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Abstract

Stochastic gradient Hamiltonian Monte Carlo (SGHMC) is a variant of stochastic
gradient with momentum where a controlled and properly scaled Gaussian noise is
added to the stochastic gradients to steer the iterates towards a global minimum.
Many works reported its empirical success in practice for solving stochastic non-convex
optimization problems, in particular it has been observed to outperform overdamped
Langevin Monte Carlo-based methods such as stochastic gradient Langevin dynamics
(SGLD) in many applications. Although asymptotic global convergence properties of
SGHMC are well known, its finite-time performance is not well-understood. In this
work, we study two variants of SGHMC based on two alternative discretizations of
the underdamped Langevin diffusion. We provide finite-time performance bounds for
the global convergence of both SGHMC variants for solving stochastic non-convex
optimization problems with explicit constants. Our results lead to non-asymptotic
guarantees for both population and empirical risk minimization problems. For a fixed
target accuracy level, on a class of non-convex problems, we obtain complexity bounds
for SGHMC that can be tighter than those available for SGLD.
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1 Introduction

We consider the stochastic non-convex optimization problem

min F(x) .= Ezplf(z, 2)], (1.1)

zeR4
where Z is a random variable whose probability distribution D is unknown, supported
on some unknown set Z, the objective F' is the expectation of a random function f :
R? x Z — R where the functions x +— f(z,z) are continuous and non-convex. Having
access to independent and identically distributed (i.i.d.) samples Z = (21, Zs,...,Zy)
where each Z; is a random variable distributed with the population distribution D, the
goal is to compute an approximate minimizer & (possibly with a randomized algorithm) of
the population risk, i.e. we want to compute & such that EF'(z) — F* < ¢ for a given target
accuracy € > 0, where F* = min ps F'(z) is the minimum value and the expectation is
taken with respect to both Z and the randomness encountered (if any) during the iterations
of the algorithm to compute . This formulation arises frequently in several contexts
including machine learning. A prominent example is deep learning where z denotes the set
of trainable weights for a deep learning model and f(z, z;) is the penalty (loss) of prediction
using weight x with the individual sample value Z; = z; € Z.

Because the population distribution D is unknown, a common popular approach is to

consider the empirical risk minimization problem

1 n
in F, = — ; 1.2
min Fy(2) n;f(x,zz), (1.2)
based on the dataset z := (21, 22, ..., 2,) € Z™ as a proxy to the problem (1.1) and minimize
the empirical risk
EF,(z) — min F,(z) (1.3)
z€R4

instead, where the expectation is taken with respect to any randomness encountered during
the algorithm to generate z.! Many algorithms have been proposed to solve the problem
(1.1) and its finite-sum version (1.2). Among these, gradient descent, stochastic gradient
and their variance-reduced or momentum-based variants come with guarantees for finding
a local minimizer or a stationary point for non-convex problems. In some applications,

convergence to a local minimum can be satisfactory ([ ) ). However, in
general, methods with global convergence guarantees are also desirable and preferable in
many settings (] ) D).

It has been well known that sampling from a distribution which concentrates around a
global minimizer of F' is a similar goal to computing an approximate global minimizer

'We note that in our notation Z is a random vector, whereas z is deterministic vector associated to a
dataset that corresponds to a realization of the random vector Z.



of F. For example such connections arise in the study of simulated annealing algo-

rithms in optimization which admit several asymptotic convergence guarantees (see e.g.

[ , , ) , , , ]). Recent studies made such con-

nections between the fields of statistics and optimization stronger, justifying and popular-

izing the use of Langevin Monte Carlo-based methods in stochastic non-convex optimiza-

tion and large-scale data analysis further (see e.g. | ,
, , WT11, Wib18]).

Stochastic gradient algorithms based on Langevin Monte Carlo are popular variants of
stochastic gradient which admit asymptotic global convergence guarantees where a properly
scaled Gaussian noise is added to the gradient estimate. Two popular Langevin-based algo-
rithms that have demonstrated empirical success are stochastic gradient Langevin dynamics

Y ) Y

(SGLD) (] , ]) and stochastic gradient Hamiltonian Monte Carlo (SGHMC)
(I , , , ]) and their variants to improve their efficiency and ac-
curacy (| , , , , ). In particular, SGLD can be viewed

as the analogue of stochastic gradient in the Markov Chain Monte Carlo (MCMC) liter-
ature whereas SGHMC is the analogue of stochastic gradient with momentum (see e.g.
[ ). SGLD iterations consist of

X1 = X — g + V20871,

where 17 > 0 is the stepsize parameter, 5 > 0 is the inverse temperature, gy is a conditionally
unbiased estimate of the gradient of F, and &, € R? is a sequence of i.i.d. centered
Gaussian random vector with unit covariance matrix. When the gradient variance is zero,
SGLD dynamics corresponds to (explicit) Euler discretization of the first-order (a.k.a.
overdamped) Langevin stochastic differential equation (SDE)

dX (t) = —=VEF,(X(t))dt + /28~ 1dB(t), t>0, (1.4)

where {B(t) : t > 0} is the standard Brownian motion in R?. The process X admits a
unique stationary distribution 7, (dx) o exp(—/SFz(z))dz, also known as the Gibbs measure,
under some assumptions on F, (see e.g. | , |). For 8 chosen properly (large
enough), it is easy to see that this distribution will concentrate around approximate global
minimizers of F,. Recently, | | established novel theoretical guarantees for the conver-
gence of the overdamped Langevin MCMC and the SGLD algorithm for sampling from a
smooth and log-concave density and these results have direct implications to stochastic con-
vex optimization; see also | |. In a seminal work, | | showed that SGLD iterates
track the overdamped Langevin SDE closely and obtained finite-time performance bounds
for SGLD. Their results show that SGLD converges to e-approximate global minimizers
after (’)(poly()\%, 5,d, é)) iterations where A, is the uniform spectral gap that controls the
convergence rate of the overdamped Langevin diffusion which is in general exponentially
small in both 5 and the dimension d ([ , ]). A related result of | | shows
that a modified version of the SGLD algorithm will find an e-approximate local minimum



after polynomial time (with respect to all parameters). Recently, | | improved the
e dependency of the upper bounds of | | further in the mini-batch setting, and ob-
tained several guarantees for the gradient Langevin dynamics and variance-reduced SGLD
algorithms.

On the other hand, the SGHMC algorithm is based on the underdamped (a.k.a. second-
order or kinetic) Langevin diffusion

AV (t) = =V (£)dt — V(X (t))dt + /278~ 1dB(t), (1.5)
dX(t) = V(t)dt, 1

where v > 0 is the friction coefficient, X (¢), V() € R? models the position and the mo-
mentum of a particle moving in a field of force (described by the gradient of F,) plus a
random (thermal) force described by Brownian noise, first derived by [ ]. Tt is known
that under some assumptions on Fy, the Markov process (X(t),V(t))i>0 is ergodic and
admits a unique stationary distribution

(A, dv) = Flzexp <—5 (;an? + Fz(x)>> dadv, (1.7)

(see e.g. [ , |) where I', is the normalizing constant:

1 o d/2
L[ ew (5 <Hv||2+Fz(x))> dwdv — () [ e e
R xR 2 B R

Hence, the z-marginal distribution of stationary distribution 7, (dx,dv) is exactly the in-
variant distribution of the overdamped Langevin diffusion.? SGHMC dynamics corre-
spond to the discretization of the underdamped Langevin SDE where the gradients are
replaced with their unbiased estimates. Although various discretizations of the under-

damped Langevin SDE has also been considered and studied (] , ]), the fol-
lowing first-order Euler scheme is the simplest approach that is easy to implement, and a
common scheme among the practitioners ([ , , D:

Vitr = Vi = n[VVi + 9(Xk, Ug )] + V2987 nék, (1.8)

Xiy1 = X + Vi,

where (£;)3%, is a sequence of i.i.d standard Gaussian random vectors in R%, {U, ; : k =
0,1,...} is a sequence of i.i.d random elements such that

Eg(x,Uyx) = VF,(z) for any = € R%.

2With slight abuse of notation, we use 7z(dx) to denote the xz-marginal of the equilibrium distribution
72 (dzx, dv).



In this paper, we focus on the unadjusted dynamics (without Metropolis-Hastings type
of correction) that works well in many applications (] , ]), as Metropolis-
Hastings correction is typically computationally expensive for applications in machine
learning and large-scale optimization when the size of the dataset n is large and low to
medium accuracy is enough in practice (see e.g. | , D).

There is also an alternative discretization to (1.8)-(1.9), recently proposed by | ]
which leads to state-of-the-art estimates in the special case that improves upon the Euler
discretization when the objective is strongly convex (] ]). To introduce this alterna-
tive discretization by [ ], we first define a sequence of functions vy, by ¥g(t) = e
and Yp11(t) = fg Yr(s)ds, k > 0. The iterates (X, V;) are then defined by the following
recursion:

Vit = Yo(m)Vi — 1 (0)9(Xk, Up ) + /298111, (1.10)
Xis1 = Xi + 010 Vi — %2(0)9(Xk, Unk) + V27871641, (1.11)

where (§k+1,&,,1) is a 2d-dimensional centered Gaussian vector so that (;,¢})’s are inde-
pendent and identically distributed (i.i.d.) and independent of the initial condition, and
for any fixed j, the random vectors ((§;)1,(€)1), ((§5)2,(€5)2)s -+ ((§5)a; (€))a) ave ii.d.

with the covariance matrix:

n
Cn) = /0 (), r (] [o(8), a (8)] dt. (1.12)

In the rest of the paper, we refer to Euler discretization (1.8)-(1.9) as SGHMC1 whereas
the alternative discretization (1.10)-(1.11) as SGHMC2.

Recently, | | show that the underdamped SDE converges to its stationary dis-
tribution faster than that of the best known convergence rate of overdamped SDE in the
2-Wasserstein metric under some assumptions, where F, can be non-convex. Their re-
sult is for the continuous-time underdamped dynamics. This raises the natural question
whether the discretized underdamped dynamics (SGHMC), can lead to better guarantees
than the SGLD method for solving stochastic non-convex optimization problems. Indeed,
experimental results show that SGHMC can outperform SGLD dynamics in many appli-
cations (see e.g. | , , ]). Although asymptotic convergence guarantees
for SGHMC exist (see e.g. | ] , Section 3], [ ]), there is a lack of finite-
time explicit performance bounds for solving non-convex stochastic optimization problems
with SGHMC in the literature including risk minimization problems.

1.1 Contributions
Our main contributions can be summarized as follows:

e We provide for the first time the non-asymptotic provable guarantees for SGHMC
to find approximate minimizers of both empirical and population risks with explicit



constants. We establish the results under some regularity and growth assumptions
for the component functions f(z,z) and the noise in the gradients, but we do not
assume f is strongly convex in any region.

e We show that for a class of non-convex problems, SGHMC2 can improve upon the
(vanilla) SGLD algorithm in terms of the gradient complexity, i.e. the total number
of stochastic gradients required to achieve a global minimum. Here, “improvement”
means the best available bounds for SGHMC2, which we prove in our paper, are better
than the best available bounds for SGLD for some class of problems; see Section 5
for details. As a consequence, our analysis gives further theoretical justification to
the success of momentum-based methods for solving non-convex machine learning
problems, empirically observed in practice (see e.g. | ).

o We illustrate the applications of our theoretical results using two examples including
binary linear classification and robust ridge regression.

e On the technical side, we adapt the proof techniques of [ | developed for the
overdamped dynamics to the underdamped dynamics and combine it with the anal-
ysis of | | which quantifies the convergence rate of the underdamped Langevin
SDE to its equilibrium. The main new technical results we derive in this paper, rel-
ative to these studies, include controlling the discretization errors between SGHMC
and the continuous-time underdamped Langevin SDE, and bounding the moments
of underdamped dynamics.

1.2 Related Work and Comparison to Existing Literature

In a recent work, | | obtained a finite-time performance bound for the ergodic
average of the SGHMC iterates in the presence of delays in gradient computations. Their
analysis highlights the dependency of the optimization error on the delay in the gradient
computations and the stepsize explicitly, however it hides some implicit constants which can
be exponential both in 5 and d in the worst case. A comparison with the SGLD algorithm
is also not given. On the contrary, in our paper, we make all the constants explicit. This
allows us to make gradient complexity comparisons with respect to overdamped MCMC
approaches such as SGLD.

[ | considered the problem of sampling from a target distribution p(z) o« exp(—F(z))
where F : R? — R is L-smooth everywhere and m-strongly convex outside a ball of finite
radius R. They proved upper bounds for the time required to sample from a distribu-
tion that is within e of the target distribution with respect to the 1-Wasserstein distance
for both underdamped and overdamped methods that scales polynomially in ¢ and d.
They also show that underdamped MCMC has a better dependency with respect to e
and d by a square root factor. Compared to this paper, in our analysis, we consider a
larger class of non-convex functions F'(z) that satisfy the dissipativity condition, a weaker



condition that does not require strong convexity outside a region. Under our assump-
tions, the best known bounds are such that the distance to the invariant distribution
scales exponentially with dimension d in the worst-case but not polynomially in d (see
e.g. | , ]). When F is globally strongly convex (or equivalently when the
target distribution p(x) o exp(—F(x)) is strongly log-concave), there is also a growing
interesting literature that establish performance bounds for both overdamped MCMC (see
e.g. | ]) and underdamped MCMC methods (see e.g. | , ]). In this par-
ticular setting, the fact that underdamped Langevin MCMC (also known as Hamiltonian
MCMC) can improve upon the best available bounds for overdamped Langevin MCMC
algorithms has also been proven ([ , ) , ]. Similar results have
also been established when F'(x) is convex but not strongly convex (| ]). Compared
to these papers where F'(z) is convex, our assumptions are weaker as we allow F'(z) to be
non-convex as long as it is dissipative.

A related paper | | applies variance reduction techniques to overdamped MCMC
to improve performance when the empirical risk can be non-convex satisfying the same dissi-
pativity assumption considered in our paper. However, these results do not give guarantees
for the risk minimization problem (1.1). Furthermore, such variance reduction techniques
require objectives in the form of a finite sum and do not apply to the streaming data setting
when each data point is used only once. In this work, we obtain guarantees for both the
risk minimization problem and the empirical risk minimization and our results apply to the
streaming data setting. Also, the convergence guarantees provided in | | depends
on a spectral gap-related parameter that is not provided explicitly; whereas all our results
are explicit and this allows us to have explicit performance comparisons between the upper
bounds of SGLD and SGHMC algorithms.

We also note that underdamped Langevin MCMC (also known as Hamiltonian MCMC)
and its practical applications have also been analyzed further in a number of recent works
(see e.g. | , , , , ). In particular, [ | provide a
characterization of the conductance of Hamiltonian Monte Carlo (HMC) in continuous
time using Liouville’s theorem and invoking the Cheeger’s inequality, they obtain upper
and lower bounds on the spectral gap of HMC in continuous-time. Although the formula
provided in | | for the conductance of HMC is elegant, it is not an explicit formula.
In our analysis, our focus is to obtain performance bounds with explicit constants and
therefore we build on the coupling techniques of | ] which leads to explicit constants
for the class of problems we consider.

We also note that | ] consider sampling from the target distribution 2A/(—1,0%)+
%/\/' (1,0?) in dimension one and estimate the spectral gap of HMC in the regime as o — 0

This is a mixture of two Gaussians with the same variance o2 centered at —1 and 1
respectively where they argue that for this specific example HMC does not lead to much
improvement over the Random Walk approach for sampling. In our paper, our results
apply to more general targets that are not necessarily mixture of Gaussians. However,
if we consider sampling from the distribution N (—a,0?) + 3N (a,0?) as a — oo for o*



fixed, Proposition 11 is applicable and it implies that HMC will be more efficient than
overdamped Langevin dynamics in terms of dependency to a (which measures the distance
between the modes) in the sense that the mixing time will be O(a) in HMC whereas it
will be O(a?) in Random Walk. This does not contradict results of [ | because we
consider different scaling regimes: We fix o > 0 and let a — oo whereas | |fixa=1
and let 0 — 0.

