1806.02450v2 [cs.LG] 6 Nov 2018

arxXiv

A Finite Time Analysis of Temporal Difference Learning With Linear

Function Approximation

Jalaj Bhandari, Daniel Russo and Raghav Singal

Columbia University

Abstract

Temporal difference learning (TD) is a simple iterative algorithm used to estimate the value function cor-
responding to a given policy in a Markov decision process. Although TD is one of the most widely used
algorithms in reinforcement learning, its theoretical analysis has proved challenging and few guarantees on its
statistical efficiency are available. In this work, we provide a simple and explicit finite time analysis of tempo-
ral difference learning with linear function approximation. Except for a few key insights, our analysis mirrors
standard techniques for analyzing stochastic gradient descent algorithms, and therefore inherits the simplicity
and elegance of that literature. Final sections of the paper show how all of our main results extend to the study
of TD learning with eligibility traces, known as TD()), and to Q-learning applied in high-dimensional optimal
stopping problems.

Keywords: Reinforcement learning, temporal difference learning, finite time analysis, stochastic gradient
descent.

1 Introduction

Originally proposed by Sutton [1988], temporal difference learning (TD) is one of the most widely used
reinforcement learning algorithms and a foundational idea on which more complex methods are built. The
algorithm operates on a stream of data generated by applying some policy to a poorly understood Markov
decision process. The goal is to learn an approximate value function, which can then be used to track the
net present value of future rewards as a function of the system’s evolving state. TD maintains a parametric
approximation to the value function, making a simple incremental update to the estimated parameter vector
each time a state transition occurs.

While easy to implement, theoretical analysis of TD is subtle. Reinforcement learning researchers in
the 1990s gathered both limited convergence guarantees [Jaakkola et al., 1994] and examples of divergence
[Baird, 1995]. Many issues were then clarified in the work of Tsitsiklis and Van Roy [1997], which estab-
lishes precise conditions for the asymptotic convergence of TD with linear function approximation and gives
examples of divergent behavior when key conditions are violated. With guarantees of asymptotic convergence
in place, a natural next step is to understand the algorithm’s statistical efficiency. How much data is required
to guarantee a given level of accuracy? Can one give uniform bounds on this, or could data requirements
explode depending on the problem instance? Twenty years after the work of Tsitsiklis and Van Roy [1997],
such questions remain largely unsettled.

1.1 Contributions

This paper develops a simple and explicit non-asymptotic analysis of TD with linear function approximation.
The resulting guarantees provide assurances of robustness. They explicitly bound the worst-case dependence
on problem features like the discount factor, the conditioning of the feature covariance matrix, and the mixing
time of the underlying Markov chain. Our analysis reveals rigorous connections between TD and stochas-
tic gradient descent algorithms, provides a template for finite time analysis of incremental algorithms with
Markovian noise, and applies without modification to analyzing a class of high-dimensional optimal stopping
problems. We elaborate on these contributions below.
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o Links with gradient descent: Despite a cosmetic connection to stochastic gradient descent (SGD), in-
cremental updates of TD are not (stochastic) gradient steps with respect to any fixed loss function. It
is therefore difficult to show that it makes consistent, quantifiable, progress toward its asymptotic limit
point. Nevertheless, Section 6 shows that expected TD updates obey crucial properties mirroring those
of gradient descent on a particular quadratic loss function. In a model where the observations are cor-
rupted by i.i.d. noise, these gradient-like properties of TD allow us to give state-of-the-art convergence
bounds by essentially mirroring standard analyses of stochastic gradient descent (SGD). This approach
may be of broader interest as SGD analyses are commonly taught in machine learning courses and serve
as a launching point for a much broader literature on first-order optimization. Rigorous connections
with the optimization literature can facilitate research on principled improvements to TD.

o Non-asymptotic treatment with Markovian noise: TD is usually applied online to a single Markovian
data stream. However, to our knowledge, there has been no successful' non-asymptotic analysis in the
setting with Markovian observation noise. Instead, many papers have studied such algorithms under the
simpler i.i.d noise model mentioned earlier [Sutton et al., 2009b,a, Liu et al., 2015, Touati et al., 2018,
Dalal et al., 2018b, Lakshminarayanan and Szepesvari, 2018]. One reason is that the dependent nature
of the data introduces a substantial technical challenge: the algorithm’s updates are not only noisy,
but can be severely biased. We use information theoretic techniques to control the magnitude of bias,
yielding bounds that are essentially scaled by a factor of the mixing time of the underlying Markov
process relative to those attained for i.i.d. model. Our analysis in this setting applies only to a variant
of TD that projects the iterates onto a norm ball. This projection step imposes a uniform bound on the
noise of gradient updates, which is needed for tractability. For similar reasons, projection operators are
widely used throughout the stochastic approximation literature [Kushner, 2010, Section 2].

e An extendable approach: Much of the paper focuses on analyzing the most basic temporal difference
learning algorithm, known as TD(0). We also extend this analysis to other algorithms. First, we es-
tablish convergence bounds for temporal difference learning with eligibility traces, known as TD()).
This is known to often outperform TD(0) [Sutton and Barto, 1998], but a finite time analysis is more
involved. Our analysis also applies without modification to Q-learning for a class of high-dimensional
optimal stopping problems. Such problems have been widely studied due to applications in the pricing
of financial derivatives [Tsitsiklis and Van Roy, 1999, Andersen and Broadie, 2004, Haugh and Kogan,
2004, Desai et al., 2012, Goldberg and Chen, 2018]. For our purposes, this example illustrates more
clearly the link between value prediction and decision-making. It also shows our techniques extend
seamlessly to analyzing an instance of non-linear stochastic approximation. To our knowledge, no
prior work has provided non-asymptotic guarantees for either TD(\) or Q-learning with function ap-
proximation.

1.2 Related Literature

Non-asymptotic analysis of TD(0): There has been very little non-asymptotic analysis of TD(0). To our
knowledge, Korda and La [2015] provided the first finite time analysis. However, several serious errors in
their proofs were pointed out by Lakshminarayanan and Szepesvari [2017]. A very recent work by Dalal et al.
[2018a] studies TD(0) with linear function approximation in an i.i.d. observation model, which assumes se-
quential observations used by the algorithm are drawn independently from their steady-state distribution.
They focus on analysis with problem independent step-sizes of the form 1/7 for a fixed o € (0,1) and
establish that mean-squared error convergences at a rate> of O(1/77). Unfortunately, while the analysis is
technically non-asymptotic, the constant factors in the bound display a complex dependence on the problem
instance and even scale exponentially with the eigenvalues of certain matrices. Dalal et al. [2018a] also give
a high-probability bound, a nice feature that we do not address in this work.

I'This was previously attempted by Korda and La [2015], but critical errors were shown by Lakshminarayanan and Szepesvari [2017].
2In personal communication, the authors have told us their analysis also yields a O(1/T) rate of convergence for problem dependent
step-sizes, though we have not been able to easily verify this.



This paper was accepted at the 2018 Conference on Learning Theory (COLT) and published in the
proceedings as a two-page extended abstract. While the paper was under review, an interesting paper by
Lakshminarayanan and Szepesvari [2018] appeared. They study linear stochastic approximation algorithms
under i.i.d noise, including TD(0), with constant step-sizes and iterate averaging. This line of work dates
back to Gyorfi and Walk [1996], who show that the iterates of a constant step-size linear stochastic approxi-
mation algorithm form an ergodic Markov chain and, in the case of i.i.d. observation noise, their expectation
in steady-state is equal to the true solution of the linear system. By a central limit theorem for ergodic se-
quences, the average iterate converges to the true solution, with mean-squared error decaying at rate O(1/T").
Bach and Moulines [2013] give a sophisticated non-asymptotic analysis of the least-mean-squares algorithm
with constant step-size and iterate-averaging. Lakshminarayanan and Szepesvari [2018] aim to understand
whether such guarantees extend to linear stochastic approximation algorithms more broadly. In the process,
their work provides O(1/T") bounds for iterate-averaged TD(0) with constant step-size. A remarkable feature
of their approach is that the choice of step-size is independent of the conditioning of the features (although
the bounds themselves do degrade if features become ill-conditioned). It is worth noting that these results
rely critically on the assumption that noise is i.i.d. In fact, Gyorfi and Walk [1996] provide a very simple
example of failure under correlated noise. In this example, under a linear stochastic approximation algorithm
applied with any constant step-size, the averaged-iterate will converge to the wrong limit.

The recent works of Dalal et al. [2018a] and Lakshminarayanan and Szepesvdri [2018] give bounds for
TD(0) only under i.i.d. observation noise. Therefore their results are most comparable to what is presented in
Section 7. For the i.i.d. noise model, the main argument in favor of our approach is that it allows for extremely
simple proofs, interpretable constant terms, and illuminating connections with SGD. Moreover, it is worth
emphasizing that our approach gracefully extends to more complex settings, including more realistic models
with Markovian noise, the analysis of TD with eligibility traces, and the analysis of Q-learning for optimal
stopping problems as shown in Sections 8, 9 and 10.

While not directly comparable to our results, we point the readers to the excellent work of Schapire and Warmuth
[1996]. To facilitate theoretical analysis, they consider a slightly modified version of the TD(X). The authors
provide a finite time analysis for this algorithm in an adversarial model where the goal is to predict the dis-
counted sum of future rewards from each state. Performance is measured relative to the best fixed linear
predictor in hindsight. The analysis is creative, but results depend on a several unknown constants and on the
specific sequence of states and rewards on which the algorithm is applied. Schapire and Warmuth [1996] also
apply their techniques to study value function approximation in a Markov decision process. In that case, the
bounds are much weaker than what is established here. Their bound scales with the size of the state space—
which is enormous in most practical problems—and applies only to TD(1)-a somewhat degenerate special
case of TD(\) in which it is equivalent to Monte Carlo policy evaluation [Sutton and Barto, 1998].

Asymptotic analysis of stochastic approximation: There is a well developed asymptotic theory of stochas-
tic approximation, a field that studies noisy recursive algorithms like TD [Kushner and Yin, 2003, Borkar,
2009, Benveniste et al., 2012]. Most asymptotic convergence proofs in reinforcement learning use a tech-
nique known as the ODE method [Borkar and Meyn, 2000]. Under some technical conditions and appropriate
decaying step-sizes, this method ensures the almost-sure convergence of stochastic approximation algorithms
to the invariant set of a certain ‘mean’ differential equation. The technique greatly simplifies asymptotic con-
vergence arguments, since it completely circumvents issues with noise in the system and issues of step-size
selection. But this also makes it a somewhat coarse tool, unable to generate insight into an algorithm’s sen-
sitivity to noise, ill-conditioning, or step-size choices. A more refined set of techniques begin to address
these issues. Under fairly broad conditions, a central limit theorem for stochastic approximation algorithms
characterizes their limiting variance. Such a central limit theorem has been specifically provided for TD by
Konda [2002] and Devraj and Meyn [2017].

Despite the availability of such asymptotic techniques, the modern literature on first-order stochastic
optimization focuses heavily on non-asymptotic analysis [Bottou et al., 2018, Bubeck, 2015, Jain and Kar,
2017]. One reason is that such asymptotic analysis necessarily focuses on a regime where step-sizes are
arbitrarily small relative to problem features and the iterates have already converged to a small neighborhood



of the optimum. However, the use of a first-order method in the first place signals that a practitioner is mostly
interesting in cheaply reaching a reasonably accurate solution, rather than the rate of convergence in the
neighborhood of the optimum. In practice, it is common to use constant step-sizes, so iterates never truly
converge to the optimum. A non-asymptotic analysis requires grappling with the algorithm’s behavior in
practically relevant regimes where step-sizes are still relatively large and iterates are not yet close to the true
solution.

Analysis of related algorithms: A number of papers analyze algorithms related to and inspired by the
classic TD algorithm. First, among others, Antos et al. [2008], Lazaric et al. [2010], Ghavamzadeh et al.
[2010], Pires and Szepesvari [2012], Prashanth et al. [2013] and Tu and Recht [2018] analyze least-squares
temporal difference learning (LSTD). Yu and Bertsekas [2009] study the related least-squares policy iteration
algorithm. The asymptotic limit point of TD is a minimizer of a certain population loss, known as the
mean-squared projected Bellman error. LSTD solves a least-squares problem, essentially computing the
exact minimizer of this loss on the empirical data. It is easy to derive a central limit theorem for LSTD.
Finite time bounds follow from establishing uniform convergence rates of the empirical loss to the population
loss. Unfortunately, such techniques appear to be quite distinct from those needed to understand the online
TD algorithms studied in this paper. Online TD has seen much wider use due to significant computational
advantages [Sutton and Barto, 1998].

Gradient TD methods are another related class of algorithms. These were derived by Sutton et al. [2009b,a]
to address the issue that TD can diverge in so-called off-policy settings, where data is collected from a policy
different from the one for which we want to estimate the value function. Unlike the classic TD(0) algorithm,
gradient TD methods are designed to mimic gradient descent with respect to the mean squared projected
Bellman error. Sutton et al. [2009b,a] propose asymptotically convergent two-time scale stochastic approxi-
mation schemes based on this and more recently Dalal et al. [2018b] give a finite time analysis of two time
scale stochastic approximation algorithms, including several variants of gradient TD algorithms. A creative
paper by Liu et al. [2015] reformulates the original optimization as a primal-dual saddle point problem and
leverages convergence analysis form that literature to give a non-asymptotic analysis. This work was later
revisited by Touati et al. [2018], who established a faster rate of convergence. The works of Dalal et al.
[2018b], Liu et al. [2015] and Touati et al. [2018] all consider only i.i.d. observation noise. One interesting
open question is whether our techniques for treating the Markovian observation model will also apply to these
analyses. Finally, it is worth highlighting that, to the best of our knowledge, substantial new techniques are
needed to analyze the widely used TD(0), TD()\) and the Q-learning algorithm studied in this paper. Unlike
gradient TD methods, they do not mimic noisy gradient steps with respect to any fixed objective?.

2 Problem formulation

Markov reward process. We consider the problem of evaluating the value function V), of a given policy p
in a Markov decision process (MDP). We work in the on policy setting, where data is generated by applying
the policy p in the MDP. Because the policy p is applied automatically to select actions, such problems
are most naturally formulated as value function estimation in a Markov reward process (MRP). A MRP*
comprises of (S, P, R,~) [Sutton and Barto, 1998] where S is the set of states, P is the Markovian transition
kernel, R is areward function, and v < 1 is the discount factor. For a discrete state-space S, P(s’|s) specifies
the probability of transitioning from a state s to another state s’. The reward function R (s, s’) associates a
reward with each state transition. We denote by R(s) = >, s P(s'|s)R(s, s") the expected instantaneous
reward generated from an initial state s.

3This can be formally verified for TD(0) with linear function approximation. If the TD step were a gradient with respect to a fixed
objective, differentiating it should give the Hessian and hence a symmetric matrix. Instead, the matrix one attains is typically not a
symmetric one.

4We avoid p from notation for simplicity.



The value function associated with this MRP, V,,, specifies the expected cumulative discounted future
reward as a function of the state of the system. In particular,

Vi(s) =E lz V' R(s1) | s0 = ] ,
t=0

where the expectation is over sequences of states generated according to the transition kernel P. This value
function obeys the Bellman equation 7, V,, = V,, where the Bellman operator T}, associates a value function
V : & — R with another value function T,V satisfying

(T, V)(s) =R(s) +~ Z P(s'|s)V(s') VseS.

s’eS
We assume rewards are bounded uniformly such that
|R(5,8)] < Tmax V5,8 €8S.

Under this assumption, value functions are assured to exist and are the unique solution to Bellman’s equation
[Bertsekas, 2012]. We also assume that the Markov reward process induced by following the policy p is
ergodic with a unique stationary distribution 7. For any two states s, s": 7(s") = limy_,00 P(st = §|s¢ = $).

Following common references [Bertsekas, 2012, Dann et al., 2014, De Farias and Van Roy, 2003], we
will simplify the presentation by assuming the state space S is a finite set of size n = |S|. We elaborate on
this choice in the remark below.

Remark 1. Working with a finite state space allows for the use of compact matrix notation, which is the
convention in work on linear value function approximation. It also avoids measure theoretic notation for
conditional probability distributions. Our proofs extend in an obvious way to problems with countably infinite
state-spaces. For problems with general state-space, even the core results in dynamic programming hold only
under suitable technical conditions [Bertsekas and Shreve, 1978].

