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Abstract

We study a noisy tensor completion problem of broad practical interest, namely, the reconstruction
of a low-rank tensor from highly incomplete and randomly corrupted observations of its entries. While
a variety of prior work has been dedicated to this problem, prior algorithms either are computationally
too expensive for large-scale applications, or come with sub-optimal statistical guarantees. Focusing
on “incoherent” and well-conditioned tensors of a constant CP rank, we propose a two-stage nonconvex
algorithm — (vanilla) gradient descent following a rough initialization — that achieves the best of both
worlds. Specifically, the proposed nonconvex algorithm faithfully completes the tensor and retrieves
all individual tensor factors within nearly linear time, while at the same time enjoying near-optimal
statistical guarantees (i.e. minimal sample complexity and optimal estimation accuracy). The estimation
errors are evenly spread out across all entries, thus achieving optimal /o, statistical accuracy. We have
also discussed how to extend our approach to accommodate asymmetric tensors. The insight conveyed
through our analysis of nonconvex optimization might have implications for other tensor estimation
problems.

Keywords: tensor completion, nonconvex optimization, gradient descent, spectral methods, entrywise sta-
tistical guarantees, minimaxity
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1 Introduction and motivation

1.1 Tensor completion from noisy entries

Estimation of low-complexity models from highly incomplete observations is a fundamental task that spans
a diverse array of science and engineering applications. Arguably one of the most extensively studied prob-
lems of this kind is matrix completion, where one wishes to recover a low-rank matrix given only partial
entries [DR16, CC18|. Moving beyond matrix-type data, a natural higher-order generalization is low-rank
tensor completion, which aims to reconstruct a low-rank tensor when the vast majority of its entries are
unseen. There is certainly no shortage of applications that motivate the investigation of tensor completion
(e.g. personalized medicine [SN16, Paw19|, medical imaging [GRY11, SHKM14, CZA 17|, seismic data anal-
ysis [KSS13, EAHK13|, multi-dimensional harmonic retrieval [CC14, YLW*17]). One concrete example in
operations research arises when learning the preference of individual customers for a collection of products on
the basis of historical transactions [FL19, MP20]. Given the limited availability of transaction data (e.g. each
customer might only have purchased very few products before), it is crucial to exploit multi-way customer-
product interactions (e.g. users’ browsing and searching histories) in order to better predict the likelihood
of a customer purchasing a new product. Clearly, the presence of missing data and the need of exploiting
multi-way structure result in the task of tensor completion. Additionally, tensor completion finds important
applications in visual data in-painting [LMWY13, LYX17|, where one wishes to reconstruct video data (or a
sequence of images) from incomplete measurements. The video data consist of at least two spatial variables
and one temporal variable, whose intrinsic connections are often modeled via certain low-complexity tensors.

For the sake of clarity, we phrase the problem formally before we proceed, focusing on a simple model
that already captures the intrinsic difficulty of tensor completion in many aspects.! Imagine we are asked
to estimate a symmetric order-three tensor? T* € R?*?*¢ from a small number of noisy entries

Tj,k,l = Tﬁk,l + E’,k,la V(ju ka l) € Qa (1)

where T} 1; is the observed noisy entry at location (j, k,1), E; ; stands for the associated noise, and Q C
{1,---,d}? is a symmetric index subset to sample from. For notational simplicity, we set T = [T} x1]1<j.k.1<d

1We focus on symmetric order-3 tensors primarily for simplicity of presentation. Many of our findings naturally extend to
the more general case with asymmetric tensors of possibly higher order. Detailed discussions are deferred to Appendix E due
to the space limits.

2Here, a tensor T € R¥*4X4d js said to be symmetric if Tikg =Thji =T, =Tk =T =T 5, forall 1 <5,k 1 < d.



and E = [E; il1<jki<d, With T = E; ;= 0 for any (j,k,1) ¢ Q. We adopt a random sampling model
such that each index (j,k,1) (j < k <1) is included in Q independently with probability p. In addition, we
know a priori that the unknown tensor T* € R%*4*? is a superposition of r rank-one tensors (often termed
canonical polyadic (CP) decomposition if r is minimal)

T T
T = E u; Qu; @uj, or more concisely, T = E ul®3, (2)
i=1 i=1

where each u} € R? represents one of the 7 low-rank tensor components / factors. Here and throughout, for
any vectors a, b, c € R?, the tensor a @ b® c is a d x d x d array whose (j, k, )-th entry is given by ajbc.
The primary question is this: can we hope to faithfully estimate T, as well as the individual tensor factors
{uf}1<i<r, from the partially revealed entries (1), assuming that r is reasonably small?

1.2 Computational and statistical challenges

Even though tensor completion conceptually resembles matrix completion in various ways, it is considerably
more challenging than the matrix counterpart. This is perhaps not surprising, given that a plethora of
natural tensor problems (e.g. computing the spectral norm, finding the best low-rank approximation) are all
notoriously hard [HL13|. As a notable example, while matrix completion is often efficiently solvable under
nearly minimal sample complexity [CR09, Grol1], all polynomial-time algorithms developed so far for tensor
completion — even in the noise-free case — require a sample size at least exceeding the order of rd®/?, which
is substantially larger than the degrees of freedom (i.e. rd) underlying the model (2). In fact, it is widely
conjectured that there exists a large computational barrier away from the information-theoretic sampling
limits [BM16].

With this fundamental gap in mind, the current paper focuses on the regime (in terms of the sample size)
that enables reliable tensor completion in polynomial time. A variety of algorithms have been proposed that
enjoy some sort of theoretical guarantees in (at least part of) this regime, including but not limited to spectral
methods [MS18, CLC* 20|, sum-of-squares hierarchy [BM16, PS17], nonconvex algorithms [JO14, XY17|, and
also convex relaxation (based on proper unfolding) [GRY11, HMGW15, RPP13, GQ14]. While these are
all polynomial-time algorithms, most of the computational complexities supported by prior theory remain
prohibitively high when dealing with large-scale tensor data — a point that we shall elaborate on later. The
only exception is the unfolding-based spectral method, which, however, fails to achieve exact recovery as the
noise vanishes. This leads to a critical question:

Q1: Is there any linear-time algorithm that is guaranteed to work for low-rank tensor completion?

Going beyond such computational concerns, one might naturally wonder whether it is also possible for a
fast algorithm to achieve a nearly un-improvable statistical accuracy in the presence of noise. Towards this
end, intriguing stability guarantees have been established for sum-of-squares hierarchy in the noisy settings
[BM16], although this paradigm is computationally expensive for large-scale data. The recent work [XYZ17]
came up with a two-stage algorithm (i.e. a spectral method followed by tensor power iterations) for noisy
tensor completion. Its estimation accuracy, however, falls short of achieving exact recovery in the absence
of noise. This gives rise to another question of fundamental importance:

Q2: Can we achieve near-optimal statistical accuracy without compromising computational effi-
ciency?

In this paper, we aim to address the above two questions by developing a nonconvex algorithm that achieves
optimal computational efficiency and statistical accuracy all at once.



2 Algorithm and main results

2.1 A two-stage nonconvex algorithm

To address the above-mentioned challenges, a first impulse is to resort to the following least squares problem:

C e . T ®3 2
minimize g ( [ g o u; } - ijkyl) , (3)
uy,- upERY =1 Jik,l

Gk, 1EQ

or more concisely (up to proper re-scaling),

. . . -—_ 1 " ®3 2
M e fU) = 6p HPQ(Zizl i T) HF W

if we take U := [u,...,u,] € R¥™". Here, we denote by Pq(T) the orthogonal projection of any tensor T'
onto the subspace of tensors which vanish outside of the index set 2. This optimization problem, however,
is highly nonconvex (which involves minimizing a degree-6 polynomial), thus resulting in computational
intractability in general.

Fortunately, not all nonconvex problems are as daunting to solve as they may seem. For example,
recent years have seen a flurry of activity in low-rank matrix factorization via nonconvex optimization,
which provably achieves optimal statistical accuracy and computational efficiency at once; see [CLC19] for
an overview of recent advances. Motivated by this strand of work, we propose to solve (4) via a two-stage
nonconvex paradigm, presented below in reverse order. The whole procedure is summarized in Algorithms 1-
3.

Gradient descent (GD). Arguably one of the simplest optimization algorithms is gradient descent, which
adopts a gradient update rule

Ut+1 = Ut - thf(Ut)a t= Oa 17 T (5)

where 7, is the learning rate or the stepsize, and U* € R?¥" is the estimate in the ¢-th iteration. The main
computational burden in each iteration lies in gradient evaluation, which, in this case, can be performed in
time proportional to that taken to read the data.

Despite the simplicity of this algorithm, two critical issues stand out and might significantly affect its
efficiency, which we shall bear in mind throughout the algorithmic and theoretical development.

(i) Local stationary points and initialization. As is well known, GD is guaranteed to find an approximate
local stationary point, provided that the learning rates do not exceed the inverse Lipschitz constant of
the gradient [Bubl5]. There exist, however, local stationary points (e.g. saddle points or spurious local
minima) that might fall short of the desired statistical properties. This requires us to properly avoid such
undesired points, while retaining computational efficiency. To address this issue, one strategy is to first
identify a rough initial guess within a local region surrounding the global solution (which often helps rule
out bad local minima), in order to guarantee proper convergence of subsequent optimization procedures
[LT17, JO14]. As a side remark, while careful initialization might not be crucial for several matrix recovery
cases [CCFM19, GBW18, TV19], it does seem to be critical in various tensor problems [RM14]. We shall
elucidate this point in Section 3.3.

(i) Learning rates and regularization. Learning rates play a pivotal role in determining the convergence
properties of GD. The challenge, however, is that the loss function (4) is overall not sufficiently smooth
(i.e. its gradient often has an exceedingly large Lipschitz constant), and hence generic optimization theory
recommends a pessimistically slow update rule (i.e. an extremely small learning rate) so as to guard against
over-shooting. This, however, slows down the algorithm significantly, thus destroying the main computational
advantage of GD (i.e. low per-iteration cost). With this issue in mind, prior literature suggests carefully
designed regularization steps (e.g. proper projection, regularized loss functions) in order to improve the
geometry of the optimization landscape [XY17]. In contrast, we argue that one is allowed to take a constant
learning rate — which is as aggressive as it can possibly be — even without enforcing any regularization
procedures.



Algorithm 1 Gradient descent for nonconvex tensor completion

1: Generate an initial estimate U° € R?*" via Algorithm 2.

2: fort=20,1,...,tp — 1 do

3: Uitt = Ut -y VfU") =U" - %PQ(Z:ZI (uf-)®3 — T) xTIU x5 U, where x7™ and x5 are
defined in Section 2.4.

Algorithm 2 Spectral initialization for nonconvex tensor completion

1: Let UAU" be the rank-r eigen-decomposition of
B := Poff—diag(AAT)u (6)

where A = unfold(p™'T) is the mode-1 matricization of p~'T, and Pofr.diag(Z) extracts out the off-
diagonal entries of Z.
2: Output: an initial estimate U € RY*" on the basis of U € RY*" using Algorithm 3.

Initialization. Motivated by the above-mentioned issue (i), we develop a procedure that guarantees a
reasonable initial estimate. In a nutshell, the proposed procedure consists of two steps:

a) Estimate the subspace spanned by the r low-rank tensor factors {u*};<;<, via a spectral method;
K3 =t
(b) Disentangle individual low-rank tensor factors from this subspace estimate.

As we shall see momentarily, the total computational complexity of the proposed initialization is O(pd?)
when 7 = O(1), Kk = O(1) and p > 1/d? (where r is a sort of “condition number” defined later), which is a
linear-time algorithm. Note, however, that these two steps in the initialization procedure are relatively more
complicated to describe. To improve the flow of the current paper, we postpone the details to Section 3.
The readers can catch a glimpse of these procedures in Algorithms 2-3.

2.2 Main results

Encouragingly, the proposed nonconvex algorithm provably achieves the best of both worlds — in terms of
statistical accuracy and computational efficiency — for a class of low-rank, well-conditioned, and “incoherent”
problem instances. This subsection summarizes our main findings.

Before continuing, we note that one cannot hope to recover an arbitrary tensor from highly sub-sampled
and arbitrarily corrupted entries. In order to enable provably valid recovery, the present paper focuses on a
tractable model by imposing the following assumptions.

Definition 2.1 (Incohrence and well-conditionedness). Define the incoherence parameters and the condition
number of T* as follows

a8 |72
Lo 1= ——1C (8a)
IT1%
dlfu |
1= i OO, (Sb)
w3
d(uy,uk)?
iy 1= (s¢)

[Jwr]3]lw]|3’
max; [|u] |2

)oY (8d)

min; [Ju} o

Remark 2.2. Here, po, p1 and ps are termed the incoherence parameters. Definitions (8a)-(8¢) can be
viewed as some sort of incoherence conditions for the tensor. For instance, when g, pu1 and ps are small,
these conditions say that (1) the energy of tensor T™ is (nearly) evenly spread across all entries; (2) each
factor u} is de-localized; (3) the factors {u’} are nearly orthogonal to each other. Definition (8d) is concerned



Algorithm 3 Retrieval of low-rank tensor factors from a given subspace estimate.

. Input: number of restarts L, pruning threshold e, subspace estimate U € R?*" given by Algorithm 2.
:forr=1,...,L do

Generate an independent Gaussian vector g” ~ N(0, I 7).

(uT, Ar, spec-ga pT) + RETRIEVE-ONE-TENSOR-FACTOR (T, p,U,g").

: Generate tensor factor estimates {(wl, A1)y, (W, )\T)} — PRUNE({ (V", Ar, spec—gapT) }le, €th)-

: Output: initial estimate U° = [)\}/311)1, . )\71«/311)’”}.

—_

: function RETRIEVE-ONE-TENSOR-FACTOR(T, p, U, g)
Compute

»

0= UU g = Pulg), (7a)
M =p T x50, (7b)
where x3 is defined in Section 2.4.

Let v be the leading singular vector of M obeying (T, v®3) > 0, and set A = (p~ 1T, v®3).
4: return (v, A, 01(M) — 02(M)).

o

with the “well-conditionedness” of the tensor, meaning that each rank-1 component is of roughly the same
size. In particular, we note that an assumption on pairwise correlation (i.e. a constraint on ps) is often
assumed in the literature of tensor decomposition / factorization (e.g. [AGJ14, SLLC17, HZC20]).

For notational simplicity, we shall set

= max { o, p1, p2} - 9)
Note that our theory allows u to grow with the problem dimension d (in fact, p can be as large as
d/poly log(d)).

Assumption 2.3 (Random noise). Suppose that E is a symmetric random tensor, where {E; k1 1<j<k<i<d

(cf. (1)) are independently generated sub-Gaussian random variables with mean zero and variance Var(Ej ;1) <
2

o°.

In addition, recognizing that there is a global permutational ambiguity issue (namely, one cannot distin-
guish u}, -+ ,u} from an arbitrary permutation of them), we introduce the following loss metrics to account
for this ambiguity:

distp(U,U™) := Hénin IUIL — U™ ||p, (10a)
perm .

distoo (U, U*) := _min |UI — U*||o, (10b)
IIc€perm,.

disty oo(U,U*) := min [|UH — U* |30, (10¢c)
) Ileperm,.

where perm,. stands for the set of r x r permutation matrices. For notational simplicity, we also take

* ——
min T

* 3
= max [lu?3. (11)

: 3
min [juf|[5 and AL max.

1<i<r max

1: function PRUNE({ (VT, Ary spec—gapT) }le, €th)

Set © = {(v7, Ar, spec-gapT)}le.

fori=1,...,7do
Choose (V7, \;, spec-gap, ) from © with the largest spec-gap, ; set w’ = v™ and \; = \,.
Update © < ©\ {(v™, A\;,spec-gap,) € O : [(7,w')| > 1 — € }.

return {(w', \1),..., (w", \)}.

S gk W




With these notations in place, we are ready to present our main results. For simplicity of presentation,
we shall start with the setting where r, u, k < 1.

Theorem 2.4. Fiz an arbitrary small constant 6 > 0. Suppose that r, k, u = O(1),

log* d o /P
pZCO d3/2 ) A:nm S01d3/410g2d,

L—c and Eth:c3<logd /dlog d /log

for some sufficiently large constants co,co > 0 and some sufficiently small constants c1,c3 > 0. The learning
rate n; = n is taken to be a constant obeying 0 < n < )\*4/3/(32)\;?&/,(3). Then with probability at least 1 — 9,

min

diste(U*, U*) < (Clp + Gyt 1/C“Ogd> 1U*||y . (12a)
mm p
dlogd
distoo (U, U*) < disty, oo (U, U*) < <03p +04Aj’ 228 >| Il

hold simultaneously for all 0 < t < tg = d®. Here, 0 < C1,Cs,p < 1 and Cy,Cy > 0 are some absolute
constants.

(12b)

Remark 2.5. The theorem holds unchanged if d° is replaced by d° for an arbitrarily large constant ¢ > 0.

Remark 2.6. The upper bound ty on the iteration count arises from the leave-one-out analysis when handling
noisy observations. In short, the leave-one-out argument can only provide high-probability bounds for each
iteration, thus requiring an upper bound on the iteration count if we desire a uniform bound across iterations.
Note that in the noiseless case, our results and analysis hold for an arbitrarily large number of iterations.

As an immediate consequence of Theorem 2.4, we obtain appealing £, statistical guarantees for estimating
tensor entries, which are previously rarely available (see Table 1). Specifically, let our tensor estimate in the
t-th iteration be

ks
b= Zuﬁ ®ul @ ul, where U = [ul,--- ,ul] € R4, (13)

Then our result is this:

Corollary 2.7. Fiz an arbitrarily small constant § > 0. Instate the assumptions of Theorem 2.4. Then with

probability at least 1 — 6,
dlogd
|t 1 < (clp +Cosr \/Tg> 1T, (142)
dlogd
7 -7 (cgp . \/Tg) . (11v)

hold simultaneously for all 0 < t < tg = d°. Here, 0 < C1,C3,p < 1 and Cy,Cy > 0 are some absolute
constants.

Several important implications are provided as follows. The discussion below assumes A%, < Ar;, =<1
for notational simplicity.

1. Linear convergence. In the absence of noise, the proposed algorithm converges linearly, namely, it provably
attains e accuracy within O(log(1/¢)) iterations. Given the inexpensiveness of each gradient iteration,
this algorithm can be viewed as a linear-time algorithm, which can almost be implemented as long as we
can read the data. In the noisy setting, the algorithm reaches an appealing statistical accuracy within a
logarithmic number of iterations.



algorithm sample computational {2 error {~ error | recovery type
complexity complexity (noisy) (noisy) (noiseless)
our spectral method 1.5 3 4 1
theory + (vanilla) GD d pd TV p TV exact
spectral initialization 5 : . .
[(XYZ17] n I;ensor power method d* pd? (1T ||loo + a')\/g n/a approximate
spectral method
[XY17] n IZ}D on manifold d® poly(d) n/a n/a exact
[MS18] spectral method dr® d’ n/a n/a approximate
BM16 sum-of-squares drs ar Ile 4 5q'5 n/a approximate
dl-5
/pdl-
[PS17 sum-of-squares dr® dr n/a n/a exact
[YZ16 tensor nuclear norm
[YZ17] minimization d NP-hard n/a n/a exact

Table 1: Comparison with prior theory for existing methods when r, u, k < 1 (neglecting logarithmic factors).

. Near-optimal sample complexity. The fast convergence is guaranteed as soon as the sample size exceeds
the order of d3/?polylogd. This matches the minimal sample complexity — modulo some logarithmic
factor — known so far for any polynomial-time algorithm.

. Near-optimal statistical accuracy. The proposed algorithm converges geometrically fast to a point with
Euclidean error O(o+/(dlogd)/p). This matches the lower bound established in [XYZ17, Theorem 5| up
to some logarithmic factor, thus justifying the statistical optimality of the proposed nonconvex algorithm.

. Entrywise estimation accuracy. In addition to the Euclidean statistical guarantees, we have also estab-
lished an entrywise error bound, which, to the best of our knowledge, has not been established in any of
the prior work. When ¢ is sufficiently large, the iterates reach an entrywise error bound O(a« /(logd)/ p).
This entrywise error bound is about an order of v/d times smaller than the above £, error bound, thereby
implying that the estimation errors are evenly spread out across all entries.

-z (modulo some log factor). Given

. Noise size. The above theory operates in the regime where o <
that we have ||T*| s = d—3/2 in this case, our noise size constraint can be equivalently written as (up to

some log factor)

T <D,

(15)

1T* oo
Since the sampling rate needs to satisfy p > d—3/2, this condition essentially allows the typical size of
each noise component to be considerably larger than the size of the corresponding entry of the truth,
which covers a broad range of practical scenarios.

. Implicit reqularization. One appealing feature of our finding is the simplicity of the iterative refinement
stage of the algorithm. All of the above statistical and computational benefits hold for vanilla gradient
descent (when properly initialized). This should be contrasted with prior work (e.g. [XY17]) that relies on
extra regularization terms to stabilize the optimization landscape. In principle, vanilla gradient descent
implicitly constrains itself within a region of well-conditioned landscape, thus enabling fast convergence
without explicit regularization.

. No need of sample splitting. The theory developed herein does not require fresh samples in each iteration.
We note that sample splitting has been frequently adopted in other context primarily to simplify math-
ematical analysis. Nevertheless, it typically does not exploit the data in an efficient manner (i.e. each
data sample is used only once), thus resulting in the need of a much larger sample size in practice.

We shall take a moment to discuss the merits of our approach in comparison to prior work. One of the best-
known polynomial-time algorithms is the degree-6 level of the sum-of-squares (SoS) hierarchy, which seems to



match the computationally feasible limit in terms of the sample complexity [BM16]. However, this approach
has a well-documented limitation in that it involves solving a semidefinite program of dimensions d® x d2,
which requires enormous storage and computation power. The work [MS18] alleviates this computational
burden by resorting to a clever unfolding-based spectral algorithm; it is a nearly linear-time procedure that
enables near-minimal sample complexity (among polynomial-time algorithms), although it does not achieve
exact recovery even in the absence of noise. The two-stage algorithm developed by [XYZ17] — which is based
on spectral initialization followed by tensor power methods — shares similar advantages and drawbacks as
[MS18]. Further, the recent work [XY17] proposes a polynomial-time nonconvex algorithm based on gradient
descent over Grassmann manifold (with a properly regularized objective function), which is an extension of
the nonconvex matrix completion algorithm proposed by [KMO10a, KMO10b] to tensor data. The theory
provided in [XY17], however, does not provide explicit computational complexities. The recent work [SY19)
attempts tensor estimation via an interesting algorithm adapted from collaborative filtering and investigates
both ¢ and /., estimation accuracy. This approach, however, does not guarantee exact recovery in the
absence of noise. We summarize and compare several prior results in Table 1 (omitting logarithmic factors).

Thus far, we have concentrated on the low-rank, well-conditioned, and incoherent case. Our main theory
can be extended to cover a broader class of scenarios, as stated below.

Theorem 2.8. Fix an arbitrary small constant § > 0. Suppose that xk < 1,

4pdiogtd o VP d 1/6
> < < c _
P=""pr— N, = Curlreiegd < 15 Tog® d) !

1 d [rdl d [ prl d
L= 03r2“2 10g3/2 r and €th = C4 <MT ) L Og Hr og

for some sufficiently large constants co,cs > 0 and some sufficiently small constants cq,ce,cq4 > 0. The

learning rate ny = n is taken to be a constant obeying 0 < n < )\;il/ﬂg/(?)Q)\ff&/xg) Then with probability at
least 1 — 0,

dlogd
distp (U, U*) < (Clp +02Af 1/%) U], (16a)
, P , PR dlogd N
distoo (U, U*) < disty oo (U, U*) < [ C3pt +C4)\* 10|y (16b)
mln p ’

hold simultaneously for all 0 < t <ty = d®. Here, 0 < C1,Cs,p < 1 and Cy,Cy > 0 are some absolute
constants.

Corollary 2.9. Fiz an arbitrarily small constant § > 0. Instate the assumptions of Theorem 2.8. Then with

probability at least 1 — 9,
. dlogd
|17 =T < (clp +Coxiy| =, >|T*|F, (17a)
o 3rdlogd .
|t 1 < (ogpwow Ve )nT oo (17b)

hold simultaneously for all 0 < t < to = d®. Here, 0 < C1,Cs,p < 1 and Cy,Cy > 0 are some absolute
constants.

Remark 2.10. Clearly, Theorem 2.8 and Corollary 2.9 subsume Theorem 2./ and Corollary 2.7 as a special
case respectively.

Remark 2.11. Our theorems require the rank r to not exceed o(dl/ﬁ), which, we believe, is an artifact of
the current nonconvex analysis (particularly for the initialization stage). For instance, our local convergence
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analysis is built upon strong convezity and smoothness, which holds only within a sufficiently small neighbor-
hood surrounding the truth; given that the diameter of this neighborhood is no more than o(1/r), our analysis
requires an initial guess with higher accuracy than expected, thus leading to our rank constraint. It might be
possible to improve the rank dependency via more refined analysis, and we leave it to future investigation.

In a nutshell, this theorem reveals intriguing theoretical support (including both ¢r and ¢3 o bounds)
for more general settings. Assuming that the condition number k = 1, the nonconvex algorithm we propose
is guaranteed to succeed in polynomial time. Note, however, that our theoretical dependency (including
both sample and computational complexities) on the rank r and the incoherence parameter p are likely
loose and sub-optimal. In addition, if k is allowed to grow with d, then the current theory requires a large
number of restart attempts during the initialization stage, resulting in a very high computational burden.
Improving these aspects, however, calls for a much more refined analysis framework, which we leave for
future investigation.

2.3 Numerical experiments

We carry out a series of numerical experiments to corroborate our theoretical findings. Before proceeding,
recall that Theorem 2.8 only guarantees successful recovery with probability 1 —§ for some small constant ¢;
this means that we shall not anticipate a very high success rate (e.g. 1 — O(d~%)) as in the matrix recovery
case. As we shall make clear shortly, this happens mainly because the initialization stage works only with
probability 1 — §, where the uncertainty largely depends on the random vectors {g" }1<,<z. With this
observation in mind, we recommend the following modification to improve the empirical success rate:

e Run Algorithm 2 independently for t,y = 5 times to obtain multiple initial estimates (denoted by

U[01]= e 7Uﬁinit]); select the one achieving the smallest empirical loss, namely
Ul?est = arg min f(U) (18)
Vel cicuy,

e Run Algorithm 1 with the initial point U set to be U

est*®

The final estimates for the low-rank factor and the whole tensor are denoted respectively by
T 17to o " to to to
U=U and  T=3)  uou’eu (19)

where Ut = [u’i‘), oo, ulo] € RYXT is the iterate returned by Algorithm 1, with o the total number of
gradient iterations. In the sequel, we generate the true tensor T% = >, ., u; ®3 randomly in such a way

that uw} RN N(0,1;). The learning rates are taken to be 7; = 0.2 unless otherwise noted.

We start with numerical convergence rates of our algorithm in the absence of noise. Set d = 100, r = 4,
p=0.1, L = 16 and €y, = 0.4. Figure 1(a) the numerical estimation errors vs. iteration count ¢ in a typical
Monte Carlo trial. Here, four kinds of estimation errors are reported: (1) the relative Frobenius norm error

. t * . dist o t * . . t_ x
%; (2) the relative || - ||2,00 error W, (3) the relative Frobenius norm error W; (4)
,00
t__ x . .
the relative £ error W Here, T* = )", u!®@ul@u! with U* = [u!, -, u!]. For all these metrics,

the numerical estimation errors decay geometrically fast.