There are also some connections of our work to existing momentum-based optimiza-
tion algorithms. More specifically, if the term with dB(t) involving the Brownian noise
is removed in the underdamped SDE (1.5)—(1.6), this results in a second-order ODE in
X (t). Momentum-based algorithms for strongly convex objectives such as Polyak’s heavy
ball method as well as Nesterov’s accelerated gradient method can be both viewed as (al-
ternative) discretizations of this ODE (see e.g. | , , , D). It is
known ([ , , ]) that Nesterov’s accelerated gradient method tracks this
second-order ODE (also referred to as the Nesterov’s ODE in the literature), whereas the
first-order non-accelerated methods such as the classical gradient descent are known to
track a first-order ODE in X (t) called the gradient flow dynamics. Furthermore, existing
analysis shows that Nesterov’s ODE converges to its equilibrium faster (in time) than the
first-order gradient flow ODE in terms of upper bounds and this speed-up is also inher-
ited by the discretized dynamics. Roughly speaking, our results can be interpreted as the
analogue of these results in the non-convex optimization setting where we deal with SDEs
instead of ODEs building on the theory of Markov processes and show that SGHMC tracks
the second-order (underdamped) Langevin SDE closely and inherits its favorable conver-
gence guarantees (in terms of upper bounds on the expected suboptimality) compared to
that of overdamped Langevin SDE.

Acceleration of first-order gradient or stochastic gradient methods and their variance-
reduced versions for finding a local stationary point (a point with a gradient less than e in

norm) are also studied in the literature (see e.g. | , , , ) D. It
has also been shown that under some assumptions momentum-based accelerated methods
can escape saddle points faster (see e.g. | , ]). In contrast, in this work, our

focus is obtaining performance guarantees for convergence to global minimizers instead.

2 Preliminaries and Assumptions

In our analysis, we will use the following 2-Wasserstein distance: For any two probability
measures v, v» on R??, we define

1/2
Wa(v1,12) = < inf E[[|Y1 - Y2H2]) ;

Yi~vy, Yoo

where || - || is the usual Euclidean norm, vy, v, are two Borel probability measures on R??
with finite second moments, and the infimum is taken over all random couples (Y1, Y2)



taking values in R?? x R?? with marginals Y7 ~ v1,Ys ~ 15 (see e.g. | ). We let
C'(R?) denote the set of continuously differentiable functions on R? and L?(r,) denote the
space of square-integrable functions on R¢ with respect to the measure 7.

We first state the assumptions used in this paper below in Assumption 1. Note that
we do not assume the component functions f(z,z) to be convex; they can be non-convex.
The first assumption of non-negativity of f can be assumed without loss of generality by
subtracting a constant and shifting the coordinate system as long as f is bounded be-
low. The second assumption of Lipschitz gradients is in general unavoidable for discretized
Langevin algorithms to be convergent (see e.g. | ]), and the third assumption is
known as the dissipativity condition (see e.g. | ]) and is standard in the literature
to ensure the convergence of Langevin diffusions to the stationary distribution (see e.g.
[ , ) ]). The fourth assumption is regarding the amount of noise present
in the gradient estimates and allows not only constant variance noise but allows the noise
variance to grow with the norm of the iterates (which is the typical situation in mini-batch
methods in stochastic gradient methods, see e.g. | ]). Finally, the fifth assumption is
a mild assumption saying that the initial distribution po for the SGHMC dynamics should
have a reasonable decay rate of the tails to ensure convergence to the stationary distri-
bution. For instance, if the algorithm is started from any arbitrary point (xg,v) € R%9,
then the Dirac measure jio(dz, dv) = 6(z ) (dz, dv) would work. If the initial distribution
po(dz, dv) is supported on a Euclidean ball with radius being some universal constant, it
would also work. Similar assumptions on the initial distribution pg is also necessary to
achieve convergence to a stationary measure in continuous-time underdamped dynamics as
well (see e.g. [ D-

Assumption 1. We impose the following assumptions.

(1) The function f is continuously differentiable, takes non-negative real values, and there
exist constants Ag, B > 0 so that

£0,2)] < Ao, [[VF(0,2)] < B,
for any z € Z.
(i3) For each z € Z, the function f(-,z) is M-smooth:
IVf(w,z) = Vf(v,2)]| < Mllw = vl].
(13i) For each z € Z, the function f(-,z) is (m,b)-dissipative:
(2, V f(x,2)) > mllz||” —b.
(tv) There exists a constant § € [0,1) such that for every z:

Ellg(z,Us) — VE,(2)|P] < 26(M?|l2]* + B?).



(v) The probability law po of the initial state (Xo, Vo) satisfies:

/ V@) o (da, dv) < oo,
R2d

where V is a Lyapunov function to be used repeatedly for the rest of the paper:

B - _
2V (7 ol + ol = Alall®) (2.1)

V(z,v) := BF,(z) +
and vy is the friction coefficient as in (1.5), X is a positive constant less than min(1/4, m/(M+
v2/2)), and o = A\(1 — 2)\)/12.

We note that the Lyapunov function V is used in | | to study the rate of conver-
gence to equilibrium for underdamped Langevin diffusion, which itself is motivated by e.g.
[ ]. It follows from the above assumptions (applying Lemma 25) that there exists a
constant A € (0,00) so that

2 VEy(x) = mlle|? = b > 2\(Fy(x) + 2 |l]2/4) — 24/8. (2.2)

This drift condition, which will be used later, guarantees the stability and the existence of
Lyapunov function V for the underdamped Langevin diffusion in (1.5)—(1.6), see | ]

3 Main Results for SGHMC1 Algorithm

Our first result shows SGHMCI iterates (Xj,Vy) in (1.8)—(1.9) track the underdamped
Langevin SDE in the sense that the expectation of the empirical risk F, with respect
to the probability law of (X}, V}) conditional on the sample z, denoted by 5, and the
stationary distribution 7, of the underdamped SDE is small when k£ is large enough. The
difference in expectations decomposes as a sum of two terms Jy(z, ) and [J;(g) while the
former term quantifies the dependency on the initialization and the dataset z whereas the
latter term is controlled by the discretization error and the amount of noise in the gradients
which depends on the parameter 6. We also note that the parameter p. (see Table 1) in our
bounds governs the speed of convergence to the equilibrium of the underdamped Langevin
diffusion.

Theorem 2. Consider the SGHMC1 iterates (X, Vi) defined by the recursion (1.8)—(1.9)
from the initial state (Xo, Vo) which has the law pg. If Assumption 1 is satisfied, then for
B,e >0, we have

[EF(Xk) = E(x,v)nm, (Fa(X))| =

[, Boalds,d) - [ Fue)m(ds,dv)
R4 xR4 R4 xR4

< Jo(z,€) + Ji(e) ,

10



where

Jo(z,e) == (Mo + B) - Cy/H,(po,m2) - €, (3.1)

C C _ C g?
Ji(e) := (Mo + B) - ( (/ﬁ’%(log(l/g))g/Qél/4 + ,ui)/l26> \/log(u* og(e—1)) + wa
(3.2)
with o defined by (A.20) provided that
n < min <5)4 1, (d/p+ AJp), 2> 2 (3.3)
= (og(1/2)72) " K K[ ‘
and
kn = L log <1> > e. (3.4)
i £

Here H, is a semi-metric for probability distributions defined by (A.12). All the constants
are made explicit and are summarized in Table 1.

The proof of Theorem 2 will be presented in details in Section A in the Appendix. In the
following subsections, we discuss that this theorem combined with some basic properties
of the equilibrium distribution 7, leads to a number of results which provide performance
guarantees for both the empirical risk and population risk minimization.

3.1 Performance bound for the empirical risk minimization

In order to obtain guarantees for the empirical risk given in (1.3), in light of Theorem 2,
one has to control the quantity

/ Fy(z)ms(dz,dv) — min Fy(z),

R4 xR4 zER?

which is a measure of how much the x—marginal of the equilibrium distribution 7, con-
centrates around a global minimizer of the empirical risk. As 8 goes to infinity, it can be
verified that this quantity goes to zero. For finite 3, | ] (see Proposition 11) derives
an explicit bound of the form

/Rlix]Rd F(2)m,(dx,dv) — min Fy(z) < Jo = a log <€JV[ (ljdﬁ I 1)) ’ (3.5)

zER? 203 m

(which is also provided in the Appendix for the sake of completeness, see Lemma 28). This
combined with Theorem 2 immediately leads to the following performance bound for the
empirical risk minimization. The proof is omitted.

11

)



Corollary 3 (Empirical risk minimization with SGHMC1). Under the setting of Theo-
rem 2, the empirical risk minimization problem admits the performance bounds:

EF,(Xg) — Helﬁ@ Fo(x) < Jo(e,2) + Ji(e) + Tz,
provided that conditions (3.3) and (3.4) hold where the terms Jo(z,e), Ji(e) and Jo are
defined by (3.1), (3.2) and (3.5) respectively.

3.2 Performance bound for the population risk minimization

By exploiting the fact that the z—marginal of the invariant distribution for the under-
damped dynamics is the same as it is in the overdamped case, it can be shown that the
generalization error F(Xy) — Fz(X})) is no worse than that of the available bounds for
SGLD given in | |, and therefore, we have the following corollary. A more detailed
proof will be given in Section A in the Appendix.

Corollary 4 (Population risk minimization with SGHMC1). Under the setting of Theo-
rem 2, the expected population risk of Xy (the iterates in (1.9)) is bounded by

EF (X)) — F* < Jole) + Ji(e) + Fo + T3(n),

with
Jo(e) := (Mo + B)-C-\/H,(uo) - &, (3.6)
) = 225 (A4 g+ 27), 57

where o is defined by (A.20), H,(uo) is defined by (A.18), Ji(e) and Jo are defined by
(3.2) and (3.5) respectively and crg is a constant satisfying

cLs < — 2 T 1+

2m? +8M? 1 [(6M(d+ j) 49
m2M 3 As ’

and A, is the uniform spectral gap for overdamped Langevin dynamics ®:

-1 Vygl*d
A= inf inf{ﬁ Ju ”2 9I%dms o o ®Y A L2 (my). g £ 0,/ gdmy = o}. (3.8)
zEZ™ fRd g dﬂ'z Rd
3In | ], their formula for . missed 37" factor.

12



Constants Source

ce = fde x,v)po(dx, dv) + @7 e - fde v)po(dz, dv) + (d-‘v)-\A) (A1), (A2)
11 —2))By2 5(1 —2))
B 32M? (3 +7+0) 8(3M + 172 — 17°A +1)
= ma"{ T—205 BL—2)) i
Ky = B*(1 + 2y + 20) (A.4)
ot = Jaa V@Ol o) + 5 g fou Ve vhpalded) 1 TFR
L(1—2X)892 B(1—2n)
J:max{@, \/CT‘;} = \/CT? (A.20)
1/2
Co=%- ((M%;l +B2) B/ + 1/ (M208 + B) ﬁ/»y) (A.8)
1/2
C1 =7 (BM*(C2)*/(29) + V/BM(C2)?/ (27)) (A.9)
Oy = (27203 + (4 + 20) (M2C’§f + B2> + 2%@’*1) i (A.10)
y 2f iaV(:v v) 1 a(‘;‘/’\'A) 1/2
v = Nan < + log </R2de wo(dz, dv) + 1€ (d—i—A))) (A.11)
a1l —2X)By2 A1 —2))
T 64322 0 YT T 12 (A7)
e = % min{AM~ 2, AY2e MMA2 A2 M) (A.13)
1+4
C = (1;&{;} V/max{1, 4(1 + 201 +202)(d + A)F1y 1/ min{ L, Ri}} (A14)

A= %(1 b 201+ 200 (d+ My 2A 1 — 207, ar= (14 A My 2 (A15)
e1 =4y i /(d+ A) (A.16)

Ry =4-(6/5)"2(1 + 201 + 2a2)Y2(d + A)V2571/247 (A — 2A2)71/2 (A.17)

1 3
o) = o+ Roemae {01 + 2607 25 10,0 g

b+d 3 B?
L//B + nglzd + 2R1e1 (BA() + ﬁ) (A.IS)

1 2
+R1€1 <M+ 55’7 ) oM

Table 1: Summary of the constants ahdl where they are defined in the text.



3.3 Generalization error of SGHMC1 in the one pass regime

Since the predictor X is random, it is natural to consider the expected generalization error
EF(Xy) — EFz(Xk) (see e.g. | |) which admits the decomposition

EFz(Xi) — EF(Xy) = (BEFg(Xi) — EFg(X7)) + (EFz(XT) —EF(XT))  (3.9)
+ (EF(XT) - EF (X)) ,

where X7 is the Gibbs output, i.e. its distribution conditional on Z = z is given by m,. If
every sample is used once, i.e. if only one pass is made over the dataset, then the second
term in (3.9) disappears. As a consequence, the generalization error is controlled by the
bound

[EFg(Xy) — EF(X})| < [EFz(X)) — EFg(X™)| + [EF(X™) ~EF(X)|.  (3.10)

The following result provides a bound on this quantity. The proof is similar to the proof
of Theorem 2 and its corollaries, and hence omitted.

Theorem 5 (Generalization error of SGHMC1). Under the setting of Theorem 2, we have

[EF(X}) —EF(XT)| < Jo(e) + Ji(e),
IEFz(Xy) — EFz(X™)| < Jole) + Jile),

provided that (3.3) and (3.4) hold where X™ is the output of the underdamped Langevin
dynamics, i.e. its distribution conditional on Z = z is given by T, and Jo(e) is defined
by (3.6). Then, it follows from (3.10) that if each data point is used once, the expected
generalization error satisfies

[EFz(Xk) — EF(Xk)| < 2T0(e) +271(¢).

4 Main Results for SGHMC2 Algorithm

Recall the SGHMC?2 algorithm (X}, V;,) defined in (1.10)-(1.11), and denote the probability
law of (X, Vi) conditional on the sample z by fig,(dzx,dv). Similar to our analysis for
SGHMCT1, we can derive similar performance guarantees for SGHMC2 in terms of empirical
risk, population risk and the generalization error. The main difference is that the term 73 (£)
is controlled by the accuracy of the discretization and has to be replaced by another term
T (€), as SGHMC?2 algorithm is based on an alternative discretization. In particular, the
performance bounds we get for SGHMC2 are tighter than SGHMC1, as will be elaborated
further in the Section 5.
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Theorem 6. Consider the SGHMC?2 iterates (Xy, Vi) defined by the recursion (1.10)-
(1.11) from the initial state (Xo,Vp) which has the law po. If Assumption 1 is satisfied,
then for B,e > 0, we have

EF,(Re) = E(xv)om (Fo(X))| =

/ Fz(x)/lk,z(dxa dv) - / Fz (‘T)ﬂ'z(dxa dv)
Rd xR Rd xRd

< Jo(z,¢) + Ji(e),

where Jo(z,€) is defined in (3.1) and

Ji(e) :== (Mo + B) - (%\/log(l/s)51/4 + 5}%5) \/log(u;1 log(e~1)), (4.1)

with o defined by (A.20) provided that

2
i c ul A 2
7 < min ( bﬁﬂ@>,LK;WB+Aw%Hh“M , (4.2)
and
kn = L log <1> > e. (4.3)
Hox €

Here ", is a semi-metric for probability distributions defined by (A.12). All the constants
are made explicit and are summarized in Table 1 and Table 2.

The proof of Theorem 6 is given in Section B in the Appendix. Relying on Theorem 6,
one can readily derive the following result on the performance bound for the empirical
risk minimization with the SGHMC2 algorithm. The proof follows a similar argument as
discussed in Section 3.1, and is omitted.

Corollary 7 (Empirical risk minimization with SGHMC2). Under the setting of Theo-
rem 6, the empirical risk minimization problem admits the performance bounds:

EF,(X}) — Hel%@ Fo(z) < Jo(z,€) + Ji(e) + Tz,

provided that conditions (4.2) and (4.3) hold where the terms Jo(z,e), Ji(e) and Ja are
defined by (3.1), (4.1) and (3.5) respectively.

