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This paper considers a re-sourcing setting in which a qualified supplier (the incumbent) and multiple suppliers
which have not yet been qualified (the entrants) compete in an open-bid descending auction for a single-
supplier contract. Due to the risk of supplier nonperformance, the buyer only awards the contract to a
qualified supplier; meanwhile, the buyer can conduct supplier qualification screening at a cost, to verify
whether the entrant suppliers can perform the contract. Conventionally, the buyer would screen entrants
before running an auction, i.e., the pre-qualification strategy (PRE). We explore an alternative approach
called post-qualification strategy (POST), in which the buyer first runs an auction and then conducts
qualification screenings based on the suppliers’ auction bids. Our characterization of the dynamic structure
of the suppliers’ equilibrium bidding strategy enables the calculation of the buyer’s expected cost under
POST, which is computationally intractable without this characterization. We show analytically that POST
is cheaper than PRE when the cost of conducting qualification screening is high, the number of entrant
suppliers is large, or the entrants’ chance of passing qualification screening is high. To quantify the benefit
of POST, we conduct a comprehensive numerical study and find that using the cheaper option between
PRE and POST provides significant cost-savings over the conventional PRE-only approach. Furthermore,
we leverage a revelation principle for multi-stage games to derive the optimal mechanism as a stronger
benchmark for performance comparison. While the optimal mechanism is theoretically optimal, we find that
its complexity renders it difficult to implement in practice; but quite strikingly, the simple and practical
approach of choosing the cheaper option between PRE and POST captures the majority of the benefit the
optimal mechanism can offer over PRE, highlighting the practical benefit of POST.

Key words: procurement, supplier asymmetry, open-bid auction, qualification screening

History:

1. Introduction

Procurement plays an important role in manufacturers’ operations. Toyota spends more than 70%
of its revenue on purchasing goods and services (Toyota 2016). According to the 2016 annual
survey of manufactures from the Bureau of the Census, United States manufacturers, on average,

spend roughly 50% to 60% of their revenue on procurement ( U.S. Department of Commerce
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2016). To reduce procurement cost, buying firms often routinely re-evaluate how competitive their
existing suppliers are on price. If the current contract price is not very competitive, the buyer may
resort to a re-sourcing process in which it would invite other potential suppliers in the market
(entrant suppliers) and the existing supplier (incumbent supplier) to compete for that contract
in a procurement auction; this re-sourcing process allows the buyer to obtain a more competitive
price by either switching to a less expensive entrant supplier or utilizing the competitive pressure
from the entrant suppliers in the auction to reduce the incumbent supplier’s price.

While the use of procurement auctions can be effective in reducing prices, the buyer also needs
to watch out for potential pitfalls of supplier nonperformance. In fact, supplier nonperformance can
cause catastrophic damages to the buyer’s operations, reputations, and profitability. For example,
major automakers had to recall more than 39 millions vehicles in the U.S. due to faulty air bags
supplied by Takata (NHTSA 2018). More recently, the Samsung Note 7 Battery Explosion Event
due to supplier nonperformance forced Samsung Electronics to recall 2.5 millions Note 7 smart-
phones globally at an estimated total recall expense around $5 billions (Lee 2016). While supply
risks cannot be eliminated, they can be managed, and managing such supplier nonperformance
risks is particularly critical during a re-sourcing process. While even the incumbent supplier may
fail, as evidenced by the examples we mentioned above, nevertheless, it is reasonable to assume
that the buyer may have a good knowledge of the incumbent’s capability to deliver the contract,
based on previous assessments and past experience. In contrast, the buyer is likely to have less
information about the ability of entrant suppliers to successfully execute the contract.

One common approach to managing the supplier nonperformance risks in re-sourcing is to inte-
grate an auction with supplier qualification screening on the entrant suppliers — an act of verifying
the supplier’s ability to perform within a reasonable degree of certainty; only the qualified supplier,
i.e., either the incumbent supplier (because he had already undergone the qualification screening
prior to becoming the incumbent) or an entrant supplier who passes the qualification screening,
with the most competitive price, wins the contract. This integration leads to an important strate-
gic decision by the buyer in designing the re-sourcing process: should the buyer deploy supplier
qualification screenings before or after the bidding? The conventional approach in practice is the
pre-qualification strategy (PRE), in which a buyer would first conduct qualification screenings of
entrant suppliers, and then only allow qualified suppliers to participate in the competitive bid-
ding for the contract. However, qualification screening is a costly process for the buyer because
it involves visits to the supplier’s facility, purchasing sample products, testing products, etc (Beil
2010). Therefore, PRE may introduce unnecessary qualification expenses on suppliers who turn
out to be not competitive. Motivated by this consideration, an alternative proposed strategy is the

so-called post-qualification strategy (POST), in which qualification screenings are postponed until
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after the bidding process. Informed by the suppliers’ pricing bids, the buyer could choose to vet the
capabilities only of suppliers who submitted competitive prices. Hence, compared to PRE, POST
may reduce the buyer’s expense on qualification screening; but the trade-off is that the resulting
equilibrium bid prices will be higher, because suppliers are less inclined to bid aggressively against
competitors who have not been qualified (i.e., a supplier can win the contract without placing the
lowest bid, as long as all of the lower-bid suppliers fail qualification screenings).

The aforementioned main trade-off between PRE and POST has already been identified in vari-
ous auction settings (e.g., Wan and Beil (2009), Wan et al. (2012)), but there are some obstacles to
applying this managerial insight in practice. For example, Wan and Beil (2009) provide an elegant
characterization of the optimal mechanism in the procurement context with qualification screen-
ings, which provides clean managerial insights on the trade-off involved in the timing of conducting
qualification screenings. However, optimal mechanisms are complex and difficult to explain to prac-
titioners, and are rarely used in practice. In contrast, Wan et al. (2012) study the similar trade-off
in the context of open-descending price-based auction (open-bid auction), a type of auction which
allows suppliers to see competitors’ bids in real-time and respond by adjusting their own bids
dynamically. Our paper also focuses on this auction format due to its popularity in the private
sector. For example, auto parts manufacturers use open-bid auctions for sourcing highly engineered
commodities (Beil and Duenyas 2012); pharmaceutical companies such as GlaxoSmithKline lever-
age open-bid auctions to source input materials globally (GlaxoSmithKline 2015); open-bid auction
is also a key toolkit provided in SAP Ariba, a procurement and sourcing solution that the leading
Enterprice Resource Planning software provider SAP offers to help its clients manage procure-
ment. While Wan et al. (2012) focus on a stylized setting with a single incumbent supplier and
a single entrant supplier, in practice, in order to increase competition in the re-sourcing process,
buyers usually consider multiple entrant suppliers to compete for the contract — a setting that
cannot be addressed by Wan et al. (2012). In other words, open-bid auctions are highly prevalent
in practice and are often a part of procurement toolkits due to their transparency and simplicity
in implementation, and yet, their theoretical properties are not well-understood. The main focus
of our paper, therefore, is to gain insights into the trade-offs involved in open-bid auctions with
pre- and post-bidding qualification screening. The specific setting we are considering is one with a
single incumbent and multiple entrants, and our primary goal is to characterize the factors that
affect which strateqy (PRE or POST) is better for the buyer, and even more specifically, how much
value would adding the POST option to the procurement toolkits provide for the buyer. (Hence-
forth, PRE/POST refer specifically to open-bid auction with pre-bidding/post-bidding qualification

screenings whose procedures will be formally introduced in Section 2.)
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To assess the value of the POST option, the buyer first needs to develop quantitative models and
tools to estimate the expected total procurement cost (qualification screening cost plus contract
payment) of both PRE and POST. While PRE is relatively straightforward, the main challenge
is the analysis of POST. Specifically, because an entrant supplier may not need to be the low-
est bidder to win the contract, it is no longer a dominant strategy for suppliers to drop out at
their costs as they would in a standard open-bid auction. This feature makes the open-bid auction
with post-bidding qualification screenings a complex dynamic game where suppliers’ equilibrium
bidding strategies depend on a multi-dimensional state which dynamically evolves as the auction
proceeds (e.g., the current auction price, the number of remaining suppliers and their qualification
status, and the posterior on the remaining suppliers’ cost, etc.). Thus, solving the equilibrium bid-
ding strategy using standard approach (which requires solving several high-dimensional stochastic
dynamic programs iteratively until the optimal dynamic policies in all dynamic programs con-
verge) and numerically computing the expected cost of POST, is not computationally tractable. To
overcome this challenge, we identify several structural properties of suppliers’ equilibrium bidding
strategies, and these properties allow us to speed up the numerical computation. Additionally, this
equilibrium analysis also provides rich insights on the incentive implications of POST. Therefore,
one of our main analytical results deal with determining equilibrium bidding strategies for the
entrant suppliers and for the incumbent supplier in POST.

The first analytical contribution of this paper is a full characterization of the suppliers’ equi-
librium bidding strategy in POST (i.e., Lemma 2 and Theorems 1 and 2). This characterization
is very useful because it highlights the different bidding incentives between the entrant suppliers
and the incumbent supplier, and provides insights on the economic drivers in POST. It also sig-
nificantly simplifies the computation of the expected cost of POST, which allows a convenient and
efficient comparison between the expected cost of PRE and POST. Hence, the buyer can choose
the cheaper option between PRE and POST to implement in her re-sourcing process; this is our
proposed approach to the buyer. The second contribution of our work is that we establish analytical
conditions under which the buyer should choose POST over the conventional approach PRE: When
entrants’ probability of passing qualification screening is sufficiently high, when the qualification
screening cost is sufficiently high, or when the number of available entrants is sufficiently large (i.e.,
Proposition 4). These conditions correspond to scenarios where either the benefit of POST’s more
informed qualification screenings is most pronounced, or the drawback of suppliers’ less aggressive
bidding behavior in POST is most subdued. Furthermore, using an extensive numerical study, we
provide evidence that including POST as a re-sourcing option can provide significant cost-savings
compared to the conventional approach of only using PRE, and identify settings in which the

benefit of POST is most salient. It is worth noting that our proposed approach (i.e., the cheaper
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option between PRE and POST) is easy to implement in practice since it uses existing features
of procurement auctions which practitioners are already familiar with and combines them in an
innovative way. While appealing from a practical standpoint, it naturally raises the question of
whether a more sophisticated approach can provide significant benefit over our proposed approach.
To that end, we numerically compare our approach with the optimal mechanism (i.e. Proposition 5)
which provides a lower bound on the expected cost of any feasible mechanism but is difficult to
implement in practice. Our result shows that our proposed approach captures the majority of the
cost-savings the optimal mechanism offers compared to the conventional PRE, which highlights

the effectiveness of our simple approach.

1.1. Related Literature

Our paper is related to the literature in procurement and strategic sourcing (see Elmaghraby (2000)
for a comprehensive survey and Beil (2010) for a comprehensive introduction about the procurement
process). As pointed out earlier, one of the main challenges of procurement management is to
address supply risks in pricing and quality. To deal with these risks, prior research has explored
different approaches such as multi-sourcing (e.g., Chaturvedi et al. (2019)), total-cost auctions (e.g.,
Aral et al. (2019), Stoll and Zo6ttl (2017)), new supplier recruitment (e.g., Beil et al. (2018)), etc.
We focus on the use of supplier qualification screening as a way to control supplier non-performance
risks. There is an important stream of work that focuses on this approach. For example, Gillen et al.
(2017) study, in a forward auction setting, whether the auctioneer should demand certification of
bidders’ qualification before or after a second-price sealed-bid auction. In their model, they assume
all bidders will pass the qualification for sure at a cost. In our paper, however, the suppliers face the
risk of failing the qualification screenings. The paper closest to ours is Wan et al. (2012), in which
the authors consider a setting where a qualified incumbent supplier and a single not-yet-qualified
entrant supplier compete in an open-bid auction for a single-supplier contract from the buyer,
and the buyer faces the choice of conducting qualification screening of the entrant before or after
the auction. They reveal an important managerial insight to the buyer when post-qualification
strategy is used in their setting: The incumbent supplier will inflate the bid, but the entrant
supplier will bid down to cost. Our paper captures a more general setting where there are more
than one entrant competing with the incumbent for the contract; this generalization captures a
more complex scenario that could never happen in Wan et al. (2012): After the incumbent drops
out, multiple entrants may remain in the auction. This complication results in richer insights on
the impact of post-qualification on suppliers’ bidding incentives. For example, we show that the

entrant suppliers’ bidding strategy is much more nuanced than that characterized in Wan et al.
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(2012): The entrants will bid to their costs before the incumbent drops out, but after the incumbent
drops out they will inflate their bids above their costs.

There is also another stream of work that employs the optimal mechanism design approach
(Myerson 1981) to incorporate supplier qualification screening to the procurement process (e.g.,
Wan and Beil (2009), Chen et al. (2018), Chaturvedi et al. (2014), Chaturvedi and Martinez-de
Albéniz (2011)), etc). While these papers optimally integrate supplier qualification screening with
supplier selection in different settings to minimize expected procurement cost, the draw-back is
that optimal mechanisms may be difficult to explain to practitioners and hard to implement in
practice (Roughgarden and Talgam-Cohen 2019, Rothkopf 2007). We focus on the open-bid auction
approach, an important and widely used auction format in practice, and provide insights that are
very relevant to practitioners. Having said that, an optimal mechanism analysis of the setting we
study provides a lower bound of the procurement cost under any feasible mechanism. Thus, in our
paper, we also conduct an optimal mechanism analysis to facilitate a numerical evaluation of the

effectiveness of our proposed open-bid auction approach.

1.2. Organization of the Paper

In the remainder of the paper, we first introduce the notation and the operational details of PRE
and POST, and present the analysis of PRE in Section 2, while the full analysis of POST is
postponed in Section 3. Then Section 4 investigates the buyer’s optimal choice between PRE and

POST. Finally, we assess the benefit of POST numerically in Section 5 and concludes in Section 6.

2. Model

Consider a buyer who would like to renew a single-supplier contract. The buyer has an incumbent
supplier, denoted by 0, who currently charges the buyer R for the contract. The incumbent’s true
cost, denoted by z, is a random variable with a cumulative distribution function (c.d.f.) Fp, a
probability density function (p.d.f.) f;, and support [R, R]. The buyer has already identified N
(N > 2) potential suppliers in the market, the entrants, and would like to invite them to join
the contract competition. These entrants are indexed by j =1,2,---,N. The entrants’ costs ;s
are independently and identically distributed with a c.d.f. F., a p.d.f. f., and support [R, R]. All
suppliers’ costs are private knowledge, but their cost distributions are common knowledge. We

make the following assumption on entrants’ cost.

ASSUMPTION 1. % s nondecreasing and conver.

Note that most of the log-concave distributions, such as uniform, normal, logistic, exponential, and
Weibull distributions, satisfy this condition (see Table 5 of Bagnoli and Bergstrom (2005) for a

more detailed list of these log-concave distributions).
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The incumbent and an entrant are ex ante asymmetric not only due to their asymmetric cost
distributions, but also due to their asymmetric qualification status. The incumbent supplier is
qualified because he has been supplying the part to the buyer and his technical capabilities have
already been validated by the buyer. In contrast, an entrant has not worked with the buyer before
and needs to be carefully vetted via a qualification screening process before he can be awarded
the contract. The qualification screening process may be lengthy and costly, requiring the buyer to
visit the supplier’s facility, purchase sample products, test products, etc. Additionally, there is no
guarantee that an entrant will always pass the qualification. Following the supplier qualification
literature (e.g., Wan et al. (2012)), we model qualification screening cost and uncertainty as follows:
It costs the buyer K to conduct the qualification screening on each entrant; if an entrant under-
goes qualification screening, he will pass the screening requirements and become qualified with
probability 5 € (0,1), where we assume [ to be common knowledge. In other words, we consider
a setting where the entrant suppliers are ex ante symmetric, which is mostly appropriate when
the buyer’s prior belief about those entrant suppliers are similar, and the cost drivers for buyer’s
qualification screenings are similar. Focusing on this setting also allows us to provide a clean way
to highlight the different natures of bidding incentives between the incumbent supplier and the
entrant suppliers. We also assume that if an entrant undergoes qualification screening, both the
buyer and this entrant observe whether or not this entrant passes the screening.

The buyer’s goal is to select a qualified supplier (i.e., either an entrant who passes the qualification
or the incumbent) to minimize her expected total procurement cost, i.e., contract payment plus

qualification cost.

2.1. Pre-Qualification Strategy

In the pre-qualification strategy (PRE), the buyer first chooses N,,. € [0, N] and randomly selects
N, out of the N entrants (note that since entrants are ex ante symmetric, it is equivalent to select
the entrants 1 to N,,.) to conduct qualification screenings simultaneously. Then, only the entrants
who pass the qualification screenings and the incumbent are allowed to compete for the contract
in a standard open-bid descending auction which proceeds as follows: The auction price is initially
set at the current contract price R and then falls continuously until the auction ends when all but
one bidder drops out; the last remaining bidder wins the auction and is paid the auction ending
price. (Auctions with a continuously falling price are also known as “reverse clock auctions”; see
Ausubel and Cramton (2006) for discussions about clock auctions in practice.) Note that, if none
of the invited entrants pass the qualification, the incumbent will win the auction directly at price
R; otherwise, since all participants are qualified suppliers, in equilibrium, all of them will stay in

the auction until the auction price reaches their true costs (Krishna 2002). Hence, the expected
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total procurement cost (qualification cost plus contract payment) when the buyer conducts N,

pre-bidding qualification screenings equals

Np'r'e
PCore(Npre) = > E[Min2(R, zq, ..., 2;)]

=0

NPTG! ] Npre—1i
— el _gi(1— B)Nerei 4 N, K, 1
Z'(Npre_Z)'B( /8) + P ( )

where Min2(...) corresponds to the second lowest value of its arguments. The buyer chooses the
optimal number of entrants for qualification screening, N* ., to minimize her expected cost under

pre?