Next, we study the phase transition (in terms of the success rates for exact recovery) in the noise-free
settings. Set d = 100, r =4, L = 16 and €y, = 0.4. For the sake of comparisons, we also report the numerical
performance of the tensor power method (TPM) followed by gradient descent. When running the tensor
power method, we set both the number of iterations and the restart number to be 16. Each trial is claimed
to succeed if the relative f5 error obeys %I{"‘FU*) < 0.01. Figure 1(b) plots the empirical success rates over
100 independent Monte Carlo trials. As can be seen, our initialization algorithm outperforms the tensor
power method.

The third series of experiments is concerned with the dependence of the success rate on the rank r. Let
us set p = rd=3/21log®d, L = r? and e = 0.4, and the success recovery criterion is the same as above. Figure
1(c) depicts the empirical success rates (over 100 independent Monte Carlo trials) as the rank r varies. As

11



Relative error
Squared relative error

H / —e—Initialized by our n GD

method +
——Initialized by TPM + GD

g,
\
Empirical success rate

002 004 006 008 01
: iteration count p: sampling rate

(a) (b)

Figure 1: (a) relative errors of the estimates U? and T vs. iteration count ¢ for noiseless tensor completion,
where d = 100, r = 4, p = 0.1; (b) empirical success rate vs. sampling rate, where d = 100, r = 4;
(¢) empirical success rate vs. rank, where p = rd=3/21log® d; (d) squared relative errors vs. SNR for noisy
settings, where d = 100, r = 4 and p = 0.1. Each point in (b), (c) and (d) is averaged over 100 independent
Monte Carlo trials.

can be seen from the plots, the proposed algorithm is able to achieve exact reconstruction as long as the
rank r is sufficiently small compared to d. The plausible range of r, however, seems and seems to be larger
than our theoretic requirement r = o(d'/%). This, once again, suggests the need of future investigation to
pin down the best possible dependency on r.

Finally, we consider the numerical estimation accuracy of our algorithm. Take tg = 100, d = 100, r = 4,

* (12 3
p=0.1, L = 16 and ey = 0.4. Define the signal-to-noise ratio (SNR) to be SNR = W. We report in
dist2(O,U*) dist2 (U,U*) I1T—T* |12,

foeiz > o, 20d T ) ve SNR.
Figure 1(d) illustrates that all three types of relative squared errors scale inversely proportional to the SNR

(since the slope in the figure is roughly —1), which is consistent with our statistical guarantees.

Figure 1(d) three types of squared relative errors (namely,

2.4 Notation

Before proceeding, we gather a few notations that will be used throughout this paper. First of all, for any
matrix M € R4*? welet | M| and || M || denote the operator norm (or the spectral norm) and the Frobenius
norm of M, respectively, and let M . and M. ; denote the i-th row and i-th column, respectively. In addition,
AM(M) > Xo(M) > -+ > N\i(M) denote the eigenvalues of M and o1 (M) > o02(M) > --- > 04(M) denote
the singular values of M.

For any tensor T € Réxdxd et Ti.. < R4%4 denote the mode-1 i-slice with entries (’.l’z-,;7;)j7,C =T ks
and T ;. and T.., are defined in a similar way. For any tensors T, R € Ré4xdxd the inner product is
defined as (T, R) := >, Tj k1 Rk The Frobenius norm of T is defined as ||T||p := /(T,T). For any
vectors u, v € R%, we define the vector products of a tensor T' € R4*4*¢ — denoted by T x3u € R¥*? and
T %1 u X9 v € RY — such that

[T x3u],; = Zlgkgd T ks 1<4,j<d; (20a)

[T x1uxzv], = Zlgi7j§dTi,j,kuiuj, 1<k<d. (20b)

The products T xo u € R¥¥4 T x3u € R¥>? T x;u xsv € R and T x9 u x5 v € R? are defined in a
similar manner. For any U = [uy,--- ,u,] € R™*" and V = [vy,--- ,v,] € R¥" we further define

T x55U x5V = [T x1 u; X2 vi]1<i<, € R, (21)

In addition, the operator norm of T is defined as

||| = sup (T, u®vw), (22)
1

u,v,w € S4—

where S%1 := {u € R? | ||ul|; = 1} indicates the unit sphere in R?.
1%
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Further, f(n) < g(n) or f(n) = O(g(n)) means that |f(n)/g(n)| < C; for some constant C; > 0;
f(n) Z g(n) means that |f(n)/g(n)| > Cs for some constant Cy > 0; f(n) =< g(n) means that C; <
|f(n)/g(n)] < Cy for some constants C1,Cs > 0; f(n) = o(g(n)) means that lim, . f(n)/g(n) = 0. In
addition, f(n) < g(n) means that f(n) < c1g(n) for some sufficiently small constant ¢; > 0, and f(n) > g(n)
means that f(n) > caog(n) for some sufficiently large constant ¢ > 0.

3 Initialization

This section presents formal details of the proposed two-step initialization, accompanied by some intuition.
Recall that the proposed initialization procedure consists of two steps, which we discuss separately.

3.1 Step 1: subspace estimation via a spectral method

The spectral algorithm is often applied in conjunction with simple “unfolding” (or “matricization”) to estimate
the subspace spanned by the r factors {u} }1<;<,. This strategy is partly motivated by prior approaches devel-
oped for covariance estimation with missing data [Loul4, MS18, CLC*20]. We provide a brief introduction
below.

Let

A= unfolleQ(%T) e R™% o1 more concisely A = unfold(%T) € Rix4 (23)

be the mode-1 matricization of p~'T (namely, %n,j,k = Aj (j—1)a+k for any 1 < i, 5,k < d) [KB09|. The
rationale of this step is that: under our model, the unfolded matrix A obeys

E[A] = unfold(T*) = > uf (u] ® u})" = A, (24)
=1

whose column space is precisely the span of {u*}1<i<,. This motivates one to estimate the r-dimensional
column space of E[A] from A. Towards this, a natural strategy is to look at the principal subspace of AAT.
However, the diagonal entries of AAT bear too much influence on the principal directions and need to be
properly down-weighed. The current paper chooses to work with the principal subspace of the following
matrix that zeros out all diagonal components:

B := Puiraing(AAT), (25)

where Posr_diag(Z) extracts out the off-diagonal entries of a squared matrix Z. If we let U € R4*"™ be an
orthonormal matrix whose columns are the top-r eigenvectors of B, then U serves as our subspace estimate.
See Algorithm 2 for a summary of the procedure.

3.2 Step 2: retrieval of low-rank tensor factors from the subspace estimate

3.2.1 Procedure

As it turns out, it is possible to obtain rough (but reasonable) estimates of all individual low-rank tensor
factors {u}}i<i<r — up to global permutation — given a reliable subspace estimate U. This is in stark
contrast to the low-rank matrix recovery case, where there exists some global rotational ambiguity that
prevents us from disentangling the r factors of interest.

We begin by describing how to retrieve one tensor factor from the subspace estimate — a procedure
summarized in RETRIEVE-ONE-TENSOR-FACTOR(). Let us generate a random vector from the provided
subspace U (which has orthonormal columns), that is,

6= UU"g, g~N(0I). (26)

projection of g onto U

13



The rescaled tensor data p~!T is then transformed into a matrix via proper “projection” along this random
direction 8, namely,

M = 1T x3 6 € R™4. (27)

Our estimate for a tensor factor is then given by A3y, where v is the leading singular vector of M
obeying (T',v®3) > 0, and X is taken as A = (p~'T,v®®). Informally, v reflects the direction of the
component u} that exhibits the largest correlation with the random direction 8, and A forms an estimate of
the corresponding size ||uf||2.

A challenge remains, however, as there are oftentimes more than one tensor factors to estimate. To
address this issue, we propose to re-run the aforementioned procedure multiple times, so as to ensure that
we get to retrieve each tensor factor of interest at least once. We will then apply a careful pruning procedure
(i.e. PRUNE()) to remove redundancy.

3.2.2 Intuition

To develop some intuition about the above procedure, consider the “heuristic” case where § = U*(U*TU*)"'U*" g,
namely, the idealistic scenario where the subspace estimate U is accurate. Averaging out the randomness in
the sampling pattern and the noise, we see that the expected projected matrix (27) takes the following form:

E[M|6] =T x50 => (0,u)uju;’.
=1

As a result, in the incoherent case where {u;} are nearly orthogonal to each other, the leading singular

vector of E[M | @] — and hence that of M (i.e. w) — is expected to be reasonably close to the factor u}
that enjoys the largest projected coefficient. In other words, we expect

. *
where i = arg Jnax (6, u})|. (28)
In the mean time, armed with (28) and the incoherence assumption (such that w} and u} are nearly orthog-
onal for i # j), one might have

1

3
(K0S

A= (T %) ~ L

* f®3 ~
Hu:n2< i)

K2

(u®,uf®) = Juflly, (29)

3 K2

thus explaining our choice of A\ in the proposed procedure. These arguments hint at the ability of our
procedure in retrieving one tensor factor in each round.

The above intuitive argument, however, does not explain why we need to first project a random vector g
onto the (approximate) column space of U*. While we won’t go into detailed calculations here, we remark
in passing a crucial high variability issue: without proper projection, the perturbation incurred by both the
missing data and the noise might far exceed the strength of the true signal. As a result, it is advised to first
project the data onto the desired subspace, in the hope of amplifying the signal-to-noise ratio.

3.3 Other alternatives?

The careful reader may naturally wonder whether a careful initialization is pivotal in achieving fast conver-
gence. While a thorough answer to this has yet to be developed, we shall point out some alternatives that
seem sub-optimal in both theory and practice. To simplify the presentation, the current subsection focuses
on the rank-1 noiseless case, where

T = u*®3, T = s Po(T"), [u*]l2 = 1. (30)

Since the decision variable is now a d-dimensional vector, we shall employ the conventional notation u! to
represent Ut.
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Random initialization. We find it instrumental to begin with the population-level analysis, which cor-
responds to the scenario with no missing data and noise (p = 1 and o = 0). A little calculation gives

E[u' |u’] =E [u® —nVfu®) | u’] = (1 —nlu’(]3) u®+nu’, u*)’u*. (31)
As an immediate consequence, the expected correlation between the next iterate and the truth obeys
E [(u',u”) [u’] = {1 —nfu’(3 +n{u’, w")[lu|5} (u’,u").

0

This means that if u° and w* are positively correlated and if the initial guess u° is sufficiently small,® then

one has
E[(u',u*) |u®] = (1+nu®,u*)llu*]3) (u’ u*); (32)

a similar recursion holds for u!. As a result, the GD iterates are expected to get increasingly more aligned
with the truth, at least at the population level. Caution needs to be exercised, however, that this population-
level analysis alone fails to capture what is happening in the finite-sample case. In what follows, we point
out potential issues with random initialization.

Consider the case where u° is generated as a vector of i.i.d. Gaussian random variables. Suppose that
u® and u* are positively correlated and that ||u®||2 is sufficiently small. It is easily seen that, with high
probability, the expected increment is on the order of (cf. (32))

) npoly log(d) .
E [(u',u*) | u’] — (u’,u*) = nu’, u*)?|u*|3 S ?Hu 11311u°]3, (33)

which could be quite small as it depends quadratically on the current correlation (u®, u*).

If we were to hope that the favorable population-level analysis captures more or less the finite-sample

dynamics, we would need to ensure that the variability of the gradient update is well-controlled. Towards
[ullec o Ju*]loc _ polylog(d).

this, let us compute the variance of (u!, u*), assuming that ll\u“Hz = T d

Var (<u1, u*) [u’) < Var(ﬂ Z (Xjrt — p) (U?UQU? - U;Uzu;) U?“%“f)
1<j,k,1<d

2 2

n 2 2 n*poly log(d)

= D (fufud +wjuiud)” (uufuf)” = T 3l
Picjkiza p

In other words, the typical size of the variability of (u!,u*) is about the order of w\/%w)ﬂu*ﬂéﬂuoﬂg,
P

which dominates (in fact, is order-of-magnitudes larger than) the mean increment (33) unless

b poly log(d)

7 (34)

The sample size corresponding to (34) is, however, considerably larger than the computation limit p =
%‘f@. The presence of a large variance implies highly volatile dynamics of randomly initialized GD, thus
casting doubt on its efficiency in the most challenging sample-starved regime.

In summary, the main issue stems from the quadratic dependence of the expected increment (33) on the

correlation (u”, w*), which can be exceedingly small if u® is randomly initialized.

Initialization via the tensor power method (TPM). Another alternative for initialization is the
tensor power method, which has recently gained popularity in the context of learning latent-variable models
[AGH'14, AGJ17]. Nevertheless, the TPM (with random initialization) suffers from the same high-volatility
issue as randomly initialized GD. The argument for this would be nearly identical to the one presented

3In fact, if a random initialization u® is not small, then one can easily show that, with high probability, the £ norm of u?

is going to drop geometrically fast at the beginning.
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above, and is hence omitted. Instead, we invoke a perturbation analysis result in [AGH" 14, Theorem 5.1]
to illustrate the insufficiency of the TPM.
Recall that %T =T+ (%T— T*). A critical issue is that the perturbation bound in [AGH™ 14, Theorem

5.1] requires the tensor perturbation to be exceedingly small, namely,

3T — T < 1/d. (35)
This, however, cannot possibly hold if the sample size is merely p =< %C_f(d) (in which case one only expects
a spectral norm bound on the order of |[p~'T — T™*|| < Wog(d) shown in Corollary D.3 even in the absence
of noise). In light of all this, existing stability analysis of the TPM does not imply either sample efficiency
or computational efficiency.

4 Related work

One of the most natural ideas for solving tensor completion is to first unfold the tensor data into matrices,
followed by proper convex relaxation commonly adopted for low-rank matrix completion. Given that there
are more than one ways to matricize a tensor, several prior work has explored the design of matrix norms that
can exploit the tensor structure more effectively [THK10, GRY11, LMWY13, RPP13, LFC*16, MHWG14].
Such algorithms have been robustified to enable reliable recovery against sparse outliers as well [GQ14].
For the most part, however, such unfolding-based convex relaxation necessarily incur loss of structural
information, which is particularly severe when handling odd-order tensors. The sample complexity developed
for this paradigm is often sub-optimal vis-a-vis the computational limits (namely, minimal sample complexity
achievable by polynomial-time algorithms).

Motivated by the above sub-optimality issue, [YZ16, YZ17| proposed to minimize instead the tensor
nuclear norm subject to data constraints, which provably allows for reduced sample complexity. The issue,
however, is that computing the tensor nuclear norm itself is already computationally intractable, thus limiting
its applicability to even moderate-dimensional problems. Similar findings have also been discovered for tensor
atomic norm minimization [DBBG19]. When restricted to polynomial-time algorithms, the best statistical
guarantees are often attained via convex relaxation tailored to the sum-of-squares hierarchy [BM16]; the
resulting computational cost, however, remains prohibitively high for practical large-scale problems. Another
matrix nuclear norm minimization algorithm has been proposed based on promoting certain structures on
certain factor matrices [LSCT14|. Developing statistical guarantees is, however, not the focal point of this
work.

Moving beyond convex relaxation, a number of prior papers have developed nonconvex algorithms for
tensor completion, examples including iterative hard thresholding [RSS17], alternating minimization [JO14,
WAA16, XHYS15|, tensor SVD [ZA17], optimization on manifold [XY17, KM16, Stel6|, proximal average
algorithm with nonconvex regularizer [Yaol8|, and block coordinate decent [JHZ'16, XY13]. When it comes
to the model considered herein, these algorithms either lack optimal statistical guarantees, or come with a
computational cost that is significantly higher than a linear-time algorithm.

The algorithm and theory that we develop are largely inspired by the recent advances of nonconvex
optimization algorithms for low-rank matrix recovery problems [KMO10a, KMO10b, CLS15, CC17, SL16,
YPCC16, CW15]. The main theoretical tool — the leave-one-out analysis — is a powerful technique that
has proved successful in various other statistical problems [EK15, CFMW19, AFWZ17, MWCC17, ZB18,
CCFM19, CCF*T19, LZT19, CFMY19, DC18, PW19]. There are several major differences between the anal-
ysis of nonconvex tensor completion and that of nonconvex matrix recovery. For instance, our initialization
scheme is substantially more complicated than the matrix recovery counterpart, thus requiring much more
sophisticated analysis; in addition, the local convergence stage of tensor completion does not suffer from
rotational ambiguity (which often appears in nonconvex matrix completion), and hence we only need to
handle permutational ambiguity.

In addition, the current paper focuses on non-adaptive uniform random sampling. If there is freedom
in designing the sampling mechanism, then one can often expect improved performance; see [KS13, Zhal9)
as examples. Fundamental criteria that enable perfect low-CP-rank tensor completion have been studied in
[AW17].
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Tensor completion is simply a special example of the tensor recovery literature. There is a large body of
results tackling various other tensor recovery and estimation problems, including but not limited to tensor
decomposition [Kol01, KB09, AGH'14, AGJ14, TS15, KOKC13, HSSS16, GHJY15, ZKOM18, SDLFT17,
SLLC17, GM17], tensor SVD and factorization [ZX18, KBHH13, ZA17], and tensor regression and sketching
[RSS17, HZC20, CRY19, HWW™19|. The algorithmic ideas explored in this paper might have implications
for these tensor-related problems as well.

5 Analysis

In this section, we outline the proof of Theorem 2.8. The proof of Corollary 2.9 is deferred to Appendix C.
The analysis is divided into three parts:

e In Section 5.1, we show that given an initial estimate sufficiently close to the ground truth, vanilla gradient
descent converges linearly. These are formalized in Lemmas 5.3 and 5.6.

e Sections 5.2-5.3 provide statistical guarantees for the two steps of the initialization procedure; see Theo-
rems 5.9.

e Under the assumptions of Theorem 2.8, one can see that the initialization satisfies the requirement of
linear convergence of vanilla gradient descent. Therefore, Theorem 2.8 immediately follows from the
results in Sections 5.1-5.3.

5.1 Analysis for local convergence of GD

In this section, we demonstrate that: if the initialization is reasonably good, then vanilla gradient descent
converges linearly to a solution with the desired statistical accuracy. We postpone the analysis for initializa-
tion to Sections 5.2-5.3 for convenience of presentation.

5.1.1 Preliminaries: gradient and Hessian calculation

First of all, using our notation x4 defined in (21), we can write

1
Vf(U) = ];PQ(Z uP? — T~ E) xTU x5 U. (36)

1<i<r

Next, we find it convenient to define an auxiliary loss function fgean (U) : R?*™ — R, that corresponds
to the noiseless case:

Jetean (U) = é HPQ(Z19§T u - T*) ‘i (37)
The gradient of fgean W.r.t. us (1 < s <r) is thus given by
Ve, faean (U) = %7’9(2199 u®3 — T*) X1 Ug X9 Ug, 1<s<r, (38)
and hence one can write
Vo () = 1 Pa( Y uf®~1%) x50 x50 (39)
This clearly satisfies
Vf(U) =V faean (U) — %PQ(E) XU x59U. (40)
Moreover, direct algebraic manipulations give that: for any matrix V = [vy,...,v,] € R¥*"

2
US®US®US+US®vS®u5+vs®us®us) ’F

vec (V) V2 fejean (U) vec (V) = 3ip H%(Zlgsgr

" %<P§2(Zsem U - T*) ’ Zsem Ve 9T u> )

where vec(V') denotes the vectorization of V.
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5.1.2 Local strong convexity and smoothness

At the heart of our analysis is a crucial geometric property of the objective function, that is, the noiseless
loss function fcean behaves like a locally strongly convex and smooth function. This fact, which is formally
stated in the following lemma, is the key enabler of fast local convergence of vanilla GD.

Lemma 5.1 (Local strong convexity and smoothness). Suppose that the sample complezxity and the
rank satisfy

log®d p2r?logd d
p > co maX{  TE R r<eciy|— (42)

for some sufficiently large (resp. small) constant ¢y > 0 (resp. ¢c; > 0). Then with probability greater than
1- O(d—lO);

1
NIV < vec (V) V2 fuean (U) vec (V) < ANGL3 [V (43)

2 min max
holds simultaneously for all V. € R™" and all U € R¥*" obeying
U =06 <610° 1 and U = Ul <510y (44)

Here, § < co/ (1%/?r) for some sufficiently small constant cy > 0.
Proof. See Appendix A.1. |

In order to invoke Lemma 5.1, one needs to make sure that the decision matrix U of interest (e.g. U' in
the GD sequence) satisfies the condition (44). This, however, is a fairly stringent condition, as it requires U
to be close to the truth in every single row.

5.1.3 Leave-one-out gradient descent sequences

Motivated by the analytical framework developed for low-rank matrix recovery [MWCC17, CLL19|, we
introduce the following leave-one-out sequences, which play a crucial role in guaranteeing that the entire
trajectory {U'};>0 satisfies the condition (44) as required in Lemma 5.1.

Specifically, we define for each 1 < m < d the following auxiliary loss function:

fmu) £ é Hpsz,m (Zlgsgr ul? =T - E) Hi + % HP’”(ZKSST ul = T*) . (45)

;

where
e Pg, : the projection onto the subspace of tensors supported on {(i,5,k) € Q: i =m or j = m or k = m};

e Pgq_. : the projection onto the subspace of tensors supported on {(i,5,k) € Q: i #m and j # m and k #
m};
e P,,: the projection onto the subspace of tensors supported on {(i, j, k) € [d]>: i = m or j = m or k = m}.

In words, this function is obtained by replacing all data at locations {(i,4,k) € [d]>: i =m or j =m or k =
m} by their expected values, thus removing all randomness associated with this location subset. The gradient
of f™(U) w.r.t. us (1 <s <r) can be computed as:

1
Vusf(m)(U) = EPng (Zlﬁsgr u;®3 —_T* — E) X1 Ug X2 Ug + Pm(zlgsgr u;®3 _ T*) X1 Ug X9 Ug.
(46)

We then denote by {Ut’(m)} +>o the iterative sequence obtained by running gradient descent w.r.t. the

leave-one-out loss f(") (+); see Algorithm 4. By construction, as long as U (™) is independent of the sampling
locations and the noise associated with the locations { (¢, j, k) € Q: i =m or j = m or k = m} (which holds
true as detailed momentarily), then the entire trajectory {Ut=(m)} >0 becomes statistically independent of
such randomness. This is a crucial property that allows us to decouple the complicated statistical dependency.
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Algorithm 4 The m-th leave-one-out sequence

1: Generate an initial estimate U%(™) via Algorithm 5.
2: fort=0,1,...,tc — 1 do
3. Ut+1,(m) _ Ut,(m) _ ntvf(m) (Ut,(m)).

5.1.4 Key lemmas

The proof for local linear convergence of GD is inductive in nature, which proceeds on the basis of the
following set of inductive hypotheses. As we shall see in Corollary 5.11 in Section 5.3, this set of inductive
hypotheses — modulo some global permutation — is valid with high probability when ¢ = 0. In order to
simplify presentation, we remove the consideration of the global permutation factor throughout this section
(namely, we assume that the following holds for U°TI with some permutation matrix II® € R"*" obeying
IT1° = I. Our inductive hypotheses are summarized as follows:

Key hypotheses for the gradient update stage:

dl
HUt—U*HFS<01paoca.+cz (2 >||U*||F, (47a)

dlogd
[ -0 < (oo T [ 212 ) 0l e

mm p

/dlo d

Ut —uUttm||, < <C5p Eioca + Co 15— EC) Uy (47¢)
dlogd

| —o), |, < <c7p Eioct + Ca i1 | = ) 10 3 (47d)

for some quantity Eocal > 0 (depending possibly on p and r) and some constants Cq,---,Cs > 0. These
exist a few straightforward consequences of the hypotheses (47), which we record in the following lemma.

Lemma 5.2. Assume that the hypotheses (47) hold, then we have

o dlogd
[otm — |, < <201p ocat + 2Ca 10— pg ) 1Tl (48)
o dlogd
Ut — Hz <(03 + C5) p'Eiocal + (Ca + C) —— o\ Pg ) U130 - (49)

Proof. See Appendix A.2. |

Our proof for the hypotheses (47) is inductive in nature: we would like to show that if the hypotheses in
(47) hold for the ¢-th iteration, then they continue to be valid for the (¢ + 1)-th iteration. We shall justify
each of the above hypotheses inductively through the following lemmas.

Lemma 5.3. Suppose that

2log’ d o NG d
P> Co B2 /\rnmﬁclm/% Tozd’ and 1 <c "

for some sufficiently large constant co > 0 and some sufficiently small constant c1,co > 0. Assume that the
hypotheses (47) hold for the t-th iteration and Epcal < 03/(u3/27°) for some sufficiently small constant cz > 0.
Then with probability at least 1 — O(d~19),

dlogd
HU”I—U*||FS<01P Eiocs + Cay— |- >|U*||F, (50)
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provided that 0 < n < /\*4/3/(32)\;%?) 1— ( *4/3/5)17 < p <1, and Cs is sufficiently large.

min min

Proof. See Appendix A.3. [ |

Lemma 5.4. Suppose that

2log” d o NG d
p 2 Co d3/2 ) )\Eun S C1 ‘LL3/2’I" /—d logd, and 1 S C2 ;

for some sufficiently large constant co > 0 and some sufficiently small constant c1,co > 0. Assume that the
hypotheses (47) hold for the t-th iteration and Epcal < 03/(u3/2r) for some sufficiently small constant cz > 0.
Then with probability at least 1 — O(d~1Y), one has

dlogd
[ — gt | < <c5p 1 focat + Co 51— ,/%) U, 0c - (51)

provided that 0 < n < /\*4/3/(32/\:%/3) 1- ( *4/3/5)77 < p <1 and Cq is sufficiently large.

min min

Proof. See Appendix A 4. |

Lemma 5.5. Suppose that

2log’ d o NG d
p 2 Co d3/2 ’ )\;1111 S C1 ‘LL3/2’I" dlogd’ and 1 S C2 ;

for some sufficiently large constant co > 0 and some sufficiently small constant c1,co > 0. Assume that the
hypotheses (47) hold for the t-th iteration and Ejpcal < 63/(,u3/2r) for some sufficiently small constant cg > 0.
Then with probability at least 1 — O(d~1Y), one has

dlogd
H(U“rl’(m) - U*)W;H2 < <O7p 'Eiocal + Cs )\f \/ %) 1Ul3,00 » (52)

provided that 0 < n < /\*4/3/(32/\ffa/,§) — ( *4/3/5)77 < p <1, Cr and Cys are sufficiently large.

min min

Proof. See Appendix A.5. |

Lemma 5.6. Suppose that

2log’ d o NG d
> < < —
T T vz ey A

for some sufficiently large constant ¢y > 0 and some sufficiently small constant c1,co > 0. Assume that the
hypotheses (47) hold for the t-th iteration and Ejpcal < 63/(,u3/2r) for some sufficiently small constant cg > 0.
Then with probability at least 1 — O(d~°), one has

o dlogd
HUt+1 - U*||2,oo S (CSpt+lglocal + 04 A* . E) HU*||2,OO ’ (53)

provided that 0 < 1 < Nl®/(320802), 1 — (N3 /5)n < p < 1, Cs/ (Cs + C7) and Cy/ (Cs + Cs) are both
sufficiently large.

