of the route flows of (O;, D;) go through any edge of G* (ii) O* and D* belong to
all routes of GG; and therefore all route flows of (O;, D;) go through G*. We let C' be the set of
indices of such origin-destination pairs, i.e., C = {i € [m] : O*, D* € r,¥r € G;}. We next define
a traffic network with single origin-destination pair (O*, D*) over G* for which IBP has occurred.
The types of users are (U;ec{(i,4) : j € [K]}) U{(1,5) : j € [Ki]} with their corresponding
traffic demands. Note that for all ¢ € C, even though our definition of coincident LI block allows
the route flows of (O;, D;) to go from O* to D* in either direction, without loss of generality, we can
assume that route flows go from O* to D*. This is because the cost of any edge is a function of the
sum of the flows that passes through that edge in either direction and reversing the flows does not
change the equilibrium flows on edges. Using Lemma 2] part (a) the restriction of equilibrium flows
f and f to G* are equilibrium flows for the congestion game with multiple information types and
single origin-destination pair defined on G*. Note that G* is an LI network and the equilibrium
cost of type (1, 1) users after expanding their information set has gone up, which is a contradiction

using Theorem [3 O

Figure Bal shows two SLI networks with their corresponding LI blocks and Figure shows a
graph with two origin-destination pairs which satisfies our sufficient condition.
The next example shows that the conditions of Proposition M are not necessary for non-

occurrence of IBP.

Example 3. Consider the network G shown in Figure The common LI block of relevant
networks G; and G9 is G itself which is not a coincident LI block because the sets of terminals of
this block for G and G4 are different. Therefore, this network does not satisfy the conditions of
Proposition @ However, in Appendix we show that for any set of edge cost functions, IBP

does not occur in this network.

In concluding this subsection we should note that BP with multiple origin destination pairs has

been studied in |EDstein et alJ ﬂZDDd],h;m_@_alJ dZQlJJ]JFuiiShige et alJ M],W_Mmdﬂﬂl
], and M@l] M] In particular, |Chen et alJ M] provide a full characterization of

network topologies for which BP occurs with multiple origin-destination pairs. BP as defined in

| occurs if adding an edge (decreasing cost of an edge) increases the equilibrium
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Figure 5: (a) Two SLI networks with their corresponding LI blocks. (b) A graph with two OD
pairs for which IBP does not occur.

Doy

01,0, Dy

€1

Figure 6: Example Bl IBP does not occur on this network.

cost of the users of one of the origin-destination pairs, even if that edge is never used by the users
of that origin-destination pair. With this definition it is possible to have a network for which IBP
does not occur while BP occurs. For instance, BP occurs in the network considered in Example

(see MM&IJ M]) while we showed IBP does not occur in this network.

7 Efficiency of Information Constrained Wardrop Equilibrium

In this section, we provide bounds on the inefficiency of ICWE. We show that the worst-case
inefficiency remains the same as the standard Wardrop Equilibrium, even though our notion of
ICWE is considerably more general than Wardrop Equilibrium since it allows for a rich amount of
heterogeneity among users.

We start by defining the social optimum defined as the feasible flow vector that minimizes the
total cost over all edges. We focus on aggregate efficiency loss defined as the ratio of total cost
experienced by all users at social optimum and ICWE. We provide tight bounds on this measure of
efficiency loss which are realized for different classes of cost functions. We also consider type-specific
efficiency loss defined as the ratio of total cost experienced by type i users at social optimum and
ICWE. We show that the bounds in this case are different from the ones in the standard Wardrop
Equilibrium.

Given a traffic network with multiple information types (G, &1.x, 1., €), we define the social

0 _ (48,

optimum, denoted by fso o fs((f{ )) (or simply fs), as the optimal solution of the
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following optimization problem:

min Y~ fe ce(fe),

ecé

K
fe:Z Z fqu)a

i=1reER,; : e€r

Z fr(i) = s;, and f,gi) > ( for all » € R; and 1. (4)
reR;

This optimization problem minimizes the total cost over all edges incurred by all users of all types.
Under the assumption that each cost function is continuous, it follows that the optimal solution of
problem Eq. () and hence a social optimum always exists. We denote the total cost of a feasible
flow f1E) by

C(FY) 257 fe(f.).

ec&

Similarly, for a feasible flow f(1) we define the total cost incurred by type i users as

O (fOK)y 2 Zfe(i)ce(fe)-

ec&

Consequently, we define the socially optimal cost of type ¢ as C’S(é) = C0)( fs(g :K)) for i € [K] and the
overall cost (over all types) of social optimum as Cs, = C( fs((} :K)). Similarly, we define equilibrium
cost of type i as cli, = CO)( f(gvlvf )) for i € [K] and the overall cost (over all types) of ICWE
as Cewe = O fc(vlv:eK)), where fé‘}\,}}K) (or simply fewe) denotes an ICWE. Note that C’(i)( fc(vlv:eK)) is
different from equilibrium cost of type i denoted by ¢, as the latter notion is the cost per unit of
flow and the former is the aggregate cost. The relation between these two is simply C’(EQO =s; 9,
i€ [K].

The following result from |[Roughgarden and Tardgg M] and |Correa et alJ M] presents

bounds on the efficiency loss of Wardrop Equilibrium, which provides bounds on the efficiency loss
of ICWE in a traffic network with single information type with & = £ denoted by (G, &1, 51, ¢).

Proposition 5 (Roughgarden and Tardgg M]) Consider a traffic network with a single infor-

mation type (G,&1,s1,¢). Let fye be a Wardrop Equilibrium and fs, be a social optimum. Then,

we have

1 Cso J—
((1) lnf(G,Sl,sl,c): Ce convex e 0.

(b) Suppose c.(x) is an affine function for all e € £. Then, we have gjv‘; > %, and this bound is
tight.
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(¢) Let C be a class of latency functions and let 3(C) = sup.cc, >0 B(c, ), where

Then, we have g—;‘i >1—B(C), and the bound is tight.

Our next result shows that Proposition [l holds exactly for ICWE, indicating that within the
class of heterogeneous, information-constrained traffic equilibria we consider, the worst-case sce-

nario occurs for networks with homogeneous users.

Proposition 6. Consider a traffic network with multiple information types (G, &1.x, S1.x,¢). Let
fewe be an ICWE and fs be a social optimum. Then, we have

. CSO —_—
(a) lIlf(G751:K751:K,c): Ce convex Coywe 0.