PRE. Hence, the buyer’s optimal expected cost under PRE, denoted by PC),,., equals:

PC,..= min ~ PCpre(Npre) =PCpre(N..). (2)

Npre€{1,...,N} pre
2.2. Post-Qualification Strategy

An alternative approach to structure the supplier qualification screening and supplier selection is
the post-qualification strategy (POST) where qualification screenings are conducted post-bidding
rather than pre-bidding: The buyer invites all suppliers to bid in a (slightly modified) open-
bid descending auction (see more details below) before conducting qualification screenings and
awarding the contract to one of the qualified suppliers. Specifically, after all suppliers decide whether
or not to join the auction, the buyer announces to all participating suppliers which supplier is the
incumbent and a fixed price decrement A := K/ when incumbent drops out (see more details of
this decrement later). Then the auction begins as its descending price clock starts at the current
contract price R and continuously descends. In this process, all suppliers choose to drop out of the
auction or stay at the prevailing price. In contrast to a standard open-bid descending auction as
in PRE, when the incumbent drops out, the auction price immediately jumps down by A before
keeping on continuously descending. The auction ends when there is only one supplier left in the
auction, and the ending auction price equals the last drop-out price bid (drop-out price for short)
if the last drop-out is an entrant, and equals the last drop-out price minus A if the last drop-
out is the incumbent (this is because the auction price immediately jumps down by A after the
incumbent drops out). During this bidding process, suppliers observe the following: Before the
auction starts, the number of suppliers in the auction, which one is the incumbent, and A are all
common knowledge; as the auction proceeds and suppliers drop out one after another, each supplier
observes the auction price and when other suppliers drop out in real time until he himself drops
out (this means that he can perfectly infer the drop-out prices of all suppliers who drop out earlier
than him). Note that it is possible that when the auction concludes, the only remaining supplier is
an entrant who has not yet been qualified. Hence, while this supplier becomes the auction winner,

he does not automatically become the contract winner. This is where the post-bidding qualification
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screenings take place: After the auction ends, informed by the suppliers’ drop-out prices, the buyer
decides which suppliers (if any) and in what sequence to conduct qualification screenings. At the
conclusion of the qualification screenings, the contract is awarded to a qualified supplier (either
the incumbent or an entrant who passes the qualification screening) who has the lowest drop-out
price. The contract payment equals the ending auction price if the contract winner is the auction
winner; otherwise, the contract payment equals the contract winner’s drop-out price.

Given the format of POST, the buyer’s (ex post) optimal qualification screening decisions are

characterized in the following lemma. (All our proofs can be found in the Online Appendix EC.1.)

LEMMA 1. In POST, it is ex post optimal for the buyer to keep conducting qualification screening
in the reverse order of when the suppliers dropped out, until either the first entrant passes the qual-
ification screening, or all entrants who drop out later than the incumbent fail to pass qualification

screenings.

The buyer’s optimal post-auction qualification screening rule is very intuitive: The buyer starts with
the supplier with the lowest bid and keeps on conducting qualification screening in the sequence
from the low bid to high until she finds the first qualified supplier (either an entrant who passes
the qualification screening, or the incumbent). Note that the observation that this screening rule
is ex post optimal is driven by the design that the auction price immediately jumps down by
A = K/ when the incumbent drops out. Indeed, if the incumbent drops out at p, this design
feature ensures that the drop-out price bids of entrants who drop out later are at least K/ lower,
which makes it optimal to conduct qualification screening of any of these entrants before awarding
the contract directly to the incumbent since the expected benefit (i.e., the reduction in payment
when an entrant passes qualification) equals 8 x (p — entrant’s bid) > K/ = K, which is larger
than the cost of qualification.

Having explained above how POST is operationalized, we now explain an appealing feature of
POST which motivates us to propose this format in the first place: Practical applicability. First of
all, POST is quite straightforward to deploy mechanically because, compared to the standard open-
bid descending auction which is widely adopted in practice, operationally, POST only requires the
buyer to ensure that the descending price clock jumps down by A immediately after the incumbent
drops out (e.g., if the incumbent drops out at some auction price p, then the price clock immediately
drops down to p — A). Note that this feature is not an arcane concept because one can interpret
p— A as a “reserve price” to account for the extra expenditure on verifying entrants’ qualification
status. Secondly, the payment in POST is very transparent. The final contract winner always pays
what he bids except in one scenario when he wins the auction and passes the qualification screening.

But even in that scenario, the payment is still very transparent since the contract winner pays the
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auction ending price (note that this is the same payment rule as in a standard open-bid descending
auction widely used in practice). Finally, note that the qualification screening rule the buyer uses
in POST is ex post optimal. Thus, the buyer does not need to commit to a particular qualification
screening rule to the suppliers ex ante which would cause implementation issues as the qualification
screenings are not directly observable to all suppliers.

While POST is a practical sourcing strategy, the expected cost of POST may be either higher
or lower than PRE depending on the business context. In order to determine the best strategy
to use, the buyer needs to compute the expected cost of both options and then choose the less
expensive one. While the expected procurement cost for PRE can be easily established in (1) and
(2), calculating the expected procurement cost under POST is challenging. We are not aware of
any existing literature that provides numerical methods to calculate the expected procurement
cost under POST. What makes POST much more complex to analyze than PRE is that suppliers’
equilibrium bidding behavior in POST is much more nuanced: The fact that not all auction partic-
ipants are qualified suppliers means that a supplier does not necessarily need to win the auction in
order to win the contract. For example, when an entrant supplier j drops out, if all later drop-out
suppliers are entrants and they all fail the qualification screening, then supplier j can still win the
contract if he passes qualification screening. Therefore, supplier j may have the incentive to drop
out at a price higher than his true cost, which is different from the equilibrium bidding behavior one
would expect in a standard open-bid descending auction. As one can imagine, the extent to which
supplier j inflates his drop-out price above his cost may depend on all the historic information he
observes (e.g., the current auction price, the number of remaining suppliers, and his posterior on
the remaining suppliers’ cost distributions). Thus, POST induces a complex stochastic dynamic
bidding game with ex ante asymmetric bidders. This raises several interesting managerial questions
for POST. How should a supplier decide when to drop out based on the information he observes
in the bidding process? Would the incumbent and the entrants’ equilibrium drop-out strategies
be different, and if so, how? How would the nature of qualification screening (e.g., the cost of
qualification screening and the entrants’ probability to pass the qualification screening) affect sup-
pliers’ equilibrium strategies? Finally, returning to our main research question, how to compute
the expected procurement cost of POST so that the buyer can compare it with the expected cost
of PRE and make a more informed decision on the choice between PRE and POST? We address

these questions in the next two sections.

3. Equilibrium Analysis of POST

In this section, we characterize suppliers’ equilibrium drop-out strategies in POST, and then use

this characterization to derive the buyer’s expected procurement cost under POST. Recall that
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POST induces a stochastic dynamic game with incomplete information and ex ante asymmetric
players. Here, the suppliers have incomplete information because they only know their own true
costs but not others’. We use Perfect Bayesian Equilibrium (PBE) as our solution concept. Specif-
ically in the context of POST, all suppliers start with a common prior on other suppliers’ cost
distribution. As the auction proceeds, each supplier observes the descending auction price and
when other suppliers drop out until he drops out; this forms a sequence of (weaking) increasing
information sets as auction proceeds. A drop-out strategy is a collection of functions that map the
supplier’s information sets to an auction price at which the supplier should drop out. To ensure
consistency condition of PBE, for any drop-out strategy profiles of all suppliers, we use Bayes
rule to construct the posterior beliefs given the common prior (before the bidding starts) and all
suppliers’ strategies. Then we say a collection of drop-out strategy profiles along with the beliefs
constructed above for this collection of drop-out strategy profiles form a PBE if the strategies
are sequentially rational. Since the entrants are ex ante symmetric, we focus on the PBE where
entrants’ equilibrium strategies are symmetric. In the remainder of this section, we first character-
ize the entrants’ and the incumbent’s equilibrium drop-out strategies in POST (Sections 3.1 and

3.2), which are then used to characterize the buyer’s expected total cost under POST (Section 3.3).

3.1. Entrants’ Drop-out Strategy

Since the incumbent is a qualified supplier, an entrant faces very different competition before and
after the incumbent drops out. Thus, we characterize entrants’ equilibrium drop-out strategy before

and after the incumbent drops out separately.

3.1.1. Entrants’ Bidding Before Incumbent Drops Out. By Lemma 1, an entrant can
win the contract only if he drops out later than the incumbent. However, in POST, the auction price
immediately drops by A = % when the incumbent drops out; therefore, to avoid the possibility of
winning the contract but losing money, as long as the incumbent is still in the auction, an entrant
supplier j should drop out no later than when the auction price reaches his effective cost defined
as r; + % (We assume that % < R— R to avoid the trivial situation that no entrant would like to
join the auction because all effective costs are higher than the auction starting price.) By a similar
argument as in the analysis for a standard open-bid descending auction, Lemma 2 establishes the

entrants’ dominant bidding strategy before the incumbent drops out.

LEMMA 2. Before the incumbent drops out, it is a weakly dominant strategy for the entrants to

stay in the auction until the auction price clock reaches their effective costs.
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3.1.2. Entrants’ Bidding After Incumbent Drops Out. After the incumbent drops out,
while the remaining bidding process only involves ex ante symmetric suppliers (i.e., the remain-
ing entrants), their equilibrium drop-out strategy is more complicated than a standard open-bid
descending auction because any of the remaining entrant may lose an auction to other remaining
entrants but still win the contract if all later drop-out entrants fail to pass the qualification screen-
ing; thus, an entrant has an incentive to drop out at a price higher than his cost. For each of the
remaining entrant, at what price to drop out depends on not only his true cost, but also how many
competing entrants are still in the auction and his posterior on these entrants’ costs; of course, the
price to drop out should also be dynamically updated as other competing entrants drop out over
time. In the remainder of this subsection, given the incumbent’s drop-out price and the number of
remaining entrants, we characterize the symmetric equilibrium (dynamic) bidding strategy for the
remaining entrant suppliers after the incumbent drops out.

Formally, consider the scenario where there are n € {1,---, N} remaining entrants after the
incumbent drops out. Let Pl denote the auction price right after the incumbent drops out: Pl
equals the incumbent’s drop-out price minus A = %. Moreover, for all k=1,---,n —1, let Pl
denote the (n— k)" drop-out price among the remaining n entrants, and iy denote the cost of the
(n— k)™ drop-out entrant. Suppose now that there are only k entrants in the auction, and entrant
j is one of them. At this point, the price b; at which entrant j should drop out should depend
on all the pay-off relevant information that he observes so far, which includes not only his cost z;
and the number of remaining entrants k, but also his posterior of the remaining entrants’ costs;
apparently, this posterior is determined by the previous drop-out prices, the current auction price,
as well as entrant j’s belief of other entrants’ drop-out strategy. Below, we first introduce a class
of Active-Bidder-Number Dependent Threshold strategy (ABN) and then construct an ABN which,
along with the remaining entrants’ posteriors when the incumbent drops out, forms a symmetric

perfect Bayesian Equilibrium in the bidding process after the incumbent drops out.

DEFINITION 1. An ABN is determined by a sequence of n — 1 functions {5 (z;;¢,p)}}_,, where sy
is strictly increasing and differentiable with respect to x; and we denote by 5, '(+;¢,D) its inverse

function. For an entrant with cost z;, the ABN specified by {5s;}}_, works as follows:
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Set k=n, p=p(,, and ¢=p[,,
if k=1 then terminate
else
compute a threshold b; = si(z;;¢,p)
if one of the other entrants drops out at an auction price Pli—1) > b; then
set T=cli_y) =3}, (D{y_1);CD) and set p=p}_;,
set k=k—1, and go to 2
else if no entrant drops out before the auction price hits b; then
drop out at b;, and terminate
end if
: end if

,_.
@

—_
—_

The function sy(x;;¢,p) maps an entrant’s cost type z; into a drop-out threshold b;, given the
number of remaining entrants k, the most recent drop-out price p, and an estimate of the upper
bound of other remaining entrants’ costs ¢. Note that under the supposition that all n entrant
suppliers who drop out after the incumbent use the ABN characterized by the same set of functions
{8k }}_,, € determined in ABN is consistent with entrants’ posterior on other remaining entrants’
cost distribution. To see that, recall that by definition, s is increasing in z;; this implies that
entrants with higher cost types drop out first. Therefore, when the highest cost entrant among & (for
any 2 < k <n) remaining entrants drops out at Pli—1)» all £ — 1 remaining entrants would correctly
deduce that the cost of the entrant who just dropped out equals cf, ;) = '§,;1(p?k_1);6,ﬁ), and it
coincides with the posterior of the upper bound of the support of the k — 1 remaining entrants’
cost distribution. Similarly, when the incumbent drops out with an auction price of Pl (recall
that it equals the incumbent’s drop-out price minus A), the upper bound of the support of the n
remaining entrants’ cost distribution equals pf,,, as is implied by Lemma 2.

Having explained above that all n remaining entrants using the same ABN ensures the consis-
tency condition for PBE, we now construct the ABN that ensures sequential rationality condition
given entrants’ beliefs. Toward that end, recall that we are considering a scenario where there are
exactly n remaining entrants when the incumbent drops out, and the auction price (right after
a price decrement of A from the incumbent’s drop-out price) is pf;,,. Our goal is to find {s}};_,
such that, given that all other remaining entrants employ the ABN specified by {s;}}_,, entrant
j’s best response coincides with the ABN specified by {s;}7_,, thus ensuring sequential rational-
ity. Note that entrant j’s optimal drop-out problem can be formulated as a stochastic dynamic
program. Specifically, denote by G¥(2;¢) := [F.(2)/F.(¢)]* and g*(z;¢) := k[F.(2)]* " f.(2)/[F.(e)]",
respectively, the c.d.f. and p.d.f. of the highest cost out of the k£ remaining entrants’ costs when
their costs’ upper bound is ¢ , and denote by V*(z;,p;¢,p) the maximum profit entrant j can
make when there are k active entrants in the auction where the current auction price is p, the

most recent drop-out occurs when the auction price hits p, and that the latest drop-out supplier’s
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cost is € (recall that assuming other entrants follow the ABN, entrant j can correctly infer that
c= '§,;1rl(p?k);6,f)) when £ <n—1 and ¢=p{,, when k= n). Then, entrant j’s optimal drop-out

strategy can be obtained by solving the Bellman equations below: For all k=2,...,n,

~—1 -
3, (p;E,p)
VF (2;,p;¢,P) = max [/ VET (25,5 (2:6,D) 5 2,8, (2:6,D)) 95" (25, (p;,D)) d=

bi€[z;p] | 57t (b;20)
when an entrant drops out before entrant j (i.c., before auction price reaches b;)
+BGE (5, (b;6,D)35, (me,p)) (1= B)* 1 (b; — ;)] (3)
when no other entrant drops out before entrant j
and V' (z;,p;¢,p) =B (p— ;). (4)

Theorem 1 below establishes, by construction, that an ABN forms a pure strategy symmetric
PBE for the dynamic bidding game which ensues if the incumbent drops out at p{,,) + A and with

n remaining entrants.

THEOREM 1. For any p€ [R+ A, R], and any n=1,..., N, suppose that the incumbent drops out
at price p with n remaining entrants still in the auction, and that it is common knowledge that all
remaining entrants’ costs are no higher than Pl where Plny =D — A, then the following holds:
(i) The ABN specified by a sequence of n—1 functions {s;}7_, defined below along with the belief
system that is consistent with ABN and the prior that all n entrants’ costs are below Pl forms
a symmetric PBE: For allk=2,...,n, x; €[R,¢], R<¢<p<R,

8§k (:Cj;évﬁ) :B(k_l)fe(xj)(gk (xj;éaﬁ)_xj) (5>
Oz (1—pB)Fe(z;) ’

with the boundary condition

5 (66,p) =D (6)

(11) sp(x;;¢,p) decreases in k for all x; € [R,¢), decreases in ¢, and increases in x; and P.
(11i) Sp(xj;¢,p) > x; for all x; € [R,C).