Value function approximation. Given a fixed policy u, the problem is to efficiently estimate the corre-
sponding value function V,, using only the observed rewards and state transitions. Unfortunately, due to
the curse of dimensionality, most modern applications have intractably large state spaces, rendering exact
value function learning hopeless. Instead, researchers resort to parametric approximations of the value func-
tion, for example by using a linear function approximator [Sutton and Barto, 1998] or a non-linear function
approximation such as a neural network [Mnih et al., 2015]. In this work, we consider a linear function
approximation architecture where the true value-to-go V), (s) is approximated as

Viu(s) = Va(s) = ¢(s) "0,

where ¢(s) € R? is a fixed feature vector for state s and § € R? is a parameter vector that is shared across
states. When the state space is the finite set S = {s1,..., s, }, Vo € R™ can be expressed compactly as

d(s1) " o1(s1)  ¢r(s1)  dals1)
Vo=| = |6=] : | 0=

¢(5n)T b1(sn)  Bk(sn)  Palsn)

where @ € R"*? and §# € R?. We assume throughout that the d features vectors {¢;}¢_,, forming the
columns of ® are linearly independent.



Norms in value function and parameter space. For a symmetric positive definite matrix A, define the
inner product (z,y)4 = ' Ay and the associated norm ||z||a= V2T Ax. If A is positive semi-definite
rather than positive definite then ||-|| 4 is called a semi-norm. Let D = diag(n(s1),...,7(sn)) € R™*"
denote the diagonal matrix whose elements are given by the entries of the stationary distribution 7(-). Then,
for two value functions V and V',

IV =V'Ip= > 7(s) (V(s) = V'(5))%,

seS

measures the mean-square difference between the value predictions under V' and V’, in steady-state. This
suggests a natural norm on the space of parameter vectors. In particular, for any 6,6’ € R,

Vo = Varllp= [> " 7(s) (6(s)T (0 = 0"))" = |6 — 0|5

seS

where
S:=0"DO = w(s)d(s)p(s)
sES
is the steady-state feature covariance matrix.

Feature regularity. We assume that any entirely redundant or irrelevant features have been removed, so X
has full rank. Additionally, we also assume that ||¢(s)||3< 1 for all s € S, which can be ensured through
feature normalization. This also ensures that X exists. Let w > 0 be the minimum eigenvalue of ¥. From
our bound on the feature vectors, the maximum eigenvalue of X is less than 1°,s01 /w bounds the con-
dition number of the feature covariance matrix. The following lemma is an immediate consequence of our
assumptions.

Lemma 1 (Norm equivalence). Forall § € RY, \/w||0||2< ||[Val|p< [|0]]2-

While we assume it has full rank, we will establish some finite time bounds that are independent of the
conditioning of the feature covariance matrix.

3 Temporal difference learning

We consider the classic temporal difference learning algorithm [Sutton, 1988]. The algorithm starts with an
initial parameter estimate ¢, and at every time step t, it observes one data tuple O; = (s, = R(s¢, 8}), S})
consisting of the current state, the current reward and the next state reached by playing policy p in the current
state. This tuple is used to define a loss function, which is taken to be the squared sample Bellman error.
It then proceeds to compute the next iterate 6;,1 by takin§ a gradient step. Some of our bounds guarantee
accuracy of the average iterate, denoted by 6§, = ¢! Zf;o ;. The version of TD presented in Algorithm 1
also makes online updates to the averaged iterate.

We present in Algorithm 1 the simplest variant of TD, which is known as TD(0). It is also worth
highlighting that here we study online temporal difference learning, which makes incremental gradient-like
updates to the parameter estimate based on the most recent data observations only. Such algorithms are
widely used in practice, but harder to analyze than so-called batch TD methods like the LSTD algorithm of
Bradtke and Barto [1996].

Attime ¢, TD takes a step in the direction of the negative gradient g; (6;) evaluated at the current parameter.
As a general function of 6 and the tuple O; = (s¢, 14, s;), the negative gradient can be written as

9:(6) = (re +79(50)70 = 6(0) T0) o(s1) M

SLet Amax(A) = max||z||,=1 x T Az denote the maximum eigenvalue of a symmetric positive-semidefinite matrix. Since this is a
convex function, Amax () < Y-, cs () Amax(¢(8)d(s) ) < 3 csm(s) = 1.




Algorithm 1: TD(0) with linear function approximation

Input : initial guess 6, step-size sequence {c }ren.
Initialize: 6y < 6.
fort=0,1,...do

Observe tuple: Oy = (s¢, 7 = R(st, 8), 51)

Define target: y: = R(s¢, s}) + Vo, (s}) /* sample Bellman operator =/
Define loss function: £ (y; — V(s¢))? /* sample Bellman error squared =/
Compute negative gradient: g;(6;) = —-2 3 (y; — Vo(s1))?lg—s,

Take a gradient step: ;11 = 0; + . g:(0;) /* qi:step—size x/
Update averaged iterate: §t+1 — (t% 0, + (t%) Or 1 /% 0_t+1 = t% 22:0 Oy «/

end

The long-run dynamics of TD are closely linked to the expected negative gradient step when the tuple O; =
(s¢,71, s) follows its steady-state behavior:

g(9) = Z T(s)P(s'|s) (R(s,s") + v (s') T — gb(s)—r@) #(s) V6OeRL

s,s’€S

This can be rewritten more compactly in several useful ways. One such way is,

9(0) =E[¢r] + E [¢(1¢' — 6)] 0, @
where ¢ = ¢(s) is the feature vector of a random initial state s ~ 7, ¢’ = ¢(s’) is the feature vec-
tor of a random next state drawn according to s’ ~ P(- | s), and r = R(s,s’). In addition, since

S ees P(s's) (R(s, s') +vo(s') T0) = (T,,90)(s), we can recognize that
g(0) = &' D(T, 20 — ®9). (3)

See Tsitsiklis and Van Roy [1997] for a derivation of this fact.

4 Asymptotic convergence of temporal difference learning

The main challenge in analyzing TD is that the gradient steps g+ () are not true stochastic gradients with re-
spect to any fixed objective. The gradient step taken at time ¢ pulls the value prediction Vy, , (s¢) closer to y;,
but y; itself depends on Vj, . So does this circular process converge? The key insight of Tsitsiklis and Van Roy
[1997] was to interpret this as a stochastic approximation scheme for solving a fixed point equation known as
the projected Bellman equation. Contraction properties together with general results from stochastic approx-
imation theory can then be used to show convergence.

Should TD converge at all, it should be to a stationary point. Because the feature covariance matrix ¥ is
full rank there is a unique® vector 6* with g(6*) = 0. We briefly review results that offer insight into 6* and
proofs of the asymptotic convergence of TD.

Understanding the TD limit point. Tsitsiklis and Van Roy [1997] give an interesting characterization of
the limit point 8*. They show it is the unique solution to the projected Bellman equation

®0 = 11T, D0, )

OThis follows formally as a consequence of Lemma 3 in this paper.



where IIp(-) is the projection operator onto the subspace {®x | x € R¢} spanned by these features in the
inner product (-, -) p. To see why this is the case, note that by using g(6*) = 0 along with Equation (3),

0=2"g(0") = (dz, T, 90" — ®0*)p VYV z € R™

That is, the Bellman error at 6*, given by (7, 20" — ®6*), is orthogonal to the space spanned by the features
in the inner product (-, -) p. By definition, this means IIp (T}, $6* — ®6*) = 0 and hence 6* must satisfy the
projected Bellman equation.

The following lemma shows the projected Bellman operator, IIp7), (-) is a contraction, and so in principle,
one could converge to the approximate value function ®6* by repeatedly applying it. TD appears to serve a
simple stochastic approximation scheme for solving the projected-Bellman fixed point equation.

Lemma 2. [Tsitsiklis and Van Roy [1997]] I1pT,,(+) is a contraction with respect to ||-|| p with modulus ~,
that is,

||HDTMV9 - HDTNVI‘)’”D < VHVI‘) - VO’”D V@,H' € Rd-

Finally, the limit of convergence comes with some competitive guarantees. From Lemma 2, a short argument
shows

1
HVH* _Vu”D < /YQHHDVAL_V#”D' ®)

i

See Chapter 6 of Bertsekas [2012] for a proof. The left hand side of Equation (5) measures the root-mean-
squared deviation between the value predictions of the limiting TD value function and the true value function.
On the right hand side, the projected value function IIpV,, minimizes root-mean-squared prediction errors
among all value functions in the span of ®. If V,, actually falls within the span of the features, there is no
approximation error at all and TD converges to the true value function.

Asymptotic convergence via the ODE method. Like many analyses in reinforcement learning, the con-
vergence proof of Tsitsiklis and Van Roy [1997] appeals to a powerful technique from the stochastic approx-
imation literature known as the “ODE method”. Under appropriate conditions, and assuming a decaying
step-size sequence satisfying the Robbins-Monro conditions, this method establishes the asymptotic conver-
gence of the stochastic recursion 8,11 = 0; + «;g:(0;) as a consequence of the global asymptotic stability
of the deterministic ODE: 6, = g(0:). The critical step in the proof of Tsitsiklis and Van Roy [1997] is to
use the contraction properties of the Bellman operator to establish this ODE is globally asymptotically stable
with the equilibrium point 6*.

The ODE method vastly simplifies convergence proofs. First, because the continuous dynamics can be
easier to analyze than discretized ones, and more importantly, because it avoids dealing with stochastic noise
in the problem. At the same time, by side-stepping these issues, the method offers little insight into the critical
effect of step-size sequences, problem conditioning, and mixing time issues on algorithm performance.

5 OQOutline of analysis

The remainder of the paper focuses on a finite time analysis of TD. Broadly, we establish two types of finite
time bounds. We first derive bounds that depend on the condition number of the feature covariance matrix. In
that case, we state explicit bounds on the expected distance E [[|67 — 6*|3] of the iterate from the TD fixed-
point, 8*. These mirror what one might expect from the literature on stochastic optimization of strongly
convex functions: results showing that TD with constant step-sizes converges to within a radius of 6* at an
exponential rate, and O(1/T') convergence rates with appropriate decaying step-sizes. Note that by Lemma
1, Vo — Vo<||%5< |6 — 673, so bounds on the distance of the iterate to the TD fixed point also imply
bounds on the distance between value predictions.

These results establish fast rates of convergence, but only if the problem is well conditioned. The
choice of step-sizes is also very sensitive to problem conditioning. Work on robust stochastic approximation




[Nemirovski et al., 2009] argues instead for the use of comparatively large step-sizes together with iterate
averaging. Following the spirit of this work, we also give explicit bounds on E [||‘ng — Vi~ QD] , which mea-
sures the mean-squared gap between the predictions under the averaged-iterate f7 and under the TD limit
point 6*. These yield slower O(1/+/T') convergence rates, but both the bounds and step-sizes are completely
independent of problem conditioning.

Our approach is to start by developing insights from simple, stylized settings, and then incrementally
extend the analysis to more complex settings. The analysis is outlined below.

Noiseless case: Drawing inspiration from the ODE method discussed above, we start by analyzing the Euler
discretization of the ODE 6, = g(0:), which is the deterministic recursion 6;11 = 0; + ag(6;). We
call this method “mean-path TD”. As motivation, the section first considers a fictitious gradient descent
algorithm designed to converge to the TD fixed point. We then develop striking analogues for mean-
path TD of the key properties underlying the convergence of gradient descent. Easy proofs then yield
two bounds mirroring those given for gradient descent.

Independent noise: Section 7 studies TD under an i.i.d. observation model, where the data-tuples used by
TD are drawn i.i.d. from the stationary distribution. The techniques used to analyze mean-path TD(0)
extend easily to this setting, and the resulting bounds mirror standard guarantees for stochastic gradient
descent.

Markov noise: In Section 8, we analyze TD in the more realistic setting where the data is collected from a
single sample path of an ergodic Markov chain. This setting introduces significant challenges due to
the highly dependent nature of the data. For tractability, we assume the Markov chain satisfies a certain
uniform bound on the rate at which it mixes, and study a variant of TD that uses a projection step to
ensure uniform boundedness of the iterates. In this case, our results essentially scale by a factor of the
mixing time relative to the i.i.d. case.

Extension to TD()\): In Section 9, we extend the analysis under the Markov noise to TD with eligibility
traces, popularly known as TD()). Eligibility traces are known to often provide performance gains in
practice, but theoretical analysis is more complex. Such analysis offers some insight into the subtle
tradeoffs in the selection of the parameter A € [0, 1].

Approximate optimal stopping: A final section extends our results to a class of high dimensional optimal
stopping problems. We analyze Q-learning with linear function approximation. Building on observa-
tions of Tsitsiklis and Van Roy [1999], we show the key properties used in our analysis of TD continue
to hold for Q-learning in this setting. The convergence bounds shown in Sections 7 and 8 therefore
apply without any modification.

6 Analysis of mean-path TD

All practical applications of TD involve observation noise. However, a great deal of insight can be gained by
investigating a natural deterministic analogue of the algorithm. Here we study the recursion

Oir1 =0; +ag(0;) teNg=1{0,1,2,...},

which is the Euler discretization of the ODE described in Section 4. We will refer to this iterative algorithm
as mean-path TD. In this section, we develop key insights into the dynamics of mean-path TD that allow for
a remarkably simple finite time analysis of its convergence. Later sections of the paper show how these ideas
extend gracefully to analyses with observation noise.

The key to our approach is to develop properties of mean-path TD that closely mirror those of gradient
descent on a particular quadratic loss function. To this end, in the next subsection, we review a simple analysis
of gradient descent. In Subsection 6.2, we establish key properties of mean-path TD mirroring those used to
analyze this gradient descent algorithm. Finally, Subsection 6.3 gives convergence rates of mean-path TD,



with proofs and rates mirroring those given for gradient descent except for a constant that depends on the
discount factor, ~.

6.1 Gradient descent on a value function loss

Consider the cost function . 1
f(0) = §HV9* — Vo= §H9* - 0|13,

which measures the mean-squared gap between the value predictions under 6 and those under the stationary
point of TD, 6*. Consider as well a hypothetical algorithm that performs gradient descent on f, iterating
011 = 0, — aV f(0;) forall t € Ny. Of course, this algorithm is not implementable, as one does not know
the limit point 8* of TD. However, reviewing an analysis of such an algorithm will offer great insights into
our eventual analysis of TD.

To start, a standard decomposition characterizes the evolution of the error at iterate 6;:

167 = Ger1l3= 116" — B:ll3+2aV £(8:) T (0" — 6:) + ?[[ V £(80)]3-

To use this decomposition, we need two things. First, some understanding of V f(6;) " (6* — 6;), capturing
whether the gradient points in the direction of (8* — 6;). And second, we need an upper bound on the norm
of the gradient ||V f(6;)3. In this case, V f(6) = £(0 — 0*), from which we conclude

VO (07 = 0) = —[|0" = 0]5= ~[|Vo- — Vol ©)

In addition, one can show’
IV f(O)l2< [[Vo- = Vallp. (7)

Now, using (6) and (7), we have that for step-size o = 1,
16 = Oua|3< 167 — Bul3—11Va- — Vi, 13- ®)

The distance to 6* decreases in every step, and does so more rapidly if there is a large gap between the value
predictions under # and 6*. Combining this with Lemma 1 gives

167 = Bra1 [3< (1 = w)ll6” = B]3< ... < (1 —w)™ 0" — o3 ©)

Recall that w denotes the minimum eigenvalue of Y. This shows that error converges at a fast geometric rate.
However the rate of convergence degrades if the minimum eigenvalue w is close to zero. Such a convergence
rate is therefore only meaningful if the feature covariance matrix is well conditioned.