(b) Suppose c.(x) is an affine function for all e € E. Then, we have CSO > 3, and this bound is
tight.

(¢) Let C be a class of latency functions and let 3(C) = sup.cc .0 B(c, ), where

Then, we have % >1—B(C), and the bound is tight.

Proof. We first show that for any type i, and any feasible flow f() for this type, we have

D el feewe) (feewe™ = £7) < 0. (5)

ecf

The reason is that in ICWE each type uses only the routes with the minimal costs. Therefore, for

any type ¢ and any feasible flow f() for type 7, we have

Z CT(f(gvoK rcwo — Z (E\}VCK f(l

reR; reR;

This leads to

0> Z CT cwc rcwo fr ) Z <Z (fe,cwc)) (f7§,l'3)WC B frl))

reR; réR; \ewecr
= Z Ce(fe,cwc) Z (fT(,igwe o fT(Z)) Z (fe cwc)(fe,z cwe f(Z )
ec& reR;: e€r ecf

which is the desired inequality, showing Equation Eq. (B). We next proceed with the proof.

Part (a): this holds because a traffic network with one type is a special case of traffic network
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with multiple information types and part (a) of Proposition [l shows the infimum is zero.
Part (b): using Equation Eq. () for f() = fs(é) for any i € [K], and taking summation over all
types ¢ € [K], we obtain

K
cwe Zfecwece fecwe ZZCG fecwe e ZZ fecwe eso
i=1 ecf&

eef i=1 ecf
= Z Ce fe cwe Z fe(zso = Z fe,soce(fe,cwo)
eef ec&
= Z fe,soce fe,so) + Z fe,so (Ce(fe,cwe) - Ce(fe,so))
eef ec&
< Z fe,soce(fe,so) + % Z fe,cwece(fe,cwe)7
eef ec&

where the last inequality comes from the fact that with c.(z) = acx + b for be,a. > 0, we have

fe,so (Ce(fe,cwe) - Ce(faso)) = aefe,so(fe,cwe fe so) = 411 ezcweae = 4fe cwece(fe cwe)

The proof of tightness follows from part (b) of Proposition [l as a traffic network with one type is
a special case of a traffic network with multiple information types.

Part (c): using the same argument as in part (b), we obtain

che = Z fe,cwece(fe,cwe) < Z fe7soce(fe,so) + Z fe,so (Ce(fe,cwe) - Ce(fe,so))

ecf eef ec&
<Zfesoce feso +ﬁ Zfecwoce fecwo)
ec& ec&

where the last inequality comes from the fact that

fe7so (Ce(facwe) - Ce(f@so)) < B(Cea fe,cwe)fe,cwece(fe,cwe) < B(C)facwece(fe,cwe)-

The proof of the tightness follows from part (c¢) of Proposition [l O

In concluding this section, we should note that in this environment with heterogeneous users,
there are alternatives to our formulation of the social optimum problem, which considers the “util-
itarian” social optimum, summing over the costs of all groups. An alternative would be to consider
a weighted sum or focus on the class of users suffering the greatest costs. We next illustrate that
if we focus on type-specific costs, even with affine cost functions, some groups of users may have

worse than 3/4 performance relative to the social optimum.

Example 4. Consider the network shown in Figure [[l with & = {e1}, & = {e1,e2}. The ICWE

2 ep 1
is fel,,gwC = s and f e1.cwe = % — 81, fe(Q?Cwo = 8§9 — é + s1. The equlhbrlum costs are C’C(W)O = s

and Cc(w)e = 89. The social optimum is fe(ll,)SO = 51 and fe(i)so = 21a s1, fe%SO = §9 — 2a + s1. The
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Ce, () = ax

() (o)
Ceo(x) =1

Figure 7: Example Ml type-specific efficiency loss versus aggregate efficiency loss.

corresponding costs are S(é) = %1 and 05(3) = Z—al + 89 + 871 (assuming % > 51 and s9 > é — 51).
Therefore, we have
) 1 Pasty D1 si+s- L
O 2 @ . cand S e T T s,
che che 2 che + che 1 2

We next show that the ratio of the aggregate costs is greater than or equal to 3/4. We have
§1+ S0 > % which leads to

1
CSO:SI+S2_E:1_i 1 zl_ia:§
Ceowe S$1 + S2 4a s1 4+ so 4da 4

. . (1)
However, the type-specific efficiency loss can be smaller than % as we have Cf‘l’) < %.
C,

cwe

8 Concluding Remarks

GPS-based route guidance systems, such as Waze or Google maps, are rapidly spreading among
drivers because of their promise of reduced delays as they inform their users about routes that they
were not aware of or help them choose dynamically between routes depending on recent levels of
congestion. Nevertheless, there is no systematic analysis of the implications for traffic equilibria
of additional information provided to subsets of users. In this paper, we systematically studied
this question. We first extended the class of standard congestion games used for analysis of traffic
equilibria to a setting where users are heterogeneous because of their different information sets about
available routes. In particular, each user’s information set contains information about a subset of
the edges in the entire road network, and drivers can only utilize routes consisting of edges that are
in their information sets. We defined the notion of Information Constrained Wardrop Equilibrium
(ICWE), an extension of the classic Wardrop Equilibrium notion, and established the existence and
essential uniqueness of ICWE.

We then turned to our main focus, which we formulate in the form of Informational Braess’
Paradox (IBP). IBP asks that whether users receiving additional information can become worse
off. Our main result is a comprehensive answer to this question. We showed that in any network
in the Series of Linearly Independent (SLI) class, which is a strict subset of series-parallel network,

IBP cannot occur, and in any network that is not in the SLI class, there exists a configuration of

28



edge-specific cost functions for which IBP will occur. The SLI class is comprised of networks that
join linearly independent networks in series, and linearly independent networks are those for which
every path between origin and destination contains at least one edge that is not in any other such
path. This is the property that enables us to prove that IBP cannot occur in any SLI network.
We also showed that any network that is not in the SLI class necessarily embeds at least one of a
specific set of basic networks, and then used this property to show that IBP will occur for some
cost configurations in any non-SLI network. We further proved that whether a given network is
SLI can be determined in linear time. Finally, we also established that the worst-case inefficiency
performance of ICWE is no worse than the standard Wardrop Equilibrium with one type of users.