Proof. See Appendix A.6. [ |

The proofs of the above key lemmas are postponed to Appendix A.
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5.2 Analysis for initialization: Part 1 (subspace estimation)

5.2.1 Key results

The aim of this subsection is to demonstrate that the subspace estimate U computed by Algorithm 2 is
sufficiently close to the space spanned by the true tensor factors. Given that the columns of U* = [u], - - , u}]
are in general not orthogonal to each other, we shall define U}, € R?*" as follows (obtained by proper
orthonormalization) :

= U (UTU) 54
orth * ( ) . ( )

4o koo kT

This matrix UZ,, reflects the rank-r principal subspace of A*A*T = > |luf||3ufu} ", where we recall that

ort
A* € R i5 the mode-1 matricization of T*. In addition, we define the rotation matrix

R :=argmin [[UQ — Ul ||r, (55)
Qeorxr

where O"*" stands for the set of r x r orthonormal matrices. This can be viewed as the global rotation
matrix that best aligns the two subspaces represented by U and U(,, respectively.
Equipped with the above notation, we can invoke [CLC*20, Corollary 1] to arrive at the following lemma,

which upper bounds the distance between our subspace estimate U and the ground truth U, .

Lemma 5.7. There exist some universal constants cg,c1,co > 0 such that if

2 2
wrlog”d o NG d
PZ 0 gn N < VBT logd and 1 < 02\/;=

then with probability 1 — O (d_lo), the subspace estimate U computed by Algorithm 2 obeys

”UR - Uo*rth” ,S 5567 (56&)

;
IUR = Uil o S Eue/ 55 (56b)

where U}, and R are defined respectively in (54) and (55), and

§
2 [,2 2 j3/2
_ pfrlogd w?rlogd o° d°’*logd o dlogd pur
Eee 1= 72 + Zp + N » + N » + T (57)

In a nutshell, Lemma 5.7 asserts that: under our sample size, noise and rank conditions, Algorithm 2
produces reliable estimates of the subspace spanned by the low-rank tensor factors {u?}1<;<,. The theorem
quantifies the subspace distance in terms of both the spectral norm and || - ||2,00, where the latter bound
often reflects a considerably stronger sense of proximity compared to the former one.

As it turns out, in order to facilitate analysis for the subsequent stages, we need to introduce certain
leave-one-out sequences as well, which we detail in the next subsection.

5.2.2 Leave-one-out sequences for subspace estimation

The key idea of the leave-one-out analysis is to create auxiliary leave-one-out sequences that are (1) indepen-
dent of a small fraction of the data; (2) sufficiently close to the true estimates. We introduce the following
auxiliary tensor and d x d?>-dimensional matrix for each 1 < m < d:

T = Po_, (T) + pPp, (T*) € RI*x4, (58)
A .= mode-1 matricization of %T(m). (59)

By construction, T(™ and A(™ are independent of Pq,, (E), where we recall that
Q_p ={(i,5,k) € Q: i #m and j # m and k # m}, (60)
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Qp ={(i,j,k) €Q:i=morj=mork=m}. (61)

We are now ready to introduce the auxiliary leave-one-out procedure for subspace estimation. Similar to
the matrix B in Algorithm 2 (whose eigenspace serves as an estimate of the column space of U*), we define
an auxiliary matrix B(™) € R%*? as follows:

B(m) - Poff—diag (A(m)A(m)T) ) (62)

where Posr.diag(-) (as already defined in Section 3.1) extracts out off-diagonal entries from a matrix. The
rationale is simple: it can be easily verified that

E[B™)] = B* — Py (B*), B*:=A"A*T, (63)

where Pgiag(+) extracts out the diagonal entries of the matrix. This gives hope that the eigenspace of B (m) is
also a reliable estimate of the column space of U*, provided that the diagonal entries of B* are sufficiently
small. Consequently, we shall compute U%("™) € R¥*" — a matrix whose columns are the top-r leading
eigenvectors of B("™). The procedure is summarized in Algorithm 5.

Algorithm 5 The m-th leave-one-out sequence for spectral initialization

1: Let UMAMUMT he the rank-r eigen-decomposition of B(™) defined in (62).
2: Generate the initial estimate U%(™) € R4¥" from U™ € R4*" using Algorithm 6.

The following lemma plays a crucial role in our analysis, which formalizes the fact that the leave-one-out
version U™ obtained by Algorithm 5 is extremely close to U.

Lemma 5.8. There exist some universal constants cg,c1,co > 0 such that if

2 2
werlog”d o /P d
pZCO d3/2 ’ A §01d3/4 logd’ and TSCQ\/;a

min

then with probability 1 — O (d_lo), the subspace estimate U™ computed by Algorithm 5 obeys
JUUT —U™U™T || < S % (64)

simultaneously for all 1 < m < d, where

2 [,2 2 13/2
__ porlogd wrlogd o* d°/“logd o dlogd
Eloo = 72 + Zp + NN » + N b (65)

Lemma 5.8 follows immediately from the analysis of [CLCT20, Lemma 4]. As a remark, the construction
of the leave-one-out sequences herein is slightly different from the one in [CLC"20]. However, it is straight-
forward to adapt the proof of [CLCT20] to the case considered herein. We therefore omit the proof for the
sake of brevity.

5.3 Analysis for initialization: Part 2 (retrieval of individual tensor factors)
5.3.1 Main results and leave-one-out sequences

This section justifies that the procedure presented in Algorithm 3 allows to disentangle the tensor factors.
For notational simplicity, we let
*

— 3 .
up =i/ uilly, A =iy, 1<i<d (66)

Our result is this:
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Theorem 5.9. Fix any arbitrary small constant 6 > 0. Assume that

2,474 1/6
D= Co rlog d7 7 <ec VP r<c L )
d3/? Al in V/2g3/4 log?d’ 16 log® d

I d dl d [urlogd
L=cyr® log®?r, ep= 04{W = \ s - Og } (67)

for some sufficiently large universal constant co,c3 > 0 and some sufficiently small universal constants
c1,¢2,cq > 0. Then with probability e:rceedz'ng 1 =9, there exists a permutation m(-) : [d] — [d] such that for
all 1 < i <1, the tensor factors {w'}I_, returned by Algorithm 3 satisfy

P m’ logd rdlog d ur 1ogd
[w' =5 [l, \/ (68a)
Hwi _a || < ,u27“10g4d N ,urlog3d N o2 32 1og d rdlog d ,urlog d
68b

1 d dlog”d logd
\/\i—)\;(i)‘ﬁ{w o el og ok }/\* (65¢)

In short, this theorem asserts that the estimates returned by Algorithm 3 are — up to global permutation
— reasonably close to the ground truth under our sample size and noise conditions. In order to establish
this theorem and in order to provide initial guesses for the leave-one-out GD sequences, we need to produce
a leave-one-out sequence tailored to this part of the algorithm. Such auxiliary sequences are generated
in a similar spirit as the previous ones, and we summarize them in Algorithm 6. As usual, the resulting
leave-one-out estimates {/\Em), wi’(m)};l are statistically independent of Pq,, (E).

In what follows, we gather a few key properties of the leave-one-out estimates, which play a crucial role
in the analysis.

Algorithm 6 The m-th leave-one-out sequence for retrieving individual tensor components

1: Input: restart number L, threshold ey, subspace estimate U™ € R4*" given by Algorithm 5
2: forr=1,...,L do

3: Recall the Gaussian vector g™ ~ N(0, I;) generated in Algorithm 3.

4 (v, A spec-gap!™ )) < RETRIEVE-ONE-TENSOR-FACTOR (T, p, U(™) g7).

5

: Generate tensor factor estimates

{(w 0 A, (A Y PRUNE({ (070 A0, spec-gapT™) 17 exn).

6: Output: an initial estimate U% (") = [()\gm))lmwl’(m), ce (,\ﬁm))mw“(m)].

Theorem 5.10. Fix any arbitrarily small constant § > 0. Instate the assumptions in Theorem 5.9. With
probability exceeding 1 — 5, the permutation function stated in Theorem 5.9 obeys that: for all 1 < i <r and
alll <m <d:

) ) 21100372 d log d o2 d3/2100%/2 d dlog? d
' — im0 d pyrlogd | i og’"d o og BT (69a)
2 d3/2p d\/]3 )\:(mn p )\:(nln p d
2 3/2 02 3210032 2
‘)\i—)\gm)‘ﬁ wrlog d+u\/?10gd+ i d?/? log d+ o [|dlog”d | [ur /\:nax;
d3/2p d\/]3 )\:nln p )\:nln p

(69b)
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‘(wzy(m)_ﬂ* ) ‘ _ \/Wlog7/2d+‘u,rlog3d+ o 1Og4d ’["dlog d \/m
(i) ml ~ d3/2p d\/]_? )\:nm p mm

With Theorems 5.9-5.10 in place, we can immediately establish a few desired properties (particularly
those specified in Section 5.1) of our initial estimate, as asserted in the following corollary.

ur
(69c¢)

Corollary 5.11. Fix any arbitrarily small constant 6 > 0. Instate the assumptions in Theorem 2.8. With
probability exceeding 1—6, the estimates U° and U%("™) returned by Algorithm 3 and Algorithm 6 respectively
satisfy the hypotheses (47) for t = 0.

Proof. See Appendix B.10. [ |

5.3.2 Analysis

Before we start with the proof, we first state the main idea. For the sake of clarify, we define

T=UU'"g", (70a)
o7 = ymymTgr, (70b)
MT™ :=p 'T x3 67, (70c)
M™M= p=ip(m) s gmm), (70d)

In addition, let v be the top singular vector of M7™ obeying (T, (v7)®3) > 0, and v™("™) the top singular
vector of M™(™) obeying (T, (v™(™)®3) > (. Set

A= (p~ T, (b7)®3) and A= (i) (7 (m)y@sy (71)
These are all computed in the function RETRIEVE-ONE-TENSOR-FACTOR() in the 7-th round.

1. We first show that for each 1 < ¢ < r, there exists at least one trial 1 < 7 < L such that the i-th tensor
factor w} is the top singular vector of the population version of T x 307 (with respect to the missing data
and noise). In addition, the spectral gap is large enough to guarantee accurate estimates.

2. Next, we prove that given this spectral gap, the top singular vector ¥™ of T x3 67 is close to @} both in
the || - |2 and || - ||oo norm. This also enables us to accurately estimate the magnitude of u}.

3. Finally, we need to show that one can find those reliable estimates among L random restarts. Combining
the spectral gap information with the incoherence condition that tensor components are nearly orthogonal
to each other, our selection procedure is guaranteed to recover all tensor factors.

Now we proceed to the proof. Without loss of generality, we prove the case for i = 1 in the sequel,
i.e. there exists some 7 € [L] such that v7 accurately recovers u}. Together with the union bound, this
shows that we can find reliable estimates for all tensor factors. We then conclude the proof by showing that
Algorithm 3 is able to find all of them without duplicates.

To this end, we find it convenient to introduce an auxiliary vector v*7 = [y;7,- - - ,%’ET]T € R" and its
leave-one-out versions y*™ (M) = [VIT’(m), EE 77:T’(m)] i (1 <m <d) for each 1 < 7 < L as follows:

i = |3, 07) = X (w2, 07), (72a)

7 = gl (et 070) = N (w7, 670, (72b)

where @ and A\ are both defined in (66). The idea is to let v*™ approximate the singular values of T* x307;
this can be seen, for instance, via the following calculation:

T

T* X3 0" = Z <U 07— * *T Z )\* 0 —*—*T (73)

=1
,,YZ
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where {@w;};_, — which are assumed to be incoherent (or nearly orthogonal to each other) — can be
approximately viewed as the singular vectors of T* x3 07.

If we want our spectral estimate to be accurate, we would need to be assured that the two largest entries
of v*7 (in magnitude) are sufficiently separated.

Lemma 5.12. Instate the assumptions of Theorem 5.9. Define A7 = 777 — maxj<;<, "yf| for each

1<7<L and let Agl) > A§2) > 0> AgL denote the order statistics of {AT} (m descending order).
Fiz any arbitrary small constant 6 > 0. With probability greater than 1 — §/r, one has

A 2 N (T4a)
AL ZA® > Amin (74b)

~ rylogd’

Additionally, for any fixed vector v € R”, with probability at least 1 — O (d_lo), forall1 <7 < L, one has

1T S VIogd N (75a)

vl $ Vrlogd X, (75b)

(0.7 )] S vy Viogd Ao (75¢)

Proof. See Appendix B.1. [ |

Lemma 5.12 demonstrates that there exists some 7 € [L] such that 7{7 — max;<;<, hz ’ 2 Afin- This
means that w] exhibits the largest correlation with the random projection 8, which further implies that @y is
the largest s1ngular vector of T* x3 07 with a considerable spectral gap (as we will show shortly). With the
desired spectral gap in place, we are ready to look at the eigenvectors / singular vectors of interest. To this
end, we find it convenient to introduce another auxiliary vector w”, defined as the leading singular vector of

M7 (cf. (70c)) obeying
(u",uy) > 0. (76)

The careful reader would immediately notice the similarity between w” and v” except for their global signs;
namely, we determine the global sign of @™ based on the ground truth information (76), but pick the global
sign for 17 solely based on the observed data (cf. Algorithm 3). Fortunately, the vectors ™ and v™ provably
coincide, namely,

u =v, (77)

as we shall demonstrate momentarily in Lemma 5.16. In a similar way, we also denote by @™ (™) the leading
singular vector of M™("™) defined in (70d) such that

(@™ ay) > 0. (78)

Lemma 5.16 also shows that @™ (™) = p7 (™),
We shall now take a detour to look at w”, which in turn would help us understand 7. We shall first
demonstrate that @” (and hence v7) is sufficiently close to the corresponding true factor in the ¢5 sense.

Lemma 5.13. Instate the assumptions of Them’em .9. Let ™ and wj be as defined in (76) and (66),
respectively. Define A to be the event such that vi7 — maxi<i<r |71 ‘ 2 N and the condition (75) hold.

n

Then conditional on this event A, with probability exceeding 1 — d 11 one has
. ,ur 1ogd rd log d ur logd
o i, < \/ ™
Eproj
Proof. See Appendix B.2. |
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Thus far, we have focused on the /5 estimation errors. In order to further quantify the ¢, estimation
errors, we need to resort to the leave-one-out estimates @™ (") (1 <m < d). Specifically, we shall justify in
the following two lemmas that: (1) the m-th leave-one-out estimate @™(™ is close to the truth at least in
the m-th coordinate, and (2) the vector @" is extremely close to each of the leave-one-out estimates @™ (™)
(1 < m < d). These two observations taken collectively translate to the desired entrywise error control of
u”. Here, we recall that the global sign of @™(™) (cf. (78)) and the global sign of @™ (cf. (76)) are defined
in a similar fashion, both using the ground truth information.

Lemma 5.14. Instate the assumptions of Theorem 5.9. Define A to be the event such that vi™ —maxi<i<r ‘”yf‘ >
Ao and the condition (75) hold. Then conditional on this event A, one has, with probability exceeding

1—0 (d719), that

urlogd
d )

‘ [amm — ﬂﬂm‘ < Eop (80)

holds for all m € [d], where &, is defined as follows:

c '_,/,urlog3d+/mﬂlog5/2d+ o 10g7/2d+ o rd10g5d+ [urlogd (81)
B dv/p Auin - P Ahnin p d -

Proof. See Appendix B.4. [ |

Lemma 5.15. Instate the assumptions of Theorem 5.9. Define A to be the event such that v}™ —maxi<i<r ‘”yf‘ >
* i ond the condition (75) hold. Then conditional on this event A, one has, with probability at least

1—0 (d™19), for all m € [d):

HET — ET’(m)HQ < Eloo A lsgda (82)
HET _HIHOO < (5op + Eloo) /Ml;gdj (83)

[ prlogd
’)\T - )\S'm)‘ S 8|00 o ;g )‘:nax7 (84)

where Eop and Eioo are defined in (81) and (65), respectively.
Proof. See Appendix B.6. [ |

Next, we turn to the estimation accuracy regarding the size of the tensor factors and show that A,
(produced in Algorithm 3) is close to the truth as well. As it turns out, a byproduct of this step reveals
that ™ = @ and v™(™ = @™ where @ and @"(™ are an auxiliary vectors defined in (76) and (78),
respectively.

Lemma 5.16. Instate the assumptions of Theorem 5.9. Assume that the results in Lemma 5.13, Lemma 5.1/
and Lemma 5.15 hold. Then with probability at least 1 — O (d_lo), one has

|Ar = AT| S Eproj Al (85)

In particular, one has
v =u" and v =g 1< m<d. (86)
Proof. See Appendix B.8. |

Thus far, we have only proved that one can find a reliable estimate for each tensor factor within L
random trials, provided that L is sufficiently large. To finish up, it remains to show that the pruning
procedure PRUNE() is capable of returning a rough estimate for each tensor factor without duplication. This
is accomplished in the following lemma.
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Lemma 5.17. Instate the assumptions of Theorem 5.9. On the event that the results in Lemma 5.15,
Lemma 5.14, Lemma 5.15 and Lemma 5.16 hold for all 1 <1 < r, there exists a permutation 7(-) : [d] — [d]
such that: for each 1 < i < r, (/\Z-,wi) and (A;(i),ﬂ;(i)) satisfy (68a), (68b) and (68c); ()\i,wi) and

()\gm),wi’(m));l obey (69a), (69b) and (69¢) for all 1 < m < d, where {)\i,wi};l and {)\gm),wi’(m)};l
are outputs of Algorithm 3 and Algorithm 6, respectively.

Proof. See Appendix B.9. |

6 Discussion

The current paper uncovers the possibility of efficiently and stably completing a low-CP-rank tensor from
partial and noisy entries. Perhaps somewhat unexpectedly, despite the high degree of nonconvexity, this
problem can be solved to optimal statistical accuracy within nearly linear time, provided that the tensor of
interest is well-conditioned, incoherent, and of constant rank. To the best of our knowledge, this intriguing
message has not been shown in the prior literature.

Moving forward, one pressing issue is to understand how to improve the algorithmic and theoretical
dependency upon the tensor rank r of the proposed method. Ideally one would desire a fast algorithm whose
sample complexity scales as rd'®, an order that is provably achievable by the sum-of-squares hierarchy.
Additionally, in contrast to the matrix counterpart where the rank is upper bounded by the matrix dimension,
the tensor CP rank is allowed to rise above d, which is commonly referred to as the over-complete case.
Unfortunately, our current initialization scheme (i.e. the spectral method) fails to work unless r < d, and
our local analysis for GD falls of accommodating the scenario with r > d. It would be of great interest to
develop more powerful algorithms — in addition to more refined analysis — to tackle such an important
over-complete regime.

Another tantalizing research direction is the exploration of landscape design for tensor completion. As our
heuristic discussions as well as other prior work (e.g. [RM14]) suggest, randomly initialized gradient descent
tailored to (4) seems unlikely to work, unless the sample size is significantly larger than the computational
limit. This might mean either that there exist spurious local minima in the natural nonconvex least squares
formulation (4), or that the optimization landscape of (4) is too flat around some saddle points and hence
not amenable to fast computation. It would be interesting to investigate what families of loss functions allow
us to rule out bad local minima and eliminate the need of careful initialization, which might be better suited
for tensor recovery problems.

Finally, in statistical inference and decision making, one might not be simply satisfied with obtaining a
reliable estimate for each missing entry, but would also like to report a short confidence interval which is
likely to contain the true entry. This boils down to the fundamental task of uncertainty quantification for
tensor completion, which we leave to future investigation.
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A Proofs for local convergence of GD

In this section, we establish the key lemmas concerning the convergence properties of GD. As one can easily
see, treating {E; jr}ti<ijk<d (resp. {Xijk}1<ijk<d) as independent random variables — which leads to
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asymmetric versions of E and 2 — does not affect the order of our results at all. In light of this, we shall
adopt such an independent assumption whenever it simplifies our presentation.

A.1 Proof of Lemma 5.1

For notational convenience, for any matrix M = [m,...,m,] € R¥*" let

M = [my @my,...,m, ®m,] € R, (87)
a1b
where for any a,b € R? we denote a ® b := : € R%.
agb

From the Hessian expression (41), one can decompose

vec(V) V2 f(U) vec(V)
1 2 1 2
= HPQ( > (vs®u§2+us®vs®us+u;®2®vs))H - = HPQ( > (vs®u§®2+u§®vs®u§+u§®2®vs))H
3p selr] ¥ 3p selr] ¥

=IQ1

2 1 2
P2 e ruiov suiruev))| -5 3 (rew ruion ou suten)|,
se[r] s€(r]

=02

1
+2<_P (E u;®3—T*),§ U?2®us> H Y~ (v 2w+ ul v, @ ul + ul® @,
p @ s€[r] selr] )

s€(r]

‘ 2
F

In what follows, we shall bound each of the above terms separately.

A.1.1 Bounding a4

With regards to ay, by symmetry we have

ay = H Zse[ Vs X u*®2H +2 < Zse[r] Vs ® u:®2, Zse[r] u:®2 ® 'Us>- (88)

In order to control (88), we first see that

®2|| _ FreT
HZSE[T] ’Us®u: HF - HVU* HF’ (89)
where U* is as defined in (87). Similar to the proof of Lemma D.1, we can use the fact that (u}®?, u;‘-®2> =
(uf,u})* and (8c) to deduce that

Tmin(U") = NP (1+0(1)  and  0max(U*) = N22 (1 +0(1)), (90)

provided that r < d/u. This implies that
YN 1V | < oin(0%) [V VU, < T) [Vl < 23|V 91
20 mm H ||F Umm( ) H ||F || ||F Umax( ) ” HF = 10 max || HF ( )

(1) Speaking of an upper bound on a4, we can invoke the Cauchy-Schwarz inequality followed by (91) to
reach

g < 3H YOI ®u*®2H S3|[VOT R < D v (92)

2 max
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(2) When it comes to lower bounding 4, the main step boils down to controlling the inner product term
in (88). Applying the Cauchy-Schwartz inequality gives that

<ZS€[T] vs®u;®27zse[r] u;®2®vs> = (e ud) fully + Y (v ul) (ul, v, ) (ul,, ul,)

s€[r] S17£82
> = max [(ul, wl)] 30 (v ls [l lvsll [w ]l
s17#82
2
> = ma [, un)] (30, ol sl )
()
> — max [(u,, ul, )| U5 |V

I \/

* 2 *4/3 2
BN IVIE 2~ VIR

where (i) comes from Cauchy-Schwarz, and the last line follows from (8¢), (8d) as well as the condition that
r < +/d/p and k < 1. Therefore, we can lower bound ay by (with the assistance of (91))

g = H Z v ®u§®2H; —|—2< Z v, @ ui®?, Z ur®? ®'Us>

se[r] s€[r] selr]
*4/3 - *4/3 2 > 2 *4/3 2
= 20 mln H ||F OAmln HVHF = O/\mm HV”F (93)

A.1.2 Bounding a;

When it comes to a1, we can expand

HPQ ( ZSG[T] Vs ® ugz) +Pa ( Zse[r] s ® Vs ® us) +Pa ( ZSG[T] u® ® vs) ‘i
_3 HPQ(ZSGM vy ® ugm) Hi 46 <PQ(ZS€M vy ® u;@z),pg(zse[r] u®? @ 'US)>;

we can decompose HPQ ( ZSG[T] v; Qui®?) + Po( Zse[r] ul@us®ul) +Pol Zse[r] w2 Q) Hi in a similar
way. As a consequence,

o) = p<<PQ( sz ®u®2) PQ(Z u?? ® v, )>— <7DQ( sz®u;®2)7pﬂ(z u:®2®vs)>>

€lr] s€(r] s€lr] s€(r]

=: 1

3l S ) - o o))

s€(r] s€[r]

=: B2

We will derive an upper bound on f; in the sequel; the same method immediately applies to (s.
For notational convenience, let us define

A=U-U* A,=u,—u’, A=[A1®A A ®A,] R > (94)

Then one can write

%&— <7’n(zvs (As +ul) 2),PQ<Z(AS+U’£)®2®US)>——<7’Q(Zm@u®2) PQ(Zu*®2®vs)>
selr]

s€(r] s€(r] s€(r]

p<7>n(2vs®u*®2) %(Zu ® A, ®v)+Pg(ZA ®us®vs)+7>g(ZA ® A, ®v)>

s€[r] selr]
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%<7?Q(sz®u ®A)+PQ<ZvS®A ®u)+7’n<2vs A®2)

s€lr] s€lr] s€lr]
PQ( Z u;®2 ®'vs) +PQ( Z u: @ A, ®vs) —|—PQ( Z A, Qul ®vs) —|—PQ( Z A QA ®vs)>.

s€(r] s€(r] s€(r] s€(r]

Apply the Cauchy-Schwartz inequality to yield that

181 < 1 HPQ( Z Vs ® u§®2) H (2 HPQ( Z ur ® Ag ®vs)
p s€[r] F s€[r]
(S won)

p s€lr]
(2]Pa( Y wenureA,)
s€(r]

Before we bound the above quantities, we pause to make the following observations. In view of the
assumptions of this lemma that § < 1/4/r < 1, the following holds for all i € [r]:

‘F + HPQ(SE;] As @A, ®vs) ’F)

’F+ HPQ( 3 AS®AS®1}S)
s€(r]

)
(S wear)],) o

se|r

‘F+2HPQ( 3 u;®As®vs)
s€r]

Al < U = U*|lp < 5 |U*|lp < 5V Mald < A2, (96a)

Al <|U-U*, _ <s|U, <6 ’” ARL/3 )\*1/3, 96b
00 2,00 2,00 max max

wlly < flwflly + Al < 2X522, (96¢)

[willo < Uil + 1Al < \/>A?§a/f, (96d)
Consequently, we also know that

|8 < max (Al Al <6 U3 (97)

Now, we proceed to prove the claim. Let us define S; := {j € [d]* | x4j,j, = 1} for each i € [d]. Applying
the Chernoff bound and the union bound yields that: with probability at least 1 — O(d~'") one has

max|8 | < d*p. (98)
i€[d]

provided p > d=2logd. It then follows from the Cauchy-Schwarz inequality that

1 2 1 ~ \2
p HPQ(Zse[r] v A‘?z) HF T Z Xiiusa (Vi AZ7:>
i€[d],j€[d]?

Z 1Viills - 1.1

JES

1 2
< - max|S| 1A IV Iz
(1)

S AU 3 IVIE S 82 X2 IV

max

where (i) arises from (97) and (98). In a similar manner, we can derive

1 2 2 2
< _ *
e S ma [ % A1 [V

2 2
< d*° Jnax. IIUZIIOO 115,00 IV 1w

% HPQ(Zsem U; Qv ® AS) F

S IVIE

max

30



Regarding p_lHPQ(Z el Vs ® ur®?) ||§, we apply [YZ16, Lemma 5| (with slight modification, which we

omit here for brevity) to show that: with probability exceeding 1 — O(d~10)

1 , 3 3~ \ ,
VP H%(Zsem wou®)| <3| 2 e our| =IO, <3 SN NIVIe S X281V

under the sample size assumptin that p > p?r?d=2logd. Here the last inequality makes use of (90). It is
self-evident that the above bounds also hold for quantities that appear in (95). Since 0 < § < 1/4/r < 1, we
obtain

1] S ST [V

The same upper bound holds for any other 82. Therefore, as long as 0 < § < 1/(u+/r) and &k < 1, we
have

*4/3 2
joal < SN VIR (99)

A.1.3 Bounding as

Regarding as, applying [YZ16, Lemma 5] (with slight modification, which we omit here for brevity) implies
that: if p > pu?r2d=2logd, then with probability exceeding 1 — O(d~1?),

2
(3w bt oo ut +u 0w
s€lr] F

1 2
“HZ (vs @ Ui +ug @ v, ® ug + ul®? @ v,
s€lr] F

L 2 4/3 2
< 156 | Do w0 v @ul w9 v,)|| = o < < Ly y2.