By working in the space of value functions and performin% iterate averaging, one can also give a guarantee
that is independent of w. Recall the notation 67 = T—! Zt:_ol 0, for the averaged iterate. A simple proof
from (8) shows

16— 6l

T (10)

T-1
1
Vo = Vo, Ip< 7 D Ve = Vo, 5=
t=0
6.2 Key properties of mean-path TD

This subsection establishes analogues for mean-path TD of the key properties (6) and (7) used to analyze gra-
dient descent. First, to characterize the gradient update, our analysis builds on Lemma 7 of Tsitsiklis and Van Roy
[1997], which uses the contraction properties of the projected Bellman operator to conclude

GO (0" —0)>0 VO#£06" (11)

7This can be seen from the fact that for any vector u with ||u||2< 1,

uTVf(0) = (u, 0~ 0%z <|lulc|0* —0lls< 116" —0llz= Ve — Vollp-

10



That is, the expected update of TD always forms a positive angle with (§* — 6). Though only Equation (11)
was stated in their lemma, Tsitsiklis and Van Roy [1997] actually reach a much stronger conclusion in their
proof itself. This result, given in Lemma 3 below, establishes that the expected updates of TD point in a
descent direction of ||§* — €||3, and do so more strongly when the gap between value functions under & and
0* is large. We will show that this more quantitative form of (11) allows for elegant finite time-bounds on the
performance of TD.

Note that this lemma mirrors the property in Equation (6), but with a smaller constant of (1 — +). This
reflects that expected TD must converge to 6* by bootstrapping [Sutton, 1988] and may follow a less direct
path to 6* than the fictitious gradient descent method considered in the previous subsection. Recall that the
limit point 6* solves g(6*) = 0.

Lemma 3. Forany 6 € R4,
* — 2
0" —6)"g(0) > (1—)|Ve — Vallp-

Proof. We use the notation described in Equation (2) of Section 3. Consider a stationary sequence of states
with random initial state s ~ 7 and subsequent state s’, which, conditioned on s, is drawn from P(-|s).
Set ¢ = ¢(s), ¢ = ¢(s') and r = R(s,s'). Define & = Vy-(s) — Vo(s) = (6* — ) ¢ and ¢ =
Vo« (s") — Vo(s') = (0" — 6) T ¢/ By stationarity, £ and & are two correlated random variables with the same

same marginal distribution. By definition, 7, E[¢?] = ||Vp- — Vj]|%, since s is drawn from 7.
Using the expression for g(#) in Equation (2),
9(0) = g(6) — g(0*) = E[p(v¢' — ¢) " (6 — 6")] = E[6(§ —~¢)]. (12)
Therefore

(0" = 0)Tg(0) = E[£(¢ —~¢)] = B[] - 1E[€'¢) > (1 = 1E[E?] = (1 = )|V — Vallp-

The inequality above uses Cauchy-Schwartz inequality together with the fact that £ and £’ have the same
marginal distribution to conclude E[¢¢'] < /E[€2]\/E[(¢")?] = E[¢?]. O

Lemma 4 is the other key ingredient to our results. It upper bounds the norm of the expected negative
gradient, providing an analogue of Equation (7).

Lemma 4. ||§(0)|2< 2||Ve — Vp-|lp V 6 € R%

Proof. Beginning from (12) in the Proof of Lemma 3, we have

19(0)ll2= IE[6(€ = ~+ENl2< \/EISIEVELE — 7€)% < VEIE] +1VEI(€)?] = (1 +7)VEIE?],

where the second inequality uses the assumption that ||¢||2< 1 and the final equality uses that £ and & have
the same marginal distribution. We conclude by recalling that E[¢%] = ||V — Vy||% and 1 + v < 2. O

Lemmas 3 and 4 are quite powerful when used in conjunction. As in the analysis of gradient descent
reviewed in the previous subsection, our analysis starts with a recursion for the error term, ||0; — 6*||%. See
Equation (13) in Theorem 1 below. Lemma 3 shows the first order term in this recursion reduces the error at
each time step, while using the two lemmas in conjunction shows the first order term dominates a constant
times the second order term. Precisely,

(1

E= D yggo3

This leads immediately to conclusions like Equation (14), from which finite time convergence bounds follow.
It is also worth pointing out that as TD(0) is an instance of linear stochastic approximation, these two
lemmas can be interpreted as statements about the eigenvalues of the matrix driving its behavior®.

gO) (0" —0) > (1= )| Ve — Vll3 >

8Recall from Section 3 that §(0) is an affine function. That is, it can be written as A0 — b for some A € R?*9 and b € R, Lemma
3 shows that A < —(1—7)%, i.e. that A+ (1 —)X is negative definite. It is easy to show that ||g(6)]|2= (0 —6*) T (AT A)(6 —0*),
so Lemma 4 shows that AT A < X. Taking this perspective, the important part of these lemmas is that they allows us to understand TD
in terms of feature covariance matrix 3 and the discount factor -y rather than the more mysterious matrix A.

11



6.3 Finite time analysis of mean-path TD

We now combine the insights of the previous subsection to establish convergence rates for mean-path TD.
These mirror the bounds for gradient descent given in Equations (9) and (10), except for an additional de-
pendence on the discount factor. The first result bounds the distance between the value function under an
averaged iterate and under the TD stationary point. This gives a comparatively slow O(1/T) convergence
rate, but does not depend at all on the conditioning of the feature covariance matrix. When this matrix is well
conditioned, so the minimum eigenvalue w of ¥ is not too small, the geometric convergence rate given in the
second part of the theorem dominates. Note that by Lemma 1, bounds on ||f; — 6*||2 always imply bounds
on [[Vg, = VeIl p-

Theorem 1. Consider a sequence of parameters (0y, 01, . ..) obeying the recursion
0141 = 0; + ag(6;) teNyg=1{0,1,2,...},

where o = (1 — ~y) /4. Then,
416" — 00|13

(1)’

. 1—7)%w "
o7 = o0l < exo { - (222 ) o -l

Proof. With probability 1, for every ¢ € Ny, we have

V- — Vi, 1D <

and

167 = Oeal3= 110" = B:ll3—20(6" — 02) "9(0¢) + o®[|g(0¢)[3- (13)
Applying Lemmas 3 and 4 and using a constant step-size of « = (1 — ) /4, we get
10" = Oall3 < 1107 = Oull3— (201 =) — 4a®) [[Vo- — Vo, 15

1— 2
lo" = o~ (U525 ) 1va- - vali (14)

Then,
(1—9)? = 2 = 2 2 2
(B525) Twer = vaulps X (16 = 601" = 6ual) < 16" -
t=0 t=0

Applying Jensen’s inequality gives the first result:

T-1

1 4/|6* — 60|32
Ve = Va5 3 S IVie — Vol 10— Foll
t=0

(1=7)?T

Now, returning to (14), and applying Lemma 1 implies
* * 1- v 2 * w(l— v 2 *
o7 = ousalB o -3 (25 Yt g = (1- 2020 ) jor ol

1— 2
exp { -2 o — o

. Repeating this inductively gives the desired

IN

—w(—vy)?
4

result. O

where the final inequality uses that (1 — “(1%17)2) <e

12



7 Analysis for the i.i.d. observation model

This section studies TD under an i.i.d. observation model, and establishes three explicit guarantees that mirror
standard finite time bounds available for SGD. Specifically, we study a model where the random tuples
observed by the TD algorithm are sampled i.i.d. from the stationary distribution of the Markov reward process.
This means that for all states s and s/,

P [(s¢,7e,81) = (s, R(s,8),5")] = n(s)P(s]s), (15)

and the tuples {(s¢, 7+, s}) }ten are drawn independently across time. Note that the probabilities in Equation
(15) correspond to a setting where the first state s; is drawn from the stationary distribution, and then s} is
drawn from P(+|s;). This model is widely used for analyzing RL algorithms. See for example Sutton et al.
[2009b], Sutton et al. [2009a], Korda and La [2015], and Dalal et al. [2018a].

Theorem 2 follows from a unified analysis that combines the techniques of the previous section with
typical arguments used in the SGD literature. All bounds depend on 02 = E[||g:(6%)|13] = E[||g:(6*) —
G(0%)||3], which roughly captures the variance of TD updates at the stationary point *. The bound in part (a)
follows the spirit of work on so-called robust stochastic approximation [Nemirovski et al., 2009]. It applies
to TD with iterate averaging and relatively large step-sizes. The result is a simple bound on the mean-squared
gap between the value predictions under the averaged iterate and the TD fixed point. The main strength of
this result is that the step-sizes and the bound do not depend at all on the condition number of the feature
covariance matrix. Note that the requirement that /T > 8/(1 — «) is not critical; one can carry out analysis
using the step-size ag = min{(1 —)/8, v/T'}, but the bounds we attain only become meaningful in the case
where 7' is sufficiently large, so we chose to simplify the exposition.

Parts (b) and (c) provide faster convergence rates in the case where the feature covariance matrix is well
conditioned. Part (b) studies TD applied with a constant step-size, which is common in practice. In this
case, the iterate 6; will never converge to the TD fixed point, but our results show the expected distance to 6*
converges at an exponential rate below some level that depends on the choice of step-size. This is sometimes
referred to as the rate at which the initial point 6y is “forgotten”. Bounds like this justify the common practice
of starting with large step-sizes, and sometimes dividing the step-sizes in half once it appears error is no-
longer decreasing. Part (c) attains an O(1/T) convergence rate for a carefully chosen decaying step-size
sequence. This step-size sequence requires knowledge of the minimum eigenvalue of the feature covariance
matrix 3, which plays a role similar to a strong convexity parameter in the optimization literature. In practice,
this would need to be estimated, possibly by constructing a sample average approximation to the feature
covariance matrix. The proof opraIt (c) closely follows an inductive argument presented in Bottou et al.
[2018]. Recall that 7 = T—* Zt;,)l 0; denotes the averaged iterate.

Theorem 2. Suppose TD is applied under the i.i.d. observation model and set o> = E || g,(6*)||3].
(a) Forany T > (8/(1 —~))? and a constant step-size sequence oy = -+ - = p = \/LT

< |lo* — 90”%4—202.

(b) For any constant step-size sequence g = -+ = ar < w(l —7)/8,
202
Ello* — o 2] <« ( —ao(l—v)wT) 0% — 0 2 = .
[l rll3] < (e | ol|2 + ao T

(c) For a decaying step-size sequence o, = )\i_‘_t with 3 = (1_%” and \ = ﬁ,

v

A+T

. 802 16]|6* — 6o]|3
E [[|6* — 6r]l3] < 24,

where v = max { =72 (1=

13



Our proof is able to directly leverage Lemma 3, but the analysis requires the following extension of
Lemma 4 which gives an upper bound to the expected norm of the stochastic gradient.

Lemma 5. For any fixed § € R%, E [||g:(0)13] < 202 + 8||Vy — Vy-||3, where o? = E [[|g:(6*)]/3].
Proof. For brevity of notation, set ¢ = ¢(s;) and ¢' = ¢(s}). Define ¢ = (0* —0)Tpand &’ = (6* —0) " ¢'.
By stationarity, £ and ¢’ have the same marginal distribution and E[¢?] = ||Vy- — Vp||%, following the same

argument as in Lemma 3. Using the formula for g;(6) in Equation (1), we have

Elg@)13] < E [(lg:0")la+]9:(0) — 90(0")]12)’]
< 2R [lgi(0") 3] + 25 [l (0) — gu(07)[12]

)
)
- +2EU\¢¢> NG 9)\\2]

202 + 2E [ lé(¢ — v¢)I1]
202 +2E[|§—7§| }
20% + 4 (E[|¢]] +v’E [|€'1%])
207 + 8||Vo- — Vol|3,

where we used the assumption that ||¢||3< 1. The second inequality uses the basic algebraic identity (z +
y)? < 2max{x,y}? < 222 + 22, along with the monotonicity of expectation operators. O

IN N IA

Using this we give a proof of Theorem 2 below. Let us remark here on a consequence of the i.i.d noise
model that considerably simplifies the proof. Until now, we have often developed properties of the TD updates
g:(0) applied to an arbitrary, but fixed, vector § € R?. For example, we have given an expression for g(f) :=
E[g:(6)], where this expectation integrates over the random tuple O; = (s, 7+, s}) influencing the TD update.
In the i.i.d noise model, the current iterate, 6;, is independent of the tuple Oy, and so E[g:(6;)|6:] = g(6:). In
a similar manner, after conditioning on 6;, we can seamlessly apply Lemmas 3 and 5, as is done in inequality
(16) of the proof below.

Proof. The TD algorithm updates the parameters as: 6;11 = 6; + a¢g:(0;). Thus, for each ¢ € Ny, we have,
16 — e 1ll3 = 116" — 0:l13—20009:(6:) T (6" — 0;) + 7 || g (61) 13-

Under the hypotheses of (a), (b) and (c), we have that a; < (1 — ~)/8. Taking expectations and applying
Lemma 3 and Lemma 5 implies,

E [”9* - 9t+1||§] = E [”9* — 04[5 } — 204K [Qt )T(e* - 915)} + atE [Hgt(é’t)H ]
= E [”9* — 043 } —20E [ [ (et)—r(e* —04) | 91&” + OéfE [ [Hgt(et)H% | et”

E (116" = 6:]13] — (2ce(1 — 7) = 8a7) E [V — Va,[I3] + 2070” (16)
E[[6* = 6:[13] — ce(1 = y)E [[Vo- — Vo, D] + 2070°. (17

The inequality (16) follows from Lemmas 3 and 5. The application of these lemmas uses that the random
tuple Oy = (s¢, ¢, s;) influencing g;(+) is independent of the iterate, 6;.

<
<

Part (a). Consider a constant step-size of ap = -+ = ag = 1/ VT. Starting with Equation (17) and
summing over ¢ gives

T—1
S Ve = Va3
t=0

_ 167 = 6ol13 N 200T0%  VT|60* — 613 N 2VTo?
Toap(l=7)  (1-9) (1—7) (1—7)

We find
< |o* — 6‘0”%4—202'

E [|[Vo — Vg, I3] < T VT(1-v)

leve* VoD

14



Part (b). Consider a constant step-size of ap < w(1 — v)/8. Applying Lemma 1 to Equation (17) implies
E [[16" — 61]13] < (1 — ao(1 — 1)) E [I|9" — 6:]13] + 2030>. (18)

Iterating this inequality establishes that for any 7' € Ny,
E[[6" = 6r]3] < (1= ao(1 = y)w)" E[[|6* = 6o]3] +2050% Y (1 —ag(l —y)w)".
t=0

The result follows by solving the geometric series and using that (1 — ag(1 — 7)w) < e~ 1=7w,

Part (c). Note that by the definitions of v, A and 3, we have
v = max{26%%, \|6* — 6|3}

We then have ||6* — 6|3 < % by the definition of v. Proceeding by induction, suppose E [[|60* — 6;|3] <
Then,
t

B0~ 012 < (1— (L= 7)) B [[6° — 0uJ3] + 20307
2,2
< (1— Z) )%—i— ﬂA [where £ = \ + ]
2,2
(e

_ (f 1)U+2ﬁ20—2 (( YwB —1)v
2 £2
t—1 28%0% — v . 2
B <t2 )V+ #2 [usmgﬂ:(l—v)w]
v
t+1’

where the final inequality uses that 23202 — v < 0, which holds by the definition of v and the fact that
2> {E-1)(E+1). O

8 Analysis for the Markov chain observation model: Projected TD
algorithm

In Section 7, we developed a method for analyzing TD under an i.i.d. sampling model in which tuples are
drawn independently from the stationary distribution of the underlying MDP. But a more realistic setting is
one in which the observed tuples used by TD are gathered from a single trajectory of the Markov chain.
In particular, if for a given sample path the Markov chain visits states (so, s1, ... St,...), then these are
processed into tuples Oy = (s¢, 7+ = R(S¢, St41), St+1) that are fed into the TD algorithm. Mathematical
analysis is difficult since the tuples used by the algorithm can be highly correlated with each other. We outline
the main challenges below.

Challenges in the Markov chain noise model. In the i.i.d. observation setting, our analysis relied heavily
on a Martingale property of the noise sequence. This no longer holds in the Markov chain model due to
strong dependencies between the noisy observations. To understand this, recall the expression of the negative
gradient,

90(8) = (71 +79(511) 70 = 6(51)T0) 9(51). (19)
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To make the statistical dependencies more transparent, we can overload notation to write this as g(6, O;) =
9:(6), where O; = (s¢, 14, St+1). Assuming the sequence of states is stationary, we have defined the function
g : RY — R?by g(0) = E[g(0, O;)], where, since @ is non-random, this expectation integrates over the
marginal distribution of the tuple O;. However, E[g(0:,0;) | 6; = 0] # g(6) because 6; is a function of
past tuples {Oy, ..., O;_1}, potentially introducing strong dependencies between 6; and O;. Similarly, in
general E[g(6;, O;) — §(6;)] # 0, indicating bias in the algorithm’s gradient evaluation. A related challenge
arises in trying to control the norm of the gradient step, E[||g;(6;)||3]. Lemma 5 does not yield a bound due
to coupling between the iterate 6, and the observation O;.