There are several natural research directions which are opened up by our study. These include:

e Our analysis focused on the effect of additional information on the set of users receiving the
information. For what classes of networks is additional information very harmful for other
users? This question is important from the viewpoint of fairness and other social objectives.
We may like that users utilizing route guidance systems are experiencing lower delays, but

not if this comes at the cost of significantly longer delays for others.

e How “likely” are the cost function configurations that will cause IBP to occur in non-SLI
networks. This question is important for determining, ex-ante before knowing the exact
traffic flows, whether additional information for some sets of users, coming for example from

route guidance systems, might be harmful.

e Is there an “optimal information” configuration for users of a traffic network? Specifically,
one could consider the following question: given the traffic demands of K types, s1,..., Sk,
find the information sets &1, ...,Ex that generate the minimum overall cost for all types in

an ICWE. This question is related to |Bm1ghganiﬂ]| ﬂZ_ODJJ, |2_OD_d] who investigate the question

of finding the subnetwork of the initial network that leads to optimal equilibrium cost with

one type of user.

e We established a sufficient condition under which IBP does not occur on a traffic network
with multiple origin-destination pairs. One natural question is to find sufficient and necessary

condition for this problem.

e Finally, our study poses an obvious empirical question, complementary to similar studies for

the Braess’ Paradox: are there real-world settings where we can detect IBP?
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9 Appendix

9.1 Proofs of Section
9.1.1 Proof of Proposition [l

Since for any e € £ the function c.(-) is nondecreasing, fof ¢ ce(2)dz as a function of f,gi) is convex
and continuously differentiable.

Claim 1: If %) ig an optimal solution of Eq. @), then it is an ICWE.

Since the objective function is convex and the constraints are affine functions, regularity conditions
holds and KKT conditions are satisfied, i.e., there exists p;, < 0 and A; such that for all i € [K]

and r € R; we have

K
Z/ 2z =S [ 3590 - +Zumfr =0, (6)

8f7’ ect 1=1 reR;

where f,; = 0 for fri) >0 m&kag ﬂ19_9jj, Chapter 3]. We show that the flow fK) s an
ICWE with the equilibrium cost of type i being );. First, note that f(%) is a feasible flow by the
constraints of Eq. (). Second, we can rewrite Eq. (@) as

— it 9 >0

3fe )
Z (fe) = Z Ce(fe) = e p(0) (7)

ee& 8f7‘ ecf : eer >N\ if fT =0,

where we used p,; = 0 for f,@ > 0 in the first case and p,.; < 0 for f,@ = 0 in the second case.
This is exactly the definition of ICWE which completes the proof of Claim 1.

Claim 2: If f15) ig an ICWE, then it is an optimal solution of Eq. @).

We let the equilibrium cost of type ¢ users be A; which leads to the following relation

— N it £ >0,
S o) = s 0

ecf : e€r > /\2 if frl) = 0.

For all i € [K] and r € R;, if fT(i) > 0, then we define y;, = 0 and if fT(i) = 0, then we define
Pig = Ni — D ece : eer Ce(fe). First, note that ju;,, < 0 and if f,@ > 0, then p;, = 0. Second, note
that

> / g dz— )\i P AL +Z”” 9] =o. (9)

8-](.7” ec& =1 reR;

Therefore, the flow f(5) together with \; and i satisfy the KKT conditions. Since the objective

function of Eq. () is convex and the constraints are affine functions, KKT conditions are sufficient

for optimality Bgrl;sgkaé M, Chapter 3], proving the claim.
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9.1.2 Proof of Theorem [

The set of feasible flows f(15) is a compact subset of K |R|-dimensional Euclidean space. Since edge
cost functions are continuous, the potential function is also continuous. Weierstrass extreme value
theorem establishes that optimization problem Eq. (2]) attains its minimum which by Proposition
[ is an ICWE.

We next, show that in two different equilibria f0) and f (:K) " the equilibrium cost for each type
is the same. By Proposition [ both f*5) and f(1:5) are optimal solutions of Eq. @). Since ®(-)

is a convex function, we have
P (af(l:K) . a)f(l:K)) < ad (f(l:K)) Y (1-a)® (f(l:K)) 7

for any « € [0, 1]. Since ® (f(IZK)) and ® (f(LK)) are both equal to optimal value of Eq. (2]), and

for each e, the function fof ¢ ce(2)dz is convex (its derivative with respect to f. is c.(f.) which is
non-decreasing), the functions fof “ce(z)dz for any e € £ must be linear between values of f. and
fo. This shows that all cost functions ¢, are constant between f. and f. and in particular the

equilibrium costs are the same.

9.2 Proofs of Section [
9.2.1 Proof of Equivalence in Definition

We first show that each LI network G is the result of attaching several LI blocks in series. This
follows by induction on the number of edges. Using Definition [Bl G is either the result of attaching
two LI networks in parallel or the result of attaching an LI network and a single edge in series. If G
is the result of attaching two LI networks in parallel, then G is biconnected and so is an LI block.
If G is the result of attaching an LI network G with a single edge, then the single edge is an LI
block and by induction hypothesis (G7 is series of several LI blocks. Therefore, GG is the result of
attaching several LI blocks in series.

We next show that the following two definitions are equivalent.

e An SLI network is either a single LI network or the connection of two SLI networks in series.
We let SET1 to denote the set of such networks.

e An SLI network consists of attaching several LI blocks in series. We let SET2 to denote the

set of such networks.

We show that SET1=SET2 by induction on the number of edges, i.e., we suppose that for any
network with number of edges less than or equal to m these two sets are equal and then show that
for networks with m + 1 edges the two sets are equal as well (note that the base of this induction

for m = 1 corresponds to a single edge which evidently holds).

e [f a network G belongs to SET1, then either it is a single LI network or is the result of

attaching two SLI networks in series. In the former case, it belongs to SET2 as we have
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G

Figure 8: Proof of Theorem 2k G is not LI and G5 has at least one route from O to D.

shown each LI network is the result of attaching several LI blocks. In the latter case, by
induction hypothesis both SLI subnetworks are the series of several LI blocks and so is their
attachment in series. This shows SET1 C SET2.

e [f a network GG belongs to SET2, then either it is a single LI block or is the result of attaching
several LI blocks in series. In the former case, by definition it belongs to SET1. In the latter
case, we let GG1 to denote the LI block that contains origin and the series of the rest of LI
blocks by Gs. G7 is SLI by definition as it is a single LI block and G5 is SLI by induction
hypothesis. Therefore, the series attachment of G; and Gy belongs to SET1. This shows
SET2 C SET1, completing the proof.