1
100 10" min

Here the last inequality arises from (92).

A.1.4 Bounding a3

We now move on to bounding a3. The triangle inequality gives

’<p7173”(zsem u” _T*)’Zsem o ou)| <3 [(pPa( 2 —_ ~ ") X w00 )

s€(r]
= p_lpﬂ(zie[r] Wl = 17) xaud| 3 ol
s€(r]
S Hé?)]( P PQ(Zie[r] u?g B T*) 7 s ”VH%

Recall the definitions of A and A; in (94). Fix an arbitrary s € [r]. From the definition of the operator
norm and the triangle inequality, we can derive

[ Pa( Xt~ ) <o <l [ 7P (30w~ T7)

In order to upper bound H p~1Pq ( EZG[T] u T*) H as required in (100), we invoke the following simple

’. (100)

fact, which follows immediately from the definition of the operator norm. Here and throughout, for any
tensor A € R¥4*4 we denote
|A| = [|Ai,j,k|] . S RdXdXd.

1<i,j,k<d

Lemma A.1. Consider any tensor A, B € R¥™4*4 obeying |B; ; x| > |A; j x| for all 1 <i,5,k < d. One has

Al < [llal]| < [[IBI]] (101)
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With this lemma in mind, we are ready to derive that

Hpilpg(ziem ui’ = T*) ’ = Hpilpﬂ(’ Zie[r] ult =T

< H Zie[r] ul@g - S

Here, 1 stands for the all-one vector in R?. This suggests that we shall upper bound ||p_1739 (1®3) || and

1w =T

leen that p > d=3/21og® d, applying Lemma D.2 indicates that with probability at least 1 — O(d~19),

3 5
I~ 1P (19%) - 19%) < logp 24 \ dlof T (102)

Moreover, it is straightforward to see that ||[193|| = |1]]3 = d3/2. Therefore, one has

)l

I~ Pa (1))

[P~ 1P (1%%)|| < /2. (103)

Next, we turn to ||-|| . We first expand

Zu?3_T*: S ((Ai+u)®P—w®) =Y Ajew+ > wedou + Y weA,

i€[r] i€[r) i€[r) i€[r]
Y ATQu Y AU @A+ Y ul AP+ ) AP
i€[r] i€[r] i€[r] i€[r]

By symmetry, it suffices to control || >iel wf®?® Al | diel AP? ®uf|| and || diel AZ@3H. Let us look

at the first term. Towards this, for each (4,7, k) € [d]g, we can use the Cauchy-Schwartz inequality to control

(X w™oan) |=]30 @), a0,
(S [ ) (S [, 1A ])

S PN

< * |2 *
— o HU HQ,oo 1I£S§T ||us||oo ’
which implies that
Sud/2r
*R2 * 12 * < 1 max
|2 w2 A <oIUE o max ., S e, (104)
In a similar manner, we can control the remaining two terms by
521322
®2 * < 52 * 12 * < max
|32, A max [l < 0 U7 o max [l < e (105)
. 63/‘3/27‘3/2)‘31')(
1> A®‘°’H g N I Lo O (106)
Recall that 0 < § <« 1/r < 1. Putting these together reveals that
TR
®3 max
H Zie[r] v S d3/2 ’ (107)

This combined with (103) yields
-1 ®3 _ ok
Hp PQ(ZZ'E[T] uit T )
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thus indicating that

H pil%(ziem - T*) X ts|| < [lusllz Hpilpﬂ(ziem - T*)

where we use (96¢) in the last step. In view of the condition that & < 1/(1%/?r) and the assumption s =< 1,
one has with probability greater than 1 — O(d~1Y),

| Soutlralz, (08)

*4/3 2
jas] < NIV (109)

A.1.5 Putting all this together

Note that the above bounds hold uniformly for all V. Therefore, combining upper bounds for a; and the
union bound, we conclude that with probability exceeding 1 — O(d~19),

1.,
vee(V) V2 f(U)vec(V) > oy Jan] ~ [as] ~ Jas| = Takl® V]2 (110
vec(V)TVQf(U)vec(V) < ag+|ar| + |ag| + |asg| < 4)\;4?{3 ||VHF (111)

as claimed.

A.2 Proof of Lemma 5.2
From (47a) and (47¢), we use the triangle inequality to obtain

[ot ) = U < |[Ut - Ul + U - U

o [dlogd
(201p glocal + 202 . pg ) ”U*”F

Similarly, we can combine (47b) and (47c) to obtain that

HUt,(m) U < HUt,(m) _ Ut

HQ,oo -

|y oo + U = Ul < U = U || + U = U

dlogd dlogd
C5p Elocal + C. U* C3p Eocal + C U*
( 50 Elocal + 6/\fnm“ ) >| 200 + < 30 Elocal + 4/\fnm“ ) >|| 2,00
o dlogd
((03 + C5) p'Eocal + (Ca + Cg) —— |/ g ) U,

A.3 Proof of Lemma 5.3

In view of the relation (40), one has

U1 0 = 0"~ 0 (VS (07) 5P (B) <0 50— 0

< U =0V faean (U') =U* [+ 0 [[p™' P (B) x5 U* x50 U,

= a1 =la2
which motivates us to bound ;7 and sy separately.
(1) We start with aq, towards which we find it helpful to define
Ul(r) =7U"+(1-1)U". (112)
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Given that V feean (U*) = 0 (since U™ is a global optimizer of fcjean), we can use the fundamental theorem
of calculus to obtain

vec (U' = 0V faean (U") —U*) = vec (U" — 1V ferean (U") — (U* = 0V fetean (U*))) (113)
= vec (Ut - U*) —nvec (vfclean (Ut) - vfclean (U*)) (114)
1
= (Idr - 77/ v2fc|ean (Ut (T)) dT) vec (Ut - U*) . (115)
0
=:T

It then follows that
[U" = 0¥ fean (U') = U*||2 = vec (U = U*) " (I, — nT)* vec (U' — U*)

< ||U* = U*|[2 - 2nvec (U' = U*) " Tvec (U* — U*) +o? D)1 ||U* — U2

HF. (116)

From the hypothesis (47b) as well as our conditions that 7— fdlogd | g < e /2 , we know that U?(7)
(0 <7 < 1) satisfies the conditions required in Lemma 5 1 Therefore applying Lemma .1 gives that

vec (U — U*) Tvec (Ut - U*) > 143 Ut — 0|2

—_— 2 min
I < 4xpde.
Substitution into (116) indicates that: if 0 < n < )\:nzlifl3/(32)\?nse{$), then
U = 17 () ~ U2 < (1= X0+ 16030802) [0 — O < (1= Sl o — 0.
which implies that (since 1 —a/2>+1—afor 0 <a <1)
U 1 faan (U) ~ U < (1= 2200 [0 0. )

4 min

(2) We now turn to a. To simplify presentation, we shall assume that { E; j x }ij ke[q) (resp- {Xi ik }i,j,ke[d])
are independent random variables. Fix an arbitrary s € [r] and m € [d]. The m-th entry of P (E) X ul xoul
can be expanded as follows:

ull (Pq(E)). ., ul

ERE)

|(PQ (E) X1 ’Ulé X9 UZ)m| =

< [utT (Pa (B)),. ™| + | (ul = ut )T (Po (B)),,.,, ul
=:B1 =:f2
+ |ulT (Po (B))...,, (wh = ub™)| + | (= ut) T (Pa (B), _,, (ul = ul™)|.

=: 3 =: B4
(118)
Before continuing, we make the following observations: from the hypotheses (47a), (47b), (47¢), as well as
our assumption that Z—,/ dl"gd + Elocal K 3/2 , we see that the following holds for all s € [r]:

min

1 x
lul —will, < U - U, < S U7 5 7&3!3, (119a)
st~ ], < [0 = O]y 2 0 S ) 2 M2 (19D)
Jat ™ — i, < U T 3 U S 2 N, (119¢)
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1
M@wwﬂmJsuwﬂm—vmmm<;wﬂmwwd . (1)

L e A L e e (119¢)
et =t =], + sz, M (1195)

o = ot = w5 (119
o, < b — ], < X4 (1190)
)l < st =t + kL BN )
[0l < 10 =0l + [0 5 107 e (1199
||UtH2,oo — HUt ||2,oo + HU*H27OO ~ HU*H2,OO, (119k)
[0 < [0 0 + [0 S [0, (119)
[0 o < U0 O [0 S [0 (119m)

With these estimates in place, we can upper bound the above four terms in (118) separately.

e For f;, we note that, by construction, u*(™) is independent of the m-th mode-3 slice of Pq (E). This
tells us that

uy T (Po (B)),, ,, ul™ = Zi,je[d] (us ™), (we™) B jan X jm

can be viewed as a sum of independent zero-mean random variables (conditional on Pq_, (E)). It is
straightforward to compute that

t,(m) t,(m) y . < t(m)||2 _.
6,650 o], S0 I = 1
m 2 * m 2
> B[ )] () B x| S 07wy S 0N 5 =V,
i.j€(d]
where || - |4, denotes the sub-exponential norm and we use (119) in the last inequality. Applying the
matrix Bernstein inequality [Koll1, Corollary 2.1] yields that: with probability 1 — O(d~2°),
‘u (T (pg (E) m>‘ < Llog?d+/Vlogd
< alog d ||u’; (m)H + U)\ﬁnl?{f\/plogd ||u§’(m)||2, (120)
e For 35, we first invoke [CW15, lemma 11] to demonstrate that: with probability at least 1 — O(d~11),
max | (P (E )em | < o(\/dp+logd). (121)

mel(d

Next, it is seen that

[t~ ><ﬂm>>mus_nwn<»mmw@—uammwmu

S o(Vdp+logd)[[U" = US| [t

dlogd
< o(V/dp+logd) <C5p Eiocal + Ci 5 ,/—‘;g ) U1y |2t
Al [dlogd
< \/E <O5P Eiocal + Cs )\;111] D HquQ’

where the last inequality follows from the noise condition. Clearly, the above bound holds for 35 as well.
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e Regarding f4, it is easily seen that 34 < fB2, given that |U? — U»"™)||p < [|[U*|2.00/r < A%, holds
according to (119) and x < 1.

e Taking together the above bounds and substituting them into (118), we obtain

|(Pa () x1 ul xaul), | < olog®d||ul ™2 +oxilliv/plogd |ul ™|,
*4/3

\ dlog d
+o(1) ~un <C5p Eiocal + Co o1 (;g >||Ui||2-

Recognizing that this holds for any m € [d] and s € [r], one can sum over m and s to deduce that

(i) *2/3 2
|Pa (B) <3 Ut x5 01|, < "AW%F log™d \ o1/ \/dplogd||U™

. [d10gd
=+ 0(1) Hi{? <Csp glocal + CG /\* %) HUtHF

< CoXM3\Jdplogd ||U* |,

* [dlogd
+o (1) Hi{]3 <05p glocal + CG /\* pg ) ”U*”Fv (122)

for some absolute constant C' > 0, where (i) is true due to (119); the last inequality follows from the fact
that ||U*||p > )\*1-/3\/? as well as the assumptions that p > ud=2log® d and x < 1.

min

I

(3) Combining (117) and (122) yields that: with probability at least 1 — O(d~1?),

*1/3 legd

min
p

[dlogd
+0(1) /\Hi{]STI <C5P gloca|+06)\* pg >|U*|F
“ (o dlogd * dlogd *
< (1——Ani£3n) (clp Eiocal + Coyr—1 pg >|U*|F+Cnmni£‘°’ pg 1T I
. o |dlogd .
+o(1) N3 <C5p Eiocat + Co 35— pg )IU I

*4/3

[0t =0 < (L= pXl0) U7 = 0%+ oy

4 min

1Tl

* * o dlogd
< (1 - 5 mm n)Clptaoca' HU*”F ((1 - g)\ni{]?’n)(}' + Cn/\mgl{:l) A" g HU*HF
dlogd
< C1p!* il [U* 1 + Cogi—1 | == U s

with the proviso that 0 < n < )\:nzllfl3/(32)\fn8£) 1—(A *4/3/5)77 < p < 1 and that Cs is sufficiently large.

min

A.4 Proof of Lemma 5.4

Fix an arbitrary m € [r]. From the definition of f(™ in (45) and (46), we can show that
Utt! — ptthm — gt — an(Ut) (Ut vV m)(Ut (m)))

—Ut—utm _y (Vf(Ut) _ Vf(UfW))) _p (Vf(Ut,mw) _ me)(Ut,(m)))
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= Ut - Ut7(m) -n (vfclean (Ut) - vfclean (Ut7(m)))

=IQ1
—1 ,(m)\®3 * se ,(m)  se (m
(7P =) (5, 005 7)) 10 g
=02
+np ' Pq,, (BE) <7 uhm X Utm 4 pp=t {PQ (BE) xU" x59U" — Pq (E) x5 U X Ut’(m)} .
=: a3 =04
(123)
Before proceeding to bounding these terms, we pause to define
A = 37 (ul ) 1, (124)
s€(r]
From (119) and hypothesis (47d), one can applying a similar argument as in (107) to find that
*2/3
t,(m) * t,(m * IUJ\/; /\max t,(m
17" oo S max w3l U [l o [UST = Ul o § === MO = U], . (125)

Now we begin to bound the terms in (123) separately.

(1) We start with ay. For any 0 < 7 < 1, define
Ubm(r) =7 U + (1 — 1) U™,

The fundamental theorem of calculus yields

1
Ut - Utﬂ(m) -1 (vfclean (Ut) - v,fclean (Ut7(m))) = (Idr - 77/ v2.fclean (Ut7(m) (7-)) dT) (Ut - Ut(m))
0

=T

By Lemma 5.2 and our assumptions on the noise, we know that U™ (1) (0 < 7 < 1) satisfies the
conditions in Lemma 5.1 for any 7 € [0,1]. Applying the same argument as the one used to bound
|U" =1V faean (U') — U* || in Lemma 5.3, we show that

|t = vt —y(vr@t) - v < (- Lot - o)) (126)

4 min

provided that 0 < 7 < )\*4/3/(32/\;%?).

min
In what follows, we shall assume that {E;x}ijrea (tesp. {Xijk}ijkeiq) are independent random
variables in order to simplify presentation.

(2) The next step is to bound asg. For notational simplicity, define
Vt,(m) = ( (p_l'PQm _ rpm) (A;(m))) ><ieq Ut,(m) steq Ut,(m);

vh(m = ((p_IPQm — Pm) (Af‘,l(m))) 1 ub ™ x ubtm), s € [r].

In order to control the Frobenius norm of V(") we shall start by considering the m-th row of V(")
In view of the definitions of Pq  and P, (cf. Appendix 5.1.3), we can expand

i,j€[d] s€[r]
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- "l

We recognize that {us is independent of €2,,,, making it convenient for us to upper bound HVm
Specifically, for any 4,5 € [d] frorn (119) and (125) we have

H 3 (OH) 5 ()0, 0 v = )]

1 m m m
, = 5 1A | ma lu o,

< 1% T/\max

[Tt = U, o = Lo

In addition, it is easy to verify that E[Vt (m)} =0 and

2
[H > (A5 lJ,m<uzv<m>>i<uzv<m>>j<p-1xi,j,m ~1)el ]

T Y @) ) ) Bl g - 1

i,j€[d] se[r]

4,j€[d]

> HN i e W m!\w -

= ‘/la
s€(r]

HF ~ H2,oo
where the last inequality holds due to (119) and (125). We then apply the matrix Bernstein inequality to

yield that: with probability exceeding 1 — O(d~2°),

o \*4/3 4/3
||vai,(;m)||2 < Lilogd + /Vilog d logd < {u T Amax 10g d n L A, v/Tog d }HUt’(m) 3 U*HOO

d2p d\/p
A2 0gd oy s
< Mo B o v, a2)

where the last step holds as long as p > u?d=2logd.
Next, we turn to the k-th row of V&("™) for any k # m. For each s € [r], we have

() = (@), 30 (™), (™), 0 o = 1)
j€ld]

), S (AE), L () 6 e 1)

ii£Em

Similar to the proof of Lemma D.9, we can show that with probability at least 1 — O(d=2°),

2
Z > ( SO D (A;"(m))m,jyk(“?(m))j(pflxmvj*’“_1))
r] k:k#m
2
S X E[((“?(m))mZ-e[dl (AF) 5 (™), 0 N = 1)) |
s€[r] k:k#m ’
1 m ,(m m
S SICTOHD DRI N
selr] J,keld]
< & ) |2 AL |2 g KN g e
~ p s€lr] L d2 2,007

where the last inequality follows from (119), and (125). It is easily seen that the bound also holds for the
summation over ¢ # m. We can then use Cauchy-Schwartz to arrive at

(m /H“)\mx m
SR 3 s e - (125)

k:k#m r] k:k#m
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Combining (128) with (127) and invoking the union bound, we conclude that: with probability exceeding
- O(d_20)a

3/2,
H ((pilpgm —P) (A;(m))) x5ed Ut(m x5 Ut,(m)HF _ HVt,(m)HF < ct m\l;l_vlog HUt (m) _

HZ,oo'

(129)

for some absolute constant C' > 0, where we use the assumption that £ < 1.

(3) For ag, following a similar argument for as, we define

Wt,(m) — Pﬂm (E) Xs1eq Ut,(m) xs2eq U‘;,(m)

wi’(m) = Pq,, (E) x1u}, QUL u’;’(m)

for each s € [r]. The m-th row of W(™) is a sum of independent zero-mean random vectors:
Wi = Z Z s, t’(m))jEi,j,mXi,j,mesT-
i,j€[d] s€|r]

With (119) in place, it is easy to verify that

u! (m) ul ,(m) T
max |32 ( ) Evpxigme!

t,(m)
,, < omax|ut o],

< o\f N3 U o = Ly

and
[HZSGM (), (™) B jonigome] ] > 5 @) ) i)
i,5€[d] i,5€[d] s€[r
<Up§;?>]<Hu TR

max

/S o_2dp>\*2/3 ||U*||§)oo =: Vs,

where we have used (119) and the fact that |U* ||, < V/d [U* ||y, - Apply the matrix Bernstein inequality
to reveal that: with probability at least 1 — O(d~2°),

t,(m) _ t,(m) t ,(m) T
W], | 5 5 0,0, Bl

i.j€ld] s€lr]
< Lylog®d + /Valogd < oX;i/3\/dplog d||U* ||, . . (130)

where the last inequality holds as long as p > pd~2log® d.
As for the other rows, we have

(), = (@), 3 (™) Bgixmi + (), 3 (@), B
J€ld] iritm

for each s € [r]. Arguing similarly as in the proof of Lemma D.10, we have with probability at least
1- O(d_20)a

Z Z ( t(m) Zje[d] (u?(m))jEmyjqumﬁj,k)z
r] k:k#m
22 E[( (ult™),, D (ut™), (Emyj,kxm,j,k)ﬂ

s€[r] k:k#m J€[d]
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<a2dpz b)) S (uh )

Jj€ld]

< i [ O < PO
se|r ) )

max

where the last inequality follows from (119). Additionally, the summation over {7 : i # m} can be controlled
using the same argument. Therefore, we use Cauchy-Schwarz to find that

> Wi s onlan v (131)
k:k#m

Combined with (130) and the assumption that x =< 1, we obtain that
Hp*Pgm (E) x50 Ub(m) x5 UW”)HF = Wt < Conll?\/dplogd 1U)13.00 - (132)
for some absolute constant C' > 0.

(4) Regarding ay, we use the triangle inequality to show that for each s € [r],
|Pa (E) x1ul x2ul —Po (E) x4 ub(™ x, ut’(m)H2
< HPQ (E) x1 (ut —u (m)) Xoub (m) H2 + HPQ( X1 uk (M) (ut —ub (m) H
+[[Pa (B) x1 (w = ui™) x5 (uf —ul™)],
< 2P (B)] ut — ™ [l ™, + [P (B)] [l —
S I1Pa (B ul —ul™ |, [[ul ™,

2

where the last line follows from (119). From Corollary D.3, we can further upper bound
|Pa (E) x1ul xzul — Po (E) x1 wh ™) x, u’;’(m)H2 < o(\/dp +logd) log®? d |l — ui’(m)H2Hu§’(m)H2.
As a result, we sum over s € [r] and use the Cauchy-Schwartz inequality to derive
1
];HPQ (BE) xTIU" x5 U" — Pq (E) xTIUH™ xFIUutm ||

$ S (Vap+logd) log® Ut — Ut [

o o |dlogd
< ;(\/dp + log d) 10g5/2 (C5p Elocal + C6—— X Tg> HU*H;OO
[dlogd
<Al <C5ptaoca. + Cor %) [Loud/Fey (133)

where the last step arises from conditions that Z—/ dlogd < S}QT and k =< 1.

min

(5) Taking (126), (129), (132) and (133) together, we can invoke the sample size assumption that p >
3r2d~21og® d and the union bound to show that: with probability greater than 1 — O(d=1%) one has

HthLl _ Ut+1,(m) HF

. m 3 2T)\;i{] logd m
< (- i) U - U o+ i OB gy g,

4 min

N

-~ rdlogd . o |dlogd
+ Oy [ o |2,oo+o<1>A;i{3n<o5paocal+cex Vo >||U*||2,oo
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* o dlogd ~ . dlogd
<(1- —/\niflgﬁ) <O5Ptc‘3loca' +Cox—yf pg ) U |y oo + CroXeld || 2% U]l
3/2 /
a3 7ry/logd o dlogd *
+ Cn/\nila/f d\/_ (2C3p Eiocal + 204 ~—— )\:mn p ”U H2,oo

o rdlogd
+o(1) N3 <C5ptglocal +Cs \/ %) 1T,

w4/3 «4/3 *4/3 g dlogd
< (1 - 5 m1{1 U)C5Pt5|ocal ”U ||200 (( - g/\nm{] )C +C/\m1{1 ) A HU*HQ@O

min

dlogd

N g
(1 - g/\ni{fn)Cw Eiocal ”U ”2 ot Co v A*.

o |dlogd
< <C5P glocal + C(6 - 8 ) H

provided 0 < n < /\*4/3/(32/\ffa/x3) 1- ( *4/3/5)77 < p < 1 and Cg is sufficiently large.

min min

A.5 Proof of Lemma 5.5

Fix an arbitrary m € [d]. Recall our notation of At () n (124). To simplify presentation, we further define

pttiom) . t(m) _ n (p_lfpﬂ,m (Af‘,’,(m) _ E) XU xFIU* + Py (At (m)) XS U* x5 U*) . (134)

AL = b7 gy (135)

CRl

for each s € [r].
Apply the triangle inequality to yield

(@t =),y < @ —u) |l + || = gteetm) ],

=IQ1 =!Qg2

leaving us with two terms to deal with. As it turns out, we will show that a; is the dominant term and
o is negligible. To simplify presentation, we shall assume that {E; i} jkefq (resp. {Xi,jk}i jkeq) are
independent random variables.

e Regarding aq, the definition of Pg__ allows us to derive

(fj—t-rl,(m) B U*)m7: _ (Ut’(m) _Ur — nA;;(m) XS x5 U*)m
= U 1), (AR U ),

®3

We can express Atll( = Zse[r] (A N ) — u®3 and compute that

(A;(m) X1 U: X9 U:)m
= (] 4+ (A5 ) (AL0) (2 ot [2AL, ) + (AL wi)?) (),

£ (towt) (A ) (A1)

G978

+ 30 (2wt (AN ) + (AL, u)) (uh),, (136)
G:9F£S

41



for each s € [r]. This further indicates that

~ 2
forese o, < | (o (il 8 ) ) (8 e

2
=51
* 2 m * m 2 *
]| 2 (2 AL ) 4+ (AL, ) () o] |
=: B2
t,(m) 2 ( A (m)
tn Zse[r] Zz s ( Yirts + <Ai ’u:>) (Al )me;r 2
=:Bs
. L ut) + (AL, 4t (ul),, ]
+n ZSE[T] Z”#S ( ur,u <AZ ,u5>+<Al ,us> (uy),, € .
=: B4
In what follows, we will control the four terms separately.
— For 1, by (119), we use Cauchy-Schwarz to show that
%2 m 2 %12 m 2 2 %14
(lzlly + (A, w2))” = [zl = AL lz]l,)” = 5 lill; 2 gkfflff
for each s € [r]. It follows that
B <(1- gA;ﬁ{f | —o), || (137)

— Regarding Ba, by (119), we apply the Cauchy-Schwarz inequality again to get that: for each s € [r],

(2l A )+ (AL, 02)?) )| <8t AL, <3/

Together with the assumption that x =< 1, this implies that

b < w;ﬁ{f\/% |t —u|. (138)

max

— With regards to (3, we show that for each s € [r]:

3 (G = (AL ) ) (at) |
S max |(u] ol Z’ o) m’—l—Hu S a2 ’ ’

REXS i:iF£S
/\*4/3N\/—"(Ut(m) U*)

— max

AL max AT ot — o | @t - )

nL:HQ nu:HQ

*4/3
<2 (B o) )t -0, < 222 0o o)

m,: 1127

where the last line follows from (119) that max;.zs |[AF"™ |, < [US™ — U*||, < Aidx//7 and
the low rank condition r < \/d/u. Summing over s € [r], we get

*4/3
min

B3 < nA

(Ut — o) H2 (139)

under the condition x =< 1.
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— Turning attention to 84, we observe that for each s € [r],

> (2 (A ) + (AF ) (i), |
S max [(uf, ul)|[[uz ], ZZ ozl 1Ay | (), |+l D i AT 5 (),
< max\/i [T o U5 = U+ A max AT [T, T = O
eyl (BN 01/ U — 0 < 32 B 0 -,
where the last line follows from (119) and the rank assumption r < /d/u. As a consequence,
By < AL/ %HUW") -U*,. (140)

— Therefore, we have

[
(141)

H(ﬁtJrl,(m) _U*)m:H2 < (1_ *4/3 H Ut (m) _ U* :"2+477/\*4/3 % HUt,(m)

3 min max

With regards to aw, it follows from the definition (46) and (134) that

Ut+1,(m) _ ﬁ-t-l—l,(m)
= (7 o +P) (A5 ) P ) () 50 u)

2 (P, (B) 9 U UM — Py (B) <TUT <907, (142)

Recall the definition of Po__, and P,,. For the m-th row, we have
(UtJrl,(m) _ ﬁtJrl,(m))m.’: _ _n(Az}(m) ><sleq Ut,(m) ><;eq Ut,(m) _ A}}(m) ><sleq U* ><sQeq U*)m_’;

From the triangle inequality, we can further decompose

(@5 sgm pom g ptm - AL o g )

myt|g
< |[(ag™ < @t —o) st er),, |+ @a o g e —o),,

=m =2

[[(AF™ (Ut Uy <3 (Ut —u)), Hz

=3
Let us consider 7, first. It is straightforward to calculate that

(AL AL sy uz), = 3 (b, AL ) ) (AL)

i€[r]
(A, ALt ) AL, ) 4 (A5, AL (AL, ) ),
i€[r]

for each s € [r]. From (119), we use the triangle inequality and the Cauchy-Schwarz inequality to upper
bound

(A5 s AL o) | < AL, il Y [l 2] (AL)

i€[r]

m ‘

43



AL (sl + [l ) 2 ATl ™, + el + AT ],) 1)

i€[r]

SNERIAE, 3 (A7), [ iz B AL, 3 At

i€[r] i€[r]

S N [|AZ ot (0 =0, ||2+AE?!3\/>IIN LU [ = Ul

m * * ur m m)
S N T [ALPL @) = T%) ], + N[ [ AL —

We then sum over s € [r] to find that

H(Az}(m) ><ieq (Ut,(m) _ U*) ><;eq U*) H < )\:n&x\/—HUt J(m) U*H H Utm _ U*)m1:H2

TNy =i HU“m) Uz, (143)

Moreover, it is easy to see that the upper bound also holds for 5. As for 3, we can express

(A5 g AL iy ALM) =3 (2 (g, AUMYALT, ALY 1 (AL, ALY (u7),,

i€[r]

+ 37 (ALY (AL (144)

i€[r]

Similarly, we combine (119) wtih the triangle inequality and the Cauchy-Schwarz inequality to bound

(A5 %0 AL ALOW)

m ’

<AL S AL, g ), -+ AL S sl )2 (a5) |
i€r]

i€[r]
S AL S A )+ AREAL Y a0, |

i€[r) i€[r]
< RAL O, [0 0 A o)

||F max m,:||2

< )\*1/3 HU*

max

oo [U = U [l AL
+ A [0l (U0 = 0), LU0 = O AL,

max

Sum over s € [r] to obtain

H (m) seq Ut (m) _ U*) X;eq (Ut,(m) — U*))

myi||y

<N O O =0, + 353 [0 0

max max
Since | U™ —U*||, < )\;114?/\/7_‘ <1 by (119), combined with (143), we find that
H (A;L(m) x5ed Ut(m x5 Utim _ A;L(m) X3 U* x5 U*)
m||g
m * m /'l/r‘ m
SRR T 0), ], 3 e o
m * * ur m
<RI 1), 3l [ e o) (145

where the last inequality follows from the assumption that x =< 1.
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e Putting (141) and (145) together, we reach the conclusion from (48) and the condition r < +/d/u that,

| oy, | < - i) @t - o)

4 min

* ur m *
malla + BN U = U7

N o |dlogd
< (1 - —/\nif??) <C7p Eiocal + Cg+— I ) H |
4/3 (o) dlogd .
+5 )\I*nm \/; <2Clp Elocal +2C2—— N \/ T U HZOO

< (= PO+ 0N ) i [0

dlogd
(1= Nl Cs + 0 (1) CanlPn) 32— [ 25 U,

o |dlogd
S <C7P glocal + CS )\* pg ) ||U*

provided that 0 < n < /\*4/3/(32/\;%?) 1- *4/377/5 < p <1, Cr,Cs are sufficiently large.

min mm

Recognizing that the above bound holds for any 1 < m < d, we conclude the proof.