Next, we present the performance bound for the population risk minimization with
the SGHMC?2 algorithm. Similar as in Section 3.2, to control the population risk during
SGHMC?2 iterations, one needs to control the difference between the finite sample size
problem (1.2) and the original problem (1.1) in addition to the empirical risk. This leads
to the following result. The details of the proof are given in Section B in the Appendix.
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Constants Source

- 8
Kl—K1+Q11_2)\+Q2m (B.1)
Ky =Ky + Qs (B.2)

1 ) 5 )
Qu=geo| GM +4 =27+ (co+77)) + (1 +7) [ 5+l +7) | +27°A (B.3)

1 5
Qs = 30 ((1 +7) <c0(1 +7) + 2) +co+2+ M2 +2(Mceg + M + 1)> (2(1 + 6)M?)

3
+ (2M2 + 72N+ 572(1 + 7)> (B.4)
5
Qs = Co<(1+7) <CO(1+7) + 2) +eo+ 24X +2(Meg+ M + 1)) (146)B* + ¢B?
1
+ 57%71022 +72B8 g + MyB e (B.5)
d d
co =1+ ¢12 = 5> C2 =3 (B.6)
A ]\42 9 -1
Cy=4- <3ﬁ (Cff + (2(1 + M2+ 2(1 + 5)32) L 2B )
2y 3
38M2 2dvg1\ )"
+ \/27 (C’ff—l—(2(1+5)M2Cg+2(1+5)B2)+ ’V?’)) (B.8)

Table 2: Summary of the constants and where they are defined in the text.
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Corollary 8 (Population risk minimization with SGHMC2). Under the setting of Theo-
rem 6, the expected population risk of Xy (the iterates in (1.11)) is bounded by

EF(Xg) — F* < Jole) + Ji(e) + Jo + Ts(n),

where Jo(e), J1(e), Ja, Ja(n) are defined in (3.6), (4.1), (3.5) and (3.7).

Finally, we present a result on the generalization error of the SGHMC2 algorithm in
the one pass regime. The proof follows from Theorem 6 and the discussion for SGHMC1
algorithm in Section 3.3, and hence is omitted.

Theorem 9 (Generalization error of SGHMC2). Under the setting of Theorem 6, we have
‘EF(Xk) ~EF(X™)| < Jole) + Ji(e),

< Jole) + Ji(e),

‘EFZ(Xk) CEFg(XT)

provided that (4.2) and (4.3) hold where X™ is the output of the underdamped Langevin
dynamics, i.e. its distribution conditional on Z = z is given by m, and Jo(e) is defined
by (3.6). Then, it follows from (3.10) that if each data point is used once, the expected
generalization error satisfies

EFz(Xy) — EF(X3)| < 2T0(e) + 271 (¢).

5 Performance comparison with respect to SGLD algorithm

In this section, we compare our performance bounds for SGHMC1 and SGHMC2 to SGLD.
We use the notations O and € to give explicit dependence on the parameters d, 3, s but
it hides factors that depend (at worst polynomially) on other parameters m, M, B, \,~,b
and Ap. Without loss of generality, we assume here the initial distribution puo(dx,dv) is
supported on a Euclidean ball with radius being some universal constant for the simplicity
of performance comparison.

Generalization error in the one-pass setting. A consequence of Theorem 5 is that
the generalization error of the SGHMCI iterates |[EFz(Xy) — EF(Xy)| in the one-pass
setting satisfy

; <<d+/3)3/2 (d+B)*2

O\ e Bp)3/?

_ _ d+ g2
((10g(1/5))3/251/4 +g> \/log('u* Hog(e—1)) + 3 M*(log(l/€)>2> (5.1)

for k = Ksaumer == ( 1 log7(1/€)) iterations, and similarly, Theorem 9 implies the

et

generalization error of the SGHMC2 iterates [EFyz (X)) — EF(X})| in the one-pass setting
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satisfy

) 3/2 3/2
0, <(dA:BB5)/4 e+ (d;\/il* (MW +6> \/log(u*llog(sl))> . (5.2)

for k = Ksgumcs := (ul 3 2(1/5)) iterations (see the discussion in Section G in the
Appendix for details). On the other hand, the results of Theorem 1 in [ | imply that
the generalization error for the SGLD algorithm after Kgqrp iterations in the one-pass

setting scales as

= (B(B+ d)?
& (A*

(51/4 log(1/e) —|—5)> for Ksqrp =Q <B(il_45) log5(1/s)> . (5.3)

The constants A, (see (3.8)) and p, (see Table 1) are exponentially small in both § and d in
the worst case, but under some extra assumptions the dependency on d can be polynomial
(see e.g. | ]) although the exponential dependence to § is unavoidable in the pres-
ence of multiple minima in general (see | ]). One can readily see that Ksgmarce has
better dependency on e than Ksgrac1, and infer from (5.1)—(5.2) that the performance
of SGHMC2 is better than SGHMCI1. Hence, in the rest of the section, we will only focus
on the comparison between SGHMC2 and SGLD.
We see that the generalization error for SGHMC2 (5.2) is bounded by

0 ((d;f)?’” (Viog(1/)0"/* +¢) loglog(l/f)) , (5.4)

as fix is small, and if we ignore the \/loglog(1/¢) factor 4, then, we get

3/2 5 1
) <(d+5 (vlog 1/6 51/4+€>> for Ksaumeoe =€ <M 5

log2(1/5)> . (5.5)

*

iterations of the SGHMC2 algorithm whereas the corresponding bound for SGLD from
[ , Theorem 1] is

O (W (log(1/€)(51/4 + 5)) for Ksarp = (ﬁ(;l\:;ﬁ) log5(1/€)> (5.6)

iterations of the SGLD algorithm. Note that Ksgmrarce and Kgarp do not have the same
dependency to ¢ up to log factors (the former scales with ¢ as log?(1/¢)e~2 and the latter

4We emphasize that the effect of the last term +/log log(l/s) appearing in (5.4) is typically negligible

compared to other parameters. For instance even if ¢ = 27 2% is double- exponentially small, we have

Vloglog(1/e) < 4.
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log®(1/)e™*), and this improvement on ¢ dependency is due to better diffusion approxi-
mation of SGHMC2 (see Lemma 22) compared to SGLD and the exponential integrability
estimate we have in Lemma 17 which improves the estimate in | ] and using the same
argument, one can improve the log®(1/¢)/e* term in (5.6) to log3(1/e)/e*.

To make the comparison to SGLD simpler, we notice that in both expressions (5.5) and
(5.6), we see a term scaling with /4 due to the gradient noise level § (8 is fixed in the
one-pass setting), and we fix the error in (5.5) and (5.6) without the § term to be the same

order, and then compare the number of iterations Ksgmyrc2 and Ksgrp. More precisely,

given € > 0 and we choose ¢ > 0 such that %5 = ¢ in (5.5) so that the generalization

error for SGHMQC?2 is

. d+ﬁ3/2 d+ B3)3/2 - ((d+B)3 d+ﬁ3/2
O|é + 7( Bu*) \/log <( BM*; )51/4 for KSGHMCQ =0 <<B2/L§é>2 10g2 <( Bu*; >> .

(5.7)

Similarly, the generalization error for SGLD is

_ 2 /35 9 2
o (++200 log<ﬁ(ﬁggd) )i) o Kagup = (LA o (B0,

(5.8)

When A, and pu. are on the same order or u, is larger, since typically 5 > 1, the term
involving ¢ in the generalization error for SGHMC2 above is (smaller) better than the
counterpart for SGLD, and this is guaranteed to be achieved in a less number of iterations
ignoring the log factors and universal constants for Ksgrayco in (5.7) and Ksgrp in (5.8).
Comparing A, and p, on arbitrary non-convex functions seems not trivial, however
we give a class of non-convex functions (see Proposition 11 and Example 10) where ;71* =

@) (, / i) For this class, we can infer from (5.7) that Ksgmaco2 has a dependency 1/u2 =

@(1/)\2/2) which is much smaller in contrast to 1/)\2 for Ksgrp in (5.8).

Empirical risk minimization. The empirical risk minimization bound given in Corol-
lary 7 has an additional term J» compared to the J¢(e) and jl(s) terms appearing in
the one-pass generalization bounds. Note also that Jy(z,¢) < Jo(g). As a consequence,
SGHMC?2 algorithm has expected empirical risk

@<(d+6)3/25+(d+53/2 (M&V4+e) \/log Yog(e™1)) +d- IOg(;—ﬁ)) ,

1035/
(5.9)
after Ksanmeos = Q (ﬁ log2(1/e)) iterations as opposed to
. d)? log(1
O (*W;) (5" 108(1/e) + <) +d- ‘W) , (5.10)
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after Ksqrp = (2 (%logg’(l/e)) iterations required in [ ]. Comparing (5.9)
and (5.10), we see that the last terms are the same. If this term is the dominant term,
then the empirical risk upper bounds for SGLD and SGHMC2 will be similar except that

Ksaumes can be smaller than Kgq,p for instance when i =0 (, / /\%) Otherwise, if the

last term is not the dominant one and can be ignored with respect to other terms, then, the
performance comparison will be similar to the discussion about the generalization bounds
(5.4) and (5.6) discussed above.

We next briefly discuss the comparisons of SGHMC2 and SGLD based on the total
number of stochastic gradient evaluations (gradient complexity), and we compare with
a recent work | | which established a faster convergence result and improved the
gradient complexity for SGLD in the mini-batch setting compared with | |. Here, the
total number of stochastic gradient evaluations of an algorithm is defined as the number
of stochastic gradients calculated per iteration (which is equal to the batch size in the

mini-batch setting) times the total number of iterations. [ ] showed that it suffices
to take

. /T

Ksarp =€ <5\5§5> (5.11)

stochastic gradient evaluations to converge to an € neighborhood of an almost ERM where
() hides some factors in 3 and A is the spectral gap of the discrete overdamped Langevin
dynamics, i.e. SGLD with zero gradient noise. This improves upon the result in | ]

which showed that the same task requires (%) stochastic gradient evaluations. Our

results show that (see e.g. (5.9)) for SGHMC2, it suffices to have

. - ([ d°
Kscumez = 2 (w> (5.12)
stochastic gradient evaluations, ignoring the log factors in the parameters €, i, d and hiding
factors in # that can be made explicit. To see (5.12), we infer from (5.9) that for fixed
precision ¢ > 0 and dimension d, by ignoring the log factors and 3, we can choose € so
that d3/%¢/u. = é and choose the gradient noise level § so that d3/251/4/\/,17* = £. So the
number of SGHMC2 iterations is

Ksames=0( ) =a (-2

On the other hand, the mini-batch size to achieve gradient noise level § is given by 1/
(see | ]), which is equal to d®/(u2é*). Hence, we obtain (5.12) which is the product
of the mini-batch size and number of iterations.

It is hard to compare A in (5.11) and p, in (5.12) in general since A is the spectral
gap of the discrete overdamped Langevin dynamics (i.e. SGLD with zero gradient noise)
without a simple closed-form formula. However, when the stepsize is small enough, we
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expect A will be similar to ., which is the spectral gap of the continuous-time overdamped
Langevin diffusion. As a consequence, when the stepsize 7 is small enough (which is the
case for instance, when target accuracy £ is small enough), we will have A ~ A, and /71* =

@ ( %) =0 (\/E) for the class of non-convex functions we discuss in Proposition 11

and Example 10. For this class of problems, comparing (5.11) and (5.12), we see that
we obtain an improvement in the spectral gap parameter (u? vs. A®), however ¢ and d
dependency of the bound (5.11) is better than (5.12).

Population risk minimization. If samples are recycled and multiple passes over the
dataset is made, then one can see from Corollary 4 that there is an extra term [J3 that
needs to be added to the bounds given in (5.9) and (5.10). This term satisfies

n-o(CEL).

If this term is dominant compared to other terms Jo,J1 and Jo, for instance this may
happen if the number of samples n is not large enough, then the performance guarantees
for population risk minimization via SGLD and SGHMC2 will be similar. Otherwise, if
n is large and A is chosen in a way to keep the J» term on the order Jy, then similar
improvement can be achieved.

Comparison of A\, and p.. The parameters A, (see (3.8)) and . (see Table 1) govern the
convergence rate to the equilibrium of the overdamped and underdamped Langevin SDE,
they can be both exponentially small in dimension d and in 5. They appear naturally in the
complexity estimates of SGHMC2 and SGLD method as these algorithms can be viewed
as discretizations of Langevin SDEs (when the discretization step is small and the gradient
noise 0 = 0, the discrete dynamics will behave similarly as the continuous dynamics). Next,
to get further intuition, first we discuss some toy examples of non-convex functions below

where ui =0 (, / i) For these examples if the other parameters (3,d, ) are fixed, then

SGHMC?2 can lead to an improvement upon the SGLD performance. We will then show
in Proposition 11 that these examples generalize to a more general class of non-convex
functions.

Example 10. Consider the following symmetric double-well potential in R% studied previ-
ously in the context of Langevin diffusions (] 1):

. 1
fula) = Ulz/a) with U() :—{?(”ﬁllﬁ U Jor el =
I S

where a > 0 is a scaling parameter which is illustrated in the left panel of Figure 1. For
this example, there are two minima that are apart at a distance R = O(a). For simplicity,
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Figure 1: The illustration of the functions f,(z) (left) and f,(z) (right) for a = 4.

we assume there is only one sample, i.e. z = (z1) and Fy(z) = f(zx,z1) = fo(x). We
consider the non-convex optimization problem (1.2) with both the SGHMC2 algorithm and
the SGLD algorithm. [ ] showed that ju, > ©(1) for this ezample whereas A < O(2)
making the constants hidden by the © explicit. This shows that the contraction rate of the
underdamped diffusion . is (faster) larger than that of the overdamped diffusion A, by
a square root factor when a is large where all the constants can be made explicit. Such
results extend to a more general class of non-convex functions with multiple-wells and
higher dimensions as long as the gradient of the objective satisfies a growth condition (see
Ezample 1.1, Example 1.13 in [ | for a further discussion,).

For computing an e-approximate global minimizer of fo = f(x,z1) (or more gener-
ally for a mnon-convex problem satisfying Assumption 1), B is chosen large enough so that
the stationary measure concentrates around the global minimizer. Using the tight char-
acterization of A, from Theorem 1.2 in [ | for B large, further comparisons with
similar conclusions between the rate of convergence to the equilibrium distribution between
the underdamped and overdamped dynamics can also be made. For erxample, consider the
non-convex objective Fy(x) = fo(x) = Ul(z/a) instead, illustrated in the right panel of
Figure 1 for a = 4 where

F(z—1)? for x>1

i 2

U)=1—-% for —i<a<i,
%(x—l—i)Z—{—é—i for x < —%,

is the asymmetric double well potential in dimension one. It follows from Theorem 19 (see
also [ |) that the contraction rate satisfies p, = © (ail) , whereas it follows from
Theorem 1.2 in [ ] that A\, = ©(1/a?). This shows that when the separation between
minima, or alternatively the scaling factor a is large enough, s is larger than Ay by a
square Toot factor up to constants.
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The behavior in these toy examples can be generalized to more general non-convex
objectives with a finite-sum structure satisfying Assumption 1. Proposition 11 below gives
a class of functions where u, is on the order of the square root of A.. The proof will be
presented in details in Section F.

Proposition 11. Suppose that the functions f,(x,z) indexed by a satisfies Assumption 1
(i)-(iii) with m = mia=2, M = Mya~2 and B = Bia~! for some fized constants my, My,
and By. Then, we have as a — 00,

A = 0O(a™?), e = O(a™h). (5.13)

This result is more general than the previous example. In particular, if f(x, z) satisfies
Assumption 1 (i)-(iii) with m, M, B replaced by m1, My, By, then f,(x, z) := f(z/a, z) sat-
isfies Assumption 1 (i)-(iii) with m = mya=2, M = Mja~2 and B = Bya~'. Proposition 11
essentially says that if we consider the normalized empirical risk objective Fy(x/a) =
LS | f(z/a,z) where a is a (normalization) scaling parameter and f(x, z) satisfies As-
sumption 1, then for large enough values of a, the empirical risk surface will be relatively
flat and the convergence rate of momentum variant SGHMC2 to an e-neighborhood of the
global minimum will be governed by the parameter p, which will be larger than that of the
parameter A, of SGLD when a is sufficiently large. This will lead to improved performance
bounds for SGHMC2 compared to known performance bounds for SGLD.