() If x5 <cfy_yy, then $y(25; ¢y, Ply) < Sk-1(255 €l 1), Pli_1))-

Several remarks are in order. First, note that after the incumbent drops out, by Lemma 2 and
the Bayes rule, all remaining entrants infer that their competitors’ costs are no higher than Dy
thus, Lemma 2 and Theorem 1 jointly characterize entrant suppliers’ equilibrium bidding strategy.
It is worth noting that we do not need to explicitly characterize the incumbent’s equilibrium
bidding strategy in order to characterize the entrants’ equilibrium bidding strategy. This is because
entrants have dominant bidding strategy before the incumbent drops out; once the incumbent

drops out, the remaining entrant’s expected pay-off depends on the incumbent’s bidding strategy
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only through the incumbent’s drop-out price. Second, note that Theorem 1 part (iii) implies that
after the incumbent drops out, in equilibrium all entrants will drop out at a price higher than
their costs; this is because any of the remaining entrants is incentivized to bid less aggressively
because he anticipates that his competing entrants who drop out later than him may not always
pass qualification screening. Third, recall that §k(mj;c?k), p?k)) is entrant j’s drop-out threshold
when there are exactly k entrants in the auction. Thus, Theorem 1 part (iv) implies that after
the incumbent drops out, every time an entrant drops out results in an increase of all remaining
entrants’ drop-out thresholds. In other words, once the incumbent drops out, all remaining entrants
start to increasingly hold back their aggressiveness on bidding as more entrants drop out. As a
result, the buyer should not safely assume that intense competition would naturally occur in POST
simply because more entrants joined the bidding process. Instead, she should take into account
the incentive implications of post-bidding qualification screenings on supplier bidding behavior
when evaluating what final contract price to expect from POST. Fourthly, we would like to point
out that while the entrant suppliers’ optimal drop-out problem is a high-dimensional stochastic
dynamic program and is computationally difficult to solve in brute force, we show in Theorem 1
part (i) that instead of solving the dynamic program directly, one only needs to solve a set of one-
dimensional first-order ordinary differential equations which can be easily computed numerically.
This characterization also facilitates a set of comparative statics results summarized in Theorem 1
part (ii). These comparative statics results are not surprising. For example, when there are a higher
number of remaining entrants k, there is more competition, so the entrants bid more aggressively by
having lower drop-out thresholds. Finally, if the entrants’ cost distribution is a uniform distribution,

the equilibrium drop-out strategy can be derived in closed-form.

PROPOSITION 1. When F, ~U|R, R|, the ABN in Theorem 1 has a closed-form expression:

B(k—1)
B V(@ - B+ (p-R-52De-R) () 7 +R B84
- _ Bh—1 \tj — L4t 4 fat “R fas k>
Sk (x4,6,p) = -~ 7
k (25,2,D) - n 6<1k_51) v o (7)
Oj_ﬂ)(ﬁ—ﬁ) _(xj_ﬂ)log(g_ﬁ>+ﬂa Zfﬁ*g-

We illustrate below an entrant’s equilibrium drop-out strategy after the incumbent drops out.

EXAMPLE 1. Suppose an incumbent competes with four entrants whose costs are uniformly dis-
tributed between $0 and $100, 000. The qualification cost is K = $5,000 and the passing probability
is 5 =0.5. In this setting, the buyer sets A = K/ = $10,000. Suppose the incumbent drops out
first at p =$100,000 and leaves behind four entrants in the auction. We now take the perspective
of entrant 1 with cost x; = $18,000 to illustrate the entrant’s equilibrium drop-out strategy (see
Figure 1). As soon as the incumbent drops out (point G* in Figure 1), the auction price imme-

diately drops by A and becomes $100,000 — $5,000/0.5 = $9,000 (point G in Figure 1). Then,
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entrant 1 infers that all other entrants’ costs are no higher than ¢ = $90,000, and then computes
a drop-out threshold according to (7): 5,($18,000;$90, 000, $90,000) = $26, 640 (point C' in Figure
1). Suppose that before the auction price reaches entrant 1’s threshold, entrant 4 drops out first
at $84,960 (point F' in Figure 1). Entrant 1 updates his belief about the remaining entrants’ cost
upper bound to ¢ =5, ($84,960; $90, 000, $90,000) = $72,000 (note that this also equals entrant
4’s cost), and then re-calculate his drop-out threshold as $3($18,000;$72,000, $84,960) = $32,310
(point B in Figure 1). Suppose that entrant 3 drops out at $74,790 (point F in Figure 1) before the
auction price reaches entrant 1’s updated drop-out threshold, leaving behind only entrants 1 and
2. This time, the updated cost upper bound becomes ¢ = 55" ($74,790; $72, 000, $84, 960) = $54,000
and entrant 1’s drop-out threshold becomes $3($18,000; $54, 000, $84,960) = $44,710 (point A in
Figure 1). Finally, the other remaining entrant drops out at $64,460 (point D in Figure 1), making

entrant 1 the auction winner.

Figure 1 Illustration of the dynamics of an entrant’s equilibrium strategy after the incumbent drops out
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Notes: In this example, F. follows uniform distribution U[$0,$100,000], K = $5,000, 8 = 0.5. Moreover, the incumbent
drops out at $100,000, and the remaining four entrants’ costs equal x1 = $18,000, z2 = $36,000, x3 = $54,000,
and x4 = $72,000 respectively. Point D (resp., E, F,Gx*) corresponds to entrant 2’s (resp., entrant 3’s, entrant 4’s,
incumbent’s) drop-out price. Point G corresponds to the auction price after the incumbent drops out. Point A (resp.,

B, C) corresponds to entrant 1’s drop-out price when there are 2 (resp., 3, 4) entrants in the auction in this example.

Apparently, the incentive implications on suppliers’ drop-out prices also depend on the model

parameters predicated on the business context. We provide insight on this in our next result.
PROPOSITION 2. Fiz any x; € [R,¢), ¢, and D, Sx(z;,¢, D) decreases in B and independent of K.

As the probability of passing qualification 8 increases, there is a higher chance that at least
one of the entrants with lower drop-out price would pass qualification and win the contract; thus,

all remaining entrants have more incentive to bid more aggressively by lowering their drop-out
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thresholds. In contrast, since the qualification cost K is the same for all of the remaining competing
entrants after the incumbent drops out, it does not affect the competition among these entrants

nor their bidding incentives after the incumbent drops out.

3.2. Incumbent’s Drop-out Strategy

Given the entrants’ equilibrium drop-out strategy characterized in the previous subsection, we
now analyze the incumbent’s equilibrium drop-out strategy. Recall that by Lemma 2, before the
incumbent drops out, it is a weakly dominant strategy for entrants to stay in the auction until the
auction price reaches their effective costs. Therefore, at any auction price p, the incumbent infers
that all remaining entrants’ costs are no higher than p — A. Note that once the incumbent drops
out, his chance of getting the contract is fully determined by the number of remaining entrants,
i.e., the incumbent wins the contract if and only if all remaining entrants fail their qualifications.
Therefore, in POST, as the auction price descends, the incumbent needs to decide when to drop
out based on the number of the remaining entrants and his belief about the remaining entrants’
cost distribution.

Denote by Vy"(zo,p) the incumbent’s maximum expected profit and denote by s, (xo;p) his
best response (henceforth, optimal drop-out price) when his cost is xg, the current auction price
is p, and there are exactly m remaining entrants who follow their equilibrium drop-out strategy
characterized in Lemma 2 and Theorem 1. Note that it is without loss of optimality to restrict
the set of the incumbent’s feasible drop-out price to be [max{R+ A, z,},p] because dropping out
below R+ A, which equals the lowest possible drop-out price from entrants, is never optimal.
Hence, given entrants’ equilibrium drop-out strategy, the incumbent’s best response can be found
by solving the profit optimization problem characterized by the following Bellman equations: For

allm=1,...,N, o € [R,R], p€ [max{R+ A, x},00),

Vo' (zo,p) = iR 15" (b; w0, p) = 115 (s}, (205 0); %0, D), (8)

where for all m=1,...,N, 25 € [R,R], p € [max{R+ A, x¢},0), b € [max{R+ A, x}, 0),
P
105" (b; 20, p) 1:/ Vo @0, 2)g" (2 = Asp— A)dz + G (b= Asp— A) (1= B)"(b— o),  (9)
b

and the boundary conditions are: For all xy € [R, R], p € [max{R+ A, x},0),
%O(moup):p_xo- (10)

Theorem 2 below fully characterizes the incumbent’s equilibrium drop-out strategy.
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THEOREM 2. For all zy € [R, R|, define

o ‘ (1-B)F.(b—A) |
" (xO) - \‘bE[max{xﬁrvlériA}vR"—A] IB(b B .To)fe(b B A) |

moreover, for all zy € [R, R] and m >m*(z,), define

{R+A, ifro <R+ A

0] = it € (mo, R A+ IR - 200m20) <0} iy > R A

pr (o) := min{b € (b}, (z0), 0] : LT (b; xg, R+ A) — 117" (b}, (z0); 20, R+ A) > 0}.

Suppose that the entrants follow the drop-out strategy characterized in Lemma 2 and Theorem 1.

Then the following statements hold:

(1). m*(xo), b5, (z0), Pk, (x0) are well-defined, pf,(xo) > b%,(x0) > o, b}, (x0) > xo when xo# R+ A,
m*(xg) is nondecreasing in xo, b% (xo) is nondecreasing in xo and nonincreasing in m, and
p(zo) is nonincreasing in xy and nondecreasing in m;

(ii). Given the incumbent’s cost xo, the number of remaining entrants m and the current auction
price p, the incumbent’s optimal drop-out price is

5;(%;]9) =

:n(xo)/\p7 ifm>m*($0)7 pgp:n(xo) .
P, otherwise ’

moreover, sk (xo;p) is nondecreasing in xo and p and nonincreasing in m.

Before explaining the managerial insights revealed in Theorem 2, we would first like to point
out that Lemma 2, Theorem 1 and Theorem 2 jointly establish the suppliers’ equilibrium drop-out
strategies in POST. Indeed, if the entrants follow the symmetric strategy characterzied in Lemma 2
and Theorem 1, Theorem 2 characterizes the incumbent supplier’s best response. Conversely, if the
incumbent follows the strategy characterized in Theorem 2, Lemma 2 and Theorem 1 characterize
the entrants best response: It is a weakly dominant strategy for entrants to follow Lemma 2 before
the incumbent drops out; after the incumbent drops out, by Lemma 2 and the Bayes rule, all
remaining entrants infer the common posterior that all the remaining entrants’ costs are A lower
than the incumbent’s drop-out price, so the conditions in Theorem 1 are satisfied.

Theorem 2 reveals that when there are multiple entrants, the incumbent’s equilibrium drop-out
strategy is a state-dependent dynamic strategy characterized by a threshold function b, (xo) and
two switching curves p, (xo) and m*(z,). Specifically, Theorem 2 part (ii) shows that, given the
current state of the auction, i.e., the number of remaining entrants m and the current auction price
p, an incumbent with cost xy should follow either of the two options: The “Compete” option where
the incumbent remains in the auction until the first time the auction price drops below a threshold

b* (z0), or the “Fold” option where the incumbent immediately drops out at current auction price
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p and forfeits the chance of winning the auction. Figure 2 illustrates the incumbent’s equilibrium
drop-out strategy. The threshold-type strategy in the “Compete” option is not unusual in open-
bid auctions; however, when would giving up winning the auction, the “Fold” option, be helpful
to the incumbent? Note that with the “Fold” option, the incumbent can still win the contract if
the remaining entrants all fail supplier qualification screenings. Thus, the “Fold” option can be
optimal when there is a sufficient chance that all m entrants fail qualifications (i.e., when the
number of remaining entrants is small, m < m*(x)). Moreover, the “Fold” option is optimal when
there are sufficient number of remaining entrant suppliers and the current auction price is high,
ie., m>m*(xo) and p > pr (zo). In this case, dropping out at a slightly lower price than p does
not significantly reduce the number of entrants who remain in the auction after the incumbent
drops out, so the incumbent’s chance of ultimately winning the contract does not increase much;
in the meantime, a lower drop-out price would definitely decrease the incumbent’s profit upon
winning the contract. Hence, it is optimal to “Fold” by dropping out at p immediately. Finally, the
comparative statics result of b% (o) and p}, (zo) with respect to xo established in Theorem 2 part
(i) shows that as x, increases, the region where “Fold” option is better expands (see the arrows in
Figure 2 for an illustration). This is because when the incumbent’s cost is high, dropping out at
a lower price than p is even less appealing since the same absolute reduction in incumbent’s bid

results in a larger percentage decrease in profit margin upon winning.

Figure 2 The “Fold” and “Compete” regions of the incumbent’s equilibrium drop-out strategy
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Notes: In this example, zo = $52,000, F. follows normal distribution N($30,000,$50,000) truncated at R = $0 and
R =$150,000, K = $6,700, and 8 = 0.61. The arrows show how the boundary of the two regions change as zo increases.

Our full characterization of the structure of the incumbent’s drop-out strategy is very useful
for two main reasons. First, from the managerial perspective, the incumbent’s state-dependent

dynamic equilibrium strategy in Theorem 2 is a non-trivial generalization of the static equilibrium
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strategy characterized in Wan et al. (2012): By generalizing Wan et al. (2012)’s model to a more
realistic setting with multiple entrants, we can tease out how the dynamically evolving competition
landscape (e.g., the number of remaining entrants m) affects the incumbent’s bidding incentives.
Specifically, Theorem 2 part (ii) (resp. (i)) shows that the incumbent’s optimal drop-out price (resp.
threshold b7, (z0)) is nonincreasing in m (see Figure 3 for an illustration of how the equilibrium
bidding function for all incumbent cost types changes as m varies). Intuitively, as m increases, the
incumbent is faced with more competition from the entrants, so he should bid more aggressively.
Note that such reduction in incumbent’s drop-out price can be quite significant for some cost types.
For example, as illustrated in Figure 3, when the incumbent’s cost is $30,000, as the number of
entrants increases from 1 to 2, the incumbent’s drop-out price reduces from $150,000 to $38, 000,
a 76.67% reduction in drop-out price! Recall that from the buyer’s perspective, the main drawback
of POST is that inviting entrants to an auction will not always necessarily results in aggressive
biddings from the incumbent because the incumbent may take the advantage of his qualified status
to behave opportunistically by inflating his bid (the “Fold” option discussed previously). Our
observation seems to suggest that such opportunistic behavior may get mitigated significantly as
more entrants participate in the auction. This motivates us to numerically explore how the number
of entrant suppliers affect the buyer’s choice between PRE and POST in more depth in Section 4.

Second, from a technical implementation perspective, Theorem 2 can greatly reduce the computa-
tional complexity of the incumbent’s strategy. We would like to point out that the dynamic program
in (8)-(10) is very difficult to solve computationally because the objective function IIj"(b; o, p) in
(8) is not necessarily unimodal in the decision variable b! In fact, the lack of unimodal structure is
the main reason that the incumbent’s equilibrium drop-out strategy has the two separate options
“Compete” and “Fold”. Fortunately, Theorem 2 part (ii) implies that the optimal solution to (8)
can only take two possible values, b*, (o) and p, both of which can be easily computed. (Mathe-
matically, this result is based on our observation that when IIj* has a local maximum, i.e., b, (o),
the objective is increasing for all b < b%, (x) and for all b > p¥ (zo) where p}, (zo) is the smallest
point on the real line to the right of b, (z¢) such that I (b7, (z0); zo, p) = T (p},(x0); 2o, p).) What
is nice about this structure of the optimal solution is that when solving the dynamic program,
instead of optimizing a non-convex optimization for each state, we now only need to compare the
objective value of two easily computable points. This greatly speeds up the computation of the
incumbent’s equilibrium drop-out strategy which makes our numerical study in Section 5 feasible.

Next, we investigate how the incumbent’s optimal drop-out decision depends on the model
parameters (i.e., K and (). We first study the impact of qualification cost K on the incumbent’s
optimal drop-out price. Recall that Lemma 2 states that before the incumbent drops out, all

entrants will drop out at their effective costs x; + A. As K decreases, all entrants’ effective costs
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Figure 3 Illustration of the incumbent’s equilibrium drop-out strategy
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Notes: In this example, F. follows normal distribution N($30,000,$50,000) truncated at R =$0 and R = $200, 000,
K =$6,700, and 3 = 0.61. The plot on the left illustrates the switching curves that determines incumbent’s equilibrium
drop-out strategies when there are m = 1,2, 3 entrants respectively. The plot on the right illustrates the incumbent’s
equilibrium drop-out price curves when the current auction price is $150,000 and there are m = 1,2,3 entrants

respectively.

decrease. This means that the incumbent is effectively faced with entrants with more competitive
costs; as a result, one may expect the incumbent to bid more aggressively by decreasing his drop-out
prices. Interestingly, our next example shows a non-monotonic change of the incumbent’s optimal

drop-out price as K varies.

EXAMPLE 2. We consider an example with R = $0, R = $100,000, F. and F, follow uniform dis-
tribution U[$0,$100,000], and S = 0.7. By abuse of notation, we use s} (zo;p; K) to capture the
dependence of s} (zo;p) on K. Suppose there are two entrants and the current auction price is
p=$100,000. We can compute an incumbent’s optimal drop-out prices under two different quali-

fication costs K = $5,000 and K = $25,000 as follows

$7,143, if 2o € [$0,$7,143],
s5(20;$100,000; $5,000) = < 1.273x¢ — $1,950, if =, € [$7, 143, $80, 086],
$100, 000, if o € [$80, 086, $100,000];
and
$35,714, if z € [$0,$35, 714],
s5(o; $100,000; $25,000) = ¢ 1.273z¢ — $9, 750, if o € [$35, 714, $86,213],
$100, 000, if z € [$86,213,$100, 000].

Figure 4 illustrates the optimal drop-out thresholds for all incumbent cost types at K = $5,000 and
K =$25,000, respectively. It shows that as the qualification cost increases from $5,000 to $25, 000,
the incumbent will increase his optimal drop-out price if his cost is z¢ < $29,586 but will decrease

or keep the same drop-out price if his cost is 2y > $29, 586.
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Figure 4 The impact of qualification cost K on the incumbent’s optimal drop-out prices
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Note: In this example, Fe follows uniform distribution U[$0,$100,000], 3 =0.7, and m = 2.