9.2.2 Proof of Theorem

We first show that if a network G belongs to the class SLI, then none of the networks shown in
Figure [l is embedded in it. First note that since all networks in the class SLI are series-parallel,
using part (b) of Proposition 2 implies that the Wheatstone network shown in Figure Bal is not
embedded in it. The SLI network G consists of several LI blocks that are attached in series. Using
part (a) of Proposition 2l none of the networks shown in Figure [ (i.e., networks shown in Figs. Bl
Bd Bdl B, B, [Bhl, and Bi) can be embedded in one of the LI blocks. We next show that they
cannot be embedded in the series of two LI blocks as well. We let G; and G5 be two LI blocks that
are attached in series where the resulting network from this attachment is H. Also, we let the node
¢ be the attaching node of these two networks. We will show that the network shown in Figure 30
can not be embedded in H (a similar argument shows that the rest of the networks shown in Figure
cannot be embedded in it). In order to reach to a contradiction, we suppose the contrary, i.e., H
is obtained from the network shown in Figure [3bl by applying the embedding procedure described
in Definition @l We define the corresponding routes to es, ejes, and egez in H by rg, r1 and ro.
Formally, we start from r3 = e5, 71 = e1e4, and ro = ese3 in the network shown in Figure [3bland at
each step of the embedding procedure whenever we divide an edge on r; (i = 1,2, 3) we will update
r; by adding that edge and whenever we extend origin or destination we will add the new edge to

all r;’s. Given this construction, in the network H we have three routes r3, r1, and r9, where 71
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and rg have a common node and they do not have any common node (except O and D) with 3.
This is a contradiction as all routes in H must have node ¢ in common. This completes the proof
of the first part.

We next show that if none of networks shown in Figure [3is embedded in G, then G belongs to the
class SLI. Proposition 2I(b) implies that since Figure Balis not embedded in G, it is series-parallel.
We next show that given a series-parallel network G, if G is not SLI then we can find an embedding
of one of networks shown in Figures BD, --- 31 in it. The proof is by induction on the number of
edges of G. Following Definition 2], consider the last building step of the network G. If the last step,
is attaching two networks (G; and G in series, then assuming that G is not SLI, we conclude that
either G1 or G (or both) is not SLI. Therefore, by induction hypothesis, we can find an embedding
of one of the networks shown in Figures Bbl- - -, Bl in either G; or G, which in turn shown it is
embedded in G. If the last step, is attaching two networks G; and G in parallel, then it must be
the case that that either G; or G5 is not LI. Because otherwise the parallel attachment of two LI
networks is LI (Definition [B)) and hence SLI, which contradicts the fact that G is not SLI. Without
loss of generality, we let the network that is not LI to be G;. Therefore, part (a) of Proposition
shows that there exist two routes 7 and 7’ and a vertex v common to both routes such that both
sections ro, and T/Ov as well as r,p and 7’; p are not equal (note that v ¢ {O, D} because otherwise
if v = O, then ro, = 1}, as both are the single node O).

Note that using part (b) of Proposition 2 there is a way to index vertices such that along
any route, the vertices have increasing indices. We let A be the last vertex (with the prescribed
indexing) before which the two routes r and r’ become the same (this vertex can be O itself). Since
v is the common vertex of theses two routes and ro, # T/OU such a vertex exists. Because v is a
common vertex of r and r’ the two routes 7 and 7’ have a common vertex between A and v. We
let A’ to be the first such vertex (it can be v itself). Similarly, we define B as the first vertex after
which 7 and ' become the same (B can be D itself) and B’ as the last vertex after v for which r
and r’ coincide (B’ can be v itself). Given these definitions for the nodes v, A, A’, B, and B’, we
know that 744/ (the path between A and A" on r) and 7’4 4, (the path between A and A’ on r’) do
not have any vertex in common and similarly 7gp and r/;5 do not have any vertex in common.
The definition of the nodes A, A’, B, B’ is illustrated in Figure 8 Next, we show that one of the
networks shown in Figures BLl. .., Bl is embedded in G. We have the following cases:

e A=0,B=D, A =v,and B’ = v: in this case, the network shown in Figure[3hblis embedded
in G. This is because there are two disjoint paths from O to v and from v to D and there is
at least one path from O to D in G5. Since any other edge and vertex of the network belongs
to a path that connects O to D, we can construct the graph G by starting from the network
shown in Figure Bbl and applying the embedding procedure.

e A =0, B=D, and A" # v or B’ # v: in this case, the network shown in Figure [3d is
embedded in G. This is because there is at least one path from O to D in G, and the
network shown in Figure Bd is embedded in G;. To see this, note that the edges e; and e
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P
OO0 = 0—0
S
O—O——CO = 0—0
Figure 9: Two operations that turns a series-parallel network into a single edge.
are embedded in the section of the routes r and r’ between O and A’, and the edges e3 and
e4 are embedded in the the section of the routes r and r’ between B’ and D. Also, note that

the single edge eg is embedded in the network between A’ and B’ (single edge is embedded

in any network).

A+# 0O, B=D,and A =v and B’ = v: the network shown in Figure [3d] is embedded in G.

A=0,B# D,and A =v and B’ = v: the network shown in Figure [3el is embedded in G.

A=0,B# D,and A" # v or B’ # v: the network shown in Figure [3f is embedded in G.

A#0O,B=D,and A" # v or B’ # v: the network shown in Figure [3g]is embedded in G.

A+#0O,B#D,and A # v or B’ # v: the network shown in figure Bhl is embedded in G.

A+#0,B+# D, and A =v and B’ = v: the network shown in Figure 31 is embedded in G.
This completes the proof.

9.2.3 Proof of Proposition

We use the following results and definitions in this proof.

Proposition 7 (Valdes et alJ 192é]). A network is series-parallel if following the steps S and P

shown in Figureldin any order, turns the network into a single edge connecting origin to destination.