6 Applications

We note that several non-convex stochastic optimization problems of interest can sat-
isfy Assumption 1 under appropriate noise assumptions for the underlying dataset. For
example, Lasso problems with non-convex regularizers (see e.g. | ]), non-convex
formulations of the phase retrieval problem around global minimum (see e.g. | ]) or
non-convex stochastic optimization problems defined on a compact set including but not
limited to dictionary learning over the sphere (see e.g. | |), training deep learning
models subject to norm constraints in the model parameters (see e.g. [ ). In this
section, we discuss some applications of our results where we provide two specific examples.

6.1 Binary linear classification

In linear binary classification, the aim is to learn a predictive model of the form P(Y =
1|Ain = a) = 0.((Z,a)), where # € R? is a parameter vector to be learned, A;, is the input
variable (feature vector), Y is the binary output and o, : R — [0,1] is a threshold func-
tion. Binary classification arises in many data-driven applications in operations research
from diagnosing patients in healthcare | | to predicting directions in the stock market

[ J
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A number of empirical studies have demonstrated that non-convex choices of the o,
function can often lead to superior classification accuracy and robustness properties com-
pared to convex choices of o, such as the hinge loss | , , , ].
Given access to a dataset of input-output pairs z; = (a;,y;), a standard way of estimating
Z is based on minimizing the regularized squared loss over the dataset, i.e.

win £ 3 (5 ol a)))? + 22 o (61)

zERd n — yl c Piad2 2 ) N
where A\, > 0 is a regularization parameter that may depend on the number of samples n.
By Lagrangian duality, this problem is equivalent to the constrained optimization problem

n

1 2 .
;IGI%RI; - ; (yi — oc({x,a;)))° subject to ||z|| <R,
for some R, which has also been considered in the literature (see e.g. | , ,
]). For non-convex o,(+), this problem is also non-convex in general. We consider
minimizing the objective (6.1) in the mini-batch setting where the gradients in SGHMC
iterations are estimated from n; data points sampled with replacement, i.e. the gradient
is estimated as

1
o, U) = > (%), (6.2)
b i
where z; are i.i.d. with a uniform distribution over the set of indices {1,2,...,n}. We

also consider the following assumption for the threshold function o, which are satisfied by
many choices of o, in practice. A prominent example is the logistic (or sigmoid) function
in which case o.(z) = 1/(1 4+ e~*) which is also used in deep learning. Another possible
choice is the probit function which corresponds to o.(t) = ®(¢) where ® is the cumulative
distribution function of the standard normal distribution.

Assumption 12. The threshold function o. is twice continuously differentiable on R. It is
bounded and has bounded first and second derivatives, i.e. there exists a constant Ly, > 0
such that max {||o¢|loc; [|0Lll00: |04 |oc } < Lo.. The distribution of the input data Ay, has
compact support, i.e. |Ai,|| < D for some D > 0.

We show in the next lemma that if Assumption 12 holds, then Assumption 1 holds
with explicit constants Ag, B, M, m,b and o, that we can precise. The proof can be found
in the Appendix.

Lemma 13. In the setting of binary linear classification, consider the SGHMC method
applied to the objective (6.1) where gradients are estimated according to (6.2) where the
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probability law py of the initial state has compact support. If Assumption 12 holds; then
Assumption 1 hold for any § € [4—71%, 1) with the following constants:

Ay = (1+o(0)])?, B=2D(1+[oc]lsc) lolloc (6.3)
M = 2D2H‘7f:”go+2D2(1+ H‘70|’00)H‘7g||oo+5)‘7"7 (6.4)
m = A2, b=8(1+ |ocllcc)’llobl2D?/Ar. (6.5)

We conclude from Lemma 13 that the objective is dissipative and our main results for
SGHMC1 and SGHMC?2 algorithms described in Sections 3-5 apply to binary linear classi-
fication under Assumption 12 with the constants given in Lemma 13 and where ji, is given

by the formula in Table 1. For example, if D = O(1), then we have i = O(\/d + BePldth))
(see (G.1)) and we conclude from (5.12) that it suffices to have

I 3 42 a 49 6C:)(d+,6’)
sonves = (i75) =2 (@ T mm
stochastic gradient evaluations to converge to an € neighborhood of an almost ERM ignor-

ing the log factors in the parameters €, u., d and hiding other constants that can be made
explicit based on Lemma 13.°

6.2 Robust Ridge Regression

Given an input (feature) vector A;, € R?, the aim is to predict the output ¥ € R. Given
access to a dataset of input-output pairs z; = (a;, y;), we assume a linear model y; = aiTic—l—si
where the errors g; are i.i.d. with mean zero. The standard ridge regression estimate of
minimizes a penalized residual sum of squares | ], i.e. minimizes > i, [lyi — (z, a;)||* +
Ar||z]|? where A, > 0 is a regularization parameter.® However, this formulation can be
sensitive to outliers. Robust formulations of the ridge regression | | can be obtained
if one solves instead the following problem

n

min ~ Y f(z,z), f(z,2)=p(yi — (@) + %lel2, (6.6)
i=1

where A\, > 0 is a regularization parameter and p : R — R is a suitably chosen loss function.
In particular, for achieving robustness to outliers, the non-convex choices of the function p
that are either bounded or slowly growing near infinity has been considered in the literature

5We also note that under further assumptions on the statistical nature of the input and if the number
of data points is large enough, it can be shown that the objective (6.1) admits a unique minimizer and the

objective is strongly convex in some regions [ ]. However, our assumptions here are weaker, therefore
such arguments are not directly applicable.
6See | ] for details regarding the choice of the parameter A,.
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(as opposed to the standard ridge regression setting which corresponds to p(t) = |t||?). For
example, popular choices of the function t — p(t) include Tukey’s bisquare loss defined as

1—(1—(t/to)*)* for |[t] < to,
PTukey (t) =

1 for |t| > to,
(see e.g. [ ]) and exponential squared loss | |t peap(t) =1— e~ It*/t0 where
to > 0 is a tuning parameter. In the following, similar to [ |, we assume that the
data A;, is bounded and the threshold function and its derivatives up to order two are
bounded, similar to | ]. This assumption for p is satisfied in several cases, including
Tukey’s bisquare loss and exponential squares loss mentioned above.

Assumption 14. The function p is twice continuously differentiable on R. The function
p is bounded and has bounded first and second derivatives; i.e. there ewists a constant L,
such that max(]|p|lsc, |0/ |loc, |0”|oc) < L,. Furthermore, the distribution of the input data
Ain, has compact support, i.e. there exists D such that || Ain|| < D.

The following lemma shows that under Assumption 14, our assumptions (Assumption
1) for analyzing SGHMC methods hold with proper initialization.

Lemma 15. In the setting of robust regression, consider the objective (6.1) where gradients
are estimated according to (6.2) where the probability law pg of the initial state has compact
support. If Assumption 12 holds; then Assumption 1 hold for both SGHMC1 and SGHMC2

methods for any choice of § € [4%%, 1) with the following constants:

A = ol B=40]D. (6.7)
22D

M = |p"|eoD?*+ A, m=\/2, b )

(6.8)

Similarly, we conclude from Lemma 15 that our main results for SGHMC1 and SGHMC2
algorithms described in Sections 3-5 apply to the problem of robust regression under As-
sumption 14.

7 Outline of the Proof

To obtain the main results in this paper, we adapt the proof techniques of | ]
developed for the overdamped dynamics to the underdamped dynamics and combine it
with the analysis of | | which quantifies the convergence rate of the underdamped
Langevin SDE to its equilibrium. In an analogy to the fact that momentum-based first-
order optimization methods require a different Lyapunov function and a quite different set
of analysis tools (compared to their non-accelerated variants) to achieve fast rates (see e.g.
[ , , ]), our analysis of the momentum-based SGHMC1 and SGHMC2
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algorithms requires studying a different Lyapunov function V defined in (2.1) that also de-
pends on the objective f as opposed to the classic Lyapunov function H(z) = ||z||? arising
in the study of the SGLD algorithm (see e.g. | , ]). This fact introduces some
challenges for the adaptation of the existing analysis techniques for SGLD to SGHMC. For
this purpose, we take the following steps:

First, we show that SGHMC1 and SGHMQC2 iterates track the underdamped Langevin
diffusion closely in the 2-Wasserstein metric. As this metric requires finiteness of sec-
ond moments, we first establish uniform (in time) L? bounds for both the underdamped
Langevin SDE and SGHMC1 and SGHMC? iterates (see Lemma 16 and Lemma 21 in Ap-
pendix), exploiting the structure of the Lyapunov function V. Second, we obtain a bound
for the Kullback-Leibler divergence between the discrete and continuous underdamped dy-
namics making use of the Girsanov theorem, which is then converted to bounds in the
2-Wasserstein metric by an application of an optimal transportation inequality of | ].
This step requires proving a certain exponential integrability property of the underdamped
Langevin diffusion (Lemma 17 in Appendix). We show in Lemma 17 that the exponential
moments grow at most linearly in time, which strictly improves the exponential growth in

time in Lemma 4 in | ]. 7 As a result, the method improves upon the ¢ dependence
of the number of iterates (see equations (5.5) and (5.6)).
Second, we apply the seminal result of | | which showed that the continuous-time

underdamped Langevin SDE is geometrically ergodic with an explicit rate p, in the 2-
Wasserstein metric. In order to get explicit performance guarantees, we derive new bounds
that make the dependence of the constants to the initialization in | ] explicit (see
Lemma 20 in Appendix).

As the z-marginal of the equilibrium distribution 7, (dx, dv) of the underdamped Langevin
SDE concentrates around the global minimizers of F, for S appropriately chosen, and we
can control the error between the discrete-time SGHMC1 and SGHMC2 dynamics and the
underdamped SDE by choosing the step size accordingly; this leads to performance bounds
for the empirical risk minimizations for SGHMC1 and SGHMC2 algorithms in Corollary 3
and Corollary 7. For controlling the population risk during SGHMC iterations, in addition
to the empirical risk, one has to control the generalization error F(Xy) — Fz(X)) that
accounts for the differences between the finite sample size problem (1.2) and the original
problem (1.1). By exploiting the fact that the z—marginal of the invariant distribution
for the underdamped dynamics is the same as it is in the overdamped case, we control
the generalization error in Corollary 4 and Corollary 8 which is no worse than that of the
available bounds for SGLD given in [ ]-

"The method that is used in the proof of Lemma 17 in Appendix can indeed be adapted to improve the
exponential integrability and hence the overall estimates in | ] for SGLD as well.
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8 Conclusion

SGHMUC is a momentum-based popular variant of stochastic gradient where a controlled
amount of isotropic Gaussian noise is added to the gradient estimates for optimizing a
non-convex function. We obtained first-time finite-time guarantees for the convergence
of SGHMC1 and SGHMC2 algorithms to the e-global minimizers under some regularity
assumption on the non-convex objective f. We also show that on a class of non-convex
problems, SGHMC2 can be faster than overdamped Langevin MCMC approaches such
as SGLD in the sense that the best available bounds for SGHMC2, which we prove in
our paper, are better than the best available bounds for SGLD. This effect is due to the
momentum term in the underdamped SDE. Furthermore, our results show that momentum-
based acceleration is possible on a class of non-convex problems under some conditions if
we compare known upper bounds between SGLD and SGHMC. Finally, we mention a few
limitations in our work that may lead to some future research directions. In our paper,
the performance dependence on dimension is exponential in general. In the future, we will
investigate for what class of (non-convex) target functions f we can obtain performance
bound independent of dimension d or has polynomial dependence on d. In addition, our
results suggest that momentum-based SGHMC methods will work particularly well when
the (non-convex) target functions have relatively flat landscapes. In the future, we will
investigate whether we can obtain theoretical results for SGHMC on a wider class of non-
convex problems.
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A Proof of Theorem 2 and Corollary 4

We first present several technical lemmas that will be used in our analysis and review
existing results for the underdamped Langevin SDE. The proof of these lemmas will be
deferred to Section C.

Our analysis for analyzing the convergence speed of the SGHMCI1 algorithm and its
comparison to the underdamped Langevin SDE is based on the 2-Wasserstein distance and
this requires the L? norm of the iterates to be finite. In the next lemma, we show that
L? norm of the both discrete and continuous dynamics are uniformly bounded over time
with explicit constants. The main idea is to make use of the properties of the Lyapunov
function V which is designed originally for the continuous-time process and show that the
discrete dynamics can also be controlled by it.

Lemma 16 (Uniform L? bounds). (i) It holds that

fde z,v)dpo(z,v) + %

E, | X(®)|* < CC = < 00, Al
sup [X(O)]° < (1__2A)ﬁ7 00 (A1)
v)d d+A
sup B, ||V ()2 < CC = Juza V( ik Jdpolw,0) + 57 (A.2)
>0 T(1—=2X)
(ii) For0<n< min{%(d/ﬁ + A/p), 77 %}, where
KerMﬁ3mﬂ(g+7+® 8(3M + 7% — 1722 +1) (A3)
' (1=2))py* B(1—2X) ’ '
1
Ko = 2B2 (2 + 4+ 5) , (A.4)
we have
sup || X2 < ¢4 = Jr (:”’1”)“0( v+ TR (A.5)
>0 3(1—2))8y2
dr. d 4(d+A)
Sup s V|2 < ¢4 .= Jpza Vi, vnolda, dv) + T (A.6)

B1—2n)

Since SGHMC1 is a discretization of the underdamped SDE (except that noise is also
added to the gradients), we expect SGHMCI1 to follow the underdamped SDE dynamics. It
is natural to seek for bounds between the probability law u, ;. of the SGHMC1 algorithm at
step k with time step 7 and that of the underdamped SDE at time ¢ = kn which we denote
by Vg kyn. In our analysis, we first control the Kullback-Leibler (KL) divergence between
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these two, and then convert these bounds into bounds in terms of the 2-Wasserstein met-
ric, applying an optimal transportation inequality by | ]. Note that Bolley and Villani
theorem has also been successfully applied to analyzing the SGLD dynamics in [ ].
However, the analysis in | | does not directly apply to our setting as underdamped
dynamics require a different Lyapunov function. This step requires an exponential integra-
bility property of the underdamped SDE process which we establish next, before stating
our result in Lemma 18 about the diffusion approximation of the SGHMCI iterates.

Lemma 17 (Exponential integrability). For every t,

E, eaoH(X(t),V(t))Hz] < / eiav(%v)uo(dw,dv) + lewa’y(d + A)t,
R2d 4
where AL 23)
a [R—
ap = o 35 Q= —— (A7)
—2np2 T Bi-20)

We showed in the above Lemma 17 that the exponential moments grow at most linearly
in time ¢, which is a strict improvement from the exponential growth in time ¢ in | ].
As a result, in the following Lemma 18 for the diffusion approximation, our upper bound is
of the order (kn)3/2\/log(kn)(6'/* 4+ n'/*) + kn./n compared to kn(6Y* +n'/4) in | ].
The method that is used in the proof of Lemma 17 for the underdamped dynamics can
indeed be adapted to the case of the overdamped dynamics to improve the results in

[ I

Lemma 18 (Diffusion approximation). For any k € N and any n < 1, so that kn > e and
n satisfies the condition in Part (ii) of Lemma 16. Then, we have

Wa (g s Vaen) < (Cod™* + Cigt™y - (kn)®/% - \/log(kn) + Ca(kn) v/

where Cy, C1 and Cs are given by:

1/2
) s 3
Co=4-|(M?*Ci+B?) = M2Cd + B2) = A.
) 7(( 4 )W+¢< ¢+ x) , (A8)
My | B M28y B v
q-&<<7”+jﬁwﬁ+¢<7”+gﬁ«mﬁ : (A.9)
Oy = (27205 + (4 + 20) (MQCg + 32) + 275*1)1/ : (A.10)

2>

2V2 (5 1 a 12
= \/\;7; (2 + log (/2d e1®V@0) o (da, dv) + 1€ S ay(d+ A)>> . (A.11)
R
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A.1 Convergence rate to the equilibrium of the underdamped SDE

We consider the underdamped SDE and bound the 2-Wasserstein distance Wa (v, 4, 7,) to

the equilibrium for a fix arbitrary time ¢ > 0. Crucial to the analysis is | |, which
quantifies the convergence to equilibrium for underdamped Langevin diffusions. We first
review the results from | |. Let us recall from (2.1) the definition of the Lyapunov

function V(z,v):
g _ -
V(w,v) = BFy(x) + 7" (o + 97 ol + Iy~ oll® = All2]).

