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s HAHS 1977

dra disa4Ma.agCage dh8ma1igo p81aPs8g 
lhTD1as 8gC ieP c..1it8eiTg eT era d8hCigaPP lhTD1as ig 

Fga4I8triga ptraCn1igo

Df

Ua8g4718nCa lit8hC

Ma.8hesage T9 pfPeasP bgoigaahigo 

waCah81 -gimahPief T9 l8h8iD8 
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btT1a lT1featrgivna
Ca

ITgeh,81

2amiPaC mahPiTgE■■■ waDhn8hf 6*erE 5"33



5■

ckpd2c7d0

dra eisa4Ca.agCage eh8ma1igo P81aPs8g .hTD1as s8f Da Pe8eaC 8P 8 PtraCn1igo 

.hTD1as ig #ritr g XTDP r8ma eT Da .hTtaPPaC 8e sigisns tTPe Tg 8 Pigo1a s84 
dra Pae4n. tTPe 8PPTti8eaC #ier a8tr XTD Ca.agCP gTe Tg1f Tg era XTD 

#ritr .hataCaP ieE Dne 81PT Tg ieP .TPieiTg ÜeisaA ig era PavnagtaE 
eisiB8eiTg saerTC CaPthiDaC raha tTsDigaP 9igCigo PrTheaPe .8erP ig 8g 8PPTL
ti8eaC sn1ei.8heiea gae#Th( #ier PnDoh8Ciage T.eisiB8eiTg 8gC PTsa Dh8gtr 8gC 
DTngC agnsah8eiTg■

triga■

dra T.4

IigisiBigo era e8hCigaPP tTPeP ig Tga4s8triga PtraCn1igo Üig #ritr era tTPe 
iP 8 gTg4Catha8Pigo 9ngteiTg T9 era tTs.1aeiTg eisa T9 a8tr XTDA iP erag 8e4

c Dh8gtr 8gC DTngC 81oThiers iP CaPiogaC 9Th eriP 
.hTD1as> ie nPaP 8 ha18eaC eisa4Ca.agCage eh8ma1igo P81aPs8g .hTD1as eT tTsL
.nea era havnihaC 1T#ah DTngCPE 
#aioreaC e8hCigaPP .hTD1as■

e8t(aC Df eriP saerTC■

7Ts.ne8eiTg81 haPn1eP 8ha oimag 9Th era
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Nud2FM-7dNFu

driP .8.ah CaPthiDaP 8 oagah81 sTCa1 9Th Pamah81 T.eisns .ahsne8eiTg 8gC ha18eaC 

driP sTCa1E t811aC era disa4Ma.agCage dh8ma1igo p81aPs8g lhTD1as 

ÜdMdplA iP 8 oagah81iB8eiTg T9 era dh8ma1igo p81aPs8g ÜdplA 8gC cPPiogsage lhT4 

Ng eriP .hTD1asE era tTTe T9 a8tr eh8gPieiTg Ca.agCP gTe Tg1f Tg era 

e#T haP.ateima 1Tt8eiTgP igmT1maCE Dne 81PT Tg eraih .TPieiTgP ig era Pavnagta 

#ritr Ca9igaP era eTnh■

.hTD1asP■

D1asP■

Ng pateiTg 5 8ha oimag erhaa igeaoah .hToh8ssigo 9Thsn18eiTgP T9 era dMdplE CiPL

eigte 9hTs erTPa .hamiTnP1f oimag Df J■ wT) q 5y» ■ dra ha18eiTgP Dae#aag ha18)8eiTgP

T9 eraPa erhaa .hTD1asP 8ha erag PenCiaC■ 7Ts.8higo era 1T#ah DTngCP .hTmiCaC Df 

eraPa ha18)8eiTgPE ie iP PrT#g er8e era PrTheaPe .8er ha18)8eiTg iP avnim81age 

eT 8g a)eagPiTg T9 +8C1af’P dpl 9Thsn18eiTg ÜPaa q5^»AE 8gC Daeeah er8g 8g 8PPiog4 