Our analysis uses an information-theoretic technique to control for this coupling and explicitly account for
the gradient basis. This technique may be of broader use in analyzing reinforcement learning and stochastic
approximation algorithms. However, our analysis also requires some strong regularity conditions, as outlined
below.

Projected TD algorithm. Our technique for controlling the gradient bias relies critically on a condition
that, when step-sizes are small, the iterates (6;):cn, do not change too rapidly. This is the case as long as
norms of the gradient steps do not explode. For tractability, we modify the TD algorithm itself by adding a
projection step that ensures gradient norms are uniformly bounded across time. In particular, starting with an
initial guess of 6y such that |6y ||, < R, we consider the Projected TD algorithm, which iterates

Or41 =1Ilo g (O + rg+(6:)) V¥ t € Ny, (20)
where

Iy g(f) = argmin [0 —6'[|,
0|07 ||, <R

is the projection operator onto a norm ball of radius R < oo. The subscript 2 on the operator indicates that the
projection is with respect the unweighted Euclidean norm. This should not be confused with the projection
operator IIp used earlier, which projects onto the subspace of approximate value functions with respect to a
weighted norm.

One may wonder whether this projection step is practical. We note that, from a computational perspective,
it only involves rescaling of the iterates, as Ils z(0) = RO/||0]| if ||#||2> R and is simply 6 otherwise. In
addition, Subsection 8.2 suggests that by using aprori bounds on the value function, it should be possible to
estimate a projection radius containing the TD fixed point. However, at this stage, we view this mainly as a
tool that enables clean finite time analysis, rather than a practical algorithmic proposal.

It is worth mentioning that projection steps have a long history in the stochastic approximation literature,
and many of the standard analyses for stochastic gradient descent rely on projections steps to control the norm
of the gradient [Kushner, 2010, Lacoste-Julien et al., 2012, Bubeck, 2015, Nemirovski et al., 2009].

Structural assumptions on the Markov reward process. To control the statistical bias in the gradient
updates—which is the main challenge under the Markov observation model-we assume that the Markov chain
mixes at a uniform geometric rate, as stated below.

Assumption 1. There are constants m > 0 and p € (0,1) such that

sup dry (P(s; € -|sg = 5),7m) < mp" Vte N,
seS

where dry(P, Q) denotes the total-variation distance between probability measures P and Q. In addition,
the initial distribution of sq is the steady-state distribution 7, so (so, 1, - . .) IS a stationary sequence.

This uniform mixing assumption always holds for irreducible and aperiodic Markov chains [Levin and Peres,
2017]. We emphasize that the assumption that the chain begins in steady-state is not essential: given the uni-
form mixing assumption, we can always apply our analysis after the Markov chain has approximately reached
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its steady-state. However, adding this assumption allows us to simplify many mathematical expressions. An-
other useful quantity for our analysis is the mixing time which we define as

T () = min{t € Ny | mp’ < ¢}. 21
For interpreting the bounds, note that from Assumption 1,

_ log(1/¢)
log(1/p)

We can therefore evaluate the mixing time at very small thresholds like € = 1/7" while only contributing a
logarithmic factor to the bounds.

ase — 0.

Tmix(e)

A bound on the norm of the gradient: Before proceeding, we also state a bound on the euclidean norm of
the gradient under TD(0) that follows from the uniform bound on rewards, along with feature normalization’
and boundedness of the iterates through the projection step. Under projected TD(0) with projection radius
R, this lemma implies that ||g;(6;)]|2< ("max + 2R). This gradient bound plays an important role in our
convergence bounds.

Lemma 6. Forall § € RY,

9t(0)||5, < Tmax + 2/|0||2 with probability 1.

Proof. Using the expression of g;(6) in Equation (19), we have

9e(O)[12< e + (v8(s7) — d(s0)) "0l 1 @(s) | < Pamax + [[76(55) — d(s0)lI2]10]]2
< Tmax T 2H6‘”

8.1 Finite time bounds

Following Section 7, we state several finite time bounds on the performance of the Projected TD algorithm.
As before, in the spirit of robust stochastic approximation [Nemirovski et al., 2009], the bound in part (a)
gives a comparatively slow convergence rate of (7)(1 /\/T), but where the bound and step-size sequence are
independent of the conditioning of the feature covariance matrix ¥. The bound in part (c) gives a faster
convergence rate in terms of the number of samples 7', but the bound and as well as the step-size sequence
depend on the minimum eigenvalue w of 3. Part (b) confirms that for sufficiently small step-sizes, the iterates
converge at an exponential rate to within some radius of the TD fixed-point, §*.

It is also instructive to compare the bounds for the Markov model vis-a-vis the i.i.d. model. One can see
that in the case of part(b) for the Markov chain setting, a O (G 2 pmix (ao)) term controls the limiting error due
to gradient noise. This scaling by the mixing time is intuitive, reflecting that roughly every cycle of 7m%(-)
observations provides as much information as a single independent sample from the stationary distribution.
We can also imagine specializing the results to the case of Projected TD under the i.i.d. model, thereby
eliminating all terms depending on the mixing time. We would attain bounds that mirror those in Theorem
2, except that the gradient noise term o there would be replaced by G. This is a consequence using G' as a
uniform upper bound on the gradient norm in the proof, which is possible because of the projection step.

Theorem 3. Suppose the Projected TD algorithm is applied with parameter R > ||0*||2 under the Markov
chain observation model with Assumption 1. Set G = (rmax + 2R). Then the following claims hold.

(a) With a constant step-size sequence oy = --- = ap = 1/ T,

0* — 0o|2 + G2 (9 + 127™ix(1/\/T
E[HV@*_VGHQ]SH olls+ 67 (94 120X VT))
T 2VT(1 - 7)

9Recall that we assumed ||¢(s)||, < 1forall s € S and |R(s, s')| < Tmax forall s,s’ € S
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(b) With a constant step-size sequence oy = --- = ap < 1/(2w(1 — 7)),

G? (9 4 127mix
E [H@* — 9T||§] S (e—an(l—'y)wT) He* _ 90”3 + o < ( T (ao))>

2(1 = y)w

(¢) With a decaying step-size sequence oy = 1/(w(t + 1)(1 — 7)) forall t € Ny,

9 G? (9 + 247™*(arr))
E [ Voo — Vi } < 1+1logT),
H 0 9THD = T(1—7)2w ( + log )
Remark 1: The proof of part (c) also implies an @(1 /T') convergence rate for the iterate O itself; similar
to the O(1/T") convergence shown for the i.i.d. case, in part (c) of Theorem 2.

Remark 2: Ttis likely possible to eliminate the log 7" term in the numerator of part (c) to geta O(1/T') con-
vergence rate. One approach is to use a different weighting of the iterates when averaging, as in Lacoste-Julien et al.
[2012]. For brevity and simplicity, we do not pursue this direction.

8.2 Choice of the projection radius

We briefly comment on the choice of the projection radius, R. Note that Theorem 3 assumes that ||6*||, < R,
so the TD limit point lies within the projected ball. How do we choose such an R when 6* is unknown? It
turns out we can use Lemma 2, which relates the value function at the limit of convergence Vp- to the true
value function, to give a conservative upper bound. This is shown in the proof of the following lemma.

Lemma 7. ||0*||s< (ff?y‘)*‘g‘p and hence ||6*||2< ﬁ

Proof. Because rewards are uniformly bounded, |V,,(s)|< rmax/(1—+) forall s € S. Recall that V,, denotes
the true value function of the Markov reward process. This implies that

T
WVallp < Vil < 77

(1=7)
Lemma 2 along with simple matrix inequalities enable a simple upper bound on ||#*||,. We have

1 1
Vo =Vallp < = IVa=ToVillp < —=—

1
— vV, < ——|V
= 1 /—1_72H #HD—m” #HDv

where the penultimate inequality holds by the Pythagorean theorem. By the reverse triangle inequality we
have [[|Va- | — [Viallp| < Ve — Viullp. Thus.

2 2 Tmax

Tl = A=y

Recall from Section 2 we have, ||[Vy«|| p= ||6*||s which establishes first part of the claim. The second claim
uses that ||0*||x> w]||6*||2 which follows by Lemma 1. O

Vollp < Ve = Villp +IVallp <

It is important to remark here that this bound is problem dependent as it depends on the minimum eigen-
value w of the steady-state feature covariance matrix 2. We believe that estimating w online would make the
projection step practical to implement.
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8.3 Analysis

We now present the key analysis used to establish Theorem 3. Throughout, we assume the conditions of the
theorem hold: we consider the Markov chain observation model with Assumption 1 and study the Projected
TD algorithm applied with parameter R > ||6*||2 and some step-size sequence («, - - -, ).

We fix some notation throughout the scope of this subsection. Define the set O = {# € R? : ||0]|2< R},
so 0; € Op for each ¢ because of the algorithm’s projection step. Set G = (rmax + 2R), so ||g¢(0)||2< G for
all § € © by Lemma 6. Finally, we set

(0) = (90(0) — G(0))" (0—0") V0€Onr,

which can be thought of as the error in the evaluation of gradient-update under parameter 6 at time ¢.

Referring back to the analysis of the i.i.d. observation model, one can see that an error decomposition
given in Equation (17) is the crucial component of the proof. The main objective in this section is to establish
two key lemmas that yield a similar decomposition in the Markov chain observation model. The result can
be stated cleanly in the case of a constant step-size. If ag = - - - = ar = «, we show

E[10" = 0unall3] < E[0° = 0:l3] — 2001 = E[[Vo- — Vo, 5] + Elagi(6:)] + oG
< E[)6 = 6:)3] — 201 = E [|[Ve — Vo, 1] + o® (5 + 677 ()) G*. (22)

The first inequality follows from Lemma 8. The second follows from Lemma 11, which in the case of a
constant step-size o shows E[a(;(0;)] < G?(4 + 67™*(a))a?. Notice that bias in the gradient enters into
the analysis as if by scaling the magnitude of the noise in gradient evaluations by a factor of the mixing time.
From this decomposition, parts (a) and (b) of Theorem 3 follow by essentially copying the proof of Theorem
2. Similar, but messier, inequalities hold for any decaying step-size sequence, which allows us to establish

part (c).
8.3.1 Error decomposition under Projected TD
The next lemma establishes a recursion for the error under projected TD(0) that hold for each sample path.
Lemma 8. With probability 1, for every t € Ny,
10" = Ora 13167 — Oull53—20(1 = 7)[Vo — Vo, I +20Ce(8:) + a7 G2,
Proof. From the projected TD(0) recursion in Equation (20), for any ¢ € No,

16 = Oriall3 = [10° — o r(6: + crege(61))I3
= |[TI2,r(0%) — 12, r(0: + arge(01))l]2

< 10F =00 — arge(01)15

= 16" = 0ul5—2019:(6:) T (0% — 0:) + a7 [l 9:(6:) 3

< 10" = 60,13 —20a1g:(0:) T (6F — ;) + 2G>

= 16" — 0elI3—201g(6:) T (6" — 0;) + 20,1 (6) + a7 G2

< )07 = 61320 (1 = Y)[|Vo- = Vo, l[p+20:Ce(8:) + a7 G

The first inequality used that orthogonal projection operators onto a convex set are non-expansive'’, the
second used Lemma 6 together with the fact that ||6;]]2< R due to projection, and the third used Lemma
3. (]

By taking expectation of both sides, this inequality could be used to produce bounds in the same manner
as in the previous section, except that in general E[(;(0;)] # 0 due to bias in the gradient evaluations.

0Let P¢ (z) = arg min,, ||z’ — z|| denote the projection operator onto a closed, non-empty, convex set C C R%. Then || Pc (z) —
Pe)|I< ||z — yl| for all vectors = and y.
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8.3.2 Information—theoretic techniques for controlling the gradient bias

The uniform mixing condition in Assumption 1 can be used in conjunction with some information theoretic
inequalities to control the magitude of the gradient bias. This section presents a general lemma, which is the
key to this analysis. We start by reviewing some important properties of information-measures.

Information theory background. The total-variation distance between two probability measures is a spe-
cial case of the more general f-divergence defined as

a0 = [ 1(%)

where [ is a convex function such that f(1) = 0. By choosing f(x) = |z — 1|/2, one recovers the total-
variation distance. A choice of f(x) = xlog(x) yields the Kullback-Leibler divergence. This yields a gener-
alization of the mutual information between two random variables X and Y. The f-information between X
and Y is the f-divergence between their joint distribution and the product of their marginals:

If(X’Y) = df(P(X =Y = ')7 P(X = ')®P(Y: ))

This measure satisfies several nice properties. By definition it is symmetric, so I;(X,Y) = I;(Y, X). It can
be expressed in terms of the expected divergence between conditional distributions:

Z]P’ (P(Y =-|X =z),P(Y =.)). (23)

Finally, it satisfies the following data-processing inequality. If X — Y — Z forms a Markov chain, then
I;/(X,2) <I;(X,Y).

Here, we use the notation X — Y — Z, which is standard in information theory and the study of graphical
models, to indicate that the random variables Z and X are independent conditioned on Y. Note that by
symmetry we also have I;(X,Z) < I;(Y,Z). To use these results in conjunction with Assumption 1, we
can specialize to total-variation distance (dyy) and total-variation mutual information (Itv) using f(x) =
|x — 1|/2. The total-variation is especially useful for our purposes because of the following variational
representation.

drv(P,Q) = sup vdP —

villvfleo <3

de‘ (24)

In particular, if P and @) are close in total-variation distance, then the expected value of any bounded function
under P will be close to that under Q).

Information theoretic control of coupling. With this background in place, we are ready to establish a
general lemma, which is central to our analysis. We use || f|cc= sup,ecx|f(z)| to denote the supremum
norm of a function f : X — R.

Lemma 9 (Control of couping). Consider two random variables X andY such that
X = s >S4 =Y

Sor some fixed t € {0,1,2,...} and T > 0. Assume the Markov chain mixes uniformly, as stated in Assump-
tion 1. Let X' and Y' denote independent copies drawn from the marginal distributions of X and Y, so
PX' =Y =)=P(X =) P(Y =-). Then, for any bounded function v,

B [v(X,Y)] = E[o(X", Y]] < 2[[vllec(mp").
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Proof. Let P = P(X € -, Y € -) denote the joint distribution of X and Y and Q@ = P(X € )@ P(Y € )
denote the product of the marginal distributions. Let h = , which is the function v rescaled to take

values in [—1/2,1/2]. Then, by Equation (24)

v
2ol

E[h(X,Y)] - E[h(X',Y")] = / hdp — / hdQ < dov(P,Q) = Inv (X, Y),

where the last equality uses the definition of the total-variation mutual information, /7y . Then,

Iy (X,Y) < Irv(sesirr) = Y P(si = s)dry (P(serr = - | 50 = ), Plsisr =)
s€ES
< sup drv (P(siqr = | s¢=s), m)
s€ES
< mp,

where the three steps follow, respectively, from the data-processing inequality, the property in Equation (23),
the stationarity of the Markov chain, and the the uniform mixing condition in Assumption 1. Combining
these steps gives

B [v(X, Y)] = Efo(X", Y]] < 2[[0]|oc Trv (X, Y) < 2[[v]loc mp”

8.3.3 Bounding the gradient bias.

We are now ready to bound the expected gradient error E[(;(6;)]. First, we establish some basic regularity
properties of the function ().

Lemma 10 (Gradient error is bounded and Lipschitz). With probability 1,
1C:(0)|< 2G*  forall 0 € O

and

1C(0) — C,(0')] < 6GH(9 - 9’)”2 forall 0.0 € Op.

Proof. The result follows from a straightforward application of the bounds ||¢g;(0)|]2< G and ||0||< R <
GG /2, which hold for each § € © . A full derivation is given in Appendix A.3. O

We now use Lemmas 9 and 10 to establish a bound on the expected gradient error.

Lemma 11 (Bound on gradient bias). Consider a non-increasing step-size sequence, g > «y ... > ar. Fix
anyt < T, and set t* = max{0,t — 7™*(ar)}. Then,

E [Ct(et)] S G2 (4 + GTmiX(aT)) Qigx .

The following bound also holds:
t—1

E Kt (6‘15)] S 6G2 Z Q.

i=0
Proof. We break the proof down into three steps.