For any (z,v), (2/,v") € R?, we set:

r((z,v), (2',0) = arllz — 2’| + |2 — 2’ + 47 (v = ),
pl(z,v), (@', 0) = h(r((z,0), (2",0))) - (1 +e1V(z,v) + e1V(2',0")),

where aq,e1 > 0 are appropriately chosen constants, and h : [0, 00) — [0, 00) is continuous,
non-decreasing concave function such that h(0) = 0, h is C? on (0, R;) for some constant
Ry > 0 with right-sided derivative b/, (0) = 1 and left-sided derivative h’_(R;) > 0 and h
is constant on [Ry,00). For any two probability measures y, v on R??, we define

Hp(p,v) = E[p((X, V), (X", V"))]. (A.12)

inf
(X7V)NM,(XI7V/)NV

Note that H, is a semi-metric, but not necessarily a metric. A simplified version of the
main result from [ ] which will be used in our setting is given below.

Theorem 19 (Theorem 2.3. and Corollary 2.6. in | |). There exist constants oy, €1 €
(0,00) and a continuous non-decreasing function h : [0,00) — [0,00) with h(0) = 0 such

that we have
WQ(Vz,km 7Tz) < C \/ HP(:“’Ov 7Tz>67'u*kn 5

where
Ly = % min{AM~ =2, AY2e A MA72 AV2e A (A.13)
1
C= \/QGH%i\/max{l, 4(1 4 20y + 202)(d + A) B~y 1t/ min{1, Ry }},

min{l, a;}

)

12
A= E(l + 201 4+ 203)(d + A) M~y 22711 —20) 7, o =1 4+AHMy2, | )
e1 =47/ (d + A), (A.16)
Ry =4-(6/5)2(1 4 20q +207)/2(d + A)/237 12471 (A — 20%) 712, (A.17)
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We remark that the definitions of A,aq in (A.15) are coupled and there exists o €
(0,00) so that A,y in (A.15) are well defined; see Theorem 2.3. in | ]. In order to
get explicit performance bounds, we also derive an upper bound for H, (o, 7,) in the next
lemma. It is based on the (integrability properties) structure of the stationary distribution
7, and the Lyapunov function V that controls the L? norm of the initial distribution .

Lemma 20 (Bounding initialization error). If parts (i), (ii), (iii) and (iv) of Assumption 1
hold, then we have

_ 1 3
Mol ) < Hylp) i= R + Rz ma {01 + 5572, 3 10,0 B

b+d 3 B?
+ /ﬂ + nglzd + 2R1e1 <,8A0 + i]W) , (AlS)

1
+ R1€1 <M + 2,8’}/2>
where [[(@,0) 22 = Jiaa @, 0)[2uo(de, dv).

A.2 Proof of Theorem 2

As the function F, satisfies the conditions in Lemma 26 in Section E with ¢; = M and
¢z = B (Lemma 25 in Section E), and the probability measures i, 5, 7, have finite second
moments (Lemma 16), we can apply Lemma 26 and deduce that

/ Fy(x)pn 7 (dz, dv) —/ F,(z)my(dx, dv)
R xR4

Rd x R4

< (Mo + B) - Waljig g, ms). (A19)

Here, one can obtain from Lemma 16 and Theorem 19 (convergence in 2-Wasserstein
distance implies convergence of second moments) that

0? = max {C’g, C’g} =Ce (A.20)
Now, by Lemma 18 and Theorem 19, we have

Wo (Mz,ky 7rz) < WQ(Mz,k;a Vchn) + WQ(Vz,k;m 7TZ)
< (Cob™* + Con!) - (k)2 - /og(k) + Calkn) /1 + C[Hy pio, m)e 7.

It then follows from (A.19) that

[, B@alds,do) - [ Fu@)m(ds,do)
R4 xR4 R4 xR4

< (Mo +B)- <C\/ H (110, mg)e M1 4+ (Coo™* + Cint/*) - (kn)*/% - /log(kn) + C2(kﬁ)ﬁ> :
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Let kn > e, and
1 1
kn = —log <> .
Hox 2

4
Then for any 7 satisfying the condition in Lemma 16 and n < (W) , we have

[ Fe@aldz,do) = [ Fue)m(ds,dv)
R4 x R4 R4 xR4

< (Mo +B)- (c\/mwo, ro)e + (/ﬁgaoga/e))?’/%”‘* " fg/) Viog (i L og(=1))

*

R
fix (log(1/€))* |-

The proof is therefore complete.

A.3 Proof of Corollary 4

With a slight abuse of notations, consider the random elements (X,V) and (X*,V*) with
Law((X,V)|Z = z) = p, and Law((X*,V*)|Z = z) = 7,. Then we can decompose the
expected population risk of X (which has the same distribution as X}) as follows:

EF(X)-F* = (EF(X) - EP(X"))+(EF(X") - EFy(X"))+(EF(X") - F*) . (A21)

The first term in (A.21) can be written as:

EF(X) - EF(X*) = / P () ( /R P, dv) - /R y Fz(x)ﬂz(da:,dv)>,

where P™ is the product measure of independent random variables Z1,...,Z,. Then it
follows from Theorem 2 and Lemma 20 that

EF(X)—EF(X*) < Jo(e) + Ji(e).
Next, we bound the second and third terms in (A.21). Note that

Fz(x)ﬂ'z(dx,dv):/ F,(x)my(dx),

R2d R4

where 7,(dz) = Age PP dg and A, = Jga e PF=(®)dg. The distribution 7, (dz), i.e., the
x—marginal of m,(dx,dv), is the same as the stationary distribution of the overdamped
Langevin SDE in (1.4). Therefore the second term and the third term in (A.21) can be
bounded the same as in [ | for the overdamped dynamics.
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Specifically, the second term in (A.21) can be bounded as

EF(X*) —EFz(X*) < APers (]\:(ber/ﬂ) +BQ> = J3(n),

n

by applying Lemma 27, and the last term in (A.21) can be bounded as

EFz(X*)—F* = E [Fz(ff*) ~ min Fz(x)] +E [féi@ Fz(z) - Fz(fﬂ*)}

< E [FZ(X*) — min Fz(x)] < Do,
z€R4

where x* is any minimizer of F'(x), i.e., F(z*) = F*, and the last step is due to Lemma 28.
The proof is complete.

B Proof of Theorem 6 and Corollary 8

The proof of Theorem 6 (Corollary 8) is similar to the proof of Theorem 2 (Corollary 4).
There are two key new results that we need to establish: a uniform (in time) L? bound for
the SGHMC2 iterates (Xk, Vk), and the diffusion approximation that characterizes the 2-
Wasserstein distance between the SGHMC?2 iterates and the continuous-time underdampled
Langevin diffusion. We summarize these two results in the following two lemmas and defer
their proofs to Section D. With these two lemmas, Theorem 6 and Corollary 8 readily
follow and we omit the proof details.

Lemma 21 (Uniform L? bounds for SGHMC? iterates).
For0<n< min{l, Ki(d/ﬁ + A/B) A2 }} where
2

,ﬁvﬁ
K=K +Q 4 +Q 8 (B.1)
LR R 0N TR I S 202 ‘
Ky = Ky + Q3, (B.2)
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where K1, Ko are defined in (A.3) and (A.4), and

Q= %co ((5M +4 =27+ (co+ 7))+ (1 +7) (Z +co(1+ ’y)) + 272A>, (B.3)
1 5 9 2
Q2= 5co ((1+7) <00(1+7) + 2) +co+24+ M +2(Mco + M + 1)) (2(1 +6)M7)

3
+ <2M2 A+ 57 (1 + 7)) : (B4)

5
Q3 := co ((1 +7) (co(l +7) + ) +eo+2+ M2 +2(Mcg+ M + 1)) (14 6)B% + coB?

2
1 _ _ _
+ 5735 Yega + 928 tera + MyB Lo, (B.5)
where p p
=1 2 = — = = B.

co +77, c12 1= o, c2 = 3, (B.6)
we have

sup B, | X (2 < 4, supB,||V;* < €, (B.7)

j=0 j=>0

where C and C¢ are defined in (A.5) and (A.6).

Next, let us provide a diffusion approximation between the SGHMC2 algorithm (X ks Vk)
and the continuous time underdamped diffusion process (X (kn),V(kn)), and we use fig j
to denote the law of (X, Vi) and v, to denote the law of (X (kn), V (kn)).

Lemma 22 (Diffusion approximation). For any k € N and any n, so that kn > e and n
satisfies the condition in Lemma 21, we have

W (g ks Vo) < (Cod™* + Cin/?) - /kn - /log(kn),

where Cy is defined in (A.8) and Cy is given by:

A 3BM* 2dy31
Cri=4- ( p (C;l+ (2(1+5)M2Cg+2(1+5)32) + Vf )

- 1/2
T \/?’ﬁM2 (C;;l + (2(1 + 6)M2C4 4 2(1 4 6)B2?) + delfl» , (B)

where 4 is defined in (A.11).
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C Proofs of Lemmas in Section A

C.1 Proof of Lemma 16

(i) We first prove the continuous-time case. The main idea is to use the following Lyapunov

function (see (2.1)) introduced in [ | for the underdamped Langevin diffusion:
5
V(@) = BF,(x) + 773 (|l + 77 0l + Iyl = All]]?). (C.1)
Lemma 1.3 in [ | showed that if the drift condition in (2.2) holds, then
LY <y(d+ A-\V), (C.2)

where L is the infinitesimal generator of the underdamped Langevin diffusion (X, V') de-
fined in (1.5)—(1.6):

LY = —(y + VE,(2)V,V +v871AYV + 0V, V. (C.3)

To show part (i), we first note that for A < %,

Vi) 2 BE(x) + 51— 2052w + 47+ o)
> ma { (1= 20037 (01— 20 (€4
Now let us set for each ¢t > 0,
L(t) = BV (X (0), V2], (©5)

and we will provide an upper bound for L(t).
First, we can compute that

VoV = ﬁu+m (C.6)

By Itd’s formula and (C.6),
d(eV(X (1), V(1)) = yAMV(X (1), V(2))dt + e NLV(X (1), V(t))dt

+ e <ﬁV()+X > V298-1dB(t)

which together with (C.2) implies that

V(X (1), V(8)) < V(X(0), V(0)) +(d + A) / F Misgs
0
! Y
0

s (5V()+57X ) V/2v8-1dB(s (C.7)
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Note that V Fy(x) is Lipschitz continuous by part (ii) of Assumption 1, and hence (X (¢), V(¢))
is the unique strong solution of the SDE (1.5)-(1.6), and thus E[fOT IV -+ X (#)]2dt] <
oo for every T' > 0 (See e.g. | ]). Therefore, for every T' > 0, we have

T
/ 627)\8
0

and hence fot e <ﬂV(s) + B—;X(s)) -y/2v7871B(s) is a martingale. Then we can infer
from (C.7) and (C.5) that for any t > 0,

2

<Al (2787 ")ds < oo,

BV (s) + 51X (s)

d+ A
LA

L(t) = Ea[V(X (1), V()] < L(0)e ™ + =

(1—e ),

In combination with (C.4), we obtain that (X,V) are uniformly (in time) L? bounded.
Indeed, we have

éu 2N BYE, | X (D) < By[V(Xo, Vo) + %7
O MmO < B0 ) + A

The proof of part (i) is complete by noting that E,[V(Xo, Vo)] is finite from part (v) of
Assumption 1.

(ii) Next, we prove the uniform (in time) L? bounds for (Xj,Vi). Let us recall the
dynamics:

Virr = Vi — n[vVi + 9(Xe, U] + V298106, (C.8)
X1 = X +10Vy, (C.9)

where Eg(x,U, ) = VF,(z) for any . We again use the Lyapunov function V(z,v) in
(C.1), and set for each k =0,1,...,

1 _ -
La(k) = EaV(Xp, Vir) /8 = Ea | Fa(Xp) + 572 (X5 + 77Vl + 77 Val® = AHX1<;\|2)} :

4
(C.10)
We show below that one can find explicit constants K7, Ko > 0, such that

(L2(k+1) = La(k))/n < y(d/B+ A/B — ALa(k)) + (K1La(k) + K2) - n.

We proceed in several steps in upper bounding Lo(k + 1).
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First, by using the independence of Vj, — n[vVi + gr(Xk, U, k)] and &, we can obtain
from (C.8) that
B[V |
= Eol[Vi — nlvVi + 96 (X, Uz i)]II” + 2787 0B 16512
= By || Vi — nlyVi + gx (X, Us)lII* + 28~ "nd
= E, ||V — nlyVi + VE(XII? + 298~ 'nd + n*Ba | VL (Xk) — g1 (Xi, Usie) 12
< (1= 1) B |VilI? = 20(1 — 1) B[ (Vie, VR (X0))] + 0*Ba | VFo (X) |2 + 298~ d
+ 202 MR, | X ||? + 26n° B
< (L= 1) Ea|[Viel? = 20(1 = 1) B [(Vi, VF(X1))]
+ 0 (MEq | Xp||* + B? + 2M BE,|| X)) + 298~ 'nd
+ 260 M*E, || X ||* + 26n° B2,
where we have used part (iv) of Assumption 1 and Lemma 25 in Section E in the Appendix.

2241
2

By using |z| < , we immediately get

Eg|[Viral* < (1= m7)Eall Vil = 20Ea[(Vi, VER(Xi))] + 20 Ea[(Vie, VER(X)))

+ (N M? + 0> M B + 50° M?) E, || Xi||* + (0 M B + 278~ 'nd + 26n° B?).
(C.11)

Second, we can compute from (C.9) that
Eol| X k1 lI” = Eol| Xil* + 20EL[( Xk, Vi)l + 07 Ea | Viel*. (C.12)
Third, note that
1
Fz(Xk+1) = Fz(Xk + T]Vk;) = FZ(X]C) + / <VFZ(Xk + TT]Vk),nd>dT,
0

which immediately suggests that

1
[ F2(Xky1) — Fa(Xg) — (VEL(XE),nVi)| = /0 (VFu(Xg +m0Vi) — VF(X),nVi)dr

1
< [ IVE+ 7vi) = VEXD] - Vil dr
0
1
< SMPPIVi?,
where the last inequality is due to the M —smoothness of F,,. This implies

1
EyFy(Xpq1) — By Fy(Xp) < nEL(VF,(X}), Vi) + 51\47721[-12,ZW,€||2. (C.13)
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Finally, we can compute that
Bz || Xk+1 +771Vk+1H2
Xe+7" Vi = 9(Xe, Unie) + 27*15’177&“2
= B, || X5+ Vi — v (X, Up) | + 207187 M d
=B, || X5+ Vi — iy VE(XR)|* + 27787 nd
+ By ||y g(Xn, Uni) — 1y "V E(Xp)||?

< By || Xk + 7 Wi — iy IV E(XD|P + 207 87 d + 202y 28(MPE, || X, ||* + B?)
=E, || X: + 7_1VkH2 — 20y "B Xk + 7 Vi, VEL(XR))

+ 0Py P, IV E(X0) |1 + 2971 87 nd + 20y 26 (MPE, || X, ||* + B?), (C.14)

—F,

where we have used part (iv) of Assumption 1 in the inequality above.
Combining the equations (C.11), (C.12), (C.13) and (C.14), we get

(L2(k +1) = La(k))/n
= (Ez[Fz(XkH)] — B, [Fo(Xy)] + %’Yz (Bal| Xit1 +7 Vaga I — Eol Xi + 77 Vil?)
+ 1 Bl Vol = EIVAIP) - 177 (Bal Xia P~ EallXil?) ) /'
< By (VE(X0), Vo) + 5 MBSV = 298 (X + Vi, VB, (X))
+ UEIVE(XIP + 5787 d + sod(M2E| i + B)
320+ B VAR — 51— ) Eal(Vi, VE(X0))]
+ PIOPEN X + B + 2MBE | Xi) + 5757
ORI + 2078 — SN (Xi Vi) — 17 Mg Vi 2
= —%EZWFZ(Xk)?XH - %EzHVkHQ - ,)/;)\EZ<X’€7 Vi) + 787 d + &

1 2\ _
< —PAES[F(Xe)] = 7P Ea | Xal2 4+ 7A/B — JE|IVAI? — ToE Xk, Vi) + 787" d + Ein,

(C.15)
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where we used the drift condition (2.2) in the last inequality, and

1 1 1 1
= (GM+ 17 = 1720 EIVIP + JEIVECGIP + S0P + 5
1 1
+ 39El(Vi, VR + 5 (MBSl X2 + B + 2M BE|| X))

We can upper bound &}, as follows:

1 1 1 1
< (M + 7 = 17 BalVilP + A VEXI? + S0P X + B

1
+ VB |[Vi|* + VB ||V Fo (X0 + JEa (M Xk | + B)?