7TgPavnage1fE era D8Pit saerTC nPaC raha Paa(P 8 PrTheaPe .8er 

#ier P.ati9iaC tr8h8teahiPeitP ig 8g 8PPTti8eaC sn1ei.8heiea gae#Th(E nPigo .ag814

pigta 8 Cn81ief o8. s8f a)iPe 8 Dh8gtr 

c oagah81 8gC .T#ah9n1 CTsig8gta eaPe iP igehT4

sage ha18)8eiTg■

eiaP eT ag9Thta era 8CCieiTg81 tTgPeh8igeP■

8gC DTngC 81oThiers iP tTgPehnteaCE 

CntaC eT haCnta era agnsah8eiTg a99The■

Ng pateiTg 6E oagah81 Tga4s8triga Pavnagtigo .hTD1asP 8ha PrT#g eT Da ha18eaC 

dra eatrgivnaP T9 pateiTg 5 8ha erag 8..1iaC eT PT1ma era t18PPeT era dMdpl■

T9 Pntr .hTD1asP #ritr tTgPiPeP T9 sigisiBigo 8 tTPe #ritr iP 8 gTg4Catha8Pigo 

9ngteiTg T9 era tTs.1aeiTg eisa T9 a8tr XTD■ driP iP CTga Df Ca9igigo 8 sn1eiL

.8heiea gae#Th(E ig #ritr PrTheaPe .8erP 8ha nPaC 8P ig pateiTg 5 9Th .hTmiCigo

1T#ah DTngCP Tg era T.eis81 tTPe■

driP DTngCigo Ptrasa 8gC era CTsig8gta eaPe 8ha igDaCCaC ig 8 Dh8gtr 

dra tTs.ne8eiTg81 haPn1eP oimag igCit8ea er8e eriP 81oTL

hiers iP 8g a99itiage Tga 9Th era #aioreaC e8hCigaPP .hTD1as ig Pavnagtigo XTDP 

Tg Tga s8triga■

b99itiage haCnteiTgP ig eriP gae#Th( 8ha CaPL

thiDaC■

8gC DTngC 81oThiers■

c 9ig81 PateiTg Tg a)eagPiTgP 8gC tTgt1nPiTgP .hTmiCaP D8t(ohTngC s8eahi81 8gC 

Tne1igaP era 8..1it8eiTg T9 era dMdpl saerTCT1Tof eT Pamah81 t18PPaP T9 .hTD1asP 

ig PtraCn1igoE hTneigo 8gC 1Tt8eiTg eraThiaP■
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Ma9igieiTg 0

dra 9T11T#igo Tga4s8triga Pavnagtigo .hTD1as iP t811aC era disa4Ma.agCage 

dh8ma1igo p81aPs8g lhTD1as ÜdMdplA■

7TgPiCah 8 Pae T9 g XTDPE CagTeaC Df U■E■■■EU E eT Da .ah9ThsaC Tg 8 Pigo1a
e 5 g

s8triga 8gC Pae4n. tTPeP 7■
er

Tttnhhigo #rag XTD U■E .hTtaPPaC ig era e
5 Pe

eiTg ig era PavnagtaE iP 9T11T#aC Df XTD Ü.hTtaPPaC ig era Üe S 5A

dra s8triga iP ig 8 oimag =igiei81 Pe8ea=E CagTeaC Df yE Da9Tha era XTD .hTtaPPigo

.TPi4 
.TPieiTgA■

iX

Ne r8P eT Da haenhgaC eT 8 oimag =9ig81 Pe8ea=E CagTeaC Df Üg S 5AE 89eahDaoigP■
y

era XTD .hTtaPPigo agCPE 8gC igiei81 8gC 9ig81 Pae4n. tTPeP 7g 

dra .hTD1as iP eT 9igC 8 Pavnagta U 

E Ca9igaC Df

8gC 7g 8hai gS5
#ritr sigisiBaP era
y i

#Ü1A H ’ ’ ’£#ÜgA81PT oimagE 

eTe81 Pae4n. tTPe 7 Ü#A

g457 Ï 7<
xÜ#A xy #Ü1A

5 S 
#Ü1A #Ü6A S H S tg

#Üg41A #ÜgA #ÜgA Ü54M■ ■ S 7S 7 gS5

b)8s.1a 50

g Ï / 8gC era Pae4n. tTPeP 8ha oimag ig d8D1a 5■

dra tTPe T9 era Pavnagta # Ï ÜyE5E6EGE/E'A iP

56 G /S 7­ ­ S 7 [ S 7■ ■ S 72 8.7Ü#A / 'G /5 6y 5 6 G

Ï GG S 6 S ^ S 5' S 66 Ï 3*■

2as8h(P 0

5 4 dra Ci8oTg81 agehiaP r8ma gT sa8gigo 8gC eraha9Tha gaaC gTe Da Ca9igaC■
i i

64 lhTD1asP #ier ngP.ati9iaC igiei81 Ü9ig81A Pe8ea t8g Da 9Thsn18eaC ig era P8sa 
#8fE nPigo Ï yÜ7] Ï yA 9Th 811 i■i gS5