Step 1: Relate ((0t) and (:(0:—+).

Note that for any ¢ € Ny,

[0iv1 = 0ill, = T2,k (0:; + igi(0:)) — Ha,r(0:)|l, < 160; + igi(0i) — Oill, = aillgi(0:) ]|, < uiG.
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Therefore,
t—1 t—1
100 =0+, < Y 01 =0, <G D> a.
i=t—T 1=t—T1
Applying Lemma 10, we conclude

t—1
Ci(01) < Cul0r—7) +6G* > ;i  forall7 € {0,---,t}. (25)
i=t—T
Step 2: Bound E[(;(0;—)] using Lemma 9.

Recall that the gradient g;(6) depends implicitly on the observed tuple O; = (s¢, R(S¢, St+1), St+1)- Let us
overload notation to make this statistical dependency more transparent. Put

9(0,0;) := gi(0) = (Tt +vé(se41) "0 — ¢(St)T9) ¢(st) 0€Og

and
(0,00) == G(0) = (9(0,0,) — ()" (—0")  0€ Ok

We have defined g : O — R? as §(0) = E[g(0, O,)] for all § € O, where this expectation integrates over
the marginal distribution of O;. Then, by definition, for any fixed (non-random) § € O g,

E[¢(0, O1)] = (E[g(0,01)] — 3(9)) " (6 - 67) = 0.
Since 8y € Op is non-random, it follows immediately that
E[¢(6o, O)] = 0. (26)

We use Lemma 10 to bound E[(;(6;—, O;)]. First, consider random variables 0, . and O; drawn indepen-
dently from the marginal distributions of §;_, and O, so P(6;_, = -,0;, = -) = P(6;—r = ) @ P(Oy = ).
Then E[¢(0;_.,0;)] = E[E[¢(0;_.,0;) | 0;_.]] = 0. Since [{(0,0;)|< 2G? forall € O by Lemma 11
and 0,_, — sy_r — sy — Oy forms a Markov chain, applying Lemma 10 gives

E[¢(0:—r,0:)] < 2(2G*)(mpT) = 4G*mp". (27)

Step 3: Combine terms.

The second claim follows immediately from Equation (25) together with Equation (26). We focus on estab-
lishing the first claim. Taking the expectation of Equation (25) implies

E[<t(9t)] < E[Q(@t—r)] + GGQTat_T Y1 e {07 e t}.
For t < 7™*(a), choosing 7 = ¢ gives

E[¢:(0:)] < E[¢(60)] +6G*tag < 6G2T™*(ap)ap.
=0

For t > 7™(a), choosing T = 79 = 7™ (ar) gives
E[¢:(0:)] < 4G?mp™ + 6G o0ty < 4G ar + 6G% o0 < G? (44 670) 7y .-

where the second inequality used that mp™ < a7 by the definition of the mixing time 7o = 7™ () and
the second inequality uses that step-sizes are non-increasing. O
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8.3.4 Completing the proof of Theorem 3

Combining Lemmas 8 and 10 gives the error decomposition in Equation 22 for the case of a constant step-
size. As noted at the beginning of this subsection, from this decomposition, parts (a) and (b) of Theorem 3 can
be established by essentially copying the proof of Theorem 2. For completeness, this is included in Appendix
A. For part (c), we closely follow analysis of SGD with decaying step-sizes presented in Lacoste-Julien et al.
[2012]. However, some headache is introduced because Lemma 11 includes terms of the form o mix(q..)
instead of the typical o; terms present in analyses of SGD. A complete proof of part (c) is given in Appendix
A as well.

9 Extension to TD with eligibility traces

This section extends our analysis to provide finite time guarantees for temporal difference learning with el-
igibility traces. We study a class of algorithms, denoted by TD()\) and parameterized by A € [0, 1], that
contains as a special case the TD(0) algorithm studied in previous sections'!. For A > 0, the algorithm
maintains an eligibility trace vector, which is a geometric weighted average of the negative gradients at all
previously visited states, and makes parameter updates in the direction of the eligibility vector rather than
the negative gradient. Eligibility traces sometimes provide substantial performance improvements in prac-
tice [Sutton and Barto, 1998]. Unfortunately, they also introduce subtle dependency issues that complicate
theoretical analysis; to our knowledge, this section provides the first non-asymptotic analysis TD()\).

Our analysis focuses on the Markov chain observation model studied in the previous section and we
mirror the technical assumptions used there. In particular, we assume that the Markov chain is stationary and
mixes at a uniform geometric rate (Assumption 1). As before, for tractability, we study a projected variant of
TD(A).

9.1 Projected TD()\) algorithm

TD(\) makes a simple, but highly consequential, modification to TD(0). Pseudo-code for the algorithm is pre-

sented below in Algorithm 2. As with TD(0), at each time-step ¢ it observes a tuple (s¢, 7 = R(S¢, St41), St4+1)
and computes the TD error 6;(6;) = r: + vVa, (st+1) — Vi, (st). However, while TD(0) makes an update

Or41 = 6 + a0:(0:)d(s¢) in the direction of the feature vector at the current state, TD(\) makes the update

0111 = 01 + 464(61)z0.¢. The vector zp.y = ZZ:O (YA)Ep(s¢_y) is called the eligibility trace which is up-

dated incrementally as shown below in Algorithm 2. As the name suggests, the components of zg.; roughly

capture the extent to which each feature is eligible for receiving credit or blame for an observed TD error

[Sutton and Barto, 1998, Seijen and Sutton, 2014].

Algorithm 2: Projected TD(\) with linear function approximation

Input : radius R, initial guess {6y : |60, < R}, and step-size sequence { }ten
Initialize: 6y < 69, z—1 = 0, A € [0,1].
fort=0,1,...do

Observe tuple: Op = (8¢, 1't, St4+1)

Get TD error: 0,(0:) = ri + vV, (se41) — Vo, (5¢) /* sample Bellman error =/

Update eligibility trace: zo.: = (YA)z0.t—1 + &(s¢ /* Geometric weighting =/

Compute update direction: z¢(6;, z0.t) = 8:(6¢)20:¢

Take a projected update step: 6,41 = 2 r(0; + cz (0, 20:1)) /* op:step—-size x/

Update averaged iterate: 0 < (t%) 0, + t%l) 011 /% Oppq = 1:%1 ZZ; 0 */
end

"'TD(0) corresponds to A = 0.
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Some new notation in Algorithm 2 should be highlighted. We use x(6, z0.t) = 6¢(0)z0.: to denote the
update to the parameter vector 6 at time ¢. This plays a role analogous to the negative gradient g;(6) in TD(0).

9.2 Limiting behavior of TD()\)

We now review results on the asymptotic convergence of TD(\) due to Tsitsiklis and Van Roy [1997]. This
provides the foundation of our finite time analysis and also offers insight into how the algorithm differs from
TD(0).

Before giving any results, let us note that just as the true value function V,,(-) is the unique solution
to Bellman’s fixed point equation V,, = T},V,,, it is also the unique solution to a k-step Bellman equation

V.= ﬁk)V#. This can be written equivalently as

k
Vu(s) =E lz V' R(st) + 7V (sk41) | 50 = S] Vs € S,
t=0

where the expectation is over states sampled when policy  is applied to the MDP. The asymptotic properties
of TD(A) are closely tied to a geometrically weighted version of the k-step Bellman equations described
above. Define the averaged Bellman operator

(TVV)(s) = (1= A) i ME
k=0

k
Z'th(st) + AV (sp41) | 50 = s] . (28)
t=0

One interesting interpretation of this equation is as a k-step Bellman equation, but where the horizon k itself
is a random geometrically distributed random variable.

Tsitsiklis and Van Roy [1997] showed that under appropriate technical conditions, the approximate value
function Vy, = ®0, estimated by TD(\) converges almost surely to the unique solution, 8* of the projected
fixed point equation

o0 = TIpT N 00.

TD(\) is then interpreted as a stochastic approximation scheme for solving this fixed point equation. The
existence and uniqueness of such a fixed point ®6* is implied by the following lemma, which shows that
IIpT*(-) is a contraction operator with respect to the steady-state weighted norm ||| p.

Lemma 12. [Tsitsiklis and Van Roy [1997]] HDT;S)\) (+) is a contraction with respect to ||-|| p with modulus

11—
=—F=<7v<1
" 1—9X — 7
As with TD(0), the limiting value function under TD(\) comes with some competitive guarantees. A
short argument using Lemma 12 shows

Ver = Vullp < (29)

1

ﬁ”HDVu - VuHD-
See for example Chapter 6 of Bertsekas [2012] for a proof. It is important to note the distinction between the
convergence guarantee results for TD()\) and TD(0) in terms of the contraction factors. The contraction factor
K is always less than -, the contraction factor under TD(0). In addition, as A — 1, k — 0 implying that the
limit point of TD()) for large enough A will be arbitrarily close to IIpV,,, which minimizes the mean-square
error in value predictions among all value functions representable by the features. This calculation suggests
a choice of A = 1 will offer the best performance. However, the rate of convergence also depends on A, and
may degrade as A\ grows. Disentangling such issues requires also a careful study of the statistical efficiency
of TD()\), which we undertake in the following subsection.
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9.3 Finite time bounds for Projected TD()\)

Following Section 8, we establish three finite time bounds on the performance of the Projected TD(\) algo-
rithm. The first bound in part (a) does not depend on any special regularity of the problem instance but gives
a comparatively slow convergence rate of (’)(1 /v/T). Tt applies with the robust (problem independent) and
aggressive step-size of 1/vT V/T. Part (b) illustrates the exponential rate of convergence to within some radius
of the TD()\) fixed-point for sufficiently small step-sizes. Part (c) attains an improved dependence on 7" of
@(1 /T), but the step-size sequence requires knowledge of the minimum eigenvalue w of X.

Compared to the results for TD(0), our bounds depend on a slightly different definition of the mixing time
that takes into account the geometric weighting in the eligibility trace term. Define

T (¢) = max{T™C(e), 7A€ (¢)}, (30)

where we denote T™MC(¢) = min{t € Ny | mp’ < €} and 741¢°(¢) = min{t € Ny | (yA)! < €}. As we show
next, this definition of mixing time enables compact bounds for convergence rates of TD(\).

Theorem 4. Suppose the Projected TD(\) algorithm is applied with parameter R > ||6* ||z under the Markov

chain observation model with Assumption 1. Set B = %. Then the following claims hold.

(a) With a constant step-size o = qg = 1/\/T,

o1 67— oll2+ B2 (13 + 287 (1/vT))
B [[Ve- ~ i ] < 2WT(1—r) |

(b) With a constant step-size oy = o < 1/(2w(1 — k)) and T > 27 () ,

B2 (13 + 247mix
=] (o)~ e P22

2(1 — kK)w
(¢) With a decaying step-size oy = 1/(w(t + 1)(1 — k)),

E [||Ve- - Vi, |[3) < (1;; 5_2,;;( D) (1 4 10g 1.

Remark 2. As was the case for TD(0), the proof of part (c) also implies a @(I/T) convergence rate for the
iterate O itself. Again, a different weighting of the iterates as shown in Lacoste-Julien et al. [2012] might
enable us to eliminate the log T term in the numerator of part (c) to give a O(1/T) convergence rate. For
brevity, we do not pursue this direction.

We now compare the bounds for TD(\) with that of TD(0) ignoring the constant terms. First, let us look

at the results for the constant step-size oy = 1/+/T in part (a) of Theorems 3 and 4. Approximately, for the

B 2
TD(\) case, we have the term VTR vis-a-vis the term \/T(

)
below clarifies the relationship between these two.

o for the TD(0) case. A simple argument

B2 B (rmax +2R)? G2
VT(1—k) VT =r)(1=7\)?  VT(1 - k)1 =\
G? G2

VI —r)(1—7x) VI(1-9)

As we will see later, B is an upper bound to the norm of (6, zo.¢), the update direction for TD(X). Cor-
respondingly, from Section 8, we know that G is the upper bound on gradient norm, g;(6;) for TD(0). In-
tuitively, for TD(\), the bound B is larger (due to the presence of the eligibility trace term) and more so as
A — 1. This dominates any benefit (in terms of statistical efficiency) from a smaller contraction factor, .
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However, for decaying step-sizes of o, = 1/(w(t + 1)(1 — &)), the bounds are qualitatively the same.
This follows as the terms that dominate part (c) of Theorems 3 and 4 are equal:

B2 (Fmax + 2R)? G2 G2

T = s~ T =wPA =N~ T m21 A2~ T =)
In conclusion, for constant step-sizes—which is often how TD algorithms as used in practice—our bounds
establish a faster convergence rate for TD(0) than for TD()). Or equivalently, according to our bounds, more
data is required to guarantee TD(\) is close to its limit point. In this context, however, the trade-off we
remarked on in Section 9.2 is noteworthy as the fixed point for TD(\) comes with a better error guarantee.

10 Extension: Q-learning for high dimensional Optimal Stopping

So far, this paper has dealt with the problem of approximating the value function of a fixed policy in a
computationally and statistically efficient manner. The Q-learning algorithm is one natural extension of
temporal-difference learning to control problems, where the goal is to learn an effective policy from data.
Although it is widely applied in reinforcement learning, in general Q-learning is unstable and its iterates
may oscillate forever. An important exception to this was discovered by Tsitsiklis and Van Roy [1999], who
showed that ()-learning converges asymptotically for optimal stopping problems. In this section, we show
how the techniques developed in Sections 7 and 8 can be applied in an identical manner to give finite time
bounds for Q-learning with linear function approximation applied to optimal-stopping problems with high
dimensional state spaces. To avoid repetition, we only state key properties satisfied by Q-learning in this
setting which establish exactly the same convergence bounds as shown in Theorems 2 and 3.

10.1 Problem formulation

The optimal stopping problem is that of determining the time to terminate a process to maximize cumulative
expected rewards accrued. Problems of this nature arise naturally in many settings, most notably in the pricing
of financial derivatives [Andersen and Broadie, 2004, Haugh and Kogan, 2004, Desai et al., 2012]. We first
give a brief formulation for a class of optimal stopping problems. A more detailed exposition can be found
in Tsitsiklis and Van Roy [1999], or Chapter 5 of the thesis work of Van Roy [1998].

Consider a discrete-time Markov chain {s; }+>o with finite state space S and unique stationary distribu-
tion distribution 7. At each time ¢, the decision-maker observes the state s; and decides whether to stop or
continue. Let y € [0, 1) denote the discount factor and let u(-) and U (-) denote the reward functions associ-
ated with continuation and termination decisions respectively. Let the stopping time 7 denote the (random)
time at which the decision-maker stops. The expected total discounted reward from initial state s associated

with the stopping time 7 is
T—1

E S ~'u(s) +77U(sr)
t=0

S0 = s] : €19

where U (s, ) is defined to be zero for 7 = oco. We seek an optimal stopping policy, which determines when
to stop as a function of the observed states so as to maximize (31).

For any Markov decision process, the optimal state-action value function @* : § x A — R specifies
the expected value to go from choosing an action a € A in a state s € S and following the optimal policy
in subsequent states. In optimal stopping problems, there are only two possible actions at every time step:
whether to terminate or to continue. The value of stopping in state s is just U(s), which allows us to simplify
notation by only representing the continuation value.

For the remainder of this section, we let @* : & — R denote the continuation-value function. It can be
shown that @Q* is the unique solution to the Bellman equation Q* = FQ*, where the Bellman operator is
given by

FQ(s) = u(s) +v Y _ P(s'|s) max {U(s"), Q(s")}.

s’eS
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Given the optimal continuation values Q*(-), the optimal stopping time is simply

" =min{t|U(s¢) > Q" (s¢)}- (32)

10.2 Q-Learning for high dimensional Optimal Stopping

In principle, one could generate the optimal stopping time using Equation (32) by applying exact dynamic
programming algorithms to compute the optimal Q-function. However, such methods are only implementable
for small state spaces. To scale to high dimensional state spaces, we consider a feature-based approximation
of the optimal continuation value function, Q*. We focus on linear function approximation, where Q*(s) is
approximated as

Q"(s) = Qo(s) = &(s) "0,

where ¢(s) € R? is a fixed feature vector for state s and § € R? is a parameter vector that is shared across
states. As shown in Section 2, for a finite state space, S = {s1,...,8,}, Qo € R™ can be expressed
compactly as Qy = 6, where ¢ € R™*4 and § € R? . We also assume that the d features vectors {gbk}z:l,
forming the columns of ® are linearly independent.