The reason behind this non-monotonic effect of K is due to the trade-off between the “Compete”
and “Fold” options identified in Theorem 2. While the entrants become effectively more competitive
in costs when K decreases, the incumbent may have different types of reactions depending on his
cost type. For an incumbent with a low cost type, he responds by bidding more aggressively. But
for an incumbent with a high cost type, lowering his drop-out price will result in a big percentage
reduction in his profit margin upon winning but would not significantly reduce the number of
entrants who drop out later than him (i.e., his winning probability does not improve significantly).
Hence, he will shy away from intense competition by dropping out at a high price when K decreases.

Next, we study how the entrants’ qualification passing probability 5 affects the incumbent’s
optimal drop-out prices. As [ increases, the entrants are more likely to pass the qualification
screening, so the incumbent is faced with more risk of losing the contract. As a result, intuitively,
one would expect the incumbent to lower his bid, i.e., the incumbent’s optimal drop-out price
should decrease in . Somewhat surprisingly, our next example shows that this intuition is not

always true: For some incumbent cost types, the optimal drop-out prices actually increase in .

EXAMPLE 3. We consider an example with R = $0, R = $100, 000, F, and F, follow uniform distri-
bution U[$0,$100,000], and K = $25,000. By abuse of notation, we use s?, (zo;p; 3) to capture the
dependence of s* (zg;p) on . Suppose there is only one entrant and the current auction price is
p=$100,000. We can compute an incumbent’s optimal drop-out prices under two different passing

probabilities 5 =0.3 and =0.7 as follows

. o [ 883,333, if o < $72,222
1(0;8100,000;0.3) = {$100,000, if 2y > $72,222 7
and
$35,714, if 2o € [$0,$35, 714]
7 (203 $100,000; 0.7) = { 1.75, — $26,785, if wy € [$35, 714, $72, 449]
$100,000, if 20 € [$72, 449, $100,000]
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Figure 5 illustrates the optimal drop-out prices for all incumbent cost types under 8 = 0.3 and
B =0.7. It shows that when the incumbent’s cost is z, € ($62,925,$72,222), his optimal drop-out

price increases as the passing probability increases from 0.3 to 0.7.

Figure 5 The impact of qualification passing probability 8 on the incumbent’s optimal drop-out prices
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Note: In this example, F. follows uniform distribution U[$0,$100,000], K = $25,000, and m = 1.

The reason behind this non-monotonic effect of 8 is similar to that of K. As § increases, there
is a higher risk of losing the contract if the incumbent drops out at a high price, so the incumbent
has the incentive to decrease his drop-out price. However, there is also another competing effect.
As [ increases, all entrants’ effective costs decrease. Similar to the rationale behind the “Fold”
option, this intensified cost competition incentivizes the incumbent with moderate or high cost to
bid less aggressively. When this latter effect dominates the former effect, the incumbent’s optimal

drop-out price increases in f3.

3.3. Buyer’s Expected Procurement Cost

Having established the suppliers’ equilibrium drop-out strategies, we now derive the buyer’s
expected procurement cost under POST. Denote by PC,,s:(z0) the buyer’s procurement cost under

POST when the incumbent’s cost is zy. The buyer’s expected procurement cost under POST equals

PClosy = / "B [PCost(0)] dFp (o). (11)

R
To derive a closed-form expression for E [PC,.s(z0)], we utilize the structural properties of the
incumbent’s equilibrium drop-out strategy characterized in Theorem 2. Recall that given x,,
the incumbent’s drop-out strategy is fully characterized by a set of known constants m*(z),
{05,(20) Y on e (o)1 A0 P}, (20) } =i (ng) 41+ Moreover, based on the incumbent’s drop-out price

P, we can use the incumbent’s equilibrium drop-out strategy to infer how many entrant suppliers
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remain in the auction when the incumbent drops out. For example, if p = b, (o), then it means
that, with probability one, there are exactly m entrants in the auction when the incumbent drops
out. This observation motivates us to divide all possible incumbent drop-out prices into different

regions. To that end, we define some intervals as follows (see Figure 6 for an illustration):

B, = (b5, (x0),b5, 1 (70)) for m =m*(z0) +2,--- , N, and B,, := (b%,(z0), RA P}, (z0)] for m=m*(x) +1,

Py, = (pi(z0), Pl i1 (20)] for m=m* (o) + 1, -+ ,m(xo) — 1, and P,, := (p}, (), R) for m = m(z,),

where m(z0) := max{m :m*(zo) + 1 <m < N,p’, (z0) < R} when Do () 41(T0) < R, and m(xg) :=

min{m*(xy), N} otherwise.

Figure 6 Tllustration of the incumbent’s drop-out price regions
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Note: The dependency of by, (zo), P (x0), m* (zo), m(x0) on xo is suppressed for notational simplicity.

Then, based on the incumbent’s drop-out price p, there are four types of scenarios: (a) p= R, (b)
pE P, for m=m*(xg)+1,...,m(xg), (c) p € B,, for m=m*(z¢)+1,...,N, and (d) p="0b}, (o) for
m=m*(x¢)+1,...,N. Based on the incumbent’s equilibrium drop-out strategy, one can verify that
the following relationship between p and m is true: Scenario (a) implies that there are fewer than
m(xy) entrants who participate in the auction, so the incumbent leaves behind fewer than m(z)
entrants in the auction; scenario (b) (resp. (c)) implies that the m + 1% (resp. m'") lowest entrant
drops out at P, so the incumbent leaves behind m (resp. m — 1) entrants in the auction; scenario
(d) implies that the incumbent drops out at the threshold b}, (zo) leaving behind m entrants in
the auction. By conditioning on the price at which the incumbent drops out, Proposition 3 below

provides a closed-form expression for E[PC,,s:(z0)].

PROPOSITION 3. For all m =1,...,N, denote by X(n.ny the m' smallest cost among all N

entrants’ costs, and let X (ni1.n) = R. Then, when the incumbent’s cost is x,, the buyer’s expected

cost is

NI
il(N —i)!

> / h(m,p)®,,, ., (P)dp

m=m*+1 PEPM

+ ) / m—1,p)®, (p Z Gmh(m,b7,), (12)

m=m*+1YPEBm m=m*+1

E[PCpost(20)] =

Ms»

e F (R A1 F, (R—A)]Y 70, B)

s
Il
=

+
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where, for all m = m*(xo) +1,...,N and p € [R,R], we define h(m,p) := E[PCpos:(z0)|m,D],
D, (P) =P (X(miny <D — A, and Xj11.8) <P (w0) —AVj=m,...,m(x0)), and ¢, :=P(X(mn) <
by (z0) = A < X(myrny, and Xp1.n) < p5(x0) — AV =m,...,m(x)). (For expositional clarity,
the closed-form expressions of ®,,(D), ¢m(P), h(m,p) are derived in the proof.)

We would like to point out that the distribution of p is partly continuous and partly discrete,
i.e., ®' (p) corresponds to the p.d.f of the incumbent’s drop-out price p when p € B,, (or when
pE€ P, 1), and ¢, corresponds to the probability that the incumbent’s drop-out price p equals
b’ (x0). The derivation of h(m,p) uses the properties of the entrants’ equilibrium drop-out strategy
and the Revenue Equivalence Theorem (Myerson 1981). Finally, Proposition 3 combined with (11)

establishes a closed-form expression of PC)s:.

4. Buyer’s Choice Between PRE and POST

The expressions for buyer’s expected cost under PRE and POST, which are characterized in Section
2.1 and Section 3.3 respectively, allow the buyer to evaluate, ex ante, which qualification strategy
is cheaper. In this section, we turn to the buyer’s strategic choice between PRE and POST and
identify conditions under which the buyer is better off using the POST we propose.

Our analysis and discussions have identified the main cost drivers for the trade-off between the
two qualification strategies: On the one hand, POST reduces the number of qualification screenings
needed (and hence the qualification cost) because the buyer would only select entrants with low
bids for qualification screenings; on the other hand, while there are more suppliers competing in
bidding in POST, the fact that not all of them have been qualified yet pose incentives for suppliers
to bid less aggressively in the hope that lower bids may fail qualification, which may result in
higher contract payment then PRE. The strengths of both driving forces depend on the model
primitives, such as how well the entrants are positioned to pass the qualification screening (), the
economic burden of conducting qualification screenings (K'), and the level of competition (N). Our

next result characterizes conditions under which the buyer should choose our proposed POST.

PROPOSITION 4. Holding all other parameters constant, the buyer should choose POST if
(a) the likelihood for an entrant to pass qualification screening, (3, is sufficiently high;

(b) the cost of qualification screening, K, is sufficiently high;

(c) the number of entrants, N, is sufficiently high.

The intuitions of the results above are closely related to the cost drivers of the trade-off between
PRE and POST identified previously. When entrants have a high chance of passing the qualifica-

tion screening, (3, suppliers face a higher risk of losing the contract by opportunistically holding
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back their aggressiveness in bidding; thus, the effect of less aggressive bidding in POST is damp-
ened and makes POST more appealing. When each qualification screening costs a fortune for the
buyer, the benefit of conducting more informed qualification screening based on suppliers’ bids
is more pronounced; thus, the buyer should choose POST. Finally, when N is large, POST has
the advantage of tapping into a large pool of competing entrants in the bidding process (which
effectively mitigate the magnitude of the incentive for less aggressive bidding in POST) without
necessarily conducting a lot of qualification screenings. Figure 7 illustrates the buyer’s optimal
strategic decision on qualification strategy, where each curve corresponds to a given N and shows
the optimal decision boundary between PRE and POST: For a given N, the buyer should choose
POST if the point that corresponds to K and S lies in the region above the decision boundary.
Quite strikingly, when the number of available entrants is more than 7 (i.e., N > 7), which is not
uncommon in many manufacturing industries, POST outperforms PRE for a very high proportion
of all of the combinations of K and f illustrated here. This seems to suggest that introducing POST
in a buyer’s sourcing tool can be quite powerful. This also motivates us to assess the magnitude of

the benefit that POST offers via a comprehensive numerical study in the next section.

Figure 7  The buyer’s optimal qualification strategy
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Notes: The curves correspond to the decision boundaries for different number of all entrant suppliers N. Given N,

the buyer should use POST in the area above the corresponding curve and use PRE in the area below that curve.

5. Assessing the Benefit of POST

Recall that our analysis makes it possible for the buyer to compute the expected costs of PRE and
POST ex ante and choose the cheaper option to implement; thus, our proposed approach to the
buyer is to use the cheaper option between PRE and POST. How effective is this approach? To
assess the benefit of the POST option, we conduct an extensive numerical study, which consists

of 19,635 problem scenarios with a wide range of different model parameters (see Table 1 for the
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factorial design of our numerical study), to answer the following two questions: (i) how much cost-
savings does our proposed approach provide compared with using PRE alone, and when does our
proposed approach offer the most cost-savings; (ii) how much does our proposed approach help in
bringing down the procurement cost closer to the optimal mechanism which achieves the lowest

cost possible in theory but may not be implementable in practice.

Table 1 Factorial Design of the Numerical Study

Parameters Values
Cost distribution F, and F, follow uniform distribution U[$0,$100,000]
Qualification cost K $1,000, $1, 250, $1, 500, - - - , $20,000
Qualification passing probability 3 0.15,0.2,0.25,---,0.95
Number of available entrants N 1,2,3,---,15
Number of the incumbent 1

5.1. Study 1: Comparing proposed approach to PRE
To assess the magnitude of cost-savings that our proposed approach offers compared to the con-
ventional approach PRE, we use the following cost-saving metric:

PC,.. —min{PC,,., PCpps: }
PCye '

For each scenario, we compute the expected cost of PRE and POST and calculate the metric
defined above (see Online Appendix EC.2 for the detailed computation method and pseudocode);
this results in a data set of the cost-saving metric with 19,635 samples and we report key summary
statistics of the cost-saving metrics in Table 2. Note that the cost-savings range from 0% (this is
when PRE is optimal) to over 60%, which suggests that, depending on the model parameters, the
magnitude of the benefit that our proposed strategy can offer over the conventional approach PRE
can be very heterogeneous. Having said that, our proposed strategy can save the buyer 32.67% of
the procurement cost under PRE on average. More strikingly, even at 10% percentile, our proposed
strategy still provides a cost-saving of 2.04%, which is a quite significant cost improvement by
industry standards. This suggests that in many practical scenarios, there is a significant cost
improvement opportunity to incorporate POST into buyer’s re-sourcing toolkit.

Motivated by the heterogeneity of cost-savings across different scenarios, we next investigate
when our proposed strategy offers the highest cost-saving compared to PRE. To address this
question, in the data set of 19,635 cost-saving metrics we have calculated, we take the subsamples
which have the same N (resp. K), and plot their summary statistics as a function of N (resp. K)
in Figure 8. Figure 8(a) shows that as the number of entrants N increases, the cost-saving also

increases, which is consistent with the observation in Figure 7 that when the number of entrants
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Figure 8 Relative cost-savings of the proposed strategy over PRE

(a) Cost-saving as a function of N (b) Cost-saving as a function of K
70% T T 70%
-©-mean
90%tile
60% 60% -
* | —A—75%tile °

— - % -50%tile —

50% 50% r
= 25%tile . ‘g_ . 0" =
%D 40% = % =10%tile * ,: - %0 40% |- _ ‘3_ - ‘3 - - 1
= 5 = BRI E gy
% 30% . B 30% - » .
+ + L4
8 8 s
O 20% | _e-¥ O 20% )

x~ " * o
10% | e 1 10% %
R i St e
_ X -
0% —] . . 0% 5% et . . %X
0 5 10 15 $0 $5 $10 $15 $20
The number of entrants N Qualification cost K (thousands)

is sufficiently large, the buyer should use POST. While the number of entrants N affects the cost-
saving monotonically, Figure 8(b) shows that the effect of qualification cost K is non-monotone: The
cost-saving first increases and then decreases as K increases. When qualification cost is very small,
PRE is already very effective, so our proposed strategy does not improve much; when qualification
cost is very large, both PRE and POST will end up qualifying a small number of entrant suppliers,
so the benefit of our proposed strategy is also limited.! In summary, our proposed strategy is most

beneficial when the number of available entrants is large, or the qualification cost is moderate.

Table 2 Summary statistics for the relative cost-savings of the proposed strategy over PRE
Cost-saving (%)

mean 32.67

std 21.03

90th percentile 60.14
75th percentile 51.43
50th percentile 34.35
25th percentile 13.03
10th percentile 2.04

5.2. Study 2: Comparing proposed approach to the optimal mechanism

As discussed earlier, both PRE and POST, and hence our proposed approach, are easy to implement
in practice with features which the practitioners are very familiar with. While being simple is an
appealing feature in practice, one may wonder how well our proposed approach compares with
more complicated approaches which may be potentially more cost effective. To assess the additional

cost-savings a buyer could achieve in theory on top of our proposed approach, we now assume that

! For example, consider the case where K > RA3. This implies that A = K/8 > R — R, so the buyer should not conduct
qualification screening in either PRE or POST. As a result, PRE and POST result in the same expected cost.
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the buyer has full commitment power and conducts an optimal mechanism analysis to the model we
introduced in Section 2. In other words, instead of analyzing a particular mechanism such as POST
in Section 3, we seek the optimal mechanism among a broader class of feasible mechanisms where
the only constraint we place is that the buyer can only award the contract to qualified suppliers.
Note that this class of feasible mechanisms subsumes the mechanisms we have discussed in this
paper where each supplier is allowed to only place one single bid which the buyer can choose to
use (i.e., in POST) or ignore (i.e., in PRE) when conducting qualification screenings. However, it
also includes mechanisms that are potentially very hard to implement in practice (e.g., after the
qualification screenings of some of the entrant suppliers, the buyer allows the incumbent to reduce
his bid if an entrant with a lower bid passes qualification screening.) Hence, the optimal mechanism

serves as a lower bound of the lowest possible cost the buyer can ever achieve in practice.
To characterize the optimal mechanism, we define the virtual cost for the entrants and the
Fe(w;) Fo(wg)

incumbent as ¢, (z;) :=x; + yXER) and 1g(xo) :=xo + Fo(z0)

respectively.