zrag era Pae4n. tTPeP 8ha gTe eisa4Ca.agCageZer8e iPE #rag

811 eE

9Th 811 ÜiEXA era .hTD1as haCntaP eT era t18PPit81 eh8ma1igo P81aPs8g .hTD1as 

ÜdplA■

G4

7iX
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/4 zrag era Pae4n. tTPeP 8ha gTe Ca.agCage Tg era PatTgC XTD T9 era 
.8ihE er8e iPE #rag

9Th 811 ÜiEeAE era .hTD1as haCntaP eT era t18PPit81 8PPiogsage 
kf PfssaehfE eriP iP 81PT ehna #rag era Pae4n. 

tTPeP 8ha gTe Ca.agCage Tg era 9ihPe XTD T9 era .8ih■

Ï7iX 811 XE

1 .hTD1as ÜclA■

i

dra dMdpl #8P Ca9igaC Df Jaggaer 2■ wT) ig riP CiPPahe8eiTg 95y» E 
8gC ie #8P i11nPeh8eaC #ier a)8s.1aP 9hTs era Dha#igo igCnPehfE 
9T11T#igo Tga iP 8 m8hi8eiTg Tg 8 t18PPit81 i11nPeh8eiTg Üq3E .■'G»A 
T9 era dpl■

dra

N11nPeh8eiTg0 7TgPiCah 8 .8ige 98teThf #ritr .hTCntaP 9ima Ci99ahage 
tT1ThP T9 .8igeE Tga .ah C8f■ 
t1a8gaC 8e a8tr tT1Th tr8goa■

dra s8triga r8P eT Da

dra tr8goaTmah iP 8ttTsL
.1iPraC Df 8 giore Pe899 #ritr #Th(P .his8hi1f Tg Terah
9i)aC e8P(P ig era 98teThfE #ierig 8 oimag PtraCn1a■
driP 1a8maP 8 9i)aC 8sTnge T9 eisa a8tr giore 9Th era 

tr8goaTmahE Dne eriP eisa s8f m8hf 9hTs C8f eT C8f■
kat8nPa T9 eraPa m8hfigo 8m8i18D1a tr8goaTmah eisaPE 
.hTCnteiTg 98teThP Pntr 8P s8g.T#ah 8gC trasit81 .hTL
CnteP s8f Da nPaC 8e Ci99ahage 1ama1PE 
tTPeP 8ha Ca.agCageE gTe Tg1f Tg era tT1Th Daigo hasTL
maC 8gC era tT1Th 9Th #ritr era s8triga iP Daigo .ha.8haCE 
Dne 81PT Tg #ritr giore era T.ah8eiTg iP .ah9ThsaC■

pT era Pae4n.

Ngeaoah lhToh8ssigo wThsn18eiTgP0

Ng riP eraPiPE q 5y» J■ wT) oimaP 9ima 1iga8h igeaoah .hToh8ssigo 9Thsn18eiTgPE 

8gC Tga 91T#4#ier4o8igP 9Thsn18eiTg 9Th era dMdpl■
uTga T9 eraPa 9Thsn18eiTgP #8P 9TngC eT 1a8C eT 8 eh8te8D1a PT1neiTg PtrasaE 
8gC wT) ha.TheP riP Dh8gtr 8gC DTngC 81oThiers Daigo ng8D1a eT PT1ma 8 5y4XTD 
.hTD1as #ierig 56 signeaP ÜtTs.neah gTe P.ati9iaCA■
Terah igeaoah .hToh8ssigo 9Thsn18eiTgP 8gC #i11 PenCf era ha18eiTgP Dae#aag 
ha18)8eiTgP T9 eraPa .hTD1asPE 
eraPa 9Thsn18eiTgP■

za .hT.TPa raha erhaa

Fnh saerTC 9Th PT1migo era dMdpl nPaP e#T T9
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pavnagta .TPieiTg y Se^ujïncejosltjLcm 3
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dra 9ihPe igeaoah .hToh8ssigo 9Thsn18eiTg T9 era dMdpl iP 8 Peh8ioreL