We consider the Q-learning approximation scheme in Algorithm 3. The algorithm starts with an initial
parameter estimate of 6 and observes a data tuple O; = (s, u(s¢), s;). This is used to compute the target
yr = u(se) +ymax {U(s}), Qo, (s;)}, which is a sampled version of the F'(-) operator applied to the current
@Q—function. The next iterate, 6y, is computed by taking a gradient step with respect to a loss function
measuring the distance between y; and predicted value-to-go. An important feature of this method is that
problem data is generated by the exploratory policy that chooses to continue at all time-steps.

Algorithm 3: Q-Learning for Optimal Stopping problems.

Input : i@tial guess 0, step-size sequence {ay }+en and radius R.
Initialize: 6y < 6.
fort=0,1,...do

Observe tuple: Oy = (s¢, u(st), s;)

Define target: y; = u(s;) +ymax{U(s}),Qp,(s})} /* sample Bellman operator x/
Define loss function: §(y: — Qo(s1))? /+ sample Bellman error x/
Compute negative gradient: g;(6;) = —%%(yt — Q@(St))2|9:9t

Take a gradient step: ;11 = 0; + a1 g:(0;) /* i:step—size x/
Update averaged iterate: §t+1 — (H_Ll 0, + (t_%l) Or 1 /% 0_t+1 = H_Ll ZZ} Oy «/

end

10.3 Asymptotic guarantees

Similar to the asymptotic results for TD algorithms, Tsitsiklis and Van Roy [1999] show that the variant of
Q-learning detailed above in Algorithm 3 converges to the unique solution, 6*, of the projected Bellman
equation,

®0 = IIp FP6.

This results crucially relies on the fact that the projected Bellman operator IIp F'(+) is a contraction with
respect to ||-||, with modulus . The analogous result for our study of TD(0) was stated in Lemma 2.
Tsitsiklis and Van Roy [1999] also give error bounds for the limit of convergence with respect to (Q*, the
optimal Q-function. In particular, it can be shown that

* * 1 * *
90" = Q"[|p < == TpQ@" — Q"llp

VOErE
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where the left hand side measures the error between the estimated and the optimal Q-function which is upper
bounded by the representational power of the linear approximation architecture, as given on the right hand
side. In particular, if Q* can be represented as a linear combination of the feature vectors then there is no
approximation error and the algorithm converges to the optimal Q-function. Finally, one can ask whether the
stopping times suggested by this approximate continuation value function, ®6*, are effective. Let [i be the
policy that stops at the first time ¢ when

Then, for an initial state sg drawn from the stationary distribution 7,

E[V*(s0)] = E[Va(so)] < = MpQ" = Q7|

2
(1=7)v1-
where V* and V}; denote the value functions corresponding, respectively, to the optimal stopping policy the
approximate stopping policy p. Again, this error guarantee depends on the choice of feature representation.

10.4 Finite time analysis

In this section, we show how our results in Sections 7, 8 for TD(0) and its projected counterpart can be
extended, without any modification, to give convergence bounds for the Q-function approximation algorithm
described above. To this effect, we highlight that key lemmas that enable our analysis in Sections 7 and
8 also hold in this setting. The contraction property of the F'(-) operator will be crucial to our arguments
here. Convergence rates for an i.i.d. noise model, mirroring those established for TD(0) in Theorem 2, can be
shown for Algorithm 3. Results for the Markov chain sampling model, mirroring those established for TD(0)
in Theorem 3, can be shown for a projected variant of Algorithm 3.

First, we give mathematical expressions for the negative gradient. As a general function of 6 and tuple
O = (s, u(st), s}), the negative gradient can be written as

90(8) = (u(s:) +ymax{U(s}), () 70} = o(s0)T6) 6 (s0). (33)

The negative expected gradient, when the tuple (s¢, u(st), s;) follows its steady-state behavior, can be written

as
90) = > 7(s)P(s']s) (u(s) + ymax {U(s'), ¢(s) "0} — ¢(s)"0) 6(s).

s,8’€S
Additionally, using Y~ . s P(s'|s) (u(s) + ymax {U(s"), ¢(s') T6}) = (F®0) (s), it is easy to show

G(0) = & D(F®H — 06).

Note the close similarity of this expression with its counterparts for TD learning (see Section 3 and Appendix
B); the only difference is that the appropriate Bellman operator(s) for TD learning, T),(-), has been replaced
with the appropriate Bellman operator F'(+) for this optimal stopping problem.

10.4.1 Analysis with i.i.d. noise

In this section, we show how to analyze the Q-learning algorithm under an i.i.d. observation model, where
the random tuples observed by the algorithm are sampled i.i.d. from the stationary distribution of the Markov
process. All our ideas follow the presentation in Section 7, a careful understanding of which reveals that
Lemmas 3 and 5 form the backbone of our results. Recall that Lemma 3 establishes how, at any iterate 6, TD
updates point in the descent direction of ||#* — #||3. Lemma 5 bounds the expected norm of the stochastic
gradient, thus giving a control over system noise.

In Lemmas 13 and 14, given below, we show how exactly the same results also hold for the Q-function
approximation algorithm under the i.i.d. sampling model. With these two key lemmas, convergence bounds
shown in Theorem 2 follows by repeating the analysis in Section 7.
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Lemma 13. [Tsitsiklis and Van Roy [1999]] Let Vy be the unique fixed point of UpF(-), i.e. Vo =
M p FVys«. Then, for any 0 € R4,

O —0)T5(0) = (1—)|[Vor — Val>.

Proof. This property is a consequence of the fact that IIp F'(-) is a contraction with respect to ||-|| , with
modulus . It was established by Tsitsiklis and Van Roy [1999] in the process of proving their Lemma 8. For
completeness, we provide a standalone proof in Appendix C. O

Lemma 14. We use notation and proof strategy mirroring the proof of Lemma 5. For any fixed § € RY,
Ellgi(0)3< 202 + 8||Vy — Vo- ||, where 0® = E [[|g:(6")|3]-
Proof. For brevity of notation, set ¢ = ¢(s;), ¢’ = ¢(s}) and U’ = U(s’). Define & = (* — )T ¢ and
¢ = (0" —0)" ¢'. By stationarity ¢ and ¢’ have the same marginal distribution and E[¢2] = ||Vp- — V|%.
Using the formula for g:(#) in Equation (33), we have

E(llge@)3] < 2E[llge(07)II3] + 2E [lg:(6) — g0(67)13]

= 20% +2E |||¢ (¢T(9* —0)—~ [max (U/v ¢'T9*) — max (U/’ dT@)] ) Hj

< 20228 |6 (W (0 —0)| + v‘max (U'a ¢'T9*) — max (U/= ¢IT9) D Hj

< o0?4om]| 6 (1670 —0)| +4]o " 0" ‘M)Hz] (34)
< 207+ 2E[l¢ +1¢')7]

< 202+ 4(E[|¢2] ++°E [|€'])

= 207 +4(1=7)|[Vo — Vo | < 20° + 8||[Vp — V- I3,

where we used the assumption that features are normalized so that ||¢||3< 1 almost surely. Additionally,
in going to Equation (34), we used that |max (c1, ¢3) — max (cz, ¢3)| < |e1 — ¢2 for any scalars ¢y, ¢z and
C3. O

10.4.2 Analysis under the Markov chain model

Analogous to Section 8, we analyze a projected variant of Algorithm 3 under the Markov chain sampling
model. Let O = {6 € R? : ||§]|2< R}. Starting with an initial guess of 6y € ©g, the algorithm updates
to the next iterate by taking a gradient step followed by projection onto © g, so iterates satisfy the stochastic
recursion 6;+1 = Il p(6; + a9:(0;)). We make the similar structural assumptions to those in Section 8.
In particular, assume the feature vectors and the continuation, termination rewards to be uniformly bounded,
with [|¢(s)]|2 < 1 and max{|u(s)|,|U(s)|} < rmax forall s € S. We assume rpax < R, which can always
be ensured by rescaling rewards or the projection radius.

We first show a uniform bound on the gradient norm.

Lemma 15. Define G = (rmax + 2R). With probability 1,

9:(0)||y < G forall § € Op.
Proof. We start with the mathematical expression for the stochastic gradient,
90(0) = (u(s0) +ymax{U(s}), () 0} = 6(s0)"0) d(s1)-
AS Tmax < R, we have: max {U(s}), ¢(s}) "0} < max {U(s}),||¢(s))|,]0]l,} < R. Then,
l9:(0)113 (u(se) +ymax {U(s}), o) 70} — 6(s0)70)” [|(s0)|*

= (Tmax + "YR - Qb(St)T@)Q
< (s + 1B+ [9(50)[3101)° < (v + 2R)? = G2

A
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We used here that the basis vectors are normalized, ||¢(s;)||, < 1 for all ¢. O

If we assume the Markov process (sg, s1, . . .) satisfies Assumption 1, then Lemma 15 paves the way to
show exactly the same convergence bounds as given in Theorem 3. For this, we refer the readers to Section
8 and Appendix A, where we show all the key lemmas and a detailed proof of Theorem 3. One can mirror
the same proof, using Lemmas 13 and 15 in place of Lemmas 3 and 11, which apply to TD(0). In particular,
note that we can use Lemma 15 along with some basic algebraic inequalities to show the gradient bias, (;(6),
to be Lipschitz and bounded. This, along with the information-theoretic arguments of Lemma 9 enables the
exact same upper bound on the gradient bias as shown in Lemma 11. Combining these with standard proof
techniques for SGD [Lacoste-Julien et al., 2012, Nemirovski et al., 2009] shows the convergence bounds for
Q-learning.

11 Conclusions

In this paper we provide a simple finite time analysis of a foundational and widely used algorithm known
as temporal difference learning. Although asymptotic convergence guarantees for the TD method were pre-
viously known, characterizing its data efficiency stands as an important open problem. Our work makes a
substantial advance in this direction by providing a number of explicit finite time bounds for TD, includ-
ing in the much more complicated case where data is generated from a single trajectory of a Markov chain.
Our analysis inherits the simplicity of and elegance enjoyed by SGD analysis and can gracefully extend to
different variants of TD, for example TD learning with eligibility traces (TD()\)) and Q-function approxima-
tion for optimal stopping problems. Owing to the close connection with SGD, we believe that optimization
researchers can further build on our techniques to develop principled improvements to TD.

There are a number of research directions one can take to extend our work. First, we use a projection step
for analysis under the Markov chain model, a choice we borrowed from the optimization literature to simplify
our analysis. It will be interesting to find alternative ways to add regularity to the TD algorithm and establish
similar convergence results; we think analysis without the projection step is possible if one can show that
the iterates remain bounded under additional regularity conditions. Second, the @(1 /T convergence rate
we showed used step-sizes which crucially depends on the minimum eigenvalue w of the feature covariance
matrix, which would need to be estimated from samples. While such results are common in optimization for
strongly convex functions, very recently Lakshminarayanan and Szepesvari [2018] showed TD(0) with iterate
averaging and universal constant step-sizes can attain an (7)(1 /T) convergence rate in the i.i.d. sampling
model. Extending our analysis for problem independent, robust step-size choices is a research direction
worth pursuing.
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A Analysis of Projected TD(0) under the Markov chain sampling model

In this section, we complete the proof of Theorem 3. The first subsection restates the theorem, as well as the
two key lemmas from Section 8 that underly the proof. The second subsection contains a proof of Theorem
3. Finally, Subsection A.3 contains the proof of a technical result, Lemma 10, which was omitted from the
main text but we need for the proof.

A.1 Restatement of the theorem and key lemmas from the main text

Theorem 3. Suppose the Projected TD algorithm is applied with parameter R > ||0*||2 under the Markov
chain observation model with Assumption 1. Set G = (rmax + 2R). Then the following claims hold.

(a) With a constant step-size sequence oy = --- = ap = 1/VT,

167 = 613+ G2 (9 + 127%(1/VT))
2VT(1—7) '

E[||Ve ~ Vi3] <

(b) With a constant step-size sequence cg = - -- = ap < 1/(2w(1 — 7)),

G2 9 12 mix
B[l —6rly] < (707 6"~ Goll3 + o ( (O 127 <0@>)>.

2(1 — y)w
(¢) With a decaying step-size sequence oy = 1/(w(t + 1)(1 — 7)) for all t € Ny,

G? (9 + 247™*(arr))
T(1—7)%w

E ||V =V, |[3] < (1410gT),

The key to our proof is the following lemmas, which were establish in Section 8. Recall the definition of
the gradient error ¢, (6) = (g.(0) — §(0)) " (6 — 6*).
Lemma 8. With probability 1, for every t € Ny,
6% = 0113 167 = Oull3—206(1 = 7) || Vo — Vo, I +20Ce(8:) + 7G>

Lemma 11 (Bound on gradient bias). Consider a non-increasing step-size sequence, g > « ... > ar. Fix
anyt < T, and set t* = max{0,t — 7™*(ar)}. Then,

E[G(6:)] < G (44 67 (ar)) age.
The following bound also holds:

E[¢:(0:)] < 6G* ti: Q.

=0

A.2  Proof of Theorem 3.
We now complete the proof of Theorem 3. The proof directly uses Lemma 8 and Lemma 11.

Proof. From Lemma &, we have

E |6 - 9t+1||§} <E [He* - otng} —2a,(1 —)E [||v9* Vo IB] + 2B [C(00)] + 02G2. (35)
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Proof of part (a): We first show the analysis for a constant step-size and iterate averaging. Considering
o = oo = 1/\/T in Equation (35), rearranging terms and summing from¢ =0tot =T — 1, we get

T-1 T-1 T—1
200(1 =) B[V = Valllp] < 37 (B [16" - 03] — E 107 — 6 l3] ) + G2+ 200 > E (0]
t=0 t=0 t=0

Using Lemma 11 (in which a4« = « in this case) and simplifying, we find

T-1 2 .
9 10F — o5 +G? T -2G?(2 4 3m™*(1/VT))a
D E|IVe = Vall } - 2a0(ii’y) + 1-7) :
B \/T(IIH*—90|\§+G2) VT 26?2 + 37" (1/VT))
B 2(1-7) (1—7)

This gives us our desired result,

L 1o , 16 — 6o + G2 (9+127mi"(1/\/7))
B (I - viu 5] < 7 X [ - va] < STa ) '

Proof of part (b): The proof is analogous to part (b) of Theorem 2. Consider a constant step-size of
ap < 1/(2w(1 — 7)). Starting with Equation (35) and applying Lemma 1, which showed ||V~ — VQH% >
w||o* — 9”3 for all 9, we get

IN

E[I0" = 0ual3] < (1= 2001 = D) E[I07 - 8i]3] + 03G2 + 200 [G(61)]

< (1= 2a0(1 = W) E [|07 - 6,]3] +a3G? (9+ 127 (ap))

where we used Lemma 11 to go to the second inequality. Iterating over this inequality gives us our final
result. For any 7' € Np,

E [Ho* - w;} < (1= 2a0(1 = 7)w)" 167 — bo]3 + a2 (9 + 127 (ag)) 3 (1 — 2a0(1 —7)w)’
t=0
apG? (9 + 127 ()
2(1 — y)w

The second inequality above follows by solving the geometric series and then using the fact that (1 — 2a0(1 — 7)w) <
6—2010(1—')/)0.1'

IN

(7200021 16 — o3 +

Proof of part (c): We now show the analysis for a linearly decaying step-size using Equation (35) as our
starting point. We again use Lemma 1, which showed ||Vp- — Vj ||2D > wl|6* — OHg for all 6, to get,

T (= = wan (107~ ] ~E 19" = 601 ]] + 0262) +
2

(1-7)

simplify and sum from¢ = 0 toT" — 1 to get

E (|[Ver — Va,II5| <

E (G (6:)] -

Consider a decaying step-size oy = m,

T-1 [ [ } 2 T g T-1
E[|[Ve- — Vo 5] < —wTE[|6" - 67)2] + S—+ D EG(0)]
— wl=9)? = t+1 (1-7v) =
<0

(36)
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To simplify notation, for the remainder of the proof put 7 = 7™*(ar). We can decompose the sum of
gradient errors as

S EGO)] =S EGO]+ Y EGO). 37
t=0 t=0 t=7+1

We will upper bound each term. In each case we use that, since o; = m,

= R | 1+logT
I
— wl=7) = t+1) = w(l-7)

Combining this with Lemma 11 gives,

T

T t—1 T-1
ZE [C:(0:)] < Z <6G2 Z%) <7 <6G2 Z ai) < %(1 +logT).
=0 i=0 i=0

t=0

Similarly, using Lemma 11, we have

— = = 2G2 (2 + 37)
ST E[GO)] <267 (2+437) Y ar <267 (2+437) Y an < i (1 +1ogT).
t=r+1 t=r+1 t=1 w(l=7)
Combining the two parts, we get
T—1
4G? (1 + 37
S el < 1 o),
— w(l—7)
Using this in conjunction with Equation (36) we give final result.
2 1« G? 2 =
E[[Ver = VoI5 < 7 DB [IVe = Viell} | € ——— (1 +10gT) + ———— > E[G(6))].
Voo = Virl[p] < 7 3 B (I = Vorllp] < e (1 + 108 T) + 5 - Bl
Simplifying and substituting 7 = 7™ (), we get
2 G? 8G? (1 + 3Tmix(aT))
E([Ver - Va3 — L (1+logT 1+1logT
Vo =Vaello| < p—myr (L Hloe )+ —— g ——ye— (1 +108T)
G2 (9 + 247 ()
1+1logT).
ST =) (1+1ogT)

Additionally, Equation (36) also gives us a convergence rate of O(log T'/T') for the iterate O itself:

G (9 + 247
B[jo -6 < L2 or)

< T =) (1+1ogT).