1 1 1
< <2M +37 -+ 7> E||Vill? + 6(ME, || X, |> + B?)

1 1
# (3 7) B + B+ {1 + B
2

1 1
< (30 + 177 - 70+ BalVEl?
2 (1 2 2 (1
+2M7 5+ 7+ 0 ) B Xy[* 2B ( 5+ 46 ).
Since A < 1, we obtain from (C.4) and (C.10) that

Lo (k) > max {;(1 — 202 E, || Xk |2, (1 —2\E, HVkHQ} (C.16)
1

1
> 1o (1= 207 By | X4 + 2 (1 = 20 B [| Vi

Therefore,
&L < Kle(kJ) + Ko, (017)

where we recall from (A.3) and (A.4) that

2 (1 1 1.2 1.2
Klzmax{2M (3+7v+9) GM+1v 47/\"'7)}

9

(1 —2x)2 (1 -2x)
and .
K, = 2B? <2+v+5) .
Moreover, since A < I, we infer from the definition of Lo(k) in (C.10) that

1 1 1
La(k) = By Fo(Xp)] + 777 (1 = MEa[[ X5 + SrEa (X, Vi)] + SB[V

1 1 1
< Bo[Fo (X)) + 1’72Ez\|Xk||2 + 5V E[{X, Vil + ﬁEZHVkHZ‘
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Together with (C.15) and (C.17), we deduce that
(La(k+ 1) = Lo(k))/1 < 4(d/B + A/ — \La(k)) + (K1 La(k) + ).

For 0 <n < min{KlQ(d/ﬁ + A/B), %}, we get

(Lalk+1) = La(k)/n < 29(d/B + A/f) ~ 57MLak),
which implies
Ly(k +1) < pLa(k) + K,

where

p:i=1—ny\/2, K :=2nvy(d/B+ A/p),

and we have p € [0, 1), where we used the assumption that n < % Tt follows that
K 4(d/B+ A
Lak) < L2(0) + 7= = Ea V(X0 Vo) 6] + W

The result then follows from the inequality above and (C.16).

C.2 Proof of Lemma 17
From (C.1)—(C.3), we can directly obtain that

Le®Y = [~(yv + VEF,(2))aV,V + 8 aA,V + v871a? |V V|2 + vaV, V] e
= [aLY +4871a®|V,V|?] e
< [avd + ayA — ay AV + o?ypt HVUV||2] eV, (C.18)

Moreover, we recall from (C.6) that

VoV =pv+ %aj,
and thus
2 2 2 /3272 2
IVoVIT < 26%|[0l” + == ll«]”.

We recall from (C.4) that

V(o) 2 max {0 - 20872l S (- 20l

Therefore, we have

2 2.2
86 467y }v— 125 (C.19)

2
VoVl < [5(1 —2)) * (1—=2))By2] ~  1-2)

49



By choosing;: A3 AL —22)

= 123 = s
1-2X 12

we get
Le™ < ary(d+ A)e™.

Since Le® = [LaV + 787 VyaV|?] eV, we have showed that
LaV +y87|VeaV|? < ay(d + A).
Applying an exponential integrability result, e.g. Corollary 2.4. in |
E {eaV(X(t),V(t))} <E [6aV(X(O),V(0))] e (d+A)t
That is,
E, [eaV(X(t),V(t))] < /RM (V@)A1 ) < oo,

Next, applying It6’s formula to e1oV(X (t)’V(t)), we obtain

t
e%aV(X(t),V(t)) :e}laV(X(o),V(O))+/ EeiaV(X(s),V(s))ds
0

(C.20)

(C.21)

|, we get

(C.22)

+ /t ; (ﬁV(S) + BVX(S)> et VXEVED gB(s). (C.23)
0

2 2
For every T' > 0,

2
ds

T
/ E Hl (51/(3) N BVX(S)> V(X))
o Iz 2
<

ﬁQ r lOé S S
5| E VO 2 x @) ek Ove] s
T

< 68
1—2X\ J

123
“1-2)

E [V(X(s), V(s))e%w(X(s)»V(s))} ds

T
E |:€aV(X(S)7V(5)):| ds < oo,

where we used (C.4) and (C.22). Thus, fg% (6V(s) + B—;X(s)) eTV(X(5).V () . dB(s) is a

martingale. By taking expectations on both hand sides of (C.23), we get

t
E eiavms),vw))} :E[ezawxm),wo»} 1 / E{Eeﬁaw(sww»} ds.
0
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From (C.18), (C.19) and (C.20), we can infer that

[u—

a2

1
ﬁ —aV <
e s 16

1
—ay(d+ A) — Za’y)\V +~871

S

rvww)éw

—

< <ory(d +A) - 136047)\V> etV

W

a(d+A)

1
< Jar(d+ A)e™ T,

where in the last inequality we used the facts that V > 0 and %ory(d +A) — l%ory)\v >0

if and only if V < %. Therefore, it follows from (C.24) that

E eiawxw),ws))] <E [e%awx <0>7V<0>>} + %Mgm ay(d+ A)t.

Finally, by (C.4) again,

16 8
2 <2z + 2| < :
(@, v) |7 < 2[|[|” + 2[jv]|* < A—on52 T B -2y V(z,v)
Hence, the conclusion follows.
C.3 Proof of Lemma 18
The proof is inspired by the proof of Lemma 7 in [ | although more delicate in our

setting. Note that the main technical difficulty here is that the underdamped Langevin
diffusion is a hypoelliptic diffusion, i.e. the diffusion matrix of the stochastic differential
equation defining the multidimensional diffusion process is not of full rank, but its solutions
admit a smooth density, see | |. In our case, there is no Brownian noise in dX (¢) term
in (1.6) and the underdamped Langevin diffusion (1.5)-(1.6) is hypoelliptic. Consider the
following continuous-time interpolation of (X, Vi):

V(t) =V —/0 YV ([s/n)n)ds —/0 9(X(Ls/nln), Uq(s))ds + \/275‘1/0 dB(s), (C.25)
X(t) = Xo + /Ot V(|s/n]n)ds, (C.26)

where U,(t) := U,y for kn <t < (k+ 1)n. Then (X (kn),V(kn)) and (X, V%) have the
same distribution fi, ) for each & > 0. Since there is no Brownian noise in dX(t) term in
(1.6) and dX (t) term in (C.26), and their dynamics are different, there does not exist a
solution to equation (7.115) in Theorem 7.18 in | |, and one can not apply Girsanov

theorem to compute the relative entropy between (X (t),V(t)) and (V(t),X(t)), which
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is the main technical difficulty here. To overcome this challenge, we define an auxiliary
diffusion process (X (t), V(t)):

V0 =Vo~ [ 1V(ls/nnds
t ls/nln _

_/9<X0+/ 5 (L) du, To(s >d5+\/2v6 /dB
0 0

(C.27)

= X0+ /Ot V(s)ds, (C.28)

which serves as a bridge between the underdamped Langevin diffusion (X (kn), V(kn)) and
the discrete time SGCHMCT iterates (X, V). Then, it is easy to see that V(kn) has the
same distribution as Vj, though X (kn) is not distributed the same as Xj. Since the drift
term in (C.28) in the auxiliary diffusion process (X (t), V(t)) has the same dynamics as the
dX(t) term in (1.6), Girsanov theorem is applicable according to Theorem 7.18 in | ].

Let P be the probability measure associated with the underdamped Langevin diffu-
sion (X(t),V(t)) in (1.5)~(1.6) and P be the probability measure associated with the
(X (), V(t)) process in (C.27)—(C.28). Let F; be the natural filtration up to time ¢. Then,
the Radon-Nikodym derivative of P w.r.t. P is given by the Girsanov theorem (see e.g.
Section 7.6 in [ D:

dP —e \/;fo( =V (Ls/n)n)+VFa(X(s))— <X0+f0LS/"J" V(Lu/njn)du,ﬁﬂs)))-dB(s)

dP |z,

~ — 2
o B V@ AV s/ V(R () =g (Ko + StV (L/nm)duTa(s)) | ds

Then by writing P; and P; as the probability measures P and P conditional on the filtration
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Fta

D(Py||Py)

dP
/ dP;log —*
dP,

2

t
:ﬁ ds

- - - [s/nln _ o
Ez |7V (s) =V (Is/nln) + VEL(X(s)) — g (Xo + /0 V(lu/n]n)du, Uz(5)>

4y Jo
< B ]E VF, (Xo +/L8/mf/(u)du> —9g (Xo —I-/L o V(|u/n)n)du, Uy(s )) 2ds
T 2y 0
/E H’yV —V(ls/nln H ds
8 Ls/nlm Ls/nn _ ?
/ (XO +/ V(u)du> —VF, (XO —i—/o V(Lu/an)du) ds

2
ds

ﬁ/

Ls/nin _ Ls/nln _ _
<X0+/ V(Lu/njn)du) —g <X0+/0 V(Lu/an)duvUz(s)>

/E H’YV —yV(|s/nln H

which implies that
D(Pyy]|Prn)

BUZ]E VE, <X0+/ V(u ) VE, <Xo+/0jnV(Lu/an)dU>
ikzo VFE, <X0+/ V(Lu/nm)du> —g(Xo+/0jn‘7(Lu/an)duaUz,j)
B
o

k=1 e(i+1)n
Z/j E, HvV —V(ls/nln H (C.29)
§=0

2

2
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We first bound the first term in (C.29):

T%Ez VFE, <X0+/Om‘7(u)du> ~ VF, <Xo—|—/0jnf/(Lu/77Jn)du> 2
=0
< Mﬁjkoxﬁs [ (76 = Pt 2
k—1 n ~ _
<l X | B | = V)|
2 S S /:H)" E, |7(u) — V(La/n )| du,
j=0 i=0""

where we used part (ii) of Assumption 1 Cauchy-Schwarz inequality.
For in < u < (i + 1)n, we have

V(u) =V (|u/n]n) = —(u—1in)yV; — (u—in)g (Xi,Us) + /298~ 1(B(u) — B(in)), (C.30)

in distribution. Therefore,

V)~V (Lu/nln)|

= (u—in)’Ez |7V + g (X3, Up) > + 2987 (u — i)

= (u—in) By |WVi + VE(X0) | + (u — in)*Ey [|VFo(Xs) — g (Xi, Ug)|I” + 2987 (u — i)
< 2P°Ey | Vil + 20°Es ||V Eo(X0) ||+ 0?28(MPE, | X3|* + B?) + 29871

< 29%07E, Vil + 4 (MPE, | X, + B2) + 126(ME, | X |* + B?) + 298",

E,

(C.31)
This implies that

k=1 j=1 .(it1)y
28N .
w2y iy [ e
j=0

V)~ V(L)) du
i=0 7N

< M2§(kﬂ7)3 (2%72 sup E, ||V 1% + (4 + 20)n* <M2 sup B, || X° + BQ> - m»%;) :
>0 320
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We can also bound the second term in (C.29):

@k—l
v 2B

2

vr, (%ot [ Pomman) o (xo+ [ 7., )

2
+ B2>

<
Il
o
T
—

A
2 |E
[i\g

20 <M2Ez Xo+ /08 V(|u/n|n)du

T
L

=2

26 (MQEZ 1511 + 32)

<.
Il
o

IN
[\
sy
S

kn <M2 sup B, || X;]1* + B2> ,
>0

2|

where the first inequality follows from part (iv) of Assumption 1.
Finally, let us bound the third term in (C.29) as follows:

g k=L pG+m
2

S R AV s s

where we used the estimate in (C.31).
Hence, together with Lemma 16, we conclude that that

D(Pyy|[Pry) < sz(kn)g’ (27277203 + (4+20)7° (MQCﬁ + BQ) + 27B*1n)
20, (MQC’;f + BQ>
Y
+£(k: ) 2(2 20209 + (44 26)n? (M2C? + B%) + 24871
3, (ki (277G " 2 v8~'n).

We can then apply the following result of | |, that is, for any two Borel probability
measures j, v on R?? with finite second moments,

B + (24"

y=2inf | — | = +1 v .
¢ )1\20 </\ <2 o8 /de ‘ y(dw)>)

95

WQ(M? 1/) S CI/

where



From the exponential integrability of the measure v, , in Lemma 17, we have

1 /(3 (@) 2
Vz,kn S 2 <Oé(j <2 + log /R2d e™0 ’ Vz’k;y](dﬂf7 d’l})))

| L. 1/2
<2 ( <3 +log </ e3VE) g (da, do) + S an(d + A)kn») '
ag \ 2 R2d 4

1 a
3 + log </R2d e%av(x’”)uo(dx, dv) + 1€ S ay(d+ A)kn))

2
D(Py, ||P b
DBy |Pry) + (W) ] , (C.32)

Hence

- 4
Wg(Pkanz,kn) < — <
(o}

where

2
D (B [Br) < (k) [ (F2204 20) (uci+ (2000 (322 4 ) 4 2767

55 (M20d+32)

Note that 1 < 1 so that 2y?nC¢ + (4 + 26)n (MQCg + B?) 4+ 29871 < (C3)?, where Cs is
defined in (A.10). Then, we have

D(Biy[Br) < ()’ [(MQB"W”) (2 + 2 (wPci + B)

¥ 2

By using (z + y)? < 2(2? + y?), we get

3 a(d+A)

8 1
W3 (P, Vo pn) < — (5 + log e%awwv”mo(d:c,defe 5 an(d + A)kn
(7)) 2 RZd 4

- [Dahmkn) n \/D@kmkn)] | (C.33)

Since kn > e > 1, we get

1
Ll (3 + log (/ ereV(@w V) o (da, dv) + ~e A ay(d+ A)kn ))
(7)) 2 R2d 4
8 (3 LoV () 1 a@d+a)
< —(=+log 1Y o (de, dv) + —e~ v ay(d+ A) | + log(kn)
ap \ 2 R2d 4
8 1 a(d+

<2 (2 +log (/ p1oV(z,0) po(dz, dv) + 1 3 a’y(d—{—A)) + 1> log(kn), (C.34)
R2d
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and

D(H}anPkn) + \V D(H}anPkn)
2
< ((Mf" + 000 co + \/ (*2+ 50 <c2>2> ()

+ ((MQCg + BQ> ﬁ + \/(Mzcg + B?) f) (kn)*V/s,

which implies that
W3 (Pry, Vakn) < (CEVGS + CFy/m) (kn)? log(kn),

where Cp and C; are defined in (A.8) and (A.9). The result then follows from the fact that
Vv +y < /x + /y for non-negative real numbers z and y.
Finally, let us provide a bound on Wa (15 . ]13’;“7). Note that by the definition of V, we

have that <X0 + fokn V(|s/n]n)ds, f/(k:n)) has the same law as ji, 1, and we can compute
that

. kn
B, || X (kn) — Xo - /O 7 (Ls/n)m)ds

kn B 5
; Vi(s) = V(Ls/nln)ds

<t [ |76~ s s

< (kn)?n (29%0Cs + (4 + 2000 (MPCE + B?) +29871) < (kn)*n(Co)*.

-F,

where we used the assumption 1 < 1 so that 2y21nC¢ 4 (44 20)n (Mng + B2) +29871 <
(C2)? in the last inequality above, where Cy is defined in (A.10). Therefore,

W2(,Uz7kaE~Dkn) < C2kny/m.