9Th#8hC oagah81iB8eiTg T9 era dpl 9Thsn18eiTg oimag Df +8C1af 8gC PisL

.1i9iaC Df +Tnt( 8gC :asno8gei q 5^» E ig #ritr era tTPeP ÜCiPe8gtaPA r8ma 

Pis.1f Daag s8Ca eisa4Ca.agCage0

n-1n n n t n 
:. + ï”ln Ï-! C0j x 010 + 2 Ct. x 

ij
n nz 1'(ILP1) ^ j n+1 Xj n+1t=l i=l j=l ij 1=1

n 0
t-i x 01
0 y 1
X01 " 1-1 X 1

= 1S . t.

j = 1,...,njk

n n t+1t
hi xii - l-i t = 1,...,n-2 

j = 1,...,n

xIk
k^

n n 1
1=1 Xij Xjn+1

n
j 1 » • ••»n

i^i
n-10 n
I j = 1,•.. ,nXüX0j 1=1 t=l

i^j

x ^ 0

x integer

uTea er8e era 8DTma 9Thsn18eiTg iP CiPeigte 9hTs era 9ima igeaoah .hToh8ssigo 

9Thsn18eiTgP T9 wT)E #ritr 811 igt1nCa 8 tTgPeh8ige #ier tTa99itiageP #ritr 

8ha gTe ig era Pae ”yE1E41_E 8P iP era t8Pa 9Th ÜNxl5A■

dra PatTgC 9Thsn18eiTg ha9ahP eT era Rn8Ch8eit cPPiogsage lhTD1as ÜRclA 

Üt9 q6y» E q65»A #ritr iP Ca9igaC 8P 9T11T#P0

g g g g
N ] 6 ü
iÏ1 XÏ1 .Ï1 vÏ1

ÜRclA Iig 8■■ )■ )■
iX.v i. Xv

g
6 i Ï 5■■■ EgÏ 5P■ e■ )■ 

i.

ï-i )il
Ù5l

.Ï1
g

. Ï 5■■■ EgÏ 5

Ï y Th 5 811 iE.
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Ï y a)ta.e 9Th0dra dMdpl s8f Da 9Thsn18eaC 8P 8 Rcl Df Ca9igigo 8 

Ï 7<
iX.v

811 i8ii11

8iXeeS1

Fi

Ï tg
iEgS1

Üi£ 8gC 5 £ e £ g45A811 iEXEe

8gC 8■ ■ ggg

ka9Tha CaPthiDigo era erihC igeaoah .hToh8ssigo 9Thsn18eiTgE ie iP gataPP8hf 

eT igehTCnta PTsa Ca9igieiTgP■

In1ei.8heiea uae#Th(P

c sn1ei.8heiea oh8.r Üa9e 6/»A iP 8 CihateaC oh8.r Ü:EcAE era mahea) Pae : T9 

#ritr iP .8heieiTggaC igeT ( PnDPaeP : E:[■■■E: Üraha t811aC .r8PaPA Pntr 

er8e 8gf 8ht ig c r8migo ieP Thioig ig 8 PnDPae r8P ieP agC ig c

Di.8heiea oh8.r iP 8 sn1ei.8heiea oh8.r #ier (Ï6■ c sn1ei.8heiea gae#Th( 

u Ï Ü:EcE7A iP 8 sn1ei.8heiea oh8.r #ier 8 #aiore 9ngteiTg 7 Ca9igaC Tg c■

zier era dMdpl iP 8PPTti8eaC 8 sn1ei.8heiea gae#Th( u Ï Ü:EcE7A #ritr 9ThsP 

era D8PiP T9 era 8..hT8tr eT Da CiPtnPPaC rahaE 

maheitaP ÜyAE

ÜiEeA 9Th iEe Ï 5E6E■■
ÜgS5AE

#raha mahea) ÜiEeA ha.haPageP era .TPPiD1a a)atneiTg T9 XTD U■ ig .r8PaÜTh PaL

vnagta .TPieiTg Ae■

NeP mahea) Pae : tTgPiPeP T9

gE 8gCO 9

dra 8htP ig c 8ha0
igiei81 8htP ÜyEÜiE1AA #ier 1agoer 7]