PROPOSITION 5. Under the assumption that 1;(x;) is nondecreasing and Assumption 1, an opti-
mal direct, individually rational, and incentive-compatible mechanism that minimizes the buyer’s
expected total cost is characterized as follows?:

o Step 1. The buyer asks all suppliers to report their true costs.

e Step 2. Let i, be the entrant with k' lowest cost among all entrants, and suppose there are
L < N entrants whose costs are lower than ¥ (1o(x¢) — A). The buyer conducts qualification
screenings among entrants according to the sequence {iy}t_, until either the buyer finds a
qualified entrant or the buyer exhausts the list of all L entrants.

e Step 3. At the conclusion of Step 2, if the incumbent is the only qualified supplier, then the

buyer awards the contract to the incumbent and pays him

B Y A=) minR gy (elwy) + A)} + (1= 5)V " R; (13)

I=L+1
otherwise, the buyer awards the contract to entrant x;, who passes the qualification screening
and pays him

L

B> (=) w4+ (1= ) 9 (do(0) — A). (14)

I=k+1

2 Note that a similar optimal mechanism design setting has been investigated in Wan and Beil (2009) and Chen
et al. (2018). It is worth-noting that the notion of pre-qualification screening in Wan and Beil (2009) refers to
buyer’s endogenous effort on identifying suppliers with certain qualification probabilities, and is hence different from
our setting. Having said that, our optimal mechanism analysis is different to the model in Wan and Beil (2009)
in the following way: We consider the case where the suppliers have ex ante asymmetric cost distributions, and
the “prequalification probabilities” (per Wan and Beil (2009) terminology) are exogenous (i.e., it equals 1 for the
incumbent, and equals 8 for the entrants). Our mechanism design problem is not a special case of the model considered
in Chen et al. (2018) because suppliers’ cost distributions are asymmetric in our setting.
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Note that in the optimal mechanism, it is optimal to conduct supplier qualification screenings
post-bidding. This is because, on the one hand, using the suppliers’ initial bids helps the buyer
make more informed supplier qualification screening decisions and save qualification cost (this is
consistent with the finding in Study 1 in that POST performs well compared to PRE in most of
the scenarios); on the other hand, the optimal payment rule, under which the buyer commits to
ex ante, ensures that she provides the minimum incentive needed for the suppliers to not inflate
their cost bids (in contrast, the simple payment rule in POST creates incentives for suppliers to
inflate their bids compared to PRE). While the optimal mechanism, by definition, results in lower
expected total cost for the buyer compared to our proposed approach, we want to point out that
the optimal mechanism is difficult to implement due to various practical concerns. For example,
the optimal mechanism’s payment rule in (13) and (14) is very complicated: The winner’s payment
not only depends on his own bid but also depends on his competitors’ bids in a nontrivial way,
which is difficult for the buyer to rationalize to suppliers in the first place in practice. Moreover, the
optimal mechanism’s qualification screening rule is not necessarily ex post optimal for the buyer
because, in contrast to Step 2 in Proposition 5, ex post, the buyer may actually have an incentive
to not screen an entrant with cost x; <. ! (¢o(xo) — A) if all lower cost entrants fail qualification
screenings®. Thus the buyer not only faces the challenge of explaining the rules of the mechanism to
the suppliers but also needs to convince the suppliers that she will strictly follow the complicated
rules even though following these rules may not be in the buyer’s best interest ex post. Another
aspect of the implementation challenge of the optimal mechanism relates to the impracticality of
truthful bidding. In practice, truthful bidding is hard to induce because both the incumbent and
entrants would be hesitant to reveal their true costs for fear of, for example, revealing private cost
information which would put them in a disadvantaged position for future business negotiations
with the buyer. (We refer interested readers to Roughgarden and Talgam-Cohen (2019) for more
discussions on the drawbacks of optimal mechanisms in practice, and Rothkopf (2007) for several
more general critiques about why mechanisms that induce truthful bidding may not be practical.)
Note that these practical implementation issues do not arise in POST: In POST, the payment
is essentially a simple pay-as-bid rule (see footnote 1), the qualification screening rule is ex post

optimal for the buyer, and the suppliers do not need to reveal their true costs.

3 Here is an example when the optimal mechanism’s qualification screening rule is not ex post optimal. Suppose
there is one entrant and one incumbent and both suppliers’ cost distributions follow uniform U0, R]. Moreover, the
entrant’s cost o1 <1, ' (¥o(xo) — A) (namely, N = L = 1), and the incumbent’s cost zo > R — A/2. By Proposition 5,
(13) becomes R since N = L, and (14) becomes 12 ' (o(x0) — A). Then, after secing both suppliers’ bids o and 1
(i.e., ex post), the buyer’s total expected cost under the optimal mechanism is K + Bi. ' (¢o(x0) — A) + (1 — B)R=
B(zo+A/2)+(1— )R> R. Thus, ex post, she has an incentive to deviate from her committed qualification screening

rule by not screening the entrant but awarding the contract to the incumbent directly with the payment R as in (13).
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While the optimal mechanism is hard to implement in practice, it does provide a lower bound of
the best achievable cost for the buyer in practice. We can then use this lower bound to numerically
evaluate how effective our proposed approach helps bring the cost down to the optimal cost from the
conventional approach PRE. To that end, we adopt a metric defined as the fraction of the absolute
potential savings the optimal mechanism offers over PRE that can be captured by our proposed
approach. To compute this metric, for each scenario, we calculate the savings of our proposed
approach over PRE across all scenarios and divide this by the potential savings using the optimal
mechanism (see Online Appendix EC.2 for the detailed computation method and pseudocode):

PCprp —min{PCprr, PCposr}
PCprg — PCopr ’

(15)

where PCopr is the expected cost under the optimal mechanism. Next, we report key summary
statistics in Table 3. Consistent with our previous observation, our proposed approach performs
very well: Across all scenarios, it captures on average 72.23% of the potential savings from the
optimal mechanism which, as we mentioned, would be hard to implement in practice. Thus, we

believe that our proposed approach is a powerful procurement toolkit for the buyer.

Table 3 Summary statistics for the cost-saving recovers of the proposed strategy over the optimal mechanism

Cost-saving (%)

mean 72.23

std 28.10

90th percentile 96.11
75th percentile 92.99
50th percentile 84.45
25th percentile 59.95
10th percentile 26.07

6. Conclusions

In this paper, we study the buyer’s optimal choice between pre-qualification (PRE) and post-
qualification (POST) strategies in a re-sourcing setting where a qualified incumbent and multiple
not-yet-qualified entrant suppliers compete for a single-supplier contract in an open-bid auction.
While this is an important problem in the academic literature, there is little guidance on how to
quantitatively choose between PRE and POST in practice. This is primarily because POST in the
context of open-bid auction is a very complex dynamic game and it is deemed computationally
intractable to compute the buyer’s expected cost under POST when multiple entrant suppliers
participate in the auction. By providing a full characterization of suppliers’ equilibrium bidding
strategies in POST, we uncover managerial insights on the entrants’ and the incumbent’s different

bidding incentives in this setting. More importantly, by leveraging the structural properties of
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suppliers’ bidding strategies, we provide the first computationally tractable approach to evaluate
the expected cost of POST, which enables practitioners to quantitatively compare the expected
costs of PRE and POST ex ante. Hence, we propose the buyer to use the cheaper option between
PRE and POST to minimize the expected procurement cost.

While PRE is predominantly used in practice, we derive analytical conditions under which POST
is cheaper than PRE, and show via an extensive numerical study that our proposed approach (i.e.,
the cheaper option between PRE and POST) can significantly reduce the buyer’s procurement
cost compared to only using PRE for many practical settings. We show that even though our
proposed approach is simple and only involves combining features of existing auction methods in a
novel way, it captures most of the benefit which a theoretically optimal mechanism (which is quite
difficult to implement in practice) offers over PRE. These results provide evidence that POST can
be a powerful tool to manage re-sourcing processes in practice. Note that POST is one possible
arrangement to incorporate post-bidding qualification screening into open-bid auctions and there
may be other practical alternative mechanisms which could provide more cost-savings to the buyer.

We leave this as an open research direction.
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EC.1. Proof of Statements

Proof of Lemma 1. Obviously, it is suboptimal to conduct qualification screening on entrants
who drop out at higher price than the incumbent. Thus, we only need to focus on entrants who
drop out at lower prices (i.e., those who drop out later than the incumbent in our open-bid auction
setting) than the incumbent. Suppose there are n entrants in the auction when the incumbent
drops out, and the auction price after the incumbent drops out is Dlny- Suppose, without loss of
generality, that these are entrants j =1,2,...,n and they drop out in the reverse order in time.
Denote by pf) the (n — 7)™ entrant who drops out after the incumbent (this means that entrant
j+ 1 drops out at p?j)) for j=1,...,n— 1. Denote by W(b,U) the buyer’s expected total cost-
to-go when the lowest bid among all the qualified suppliers is b, and the set of not-yet-qualified
suppliers who drop out later than the incumbent is & C {1,...,n}. We now show by induction
that it is optimal to screen the supplier with the lowest drop-out price in U if his drop-out price
is lower than b— A. Suppose that || =1. Without loss of generality, assume U = {j}. The buyer
should screen supplier j if the expected total cost of doing so is lower than not doing so, i.e., when
5(b,p?j_1)) =K+ (1- B)b—i—ﬁmin{b,p?j_l)} —b < 0. Note that 5(b,p?j_1)) is increasing in p{;_,, and
5(b, pf‘jfl)) =0 when p;_;) =b— A; this establishes the inductional basis. Suppose the induction
hypothesis is true for all || <k — 1, we now show it is true for [U| = k. Suppose U = {j1,...,Jx}-
We first prove that, if it is optimal to screen any entrant in U, it is optimal to first screen entrant
Jix, where [* = argmin, ., ji, than to screen entrant j for I’ #[*. Indeed, on sample paths where
ji+ passes qualification screening, screening j;+ first and then following the optimal screening policy
would result in the same contract payment but lower qualification screening cost compared to

screening j first and then following the optimal screening policy; on sample paths where j;« fails

qualification screening, both policies yield same total cost. We now show that it is optimal to

n

screen ji+ when pf;

y <b— A, but not to screen any entrants when Ple—1) = b — A. Note that
the expected cost-to-go of not screening any entrants is b. Thus, if D) = b— A, then the buyer’s
expected cost of screening supplier j;+ and then following the optimal policy (which in this case is
not screening any other entrant in U since P, = b— A for all 1 <[ < k) is more expensive than not
screening any supplier since K + Bmin{p?jl*il), b} +(1—p)b>b; if Pl <b— A, then screening
supplier j;+ and then following the optimal policy is cheaper than not screening any supplier since
K + gW(min{b,py; .} U= {Gi-}) + (1= HYWOBU — {5 }) < K + (b — A) + (1 — 8)b = b. This
completes the inductional step. The optimal screening policy established above implies the stated

optimal sequence of screening. Moreover, at any time, b would be the minimum of the incumbent’s
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drop-out price and the drop-out price of the first entrant who passes qualification screening. This

completes the proof. B

Proof of Lemma 2. Due to the price decrement after the incumbent drops out, an entrant j with
cost x; may lose money if he drops out at a price p that is lower than x; + A. Moreover, he is also
no better-off by dropping out at a price b; > x; + A: if the incumbent drops out below x; + A or
above b;, entrant j does not gain by dropping out earlier at b;; but if the incumbent drops out
between b; and x; + A, the entrant is better off staying in the auction longer because otherwise he

will lose the contract for sure. B

Proof of Theorem 1. For expositional convenience, we will prove (ii) first and then (i), (iii) and
(iv).

(ii) We first prove that sy(z;;¢,p) decreases in k by contradiction. Fix K, 3, ¢ and p, suppose,
to the contradiction, that 5, is not decreasing in k. Then there exists an z; € [R,¢) such that
sp(75¢,p) > 5p_1(7};¢,p), which, by (5), implies that (9/9x;)sk(x;;¢,p) > (0/0x;)8,1(x;;¢,p) for
all z; > 2. Thus, 5;.(7;;¢,p) > s,_1(x;;¢,p) for all x; € (a:;,é], which contradicts to the fact that
5,(¢;¢,D) = 5x_1(¢; ¢, p) =P due to (6). The sensitivity results for z;, € and p can be proven similarly.

(i) For any 2 <k <n, we denote the objective function in (3) by

~—1 —
5, (pie,p)
IT¢ (bj; 5, p; €, D) =/ y )Ve’”(wjagk(zmp);z,gk (z:2,0) 98" (235, (p;e,p)) dz
E’; bj;E,Tf}
+BGE (5, (bj;e,p) ;5. (mse,p)) (1—B)F " (b — ;). (EC.1)

Take partial derivative with respect to b, yields

aI_Ie (bj;aal;j)p;cap) _ |:Fe (§E (bj;ccvp))] - {5(1—,8)k1—(k—1) fe(fsvlz (b';éaﬁ)) .
95, (bj;¢,p) [
ab,
_ [(1—5)Fe (55" (bﬁcyp))]k_l {5_ VI (@), 65585 (0536,D) ,b;) — BL—B)** (b; — =)
F. (5" (p;e,p)) B(1—B)k=2(b; —3," (b;;E,P))

where the first equality follows by the definitions of GF~! and ¢g*~!, the second equality holds since,

Jpc.2)

by Implicit Function Theorem and (5),

05, (bj:6,p) _ ( O3k (x3¢,p)
8bj ox

(k—=1)fc(5," (bj;¢,p)) bj —5," (by;¢,D)

x:'s“,; 1 (bj iC,D

)1 F.(3," (b;;2,D)) B(1-5) (EC.3)
)

Note that the following is true: for all b; € [z;,D),

b; — 3, (bj;,p) > 0. (EC.4)
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Indeed, if (EC.4) is not true, then, by (5), there exists b;- € [z;,p) such that
(0/02;)3:(3," (b;;e,p);e,p) < 0, which implies that (9/0z;)3i(z;;e,p) < 0 for all z; €
<§,;1(b;;6, P),¢| and 5.(¢;¢,p) — ¢ < 0. This means that p = 5,(¢;¢,p) < ¢ which contradicts with
the fact that ¢ <p.

Next, we show by induction that IT%(b;; z;,p;¢,p) is unimodal in b; and attains its unconstrained

mazimizer at b; =s;,(z;;¢,p) for all 2 <k <n. When k =2, we can simplify (EC.2) to

OI1 (bj; 2, p;C,P) _ (1_@}1 (35" (b;;E,P)) [5_ VI (2;,0;;3;" (b;6,0),b;) — B(1—B) <bj—xj)]
b, F. (35" (p;e,p)) B(b; =3, (bj:e.p))
o PG (bep) [, B — ) = B = B) (b —xy)
- - e P e
oy o Fe (557 (bj5€,p)) 2 — 5, (b);E,p)
I T v by ) (C3)

where the second equality follows by (3). Note that, by (EC.4) and (EC.5), (9/9b;)I12 (b;; z;,p; ¢, D)
is positive when b; < $y(z;;¢,p) and is negative when b; > $y(z;;¢,p). Therefore, I12(b;; z;,p; ¢, D) is
unimodal in b; with a unique maximizer at b; = S»(x;; ¢, p). This establishes the inductional basis. In
the induction step, suppose that II¥~*(b;; z;, p; ¢, p) is unimodal in b; and has an unconstrained max-
imizer at b; = 5;_1(z;;¢,D), we need to show I1¥(b;; z;,p; ¢, p) is unimodal in b; and has an uncon-
strained maximizer at b; = 5;(x;;¢,p). Note that it is sufficient to show that (9/9b;)IIF (b;; z;, p; ¢, D)
is positive when b; < 5i.(z;;¢,D), and (9/9b;)I1* (b;;2;,p;¢,P) is negative when b; > 3 (z;;¢,D).
Consider the case when b; < 5;(z;;¢,p) first. In this case, since ;' is increasing in its first argu-
ment, we have 5, '(b;;¢,p) < x;. By the inductional hypothesis, the unconstrained optimizer of

VE(z;,b558, (b;;€,D),b;) is 5,_1(x;; 5, (bj;C,P),b;) and it satisfies the following:
Sro1(;8, (b;36,D),05) > 8,-1(5, (b5;E,0); 5, (b;;¢,P),b;) =y,

where the first inequality follows since ;' is increasing in its first argument and 5, (b;;¢,p) < z;.
Then, by the inductional hypothesis that V.*=*(z;,b;;5,."(b;;¢,P),b;) is unimodal, its constrained
maximizer is b;, and V*"1(x;,b;;5, " (b;;¢,D),b;) =T (bj; 25, b;; 5, (b3 6,D),b;) = B(1— B)F2(b; —
x;). Thus, in the case when b; < 5(x;;¢,p),

OII! (bj; 5, p; C, D)
ab,

Fe (gl;l (b],é
Fe (s (;,p))

— 601" |

We now consider the case when b; > 5;(x;;¢,p). In this case, since $;' is increasing in its
first argument, z; < 5;'(b;;¢,p). By (6) and the fact that 5.', is increasing in its first argu-
ment, we then have that b; > 5, 1(z;;5, (b;;¢,D),b;). This means that the unconstrained

maximizer of IT¥71(+;x;,b;;5,"(b;;¢,D),b;), Sk_1(x;;5, " (b;;¢,D),b;), is feasible. This means that



ecd e-companion to Zhang, Chen, and Katok: When to Deploy Qualification Screening in Open-Bid Auction

Vekfl(xj,bj;ggl(bj;ﬁ,f)),bj) Z leil(b]‘;fﬁj,bj;glgl(bj;é,ﬁ),bj) = 6(1 —,B)k72(bj — xj), and thUS, fOI' all
bj > sk(z43¢,p),

81_[5 (bj;mﬁp;E?T))
ab,

.l

<0. (EC.6)

F, (37" (b, >>] " =5 (bsE,D)
F,(5;" (p;e,p)) b; — 5, (b;;T,D)

This completes the induction step. Thus, we have shown, by construction, that after the incumbent

< p(1-p)t [

drops out at price pf,) + A with exactly n entrants still in the auction, the game that ensues
among the n entrants have a symmetric Bayesian-Nash equilibrium: specifically, we have shown
that following an ABN specified by {s;}7_, characterized in (5) and (6) is a best response given
that all other remaining entrants employ the same strategy.