A.6 Proof of Lemma 5.6

It is easy to see that

I - U*)m,:Hz < |[lort -t ot = o), (146)

Combining Lemma 5.4 and Lemma 5.5, we conclude that with probability at least 1 — O(d~1?),

[dlogd
H (UtJrl - U*)m,:H <C5P 5Ioca| + C'6 /\* Tg> HU*||27OO
dlogd
C goca C U~
< 7P Elocal + 8)\:mn“ » )” ll2,00
o |dlogd
S <C3ptglocal + C'4 . pg ) HU*||27OO ’

with the proviso that C3/ (C5 4+ C7) and Cy/ (Cs + Cs) are both sufficiently large.

B Proofs for retrieving tensor components

B.1 Proof of Lemma 5.12

We shall often operate upon the event where the claims in Lemma 5.7 hold, which happens with very high
probability (i.e. at least 1 — O (d~'°)). Recall the definition of 4*7 in (72). Since 87 = UU " g", this allows
us to write that: for each 1 <i <,

=\ {(UU"u},g"),

where we recall that \f = ||uf||3 and @ = u}/||u}||2. Given that g7 is a Gaussian vector independent of
U, we observe that 4*7 is zero-mean Gaussian conditional on Q and E. In order to understand the order
statistics associated with this vector, we first look at its covariance matrix.
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Denote by X7 the covariance matrix of 4*” (conditional on U). Then we have

=\ |[oUTm |, = A [Po @)[; (147a)
ET- = NAN(UU "w;,UU "w}) = AP\, (u), Pu ()
= (@ m) - (@ Poe (). (147D)

where we denote by Py (z) = UUTz and Py.(z) = (I —UU") z. In addition, since the unit vector &}
lies in the span of the columns of U}, (cf. (54)), it follows from Lemma D.6 that

[Py @), = l0U @], = [VR @R) @], > \/1 - [UR - Ugy (1483)
[P (@), =|I-UU )@ |, =||(I-URUR)" )@, < |[UR - Uyl (148b)

where R is a rotation matrix defined in (55). This together with (147a) gives
NP1 =IlUR = Ugn|”) < 7, < A, (149)

where we have also used the fact that ||Py (w})||, < [[@}[l, = 1. Moreover, taking together (147a), (148b)
and the incoherence condition, we see that for any 1 <i# j <r,

7 < x|+l P (@), ) < A5 (Vidd+ [UR - Uggll),  (150)

=:01

which is expected to be small if d; is small.

From our assumptions on the sample size, the rank and the condition number, we can invoke Lemma 5.7
to see that krd; < 1, where d; is defined in (150) and k = A%, /A%;,- Thus, we can decompose X7 into two
components as follows

min-*

27 = (1—rré) D*?* + X7 — (1 — krdy) D*?,

=3 =37

where
D* :=diag (A}, -+, A7) e R™".

As it turns out, both fET and 37 are positive definite. Indeed, we first learn from (149) and (150) that: the
i-th digaonal entry of X7 obeys

ST 2 N2(1 - [UR = Ul |?) — (1 — krdy) A2
= A2 (k101 = [UR = Uy |*) = A? (61 — 67)

(i)
(>),<;A*2 (r—1)6 > AT (r—1)6

7 “‘max
Z Z |Z'L,g )

J:gF

where (i) holds since d; < 1 under our assumptions, (ii) follows since KAF > KAL, and the last line

= A}
mln
makes use of (150). This implies that 37 s diagonally dominant, and hence 7 =0. In conclusion, both
$7 and X7 are positive definite. R
Let 4*™ and 4*” be independent zero-mean Gaussian random vectors with covariance matrices X7 and
>, respectively. Clearly, the distribution of 4*7 is identical to that of 4*™ + 4*7. Consequently, it allows

us to look at the distributions of these two random vectors separately.

max?’

e In view of (149) and the fact xkrd; < 1, one has

ST, SN2 — (1— krd) A2 = krdi A2 (151)
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Thus, with probability at least 1 — O (d_lo), we have

197 e < E[ max |%T|} + max Var(¥77) log d < NpaxV/ K761 logd < Xpy / (ry/log d) (152)

1<

where the last step arises from K T351 log? d < 1 under our sample size, noise and rank conditions. By
the condition that L = r2%" log®?r, r < d and k =< 1, we take a union bound over 7 € [L] to find that
each entry of 4*7 is fairly small for all 7 € [L]. Another immediate consequence of (152) is that: for any
fixed vector v € R", with probability at least 1 — O(d~1?), for all 7 € [L],

1Vl < VPV oo < Asins (153a)
(0, ¥ < Hlolly 1571l < vl Ain- (153b)

e We then turn attention to 4*7, which is composed of independent Gaussian random variables. Let us
define A7 := 777 — max1<l<T HZ*T‘ for each 1 < 7 < L and let Agl) > A§2) > 0> AgL) denote the

order statistics of {A } in descending order. Fix any small constant § > 0. Invoke Lemma D.5 to
demonstrate that: with probablhty greater than 1 — §/r,

AP 2 Xim (154a)
~ ~ *
AW _ AP » Amin (154b)

~ rylogd’

where we use the conditions that L = r2~’ log®?r, r < d and x =< 1. In addition, let o=

5 r1 T _ . . . .
[757, . ,7:57] € R"~!. We know from standard Gaussian concentration inequalities and union bounds

that for any fixed vector v € R", with probability 1 — O(d~=2°), for all T € [L],

*T<( log L + +/log ) ax \/EAIMX, (155a)
57 [l, <57+ |32l < (Viogd + V/rlogd) Ny S v/ logd Ny (155b)
(0.5 <A 1olly + [(01. 77| < 0]y viogd Ny (155¢)

where vy = [vg, -+, ,v,] € Rr-1.

e Putting (152) and (154) together and invoking the triangle inequality immediately establish (74a) and
(74b). On the other hand, combining (152) with (155a) proves (75a); (153a) and (155b) taken collectively
establish (75b), whereas (153b) and (155¢) prove (75¢).

B.2 Proof of Lemma 5.13

Recall that the vector of interest @™ is the leading singular vector of M7 (as constructed in (70c)), where
M satisfies

M =p 'Tx30" =T "x30" + (p'T —T*) x5 0"
_FYITHY’U’IT_F Z ,_Y*T T *T (pflT_T*) X307

s:8#1
=oimE + Y (I -mE ) wE” (- ww))
s:8#1
j— M*T
+ Y @) (s wwy) - Y 7 @y aw + (p T —T) x5 07, (156)
s:8#£1 s:8#1

= F7

=:C7

and 17 (1 < i <) is defined in (72).

In what follows, we shall view C” and F” as perturbation terms superimposed on M*”. Lemma B.1
below proves that their operator norms are all small under our sample size, noise and rank conditions, which
enables to apply Wedin’s theorem to justify the ¢3 proximity between u” and wj.

47



Lemma B.1. Instate the assumptions of Lemma 5.15. With probability at least 1 — O (d_lo), one has

1 VBT Naaxlog®d e, log?d olog™/?d [ rdlog® d
F7l < + + + , 157
H H d3/2 d\/_ D g P ( )
IC7]| </ Wlogd N (158)

2
o], < Af;yk’gd sy REL (159
lemm, < /1 (160)

Proof. See Appendix B.3. [ |

As a consequence, recalling the definition of £, and Euroj in (81) and (79) respectively, one has

|7 = M7 < || F7] + [|o7]

,/ /\maxloggd+ wrAL . lo 5/2d 010g7/2 /rdlog d /,urlogd (161)
N d3/2 d\/— max7

=Eop- Al
and
(o = aryz |, < Pl + e, < MRt \/ rdlog’d \/“”(’gd e (162)
It then follows from Weyl’s inequality that
max los(M7) — oy (M*7)| < [|[M™ — M*7|| < Eop  Nin < Nin (163)

where 0;(Z) denotes the i-th largest singular value of a matrix Z and we use the condition that &, < 1.
All in all, these arguments justify that the spectrum of M7 is fairly close to that of M*".

Next, we look at the gap between the two leading singular values of M*". To begin with, it is self-evident
from the definition of M™*7 that: @} is the singular vector of M*7. In fact, we claim one further result,
that is, w] is indeed the leading singular vector of M*™ whose singular value is given by o1 (M *T) = 7.
Towards this end, let us define

\1 = (I E’I(’U’IT) U* € RdX(Til) and 7\1 : [72 )T 77:T}T € Rrilv
allowing us to write
Yo (I —wim ) ww T (I -ajw’) = UL diag(v) UL = M2
s:8#£1

We note that from Lemma D.1, one has

[0 = | (4~ wm ) T < [T < 1+

Let [v*7|q) > --- > [v*7|(») denote the absolute values of {7;7};_; in descending order. This together with
Lemma 5.12 1mphes that

M| < [y 2)||U\1|| < |7*T‘(2)(1 + 7/ p/d)
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<N = (07 = 7)) F VAT <,

as long as kry/(plogd)/d < 1. Given that @y is the singular vector of M*” with singular value 777, we can
conclude that o (M *T) = ~7". This also allows us to lower bound the gap between the two largest singular
values M™*7 as follows

o1 (M) =03 (M) = 17 = [ MG 2 717 = 77| o) (1 4+ r/p/d)
Z ’YIT - "Y*T|(2) z A:(nina (164)
provided that xry/(ulogd)/d < 1. We also know from (163) and (164) that
(M) = oM7) 2 01 (M) = oM7) = 2 M7 — M7 2 Ny

Combined with (162) and Wedin’s theorem, we conclude that

[ -, < |(M™ — M*7)wj]], urlogd rdlog d /urlogd (165)
= 5007 — ) — a7 — 2]~ Ain V

Here, we have made use of the fact that w” is the leading singular vector of M™ obeying <ET,ET> > 0.

B.3 Proof of Lemma B.1

B.3.1 Controlling F~
e We first consider the spectral norm of F'7. Recall the definition that 87 = UU "g”. Let us define
—U*

orth

Uorth g

and decompose
F =@ 'T-T)%30" = (p'T —T*) x50+ (p'T —T*) x5 (67 — ")

=X =Y

In the sequel, we shall control these two terms separately.

— To bound || X||, observe that 8*7 is independent of p~*T — T*. By Lemma D.4, one has

prlogd o olog®?d " dlogd
ap max 1677l (|67 lpoy [ === (166)

This suggests that we need to control the ¢, and ¢ norms of 8*7. Using standard results on Gaussian
random vectors and Lemma D.1, we know that with probability at least 1 — O (d=2°),

(™' T = T%) x5 07 S |07

*T T 1 d
HB H - H orth orthg H 5 orthHQoo V logd < KT Og (167)
0%, = U Ustn 97 ||, S 1Ugenllie vlog d = /rlogd. (168)
Combining (166) with (167) and (168) reveals that with probability exceeding 1 — O (d~%°),

H (p_lT—T*) X30*TH < /M“/\maxlogd //M“log d /rdlog d
U A ax log d rdlog®d
=8 2 4 —_— 169
e o (169

where the last inequality holds as long as p > ud=2log" d.
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— Turning to Y, we can simply upper bound
I (p™'T =T%) x5 (67 = 6*7)|| < []p~'T —T*[| [67 — 6",

Since rank (UU " — U}, U%{,) < 2r, Lemma 5.7 and the standard result of Gaussian random vectors
yields that: with probability at least 1 — O (d 12),

HeT - B*THQ = H(UUT - orthUorth gTH2 S HUUT - o*rth orthHF \% logd

< |UUT ~ UsUsh|| V2rlogd < €sei/rlogd < 1, (170)

where we recall the definition of & in (57) and that & < 1/+/rlogd by our conditions. Moreover,
by Lemma D.2, we know that with probability exceeding 1 — O (d_lo),

[pT = T7)| < [p~ P (1) — 17 + Hp-% (&)

= VT N | 34 AL log®?d log”/%d dlog® d
d d\f P P

Combining (170) and (171), we find that

B VTN dogdd  p/r A, og? 2 d ologT? d dlog® d
lT _ T* % 07 — 0*7— < 4 max 4 4 .
I (» ) %3 ( )'s d3/2p d\/p p g p

(172)
Putting (169) and (172) together shows that
0 T N log?d o prAs, log??d olog™/?d rdlog® d
F7|| < —_—
H H ~ d3/2p + d\/_ + D to D
e Next, we turn to HFTH{HQ By the definition of the operator norm, we know that
|7, = [|(p7'T = T%) s w7 x5 07|, < || (p7'T = T*%) <o ]| |67,
Applying Lemma D.4 again reveals that with probability at least 1 — O (d’u),
1 d 1 d dlogd
17T = 1) <o || £ 1] e | 52 N + 18 % oy =
dp p
< AT NSV 1og d a\/ulog dlogd
S +
NG
_ T Amdxx/log dlogd (173)

where the last step arises from the condition that p > ud~2log* d. In addition, realizing that U consists
of eigenvectors, standard Gaussian random vectors results give that with probability at least 1 —O (d*u),

167]l, = |TUU T g7||, S IUllp Viogd = v/rlogd. (174)

Combining (173) and (174) shows that with probability exceeding 1 — O (d~1?),

L ur /\max log d | rdlog?d
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B.3.2 Controlling C™

Recall the definition of C7 in (156). We first consider the spectral norm of C7. It is straightforward to
compute that

lerl <230, @+ > e @)

S max )| [0l + e s ) by,

< (15 + ) Vg = |/ U, (175)

if ur/d < 1, where we recall that U = [@},--- ,w?]. Here, the last line holds owing to (8¢), Lemma D.1

T

(which justifies that Hﬁ*H S1ifry/p/d < 1) and Lemma 5.12.
The claim (160) arises from the definition of the spectral norm that ||C™u} H2 <l

B.4 Proof of Lemma 5.14

Let us fix an arbitrary m € [d]. We remind the readers of several definitions: (1) 77: see (72); (2) M*:
see (156); and (3) M™("™): see (70d).

Before continuing, we state two immediate facts. First, it has already been observed in Appendix B.2
that @] is a singular vector of M™*™ with singular value 757, and hence

(@), = (") My ;. (176)

Here and throughout, A,, . denotes the m-th row of a matrix A. Second, w"("™) is the top singular vector

of M™(™) such that (ﬂT’(m),ﬂ’{> > 0, and we denote by *yﬁm) the associated singular value. Recall our
definition of »7(™) in Algorithm 6. Similar to the case of 7, we will show shortly in Lemma 5.16 that the
global signs of v™(™ and @™ coincide, and hence

Lr(m) — g (m). (177)

As a result, the proof of this lemma boils down to showing that ™) (and hence uTv(m)) is sufficiently
close to @] in the m-th entry. Towards this end, observe that

(@) = (y) T Mg, (178)
The above two facts (176) and (178) together with the triangle inequality lead to

‘(ET,(M) _ ﬂa\:)m‘ S ‘{(/}/Tm))_l _ (WTT)—l}M’;L(m)ﬂT,(m)‘

ﬁmm)‘
m,:

+ (,_Yf'r)—l ’(M‘n(m) _ M*‘r)

’M*T —T, m) _ﬂ’l()

SM’”) = 01) I

=lo1

+ (A7) (v =) [

=!Qg2

+ (d7) M (179)

=la3

Therefore, it suffices to upper bound the above three quantities separately.

o1



B.4.1 Controlling as

The first step to bound a3 (cf. (179)) is to control ||M,*nT||2 Towards this end, we first observe from the
incoherence conditions that

meve | (@ — (@3, %) @), | < max |3, + ma | @2, 50) | 73 .

el el (e 7
< max [l o + max [wgly [ il < 4/ 5 (180)
s:8 s:s#£1 d

When combined with the definition (156), this gives
— —T — S - —T kT

@), Y @ - @), w (-ma) |
< Iy + | Do, 27 @ - @) w),, w T

<7 [T o —|—max‘ wy — (uy,uy) uy) m’H'Y*TH HU H

1 d
Y Ry e YR e RV Y L= (1)

where (i) arises from (180) and Hﬁ*H S 1if ry/u/d < 1, and the last step comes from Lemma 5.12.

7, (m) _

*T
I3z, = |

‘ 2

The second step is to upper bound Hu EIHQ Towards this, we resort to Wedin’s theorem as follows

| (g — ey
72 (M) — 0y (M) — [ M)~ M|

[@m ™ — ]|, < (182)

where we rely on the fact that <ET’(m),ﬂ{> > 0. To complete this bound, we need to control M ™ (") — M*T.
Before we move on, we find it helpful to introduce

M7 = p= 1T x5 970 (183)
Let @™("™) denote the top left singular vector of M7 such that
(@™ ay) > 0. (184)
Since we have already bounded HM T—-M *TH in Lemma B.1, we can decompose
M7 — AT = M MT 4+ MT — M = M0 — M M MT 4 MT — M
With these definitions in place, Lemma B.2 below provides the desired bounds.

Lemma B.2. Instate the assumptions of Lemma 5.14. With probability at least 1 — O (dilo), the following
holds simultaneously for all 1 <m < d:

HMT m) _ m)H < /M“)\maxs/log rdlogd

Hﬁﬁ(m) H < Eivo | BT logd/\:nax, (186)

where oo s defined in (65). As a result, one has

(185)

raxViogd rdlogd
d\/p '

Proof. See Appendix B.5. |

(M7 — ATy, < (M7 — M) | g B IoBd

(187)
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We then can further combine (161) and (162) to deduce that

B0 M| < |7 = M 4 - |

< VAT max10g3d+ummdx 0g®?d alog7/2 /rdlog d ., /m*logd
N d3/2 d\/_ max?

= €°P )‘mm
(188)
and
|| (MT’(’” M*T)_1H2 < BT maX 1ogd /rdlog d [ pr logd A (189)
= Eproj* Min

In particular, we have ||[M™(™) — M*7|| < Ay, under our conditions, and it follows from (164) that

o1 (M*T) _ O_Q(M*T) _ HMT,(m) _ M*TH A%

min-

Invoke the bound (182) to obtain

1

(m N ;u“logd rdlog d wr logd
ailly, S (M7 — MT)ap ], < = 75 ) +4/ (190)

Eproj

) -

To finish up, combine this with (181) and the spectral condition to arrive at

rlogd rlogd
a3 S Emoj\| 25 S Eop [ 5, (191)

which results from the fact that Epj < Eop (cf. (81)).

B.4.2 Controlling as
We then turn to as (cf. (179)). Recall the definition of M™("™) in (70c). It is straightforward to verify that
(M7 — M) = (pT T g 070 T % 07) (T 307 - M)
= (p 1T x0T T %3 07)  + O
=T;.. x5 (67 —07) +C7, _,

where C7 is defined in (156).
From the incoherence conditions, we can upper bound

c;,:Hz:HZSS#W @) (@), @ + @), @) =Y 2 @) @), |

U _*T * * ok \ 2 =k
> H Zs 5751 u57u1> (U1 ’ + ’ Zs sl ’Ys < sis£1 Vs <'LLS,’LL1> (’U,l)m’

< ||~r”||2(max ) [ [T + ma |z )| ||U*Hz o+ v (2, ) [ V)

< (BB B )< B

where we use the fact that ||')/*T||2 S Vrlogd Ay, from Lemma 5.12 and Hﬁ*H <1 from Lemma D.1.
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In addition, we can express
Ty, x3 (070 —07) = > \i(mr), (@:, 07 — 07 )
s€(r]
By construction, we know that

0 — 07’,(m) — (UUT _ U(m)U(m)T) gT

is a zero-mean Gaussian random vector conditional on Pq (E). Using standard results on Gaussian random
vectors, one has: with probability at least 1 — O (d~'!), for each s € [r] and m € [d],

(@z,07 070" = [{g7, (UUT ~UU T )| < (U - uu T @), ogd
<|lvuT -Uu™u™T|\/logd (193)
and
|67 — 67|, S |JuUuT —Uu™ut™T| \/logd. (194)

Therefore, we have

|5 xa (67 = 07) [, < max [A: (i, 07 — 07)[|[T” |, [ O

s€[r]
N max”U ||2 HUUT _U(m)U(m)TH\/lOg

< Eoo /,ur /urlogd N« /,ur /,urlogd .

where we have used Lemma 5.8 as well as the conditions that £, < 1, Hﬁ H <1 and ||U ||2 o SV/wr/d.
Putting the above bounds together, we arrive at

T (m - « m(m) _ g7 pr [prlogd
| army || < s (070 — 07) |, Gl < B P g 0s)
We therefore conclude that
a2§ \) ‘ud \l ‘u’rlsgd/\;laxwgop ‘u’rl:l)gd)\:ndx

where we remind the reader of the definition of &, in (81).

B.4.3 Controlling a;

The remaining quantity to control is o (see (179)). Invoke Weyl’s inequality to show that

7 = 2] < M7 M S oy <71

min
where the last inequality arises from (188) and Lemma 5.12. Under our sample size, rank and noise conditions,
we have
AWM <A < T =AM | 5T < 2957

1
SR Uil e

This indicates that

‘FY — ’YT )‘ ||MT,(m) M*™ 1

pTA™ . ()" % Alnin

—Eop-

Moreover, we learn from (195) and (181) that

1M, < [[(Mm ) = naem) ]+ (| MG

m,:HQ
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;u“\/log [ pr logd [ pr logd

where the last step follows from the fact that pur < d and x < 1. Hence, we reach the conclusion that

prlogd

*T
ay < MHMT )| S Eop )

R St
B.4.4 Combining a1, as and as

Putting together all of the preceding bounds on a1, az and as immediately establishes the lemma.

B.5 Proof of Lemma B.2
First of all, if the claims (185) and (186) can be established, then putting them together yields

H < ,ur/\max\/log rdlogd

M7 = M7 < [ R 4 | (196)

where we recall the definition of &4, in (65) and use the sample size, noise and rank conditions. The rest of
the proof is thus dedicated to establishing (185) and (186). In what follows, we shall assume {E; j x }4 j ke[q]
(resp. {Xi.jk}i,jkeld)) are independent random variables to simplify presentation.

B.5.1 Proximity of M™("™) and M(m)

Recall the definition of M™(™) = p=1T(™) x 3 97:(™) in (70c). Comparing this with the definition of M)
n (183), we see that

(M7 (m) — MT’(m)) =0Ty m(p_lxz',j, — 1) +p "EijmXijm), i #m,j #m, (197a)

(M -M" - Zke z m,k p Xz m,k 1) + p El,m,sz,m,k); 1 ?A m, (197b)
T,(m T,(m _ g7y(m) —1

(M (m) _ M ( ))m,j = 9k Zke[d] (T m,j,k (p Xm,j,k 1) +p Em,j,ka,j,k)' (1970)

Note that 87:(™) ~ N (0, U™ U™ T) conditional on Py, (E). Standard Gaussian concentration inequal-
ities reveal that with probability exceeding 1 — O(d~10),

|67, < V/rlogd. (198)

From Lemmas 5.7-5.8 and the fact that max{&, oo} < 1, we have

T ur pr
max Var(6]) = U200 $ 7 + U llo.0c < 7
m(m)y _ ||gr(m) < B
?éz[ag](Var(Gz )=|U H2OO~ ||U||200N 7 1<m<d.

As a consequence, standard concentration results assert that with probability 1 — O(d—1°),

167]|. <, /maxVar(67) logd < ‘“"logd (199)
o0 i€ [d]

ur log d

[l ]|, < gré?ngaf(e )logd <

1<m<d (200)

T
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e Regarding the m-th row of M (m) —M7™(™) apply Lemma D.9 to show that with probability 1—O (d_ll) ,

T,(m) — 2 IUJTA:HQaX 7,(m 2 I ,,,2)\:;12&)( logd
Zje[d] (Zke[d] Ty k0™ (07 Xk — 1)) S TpHO %S ey

where the last inequality comes from (200). In addition, Lemma D.10 indicates that with probability
exceeding 1 — O (d™11),

2
Y e (et 8 Emaxmsie) S o |07 [+ 0% 07| log d
o2prlog® d

< o?rdplogd + ]

= o%rdplogd,

where the second line comes from (200) and (198), and the last inequality holds as long as p > ud~?2 log® d.
These together with (197¢) allow us to obtain

— 2 2r2\2 logd o*rdlogd
M7 _ ppmm) H max : 201
I Jon. e (201)
Clearly, this bound is also valid for Zi:#m {(M\T’(m) — MT’(m))i m}Q, namely,
— 2 2r2\*2 logd  o?rdlogd
M) _ pgmm) } mex . 202
> Jimj St (202)

ii£Em

e When it comes to the remaining entries of M™m — M 7(m) | by the fact that the spectral norm of
a submatrix is always less than or equal to that of the whole matrix, applying the matrix Bernstein
inequality gives that with probability 1 — O (d_ll),

— logd 1 log® d [dlogd
H {(MT’(m) _ Mﬂ(m))ij] . H < HGT,(m)HOO < og HA*” Og HA*THQOO o log +o 0og )
WJ1ij#Em p p
2
< [urlogd [ /T AL .. logd n AT AV og d n olog®d ‘o dlogd
d d3/?p d/p D D

< ;u“)\maxs/log rd log d

as long as our sample size and rank condition holds.

e Putting the preceding bounds together yields

= A /] dlog d
[ A7) — (|| B PBC ogd el (203)

A\p
B.5.2 Proximity of M™ and M7™(m)

Recall the definitions of M7 and M™(™) in (279b) and (183), respectively. From the definition of the
operator norm and the triangle inequality, we have

|M7 = M| < |77 x5 (07— 07 || 4 || (71T - T7) x5 (07 - 07| (204)

= a1 =lQa2

e To control oy, we can express

T* x5 (67 — 07(™) Z)\* 0" — o wal T (205)
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As shown in (193), with probability at least 1 — O (d~'2),
(@, 0™ —o7)| < |[UUT —U™U™T||\/logd.