y i

eh8gPieiTg 8htP ÜÜiEeAEÜXEeS1AA #ier 1agoer £ Üi £XAE 

9ig81 8htP ÜÜiEgAE gS5A #ier 1agoer

dra sn1ei.8heiea oh8.r 8PPTti8eaC #ier era /4XTD dMdpl T9 a)8s.1a 5 iP .itL

enhaC ig wio■ 5■

c .8er l ig u XTigP y eT ÜgS5A erhTnor g eh8gPieiTg maheitaPE Tga ig a8tr .r8Pa■
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N9 amahf XTD 8..a8hP a)8te1f Tgta 8sTgo era g eh8gPieiTg maheitaP ig 8 .8er 

lE erag l ha.haPageP 8 9a8PiD1a Pavnagta #E 8gC ieP 1agoer ?ÜlA iP era tTPe
T9 eriP Pavnagta■ pntr 8 .8er #i11 Da t811aC 8 Pavnagta .8er■

wNj-2b 5
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MagTea Df 8] era gnsDah T9 TttnhagtaP T9 maheitaP ÜiEeA Ü9Th eÏ1E■■■EgA 

ha.haPageigo XTD ig 8 .8er l 8gC 1ae 8£ Da era tThhaP.TgCigo mateThE 

#ier g tTs.TgageP 8X] ÜiÏ1E■■■EgA■ 

i9 8gC Tg1f if = 1 , #raha 5£ CagTeaP era mateTh #ier 811 tTs.TgageP

pigta 8 .8er l tTge8igP a)8te1f g XTDPE era 9T11T#igo rT1CP0

71a8h1fE 8 .8er l iP 8 Pavnagta .8er

avn81 eT Tga■

g

f=i Th e d Ü546A

prTheaPe .8erP0

wigCigo 8 PrTheaPe .8er ig u s8f Da .ah9ThsaC Df era 9T11T#igo 81oThiersE 

#ritr iP 8 Peh8iore9Th#8hC 8..1it8eiTg T9 Cfg8sit .hToh8ssigo0 

prTheaPe4.8er 81oThiers0
8apea. 5 9Th XÏ1E■■■Eg Pae 9ÜXE5A Ï

9Th eÏ1E■■■Eg41 t8hhf Tne era Pea. 68 

9Th XÏ1E■■■Eg Pae

9ÜXEeS1A Ï Iig ”9 Üi EeA S U iÏ1E■■■Eg_ 

8gC
sÜXEeS1A Ï ( Pntr er8e 9ÜXEeS1A Ï 9Ü(EeA S 7Ee

FX

pea. 6

Pea. 68

(X

Pae Z Ï Iig Ü9ÜXEgA S 7] ■
U gS5

8gC sÜgS1E gS5A Ï P Pntr er8e Z = 9ÜPEgA S 7

N XÏ1E■■Eg_pea. G

P gS5

c9eah tTs.1aeiTg T9 eriP 81oThiersE Z iP era 1agoer T9 era PrTheaPe4.8er

ig u 8gC Pntr 8 PrTheaPe .8er s8f Da 9TngC Df D8t(eh8t(igo nPigo era 18Da1P
G

dra eisa4tTs.1a)ief T9 eriP 81oThiers iP yÜg A■s■

cP 8g a)8s.1aE era 8DTma 81oThiersE 8..1iaC eT a)8s.1a 5E fia1CP era .8er 

lÏ ÜyEÜ/E5AE Ü6E6AE ÜGEGAE Ü/E/AE'A ThE ig 8 Pis.1ah gTe8eiTg # Ï Ü/E6EGE/A 

#ier 1agoer /"■

CTaP gTe Ca9iga 8 Pavnagta .8er■

pigta XTD 5 iP TsieeaC 8gC XTD / iP t8hhiaC Tne e#itaE eriP
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N9 era PrTheaPe .8er ig u iP 8 Pavnagta .8erE era tThhaP.TgCigo Pavnagta