(iii) Note that for entrant j who remains in the auction after the incumbent drop out, winning
the auction below his cost will cause negative profit according to the payment rule. Therefore,
he should drop out before the auction price hits his cost, namely si(z;;¢,p) > z;. Note also that
Sk(x;¢,p) <p for x; <€ due to (ii) and (6). The result follows by setting b; = s (x;;¢,p) in (EC.4).
(iv) Note that after the incumbent drops out, when k entrants remain in the auction, the
entrant with a cost cfj_,, will drop out at Py = §k(c?k71);c?k), p?k)). As a result, for any x; <
Cle1y» Using Sy(cy_1y3 €1y Pls_1)) = P{s_1) as the boundary condition for (5) results in the same
drop-out threshold as using Sy.(cfy); (s Pyy) = Py Thus si(z;5 ¢y, pihy) = Sk(T55 €1y, Pl1y) <

Sp—1(xj; C?}c—l)?p?k—l)) where the inequality follows by (ii). B

Proof of Proposition 1. The boundary condition (6) can be easily verified. Next, we verify
that the expressions in (7) satisfies the ordinary differential equations in (5). When 8 # k™', (7)

indicates that

(k—1)

uleen) M (5 8D ) (1 )"Hﬂ 1) (s

I T Bk—1 C Bk—1 1-53

(1 _/Bé;l)g(;jlzR) (1 —gll(fjl—R) n (_R_ W(c—R)) <g;j _R> (o1

_ Bk e _Bk=Dfulry) o
~ (1-8)(z;—R) 5 (25,8.P) — ;] = W[Sk (z;,¢.P) — ],

where the last equality follows since F, ~ U[R, R]. When 8 =k"", (7) indicates that

B(k—1)
agk (Z'J,E,ﬁ) _ 1 1-p ,B(k — 1) /317@7—1 Z; —E
T:(p—ﬁ) (c—R) ﬁ(xj_ﬂ) 2 —10g<C_R>—1
B(k—1)

_ Bk—1) _ x;— R\ 7P _(1_5)(55]‘_E)0 z;—R\ (1-58)(z;—R)
e w o (7)) e s (B ) -y

1 _/Bé;];(;jlzR) (P—R) (g:__]f) - (z; — R)log <xj _R> —(x; — R)
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_ BE=Y _ BE=Dfe(xy) ~
= (1—ﬂ)($j “R) [Sk (ijac,p) _$j] = W [Sk (xj,c,p) —$j],

where the third equality follows since 3 =k™', and the last equality follows since F, ~U[R, R]. &

Proof of Proposition 2. By abuse of notation, we use s (z;;¢,p, 8) and 5x(z;;¢,p, K) to capture
the dependence of 5, on 8 and K, respectively. Consider the sensitivity result on S first. Fix
K, ¢ and p. Note that (1 — ) 'B(k — 1) f.(z;)/F.(z;) strictly increases in . Suppose, towards
contradiction, that s is not decreasing in 3, then there exist 0 < 3, < 8, <1 and some z €
[R,¢) such that 5y.(2};¢,p, B2) > sk(2);¢,p, f1). This along with (5) means that for all x; € (2},¢],
(0/0z;)sk(x;;¢,p, B2) > (0/0x;)s1(x;;¢,D, B1). Then, by (6), we arrive at a contradiction since p=
$k(¢;¢,p, B2) > Sk_1(¢;¢,p, B1) = p. The sensitivity result for K can be obtained directly from (5).
[ |

Proof of Theorem 2. First, note that both IIf*(b; zo,p) and (9/0b)II} (b; x¢,p) are well-defined

for any m=1,...,N, xo € [R,R], p € (max{R+ A, x¢},00), and b € [max{zo, R+ A},oc], and the
following holds:
oLy (b;wo,p) _ [F.(b—A)" (1 B)" {_ [Vom_l@ﬁoab)
(1 _IB)nL

b [Fe (p_ A)]m
[F.b—A)" ' (1-8)" [ mp3 ]
< — — b—xo)fe(b—A)+F,(b—A)| :=("(b;x0,D), EC.7
[Fe(p—A)] 175( O)f( ) ( ) C ( Op) ( )
where the inequality is true because V7" '(x0,b) = MAXy e [max{zg, R+A}b] 0 (y; 20,0) >

7 (b; 20,b) = (1 — B)™ (b — x). Note that for b € [max{z,, R+ A}, R+ A],

—(b—xo)] fe(b—A)—i—Fe(b—A)}

" (biwo,p) = (1= B)" [F. (b= D) [Fe (p = A)] 7" fo (b= A) (H(b) = L™ (b)), (EC.8)

where
_ L(b—4) m(p: ) e B0 2)
H(b):= F(=A) and L™(b;x) := 15
while for b€ (R+ A, 00),
¢"(bso,p) = (1= B)" [F.(p— D) >0. (EC.9)

We now prove (i) and (ii) of the theorem in sequence.

(i) First note that for all xy € [R,R], m*(xo) is well defined since % >0 for be
(max{z¢, R+ A}, R+ A]. Then, fix 2y and m such that m >m*(x,). We next show that b%, ()
and p?, (xo) are well-defined. By the definition of m* and the fact that H(b) and L™(b;x,) are both

continuous in b, there exists some b’ € (max{zy, R+ A}, R+ A) such that H(V') < L™(V'; ), and
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hence, (™ (V'; w0, p) < 0. Therefore, when zy > R+ A, the set {b € (o, R+ A]: H(b) — L™ (b, z0) < 0}
is not empty. Thus b7, () is well-defined. We now show below that py, (x¢) is well-defined. To that
end, for all p € (max{R+ A,z¢},00), b € [max{zg, R+ A}, 00|, define

Dyt (byxo, p) := 11 (b; xo, p) — TG (b), (z0); o, D) (EC.10)
Note that for all b> R+ A, the following inequality holds:

Dy (b;xg, R+ A) = (1— ) (b—z0) — T (%, (20); To, R+ A)

> (1=8)"(b—=0) — " )Vo Yo, 2)g" (2 = Asp — A)dz — (1= B)™ (b}, (w0) — o)

= (1 _B)m(b_b:@(xo)) - max V’Omil(xOJZ)a

2€[b}, (x0), B+A]

where the first inequality follows since probability is no larger than one, and the second inequal-
ity follows since g™ is the p.d.f. of a probability distribution. Since lim, ., DI*(b;zo, R + A) >
limy,_, o (1 — B)™(b — b%,(x0)) > 0, there exists some p’ > R+ A such that DJ*(p'; x¢, R+ A) > 0; so
pr (x) is well-defined.

Note that for zo and m that satisfy that m > m*(x,), the result p}, (zo) > b5, (z0) > o follows
directly from the definitions of b%, (x¢) and p?, (o). Moreover, b%, (xo) = R+ A > xo when 2o < R+ A,
and b}, (zg) > xo when zy > R+ A (this is because F,(xq—A)/ fo(xog—A) —mpPB(xo—xz)/(1—5) >0

when xy > R+ A). Therefore, b*, (x¢) > 2o when x 7& R+ A is also true.

—B)Fe(b—A)
(b z0) fe(b—A)

fore, per its definition, m*(x,) is nondecreasing in xy. Next, we consider b}, (zo). We first fix zg

We now prove the sensitivity results. Note that is strictly increasing in xy. There-
and vary m such that m > m*(zo). If zy < R+ A, b}, (o) is independent of m; otherwise (i.e.,
xo > R+ A), since L™(b,x,) is increasing in m, inf{b € (z/, R+ A] : H(b) — L™(b,x,) < 0} is non-
increasing in m. Thus, b}, (x¢) is nonincreasing in m. Next, we fix m and vary z, such that m >
m*(zo). When 2o < R+ A, b}, (zg) = R+ A. When zy > R+ A, b, (z¢) > o > R+ A; moreover,
since L™ (b, z,) decreases in x, so inf{b € (xo, R+ A: H(b) — L™ (b,x¢) < 0} is nondecreasing in z.
Thus, b%,(zo) is nondecreasing in x.

Recall that we have fixed xzy and m such that m > m*(xy). Let my = m*(z,) for notational
simplicity. So, to prove the sensitivity result for p* (xo), it is sufficient to prove the statements

below for all m'=mq+1,...,m,

AP (w0): Pl (w0) > Pl (o)

/7

AT pl. () is nonincreasing in x for all « such that m’ > m*(z).
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We will use an inductional argument to prove the sensitivity result for p* ,(2’) and the structure
of the optimal solution. Specifically, consider the inductional hypothesis below: for all m’ =mg +

1,....m

H™ (z0): 13" (b; 20, p) is increasing in b on [max{zo, R+ A},b*,(20)] and [p*, (), p] respectively;

The following lemma is useful in our induction argument:

LEMMA EC.1. Fiz some 2’ € [R, R]. The following statements hold:

(a). For allm'={0,...,N}, V(')m/ (2',p) is nondecreasing in p;

(b). For allm'={0,...,N—1} and p € (max{z/, R+ A},00), V7" (2, p) > (1 — BV (', p);

(¢). For allm’ ={0,...,N} and p € (max{az/, R+ A},00), (1—B)""" V"' (2/,p) — (p — &') is non-
increasing in ' on [R, R];

(d). Fiz m’ € {1,...,N} such that m’ > m*(x’). Then, for all p € (max{z’,R+ A},00) and b€
(O (@), 5 (), T (b (2):07,p) =TI (3 (2'); 2" p) > T (B3 ', ).

Using Lemma EC.1, we prove the last key step in the proof of (i):
LEMMA EC.2. For any m' =mg+1,...,m, H™ (z4), A7 (x0) and A} hold.

Note that Lemma EC.2 immediately implies that p, (x) is nonincreasing in x, and nondecreasing

in m for all zy,m such that m >m*(x).

(ii) Note that when p = max{z,, R+ A}, the feasible set in (8) is a singleton {p}, so the stated
result trivially holds. Next, consider the case when p > max{z,, R+ A}.

We first consider the case m < m*(xq). Fix zq and m that satisfy such condition. Since L™ (b;x)
increases in m, and H(b) does not depend on m, we conclude that H(b) > L™ (b;x) for all m’ =
1,...,mand all b€ [max{zo, R+ A}, R+ A]. We now argue by induction that (8/9b)II" (b; z, p) =
Cm/(b;xo,p) >0 for all m' =1,...,m, p € (max{zo,R + A},00), and b € [max{zq, R + A},p|.
When m =1, due to (10), the inequality in (EC.7) holds with equality, so (9/0b)II}(b;xq,p) =
CY(b; g, p). For b € [max{zo, R+ A}, R+ Al, ' (b;20,p) >0 due to (EC.8) and H(b) > L(b;x);
for b€ (R+ A,o00], by (EC.9), ¢'(b;z0,p) > 0. This completes the inductional basis. Suppose
that the inductional hypothesis holds for some m’ — 1; this means that Hg”lfl(b; Zo,p) 1S non-
decreasing in b, so s*, ,(zo;p) =p and VI (o, p) = (1 — B)™ ~1(p — x0). Hence, by (EC.T7),
0/ 8b)H8®l (b;xo,p) =C m’ (b; xo,p). By a similar argument as in the proof of the inductional basis, we
conclude that (9/ ab)Hg* (b; g, p) = ¢ (b; zg,p) > 0, which completes the inductional step. Finally,
since (9/0D)IT5" (b; o, p) > 0, s, (x0;p) =D-

Next, we consider the case m > m*(zq). H"(z¢) combined with Lemma EC.1 part (d) implies
that II7" (b, (z0); zo, p) > 115 (b; 20, p) for all b € [max{xo, R+ A}, p}, (zo)] and II7*(b; xo, p) is nonde-

creasing in b on (p},(xg),00); this immediately implies the structure of the optimal solution.
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Finally, we prove the sensitivity result of s} (zo;p). First, it is straightforward to verify by
definition that s (z;p) is nondecreasing in p for any z, and m. Next, fix p and m, and take
any xo < xp. If m <m*(xf), then s}, (xf;p) =p > sk, (x0;p). Otherwise, m > m*(xp) > m*(zq), we
consider two cases: If p > pr (z), then s¥ (zy;p) =p > sk, (xo; p); otherwise, p < pX (xf) < pk, (o),
so st (xi;p) =05, (z) Ap > b (o) Ap = sk, (z0;p). Hence, s7, (xo;p) is nondecreasing in xy. Finally,
fix zy and p, and take any m < m’. If m < m*(z(), then s}, (zo;p) =p > s7,.(zo;p). Otherwise,
m >m*(xy) > m*(xg), we consider two cases: If p < p* ,(zo), then s* ,(xo;p) = b5,/ (o) Ap < b}, (x0) A
p < s, (o3 p); otherwise, p > pr(x0) > p;, (%), so s7,(xo;p) = p = s, (zo;p). Hence, s, (zo;p) is

nonincreasing in m.

Proof of Lemma EC.1. Fix any 2’ € [R, R|. For any m’ € {1,...,N} and any p € (max{z',R+
A}, 00), let Ypm/ denote the random variable with c.d.f. P(Ypm/ <b):=G™ (b—A;p—A). Note that
Ypm, is stochastically nondecreasing (resp. nonincreasing) in p (resp. m’). Note that II7" (b; 2/, p) =
E[\I!m/();m/,x’,b)] where

V[)ml_l(x’,z), if z €[b,00)

vt { (1= 8)™ (b—a'), if = € (max{a’, R+A}b)

We prove (a), (b) and (c) by induction on m/'.

(a) When m’ =0, VQ(2/,p) =p — 2’ by definition, so V{’(2’,p) is increasing in p. Suppose that
Vo’”’*1 (', p) is nondecreasing in p for some m’ > 1, we now show that V[)ml (', p) is also nondecreasing
in p. Indeed, since for all z > b, Vomlfl(a:’, z) > Hgll*l(z; 2, 2)=(1=B)" " (z—a')>(1-B)" (b—=z')
and Vz)m/_l(a:’ ,p) is nondecreasing in p, we conclude that \I/m/(z,m’ ,b) is nondecreasing in z. Thus,
H{)"/(b; x',p) = E[\Ifml(Y;)m/,:L" ,b)] is nondecreasing in p as Ypml is stochastically nondecreasing in p.

Since the feasible region in (8) increases in p, V" (', p) is nondecreasing in p.

(b) When m’ =0, Vj!(«/,p) > I} (p;2',p) = (1 — B)(p— ') = (1 — B)V (2, p) where the last equal-
ity holds by (10). Suppose that V7™ (z/,p) > (1 — 5)1/0’"l_1(:c’,p) for some m’ > 1. This means
that W™ *+1(2,2/,b) > (1 — B)U™ (z,4',b). Hence, I T (b; 2/, p) = E[‘I/m/“(};m/“,x’,b)] >E[(1 -
BYT™ (Y41 2/ b)) > (1 — B)E[¥™ (Y, 2',b)] = (1 — B)II§" (b; 2", p), where the second inequality
follows since Y;,m, is stochastically no larger than Ypm’+1 and U™ (z,2',b) is nondecreasing in z (as

we have proven in part (a)). Hence, V;™ ™ (2/,p) > (1 — BV (2, p).

(c) When m/ =0, (1 — 8)"°V@(«/,p) — (p — ') = 0 is independent of z’. Suppose (1 —
ﬁ)*(mlfl)l/oml_l(:r’,p) — (p — ') is nonincreasing in z’ for some m’ > 1. This means that
(9/020) Vg™~ (@'sp) < —(1 = B)"' 1, s0

OVg" (a'p) _ 0Ly (b, p)
8:160 axo

b=b*
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P m/ =1/,
:/ O™ @2) ot (o Asp— A)de— G (b — Asp— A) (1— B)
b

* 81‘0 ¢

<—(1 —mm’/b 9" (2= Ap—A)dz— G (b = Asp— A) (1= )™ = —(1-B)™,

*

where b* denote the optimal solution to maxye max{s’,r+A} p] Hg”/ (b;x',p), the first equality follows by
the Envelop Theorem. This inequality implies that (1—8)~™ Vo™ (2/,p) — (p— 2’) is nonincreasing

in z'.

(d) Note that b7, (z') < R+ 8'K: when 2’ < R+ A, it trivially holds; when 2’ > R+ 'K,
it also holds since H(b) — L™ (b,a’) is continuous in b. This implies that there exist some € > 0
independent of p such that (b%,(z'),b%,(2') + €] C (max{z’, R+ A}, R+ A], and for all p and
be (b ('), bt () + €l

81‘[6”, (b;z',p)

G 1-8 )]m fu (b= A) (H(b) — L™ (b;2')) < 0, (EC.11)

<[F.(-a)""" [Fe(p—A
where the first inequality follows by (EC.7), and the second inequality holds by considering three
separate cases: when o’ < R+ A, it trivially holds; when '’ = R+ A, it must hold because oth-
erwise, by convexity of H(b), H(b) > L™ (b;2’) for all b e [R+ A, R+ A] which contradicts with
m’ > m*(z’'); when 2’ > R+ A, it holds by the definition of b’ ,(2’') and the fact that H(b) —
L™ (b,2’) is continuous on |2/, R + A]. Hence, (EC.11) implies that D7 (b;a/, R+ A) <0 for b €
(b*,(z'),b* (') +€]. Since DI (b;2’, R+ A) is continuous in b, we conclude that

I (0 ()2 R+ &) =TI (9 (a');2 R A) > T (b, R+ A), Wb € (b (2”), ol ()
Note that the following identity holds: for any p’ € (b}, (z"),00) and p € (max{z’, R+ A}, 00),

F.(R)

To=\F - A

dby

m o 4 aHm, b ;l‘/,p
Dy (p;a,p) =/ Mg’ (boi ', p)

" /pl AL (bo; 2/, R+ A)
ey Obo b

:n/ (=) 8[)0

= [F.(p—A) "™ Dy (p's2', R+ A),

where the second equality follows by the first equality in (EC.7); the desired result follows by noting
that D()”l(p’;x/,p) =0& D{J”/(p’;x’,ﬁ—i— A)=0 and D{J”/(p’;x’,p) <0& Dgl/(p’;:v’,ﬁ—i— A) <0, for
any p’ € (b5, (2'),00) and p € (max{z’, R+ A},00). R

Proof of Lemma EC.2. We first state a useful claim whose proof is relegated to the end for

expositional clarity.