The proof is complete.

C.4 Proof of Lemma 20
We recall first from (C.4) that

V(o) 2 max {0 - 20872l S (- 20l
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Since [pad V(@) 6 (dx, dv) < oo with a > 0, we have [z, )| L2 (o) < 00-
Next, let us notice that by the concavity of the function h, we have (see |

h(r) < min{r,h(R1)} < min{r, R}, for any r > 0.
It follows that
p((,v), (2',0')) < min{r((z, ), (&, o)), Ba}(1+ V(@ 0) + e V(e o))
< Ri(1+eV(x,v) + V(' 0)).
Moreover, by the definition of V in (2.1) and Lemma 25, we deduce that
M 1 _ _
V(o) < (el + Blal + Ao ) + 3872l + 7ol + ol = M)
M 1 _ _
<p <2H$H2 + Bllz| + Ao) + 187 @l ” + 29 ol + Iy ol® = All?)
2 B’ L, o 2 —2)1. 12 —1, 112 2
< B Mllzll® + Ao + 577 | + 1877 Cll2ll” + 29" + Iy ol = Allzll)
1 3 BB?
< (8314 3872 ) ol + 210l + 640 + 5

2M

Therefore, we obtain

/Hp(:uOvﬂ'Z)
L, 2 2 3 2 pB?
< Ri+ Rier | ( M+ By )17 po(da, dv) + 28 | |v]|“po(dz, dv) + BA0 +
2 R2d 4" Jr2d 2M
1., 2 3 2 3B?
+ Rier | | M + =By |z||* 7z (dx, dv) + — |v||*ms(dz, dv) + BA) + —— | -
2 R2d 4 R2d 2M
(C.35)
It has been shown in | , Section 3.5] that

b+d/B
/ ”l’HQNz(dx,dv) < 7/
R2 m

In addition, from the explicit expression of m,(dz,dv) in (1.7), we have

/ 0|27 (dz, dv) = (27r,8_1)_d/2/ lo[[2e117/@8 D gy — /.
RQd ]Rd

Hence, the conclusion follows from (C.35).
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D Proofs of Lemmas in Section B

D.1 Proof of Lemma 21

Before we proceed to the proof of Lemma 21, let us state two technical lemmas, which
will be used in the proof of Lemma 21. Recall 1o(t) = e " and 9p 1(t) = fg Yr(s)ds,
and (€x41,&),4) is a 2d-dimensional centered Gaussian vector from the SGHMC? iterates

(Xk, Vi) given in (1.10)-(1.11). Using the definitions, it is straightforward to establish
these two lemmas, so we omit the details of their proofs.

Lemma 23. For anyn > 0,
max {[to(n) — 1+ ynl, [n — w1 ()], [Y2(n)]} < con?, (D.1)
where co := 1 + 2.

Lemma 24. For anyn > 0,

Cii(n) == E||&|? < eun = dn, (D.2)
d
Coa(n) := ElI&L]1? < coon® := §773, (D.3)
d
Cra(n) = E{&r, &) < cran” = 5772. (D.4)

Now, we are ready to prove Lemma 21, i.e. the uniform (in time) L? bounds for (X}, V;)
defined in (1.10)—(1.11). We can rewrite the dynamics of the SGHMC?2 iterates as follows:

Visr = (1 =) Vi = n9(Xp, Ug ) + Ex + /2796716141, (D.5)
Xir1 = X + Vi + By + V29871841, (D.6)
where
By = (o) — 1+ ) Vi + (0 — ¥1(n))9( Xk, Uni), (D.7)
By = (1(n) = m)Vi — %2 (n)g(Xg, Uz, (D.8)

where Eg(z, U, 1) = VF,(x) for any x. We again use the Lyapunov function V(z,v) defined
as before, and set for each £k =0,1,...,

o PN N 1 N N A .
Lo(k) = ExV(X3, Vi) /8 = [onck) 7 (1% + 97 VRl + I Wl - AHXkIIQ)] .
(D.9)
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We can compute that
EFy(X4i1) = EF, <Xk + Vi + B + \/Q»yﬁ—lg;m)
. . . . M . . 2
<EF, (X0) +E (VA& + B ) + 5 E|oVi + B+ V29871

=EF, (Xk> +E <VFZ(Xk),77Vk> + %T]QE HVkHZ + 01(k),

where
% 1/ M nl 1t 2 ¥ nll —1¢!
01(k) =B (VE(%0), BL) + = E || B+ /208 6| + ME (nVi, B+ v/208 71611 )
(D.10)
O all M all 2 -1 9 all
:E<VFZ(X;€),E,€>+?IEHE,€ + M~ 022(77)+ME<nd,Ek>. (D.11)

We can also compute that

1 . o 2
L o 10|

= %E Y Xpt1 + Vk+1H2
= %E (VXIC + Vi = ng(Xi, U) + v/ 2%5”1&“) + B}, + V2B, + EkH2
= iE Xk + Vi = ng( X, Uz,k>H2 + 62 (k),
where
(k) = 3967 Cuan) + 57°87 () + 2287 Cal)

+ iE HVEQ + EkH2 + %E <’YXk + Vi — 1g( Xk, Unr), vEp + Ek:> :
We can also compute that
EWQE HV_lvk+1H2 =-E sz+1H2
= <E|[(1 =) Vi — ng(Xk, Uni) + Bx + v 2%3_1§k+1H2

. . 021
=-FE (1—'yn)Vk—ng(Xk,Uz,k)JrEkH +§vﬁ 'Cii(n)

N N 2
= —E (1 —=yn)Vi —ng(Xk, Uz,kz)” + 03(k),

where

55(k) = 1B

~ 12 1 R A A .
1 Ek\ +§E<(1—vn)Vk—ng(Xk,Uz,k),Ek>+§w 'Cu(n).  (D.12)
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Finally, we can compute that
1 2 % 2 1 2 % 9 all 1 2
*17 AE Xk+1H = *Z’Y AE HXk +nVi + EL + V298 1£k+1H
= — 37 |+ T = N B+ VR |
— SE (R i, B+ /205 e )

1 N ~ |12
<~V [ K+ k|| + au(h),

where

1 . IR
Ba(k) = =57 AE <Xk + Wk, E,g> . (D.13)
By following the proofs of the Lo uniform bound for SGHMCI1 iterates, we get

Lo(k + 17)] — La(k) < A (ASBALa (k) 4 (K Lah) 1 Ka) m t o1 (k) + 6a(k) j;&z,(k) + 54(1{)7
where K and Ky are given in (A.3) and (A.4).

Next, we can estimate that

5i1(k) =E <VFZ(Xk), E;> + %E HEk L ME <nd, E,g> + MAB~ Cs(n)

N N A~ M N N 2
< B [IVE(ZI - (Il + 19K, Ul ] + 5 n'E (17l + g%, Uni))

+ Meon®E [[Vill - (IVkl] + llg(Xe, Ul )| + M8~ coon®

IN

1 A : .
560772EHVFZ(X1<:)||2 + M 'R g(Xy, Upp) || + M8~ eaon®

1 N 1 N N 2
+ 5 Meon* (1 + 20P)EI|Ve | + 5(M + eon’E ([|Vell + llg(Ki, Uni) )

1 A : .
560772EHVFz(X1f)II2 + MEEn*E| g(Xp, Upp)||* + M~S ™ eagn®

IN

1 N N .
+ §M00772(1 + 20H)E|| V|12 + (M + D)eon®E| Vi ||? + (M + 1)con’E||lg( Xk, Unr)||?

1 . . .
560772EHVFZ(Xk)II2 + con’ (Mcon” + M + 1D)E|g(Xy, Uz i) |I> + MyB ™ coan®

1 )
T 5(:0772(1\4(1 +202) + 2M + 2)E|Vi|1%,
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and
(k) = 5967 Cua(n) + 5957 Conl) + 726~ Cra)

1 ., 1 A . .,
+ ZEHVE,’C + E|* + §E <7Xk + Vi = n9(Xk, Uz i), YER, + Ek>

IN

1 1 _ _
575 101177+§735 1022773‘1"725 1012772

1 N N 2
+ 1At +D%E (Ve + llg(Re, Un))

1 R R . . R
+ 5e0n?(1+VE [[|[ve + Vi = ng (R, Un) | - (1V6ll + 19K, Us)1)

IA

1 1 _ _
575 101177+§735 Leoon® + 4287 eran?

1 - . 2
+ g0 (L+ )L+ oL+ )E (1l + lg(Xe, Uni)l])

1 N N . 2
+ 160772(1 +7)E H')’Xk + Vi — ng(X, Uz,k)H

IN

1 1. _
R 1011n+§735 Yegon® + 2B Leran®

1 A
+ 560772(1 +9)(1 + con (1 +7))E[|Vi|?

1 N
+ 5o (1+ 7)1 + o (1 +)Eg(Xx, Un)||*

3 A 3 .
+ 160772(1 + VB X + 100772(1 +7)El|Vil®

3 )
+ 100772(1 + NN*Elg(Xk, Up o) |I?

1 1 _ _
= §Vﬁ Yenn + 5735 Yegon® + 428 Leron®

1 5 .
+ et (149) (5 + @t +) ) B

1 3 N
+ geonP( ) (1 (L) + 30t ) Bl Uaa) P

3 N
+ 100172(1 +V)YVE| X2,
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and we can compute that
Loy ' . A S
d3(k) = EEHEkH +3E <(1 =y Vi — ng(Xk, Uz,k)aEk> +378 C11(n)
Lo am (17 o 2
< 26’ (17l + lg(Xn, Uzl

+ %COH2E [H(l — ) Vi, — ng(Xp, Uz,k)“ : (IIVkH + llg( X, Uz,k)m + %’yﬂ’lclm

IN

1 N N 2
Zeor(L+ con®)E ([1Vll + llg(Ki, Ul

1 . X 2 1
+ ZConQIE H(l — Vi, — ng(Xk, Uz,k)H + 575 Lenn

1 N 1 N
< 500772(1 + con®)E||Vi|* + 500772(1 + con®)E|g(Xp, Upp) |I”

1 . 1 ) 1
+ 500712(1 —m)’E|Vil? + 500774]EH9(X1€, Ui)||> + 578 Lenn

1 N
= 500?72(2 —2yn + (co + V)0 E||Vi ||
1

~ 1 _
+ 500772(1 + (co + D)) E|g(Xk, Uppo) 1> + 378 e,

and finally we can compute that

1 . L
51(k) = — 5 \E (X + Vi, 1)

IN

S B [[| K+ ¥ (190 + (% Ua)1)]

IN

1 . N 1 N N 2
17 AoPE| X + Vil + 177 AcorE ([1Vll + llg(X, Unoll)

IN

1 . 1 N 1 R
§'V2/\60?721E||Xk||2 + 572/\60772(1 +7*)E|Vi|* + 572/\00772E||9(Xka Uze)|I*.
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Putting everything together, we have
Lo(k+1) — Ly(k)
n
< Y(A/B = ALa(k)) + (K1La(k) + K3) -+

01(k) + d2(k) + 63(k) + d4(k)
n

< A((d+ A)/B — Aa(k)) + (EKrLa(k) + Ka) -1

1
+ 5con ((M(l +20%) + 2M + 4 — 2vn + (co + v2)n?)

+(1+7) (g + con?(1+ v)) +2A(1+ 772)>EHVkH2

1 3
+5con ((1 +7) <1 + con*(1+7) + 2774> + 14 (co+ 1)n?

+ M2+ 2(Megn® + M + 1)>E\|9(ka Usi)|I”

# IV + g (A+ S0+ ) ELX
+ %73,8*1@2772 +7° B cran + MAB ™ eaan?,
where we used the fact that ¢;1 = d. Moreover,
E|VE,(Xp)|* < E(M| X| + B)* < 2ME|| X||* + 2B?,
and

Ellg(Xx, U i) |I* = E[VE(XR)|* + Ellg(Xx, Upp) — VE(X)|?
< E||VFE,(X3)|? + 20 M*E|| X, ||? + 26 B
< 2(1 4 8) M2E|| X[|? + 2(1 + 6) B2. (D.14)
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Therefore, we have

Lo(k+1) — Ly(k)

: < A((d+ A)/8 — ALa(k)) + (Kr La(k) + Ka) -

1
+ 5 on ((M(l +20%) 4+ 2M + 4 — 20 + (co +v)n?)

5 N
# ) (5 arte)) + 20 +n2>)EHvk||2

1
+ Scon

2 2

((1 +7) <1 + con?(1+7) + 3774> + 1+ (co+ 1)n?
+ M2 +2(Meon® + M + 1)) (2(1 +6)M?)

3 R
+ <2M2 A+ 571+ 7)) E|| X

3
+ cm((l +7) <1 +con?(147) + 2774> + 1+ (co+ )7?
+ M2+ 2(Meon® + M + 1)) (1+6)B%+ cyB%n

1 _ _ _
+ 57 B ean’® + 7B eran + MyB™ e,
By applying the assumption n < 1, we have

Lo(k+ 1) — Ly(k)
n

< y((d+ A)/B = ALa(k)) + (K1La(k) + K2) -

+ NQLE( Vil + nQ2E| Xi]* + nQs,

where the constants (1, Q2, Q3 are given in (B.3)—(B.5). Let us recall that for A < i,

V(o) 2 max{ 101 = 200392, S0 - 20101}

Thus, we have

Lg(k + 1) — Lg(k)
n

<y((d+ A)/B = ALa(k)) + (KiLa(k) + Ka) - 17

4 8 .
+n (Qll o +Q2(1 _2>\)72> Lo(k) +nQs,

65



Therefore, for

7 A
0<n< mln{K2<d/ﬂ+A/ﬁ>, 2

1

}, (D.15)

where K; 1= K; + 14_%5\ + %, and Ky := Ks + Q3, we get

(Balk+1) — La(k)/n < 29(d/ 8 + A/8) — 59ALa(R).