Moreover, if a network is series-parallel, then in linear time O(|E| + |V|) we can obtain a binary
tree decomposition (shown in Figure [I0)) which indicates a sequence of S and P that turns G into

a single edge.

We now proceed with the proof of Proposition Bl Using Proposition [1l we first verify whether
G is series-parallel or not, which can be done in linear time. If GG is not series-parallel, then it is
not SLI as well. If G is series-parallel, then a binary tree decomposition can be obtained in linear
time (again using Proposition [[). Note that the binary tree decomposition is not unique and the
following argument works with any binary tree decomposition. In this tree the edges of G are
represented by the leaves of the tree. We label the incident edges to origin by O and the incident
edges to destination by D (an edge might be labeled both O and D). Since G is SP, by definition
it is the result of attaching two SP networks in series or parallel. If it is the result of attaching two

SP networks in series, then there exist a node of the tree labeled S, referred to as the root of the
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Figure 10: Binary tree decomposition of a series-parallel network.

tree, such that on one of the subtrees starting from that node we only have O labeled leaves and
on the other subtree we only have D labeled leaves (this can be done in linear time by traversing
the tree). If G is the result of attaching two SP networks in parallel, then there exists a node of
the tree labeled P, again referred to as the root of the tree, such that on both subtrees starting
from it we have both O and D labeled leaves.

We next show by induction on the size of tree that whether the binary tree represents an SLI
network can be verified in linear time. If the root of the tree is S, then we have series of two
networks. By induction hypothesis in linear time we can verify whether each of these subtrees
represent and SLI network, which in turn determines whether G is SLI. If the root of the tree is P,
we need to check whether each subtree represents an LI network. We next show this can be done
in linear time which concludes the proof.

Claim: Given the binary tree decomposition, we can verify whether the underlying network is LI
in linear time.

We show this claim by induction on the size of the tree as well. Starting from the root of the tree,
if the root has label P, then by induction hypothesis, for each of the subtrees denoted by 77 and
T, we can verify whether the underlying network is LI in O(Vp,) and O(Vr,), respectively. The
underlying network is LI if and only if both of these subtrees represent an LI network. Therefore,
in O(V) it can be verified whether the underlying network is LI. If the root is labeled S, then the
underlying network is LI if and only if one of the subtrees is only labeled S, and the other subtree
is LI. Using any traversing algorithm (breadth first search, or depth first search), one can visit all
nodes in both subtrees in linear time, verifying if it only has S labels. Furthermore, by induction
we can verify whether each subtree represents an LI network. Therefore, in linear time, we can

verify whether the network is LI, completing the proof.

9.3 Proofs of Section
9.3.1 Expansion of Example

We provide the example for part (a) of Example 2l Let K = 1, ¢, (2) = @, ¢e,(x) = 1, cey(x) =

1,¢e,(2) = z,ce5(x) = 0 and s; = 1. Also, we let the information sets be & = {ej, es,€3,e4} and
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5~1 = {e1,e2,e3,€4,€5}. In equilibrium, we have fe(}ig = 6(2124 = % with ¢V = 2 and féllgg) = Ne(21234 =
0, fé}im = 1 with &1 = 2. Therefore, after expanding the information set of type 1 users their

equilibrium cost has increased from % to 2.

9.3.2 Proof of the Claim of Remark

We will show that there are infinitely many cost functions for the network shown in Figure [3hl for
which IBP occurs. In particular, we show the following claim.

Claim: For any ai, a3, as > 0 such that a; +as > as, there exist non-negative by, ba, b, by, bs, as, s1,
and sg such that with cost functions ¢, (z) = a;x+b;, 1 <i < 5, IBP occurs in the network shown in
Figure[Bhl In particular, we show the following cost function parameters along with & = {e1, e4, €5},
&1 = {eg,e3,e5}, and & = {e1, e2, €3, 5} leads to IBP.

a4:b1:b3:b5:0,

b — ~as(s1+s2)
2=y =a1———
a1 + a3 +as
b4 _ a5a3(31 + 82)
a1 +as +as’

S1 < a1 + as i { (az + as)(azas + a? + araz + aras) — ara? 1})
51+ s2 a1 + a3z +as’ (a1 + a3 + as) (azas + azay + aias) 7 7
. a% (sﬁi—lsz (a1 + a3+ as) — al) . .

as (a1 + a3 + as) 555 — a1 (a1 + as + as) 5% — asas

Proof: we let ay = by = b3 = b5 = 0 and then find ao, bo, by, s, and sy for which IBP occurs
with & = {e1,eq,e5}, & = {ea, 3,65}, and £ = {e1, ez, e3,e5}. We will find the as, by, by, s1, and
so parameters such that before expanding the information set, the equilibrium flow is fe(g ) = 0,
fe(1224 = s9, and fe(} ) — s$1 — , fe(;23 = x. We will further impose the constraint that the cost of
route e5 for type 2 users is equal to the cost of route ejeq. For this to hold it is sufficient and
necessary to have as(s; — x) = asx + by + agx, which leads to

ass1 — by

r=——7—#69/——/—¢€|0,s]. 10
az + as + as [ 1] ( )

We also have a1s9 + by = as(s; — x), which leads to

a531—b2
a1s2 +by=a ST —————— 11
152 4 5(1 a2+a3+a5> ( )

We will also choose as, ba, by, s1, and so parameters such that after expanding the information set,
the equilibrium flow becomes fé? = S9, fe(1224 =0, fe(sl) =51 — 1, fe(;ig =0, and fé}gg =y. We will

further impose the constraint that the cost of all available routes for each type of users are equal.
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For this to hold it is sufficient and necessary to have as(s; + s2 — y) = a1y + asy, which leads to

as(s2 + s1) e

0,s1). 12
a1+ as +as 1) ( )

We also have a1y + agy = bs + a3y, which after substituting y from Eq. (I2]) leads to

as(s2 + s1)