Cramm EC.1. For any m' € {1,...,N}, 2’ € [R, R] that satisfies m' >m*(z'),

{ ¢ (b;a',p) > 0,Vb € [max{a’, R+ A}, b, (2')) U (b ('), 00 (EC.12)

¢ (bya',p) < 0,5b € (br, (), b5 (x')) ’



ecl0 e-companion to Zhang, Chen, and Katok: When to Deploy Qualification Screening in Open-Bid Auction

where b (') :=sup{b € (2/, R+A]: H(b) — L™ (b,2’) < 0}. Moreover, for anym” € {1,...,N},a" €
[R+ A, R+ A] such that m" >m’, 2" < a', the following inequalities hold:
p;l// (w,) > b:;// (wl) Z b:n’ ((I:l) 2 b;u (x/), (ECl3)
pra(x') > b (2') > b8 (2"), and b5 (x") > b (') (EC.14)

m/ m/

The proof of Lemma EC.2 proceeds in two steps: first, we prove that for any m' = mgy +

1,...,m, H™ (o) implies {AT (20),A"}; second, we use an induction argument to show that
{]Hlm’(gjo)}ﬁ,zmole hold.

Step 1: For any m' =mqo+1,...,m, H™ (z) = {AT (o), AT}

We prove A]"/ (o) by contradiction. Suppose, towards contradiction, that p’,.  (zo) <
pX/(z0). First note that the identity VOm/“(a:O,p;,H(xo)) = Hgl/“(bjn,ﬂ(xo);xo,p;,ﬂ(xo)) holds
due to the following reason: Hg"l“(bjn,ﬂ(a:o);xo,pjn,ﬂ(xo)) > I+ (b Lo, iy (o)) for all

b e [bh, (7o), phyy1(20)] by Lemma EC.1 part (d) and HgL,H(b;J:o,pT*n,H(mo)) is increas-

m/+1
ing in b on [max{xze,R + A},b, ()] (this is because (6/81))1‘[6”,“(17;xo,p:nurl(:ro)) —
le“(b; To, P 1 (20)) > 0 for all b € [max{zo, R+ A}, b}, (x0)], where the equality follows by

(EC.7), H™ (x,) and (EC.13), and the inequality follows by (EC.12)). Then, we have

Vomlﬂ(l‘()ap;/-s-l(xo)) _ H’o’llﬂ(b;lﬂ(ffo);$07PL/+1($0))
1-8 1=F

H’”/'H(p;/ (xO);$07p:n’ (flfo)) !

— 0 +1 1-p - =(1=8)" (Phr+1(@0) — T0)

= IIy (P:n'+1(x0)§3307p:z'+1<330)) < 1" (b;@’($0);$07p:n’+1(x0)) <V (x07p:n’+1(x0))7

VAN

‘/Om (wovp:@’-&-l(xo)) =

where the first inequality holds by Lemma EC.1 part (b), the second equality holds by Lemma EC.1
part (d), the second inequality holds by H™ (z0) and b*,(zo) < p, +1(@o) < pfy(wo) (the first
inequality follows by (EC.13)), and the last inequality holds as p, ., (zo) > b}, (70); and this is a
contradiction. So AT () holds.

To prove A7, take any 2,z € [R, R] such that m’ > m*(z) and &’ < z. The following holds:

0 (0 (2); 2, p) =TI (b (2); 2, p) < TUG (D (2); 2, p) — T (b ()5 2, p)

:/p:"/(m)(mwdb</p:”l(m) wdbzo
b (2) ob Iy @) 9b ’

where the first inequality holds since IT7 (b;a’,p) is decreasing in b on (b7, (z'),b%(z')) (by
(EC.7) and (EC.12)) and b, (x) € [br,,(z), b1 (2")] (by (EC.14)), the second inequality holds since
(80D (by 22, p) > (8/OD)IIZ (b; 2, p) by (EC.7) and Lemma EC.1 part (c), and the last equality

follows by Lemma EC.1 part (d). Then, H™ () = AJ" .
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Step 2: {H™ () mi=mgt1 holds.
We prove by induction on m/. When m’ = mg + 1, note that since V) (zg,2) = 2z — xy by (10),

when mg =0, s}, (70;2) = z, and by (ii), when mg > 1, the following identify holds:
Vo™ (xo,2) = (1= 5)"(z — ). (EC.15)

Thus, (0/dbe)Ty°t (b 20, p) = ™0+ (b; 2, p). So H" (24) holds by (EC.12) and (EC.14). Sup-
pose H" ~*(z,) holds for some m’ —1 > mq + 1, we need to show that H™ (z,) holds. By Step
1, HP = xo) = AT (o), s0 phi(xo) >k, (x0). Note also that b*,(z) <br, ,(x) by (EC.13).
Hence, for all by € [max{zo, R+ A}, b%,(20)) U (p%, (20),p], (8/3b)TIT (by; 0, p) = C™ (bo; 0, p) >0,
where the equality follows since the inequality in (EC.7) holds with equality by H™ ~(z,), and
the inequality follows by (EC.12) in Claim EC.1. Hence, H™ (1) holds. This completes the proof

in Step 2. To complete the whole proof, we now prove Claim EC.1.

Proof of Claim EC.1. Take any m’ € {1,...,N},2’ € [R, R| that satisfies m’ > m*(z’). Similar to
how we prove b}, (o) is well-defined at the beginning of the proof of Theorem 2 part (i-b), we can
show that b (z') is well-defined. Since L™ (b; x) is increasing in m and decreasing in x, m’ > m*(z')
implies that m’ > m*(z”) for all 2" < a’, so b5 (2") is well-defined; similarly, m” > m*(z) for all
m” >m’ and b, (z') is well-defined. Since H(b) is convex and increasing, and L™ (b; ') is linear

and increasing in b, it is easy to verify that

H(b) — L™ (b;2') >0, ¥b € [max{z’, R+ A}, b*,(z')) U (b ('), R+ A] (EC.16)
H(b) = L™ (bja') <0, Vb € (b, (a'), by (2)) ’ '
and, for any x” <x', m"” >m/,
b:n” (l‘l) S b:n’ (.’I]/) S b::/ (m/) S b:,:// (l’l), (ECl?)
b (2") <oh(x)) <bis () < b (2"). (EC.18)

Hence, (EC.12) holds by (EC.8), (EC.9) and (EC.16). Note that (EC.12) holds when we replace
m' by any m” > m/. Thus, by (EC.7), for all m” > m/, H()””(b;ar’,p) is decreasing in b on
(0% (x"), b (2")) which, combined with the definition of p* ,(z), implies that p* ,(z') > b, (2').
Therefore, for any m” >m’, (EC.13) holds by (EC.17). Similarly, for all 2" < 2’, due to (EC.18)
and TI7" (b; 2/, p) is decreasing in b on (b%,(z'), b (z')), we conclude (EC.14) holds. B

Proof of Proposition 3. Fix some z, € [R, R]. For notational simplicity, we suppress the depen-
dency of b%, (z0), &, (z0), m*(zo) and m(z,) on z, in the proof. Note that in equilibrium, p € [b%, R].
Hence, we only need to consider four cases: (a) p=R, (b) p€ P,, for m=m*+1,...,m, (c) DE By,

form=m*+1,...,N, and (d) p=>5}, for m=m*+1,...,N. We now show that each of the four
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terms in (12) corresponds to buyer’s procurement cost on sample paths that satisfy the conditions
(a)-(d).

Case (a) Per the definition of m, we have R > p*, for all m =m*+1,...,m. Therefore, per Theorem
2 part (ii), the incumbent will drop out at R if and only if there are i < m entrants joining the
auction. When the incumbent drops out at R and i < m entrants join the auction, the expected
procurement cost equals h(i, R). Hence, the first term of (12) corresponds to the buyer’s cost for
sample paths that satisfy (a).

Case (b) Since the auction price descends, per Theorem 2 part (ii), {p € P,,} happens if and only
if the following conditions hold:
(P1) The incumbent does not drop out at R (i.e., at least m + 1 entrants join the auction);
(P2) The incumbent does not drop out in {Pj}f‘:mJrl (ie. Xjprn +A<p)forall j=m+1,...,m);
(P3) The incumbent drops out at p € P,, (i.e., X(ni1.8) + A =D).

which implies that @/, ., (p) is the p.d.f. of p when p € P,,. Moreover, P3 implies that there are
exactly m entrants remaining in the auction when the incumbent drops out at p. Hence, the second
term of (12) corresponds to the buyer’s cost for sample paths that satisfy (b).

Case (c) Since the auction price descends, per Theorem 2 part (ii), {p € B,,} happens if and only
if the following conditions hold:
(B1) The incumbent does not drop out at R (i.e., at least m + 1 entrants join the auction);
(B2) The incumbent drops out neither in {P;}7- .., (ie. X(ji1.0+A <piforall j=m*+1,...,m)

nor in {B;}1 L (ie. X(jp1n) +A<B) forall j=m*+1,...,m—1);

(B3) The incumbent drops out at p € B,, (i.e., X(m.n) +A=D).

Note that b < p; and b} is nonincreasing in j per Theorem 2 part (i). Note also that p < b},
when p € B,,. We conclude that given (B1), the conditions (B2) and (B3) are equivalent to the
sample paths where X(,,.x) + A =p and Xj11.8) + A <pj(x0) for all j =m,...,m. This implies
that @/ (p) is the p.d.f. of p when p € B,,. Moreover, (B3) implies that there are exactly m — 1
entrants remaining in the auction when the incumbent drops out at p. Hence, the third term of
(12) corresponds to the buyer’s cost for sample paths that satisfy (c).

Case (d) Since the auction price descends, per Theorem 2 part (ii), {p = b%,} happens if and only
if the following conditions hold:

(b1) The incumbent does not drop out at R (i.e., at least m + 1 entrants join the auction);

(b2) The incumbent drops out neither in {P;}7 .. (i.e. X(j41.n)+A <piforall j =m*+1,...,m)

nor in {B;}7 L (ie. X(jyrny +A <D} forall j=m*+1,...,m—1);
(b3) The incumbent drops out at p="b7, (i.e., X(mn) + A < b < Xir1n) + A).
By a similar argument as in Case (c), we conclude that given (bl), the conditions (b2) and (b3) are

equivalent to the sample paths where X(,,.n) +A <b), < X(ny1n) + A and X(jy1.n) + A <pj (o)
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for all j =m,...,m. This implies that ¢,, is the probability that p = b},. Moreover, b3 implies that,
with probability one, there are exactly m entrants remaining in the auction when the incumbent
drops out at p. Hence, the fourth term of (12) corresponds to the buyer’s cost for sample paths
that satisfy (d).

This completes the proof of (12). To complete the derivation of the closed-form expression of

E[PC,0s:(20)], we derive the closed-form expressions of ®,,(D), ¢,,(p), and h(m,p) in Lemma EC.3.

LEMMA EC.3. Under the same assumptions stated in Proposition 3, the following identities hold

cifm<m
@) =Y ak (F.(p— M) [F.(}, — A) — F (5 A))"
= H;n:Bm+1 (N Zm m+1 ) m
m—m-+1 ",
H [Fe(p:‘rr%jfl_A)_Fe(p:n+jf2_A)]tj[1_F6(p% A)]N Z )
=2
b= al (B0, — AL, — ) — Fu(b, — A
m 77L—m1 mml e\¥m e\FFm e\Ym
IS T NN = T )
m—m-+1 ",
H [Fe(p:‘rr%jfl_A)_Fe(p:n+jf2_A)]tj[1_F6(p% A)]N = Y,
j=2
U)h@?"e —{to,tl, . tm+1_m:t0>m t0+t12m+1,,t0+t1++t;ﬁ_m2ﬁ1,NZt0+t1+
A tmprom > mA 1} and T = {(to,t1,  * ,tmr1-m) € Tm : to =m}; otherwise (i.e., m>m),
N N
d,.(p) = — FEp-A)|[1-F@(p-A)"N"
m (D) ;ﬂi!(N_i)![ ((P—A)' L= F.(p-A)]",
b = — B, (b, — AL~ F, (5, — A
T ml(N —m)l T cm '

Moreover, h(0,p) =h(1,p) =p, and for m > 2,

fe(x)

h(m,m:mﬁ/: (x Fola )>[1—ﬁG( A" g (@35 - A)da
(I-8)"p+ALl—-(1-5)"] (EC.19)

Proof of Lemma EC.3. Note that when m >m, ®,,(p) = P(X(n.n) <P — A), and the identity
follows by the formulae of the c.d.f of order statistics. When m < m, let Y; denote the number of
entrants whose cost is below p— A, and for all i =1,...,m + 1 —m, let Y; denote the number of
entrants whose cost is below p?,, (zo) —A.Let To =Yy and T; =Y; =Y, foralli=1,...,m+1—m.
Then, @,,(p)=P(Yo>m,Y1>m+1,....Y5_ n>m,N>Ys m>m+1)=P(Ty >m, Ty + T, >

m+1,..., Zm Ty >m,N > Zm T > m+1), and the stated identity follows. The identities

for ¢,, can be established by a similar argument.
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We now derive h(m,p). When m =0, the incumbent wins the auction (and the contract) when
the last entrant drops out at p, so h(m,p) =p. When m = 1, the incumbent drops out with one
entrant in the auction, so h(m,p) = K + 5(p — A) + (1 — 5)p = p. We now prove that (EC.19)
holds when m > 2. Note that the buyer’s expected procurement cost includes her expected contract
payment and expected qualification cost. Given that there are m entrants in the auction after the
incumbent drops out, the expected qualification cost equals K > " if(1— )"+ mK(1— )" =
All — (1 — B)™]. The buyer’s expected contract payment equals her expected contract payment
to the incumbent, which equals (1 — 3)™p, and her expected contract payment to the entrants.
Hence, we only need to show that the buyer’s expected payment to the entrants equals the first
term in (EC.19). Assume, without loss of generality, that when the incumbent drops out at p with
m entrants still in the auction, these m entrants correspond to entrant 1,...,m. Denote by wu;(zx;),
w;(x;), and t;(z;) the equilibrium expected payoff, contract winning probability, and equilibrium

expected payment of entrant j with cost z;. Then, we have
p—A
ti(@;) = u;(x;) + 2;W;(z;) :%‘Wj(%‘)JF/ W;(z;)dz;
;

where the first equality follows since u;(z;) =t;(z;) — z;W;(x;), and the second equality follows

by the Revenue Equivalence Theorem (Myerson 1981). Note that by Theorem 1,

Wi(z;) = iﬁ(l — B)F'P(x, is the k*" smallest cost among 1, ..,T,,)
k=1
- - (m_ 1)' = — 1 = m—
= ;ml—mk i G @B - AT L - Gl - A
= B[l - Gel(a;;p—A)+ (1= B)Ge(z;;p— A)"
= B(1 =BG (x;;p—A)" (EC.20)

Hence, the buyer’s expected payment to all entrants equals the first term in (EC.19):

m

ZE[tj(i’?j)] = : /RP_A ti(x;)ge (x50 — A)da;
Zil: /}:A (%‘ + Fe(xj)) Wi(2;)ge (x:p — A)da;

j=1
= Jfe(z;)
F-A
= mﬁ/R (az—i—

F.
) (1= BGaip - )i - A,
where the second equality holds by integration by parts and the last equality holds by (EC.20).H

7)

Proof of Proposition 4. (a) We need to show that for any N and K, when 8 =1, PC,,.. > PCos.
Let N;,. denote the optimal number of entrants to screen in PRE when 8= 1. Then by (1),

PC,.. =PC,pre(N ):E[Min2(§,xo,x1,...,x1v;r€) +N* K

pre pre*™*-
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Note that when § =1, POST is equivalent to a standard open-bid descending auction where
entrants’ costs are increased by A:= K/ = K. Thus,

PCpOSt == E [Min2(ﬁy $0)ZL‘1 + Ku cee 7xN + K)] + KP(IO > K+m1n{$17 tt 7IN}) (EC21)
< E[Min2(R,z0 — K,21,..... oy, )| + 2K,

where the inequality follows since N* < N and probability is no larger than 1. Hence, it is obvious

pre
that PC,pst < PC)p,.. when N}, > 2. We next show that PC,,,ss < PC,.. when N* <1.

pre

IfN,,.,. =0, PCy. = R> PC,,s where the inequality holds since not conducting any post-bidding
screening in POST is not necessarily optimal but ensures that the buyer would pay no more than

R.If N}, =1, then PC,,. =E [Min2(R, zy,z)] + K = E [max{zo,2:}] + K and

pre

PCost < E[Min2(R, zg, 21 + K)| + KP(20 > 21 + K)
< E [Min2(R,zo — K,21)] + K+ KP(zo — K > 1)

= E [max{zo — K,z,}|+ KP(zo — K > ;) + K = PC,,.,

where the first inequality follows since the RHS represents the buyer’s cost in POST when only
screening entrant 1 which is not necessarily optimal.

(b) Note that PC,..(n) is discrete convex in n. This means that if PC,,.(0) < PC,..(1), then
PCpre(0) <PCpre(n) for all n>1, and hence N, =0. Fix 3, N. Define K = (R —E[max{x,,z1}]).

We now show that for all K > K, PCp,s < PC,,.. Note that in this case, PC,,. = PCp,.(0) = R

because

PCypre(1) = PCpre(0) = BEmax{xg, 7, }] + (1 - B)R+ K- R=K — K > 0.
Thus, PC,st < PC,pe holds by a similar argument as in (a).
(c) Fix 38, K, we only need to show that limy .. PCpost < limy 00 PCpre. To that end, we first show
that limy_, . PCpost < R+ A. Note that the expected cost of POST is cheaper than its conditional

expected cost when the incumbent’s cost is g = R, i.e.,

N

PCpost S 7)Cpost (E) - Z

m=0

N! _ - _ N
W[FE(R—A)] [1—F.(R—A)N""h(m,R).