This implies Lo(k 4+ 1) < pLo(k) + K, where p := 1 — nyA/2 € [0,1), where we used the
assumption n < %, and K :=2nvy(d/p + A/pB). It follows that

. . K N 4(d/B+ A
Ea(h) < Ea(0) + 1 = Ba [V, V)] + HUEAE)
The uniform L? bounds then readily follow.
D.2 Proof of Lemma 22
We follow similar steps as in the proof of Lemma 7 in [ |. Recall that with the same

initialization, the SGHMC?2 iterates (X, Vi) has the same distribution as (X (kn), V (kn))
where (X (-), V(-)) is a continuous-time process satisfying

AV (t) = =V (t)dt — g(X ([t/n]n), Us(t))dt + /2vB~1dB(t (D.16)
dX (t) = V(t)dt, (D.17)
Let P be the probability measure associated with the underdamped Langevin diffusion

(X(t),V(t))in (1.5)(1.6) and P be the probability measure associated with the (X (t), V (t))
process. Let F; be the natural filtration up to time ¢. Then, the Radon-Nikodym derivative

of P w.r.t. P is given by the Girsanov theorem (see e.g. Section 7.6 in | D:
dIE” VB S (TER (6D =g(X (/n0) Ua(9)dB(s)~ £ [{ IV F(X(5)~g(X(Ls/nln) Ua()?ds
dP| 5,

Then by writing P; and P, as the probability measures IP and P conditional on the filtration

J—"tv
}P’tH]P’t /dIP’t

&[>

() — (X (Ls/nln). Uus))|| ds.
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Then, we get

k=l r(i+l)n R . 2
DB lBir) = - > LX) = (X (Ls/nln), Un(s))| " ds
j=0vJIN
g =L rGHm X
< , |[VE(X(s)) ~ VE(X (s/nlm)]| ds
27 j=0 Jn

LK (/i) — oK L/l Ua(s))| s

(D.18)

We first bound the first term in (D.18). Before we proceed, let us notice that for any
kn <s<(k+1)n,

X(s) = Xp + ¥1(s — kn)Vi — ¥2(s — kn)g(Xe, Un i) + V2B €1 5 (D.19)

in distribution, where & . . is centered Gaussian independent of 7 and E[|&} 4 5, 1? =
Coa(s —kn) < $(s—kn)? < n3. Moreover, ¢ (s —kn) = [~ Mle=tdt < (s —kn) <7, and
Po(s — kn) = f(f kn Yr(t)dt < [ M tdt < n?. Therefore, we can compute that

k—

B ]+1)77
2 2_% /

Fu(X(3)) ~ VE(X(Ls/njn))|| ds

2 k- J+1)n

/J+1)?7

~ 2
X(s) = X(Ls/nin)|| " ds

Q

9 k—

(s = im)V; = wa(s = jm)g(Xj, Ung) + V2871 o mH ds

2 A= e(i+1)n
(=
—oin

~ |12
(s = i)V +E,

2
i H >ds
3

R . d
(kn) <n2 sup E,||V;[|* + n* (2(1 +8)M?sup || X% +2(1 + 5)B2> + —g 27ﬁ_1>
7>0 7>0

~ 2
(s = jmg(X;, Uay)|

+E, || V27871E

2
_3pM
<75

38M> 2dyB!
g/;(kn)n2<c;}+(2(1+5)M20g+2(1+5)32)+ 73/3 >

where we used (D.14), the assumption n < 1 and Lemma 21.
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We can also bound the second term in (D.18):

FX(Ls/nl) — oK (Ls/nln). Uut)| " ds

R 2
g(Xa"Uz,j)H

5 N
sy 2(MPE,||X,|? + B?)
< (M2c;§ + BQ) B s,

Y

where the first inequality follows from part (iv) of Assumption 1, and we also used Lemma 21.
Hence, we conclude that

33M* 2dy !
Dliilvain) < 22 yip? (Cf} + (20 + )20+ 21+ 8)B) + 'Yf )
+ (MQCg + 32) B ens. (D.20)
v

To complete the proof, we can follow similar steps as in the proof of Lemma 18. By using
the estimate in (D.20), the result from | |, and the exponential integrability of the
measure vy j, in Lemma 17, we can infer that

D(ﬂz,k||VZ,kn)+ D(/:Lz,kHVZ,kn)
2
- (351\4

—1
Cd + (2(1 +0)M?*C? 4 2(1 + 5)32) + 2d73ﬁ)

2y

+ \/3621;42 (Cd (2(1+0)M2C4 +2(1 +6)B?) + 2d73ﬁ_1>>kn2

+ (M20g+132) b \/(M2Cd+B2) knVs,
Y

and

. 8 (3 1 1 A)
W%(Mz,k:, Vakn) < — <2 + log </R2d 6‘11°‘V(”:’”)uo(da:, dv) + = 1€ e ay(d+ A)kn))

Qo
~ [D(ﬂz,kuuz,kn> ; \/sz,kuuz,kn)} ,
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which together implies that
W3 (fl oy V) < (CEV/S + ) (k) log (kn),

where Cy and C are defined in (A.8) and (B.8). The result then follows from the fact that
vz +y < /x + /y for non-negative real numbers z and y.

E Supporting Lemmas

In this section, we present several supporting lemmas from the existing literature. These
lemmas are used in our proofs, so we include them here for the sake of completeness. The
first lemma shows that f admits lower and upper bounds that are quadratic functions.

Lemma 25 (See | , Lemma 2]). If parts (i) and (ii) of Assumption 1 hold, then for
all z € R and z,
IVf(z,2)| < M||z]| + B,

and
m b M
g\lﬂCII2 — 5 log3 < flz,2) < 7H96||2 + Bl|z|| + Ap.

The next lemma shows a 2-Wasserstein continuity result for functions of quadratic
growth. This lemma was also used in | | to study the SGLD dynamics.

Lemma 26 (See | 1). Let u,v be two probability measures on R?? with finite second
moments, and let G : R?? — R be a C! function obeying

IVG(w)|| < erljw]| + e,

for some constants ¢c1 > 0 and co > 0. Then,

Gdu—/ Gdv
R2d R2d

7t —max{ [ ulPuido). [ JulPrao)}.

The next lemma shows a uniform stability of 7,. Note that the z—marginal of 7,(dx, dv)
for the underdamped diffusion is the same as the stationary distribution for the overdamped
diffusion studied in | ]. For two n—tuples z = (z1,...,2y),Z = (Z1,...,2n) € Z", we
say z and z differ only in a single coordinate if card|{i : z; # Z; }| = 1.

< (c10 + co)Wa(p, v),

where
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Lemma 27 (Proposition 12, [ ). For any two z,z € Z™ that differ only in a single
coordinate,

f(l‘,Z)ﬂ'z(dLU,dU) - f(ﬂl‘,Z)ﬂ'g(d%,dU)
R2d R2d

<

sup

4Bcrs
z€EZ n

(Lo+am+ ),

where

P —
€LS = m2M 3 + s

where Ay is the uniform spectral gap for overdamped Langevin dynamics:

{5_1 Jra [ Vgl*dm,
fRd g*dm,

The next lemma show that for large values of 3, the x—marginal of the stationary
distribution m,(dz,dv) is concentrated at the minimizer of F,. Note in Proposition 11 of
[ ], they have the assumption § > 2/m, which seems to be only used to derive their
Lemma 4, but not used in deriving their Proposition 11.

2 2
2m? + 8M 1 <6M(d—|—ﬁ)+2>’

Ax = iInf inf
zEZM

cg e CYRY N LA (ny), 9 # 0, /]Rd gdm, = 0} .

Lemma 28 (Proposition 11, | ). It holds that
, d eM [ bj
/R2d F,(z)mg,(dx, dv) — min F,(z) < %log (m (d + 1)) )

F Proof of Proposition 11

Let us first prove that A, = O(a~?). We first recall that ), is the uniform spectral gap for
overdamped Langevin dynamics:

B Jga IVyl*dm,
Jra g%dmy

In particular, fix any z € Z" so that for every g € C'(R%) N L?(n,), such that g # 0,
and [pq gdm, = 0, we have

cg € CYRYH N LA (m,), 9 # 0, /Rd gdm, = 0} .

Ax 1= 1Inf inf{
zEZn

v < 87 feallVglPe P da
* > f]Rd gze—ﬁFz(x)dI

It follows from Lemma 25 that

m b M?
Tl - 5 log3 < Fy(z) < ~o- el + Bllel] + Ao (.1)
with m =mia™2, M = Mia~2, and B = Bya™!.
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Next, let us take the test function g;(z) := ||a:|]2 And we further define
e BFz() g

c1 22/ g1dm, = Jps 91 x7

Rd Jrae BFZ(Z)da:

and we also define
g9(z) == g1(x) — c1,

so that g € CY(R?) N L*(7,), g # 0, and 4 gdm, = 0. Moreover, we have

IVg(@)]| = IVgi (@) =2z,  and  gi(az) = a’gi(x) = a®||z|*.

Next, by the definition of ¢; in (F.2) and the bounds in (F.1), we get

2 2
- Jga ||| %e —5(%||w||2+BHwII+Ao)d$ B S llaz|2e —B(M—||a:c||2+BHax||+A0)d$

1 = m 2 - m 2_b
f L e Al llzll 51083) g f , e BCg llazl? =3 log3) g,
20— B(%||z]>*~ 5 log 3 2,—B(2 |laz|?—L log 3
oy < Juellle e g>dfv_fd||ax|| PRIl 2 8% _ o
Jrae™ (A5 212 +Bllz]+A0) 4, Jrae™ Hax||2+BHa1‘||+Ao)dx
where

M3
i || 2B el Bulzll+Ao) gy

=1 = m
[oa e PO 0P~ 51083) g

f . ||1»‘H2 —B("5H |22~ 5 log 3) g,

[ e PR el Bullal+40) g

Hence, we have

5" e Va5 058
Jipa 9()2e=BCF lallZ+ Bllell+40) g

Ax <

B~ f 4|z ||2e=BUE Iel? =3 10g3) gy

— B 2|2+ Bllz]+A0)

fRd g1(x) —c1)%e
f 4”(11‘”2 mHatzfElogS)dl_

fRd g1(azr) — c1)? ¢~BOF a2+ Blloal +Ao0) g

_ B! Jpa4llax]e”
- o (M2
W2, <ocorn; Jpa(a2]2]2 — &)2e AT loal+Bloal+40) gy

BL [ 4|z 2e~BCF I12l* =5 1083) gy

B2 laxl~§ log3) g,

-2

= Qa ,

M2
ming, <c<e fRd(H$H2 - C)Qefﬂ(TlHI”QHBIHx”Jer)dx
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where we used m = mia~2, M = Myja=2, B = Bia™! and gi(az) = a®g1(z) = a?||z||*
Hence, we conclude that A\, = O(a™?).

Next, let us prove that u, = ©(a~!). We recall that i, the convergence rate for
underdamped Langevin dynamics is given by:

P = % min {)\MW_Q, A1/2€_AM’7_2, Al/Qe_A} ,

where
12
A= E(l + 201 +2a)(d+ AMAy A1 207 = T+ A HMAy 2

where A, A come from the drift condition (2.2), and from | |, we can take

1 . /1 m B m B? b 1,
A= 5 min (4’M+72/2) A= 2 M + 142 <2M+72 T <M+ 2 ) +A°> '
(F.3)
Note that u. depends on the objective function F, only via the parameters from its prop-
erties, which is independent of z. Recall that m = mia™2, M = Mia=2, B = Bia~'. We
define v =: v1a~! so that v is independent of a and

s = a_l% min {)\Ml'ny, AI/Qe_AM17f2, A1/2€_A} ) (F.4)

where we can check that A\, A are independent of a. Then, we can see from (F.4) that .
is linear in a~! so that we have p, = ©(a~!). The proof is complete.

G Explicit dependence of constants on key parameters

In this section we provide explicit dependence of constants on parameters 3, d, pi«, Ax and
n, which is used in Section 5. To simplify the presentation, we use the notation O, O to
hide factors that depend on other parameters.

We recall the constants from Table 1. It is easy to see that

A=0(8), wo=06(1), A=6d+5),

where we take A as in (F.3) and
=0 (\/d n Be_A> e (\/d n 5e—é<d+ﬁ>) . (G.1)
Since £ = @(u*/(d + /), and p, is exponentially small in 3 + d, we get that

Hylpo) = O(R1) = (1 +d/B)"/2.
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In addition, in view of (G.1), it follows that

. ] Py
cC=0 (eA/Q(d_‘_ﬁ)l/Qﬁ—l/zu*—lﬂ) _ A ((d+5): 43-1 2) |

The structure of the initial distribution pg(dz,dv) would affect the overall dependence on
B,d. Since we assumed in Section 5 that pg(dz, dv) is supported on a Euclidean ball with
radius being a universal constant, then the Lyapunov function V in (2.1) is linear in 8. We
can then obtain

V(x,v)po(dx, dv) = O(B), / V@) o (de, dv) = 9P,
R2d R2d

It follows that
~0((B+d)/p), Ci=0(B+d)/8), o=0(VB+d/5).
Next, we have ag = O(8) and o = O(1), and

¥=0(/(B+d)/B),
Co=0(d+8)/VB), C1=0(d+p/VB), Co=0(\d+B)/B).

Moreover, by the definition of C; in (B.8), we get

Cr=0((d+8)/VB).

Hence, from (3.6), we obtain
— ~ [ (d+B)%?
=0 (3e),

and from (3.2), we get

(d+ B)*?
B(u)3/?

Moreover, from (4.1), we get

. )3/
Ji(e) =0 <(d;\//6f i (\/log (1/2)8%/4 +5) \/log (7 log(e )))

Finally, from (3.5) and (3.7), we have

((og(1/2))%26/* + ) \og (™ log(= 1) +

Jl(e)=@< d+ B 22 )

B px(log(1/e))?

711 (8 1@2) ‘

Jo=0 <g log(8 + 1)) ., and  J(n)=0 (
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H Proof of Lemma 13 and Lemma 15

H.1 Proof of Lemma 13

Since the distribution of A;, has compact support, we have ||a;|| < D for some D > 0. Let
s; := {(a;, z). By taking the gradient of f(z, z;) with respect to x, we obtain

Vf(x,2z)=—2(y; —o(s;) o' (si)a; + \px. (H.1)
This implies
(Vf(z,zi),2) = =2y —o(si) o' (si)si + Al (H.2)
> Mllz]* = 2(1 + [lofloo)llo[loolsil (H.3)
> Mllz]* =201 + llollso)llo" | D]l (H.4)

where we used the triangle inequality and the Cauchy-Schwartz inequality. Then, it is
straightforward to check that we obtain (V f(z, z;),x) > m|x||* — b for

m=X/2, b=8(1+|ol)’llo’ll3D% /N,

and therefore part (iii) of Assumption 1 holds. Also for any z = (a,y), |f(0,2)|
7(0))?| < Ag for Ag = (1 +[lo(0)]))?. Similarly, [V£(0,2)] = || — 2(y — 0(0))o’(0)al| < By
for

By :=2(1+10(0)|)|¢"(0)|D.

Therefore, part (i) of Assumption 1 holds for any B > B;. We also have the Hessian matrix
V2 f (@, z) = 20" (si)Paia] — 2(yi — o(s:))o” (si)asal + AeIg,
where 1, is the d x d identity matrix. Hence, |V2f(z, )| < M7 where
My =2[|0"|[3,D? + 2 (1 + [lo]l0) 0" [loc D? + Ay

Therefore, part (i) of Assumption 1 also holds for M = M;. In particular, V f(z,z;) is
also i.i.d. and we have E[Vf(z,z2;)] = VF,(z) for any € R% Furthermore, it follows
from (H.1) that

IVf(2,2)l < B2+ Arflzll, where By :=2(1+ |lo]ls) [0 D,

for any z;. Therefore, if we let u; := V f(x, z;) — VF,(z), then u; are i.i.d. with E[u;] =0
and

Ellu;? < 2E ||V £(z,)I’| + 2E || VE(@)|?]

< 4(Ba + Ar|z]])?
<8B3 + 8)\%||z||?, (H.5)
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where we used Cauchy-Schwarz inequality. This implies

2
1 ngy 1 ngy
E [lg(e, U) = VE@I| =B | =3 u| = =5 D Bllus|* < 206(M%al* + B%) (H.6)
j=1 b j=1

for any § € [4—}%,1), M > My = 4X\,, B > By := 4M5 where we used (H.5) and the

fact that u; are i.i.d. with mean zero. If we choose, for instance, M = M; + M>, B =
max(Bj, Bz) = Ba; we observe that part (i) and (iv) of Assumptions 1 hold.
H.2 Proof of Lemma 15

We set r; = y; — (a;, ) and follow a similar approach to the proof of Lemma 13.
We can compute that
Vf(x,z) = —p'(ri)a; + Mz
This leads to
(Vf(w,z),2) = =p' (r){as, z) + Aefle)|? = Aellz)? = 1Dz = mll| b, (HT)
with g o
_ 2[lplI5D

:)\T 27 b_ia
m / N

Therefore, part (iii) of Assumption 1 holds. We have also

1100, 20)] < lp(wa)l,  Vf(0,2) = —[lp'(i)aill < ¢llecD

for any z;. Therefore, part (i) of Assumption 1 holds with Ay = ||p|lec and B = ||p/||ec D
Since
V210, 2:) = p(ri)aial + A\l

where I; is the d x d identity matrix, we also have
IV2£0, 2] < ll"lloeD* + Ar-
Therefore, part (i) of Assumption 1 holds for any M > ||p”||ecD? + M. We have also
IVf(@,20)l < 10 loeD + Arll]|-
Therefore, if we let v; = Vf(z,2j) — VF,(x), then v; are i.i.d. with E[v;] =0 and
Ello; 2 < 2E [[V£(z, 2)I°] + 2B IV Fo(a)?]

2
< 4 ([l e D + Arll]])
<8 (lP113. D% + 8AZ[12]) . (H.8)

75



where we used Cauchy-Schwarz inequality. This implies

2
np

1 1 &

E (llg(x, Ug) — VFz(x)llﬂ =B\ Dol = o Y Elvsl® < 26(M?||z|* + B?) (H.9)
j=1 b j=1

for any ¢ € [ﬁ, 1) and My > 4\, and B > 4||p'||co D where we used (H.8) and the fact that

v; are i.i.d. with mean zero. We conclude that Assumption 1 work for M = ||p”||c D*+ 5,
and B = 4|y e D.
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