5\s2 + 51) (13)
a1+ as + as

by = a1y = ax
Also, for type 2 users we have a1y + by = as(s2 + s1 — y), which after substituting y from Eq. ([I2])

leads to

asas(so + s
by — 5as(s2 + 51) (14)
a1 + a3 +as
Therefore, Equations Eq. (I4) and Eq. ([I3]) determine by and by as a function of other parameters.
In what follows we will show how to choose non-negative s1, s9, and ag such that Equations Eq. (I0),
Eq. (), and Eq. (I2) hold as well. After some rearrangements, we can see that the constraints

imposed by Equations Eq. (I0) and Eq. (I2]) are equivalent to

51 max{as, ay }

> . (15)
So + 81 a1 +az + as
Furthermore, IBP occurs if we have aiy + by > aq1s2 + by, which leads to s;fsl < a1+gg+a5 or
equivalently
S ar +a
! LT (16)
So + 81 a1 + az + as
Using a1 + a3 > as, Equations Eq. (I3 and Eq. (I6) become equivalent to
s a1 +a
! 1+ as ) (17)
S9 + s1 a1 + az + as
Using Equation Eq. (1), we can find as as follows
a% <<528_;51 (a1 +as + a5)) — a1>
az = —az — as,
as (S;jrlSl (a1 +az + a5)) —asa3 + a (82‘1181 (a1 + a3+ a5)> —ai(ay + a3 + as)
(18)

with the condition that the right-hand side of Equation Eq. ([I8) is non-negative. From Eq. (7]

the non-negativity of as becomes equivalent to

S as + as)(asas + a? + ajas + aras) — a1a?
1 (a1+a3+a5)§ ( 3 5)( 3045 1 103 125) 1 5 (19)
S1 + S2 (ag + a5)(a5 + al) — ag
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Choosing ——(a; + a3 + as) which satisfies both Equations Eq. (I9) and Eq. ([I7) is feasible if we

Ss1+s2
have

(a3 + as)(azas + a} + aras + ajas) — a1a?

a) +az <
(a3 + CL5)(CL5 + al) — a%

)

which after simplification becomes equivalent to (Ig(l% > 0, and therefore holds. Hence, by choosing
*L—(aj + ag + as) such that

S1+S2

S1
51+ S2

asz + as)(asa +a2—|—aa + aia — aja?
(a3 + as)(asas + af + araz + a1as) — a1 5,a1+a3—|—a5}>,

a1 +as+as) € | ap + az, min
(a1 + a3 +a) (1 ’ { (a3 + as)(as + a1) — a2

(20)

all the conditions are satisfied and IBP occurs in this network for infinitely many cost functions.

9.4 Proofs of Section
9.4.1 Proof of Lemma [

Given the feasible flow f(IZK) for (G, &1.x, 1., €) we construct a feasible flow f with load Zfil S;
for a single type of users by letting f, = Zfi 1 fr(l). Using this constructions, from two feasible flows
FEE) and fK) we obtain two feasible flows f and f for a single type congestion game such that

the load of f is larger than or equal to the traffic demand of f. Therefore, part (a) follows from
i i , Lemma 5].

We next show part (b). Since part (a) holds for any two feasible flows, we can apply it for the
equilibrium flows f(1*5) and f(K) over the traffic networks (G, &1.x, 81:x, ¢) and (G,gl;K,Sl;K,C),
respectively (we can view f(15) as a feasible flow over the traffic network (G, £1.x, 1.1, ) as well).
It follows that there exists a route r such that Zfil f,gi) > Zfil fr(l) and f. > f. for all e € r.
From the first inequality it follows that Zfil fT@ > 0 which shows at least one of the types, say
type i, sends a positive traffic on route r. Note that ¢ can be any element of [K] (it can also be 1
as the flow f(1K) is a feasible flow for the traffic network (G, 1.k, 51:K,¢)). We obtain

where the first equality follows from fT@ > 0. The first inequality follows from f. > f. for all e € 7.
The second inequality follows from the definition of ICWE and the fact that if type ¢ users can use
route r in (G, &1.k, S1:K, €), then they can use it in (G,c‘fl;K, s1:x,c) as well since the information

sets are not smaller in the second game. This completes the proof.

9.4.2 Proof of Lemma

Part (a): Suppose f(15) is an equilibrium flow on G. We next show that the restriction of f(14)

to G creates an equilibrium for GG;. Consider type i users and let r; be a route in GG; such that

38



f,g? > 0 and let 7§ be another route in G; which belongs to the information set of type i users.
The route rq is part of a route r in G for which fri) > 0. We let 9 be the restriction of r to G (so
that » = r1 + 72). Since FAEK) g an equilibrium of G, we have ¢, = Cry + Cry St + Gy = oy
which leads to ¢, < ¢/, showing that the restriction of f(:K) to Gy is an equilibrium. Similarly,
the restriction to G is an equilibrium.

(1:K) for G and then using part (a) we consider the equilibria

Part (b): We consider an equilibrium f
of G1 and G5 obtained by restriction of f(IZK) to G1 and Gs. For a type ¢ and route r such that
f,gi) > 0, we have ) = ¢, = ¢r, + ¢y, Where r; and ry are the restriction of r to G and Ga,
respectively (note that the only common node of r; and ry is the destination of G; which is the
same as the origin of Gg, hence the operation r1 + ry is a valid operation). Since f,g? > 0 and

fg) > 0 we have ¢,, = c&i) and ¢, = cg), which leads to () = cgi) + cg).

9.4.3 Proof of Theorem @

We first show two lemmas that we will use in the proof. The first lemma directly follows from the

results of Milghi;aigﬂ M] for single type congestion game.

Lemma 4. Consider a traffic network with multiple information types (G, &1.x, $1:x,¢). Let fAE)
and fOK) be two (arbitrary) non-identical feasible flows such that zlﬁl s; > Zfil S;. If G is

series-parallel, there exists a route v such that f. > f. and f. > 0 for all e € 7.

(1:K)

Proof. Similar to the proof of Lemma [l given a feasible flow f for (G, &1.k, S1:x,¢) we define

a feasible flow f with traffic demand T[i , 8; for a congestion game with a single information type.

Therefore, this lemma follows from [Mi i , Lemma 2]. O

Lemma 5. Consider a traffic network with multiple information types (G, 1.k, S1.x, ) where & =
Efori=2,...,K, & CE&, and G is a SP network. Consider an ICWE with flow (f1, ..., f(59)
and let r be a route for which fo > 0 for any e € r. We have

cr € [min c(i), max c(i)] ,
i€[K] i€[K]

where for any i € [K], @) denotes the equilibrium cost of type i users.