A.3 Proof of Lemma 10

Lemma 10 (Gradient error is bounded and Lipschitz). With probability 1,
C:(0)|< 2G*  forall 6 € Og
and

G+ (0) — (0] SGGH(H—GI)HQ forall 0,0' € Op.
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Proof. The first claim follows from a simple argument using Lemma 6.

< (lg:O)l + 19(0)ll) (101l + [16715) < 4GR < 26,

6(0)] = | (9: () = g(6) " (0 —0")

where the first inequality follows from the triangle inequality and the Cauchy-Schwartz inequality, and the
final inequality uses that R < G/2 by definition of G = rpax + 2R.
To establish the second claim, consider the following inequality for any vectors (a1, b1, as, b2):

|af b1 = ag bo| = [a] (b1 = b2) + by (a1 — az)| < far[||br = ba|| + [|ba[llar — az]-

This follows as a direct application of Cauchy-Schwartz. It implies that for any 6,60’ € O,

[(90(6) = 9(6) T (6 —0%) — (9u(8) — g(0") " (&' = ")

l90(6) — 9O 15116 = 6'll, + 1 = "1, (9:(6) = 9(6)) — (91(8") — 50"
260~ 0, + 2R (9:(6) — 908", + 3(6) — (8"} ,)

260 — 0'll, + 8R0 0,

6G||0 — 0,

|G (6) — Ce(6)]

IANIN N IN

where we used that R < G//2 by the definition of G. We also used that both g;(-) and g(-) are 2-Lipschitz
functions which is easy to see. Starting with g;(0) = (r; + vé(s}) "0 — ¢(s,) "0)¢(s:), consider

| 6(s0) (vo(s) = o))" (6 - 0")

19:(8) — g:(6") I,

2

< llé(sollall(v(sy) = e(se))l2 (0 = 6],

< 2@ -0l
Similarly, following Equation (2), we have ||g(6) — g(¢')||, = H d(vd' — @) (6 —¢ ) , where ¢ =
¢(s) is the feature vector of a random initial state s ~ 7, ¢ = ¢(s’) is the feature vector of a random next
state drawn according to s’ ~ P(- | s). Therefore,

_ _ T
15(6) 5@, < [0 (20" — &) (0~ )] <210 — "),
(]
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B Analysis of Projected TD()\) under Markov chain observation model

In this section, we give a detailed proof of the convergence bounds presented in Theorem 4. Subsection B.1
details our proof strategy along with key lemmas which come together in Subsection B.2 to establish the
results. We begin by providing mathematical expressions for TD() updates.

Stationary distribution of TD()\) updates: Recall that the projected TD()) update at time ¢ is given by:
Ory1 = o r (01 + a4 (01, 20:))

where Iz r(-) denotes the projection operator onto a norm ball of radius R < oo and x,(6y, z0.¢) is the
update direction. Let us now give explicit mathematical expressions for z:; (6, zo.+) and its steady-state mean
Z(6). Note that these are analogous to the expressions for the negative gradient g;(#) and its steady-state
expectation g(6) for TD(0). At time ¢, as a general function of (non-random) 6 and the tuple O, = (s¢, 74, S})
along with the eligibility trace term zg.;, we have

2(0, 20.4) = (rt +vp(s) "0 — (b(st)TH) 20:0 = 01(0) 204V 0 € RY

The asymptotic convergence of TD()\) is closely related to the expected value of x4 (6, zo.;) under the steady-
state behavior of (O, z0:¢),
z(0) = Jim [6:(0)20:] -

Rather than take this limit, it will be helpful in our analysis to think of an equivalent backward view by con-
structing a stationary process with mean Z(6). Consider a stationary sequence of states (..., S_1, 8o, 51, - .)
and set z_oo.p = ZZOZO('Y)\)k¢(St—k)- Then the sequence (20(0, 2—o0:0), 1 (0, 2—00:1), - - -) 1S stationary,
and we have

#(0) = E[51(0)2 o] (38)

It should be emphasized that Z(#) and the states (..., s_2,s_1) are introduced only for the purposes of our
analysis and are never used by the algorithm itself. However, this turns out to be quite useful as it is easy to
show (Van Roy, 1998) that

#(0)=oTD (Ty@e - @9) : (39)

where @ is the feature matrix and (T,S)‘)fbﬁ — ®0) denotes the Bellman error defined with respect to the

Bellman operator T;E/\) (+), corresponding to a policy u. Careful readers will notice the stark similarity between
Equation (39) and Equation (3). Exploiting the property that I Tﬁ\() is also a contraction operator, one can
easily show a result equivalent to Lemma 3, thus quantifying the progress we make by taking steps in the
direction of Z(#). The rest of our proof essentially shows how to control for the observation noise, i.e. the
fact that we use x;(0, 2zo.;) rather than Z(#) to make updates. To remind the readers of the results, we first
restate Theorem 4 below.

Theorem 4. Suppose the Projected TD()) algorithm is applied with parameter R > ||0*||2 under the Markov

chain observation model with Assumption 1. Set B = %. Then the following claims hold.

(a) With a constant step-size o = qg = 1/\/T,

o1 67— 6oll2+ B2 (13 + 287 (1/vT))
E [|[Ve- = Vi, |5 < NG
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(b) With a constant step-size oy = ap < 1/(2w(1 — k)) and T > 270 (ayp) ,

B2 (13 + 247ix
B[j0 —0r1g] < (¢72e0t=T) llo*—eo|§+a0( (13 + 2473 <a0>>>.

2(1 — kK)w

(¢) With a decaying step-size oz = 1/(w(t + 1)(1 — K)),

_ P (13 + 527 (o))

E|[[Ve- - Va, 3] < T (1 +leT).

B.1 Proof strategy and key lemmas

We now describe our proof strategy and give key lemmas used to establish Theorem 4. Throughout, we
consider the Markov chain observation model with Assumption 1 and study the Projected TD () algorithm
applied with parameter R > ||0*||, and step-size sequence (c, ..., 7). To simplify our exposition, we
introduce some notation below.

Notation: We specify the notation used throughout this section. Define the set O = {# € R : ||0]|2<
R}, so 0; € O for each ¢ because of the algorithm’s projection step. Next, we generically define z;.;, =

Z;lo (YA)*p(s¢_1) for any lower limit [ < t. Thus, z;.; denotes the eligibility trace as a function of the
states (s, .. ., s¢). Next, we define (;(0, z;.+) as a general function of 6 and z;.¢,

G0, 214) = (01(0)z0. — T(0)) T (0 — 07). (40)

Here, the subscript ¢ in ; encodes the dependence on the tuple O; = (s¢, 14, s;) which is used to compute
the Bellman error, 0,(-) at time ¢. Finally, we set B := (rmax + 2R)/(1 — vA) which implies B > R/2, a
fact we use many times in our proofs to simplify constant terms. As a reminder, note that our bounds depend
on the mixing time, which we defined in Section 9 as

() = max{rC(e), M ()},

where T™MC(¢) = min{t € Ny | mp' < €} and 72'2°(¢) = min{t € Ny | (yA\)! < €}.

Proof outline: The analysis for TD(\) can be broadly divided into three parts and closely mimics the steps
used to prove TD(0) results.

1. As afirst step, we do an error decomposition, similar to the result shown in Lemma 8. This is enabled
by two key lemmas, which are analogues of Lemma 3 and Lemma 6 for Projected TD(0). The first
one spells out a clear relationship of how the updates following Z(6) point in the descent direction
of ||#* — 6||2 while the second one upper bounds the norm of the update direction, x+(#, zo.¢), by the
constant B (as defined above).

2. The error decomposition that we obtain from Step 1 can be stated as:
E[[10* = 0crall5) < E[I0° = 6:5] — 20 (1 = 0)E[||Vo — Va, I p) + 204E[C (0, 20.4)] + 0 B*.

In the second step, we establish an upper bound on the bias term, E [(;(6¢, z0.¢)], which is the main
challenge in our proof. Recall that the dependent nature of the state transitions may result in strong
coupling between the tuples O,_1 and O, under the Markov chain observation model. Therefore, this
bias in update direction can potentially be non-zero. Presence of the eligibility trace term, zg.;, which
is a function of the entire history of states, (so, . . . , S¢), further complicates the analysis by introducing
subtle dependencies.
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To control for this, we use information-theoretic techniques shown in Lemma 9 which exploit the
geometric ergodicity of the MDP, along with the geometric weighting of state features in the eligibility
trace term. Our result essentially shows that the bias scales the noise in update direction by a factor of
the mixing time. Mathematically, for a constant step-size o, we show that E [a(; (04, z0.t)] ~ B?(6 +
1272 () )o®. We show a similar result for decaying step-sizes as well.

3. In the final step, we combine the error decomposition from Step 1 and the bound on the bias from
Step 2, to establish finite time bounds on the performance of Projected TD(\) for different step-size
choices. We closely mimic the analysis of Nemirovski et al. (2009) for a constant, aggressive step-size
of (1/+/T') and the proof ideas of Lacoste-Julien et al. (2012) for decaying step-sizes.

B.1.1 Error decomposition under Projected TD()\)

We first prove Lemmas 16 and 17 which enable the error decomposition shown in Lemma 18.

Lemma 16. [Tsitsiklis and Van Roy (1997)] Let Vy- be the unique fixed point of IpT\ (-) ie. Vg =
HTP(LA)V(;*. Forany 6 € R4,
0" =0)"2(0) > (1—r)|Ve- = Vol

Proof. We use the definition of 7() = (&', TL(LA)CI)H — ®0)p as shown in Equation (39) along with the
fact that IT DT,S)‘) (+) is a contraction with respect to ||-||p with modulus . See Appendix C for a complete

proof. O
Lemma 17. Forall § € Og, ||z:(0, z0.t)||, < B with probability 1. Additionally, ||z(0)|, < B.
Proof. See Subsection B.3 for a complete proof. o

The above two lemmas can be easily combined to establish a recursion for the error under projected
TD()) that holds for each sample path.

Lemma 18. With probability 1, for every t € Ny,
16 = Ora 13 < 1167 = 6.2 — 200 (1 — k)| V- — Vo, I + 200Gi (61, 200) + aF B.

Proof. The Projected TD()\) algorithm updates the parameter as: 6;11 = Ilo g[0: + o (04, 20.4)] ¥V t € No.
This implies,
10 —0alls = (0" — To,r(8; + aae(9, 20:0)) |3
= ||IIz,r(6%) — Iz, r(6: + e (6y, ZO:t))H;

< )10 = 0 — (0, 2040) 3

= 10" = 0ull3 — 2002 (01, 20:0) T (07 — 00) + 0F |20, 20:0) I3

< 110" = 043 — 204w (61, 204) T (6" — 0;) + a2 B2

= 16" — 0:]|2—20t:(0;) T (6" — 0;) + 20::Ci (6s, 20.4) + a2G2.

< 107 = 045 — 200 (1 — K)|[ Vo — Vol + 204G (1, 20:0) + af B2,

The first inequality used that orthogonal projection operators onto a convex set are non-expansive, the second
used Lemma 17 together with the fact ||0;||2< R due to projection, and the third used Lemma 16. Note that
we used (; (0, 20:+) to simplify the notation for the error in the update direction. Recall the definition of the
error function from Equation (40) which implies,

GO, 20:0) = (6:(00)20.0 — T(0)) T (0, — 07) = (w4 (01, 20:0) — T(0)) " (6, — 6%).
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B.1.2 Upper bound on the bias in update direction.

We give an upper bound on the expected error in the update direction, E[(;(0;, z0.¢)], which as explained
above, is the key challenge for our analysis. For this, we first establish some basic regularity properties of the
error function ¢;(, -) in Lemma 19 below. In particular, part (a) shows boundedness, part (b) shows that it is
Lipschitz in the first argument and part (c) bounds the error due to truncation of the eligibility trace. Recall
that z;.; denotes the eligibility trace as a function of the states (sy, ..., ;).

Lemma 19. Consider any | < t and any 0,0' € © . With probability I,
(Cl) |Ct(972l:t)| S 232

(b) Gt (0, 21:) — G (0", 214)| < GBH(Q - 9/)H2'

(c) The following two bounds also hold,
(0, z0:¢) — Ce(0, 2t —r:t)|
|<t (97 ZO:t) - <t (97 Z—oo:t)|

B2(y\)T forall T < t,

<
< B\

Proof. We essentially use the uniform bound on x;(8, zp.:) and Z(6) as stated in Lemma 17 to show this
result. See Subsection B.3 for a detailed proof. o

Lemma 19 can be combined with Lemma 9 to give an upper bound on the bias term, E [(;(6¢, z0.¢)], as
shown below.

Lemma 20. Consider a non-increasing step-size sequence, cg > o ... > arp. Then the following hold.
(a) For 2" (ar) <t <T,

E [G:(0r, 20:0)] < 6B2(1 + 2750 (ar)) g g pix

OLT)'
(b) For 0 <t <2rP%(ar),
E [¢1(04, 204)] < 6B% (14 270 (ar)) ap + B*(vA)".

(c) Forallt € Ny,

t—1

E [G: (64, 20:4)] < 68> Z o + Bz(v)\)t
i=0

Proof. We proceed in two cases below. Throughout the proof, results from Lemma 19 are applied using the
fact that 6, € ©p, because of the algorithm’s projection step.

Case (a): Lett¢ > 27 and consider the following decomposition for all 7 € {0,1,...,¢/2}. We show an
upper bound on each of the three terms separately.

E [C(0¢, z0:4)] < |E[Ce (05 20:0)] — E[C(Or—27, 20:0)]| + [E[C (Or—27, 20:0)] — E[C(Or—27, 2e—rit)]| + [E[C (Or—27, 2e—7:0)] -

Step 1: Use regularity properties of the error function to bound first two terms.