Consequently, we know from Lemma 5.8 that with probability at least 1 — O (d_lo),

max

[urlogd
Sgloo a dg )‘;axu (206)

where we use the fact that Hﬁ*H Slifry/p/d< 1.

[T x5 (67 = 670) || < max |X; (@, 67 — o7 |T*|* < |[uUT —UmUtIT || logd A
se(r

e When it comes to ag, combining (171) and (194) with our sample size, noise and rank conditions, one
has

| (7T = T%) x5 (67— 67 ™)|| < [lp™'T — T*[| |67 — 67|, < Ay, |67 — 67,
ST —u™ut™T| logd Ay
urlogd \*

d max*

< oo (207)

e Combining (204), (206) and (207), we conclude that

,urlogd)\*

d max-*

87— M| £

B.6 Proof of Lemma 5.15

o We start with the first claim regarding |[@” — v™(™)||5, or equivalently, |@" — @™ (™|, (as argued in the
proof of Lemma 5.14). By the triangle inequality, we can upper bound the following two terms separately:

A i P i (208)

=61 =: 2

Here, we remind the reader that @™ (™) is the top left singular vector of M (see (183)) obeying
(@ @) > 0.

— The first term f; shall be bounded via Wedin’s theorem. From (163) and (164), we have
0'1(MT) - UQ(MT) Z Ul(M*T) - UQ(M*T) -2 HMT - M*TH > )\* (209)

~ “‘min-*
Combined with Lemma B.2, one has

o1 (M7) — oo(M7) — | M™ = M™™ | > A%

Note that we have already shown in the proof of Lemma B.2 and Lemma B.4 that HHT —uy H2 =o(1)

and H'ff’(m) —uj H2 = o(1), which implies that w” and @™ (™) are positively correlated. Thus, one can
invoke Wedin’s theorem and use the bound (186) to reach

| M7 — M| _ < *1 DY a vetal
o1 (M7) = oo(M7) — M7 — M|~ A,

< oo/ url;gd < Eioo/rlogd max {\/pn/d,

In addition to this bound on (7, we also make note of the following simple bound

[l < [l —am |+ (@] < @ —an |, + (@], S max{Viu/d,

fam —am|, <

ETHOO}. (210)

ﬂTHOO}’
(211)

where the last inequality follows from our sample size, noise and rank condition that £,0v/7logd < 1.
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— The second term fs is also controlled via Wedin’s theorem:

(87 — gy

o — ), < = -
71 (M) = 2 (M) — [ — M|

(212)

The denominator term is easy to handle. With (196) and (209) in mind, we can apply Weyl’s inequality
to obtain

o1 (M™™) — gy (M™™) > 61 (M) — 02(M™) — 2 || M7 — M™™|| > X} (213)

From Lemma B.2, one has HMT — M) H <K ALin- Therefore, we know that
o1 (MTv(m)) — 09 (MT)(m)) _ HMT7(m) _ MTv(m) H Z )\* .

min*

In addition, Lemma B.3 below develops an upper bound on the numerator term:

Lemma B.3. Instate the assumptions of Lemma 5.15. With probability at least 1 — O (d_lo), one

has
g7, (m 7,(m)\=7,(m ur)\:nax logd rdlogzd —7,(m
| (M0 — pgm )| < {7 +0\/T}Hu | . (214)

Proof. See Appendix B.7. |

— Substitution of the above bounds into (212) yields

~7,(m —7,(m Hr 1Ogd a rd 10g2 d —7,(m —7,(m
R e o L N L

where the last step holds as long as p > p?r2d=2log? d and o/, < \/p/(rdlog®d). In addition,
from (211), we observe that

L R R T L R L R LN
<o) [+ [lam " <o) [ ™|+ max {V/p/d, @]},
from which we can deduce that

[ s max {Vi/d. @7 }-

As a consequence, one immediately obtains

2
R e e

— Combining (208), (210) and (215) and the definition of &, we arrive at

|z — ET’(’”)HQ < oo/ 1 log d max {/pu/d, |[@7||__}. (216)

Comparing this bound with the first claim of the lemma, we see that the claim can be established as
long as we can show that

ﬁTHOO}. (215)

[@ (|, < Vu/d (217)

To justify this bound (217), we make use of Lemma 5.14 to derive that

|(ET _ﬂal()m‘ < ‘(ET _ET,(m))m‘ + ’(ﬁﬂ(m) _ﬁ*{)m’
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< [ =, + (@ —),,|
S (Eioo + Eop) /T logd max{\/u/d,

for each m € [d]. Maximizing over m € [d] gives that

|z —H{HOO < (oo + Eop) /1 logd max {/p/d, HHTHOO} (218)
< max{\/u/d, ETHOO}, (219)

where we use the condition that (oo + Eop) V7 logd < 1. Apply the triangle inequality to yield

w7}

[l < lw =il + @], <o, + vu/d

These allow us to establish the claim (217), which in turn finishes the proof for the first claim of this
lemma.

e The second claim (83) of this lemma follows immediately from (217) and (218).

e It remains to prove the last claim (84). Recall the definition of A, and AU i (71). We can decompose
<p—111(m)7 (ﬁr,(m))®3> _ <p_1T, (ﬂ‘r)®3> — <p—1T(m) —p_lT, (ﬂ‘r,(m))®3>
=5
+ <p71T, (ﬂr,(m))®3 _ (ﬁ"')®3> (220)
=: B2

In what follows, we will control 3, and (s seperately.

For (1, we note that all non-zero entries of T(") — T are located in the mth slices, and are independent of
@ (™). This type of quantities have appeared many times and we omit the detailed proof for conciseness.
By the Bernstein inequality, one can show that with probability at least 1 — O (d_lo),

- m - —T,(m /J/f‘lOgd I *
(o i @y 5 R0 (221)

Next, we turn to B2. From our sample size and noise condition, Lemma D.1 and Corollary D.3 demon-
strates that with probability at least 1 — O (d_lo),

=Tl < o™ T =T + I T*| < [[p7' T = T + A7) S A

~ max*

where we use the fact that the tensor spectral norm is always less than or equal to that of its matricization.
By the definition of the operator norm, one has

82| <3 (p7 T, @) @ (@) —w"))| + 3 |(p7 T, (@) @ (@) —wT) )|
+ (i, (@ )™
S o ([ =@, + fam =@ | + [[amm - af;)

log d
priogd |,

d max

< oo (222)

where we use (216) and (217) in the last step and the fact that o/ purlogd/d < 1.
Combining (221) and (222) immediately establishes (84).
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B.7 Proof of Lemma B.3

Recalling the definitions of M7 and M™(™ in (183) and (70c), respectively, we observe that Mm(m)
M7™("™) is independent of ™™ conditional on Pq_ (E) and g.

e The m-th entry of (]/\E"*(m) - MT*(m))ﬂT’(m) can be written as

(MT,(’ITL) _ MT)(m)) ﬂTx(m) — (p_l(T — T(m)) X3 07—)(777’)) ﬂTx(m)

my: m,

Z T3, k%, ’(m)6‘ m)(p*l)(m,j,;C Z u ’(m) B kX mjk - (223)
J,ke[d] j,keld

=i =i

— For the first term «;, it is easily seen from (200) and incoherence conditions that

Ly = max [Ty, 53700 (0 g = 1) < p7H T @00 |07

m, 5,k U Hoo

J,k€(d]
< /J’r)‘:nax \% log d Hﬂ‘r,(m) H
~ d2p o)
and
Vie= Y T2 @ ™) (00 ) E [0 Xk — D] <7t A5 o [ |12 om0 12
J,k€ld]

<u2 /\mdxlogd 7|2

Apply the Bernstein inequality to yield that with probability at least 1 — O (d_ll),

Z T;wku (m)9 (m)(p Xmjk — 1) S \/W+L1logd< MHET,(MHOO’
Gkeld] VP

where the last inequality holds as long as p > d~21og? d.
— Regarding ay (cf. (223)), it is straightforward to compute that

S o or |

~ I G B, < 2

S

o fprlogd
7 JErsd g

with || - ||, denoting the sub-exponential norm, and

—_7,(m) o7,(Mm) — 2
Va ZZE[(Zj,ke[d] uj( 67D B kX 5 1) }

= > @) 6 Ep B xm]
J,k€ld]
o?rdlogd ||ﬂ7.1(m)||2
p oo

< — [l ]lem 3 <

o?
p
Then the Bernstein inequality reveals that with probability at least 1 — O (d_ll),
7,(m) o7,(Mm dl 2 d
‘p_l Z ﬂj’( )ek’( )Em,j,ka,j,k‘ < Lo 10g2 d++/Valogd <o %

J.kel(d]

[

OO’
where the last inequality follows from our sample size condition.
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— Substituting these into (223), we arrive at

2
(B2 — ) o) {W?i\;_logd + oy /’“C“‘;fgd}”aﬂ(m)um. (224)

e For the remaining entries of (J/\/IT’(’”) - M"*(m))ﬂT’(m), we have

(ﬁT)(m) —_ MT)(m)) ﬁTx(m)

D,

= 6.:;;(771) ( Zj:j;ém ﬂ?(m) (T i,7,m (p Xi,j,m 1) + pilEi,]}mXi,j,m))
+ v:ﬁ(m) ( Zke[d] 9;7(1”)( i,m, k(p Xi,m,k — 1) + p Ei,m,kXi,m,k))

for any i # m. From Lemma D.9 and (200), we have, with probability at least 1 — O (d~!!), that

(om0 > ( S 1T " (0 X — 1))2+ @) (Z T b ™ (0 1Xi,m,k_1))2

iiFm  jij#Em ii#Em  keld]
/M‘)\

N

e LR

M r )‘mdx lOgd —7,(m
S THU |7

oo’

Combined with (198) and (200), Lemma D.10 reveals that with probability at least 1 — O (d~'1),

(o7™)2 3 ( Ly u}(m>Ei,j,mxi,j,m)2+ (o) 3 (p—l T 92’(’”)Ei,m,kxi,m,k)2

QiFEm Jij#Em iFEm ke(d]

U2d —T,(m 7,(m 02d T,(m —T,(m 02 10g5d —T,(m 7,(m
S =l llem I, + == llem ol + = llwn e el

<

~

a?rdlogd HHT’(m) H2
p
which implies that

3 ((ﬁmm _ MY, _ﬂr,<m>)2

)
iFEm

A

T R Y Y

d2p P

e Therefore, combine (224) and (225) to obtain that

ArT,(m 7,(m)\=7,(m :u’r)‘max 1Ogd Td10g2d —7,(m
R e

B.8 Proof of Lemma 5.16

By definition, the only possible difference between w” and v” lies in how their global signs are chosen. To
show that @™ = v7, we first claim for the moment that

[(p™'T, (@")®?) — AY| S Eproj - AT, (226)

where Eyroj is defined in (79). Given that Eyoj < 1 under our sample size, noise and rank condition,
this immediately implies that <p_1T, (HT)®3> > 0. Consequently, by construction, the global signs of w”

and v7 coincide. Moreover, from (84) and the condition that Eeey/prlogd/d < 1, one also knows that
(p~rT™ (@™(™)®3) > 0 and hence the global signs of @™(™) and ™™ also coincide.
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In addition, recall that \; = <p_1T7 (I/T)®3>. One thus has
)\T = <p_1117 (VT)®3> =
which taken collectively with (226) justifies (85)

(p™'T, (@)*%), (227)
The rest of the proof then comes down to establishing the claim (226). Towards this, we first decompose
(p™'T,(@)%%) = A} = (p™'T, (@)**) —

<T* (—‘r)®3>

=61
+ (T, (@)%°) = (T*, (@)*") + (T*, (@)*°) - \T.

=: B2
In what follows, we shall upper bound these three terms separately.

(228)

B3

B.8.1 Controlling 3,

Let us start with 31, For simplicity of notation, let us define A, :=w" —wy. By construction, T" and T™ are
symmetric. We then can expand

< 71T T* (—T)®3> < 71T I (ﬁv{ + A1)®3>
< 71T T* (—*)®3> + 3 <p7

T —T* A @ (u})®?
+(p7'T - T, AT?).

Y+3(p7'T —T*, AY? @ uy)

(229)
We first look at the first term of (229) which only consists of @w}. As shown in (173), with probability at
least 1 — O (dill), one has

H(p—lT _ T*) X3 ElH < u\/—)\mdx\/ log

dlogd

< EproiAE
It follows that

proj \min*

[(p™' T =T, @) )| < (07T — T*) x5 @i [ 3 < EorciNwins

where we recall the definition of Epej in (79). As for the term linear in Aq, by Lemma 5.13, we know that
IA1]ly S Eproj- As a result, one has
|(p™'T - T*, Ay @ (u}

) <[0T = T*) xz @[ @il 1Ay S EnejMmin-

We then turn to the quadratic terms in A;. Similar to the above arguments, one can deduce that

[(p'T —T*, AP @ ay)| < ||(p7'T — T*) xs 55| Al <

< EB N
Finally, we can simply upper bound the last term in (173) by

proj“‘min-

[(p7 1T — T AP < |p7'T — T*|| | A1l S EopEioihinim < Enoihin

proj“‘min>»

where the last step is due to the fact that £, <« 1. By our sample size, noise and rank conditions, one has
Eproj < 1. Putting these bounds together reveals that

‘<p_1T - T*v (ET)®3>| 5 gProJ'/\:nm

(230)
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B.8.2 Controlling 5o
Recall the definition of 82 in (228) and A; = u” — @}. We can further decompose

(T, (@7)®? — (@})®?) = 3(T*, (W) ®* ® A1) + 3(T*, AT* @ u}) + (T*, AF?).
We first consider the first term which is linear in A;. Since T is a symmetric tensor, we have
T x @ =T xo0} =T* X3, = ZSGM (@ w)wiwt
By Lemma D.1, one has

I il < s (3 ) [T < O + N/ 7 S A1

which arises from max,; }<ﬁ:,ﬁf>} < \/u—/d and Hﬁ*H <1 as long as r\/u—/d < 1. As a result, one has
(T, @)** @ An| < |T* xiw@i[| 1@, |Adlly S AT ALl S Epoii-
In a similar manner, we also know that
(T, AP @ay)| < T x1 @] | A1)l S Exgihi-

Finally, using the fact that the tensor spectral norm is always less than or equal to that of its matricization,
we find that

(T AP < I T| | Al; < A |5 S EpaiA-

proj

Combining this with the fact that &) < 1, we conclude that

(T, @)% — (@) %)] < Epaii- (231)

B.8.3 Controlling ;5
It remains to control B3. Straightforward calculation reveals that
<T* (—* ®3 Z /\* ETH ®3 (—*)®3> — )\* ||2+ Z )\* —% —*
s€[r] sis#£1
By the incoherence conditions, we can upper bound
13T NE

(T @) = il = 32 Aj(ms )" < v max | (@@ N < =52 252
s:8#£1

B.8.4 Combining 5, f> and (3
Putting (230), (231) and (232) together, we find that

— * * AI'IlEi,X 3 *
7T (@) = X S B + 00 < (g L) N i

where the last step follows from the condition p < d, r < +/d/p and the definition Eyo; > +/pr/d (cf. (79)).
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B.9 Proof of Lemma 5.17

We first show that for each i € [r], (w;, \;) and ('wgm), )\Em)) (returned by PRUNE() in Algorithm 3 and
Algorithm 6 respectively) satisfy (80), (82) and (84); in other words, we want to show that they correspond
to the same index 7 € [L] (and are hence produced using the same Gaussian random vector g7). The proof
idea is this: given that the proposed algorithms select the pair with the largest spectral gap in each round of
PRUNE(), it suffices to ensure that there is sufficient separation between the largest and the second largest
spectral gaps (so that both algorithms can identify the same 7).

By Lemma 5.12 and union bounds, we know that with probability at least 1 — 4, for each i € [r],

AW — AP > hx L/ (r/Togd), (233)

and AV > A

of {Az}le in descending order. As shown in the proof of Lemma 5.13, the spectral gap of M7 is well
approximated by max; AT, namely,

> Al(-L) denote the order statistics

where we recall that A7 := 7 — max;.jz; ’”Y;T )

A;ﬂ]ﬂ
rv/logd

under our sample size, noise and rank conditions (67). Moreover, from Lemma B.2, we see that M™ and
M7™(™) are extremely close in terms of the spectral norm, i.e.

max A7 — (01 (MT) — o2 (MT))‘ S HMT _MT*H <

1<i<r

*
T _ pTm) —Zmin
M7 — M| < s d
This implies that the perturbation incurred by the leave-out-one procedure is relatively small compared to
the difference between the largest and the second largest spectral gaps of M7. Consequently, the leave-
one-out estimates {(wgm), )\Em)) };:1 returned by Algorithm 6 and the true estimates { (wj, A;) }::1 should
correspond to the same trials and should be generated by the same set of Gaussian random vectors. As a
result, they obey (69a), (69b) and (69¢) for all 1 < m < d.

From the discussion above, we also know that aslong as oy (M7)—02 (M7) 2 A%, one has ||[v7 — @y ||, S
Eoroj for some i € [r]. This is an immediate consequence of Lemma 5.13 and the fact that the spectral gap
of M7™ and max; A] are extremely close.

It remains to show that our pruning procedure can return estimates of tensor factors without duplicates.
Suppose that there exist 1 < 71 # 7 < L such that [0 — @] ||, S Eproj and [V =T} ||y S Eproj for some
i1 € [r]. By the triangle inequality, one has

(v = |5 + (v g + (g, e ) + (T - e - )

21—l =iy — v —ujlly, — (™ —wjl, lv™ =i,
> 1= 2800) — Eproy = 1 — 3Eproj;
provided that Epj < 1. In addition, for any j # i,j € [r], we know that exists some 1 < 73 < L such that

T3

—%
[l =l S Eoos

Recall our incoherence condition in (8¢c). It is easy to see that
[ v =@ ;) + (7 —wgay) + (@ v - ) + (v - v - )|
< [@iap] + Iv™ =il + [l =l + ™ =, o -,

S VA 2Epm0j + Enej </ 11/ d + BEproj K 1 — 3Epro,

with the proviso that u < d and Eproj < 1.

The above argument reveals a clear separation between |[(¢¥™,v™)| and [(¢™,r™2)|. As an immediate
consequence, the proposed pruning procedure successfully removes all duplication while securing an estimate
for each tensor factor.
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B.10 Proof of Corollary 5.11

Fix any arbitrary small constant § > 0. From Theorems 5.9-5.10 and the assumptions of Theorem 2.8, one
knows that with probability exceeding 1 — 4, there exists a permutation 7 (-) : [d] — [d] such that for all
1<i<r,

[ —% [ —% 1 *
N R R NN YL N N R o

o el < oL oA <oy - w), <02

for some 0 < § < 1/(u%/?r) < 1. To prove the corollary, we shall just combine the above results.
Without loss of generality, assume that 7(i) = i for each ¢ € [r]. Given that § < 1 and x =< 1, by the
triangle inequality, one has A; < A* for all ¢ € [r], which further implies that

r =X
)\*2/3

%

< 5}\*1/3

1/3 *1/3
’)\1 - )\z ‘ 5 max *
Consequently, we can apply the triangle inequality to demonstrate that: for each 1 < ¢ < r,

~ max

N ], < S X+ X o, < N
Arguing similarly, we also see that
I il S 0y A
I — () P |, < 62 s
() a0 ) g3t

hold for all i € [r] and m € [d]. Recall that U° = [A}*w'] . One can deduce that

1<i<r

max ~v

07 =0, S 85 N2 £ 5107

|U° = U*||, S oVrALE <o lU I,

02 0P, % 0 E N S BT
(@ = 0%),, 5 0y 5 A2 S 810 e

where we have used the condition that x < 1 and the fact that |U*||p > \/F)\:nlif and [[U*|l, o, = [U*[|g JVd.

C Proof of Corollary 2.9

This section establishes Corollary 2.9. First of all, it is easy to see that: given the estimation accuracy
established in Theorem 2.8, the permutation matrices that best match U? to U* remain unchanged as t
increases. Therefore, we assume without loss of generality that I = argminmeperm, JUT — U*|| for all
t>0.

Suppose that r/u/d < 1. We claim for the moment that: if a matrix U = [u,, - - - ,u,] € RY*" satisfies

[U-0p <6107 and U =Ty <6107y
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for any 0 < § < 1/(*/?r) < 1, then one has
IT-T g S6IT"lp  and T =T SovVe’r [T, (234)

where T := Zle u; ® u; ® u;. As already shown in the analysis of Theorem 2.8, one has

t+1
. p o dlogd
I e L
#+1 dlogd
Lt prx < t+1 P g g *
o - 0. 5 (€ e+ o [ 225

from which Corollary 2.9 follows immediately.
It remains to prove the claim (234). For notational convenience, let us define A := U — U* and
A :=u, —u} for each 1 < s <r. Then we can expand

T-T"= Z u®® —ur® = Z w®? @ A, + Z u; @ As @ul + Z A, @ur®?

1<s<r 1<s<r 1<s<r 1<s<r
+ > weAP+ > AQuieA+ Y APoul+ Y AP (235)
1<s<r 1<s<r 1<s<r 1<s<r
(1) Euclidean loss. We first look at the loss measured by || - [|[r. In view of the symmetric structure of

tensors, it suffices to control 35, . ui®? @ Ay, Y ulf @ AP and 3o, AP
Let us define Wy = [uf ® Ay, ., € R¥*" and W, := [AS?] € RT*". Recalling the fact that
U < ||U*||)\:nl&/x3 < )\;11&/)(3 (established in Lemma D.1), we have

H Z w®? @ A
1<s<r

|30, wea| =[O W) |, < [0 1 Welle £ N2 [Walle

S ~ max

1<s<r

<NUH WAl S Xl Wl

I

= lowr

|3 A2 = 1AW [ < AL Walp < Al [Wlle.
It then suffices to control |Wi||p and [|[Wa||p. If [|Allp < 6| U*||p < 6\/F)\fnla/,§, then it is easy to bound

2 2 2 2 2 2
Wil = > lut@ady= > llullls A3 < max gl AR < 6*ranl

max ?

1<s<r 1<s<r
2 2 4 9 ) . X
W2 = 3 a2 = 3 Al < max A3 A[F < Al < §Ar2AsAf3.
1<s<r 1<s<r 5=
Therefore, one has
*®2 < *

H Zlﬁsgr u"® A F 5\/;/\max’ (236)

I, wea| <. (237)
1<s<r F

H ) Aé@BH S 8 N (238)
1<s<r F

Since 0 < § < r~! <1, combining (236), (237) and (238) with the fact that |T™*||z > /7 A5;,/2 (established
in Lemma D.1), we conclude that

1T =T S 0v/rAax S S I T [l - (239)

max ~v
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(2) £oo loss.  Next, we turn to the |||  loss. Again, it suffices to focus on Y-, ., u®? @A, 37, ui®
AZ? and Y2, o o, AF?. From (104), (105) and (106) shown in the proof of Lemma 5.1, one has

*\ ®2 :u T)\:nax
[, DT @A <6 max [l U7 o < 65—, (240)

52 3/2T/\*

* ®2 2 * * (12 max
[0 a2 <67 max full U715 . < g, (241)
53 3/2,,3/2/\*
* 13 1% max

H Zl<s<r A 00 <& H2,oo = d3/2 : (242)

Putting (240), (241) and (242) together with the condition that 0 < § < r~! < 1, we arrive at

5u3 2p )\

max

HT_T*”OO d3/2

In addition, from the lower bound on ||T*||, one has

||T*||oo = d3/2 ||T*||F ~ \) d )‘:nm7

IT =T S ViPr || T

which allows us to conclude that

D Auxiliary lemmas

This section gathers several auxiliary lemmas that prove useful when establishing our main results.

D.1 Statements of auxiliary lemmas

We begin by stating all auxiliary lemmas formally, with the proofs postponed to subsequent subsections. We
shall define

=%

U =y, wul,  with @7 =i/ lujll,. (243)

Lemma D.1. Suppose that Assumption 2.1 holds, and assume that r/p/d < ¢1 for some sufficiently small

universal constant c2 > 0. Then for d sufficiently large, the matrices A*, B* and U}, (defined respectively
n (24), (63) and (54)) obey

1 * * V2/J’r)‘m X * 2pr *
S A% < 20000 1A%l <= 57 (A7 Mla00 S 4/ = A

2 mm d3/2 max’

A% = A" (1 +0 Wg)) L NBY) =2 (1 ) Wg)) el
B <2502 Wil <2, 0T < [

Here, || All2,00 := max; || A; ]2, Ay stands for the i-th largest value in {Ah<i<r (or equivalently {||uf]|3}1<i<r),
and \;(B*) represents the i-th largest eigenvalue of B*.

PV 21 Afax

4T, < P2 N

Proof. See Appendix D.2. |

Lemma D.2. Let R € R4 be q random order-3 tensor with independent entries {R; j 1} obeying

i,5,k€[d]

E [Ri,j,k] =0, max |R1 7, k| < B.
i,5,k€[d]
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Define
2= 2. 2. 2.
Omode *— J)rgg[);] Zie[d] E[Rl,g,k] + z,r}clg[);] Zje[d] E[RZ,J,IC] =+ z?]lea[);] Zke[d] E[Rl,g,k]' (244)
Then with probability exceeding 1 — O (d’lo), one has
|R|| < Blog® d + omode log™* d. (245)
Proof. See Appendix D.3. [ |

An immediate consequence of this lemma is the following:

Corollary D.3. With probability at least 1 — O (d_lo), one has

log’d  py/r M log™? d |

- * \/ILWA;l X
lp~"Po(T*) = T*|| S dg/";p N ; (246)
HPQ(E)H < a(log7/2 d+ \/% 10g5/2 d). (247)
Proof. See Appendix D.3. [ |

Lemma D.4. Suppose that p > d=2log®d and that plog®d < d. Then for any fized vector w € R?, with
probability 1 — O (d’lo), one has

, . rlogd ., olog®?d dlogd
17T = T%) s wl] £ e | 525 N + o =5 4wl 0y [ 25,

where X3 is defined in Section 2.4. The results also holds if we replace X3 with X1 or Xs.

Proof. See Appendix D.4. [ |

e

r>2and L > 1. Consider some quantities k > 1,A > 0,0 < § < 1/2. There exists some universal constant
C > 0 such that if

1
L>Cr (ky/logr + A) exp(A?) log 5
then with probability at least 1 — §, there exists some 1 < jo < L such that

Xl.,jo > K max |X1'1j0| + A.
i:1<i<r

In addition, define A; := X1 j — kmax;.1<i<r | X j| for each 1 < j < L. Then with probability at least 1 —24,
1)
@ 2 :
Vieg L + +/log (1/6)

where A(l) > A(Q) > > A(L) denote the order statistics of {Aj}le in descending order.