Note that by (EC.19) and integration by parts, we can rewrite h(m, R) as follows:
honR) == [ 6.(@)dl1 = 56 (w5 A" + (L 5 Bt AlL— (1= 5)")

=R—9.(R—-A)(1-p)" +/ [1—BG.(z; R—A)]"dipe(z) + (1= )" R+ Al = (1= 5)"],
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where 9. (z) =2 + F.(x)/f.(z). Thus, combining the two equations above, we have

th PClost < th PCpost(R) =R+ A — (¢o(R—A)+ R+ A) ]\}im [1—BF.(R—A)N
R—A
+/ Jim [1 — BF.(R—A)G.(7; R— A)Ndip.(z) = R+ A, (EC.22)
R —00

where the first equality follows by elementary algebra and the dominated convergence theorem.

Next, we show limy_, o PC,.. > R+ A. Define a function M, : [0, N] — R, as follows
M,(i)= ([i] —i)E [Min2(R,zo, - ,z;))] + (i — [i]) E [Min2(R, o, -+ ,z7)] -

Note that for all i € Z, My(i) = E[Min2(R, x¢, - ,2;)], and for all i ¢ Z, by definition, M,(i) is the
linear interpolation of My([i]) and My([4]). Since E[Min2(R, z¢,--- ,z;)] is discrete convex in i,

M,(i) is convex. Hence, for any NV,

N;v"e
_ N* | . .
_ O pre 7 N —1 *
PC,.. = 2_; E [Min2(R,zo,- - ;)] mﬁ (1= B)Nore = 4 N* K
Npre N*
— ; pre’ i N o—i *
= 2 M) B A N K
i=0 pre
N;”'E *
. Npre' i N* —i * * *
> M, szﬁ (1—pB)Nere™t | + N K = My(N7, ) + Ny, K, (EC.23)
i=0 : pre :

where the inequality follows through Jensen’s Inequality, the convexity of Ms, and the fact that
N;..B €[0,N},.]. Note that My(Ny,.3) + N, K > R+ A. Indeed, if N, 8>1, My(N;,.03) +

pre pre pre pre

N* K>R+N* K >R+ A. Otherwise, when N* <1, we have

pre pre pre

My(N*. . 8)+N: K = N*

pre pre pre

BE [Min2(R, zo,z1)] + (1 — N}, .8)E [Min2(R, z0)] + N\, K

pre pre

= N* B(E[max{zy,z;}] +A)+ (1 -N*.8)R

pre pre

> N, B(R+A)+(1- Ny, B)(R+A)=R+A. (EC.24)

Hence, by (EC.22), (EC.23) and (EC.24), limy_oo PCpre > My(N:..B) + N3 K > R+ A >

pre pre
Hmy o0 PCpos. B

Proof of Proposition 5. We first formally define the class of feasible mechanisms we consider in
this paper, then formulate the optimal mechanism design problem, and finally derive the optimal

mechanism.

Step 1. The class of feasible mechanisms. To introduce the class of feasible mechanisms we con-
sider in this paper, consider a multi-stage dynamic game with N + 2 players, i.e., one buyer, one
incumbent and N entrants, who interact in NV stages. In each stage, the following four events occur

in sequence:
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E1. A signal vector is drawn and each player observes a component of this signal vector. Specifi-
cally, in the first stage, each supplier observes his production cost; in later stages, if a quali-
fication screening occurs in the previous stage, say entrant ¢ is screened, then both the buyer
and supplier ¢ observes whether he passes the qualifications screening; otherwise, no signal is
observed.

E2. Each supplier chooses a message to send to the buyer (e.g., their bids).

E3. The buyer chooses a message to send to each supplier. Specifically, the buyer, either fully or
partially, discloses to the suppliers information that relates to suppliers’ previous messages and
qualification screening outcome; of course, the buyer can also choose to disclose no information.

E4. Each player takes an action. Specifically, the buyer decides whether to conduct qualification
screening of one more entrant and, if the answer is yes, she decides which entrant to screen;
otherwise, the buyer ends the process by awarding the contract and making payments; the
suppliers decide, in each stage, whether or not to keep participating in the mechanism.

Note that based on the dynamics outlines above, a dynamic game is well-defined for any given

combination of non-anticipated rules: information disclosure rule (in E3), qualification screening

rule (in E4), contract allocation rule (in E4) and payment rule (in E4). By choosing and commit-
ting to a combination of the four rules, the buyer can induce different equilibrium outcomes. Thus,
the buyer’s optimal mechanism design problem is to choose a mechanism (i.e., the combination
of information disclosure, investigation, allocation and payment rules) to minimize her expected

procurement cost.

Step 2. Formulation of the optimal mechanism design problem. To analyze the optimal mechanism
design problem, we invoke the Revelation Principle established in the first equality of equation
(4) of Theorem 1 in Sugaya and Wolitzky (2018). This version of Revelation Principle establishes
that any conditional probability perfect Bayesian equilibrium (please refer to Section 3.2 of Sugaya
and Wolitzky (2018) for a formal definition of this solution concept; intuitively, it can be viewed
as a type of perfect Bayesian Equilibrium which not only requires consistency of on-equilibrium
beliefs and sequential rationality of player’s actions, but also requires that both on-equilibrium
and off-equilibrium beliefs are derived from a common conditional probability system on the set
of complete histories of play) of the mechanism we described above can be implemented by a
canonical mechanism where communication between players and the mediator takes the following
form: non-mediator players (suppliers in our setting) communicate only their private information to
the mediator (buyer in our setting), and the mediator communicates only recommended actions to
the players. Note also that, after the first stage, the suppliers in our setting do not observe private

signal after the first stage (i.e., whether supplier ¢ passes qualification screening is also observed
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by the buyer). This observation combined with the Revelation Principle implies that the choice
of information disclosure rule is irrelevant in finding the optimal canonical mechanism; hence, it
is without loss of generality to optimize within the class of three-step direct mechanisms defined

below.

DEFINITION EC.1. Let Z:= (&,...,&v) € {0,1}" where & =1 if and only if entrant j passes
qualification screening. For any Q C {1,..., N}, define Z9 := (;)cq- A three-step direct mechanism
in our context is determined by a screening policy 7, an allocation rule A and a payment rule M.
In the first step, all suppliers report their costs to the buyer (they can choose to be not truthful);
in the second step, the buyer investigates the suppliers according to the screening policy m; in the
third step, the buyer allocates the contract and makes payment according to A and M. Specifically:
e Screening policy 7. The screening policy determines, in each stage, which supplier (if any) to
screen based on all the information the buyer observes up to that stage (i.e., suppliers’ reported
cost and qualification screening outcome of screened entrants). Mathematically, 7 : (7, ..., 7Tx)
where for any stage k, 7, : [R, BRIV (®;e0,{0,1}) = {0} U ({1,...,N} — Q) where Q, is the
set of suppliers who have been investigated before round k. Let Qf denote the set of suppliers
who have been investigated before round k& under a screening policy 7. Denote by II the class
of all screening policies. Define Q™ (x) := O}, ,(x) for all cost vectors x = (zo,%1,...,ZN) €
[R, RJ¥*!. The dependency of Q" (x) on 7 and x will be suppressed for notational simplicity
whenever there is no confusion.
e Allocation rule A. A(x,29) := [4;(x,29)] € [0,1]V*!, where A;(x,=?) is the probability
that supplier ¢ wins the contract, given the bid vector x and the revealed screening outcomes
{& i€ Q(x)}. We suppress the dependency on 7 for notational clarity.
e Payment rule M. M(x,Z9) = [M;(x,29)] € RN"!| where M;(x,=9) is the expected pay-
ment from the buyer to supplier 7, given the bid vector x and the revealed screening outcomes

{& 1€ Q(x)}. We suppress the dependency on 7 for notational clarity.

Let M := (m, A, M) denote a three-step direct mechanism. We denote by Uz(zz,xz) supplier i’s
expected profit under M when his cost is x; and he bids z; in step 1, and other suppliers bid their

true costs in step 1:

Ui(zi;2:) = Bx_, 5[Mi (2, x5, B9 G0%-0) — Ay (2, x_;, 29 Gox=i))g ],

Let U;(x;) := ﬁi(a:i;ari). Then supplier i’s individual rationality, IR’, and incentive compatibility

constraints, IC’, can be formulated as follows: for all z; € [R, R],

(IC") U(z;) = max Uj(z;2;:), (IRY) U;(x;) > 0.

2, €[R,R]
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Hence, the mechanism design problem can be formulated as the following mathematical program:

N
; [ =QRT(x) m

i B ;Mz(x,u ) +1Q7(x)|K (EC.25)

N
st Y A(xEFT™)=1 (EC.26)

=0
A(x,E90N) =0 forall i ¢ {0} U{j:j€Q(x)and & =1} (EC.27)
(IR") and (IC") hold for all i =0,..., N (EC.28)

where |Q™(x)| in (EC.25) is the cardinality of Q"(x), (EC.26) requires that the contract must
be allocated to one of the suppliers because the incumbent is qualified already and is always a
viable supplier, (EC.27) corresponds to the constraint that only suppliers who are qualified can be
awarded the contract. Following a standard derivation (see Myerson (1981)), (EC.28) is equivalent

to the following conditions:

E, ,=[Ai(x, =Z@"(9)] in nonincreasing in ¢; for all i=0,..., N and for all z; € [R,R]  (EC.29)
R

By, =[M(x, 29N =Uy(R) + Ey_, = | A;(x, 29 ™)z, + / A;(2;,%_;, B9 Gix-)dz, | (EC.30)

U;(R)>0,for alli=0,...,N (EC.31)

By plugging (EC.30) into (EC.25) and algebraic manipulation, the objective function becomes:

N

Ao, E9 (o) + 3 A (x,Z9 ) ()

i=1

ZU@) +Exz + B =[|lQ7 (x)[| K.

Because U;(R) is simply a constant, the cost-minimizing buyer will set U;(R) =0 for all ¢ while

still satisfying (EC.31). Then, the buyer’s mechanism design problem (MD) can be written as:

N
Ap(x,EL O o(0) + 3 A (x, EO ) (a,)

i=1

s.t.  The constraints (EC.26), (EC.27), (EC.29) and (EC.30) hold.

MD: min Ex=

M=(m,A,M)

+Ex =[|Q"(x)[1 K (EC.32)

Step 8. Derivation of the optimal mechanism. We first relax constraint (EC.29) in MD and solve
for the optimal solution; then we verify that the solution satisfies (EC.29).

For the relaxed MD problem, we use backward induction to characterize the solution. First, given
any screening policy 7, we solve for the optimal allocation and payment rule. Note that given m, the
second term in (EC.32) is a constant. Thus, the optimal allocation rule A* should minimize the first
term (EC.32) while satisfying constraints (EC.26) and (EC.27). Thus, the optimal allocation rule
A* is as follows: The contract is allocated to one of the suppliers i € {0} U{j:j € Q™ (x) and &; =1}
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who has the lowest virtual cost. The payment rule M* characterized below satisfies (EC.30): For

any supplier i, if he gets the contract, his payment equals

K2

R
M (x,29"0)) =2, + / E_(1,.. n—ar oo [A (21, x_;, B Gix=0) |27 (), (EC.33)

where the expectation is taken over the random variables &; for all entrants j who have not be
screened; otherwise, his payment is zero. Next, we plug A* and M* in the relaxed MD and solve
for the optimal screening policy 7*, which yields the following stochastic optimization problem
7 = arg 1;{161%[1 E,= [min {wo(xo),ingi)r}giﬂwe(xi)} + |Q”(x)|K} .

Let iy, k=1,...,N denote the entrant with the k' lowest cost. Similar to the argument in the
proof of Lemma 1, the optimal screening rule is one where only entrants whose costs are below
Y (ho(xg) — A) are potentially screened. Suppose there are L such entrants. Then, under the
optimal screening rule 7*, the buyer conducts qualification screening from i, to ¢y until either the
buyer finds a qualified entrant or the buyer exhausts the list of all L entrants. Then, by A*, if
none of the L entrants pass qualification screening, the incumbent gets the contract; otherwise, the
contract is allocated to the first qualified entrant. Finally, for the payment rule, if the incumbent

wins the contract, by (EC.33), his payment equals:

R
M; (x,297%) x0+/ Ecpi...n1-a7 6o [Af (70, X0, ¥ 0%-0) 2970z,
T

/min{R,wol(we(miL LA}

= To+ dr
g
N-1 min{ﬁ’wal(¢€(ril+1)+A)} 573
+ / (1— /B)Zde-i—/ (1-B)N"Ldz
) min{R,vy ! (e (xiy ) +A))

N

=5 3 (-8 min{R, g (bel) + A} + (1 - )V
I=L+1

otherwise, i.e., if entrant 7, where 1 <k < L wins the contract, his payment equals:

R
M; (x,2° ) = @, + / E_q...Ni—o7x) [A:k(zik,x,ik,a‘é’ (zij, %= ))| 2Q"() |z,
Iik

e Yo ! (Yo(z0)—A)
—a+ > [ aep) s (1— )
=k % Tip,
L
=8> (=B oy + (1= B 9 (Wo(w0) — A).
I=k+1
We complete the proof by noting that the mechanism characterized above satisfies (EC.29) by A*

and 7* and the assumption that ¢; and . are both nondecreasing. B
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EC.2. Numerical Computation and Pseudocode

PRE. Note that in our numerical studies, all suppliers’ cost distributions are uniformly distributed
between R and R. Hence, if i entrants pass qualification screening, the expected contract payment

equals the mean of the second order statistics of ¢ + 1 identical and independent uniform ran-

dom variables between R and R, i.e., R+ @

5— - The following pseudocode summarizes how we

calculate the expected cost of PRE for any given K, 3, N in our numerical study.

1: input K, B, and N

2: forn=0: N do

3: fori=0: ndo

4: set PI'=R+ %

5: end for ) »

(73: Ciseft pr=3%" P % +nK
: end for

8:

set PCprp =min{P"}N

n=0

POST. We use Monte Carlo simulation to calculate the buyer’s expected cost under POST. Note
that in the equilibrium we characterize in this paper, any realization of suppliers’ costs result in
a unique incumbent drop-out price, p, and the number of entrants remaining after the incumbent
drops out, n; moreover, once p and n are determined, the buyer’s total expected cost equals (EC.19).
Thus, the main step for calculating POST involves determining p and n for given suppliers’ cost
realizations, which is outlined in lines 3 - 14 in the pseudocode below. Specifically, consider the
scenario where there are m entrants who decide not to drop out at R (i.e., their true costs are
lower than R — A). Suppose these m entrants correspond to the first m entrants and their costs
are ,...,Tm,, then we claim that the incumbent’s drop out price p equals the the m" largest

elements in the following set:
jm(xO) = {.’1?1 + A) vy Tt Av SI(&?(LR), ceey SZL(anR)} (E034)

To see why this is true, consider two cases
1. If s, (zo, R) = R, the incumbent drops out at p= R, which is the m*" largest element in 7, ()
because Theorem 2 part (ii) implies that s}(zo, R) = R for all j <m.
2. Otherwise, s}, (7o, R) < R, so by Theorem 2 (also illustrated in Figure 6), the incumbent will
drop out p= bj*_(:co) where j := max;{z; + A > b5 (o) }. Note that Theorem 2 part (ii) implies
that s}, (2o, R) = b}, (z0) < R < pj;,(w0); this also implies that s%(xo, R) = b}(zo) for all j <m

and that {s%(zo, R)}jL, are non-increasing in j due to Theorem 2 part (i). Hence, p equals
the m!" largest elements in J,,(zo) as well.
The following pseudocode summarizes how we compute the expected cost of POST for any given

K,B3,N: We first evaluate the expected cost conditioning on exactly m entrants’ cost are below
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R—A for all m=0,..., N by a Monte Carlo simulation with T samples (in our numerical study,

we use T'=5000), and then calculate the expected cost of POST by taking the weighted average

across m.

1: wput K, B, N,and T

2: for m=0 : N do

3: fort=1: T do

4: randomly draw m entrants’ costs from uniform distribution U[R, R — A]
5: randomly draw the incumbent’s cost zy from uniform distribution U[R, R]
6: calculate {s}(xo, R)}{, according to (ii) of Theorem 2

7 set p according to the mth largest element in 7, (o) defined in (EC.34)
8: if p=x, + A then

9: setn=k—1
10: else if p= s;(zo, R) then
11: set n==~F
12: end if
13: set P™ = h(n,p) according to (EC.19)
14: end for N .o
15 set P = A F(R-A)F, "(R-A)=57
16: end for
17: set PCPOST = ZZ:O pPm™

Optimal Mechanism. We use Monte Carlo simulation to calculate the expected cost under the
optimal mechanism. The following pseudocode summarizes how we compute the expected cost for
any given K, 3, N by conducting Monte Carlo simulation with 7" samples (in our numerical study,

we use T'=5000).

1: input K, 8, N, and T

2: fort=1: T do

3: fori=0 : N do

4: randomly draw x; from uniform distribution U[R, R]
5: end for

6: calculate L and {i,}¥_, according to Step 2 of Proposition 5
7 set P} according to (13)

8: for k=1 : L do

9: set P} according to (14)

10: end for ;

1 set =% B(1=B) (P +kK)+(1-8)"(P;+ LK)
12: end for

13: set PCOPT = ?:1 %t