We relate (;(0¢, z0.¢) and (¢ (0;—, z0.¢) using the Lipschitz property shown in part (b) of Lemma 19 to get,

t—1

|<t(9t7 ZO:t) - Ct(9t727'; ZO:t)| = 6BH9t - 9&27”2 < 6B Z Q. 41)

i=t—21
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Taking expectations on both sides gives us the desired bound on the first term. The last inequality used the
norm bound on update direction as shown in Lemma 17 to simplify,

t—1 t—1 t—1
10 = 0127l < D IMar (Bigr + ciwi(0i, 20:0)) — Oill, < D allwi(Bi,200) [, <B > e
i=t—2T1 i=t—2T1 i=t—2T1

Similarly, by part (c) of Lemma 19, we have a bound on the second term.
[E[C (6127, 20:¢)] — E[G(B1—27, 2e—rse)]| < B*(yA)". (42)

Step 2: Use information-theoretic arguments to upper bound B[ (0t—ar, 2t —r:4))-

We will essentially use Lemma 9 to upper bound E[(;(0;—2,, zt—r.¢)]. We first introduce some notation to
highlight subtle dependency issues. Note that (;(0;—2r, z¢—7.¢) is a function of (6;_or, S¢—r, ..., 8t—1, O¢).
To simplify, let Y;— .t = (St—r, - .., St—1, O¢). Define,

FOi—2r, Y rit) = Ge(Ot—2r, 2t—7:t)-
Consider random variables 8, _,_ and Y;__., drawn independently from the marginal distributions of 6;_o.
and Y4, SO P(0;_o, = Y/ ., =) =Pl =) @ P(Yi_r.+ = -). By Lemma 19 we have that
|f(0,Y:_+.1)| < 2B?forall § € ©p with probability 1. As

Oi—2r = Sy—2r = S4—7r — 5y = O
form a Markov chain, a direct application of Lemma 9 gives us:

[E[f(Br—27, Yirit)] = E[f (o7, Y/ )] < 4B*mp”. (43)

We also have the following bound for all fixed § € © . Using Z(0) = E[0,(0) 2_co:t], We get

E/(0,Yirt)) = El6(0)21-rd] = 5(0))T (0= 07) < |(0u(0)2-rr) (0-07)| < B2

Combining the above with Equation (43), we get

|E[<t(9t—2‘ruzt—r:t)]| = |E[ (9t 27, Yi— Tt)]l
< [E[fOr-2r, Yier:)] = E[f (0,5, Vi )| + [ELf (0 o7 Y/ 1)
< 4B? mp” +|E f(6‘ 27-7Ytl Tt)|9t 27-]”
< 4B*mp” + BX(y)\)T. (44)

Step 3. Combine terms to show part (a) of our claim.

Taking 7 = ““X(aT) and combining Equations (41), (42) and (44) establishes the first claim.

t—1
B (G (0r, 20:4)] < 6B > +4B’mp” +2B*(yA)" < 12B 730 (a7 )y g ppin(ag) + 6B%ar
1=t—27
< 6B(1427"%(ar))ay_arpix (ar)-

Here we used that letting 7 = 7"*(ar) implies: max{mp", (7)\)7} < ar. Two additional facts which we

also use follow from a non-increasing step-size sequence, Z a; <2709 and ar < a_or.

zt2‘r
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Case (b): Consider the following decomposition for all ¢ € Ny,

E [Ge(0, z0:¢)] < [E [ (00, 20:4)] — E[Ce(Oo, z0:0)]] + [E[Ce (0o, 20:¢)] — E[Ge (6o, 2—c0:t)]| + [E[C (6o, 2—o00:t)]]-
Step 1: Use regularity properties of the error function to upper bound the first two terms.

Using parts (b), (c) of Lemma 19 and following the arguments shown in Step 1, 2 of case (a) above, we get
t—1

B G0, 20:0)) = E[G (005 20:)]| + [EIG (00, 20:0)] = E[Ge (8o, 2—0:0)]| < 6B i+ BA(7A)'. (45)
i=0
Step 2: Characterizing E[((0, z2—oo:t)] for any fixed (non-random) 6.

Recall the definition of Z(#) from Equation (38). For any fixed (non-random) 6, we have Z(6) = E[0:(0)z_co:t].
Therefore,

E[C (00, 2—o0:t)] = (E[6¢(00)2—c0it] — T(60)) " (60 — 6%) = 0. (46)

Step 3. Combine terms to show parts (b), (c) of our claim.

Combining Equations (45) and (46) establishes part (c) which states,

t—1
E[Ge(0r, 204)] < 6B oy + B2 (y\)' V¥ t €Ny
1=0

We establish part (b) by using that the step-size sequence is non-increasing which implies: Zf;é a; < tag.
For all ¢ < 27"™*(a7), we have the following loose upper bound.

E [G:(04, 20:)] < 6B%tag + B*(v\)" < 6B (1 + 27" (ar))) a0 + B*(v\)".

B.2 Proof of Theorem 4

In this subsection, we establish convergence bounds for Projected TD()) as stated in Theorem 4 using Lem-
mas 18 and 20. From Lemma 18 we have,

E (16" = 613 <E (16" = 60l13] = 200(1 = WE Vo = Va,lI}| + 200E (601, 20:)] + 0F B2 (47)

Equation (47) will be used as a starting point for analyzing different step-size choices.

Proof of part (a): Fix a constant step-size of g = ... =y = 1/ VT in Equation (47), rearrange terms
and sum fromt =0tot =T — 1, we get

T-1 T-1 T-1
200(1 = #) Y B[V = Valllp] < D7 (B (107 = 0:l3] —E [107 — 0usal3] ) + B + 200 > E[G(01, 204)].
t=0 t=0 t=0

Using Lemma 20 where Qp_g7mix(aq) = Q0 along with the fact that (y\) < 1, we simplify to get

=1 * mix 270 (1/VT)
SB[V —va ] < = flet B IO 2 A/ T L TSR pay
— tiby = 2000(1 — k) (1—k) (1-k) —

VT (llo* —eoll; + 52) VT 6B (1 + 20 (1VT)) | 2B2(1/VT)
- 2(1 - k) (1-k) (1-k) '

Adding these terms, we conclude

167 — 603+ B (13 + 2873(1/VT))
2VT(1 — k) '

1 T—-1
E[Ve = Vo, 3] < 7 S E[Vo- —Val] <
t=0
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Proof of part (b): For a constant step-size of ap < 1/(2w(1 — k)), we show that the expected distance
between the iterate 67 and the TD()) limit point, 8* converges at an exponential rate below some level that
depends on the choice of step-size and A. Starting with Equation (47) and applying Lemma 1 which shows
that ||V~ — V9||D > wl|6* — 9||2 for any 6, we have that for all ¢ > 27 (ay),

E (16"~ 0usa3]

IN

(1= 200(1 = K)w) E [[0° = 0u[13] + 03B + 200E [G:(01, z0:0)]
< (1=2a0(1 = k) E [[0" - 6.]3] + a3 B2 (13 + 2475 ()

where we used part (a) of Lemma 20 for the second inequality. Iterating over it gives us our final result. For
any T > 27 (ap),

E[He*—eﬂg] < (1—2a0(1—l<a)w)TH9*—90||§+BQ( (13 + 247( )Zl—?aol—m)w)t
t=0

B2 (o (13 + 2475 (a0)) )
2(1 — k)w '

IN

(e—2a0(l—m)wT) ”9* _ 90”5 +

The second inequality follows by solving the geometric series and using that (1 — 2a(1 — k)w) < e~ 2¢0(1=R)w,

Proof of part (c): Consider a decaying step-size of oy = 1/(w(t+ 1)(1 — x)). We start with Equation (47)
and use Lemma 1 which showed E [||V9* - V9||?3] > wE [HH* - GHg} for all  to get,

B[ 1o = Vaulp] < =g (0= (1= mpwa (107 = 03] B 16" 0] +0252) +
1 E H)E [Ce(Or 20:0)] -
Substituting oy = m, simplify and sum from¢ = 0 to T" — 1 to get,
, , g2 Tl g T-1
SRV — Vo] < —wTE[l0 - or)3] + ST ; 1t T 2 Bl )

. 21 B?(1+1logT) 2
< —wm[ue —9T||2}+ ST +(1_K);E[g(9t,zm], 48)

<0

where we used that Zt —0 3 +1 < (1 +logT). To simplify notation, we put 7 = 7" () for the remainder

of the proof. We use Lemma 20 to upper bound the total bias, ZtT;,Jl E [¢¢(6:, 20:¢)] which can be decomposed
as:

T-1 2T
Z E [ (0, 20:¢)] = Z [Ce (02, 20:¢)] Z E [C(0r, 20:4)] - (49)
=0 =0 t=27+1
First, note that for a decaying step-size a; = m we have
Tz‘la 1 Tz‘l I _l+logT
2= ) 2 D) S W)



We will combine this with Lemma 20 to upper bound each term separately. First,

27 27 t—1 27
S E[G(0nz04)] <> (6322:%) +ZB2mf
t=0 t=0 i
< 65 i +2B2 < BT (1+1ogT)
T
= wl—k) po o ~ w(l—k) 8= )

where we used the fact that w, k, (yA) < 1. Similarly,

T-1 T-1

6B%(1 + 27)
2 2
Z E[Ct(9t720;t)] < 6B (1+2T Z Ot _92r <6B (1+2 Zat < m(l—i—logT)
t=27+1 t=27+1
Combining the two parts, we get
B2(6 + 267)
< — .
D ElG0r20)) < =5 S (14 logT)
Using this in conjunction with Equation (48) we get our final result,
21 1 — B2 i
2
E[|[Ve = Vo3 < 7 > E [1V0, = Virlp] < e (0 +108T) + > 6, 00)
Simplifying and putting back 7 = 7% (ar), we get
2 B? 232 (6 + 267 (ar))
B2 (13 + 527’“’“‘(0@))
< 1+1logT).
- wT'(1— k)2 (1+logT)

Additionally, Equation (48) implies a convergence rate of O(log T /T) for the iterate 0 itself:

B2 13 + 527) mix
IE[HG*—HTI@} < ( (a7))

< W2T(1—I€)2 (1+1ogT).

B.3 Proof of supporting lemmas.
In this subsection, we provide standalone proofs of Lemma 17 and 19 used above.

Lemma 17. Forall 6 € O,

x(0, 20:¢) || < B with probability 1. Additionally,

z(0)]l, < B.
Proof. We start with the mathematical expression for x;(6, zo.¢ ).
z1(0, 20:4) = 0t(0) 204 = [|7¢(0, 20:¢) [l = [0:(0)]l|z0:¢ [ -

We give an upper bound on both |§;(0)| and ||zo.¢||,. Starting with the definition of J;(#) and using that
lo(se)|ly < 1V talong with ||0]], < R, we get

16:(0)] = |7 + 70 (st) 0 — B(s0) 0] < rmax + [D(s) 110115 + [6(s0)lI5110lly < (Fmax + 2R) .
Next,

t

> (N (se-r)

k=0

2 t 2 o 2

2 k=0 k=0
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Combining these two implies the first part of our claim.

(rmax + 2R)

-

l2:(6; z0:0)ll = 10:(0)[z0:¢l2 <

Note that can easily show an upper bound ||6;(6)z.¢||, < B for any pair (6, 2;.+) with [ < t. Consider,

2
- 1
2 2 I
lzially < Hzmﬂ2§<Z;WM:)-—at;§5
(rmax + 2R)
5:(0)z1: = 15Ol z1tll, < ———=—= = B.
= [16¢(0)z1:¢ [ 16¢(0)][| 0.t [l < TSN
Taking [ — —oo implies that ||0;(0)2—oc:t ||, < B. As Z(0) = E [04(6)2_c:¢), we also have a uniform norm
bound on the expected updates, || Z(6)||, < B, as claimed. O

Lemma 19. Consider any | < t and any 6,0’ € ©g. With probability 1,
(a) |0, 21.0)| < 2B

() 1Gu(0, 21.4) = (0", 20)| < 6B(0—0')

‘ 2

(c) The following two bounds also hold,

|<t(05 ZOit) - Ct (9; Zt*T:t)|
|<t (97 ZOit) - Ct (9; Zfoo:t)|

B2(y\)" forall T < t,

<
< BYyA)

Proof. Throughout, we use the assumption that basis vectors are normalized i.e. |[¢(s¢)|l, <1V ¢.

Part (a): We show a uniform norm bound on ¢;(, z;.t) V 6 € O . First consider the following:

t—1

16:0)z1:ello = 16:(O) z0ells < |re +790(s8) 70 = d(s0) O] > (vA) b(s0-1)

k=0 2
< re + 1ol + (s [l 1181]] Z Hst—r)
k=0 2
max 2
(Fmax + 2R) - B
(1 =77

Using this along with the fact that || — 0*||, < 2R < B and ||z(0)||, < B forall § € O, we get

16 (0, 20)| = | (8(0) 21 — 2(8)) " (6 = 67) 16:(6)z1:6 — Z(O)]][1(6 — 67l

(18021l + 1ZO)]1,) 10 — 6]l
2B](6 — %), < 2B°.

IN N IA

Part (b): To show that ;(-, z;.;) is L-Lipschitz, consider the following inequality for any four vectors
(a1, b1, az, by), which follows as a direct application of Cauchy-Schwartz.

laj b1 — ag ba| = |ai (b1 — b2) + by (a1 — a2)| < [larllyl[br — bally + b2l llar — azll,-
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This implies,

1Ce(0, 21:0) — G (8, z10)| = | (06(0)z1e — T(0)) T (0 — 67) — (6:(6) 210 — T(8)) " (0 — 6%)
18022 = TB) 110 — 0l + 16" = 0% 1, 11(0u(8) 20 — 7(0)) — (34 6") 210 — (O]l
2BI10 = 0/l + 2Rl 14 (5:(6) — 6:(6") |, + 17(6) — 7(6)],

8R
=N

IN

IN

IN

2B — 6'|], + 16— 61

A

6B||9 - 0/H25

where the last inequality follows as Rfy < B/2 by definition. In the penultimate inequality, we used that
l|z2:¢ (6:(0) — 0:(0")) 1|5 < (=Y 7)\ ||6‘ 6’|, which is easy to prove. Consider,

12 (0:(6) = 5 (ONlly - < Mzt 121 (6:(6) = 5:(6))]

DN G(si-r)|| 16:(6) — 6.(6"))]
2

k=0
vo(s}) — d(s)) T (0 —6')

1
(I —~X) ‘(
(lo(spllz + [lo(se)ll2)
(1 =7X)

N

IN

IN

16— 6", < 16— 6"]],-

2
(1 =74
As Z(0) = E [04(0)2—oc:¢], this also implies that [|Z(0) — z(¢)||, < (==Y 7)\ ||9 ¢'||, which completes the

proof.

Part (c): To show that [((0, 20.¢) — C¢ (6, 2e—7:t)| < B2(y\)" forall § € O and 7 < t, we use that
6 — 6%, <2R < B.

1€ (0, 20:¢) — G0, 2e—7)| = ‘(515(9)30:15 — 5(0)zert) | (0 — 07)
< |5t(9)|||20t _Zt77:t||2|‘9—9*||2
< Jreyo(s) 0= (s) 0D (WA (ser)|| B
k=1 2
(A"
< 2l g s
(Fmax +2R) . o
B—————F=(y\)" = B“(y\)".
< (1—~N) (vA) (vA)
Similarly,
|Ct(97 ZO:t) - Ct(ea Z—oo:t)l < ‘6,5(9)(20;15 - Z—oo:t)—r(e — 9*)|
< 1060|2026 — 2—oortllo 16 — 671,
< |(n +79(s1) "0 — p(s) Z o(st—r)|| B
k=t 2
(Fmax +2R) , \ ¢ os v
= WW}\) < B(yA).
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C Proofs of Lemmas 13 and 16

In this section, we give a combined proof of Lemmas 13 and 16 which quantify the progress of the expected
updates towards the limit point 6* for TD(\) and the Q-function approximation algorithm. These lemmas can
be stated more generally as shown below, instead of using the Bellman operators F'(-) and TV (-).

Lemma 21. Let IIp H(-) be a contraction with respect to ||-|| , with modulus ~y and let Vy~ be the unique
fixed point of UpH(-), i.e. Vg« = IIpHVy«. Define g() = ®" D (H®O — ®0) for all € R? to be the
expected update. Then,
* — 2
0" =0)"g(0) = (1=7)Ve- — Vol

Proof. We have

0 —60)"gd) = (0*—0)"d"D(HDH— D)

(0" —0),(HPH — 20))p

(
(
= (Ip®(0* —0),(HPO — D0))p (50)
= (®(0* —0),Ilp (HDPO — ®0))p ShH
= (90" —0),lIpHPI — Db)p
= (®(0" —0),IIpHPH — PO* + PH* — PO p
= @@ - )|p—(@(0* - 0), 8" —~IIpHPO)p
> [®0" = 0)|D—[®(0" = 0)|p-[IpHPO — 6*[| p
> (0" —0)|H— - 126" - 0|7, (52)

(L =9) - lo0" = 0)|[5 = (1 =) - [[Vo- — Vallp,

where in going to Equation (50), we used that V¥ x € Span(®), we have IIp x = x. In Equation (51), we
used that the projection matrix I is symmetric. In going to Equation (52), we used that that [T H(-) is a
contraction operator with modulus v with ®6* as its fixed point, which implies that ||[IIp H®0 — ®6*|| , =
|IpH®H — IIp HOO* ||, < v||PO — $O*| . O
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