Agy —A

Proof. See Appendix D.5. |

Lemma D.6. Let U (resp. V') be a dxr matriz with orthonormal columns. Suppose that [UUT —VV T <
5. Then for any unit vector ug € R? lying in span(U), we have

| Pv (uo)]], > V1 — 62 and | Py (uo)]], <, (248)
where we denote by Py (ug) := VV Tug and Py 1 (ug) = (Id — VVT)uo.
Proof. See Appendix D.6. |
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Additionally, we record several facts concerning the set of Bernoulli random variables {xi ;. x}1<i,j k<d-
We recall that

Xi gk = 1{(i, 5, k) € Q}, (249)
which is a Bernoulli random variable with mean p.
Lemma D.7. Suppose that p > d=2logd. With probability exceeding 1 — O (d’lo), one has
> T - ) S T;f 1<k<d. (250)
i,7€(d]
Proof. See Appendix D.7. |

Lemma D.8. Suppose that p > d—?2 1og2 d. With probability exceeding 1 — O (dilo), one has
ST 0 Eigaxige) Sy, 1<k<d (251)
i,j€ld]
Proof. See Appendix D.8. |

Lemma D.9. Suppose p > d~%logd and plog?d < d. Consider any fized vector w € R? and any 1 < i < d.
With probability exceeding 1 — O(d~1°), one has

2 )\*2
/'l/r‘ max
Z(Z ek (0 g = 1)) S EEE a2 (252)
jE[d] ke[d P
Proof. See Appendix D.9. [ |

Lemma D.10. Consider any fized vector w € R. With probability 1 — O(d=1°) one has

2
(X wkBiiwvigr) S oRdplwl+o® wll log’d,  1<i<d (253)
jeld)  keld)
Proof. See Appendix D.10. [ |

D.2 Proof of Lemma D.1

1. To begin with, the incoherence condition (8b) gives

”T*H% - <Zi6[r] u;®37 Zie[r] u;‘®3>
Do e+ 30 ()

1<i<r 1<i#j<r

(i) 6 3

=D urls+ >0 (ulbul)
1<i<r 1<i#j<r

6 2 3
< v max [luflly +r qugjxgl@f,u;} |

3/2
< r)\ga)( + T2 (%) )\;’128,)(

(ii)
< 2r\*2

max’

where we use the fact that (u®3,v®3) = (u, v) in (i), and (i) arises due to the condition that 3r <

Vd/p < (d/p)?/?. Using a similar argument, we also know that ||T*[|Z > 7A*2 /2. This combined with
the incoherence condition in (8a) yields

2;u°
A"l o IIT*IIOO_\/ 1T lp < =575 Anax-

69



2. For any 1 <i < d, the /5 norm of the i-th row of A* can be bounded by

T 2
lazlz =22, (), ow) T
= Z (us)i Hu5®u2|‘2+ Z (u;)z(u;z) <u ®u51’u:2®u;2>
1<s<r 1<s1#s2<r
2
< o a4 2 e 2 ma ()
2,2 *2
9 ur o pcr 2urA
< /\:nax (g—l— 7 > < dmax7 (254)

where the first inequality follows from the fact that (u ® u,v ® v) = (u, v>2, the second inequality holds

true due to (8b) and (8c), and the last inequality holds as long as r < d/u. This immediately yields the

advertised bound on HA*H2 0"

3. For any j € [d]2 (which corresponds to (ji,j2)), the £ norm of the j-th column of A* can be upper
bounded similarly by

b, )

2
1P H Zl<s<r (uf ® u*) s 2
Z ( )]1( ]2||u*||2+ Z j2 (u;)jl (u;)jz <U:I,U:2>

1<s<r s1752

<7 ax [l max el + v max s Kgl;;g (ul, ul,) |

(u r /) 2R

)\*2

max

=+ =5 R (255)

where the second inequality is valid due to (8b) and (8c¢), and the last inequality holds as long as
r < \/d/u. This yields the claimed bound regarding || A*T||2,00-

4. Regarding the spectrum of A*, B*, U}, and U , we refer the reader to the proof of [CLC*20, Corol-
lary 1].

5. We now move on to || B*[|, ... For any i € [d], it is seen that

1Bl = > (An4;])’ = (Y a4 )Aal —a; (a7 ar) AT
jEld] jEld]
< [lA*T A | AL|E < 2n2 ||AL

2 max ’2

Here, the last line makes use of the bound ||A*|| < AL (1 + O(ry/p/d)) < 2Xf.., which holds if

ry/p/d < ¢ for some sufficiently small constant ¢; > 0. It then follows from (254) that

1B* g, < V2 N A% 15 o0 < 20200/ . (256)

max d

D.3 Proof of Lemma D.2 and Corollary D.3
D.3.1 Proof of Lemma D.2

We start by making the following simple observation: the tensor spectral norm is a 1-Lipschitz function
(w.r.t. the Frobenius norm) of the entries of the tensor. This follows since ||T'||—||R||| < |T—R|| < |T—R||¢
holds for any tensor T, R € R?*X4 This allows us to invoke standard concentration results regarding
functions of independent random variables.
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We shall first develop an upper bound on the mean E[||Po(R)||]. In view of [NDT15, Corollary 4] and
Jensen’s inequality, one has

E[|R|] < E[|RI"]

(=

We then need to bound the quantity presented in (257).
For some 3 > 0 to be specified later, one can upper bound

9 o0
E [maxjyke[d] Zie[d] Rm»)k} = /0 IP’{ fil?ffz] Zie[d] R? ik t} dt
< JP{ R?. t} dt
—B+/ﬂ 2% D e Pl >
§ﬂ+d2/ﬁ ]P’{ D Boin > t} dt. (258)

We shall resort to the Bernstein inequality to bound P{ Zie[ d) R? ik t}. It is straightforward to compute
that

1/2

R?. RZ. R2. 1 5/2 d. 957

Jlj};lg[)é] X iik + 'Ll:glea[)d(] 1,5,k + Zfilea[)é] - 1,5,k og ( )
i€[d] keld] jeld]

M = Z E [Rzg,j,k} < O'r%wodm
i€[d]

L:=max |R?, 1| < B,

ZE Rzgk <B Umode
1€ [d]

The Bernstein inequality then tells us that

3 2t
P{ZleHlek M>t}§exp( mln{sz,—}>, t>0. (259)

In particular, this implies that with probability exceeding 1 — O (d_QO),
Zie[ d] RZJ ko~ M+ LlOgd+ S lOgd ~ mode + B210gd+ \/ B?o modelogd

= Ur?node + B2 10g d,

where we have used the AM-GM inequality in the last step. Therefore, by taking
ﬂ = ( mode"’B2 1Ogd)1/2

for some sufficiently large constant C' > 0, we arrive at

C

ﬁzg(M—i-Llogd—i-S\/logd)>>M+L10gd+5’\/logd. (260)

Given that 8 > M, for any ¢ > ( one has the following relations about several events

I e D S el A PORFL TR e S

In addition, it is easily seen that

min {¢*/S8%t/L} > (262)

t
max {S/+/logd, L}
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for any t > 8 (with 8 obeying (260)). As a result, one can bound

o0

> i)
2

/B P{Zie[]R”k>t}dt</ﬁ P{Zie[}R”k M>t_5/2}dt

= [ S s e

< exp ——mln T

B/2 s2
Y (St
< B/zeXp 8 max {S//logd, L}
3 B
< [ —
max{S/ logd, }GXP< 16maX{S/\/logd,L}>

(iv) 1
< Bexp (—EClogd> < ﬁ/dz7

where (i) follows from (261), (ii) comes from (259), (iii) is a consequence of (262), and (iv) holds true when
C > 0 is sufficiently large. Consequently,

E[maqukdd] Zie[d] 0,5,k :| B S B\/ 10g + Omode-

Clearly, the same bound holds for E[maxi7ke[d] Zje[d] i k} and I[?,[maxZ jeld Eke[d] R27J)
Substitution into (257) yields
E[|R|] S Blog® d+ omode log™* d. (263)

Recognizing that the magnitudes of all entries of R are bounded by B, we can invoke Talagrand’s concen-
tration inequality [Verl8, Theorem 5.2.16] for convex Lipschitz functions of independent bounded random
variables to show that with probability 1 — O(d~1?),

IR -E[|R]]| < BVlogd
and, therefore,

|R|| < Blog®d + 0mode log™* d. (264)

D.3.2 Proof of Corollary D.3

Now we apply Lemma D.2 to our concrete setting. We first look at p~!Pq (T*) — T* and treat it as R in
Lemma D.2. With the help of Lemma D.1, it is straightforward to compute that

X
A% < VHT Amax

maX! e (07 xm,k—l)!<

i,5,k€[d] oA
and
_ 1 2 DN
max E]“l 1 i‘k_lz S_ A*T S max
irjeld) S [ Jk(p Xi,g, ) } p ” ||2,oo d2p

Clearly, max; yea) > ;e E (172 (0™ " Xijk — 1)?] and max; peqq) 2icld E[T;2 (0~ Xijk — 1)?] can be con-
trolled in the same way. Substitution into (264) proves the claim (246).
We then turn to P (E). Recognizing that the entries of E might be unbounded, we invoke the following

truncation trick to cope with this unboundedness issue. Specifically, define E = [Ei)j7k]1§i,j7k§d where

Ei,j,k = Ei,j,k 1 { |Ei,j,k| S cla\/logd}, 1 S i,j,k S d (265)
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for some some sufficiently large constant c¢; > 0. Moreover, E”k is zero-mean because we assume that the
distribution of E; ; ; is symmetric about 0. Standard concentration inequalities reveal that: with probability
exceeding 1 — O (d’lo), one has E = E. Hence, it suffices to bound ||PQ(E)H Towards this end, simple
calculation reveals that

B = mex [Fusvsel S B < oviogd
: 2 v 2 ] < po?
Omode = i{?gf’;} ke[d]E[E 1,3,k X4, k] + rgg[);] = E[Ez,J,sz,qu] + jfggffl 1%] E[Ez,J,sz,qu] S pod.

This together with (264) as well as the high-probability event E = E completes the proof.

D.4 Proof of Lemma D.4
For notational simplicity, let us denote
X = 'T-T") x3w.

RdXd

Observe that X is a zero-mean random matrix in with independent entries

Xij = Z we {T7; 0 (0" Nigk — 1) +p 'Eijaxige. (i) € [d]”.
ke(d)

We shall apply the truncated matrix Bernstein inequality to control the spectral norm of X.

e First, it is straightforward to bound

V.= max{lixéz[g](ZE[Xij} Exéz[mé]c E[X )]] }
j€ld] €ld]

= max{r_nax Z ptw? (T*Qk +E [E”) ]) , max Z ptw? (T*Qk +E [E” kD }
i€ld) j.keld] J€ld] i,keld]

1 2 2 2
< (Il 1A% o + el o).

e Second, using the same truncation argument as in the proof of Lemma D.2 in Appendix D.3, we can
assume |E; j x| S oy/logd for all 1 <4, j,k < d (which holds with very high probability). The Bernstein
inequality reveals that

3 2t
P{|X; ;| >t} <2exp ——mln () t>0
for each (i,5) € [d]?, where
L—gax{|wk|\ e = 1) 7 Braial} S ol (14°]. + o viogd):

52 = =3 0 R (T2 E[E]) < - (el AT ]G+ wl3o?).
keld] p

This implies that with probability exceeding 1 — O (d=%°),

max | X, ;| S Llogd + S+/logd

zJG
wl _ logd logd
< ”Hmﬁg (”A*IIOo + a\/logd) | Oi (H oo [ g o + 0l 0 )
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Therefore, if we choose

wl[o logd ¢, . log d «
B:=C {T (1471 + oiogd) + /=2 (Il |47, o, + ol o)
for some sufficiently large constant C' > 0, then one has

8> % (Llogd—i—S\/@).

e Third, it is easy to bound
E[ X 1{|Xi ;1 > B8}] < B-P{|X;;] > 3} +/ﬁ P{|X;, | > t}dt
<B-0(d™) +/ P{|X.,| >t} dt.
8

In view of our choice of 8, we know that min {¢*/S% ¢/L} >t/ max{S/y/logd,L} for any t > 8. As a
result, for d sufficiently large, we have

> > 3 2t
; P{|X; ;| >t}dt <2 ; exp ——mln T de

o 3 t
SQ‘/,@ P <_§max{8/\/m,1]}>dt
<max{5’/\/log L}exp( B )

Smax{S/\/log ,L}
< max{S/\/logd,L} exp (—gClogd> < ﬁ

d2

Consequently, we have established that

=Y E[|Xi;|1{|Xi | > 8}] < B.

4,3
Invoke the matrix Bernstein inequality to demonstrate that with probability 1 — O (d*lo)7
IX[| < g+ Blogd+/Viegd < Blogd + \/Vlogd

Jwll log®d (. log®/2 d v
§ T (147 + o Iogd) + =2 (ol AT o o 0l

logd N
2 (0l 14 + 0] 0v/d)
S 1og2d HA*THM g**d |\A*|\m¢—10gd olog®? d dlogd
= Jlwl o + + + [wlly o
p p
() T log? d [ 112rlog® d /M“logd olog®?d dlogd
5 ”w”oo d3/2 d2 max oo T + ||’LUH20 p

(i) log d log®?d dlogd
prlogd olog og

S lwll o gy Mmax |w]l,, ——— +[|wll,o ;
7Y p p

where (i) is due to Lemma D.1, and (ii) follows as long as p > d~2log® d and plog?d < d.
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D.5 Proof of Lemma D.5

Recall that for a standard Gaussian random variable Z ~ A (0, 1), one has

1 ) 1 1 1 5 11 2
v P (—t?/2) < (2 - t—g) Nerhi (—t?/2) < P{Z>t} < gﬁexp(—t /2) (266)

for all ¢ > 1/5/4. Observing that kv/2logr+ A > /5/4 since kK > 1 and r > 2, we can invoke the above tail
bound to deduce that

]P’{Xl,j > m/WjLA} >

1 e 2
5V2r (ky/2Togr + A) P (_(K 2logr + A) /2)

1
>
= 52 (ky2Togr + A) r26% exp(A2)’

where we use the elementary inequality (kv/2logr + A)? < 4k?logr 4 2A2. In addition, it follows from the
union bound that

1
]P’{lrgingXiﬂ < \/210gr} >1 —T]P{|Xw-| > \/210gr} >1 —T{W exp(—logr)}

1 1
>l —2>1- —.
- vrlogr — v log 2

To prove the claim, it is sufficient to choose L such that

]P’{Vj 1 X1,; < ky/2logr + A or maxici<, }Xiyj} > \/210gr} <4,

(267)

(268)

or equivalently,

L
(1 —P{X1; > ry/2logr + A}P{ maxici<, | X; ;| < \/2logr}) <. (269)

Note that log(1 — x) < —1/(2z) for 0 < z < 1/4. In view of (267) and (268), one can verify that the above
inequality (269) as long as

L > C(k/logr + A)r?< exp(A?) log % (270)

where C' > 0 is some universal constant.
To prove the second claim, recall the definitions that

Aj = Xl)j —112?<)CTKX1‘7]‘, 1 S] SL

and that Ay > Ay > ..., > A(z) denote {Aj}le in descending order. For any € > 0, one has

P{AG) —Ap <€} = Y P{A; - maxpps; Ax <e|A; = Aq)} P{A; = Ag)}
1<<L

=P {Al — MaXg:k£1 Ak > € | Al = A(l)} R

where the last line holds because the distribution of A; — maxy.,-; Ag conditional on A; = maxi<p<, Ay is
identical for all 1 < j < L. In addition, it is straightforward to see that

= >
Al A(l) < Al = I?}Sé)i Ak

= X171 > max KXiJ + max Ag =: Y171.
1<i<r k:k#1
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Hence, we have
P{A1) —Ap) <€} =P{A; —maxpps Ar <e| A1 =An)} =P{X11 - Y11 <e€|X11>Y11}.
Next, observe that X ; is independent of Y7 ;, and hence we have
P{Xi1—Yi1<e ‘ X >V, Yig=z} =P{Xi1<z+e | X131 >y, Y11=z}

P{x < Xl,l < $+6}
]P){Xl,l Z I}

:P{X171<$+6’X1)12$}=

for any # > 0. In order to study this function, we define f.(z) := % with Z ~ N(0,1). Taking the

derivative of fe(-) w.r.t. z gives: for any € > 0,

_ {exp(—(z +€)?/2) — exp(—2?/2)}P{Z > a2} + exp (—2?/2) P{z < Z < x + ¢}

o VEr(B{Z > 2l
_oxp (—(z+€?/2)P{Z >z} - exp(—z—;)P{Z >x+ e}
Vor (PN = x})®

_oxp (2%/2)P{Z >z} —exp ((x + €)?/2) P{Z >z + €}
V2mexp ((z + €)2/2) exp (22/2) (P{Z > z})?
fooo (exp (_1524_%) — exp (_ t2+2152(z+5))) dt
~ 2mexp ((z + €)2/2) exp (22/2) (P{Z > 2})?

In other words, fc(x) is monotonically increasing in x for any given ¢ > 0. Therefore, for any 0 < z < B for
some sufficiently large B > /5/4 (to be specified later), the above bounds taken together give
) P{B < X1 <B+e} @ eexp(—B?/2)

PiXi1-Y; X11>Y11.71 = < < = 5eB
{ 1,1 1,1<6’ 1,1 2 Y1,1, Y11 iC}_ P{X,, > B} < %exp(—32/2) €D,

where (i) arises from the monotonicity of fc(-), and (ii) relies on (266). By taking e = §/(5B), we obtain
P{X11—-Yi1<e ’ X122V, Vig=a} <6

for any 0 < o < B. Recall that Y7 1 = maxi<i<, KX 1 + maxg.e21 Ag. By standard Gaussian concentration
inequalities, with probability at least 1 — ¢ one has

Vi1 < ky/logr 4+ /log L 4 \/log(1/6) =< \/log L + \/log(1/9).

where the last step arises from the lower bound on L in (270). If we choose B = C'(v/Iog L + /log(1/4)) for
some sufficiently large universal constant C' > 0, then this immediately implies that

P{A@) —Ap) <€} =P{X11 - Y11 <e|X11>Y1,1}
< P{Yl,l > B} +]P){X1.,1 Y11 <e ‘ Xi12Y11,Y11 = B} < 26.

We have therefore concluded the proof.

D.6 Proof of Lemma D.6
To begin with, it is self-evident that

Py(uo) = VV ug=UU"ug+ (VV' —~UU ) ug=uo+ (VV' —UU") uy,
where the last identity follows since ug is assumed to lie within span(U). As a result,

Pyi(ug) =ug— Py (ug) = — (VVT — UUT) ug

— [Pyl < [VVT - OO ol <6

The Pythagorean theorem then gives ||73V(u0)H2 = \/HUOHQ — || Py (uo)H; >V1=62
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D.7 Proof of Lemma D.7

By virtue of Lemma D.1, we can compute

)\*2

Y E[TE0 X — 1] < - Z 772, |A*||2700N d;aax — M
hacld] P et
« 1T Ny
2 g = 1] £ ST I = A1 s P i1
< 1 x4 *||2 * 2/\;?@(
) Var( B s 17) £ 5 3 Tk < HA A o $ s .
i-€ld] ijeld)

Invoke the Bernstein inequality to show that: with probability exceeding 1 — O(d~2°),

Z T3 s (0 "Xk —1)* S M + Llogd + /V logd

1,j€[d]
S :LLT)\;(I?ELX + IUJTAmax 1Og d + ‘LL T2 /\max 1Og d
dp d3p? d*p?

*2
)\max

= 5

dp

where the last line holds with the proviso that p > d=2 log d.

D.8 Proof of Lemma D.8

Since the E; j;’s are independent sub-Gaussian random variables with variance at most o2, one has
Z E [(Bijrxijk)’] S o’d’p=: M;
i,j€ld]
[(Bigaxigw)?ll,, So° =L

Z Var [(E;jixijn)?] S o'd’p=:V.
©,j€[d]

Here, || - ||, denotes the sub-exponential norm [Ver10]. Taken together with the Bernstein inequality, these
yield that with probability exceeding 1 — O(d=2°),

> (Bijaxijk)® S M+ /Viegd + Llog® d < 0®d’p + /o*d?plogd + 0% log” d < 0*d’p

1,j€[d]

provided that p > d=2log? d.

D.9 Proof of Lemma D.9

Fix an arbitrary 1 <14 < d. We first define a sequence of independent zero-mean random variables { X };¢[q]
as follows

Xj = Zke[d] Tifj,kwk(pilxi,j,k —1).
One can easily show that

max
keld]

1 2 9 )
BN = 3 T Bl s — 1] < S ol 3 Tide = ol |47 = V-
keld] ke[d]

e g — 1)| < —HA*H il =: L.
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The Bernstein inequality indicates that: with probability at least 1 — O(d~2°),

1, lo N
X1 S Llogd + VVIogd S A7 | [lw]. logd + j 1A Ty o 0l = Ly (271)
Moreover, we can also bound the variance of X; as follows
1
Var(XJZ) S E[X;l] /S 3 Z ;]JC k + = 2 Z 7])k1 4,9, kzwilwiz
keld] k1#kz
1 *
S = lwli 1ars > 7 2k+_||wHooHA*TH200 > T
p keld] keld]

Given that X; might be overly large in some rare case, we introduce a sequence {Y;}, where we denote
by Y; the truncated version of X; as follows
Yy = X; 1{|X;] S L;}.

We have learn from (271) and the union bound that with probability at least 1 — O(d~1?), one has Y; = X
for all j € [d].

Using the above bounds on the X;’s, one observes that {Y;},c(q is a sequence of independent random
variables satisfying

1 *
D EIVFT< ) BN < S A% o il

j€ld] Jj€ld]
max V2 < max L2 i||A*|| lw)? 1gd+logdHA*TH2 w2 ;
jeld) jeld] S p? 2,00 171007
1 2 2 112 4
Z Var(Y}) < Z E[X}] S s | A% 1A*]15 o wlls, + 17 ||A*T||2,Oo A1, 00 lwll s

J€ld]

We can apply the Bernstein inequality to conclude that: with probability greater than 1 — O(d~1%),

Z VIS Z E[Y}] +maxY2logd+\/Z Var(Y?)logd

jeld] jeld] Jeld
1 112 9 log d, ., 2 10g2d 2 9
S A% o lwlls + LA, llwll, + —=—[[A*T|[, . llwll2
p p ’
logd 2 4 log d 4 ST 112 2
+\/ e LA 1 A%115 o0 w15 + —5— w5 1A% 115 o, [1A*]]5 o
(i) 1 * 2 10g d 2 2 10g2d 2 2
= ]; A5 o lwlZ, + 5 lwll + — AT, o Mol
d3 d2
max 2
d—d !l
P

where (i) is due to the AM-GM inequality, (ii) makes use of Lemma D.1, and the last line follows under the
conditions p > d~2log® d and ulog®d < d. This together with the high-probability fact Y; = X; (V4 € [d])
concludes the proof.

D.10 Proof of Lemma D.10
Fix any 1 <1¢ < d. To begin with, define

Zj = Zke[d] Wi Eij kX ks
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which is a zero-mean random variable. In order to bound Z;, one observes that
[wn B j kX gkl S o llwllo = L
2 2 2 2 _.
D VA Ok Bisixign) So'p o wh = o%plwly =V,

where |||y, denotes the sub-exponential norm. Apply the Bernstein inequality for the sum of sub-exponential
random variables to obtain

1Z;] < /Viegd+ Llog®d < o ||lw|, v/plogd + o |wl||, log>d =: L, (272)

with probability exceeding 1 — O(d~2°). Further, given that Z; is not necessarily bounded, we introduce a
sequence of truncated random variables as follows

Y = 2;1{12, S L} (273)

According to the above bound, one has Y; = Z; (Vj) with probability at least 1 — O(d~?).
We then turn attention to bounding 3 jeld] Yj2. To this end, observe that

Z E[Y}] < Z ]E[(Zke[d] wkEi,j,kXi,j,k)z] So’p Z Z w
JEld] JEld]

j€(d] ke[d]

= o2pd |w|3 =: My.

Additionally,
4
Z E [Yj4] < Z E[(Zke[d] wkEi,j,kXi,j,k) }
j€ld] jeld)
= Z Z E|: Z]’kX?’j’k:| + Z Z E[wl%lwi?EzjxklEzlzxj7k2x12,j,k1xzz,j7k2
jeld] ki#k2
So pZ Z witatp? Y, Y wiud,
[d] ke[d] jEld] 1<k1#k2<d

So pd”'sz lwl%, + o*p*d|w]l; =: Va.

Invokde the Bernstein inequality to arrive at: with probability at least 1 — O(d=2°),

S VP Mo+ \/Vologd—i—m?j]cL?logd
je

J€ld]

S o%pd w3 + ¢a4pd|w|§ (pllwll; + llw], ) tog d + (o l[w]31og” d + 0% w] % 1og” d)
2 2
= o?pd w3 + o [|w]|%, log” d.

This together with the high-probability fact Y; = Z; (Vj) completes the proof.

E Extension to asymmetric tensors

Thus far, we have focused on the case where the tensor of interest is symmetric. In this section, we discuss
how to generalize our algorithm and analysis to accommodate asymmetric tensors.

E.1 Problem settings

Suppose that the unknown tensor T* € R%*92xds i5 3 rank-r tensor with CP decomposition

= ul @vf @w, (274)
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where uf € R, v € R% wr € R% represent the tensor factors of interest. Apparently, there is an
unavoidable global scaling ambiguity issue (for instance, multiplying u} by a constant ¢ and multiplying v}
by 1/c accordingly result in the same tensor). Without loss of generality, we shall assume throughout that

[uills = llv7[la = [will, — 1<i<r (275)

In addition, we assume that each entry (j, k, 1) is included in the sampling set 2 independently with prob-
ability p, and that each observed entry Tj*k) ; is corrupted by an independent zero-mean sub-Guassian noise

s

E; k1 (cf. Assumption 2.3). Our goal is to (1) estimate {u}, v}, w}7_; faithfully, modulo global permutation
and global signs, and (2) estimate T in a reliable manner.

E.2 Algorithms

We now move on to present an extension of our nonconvex algorithm to handle the noisy scenario.
First of all, setting

U:=luy, - ,u,] e RBxr VvV = [v1, - ,v,] € ReXT and W = [wy, - ,w,] € Rsx7

we can define the following regularized squared loss function
1 a 2
oU.V. W)= o Hpg(;ui ® v; ® wi — T) HF +reg(U,V, W), (276)

where the regularization term reg(U, Vv, W) is given by

T

1
reg(U, V. W) = o2 > o { (lwalld = [oill3)” + (leall3 = wil3)* + (loill3 = will3)*} (277)

=1

for some positive regularization parameters {c; }i_; to be specified momentarily. In contrast to the symmetric
case, the addition term reg(U7 Vv, W) is included to help ensure that the sizes of U,V and W stay close
— an algorithmic trick that has proved useful in other problems like nonconvex rectangular matrix recovery
[TBS*16, ZL16, CLL19].

We are now ready to present our nonconvex algorithm that accommodates the case with asymmetric
tensors. As before, the proposed algorithm is initialized by a spectral method, followed by gradient descent
designed to minimize the regularized loss function (276). The precise procedure is described in Algorithm 7
(which invokes Algorithms 8-9).