Proof. Since all the types except type 1 have full information, we have ¢(9 = ¢, for all i, €
{2,..., K}, maxe(g) D = ¢ and min,e g D) = ¢U)| j £ 1. By definition of ICWE, we have
¢y > 9 (as r € R;) for all i > 2. This leads to ¢, > min,e g ¢, showing the lower bound. We
will next show the upper bound. We will prove this by induction on the number of edges of G. It
evidently holds for a single edge as all equilibrium costs are equal to ¢,. We next show the result
for a series-parallel network GG. Since G is SP, it is either the result of attaching two SP networks
in series or attaching two SP networks in parallel. If G is the result of attaching two SP networks
G 4 and G p in series, then using part (a) of Lemmal[2, an ICWE for the overall network is obtained
by concatenating an ICWE for G 4 with an ICWE for Gg. We let r4 and rp denote the sections
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of r that belong to G4 and Gp, respectively. We also let cg) and cg) be the equilibrium costs of
type i users in G4 and Gp, respectively. By induction hypothesis, we have ¢, < max;c(f cffx) and
Crp < MaX¢[k) cg).

have max;e (k] CX) = CS) and max;e (g cg) = cg). This leads to

Since the traffic demands of type 1 users on both G4 and G g are non-zero, we

Cr =Cry +Crp < 0541) + Cg) = C(l)v
where we used part (b) of Lemma 2] in the last equality.

Now suppose that G is the result of attaching G4 and Gp in parallel and suppose r € G 4.
Let T ={i >2 : fX) > 0} denotes the set of types that are sending a non-zero flow over G 4.

Depending on whether T' = (), we have the following two cases:

e T = (): since fo > 0 for all ¢ € r, at least one type must send a non-zero flow over G4 and
since T = (), only type 1 sends a non-zero flow over G 4. Therefore, we have ¢, = ¢(1). We

also have ¢(1) < maxe (x| ¢® leading to ¢, < maX;e (x| e,
e T # (): we either have ff(xl) >0 or ff(xl) =0. If fél) > 0, then by induction hypothesis, we have

cr < max c(i) = max ¥ < max c(i),

“ierofny A ieron ie[K]

where the equality holds because each type i € T'U {1} sends a positive flow over A and its
equilibrium cost in G is the same as its equilibrium cost in G4. If fgl) = 0, then again by

induction hypothesis and using T' # (), we have

(@)

¢, < max ci = max c(i) < max c(i),
€T i€l 1€[K]

where the equality holds because each type i € T sends a positive flow over A.
This concludes the proof of lemma. O

Proof of part (a) of Theorem [4 After expanding information set of type 1 users to &, we
obtain ¢® = &1 for all i e [K]. Using Lemma [ there exists a route r such that f, > fe and
fe > 0 for any e € r. We have

&> > =1 vielK],

where the first inequality follows form f. > f., the second inequality follows from the definition
of ICWE, and the equality follows from & = & for all i = 1,...,K. Since & C &, we have
D =) < e foralli,j=2,...,K. Using Lemma/[5], this leads to

¢ < max c(i) = c(l).

i€[K]
Combining the previous two relations leads to &) < ¢,
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Proof of part (b) of Theorem [t The proof is similar to the proof of part (b) of Theorem Bl
In Example [2] we have provided an example showing that IBP with restricted information sets can
occur over Wheatstone network shown in Figure Bal

Suppose that a network G is not series-parallel. Using Proposition 2, G can be constructed from
Wheatstone network shown in Figure Bal by following the steps of embedding. To construct an
example for GG, we start from the cost functions for which the embedded network features IBP with
restricted information sets and then following the steps of embedding we will update the information
sets as well as the cost functions in a way that IBP occurs in the final network which is G. The
updates are identical to those described in the proof of part (b) of Theorem [3 and establishes that
if IBP with restricted information sets is present in the initial network (i.e., the Whetstone network

shown in Figure [Bal), it will be present in network G as well. This completes the proof of part (b).

9.4.4 Omitted Proof of Example 3]

First, note that after expansion of information, without loss of generality, each type of users (i, 7),
i = 1,2 have at least two routes from O; to D;. Because, otherwise, if a type with traffic demand s
has only one route r, we can consider an equivalent game in which we update the cost of all edges
on r from c.(x) to c.(x+s). Also, note that due to symmetry we can only consider the information
expansion of one of the types of the form (1,7). Therefore, without loss of generality we assume
that there exists one type from O to Do with information about all edges of the network and there
exist either one or two types from O; to D;. Below, we examine all possible cases and show that

IBP does not occur:

(1) There exist two types {(1,1),(2,1)} such that Ro1 = {e1e3,e2}, R11 = {e1}, and 7~2171 _
{e1,e2e3}: If type (1, 1) does not use route ezes after information expansion, then equilibrium
remains the same. Now suppose, type (1,1) uses route eges (i.e., ~e(11 SO f(l A _ = s14). If
fe, < fe,, then we have

el < Cel(fm) < ey (fer) = C(l’l),

which shows IBP does not occur. Now suppose fel > fe,, which in turn shows feQ < fe, aS
Jer + fey = fey + fey = 511+ 82,1. We have

¢ 2,1)
fe _f6263 +fe(163 >f6263 +f6163 f537

where we used fe (;ei > fe;eé =0and f¢ (126%5 > fe?eé , which holds because f 163 fel e(il B
(1,1) (2,1)
fer =511 = fer — fel = f6163 . Therefore, we have

Ce1(f61) + Cea(f%) < Cm(fez) < ey (fes) < Cey(fer) + ey (fes), (21)
where the first inequality holds because fe (12613 > fe (12613 > 0, the second inequality holds because
f62 < fe,, and the third inequality holds because f62 =591 — fe(fé? > 591 — félze? = Ne(22 1) >
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0. Inequality Eq. ZI) together with ce, (fo,) > ey (for) and cey(fos) > ey(fes) shows that
the cost of all three edges before and after information expansion are the same, leading to

the same equilibrium cost for all types. Therefore, IBP does not occur in this case.