Before proceeding, we find it helpful to record closed-form expressions for the gradients, which are a
crucial part when implementing the nonconvex gradient descent algorithm. Specifically, the gradients of
g(U,V W) can be computed as follows

1 " 1
Vug(U, VW) = 3—p739(2ui ® v @ w; — T) X V; X3 W; + 6041-(2 i3 — [vill2 — |lwil|2) wi, (278a)
=1
1 " 1
Vvig(U, Vv, W) = 3_p PQ(ZUl QR v; ® w; — T) X1 UW; X3 W; + 6041'(2 Hleg - ||uz||§ - ||wz|\§) v;, (278]1))
=1
1 " 1
Vuw,g(U,V,W) = 3_ppg(zui ®v; @ w; — T) X1 i X2 i+ w0 (2 [lwill3 — a3 — vill3) wi (278¢)
=1

for each 1 < i < r, where X1, X9 and x3 have been defined in Section 2.4.

E.3 Numerical experiments

In order to validate the effectiveness of the proposed algorithm, we conduct a series of numerical experiments.
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Algorithm 7 Gradient descent for nonconvex tensor completion (asymmetric case)

1: Generate initial estimates U°? € R4 *7 V0 ¢ R%x" W0 ¢ R%X" via Algorithm 8.
2: fort=0,1,...,tc — 1 do

Ut+1 = Ut - ntng(Utv Vtv Wt)v
Vt+1 = Vt - ntvvg(Uta Vtu Wt)7
W = W — Vg (U, V!, W),

where the gradients are given in (278).

Algorithm 8 Spectral initialization for nonconvex tensor completion (asymmetric case)

1: Let UAUT be the rank-r eigen-decomposition of Poff_d;ag(AAT) where A = unfold(T") is the mode-1
matricization of T', and Pofr_diag(Z) extracts out the off-diagonal entries of Z.

2: Output: initial estimates U? € R4*" V0 ¢ R%*" WO ¢ R%*" on the basis of U € R“*" using
Algorithm 9.

To begin with, let us generate the true tensor T* = >, _, ., u} ® v; ® w} via the following procedure:
5 iid.

. e iid. _, iid. N e ] 1~
(1) generate uj "~ N(0,Iy,), v7 "~ N(0,14,) and wy "~ N(0,14,), and (2) set A} := [|u]]l2[|o7 [[2[|w} |2,

*1/3 ~ *1/3~ 1/3 ~ . . . .
ur = A / uy, vl = A / vy and w; = /\;k / w?. Akin to the symmetric case, we choose the algorithmic
2

parameters to be L = r°, e, = 0.4 and ty = 100. The noise components are generated as i.i.d. Gaussians,
namely, E; j "5 N(0,02). The signal-to-noise ratio (SNR) is defined as SNR = |T*||%/(c%d1dads), and
SNR = oo stands for the noiseless case (i.e. the case with ¢ = 0). The stepsize is set to be n, = n =
1/(2max; Hu?Hg/g), where U? = [u), .- u? is the initial estimate generated by Algorithm 8. Figure 2
illustrates the numerical convergence rates of the proposed algorithm, where we set d; = 100, do = 150,
ds = 200, r = 4 and p = 0.05. Since one can only recover the tensor factors up to global signs and global

permutation, the relative estimation errors of U! are defined to be

i vUltas - ux U~
Heperm,‘,S:di?glég)eRTX",si::tl I HF/H e

i U'IIS — U* U*
II€perm,., S:digglgli)ell@‘“‘,si:il || H2,oo / H ”2’00 ’

where perm,. stands for the set of 7 X r permutation matrices. The error metrics for V* and W can be defined
analogously. The relative Euclidean and /3 o, estimation errors of T" are defined as | T — T*||r/||T*|r and
T — T*||2,00 /| T*|2,00, respectively, where T =", .., u! ® v! @ w!. As can be seen from the plots, the
estimation errors decay geometrically fast in the noiseless case. In the noisy case, the numerical estimation
errors of the algorithm also converge geometrically fast until an error floor is hit.

Moving beyond the above synthetic data, we apply our methods to an simulated MRI brain image
dataset [CKK 97|, which is available online at the McGill University McConnell Brain Imaging Centre and
has also been studied in prior work [XYZ17]. The database consists of pre-computed simulated brain data,
and a set of parameters can be set to generate the data accordingly. In this series of experiments, we
choose the parameters to be T1 modality, Imm slice thickness, 1% noise and 20% RF. The resulting data
is a three-order tensor in R'81X217X181 where each slice in any mode corresponds to a brain image. We
use the tensor decomposition algorithm in [AGJ15] to decompose the original data, and keep the top-36
components whose energy accounts for 85% of the original tensor. Hence, the resulting low-rank tensor T
preserves the major information of the original tensor, and is used as the ground truth in the simulation.
We sample each entry of T* independently with probability p, and then inject i.i.d. Gaussian noise N (0, 02)
to each observed entry (so as to simulate the noisy scenario). Based on the incomplete set of noisy samples,
we apply the proposed algorithm to reconstruct T; the algorithmic parameters are chosen as above, and
we denote by T' the resulting tensor estimate. Table 2 reports the relative errors | T — T*||r/||T*||r and
1T — T*||oo/|IT*||co- As can be seen in the table, the performance of our algorithm is quite favorable for
low-rank tensor reconstruction. In particular, given that these real data tensor examples might not satisfy
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Algorithm 9 Retrieval of low-rank tensor factors from a given subspace estimate (asymmetric case)

1: Input: number of restarts L, pruning threshold e, subspace estimate U € R4 *" given by Algorithm 8.
2: forr=1,...,L do
3: Generate an independent Gaussian vector g™ ~ N (0, I, ).
4:
(W7 @7y TN gap.) + RETRIEVE-ONE-TENSOR-FACTOR-ASYM (T, p, U, g").
5: Generate tensor factor estimates
{(ul, vl wt A, (v W )\T)} — PRUNE—ASYM({ (V(l)’T, AR 7IC L W gapT) }le, €th)-
6: Output: initial estimate
U= NPl A B, VO = APt A, and WO = [\ Pwl L A R
1: function RETRIEVE-ONE-TENSOR-FACTOR-ASYM(T,p, U, g)

Compute

0=UU"g=:Pylg), (279a)
M=p'T x,0, (279b)

where x7 is defined in Section 2.4.

Let v(? (resp. V(3)) be the leading left (resp. right) singular vector of M. Let v = p 1T xo0@ x4
v®) and set A = Hu(l)Hé/g.

return (v, v VO X 01 (M) — 02(M)).

the assumptions imposed in our main theorems, these numerical experiments hint at the applicability of our
algorithm to a broader set of problems.

E.4 Analysis ideas

Before describing the proof ideas, we define the following incoherence parameters and condition number that,
similar to the symmetric case, play a crucial role in our theoretical development.

Definition E.1. Define the incoherence parameters and the condition number of T™* as follows

. dads|| T,

, (280a)
17|
di|lufl|%,  de|lvi||%  dsl|w?|)?
o { 0 B, i) 50
;3 o7 1I3 [[wi I3
di{uf,u*)?  do(vi,v)?  dz{w},w})?
M2 1= max *; 12’ *12 12’ *ZQ 12 ’ (280C)
I lzlusllz " ozl 12 llwiliE]lw] ]l
_ méxi{||uz||2|\vz||2|\wz||2}. (280d)
min; {[Jw]l2]|v7 [|2]lwy |2}
For notational convenience, we shall set
p=max {uo, i1, 2}, dmin := min{dy, do, d3} and dpax := max{dy, da, d3}. (280¢)

As has been made clear in the symmetric case, at the heart of our analysis lie two crucial components:

(1) the geometric property of a noiseless version of the loss function, and (2) reasonably well initial estimates

82



1: function PRUNE—ASYM({ (V(l)’T, ISR VICIE W gapT) }le, €th)
2: Set © = { (W7, @7 L7, /\T,gapT)}L

T=1"
3: fori=1,...,r do
4 Choose (1/(1)77, vy N gap,) from © with the largest gap,; set u' = v o
1/(2)77, w' =vB)7 and \; = A,
5: Update © + O\ { (M7, v pB7 A gap ) € O : [(1D7 01| >1— e}
6: return {(ul,vl,wl,)\l),...,(uT,vr,'wT,)\T)}.
104 T T T T T 10° T T T T T
—6— Relative | - [|r error for U —o—Relative | - || error for U*
—e— Relative || - || error for U* —e—Relative | - || error for U?
Relative || - [|p error for V' Relative | - [l error for V*
o —e— Relative || - || error for V* o a —+—Relative | - [l error for V* |
O 105k —4— Relative || - || error for W' | o 10 —&—Relative | - ||p error for W'
= Relative || - || error for W' = Relative || - ||« error for W*
E:; —<—Relative || - || error for T* 05'3 —<—Relative || - || error for T*
© —>— Relative || - ||« error for T* ® ——Relative || - [|o error for T*
> > 107
E 100 =
o] <
— p—f
Q [
= ~ 102
107
. . . . . . . . . 10 . . . . .
0 10 20 30 40 50 60 70 80 90 0 10 20 30 40 50 60 70 80 90
t: Iteration count t: Iteration count

(a) (b)

Figure 2: (a) relative errors of the estimates U®, VI, W and T vs. iteration count ¢ for noiseless tensor
completion, where d; = 100, dy = 150, d3 = 200, » = 4, p = 0.05; (b) relative errors of the estimates
UL, Vi, W! and T? vs. iteration count ¢ for noisy tensor completion, where d; = 100, da = 150, d3 = 200,
r =4, p=0.05, SNR = 10.

for tensor factors (in the entrywise sense). Rather than providing a complete analysis for the asymmetric
case (which would be very long), we shall only point out the important steps needed to extend these two
parts for the asymmetric case.

1. Local optimization landscape. Similar to the symmetric counterpart, the key step of the local
convergence analysis lies in establishing the favorable geometric property (i.e. local strong convexity and
smoothness) of the following noiseless regularized loss function

Getean (U, V, W) = é HPQ(ZT: w; @ v @ w; — T*) Hi +reg(U,V, W), (281)
=1

where the regularization term reg(U,V, W) is defined in (277). In words, this is a simplified version of
the original loss function (276) by dropping the influence of the noise. Lemma E.2 below demonstrates that
Jelean 1s locally strongly convex and smooth in the neighborhood of the ground truth.

Lemma E.2 (Local strong convexity and smoothness). Suppose that

10g3 dmax ,U2T2dmax 10g5 dmax } dmin
> comax , , r<c 282
r= { Gid; didads Wu 22

and that the reqularization parameter obeys |ai — /\:2/3| < 02/\;21{13 for some sufficiently large (resp. small)
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Table 2: Relative ¢, and {5 o errors for varying p and SNR in the MRI data experiments.

(@, SNR) | |T = T*[le/IT*[[¢ | 1T — T*|oc/IT* ][
(0.05, 10) 0.2231 0.8774
(0.05, 00) 0.2149 0.7856
(0.1,10) 0.1472 0.5343
(0.1, 00) 0.1398 0.3991
(0.2,10) 0.0841 0.1417
(0.2, 00) 0.0636 0.1193

constant co > 0 (resp. c1,co > 0). Then with probability greater than 1 — O(dilo),

min

oA T I

X X

vec | | Y| ]| V20eean(U, V. W)vec | Y| | <anill2 (IXIG + 1Y IR+ 1215),  (283)
._Z_. ._Z_
TxT\ " (X )

vee [ 1Y | | V2guean(U. V. Wvec | | Y| | = 2X0 (||X||§ HIYE + |\Z||§) (284)
Z Z

holds simultaneously for all X € RUX"Y € R%2X" Z € RB*" and all U € RU*" V € R2X" W ¢ ReBsxr
obeying

U -0 p <00l and |[U-U"SD|  <5U" ), (2852)
IV-V'S$Pe <5|[V*Ip and |V -V'S®|| <oV, (285h)
W —W*S®)|p <5||V*||p and HW - W*s<3>H2 <5 WH,.. (285¢)

Here, § < c3/(1%/?r) for some sufficiently small constant cz > 0, and S, @ and S®) are some diagonal
matrices in R™" such that for each 1 < i < r, two of Si(;), S’i(i) and SZ-()?;) equal to —1 with the remaining
one equal to 1.

Proof. See Appendix E.5. [ |

In a nutshell, Lemma E.2 confirms local strong convexity and smoothness of the noiseless regularized
loss geean(U, V', W), provided that (282) holds and that the matrices U, V and W are sufficiently close to
the ground truth in every single row. This is similar to the property of the symmetric counterpart fejean(U)
(cf. Lemma 5.1 in Appendix 5.1), except that we need to deal with asymmetric tensor factors as well as
additional regularization terms. In particular, when d; =< dy < d3 =< d and pu,r =< 1, Condition (282) reduces
to p > d—3/?1log®d and r < V/d, which resembles (42) in Lemma 5.1 derived for the symmetric case.

Having established the preceding local geometric properties of gcean, One can then argue similarly as
in Lemmas 5.3 and 5.6 in Appendix 5.1 to prove that gradient descent converges linearly, as long as it is
provided with an initial estimate satisfying the condition (285). Here, we emphasize that the regularization
term (277), which essentially balances the sizes of the three tensor factors, is crucial for the local strong
convexity and smoothness of gcean to hold.

2. Guaranteeing a reasonably good initialization. Another crucial ingredient lies in guaranteeing an
initial estimate with sufficiently good accuracy. Recall that our initialization scheme consists of two stages:
(1) subspace estimation, and (2) retrieval of individual tensor factors.

e The subspace estimation part remains largely unchanged: we shall unfold the observed tensor along the
1-st mode to estimate the subspace spanned by tensor factors {u}}7_,, and the ¢3 o, subspace estimation
accuracy can be established by invoking the main theorems of our companion paper [CLC'20].
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e Regarding the retrieval of individual tensor factors, the key observation is that: the random vector g~
we generate satisfies

T* x1 Pu-(g Z)\* , Pu-(g"))o;w; Z)\* uy,g’)

where Py is the projection onto the subspace spanned by {u}}i_,, and

|
*

1 1
= v, and

—Uu; W, = ———w;. (286)
[l t vl C il

u; =
Given a sufficiently accurate subspace estimate U for U* obtained in the subspace estimation stage, for
each 1 < ¢ < r, there exists at least a point 1 < 7 < L such that the spectral gap of the population
version of T x1 07 =T x1 Py (g”™) (with respect to the sampling and noise) is large enough and that the
perturbation is sufficiently small. As a result, the top left (resp. right) singular vector v (resp. 1/(3))
of T' x1 07 is close to the (normalized) tensor factor T} (resp. w;) both in the ¢3 and fo, norm (similar
to Lemmas 5.13-5.14 in Section 5.3 for the symmetric case). In turn, this further allows us to reliably
estimate @, and the magnitude A7, in a way similar to what we have done in Lemma 5.16 in Section 5.3.
By repeating the procedures With random restarts and invoking a pruning procedure similar to the
symmetric case, we can hope to recover all tensor factors with high probability.

Following the above strategies, one could adapt the proofs of Theorems 5.9-5.10 in Section 5.3 to show that:
our initial estimates {u;, v;, w; }7_; are all exceedingly close to the ground truth in the entrywise sense (up to
global permutation and global signs). This in turn confirms that the algorithm will enter a locally strongly
convex and smooth region as characterized in Lemma E.2; thus leading to our performance guarantees for
the entire algorithm. Once again, while the analysis ideas for the asymmetric case bear much resemblance
to the symmetric counterpart, a complete proof has to be fairly long due to more clumsy notation compared
to the symmetric case; for the sake of brevity, we do not provide the full proof here.

E.5 Proof of Lemma E.2

Fix arbitrary matrices X = [x1, -+ ,z,] € RO*" Y = [y;,--- ,y,] € R2*" and Z = [z1,--- , z,] € R*",
Direct computation reveals that

T

X X
vec| |Y V29dean(U,V ,W)vec | |Y
Z Z

1 r )
:_HPQ(Zwi®vi®wi+ui®yi®wi+ui®vi®zi)H
3p gt -

<Z$z®yz®wz+$z®vz®zz+uz®yl®zzapﬂ(zuz®vz®wz_T*>>
i=1

1
2 (o) — (o) + & Sl — oilB) (3 — 1)
=1 =1

1¢ 1
5 2 oi((@i ) = (z0wi)” + 6 37 ai(lually — eosl3) (3 ~ [124l13)
i=1 i=1

1 1
+3 > ai((yi,vi) — (zi,wi))” + 8 > ai(flvill3 = lwill3) (lwill3 = l1z:13)-
i=1 i=1

For notational convenience, we shall define

AY = [AY,... AY] =UsY —U* e R,
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and define AV € R%=*" and AW € R%*" in an analogous manner. Without loss of generality, it is assumed
that S = I, and §@ = 8G) = —T,.
With the above notation in place, one can decompose

x7\ ' X 4
vec Y v2gclean(U7 Vu W) vec Y = Z ﬁl
z VA =1

where §;,1 < i < 4 are given respectively by

2
Bri= 5 | Yo mi@ (—un) @ (—wh) +ui @y ® (—w)) +uj @ (—v]) @ 2

F

2 N () — (e —00)? o (@) = (=) + (e —0) — (21, —wf)°], (2872)

’ 2

1 2
-3 ’ Zwl ® (—v]) @ (—w)) +uf @y; @ (—w]) + u; @ (—v]) ® 2; . (287b)
2 " r
Ps = %<Z$i®yz‘®wi+mi®vi®zi+ui®yi®Zi,73£z(zui®vi®wi—T*)>, (287¢)
=1 i=1
1 T * * * * * N .
Bui= 5 3 (s = A7) [((@iut) — {i, —01))? o+ ((wirad) — (20, =)’ + (i, —07) — (21, —w0))?]
i=1
1 T
g ((@n AY) — (g AY)) 4 (@i A7) = (2. A%)) 4 (9 AY) — (2, AY))’]
i=1

+ (lwill = llwill3) (lwill3 — IIZZ-I\%)] (287d)

In what follows, we shall demonstrate that ; is the dominant term, with the remaining terms being
negligible compared to 3;. Here, we note that the proof idea is almost identical to that of the symmetric
case (cf. Lemma 5.1 in Appendix 5.1). For the sake of conciseness, we will focus only on the part where the
symmetric and the asymmetric cases differ, and omit the proof details when their analyses are similar.

Bounding 3; Let us first expand

1w 2
[31_g"Zlmi®vf®wl-*—uj@yi®w;—u;®vf®zi .
1=

+ %Z/\f/g [(<w1,uz*> + <yi,'U:>)2 + (<mz,uf> + <zi,wi*>)2 + (<yi,vi*> — <zi,wi*>)2}

2
F

1 r . *2 1 T . N 2 1 T N X
:g”;-’fi@vi ® w; F+§H;ui®yi®wi F+§H;“i®”i ® zi

=M
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“2/3 2/3 (4, 07) 2 \2/3,
+ = Z/\ 5, ul) Z)\* Yi, V! +3;,\i (2, w)?

=72
+—§<imi®v;®w;,iu;®yi®w;> ZAQ/B“@“ Vs, vl
— — =73
+_§<gwi®1’f®w37§uf®v;®zi> Z/\*Q/ga:“ Yz, w)
)
=75

leaving us with five terms to control.

1. Let us begin with v;. Observe that we can express

ks
|2
i=1

Arguing similarly as in the proof of Lemma D.1, one can derive

= IXH | with H=[low, - v ow]ecRE"

‘Umin(H) — *2/3’ < N3 and ‘Umax(H) )\*2/3’ < A3

min min max min

provided that r < din/p. This leads to the following inequalities

19 o/3 -
S IX e < min(ED [ X < | Y
=1

max

* < Omax X *2/3 Xl .
£ < omen B 1 < T2 1X

Clearly, the same argument reveals that

19 ,o/3 N

S Y [y < qu ®y; < N Y
19 *2/3 ||ZH < HZU ®'U ® 2 A*2/3HZ||

0 mln F ? 10 max F -

=1

Combining these bounds, we reach

1w < SN (12 + VI + 12112

2. We now move on to y2. Recall our assumption that |[u}|2 = [|[v]||2 = ||lw}|=2 = )\:1/3 forall 1 <i <r.
It follows from the Cauchy-Schwartz inequality that

2~ \+2/3 . 2 O~ \#2/3 . 2~ \+2/3
B PRY Pl Pt 13 + 5 DN lwilPlof 13 + 5 DN =il 3
i i=1 i=1
* 2 2 2
< 2 (12 + Y12+ 122).

3. Turning to 3, one can straightforwardly bound

1) 2
|FY3 ’Z Lij, W 12 115y12>< 115 >

i1 #£i2
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(ii) T r
< max (ol wl )| ( 2 llalfoflz) (3l allwil)
i=1 =1

(iii)
< max |[(w],, w}) [[U*[|e ]|Vl X ¢V e

i1 F£42 ’
2N TR
< \ﬁ N e Y e

()
< NI X e Y e

max

Here, we have used the fact that |w}]2 = /\:1/ % in (i); the inequalities (ii) and (iii) arise from the Cauchy-
Schwartz inequality; (iv) follows from (280c); (v) holds as long as r < /dmin/p- In a similar manner,
one can easily verify that

al < ARBZIX (el Zlle and  |ys| < ALY 0] 2]l
It then follows from the AM-GM inequality that

* 2 2 2
sl + bl + sl << X2 (1XI2 + 1Y 12+ 1212)
4. Putting the above bounds together allows us to bound f; as follows
7 *
B1 < 1+ 2+ sl + bl + sl < I3l (IX 2+ 1Y IR+ 1212)

9 | x4/3 2 2 2
Bu 2 = bl = bl = sl = ToXe (IX I3+ 1Y 1% + 121
Bounding 82 To control 82, we note that 8 involves two quantities: (1) the deviation of % HPQ ( 22:1 r;®

2

Vi QW; +U; QY; Qw; + u; Qv; ® zi) from its expectation with respect to Q; (2) the distance between

Y TRV QWi U, QY QW+ U, ®V; Q% and Y., T QU Qw; —uf Qy; Qw] —u} Qv @ z;. The first
term can be shown to be exceedingly small under our sample size condition with the help of [YZ16, Lemma
5], while the second term is also guaranteed to be sufficiently small by the assumptions of the error of U, V'

and W in (285). Therefore, one can apply an analogous argument for «; and as in the proof of Lemma 5.1
in Appendix A to derive: with probability at least 1 — O(d_lo) one has

min

min

18] < Xt (IXNE + 1Y I + 12117

H2T2dnlax 10g2 dmax

provided the sampling rate exceeds p > e de

Bounding 83 By the definition of the operator norm, one can bound

T
|Bs] < prlpsz ( > i@ v ®w; — T*)
i=1

s
-3 (il Iwlaligllz + il lallallzills + il il l2i]12)
=3

1=

< )\2/3

~ max

S wevew - T [p Pa(le @ 1 @ 1a) | (IXIE + 1Y 15 +1213)
i=1

One can easily adapt the proof of Lemma D.2 to show that, with probability at with probability at least
1-0(d,1?),

min

1 3 dmax dmaxl > dmax
(07 Pa—T) (g, @ 1a, @ 14,) || S —2 S Of < Verdads = || 14, ® 14, ® 14,

10g3 dtnax dnlax 10g5 dnlax
dydads ’ didads
proof of Lemma 5.1 in Appendix A to derive that with probability at least 1 — O(dilo),

min

holds as long as p > max{ } We can then adapt the proof for bounding as in the

18s] < X (I1X0E + 1Y 1 + 121

min
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Bounding (4 It remains to control 54. By symmetry, it suffices to consider the following terms:
7= Z =) (i ul) + (i o)),
7= Zaz—(<mz—,A?> ~ (i, AY))’,
s = Zaz (@i, uf) + (yi,vf)) (i, AT) = (yi, AY)),
Ya = Zai(Huz‘H% = llill3) (laeill3 — llwsl13)-
i=1

In the following, we shall bound these four terms separately. By the assumptions that ) = I,, 83 =
S® = —I,.,6 <1 and k < 1, one has

JAY |l < |U = U*|lp < §[|U*|p < SVINLE < N2 < luto; (288a)
JAY 2 < |-V = V*||p < §[[VF|le < SV < A2 < of|a (288b)
JAY |l < [|[-W = W[, < 8 |[W*[[p < 6VIALLE < A2 < . (288¢)

In addition, for each 1 <7 < r , one has

—)\*2/3 < hi— o = N < g < A o — 23] < Weays (289)

O min — 10 max

by virtue of the condition that ‘ai - )\:2/ 3’ < N3

min °

1. Let us start with v;. By the condition that max; ‘ai — )\:2/ 3| < N3 it s easily seen that

min

T
2 3 2/3
ml S Z i = X (@i, uf)? + (i, 07)%) < maxc|aq = NP2 (lill3llaf 13 + llyal3]10713)

i=1
< maxc o = A (Iluf I3 + 107 13) (IXE + IV 11E) < A (IX 2+ 1Y 117).

with the proviso that x =< 1.
2. As for 73, one can bound

T

ol S ai((@i, AY)? — (y;, AY)?) < mﬁxaiz (lzilIZIAFIE + ly:ll3lAY]13)

i=1
4/3
< maxa; ([|AT]5 + [AY]3) (IX 1 + Y [F) < i (IX [ + 1Y)
Here, we use (288a), (288b), (289) and < 1 in the last step.
3. Turning to 3, one can develop a similar bound as follows
K 9 K
|73| < Z (<.’1}1, > + <yla v; >) ! Z (<.’1}1, A > <yla AV>)

i=1 i=1

< ma oy /(uf 13+ o7 13) (X0 + 1Y 1Z) /(AT I3 + [AY 13) (1X 12 + Y [2)

4/3
< NEB(IX N+ (1Y )3)-
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4. With regards to 74, we can expand

T

al = D" ai(llu; + AV = [|=v; + AY[[5) (laill3 — llil13)
i=1

= Zai(ll’u?llg +2(uf, AY) + AT 3 = o713 + 2007, AY) = [|AY]3) (3 — lly:3)
—Zaz uf, A7) + [ATI5 + 2007, AY) = AV 13) (I3 — [lwill3).
where the last step follows from the assumption ||uf||2 = ||[v}]2 = [Jw}]|2. It follows that

\Zaz sl = ol3) Ol = )] S 3 el (. AP) + [ AT 3+ (o7, AY) + |AY 3] (I3 + 13:13)
=1
T

< max s ([ 2 AY |2 + o7 2 AY 1) D (lill3 + i)
i=1
*4/3 2 2
< (IXUE + 1Y),

min

where we have used the conditions that max; a; < /\fna/x3 and k < 1.

~

5. It is not hard to check that similar bounds also hold for the remaining terms in 84. As a result, we arrive
at
min

4/3
184 < et (13 + 1Y 1 + 1211

Combining the previous bounds on (1, 32,83 and 5, Putting the above estimates together, we con-
clude that with probability at least 1 — O(d_'?), one has

_X_ T _X_
Y V2 UV,W Y| |>8 -8 - NAB x24Iy )2 + 122
vec elean (U, V, W) vec > B1— |B2| — |B3] — |ﬂ4l_2 min (X g+ 1Y N5 + 1215
_Z_ _Z_
_X_ T _X_
vee | Y]] V20uean(U, V. W)vec | | Y| | < B+ 18l + |8s] + 18:] < 4l (IX 3+ IV IE + 112117
_Z_ _Z_
as claimed.
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