(2) There exist two types {(1,1),(2,1)} such that Ro; = {eie3,ea}, Ri1 = {eze3}, and Ry =
{e1, ezes}: If type (1, 1) does not use ey after information expansion, then equilibrium remains
the same. Now suppose type (1,1) uses route e;. We show IBP does not occur in this case

by considering all possibilities as follows:

fe1 < feir Since fe, 4 fe, = S1,1 + 52,1 fel + fez, we have fez > fe,- We also have
f63 < fes, because

3 2,1)
fe _f€263 +f6(163 <f6263 +f€163 f637

where we used fé;e}} < 6(21% as type (1,1) is using e; after information expansion and

(2,1 2,1 #(2,1 P #(1,1 2,1 . .21 2,1) .
5(163) < fe(le3) as fe(le3) = fe, — e(l ) < fer = 5(153). The inequality fe(le3) < fe(163 implies

fe(f’” > féf’” > 0. Therefore, we have

Cez(feg) < Ce1(fe1) + Ce3(fe3) < cey(fer) + Ces(fes) < cey(fes), (22)

where the first inequality follows from fe, F2D 0, the second inequality follows from

fe1 < fe, and fe3 < fes, and the third inequality follows from fe(fei > féfe? > 0.

Inequality Eq. [22]) leads to

b = Cey (fez) T Ces (feg) < Cey(fen) + Ces(fes) < 5(171)7

showing IBP does not occur.

— fel > fe,: Since fe, + fe, = 51,1+ 52,1 = fel + few we have fez < fep If fe3 < fes, then
we have

b = Cez(fez) + Cey (feg) < Cey(fey) + Cez(fes) < 5(1’1)7

showing IBP does not occur. Otherwise, we have f, s > fey. First note that if feg > fes,

then f6163 > fe (12@}5 . This inequality holds because

2,1) r 1,1) 1,1) 2,1)
fe(163 f63 fe(ze;g > f63 fe(ze;g fe(163 ’

where we used f63 > fey, and f(;ei f(;ei as (1,1) uses e; after the expansion of

information (i.e., f52€3 = 51,1 and fe263 < s1,1). Therefore, we have

Ce1(f61) + Cea(fea) < cm(ﬁz) < Cey(fes) < Cey(fer) + Ces(fes), (23)
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where the first inequality holds because f6163 > fe (12@%5 > 0, the second inequality holds

because fe2 < fes, and the third inequality holds because fEQ2 ) — fe?éé > 891
;(12@13 f62 > 0. Inequality Eq. 23] together with f61 > f61 and f63 > fe, leads to

Cey(fer) = Cey (fe1)7 Ces (fes) = Cey (fez)v and cey(fey) = Ceq (fea)' Therefore, we have
bt < Cez(fez) t Ces (feg) = Cey (fez) + Ces(fes) = th

showing IBP does not occur.

(3) There exist three types {(1,1),(1,2),(2,1)} such that Ro1 = {ej1e3,e2}, Ri12 = {e1,eze3},
Ri1 = {ei}, and 7@171 = {e1, eze3}: This case is similar to the first case. If type (1,1) does
not use ege3 after the expansion of information, then equilibrium remains the same. Now

suppose, type (1,1) uses route eses (i.e., ~e(11 s f(l 1) =s1,1). If fel < fe,, then we have
1D < Cel(fel) < oy (fey) = LD

which shows IBP does not occur. Now suppose fel > fe,, which in turn shows fGQ < fe, aS

fel + fez = fe1 + fes = 51,1 + 51,2 + 52,1. We consider the following two cases:

(1 Rt fel f(l 1) f(l 2) (note that fe(ll’l) = 51,1): we have

FE&) = for = (F0 4+ 742 > oy = (500 4+ 502 = 12,
JELY 4 fO2D =511 + 510 — (fe(ll’l) S ) > 811+ 812 — (fe(ll’l) + f§11,2)) = [

These two inequalities lead to

2 1 2 1
fes = FED + fLY 4+ fU2 > fBD 4 f0D = g

Therefore, we have

Ce1(fel) + Ces(fes) < 062(f62) < Cey(fer) < Cey(fer) + Ces(fes), (24)

where the first inequality holds because f6163 > fe (12;5 > 0, the second inequality holds

because fe2 < fey, and the third inequality holds because fe(22 = 59 fe163 > 891 —
~e(12;§5) = ﬁg 1) > 0. Inequality Eq. [24]) together with fel > fe, and f63 > fe, leads to
Cor(for) = Coy(for), Con(feg) = Con(fep), and Coy(fes) = Ces(fes). Therefore, the cost of all
three edges before and after information expansion are the same, leading to the same

equilibrium cost for all types. Therefore, IBP does not occur in this case.
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(11 +fe1 f(11 f(12 We have

FD = (0 4 JO2) = FED 2 (£ 4 f12) = FED > (f4E0 4 £02) - 00 = p12),

(25)
~e(gleé_‘_fezeg_811—1_812_(ul_“fe )§81,1+31,2_((11+fe ): e(gléz,)
(26)
If fel2el3 < fe (12613 , then Inequality Eq. (26]) leads to
f fe(;le:ili + f€2€3 + feleg —_ fe(21623 + f€1€3 f@g'
Therefore, we obtain
Ce1(fel) = 632(f@2) + Ce3(fe3) < ey (fes) + Ces(fes) < ey (fer)s (27)

where the first equality holds because using Inequality Eq. ([23) we obtain fe(ll 2)
(1 2) > 0 and fe;eé > 0, the first inequality holds because fEQ < fe, and fe3 < fes,
and the Second inequality holds because using Inequality Eq. (28] we obtain fe (216?5 =

51,2 — fe1 > 51,2 — fe(1 2 > 0. Inequality Eq. [27)) leads to

et < Cel(fm) < ey (fer) = C(l’l),

showing IBP does not occur in this case.

Now suppose fe(12513) > fe(fei which leads to

Cey (fm) < Ce1(f61) + Cea(fea) < cm(fez) < ey (fer) < Cey(fer) + Cey(fes) < ey (fer),
(28)
where the second inequality holds because félze? > fe(?ei > 0, the third inequality holds
because fez < fey, and the last inequality holds because using Inequality Eq. ([25]) we
obtain fe(zlé? =512 — fe(l1 ’ fe > 0. Inequality Eq. ([28) leads to

(1 & < cel(fm) < ce1(f61) = (1 1),

showing IBP does not occur in this case.

(4) There exist three types {(1,1),(1,2),(2,1)} such that Ra1 = {eies,ea}, Ri2 = {e1,e2e3},

Ri1 = {e2es}, and Ry = {e1, ezez}: This case is similar to the second case.
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