Ferah#iPaE era 1agoer Z 

T9 era PrTheaPe .8er iP 8 1T#ah DTngC Tg era tTPe T9 8g T.eis81 dMdpl 

ce eriP .TigeE 8 g8ima 8..hT8tr #Tn1C nPa 8 Peh8iore9Th#8hC 

Dh8gtr 8gC DTngC 81oThiersE 9i)igo 8gC 9ThDiCCigo 8e tahe8ig .r8PaP 8 

XTD #ritr 8..a8h sTha er8g TgtaE 

is.hTma era 1T#ah DTngC Da9Tha 8gf Pa.8h8eiTgE 

1isieP T9 Pntr 8g 8eeas.e #i11 Da Ch8#g 9hTs era 9T11T#igo Cama1T.sageP■

iP t1a8h1f 8g T.eis81 PT1neiTg T9 era dMdpl■

Pavnagta■

NgPea8C T9 eriPE #a .ha9ah ehfigo eT 

dra sTeim8eiTg 8gC

cgTerah Ngeaoah lhToh8ssigo wThsn18eiTg

Ng era 9T11T#igo igeaoah 1iga8h .hToh8sE Tga m8hi8D1a )
l
iP 8PPTti8eaC

#ier a8tr .8er l ig u■

a trtrÜNxl6A Iig

6 8] )
.i.

) yE igeaoah
l

Ï 5 iÏ1E■■■EgP■ e■

pnssigo era g tTgPeh8igePE Tga TDe8igPE 89eah CimiPiTg Df g0
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#ritr #aha ngPT1m8D1a Üig 8 =ha8PTg8D1a= eisaA #ierTne ie■

dra iCa8 T9 is.hTmigo 8 oimag PT1neiTg Df igPaheiTg #8P nPaC Df bssTgP q *»

eT igehTCnta riP .hataCagta ha18eiTg■ c P.ati81 t8PaE #raha era Paosage

iP haCntaC eT Tga XTD 8gC era igPaheiTg iP ehiaC XnPe Tg DTer PiCaP T9 eriP

paa q 6» 9Th oTTC CiPtnPPiTgXTD iP t811aC =8CX8tage .8ih#iPa igeahtr8goa=■

T9 eriP saerTC■ Ne 8..a8hP er8e era iCa8 Thioig8eaC ig era #Th( T9 2aieah

8gC prahs8g q 66» E #rT CaPthiDaC 8 oagah81 ranhiPeit saerTC 9Th CiPthaea

T.eisiB8eiTg■ Ng .8heitn18hE ie .hTmiCaP 8 oTTC ranhiPeit saerTC 9Th TDe8iL

gigo 8 oTTC igiei81 PT1neiTg■ Ne r8P .hTmag ieP m81na 9Th era P.ati9it 8..1iL

t8eiTgP eT era dpl 8gC era zaioreaC d8hCigaPP .hTD1as■

MiPtnPPiTg0

7Ts.ne8eiTg81 haPn1eP 9Th era oagah81 dMdpl #i11 gTe Da .haPageaC Pigta ie 

#8P igehTCntaC s8ig1f eT Pahma 8P era sTCa1 9Th 8 oagah81 t18PP T9 T.eis81

IThaTmahE Ca9igigo eaPe C8e8 9Th Pntr 8 

oagah81 .hTD1as Df h8gCTs P8s.1igo T9 era agehiaP 7£■ r8P 1iee1a sa8gigoE 

8gC ie 8..a8hP er8e P.ati81iBaC .hTD1asP 8ha sntr sTha Ci99itn1e er8g h8g4

.ahsne8eiTg 8gC ha18eaC .hTD1asP■

CTs TgaP■
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NgCaaCE PTsa 5y4XTD .hTD1asPE #ier h8gCTs m81naP 9Th 811 

PT1maC nPn811f #ierTne agnsah8eiTg■

#aha a8Pi1f

Ne PrTn1C Da gTeaCE rT#amahE er8e wT) 

q 5y1 E #rT nPaC oagah81 igeaoah .hToh8ssigoE #8P ng8D1a eT r8gC1a .hTD1asP

iXH

T9 eriP PiBa■

dra ga)e PateiTg 8ChaPPaP 8 oagah81 Tga4s8triga PtraCn1igo .hTD1asE 9Th #ritr

era dMdpl .hTmaPeT Da 8 m81n8D1a ha18)8eiTg■ Ferah 8..1it8eiTgPT9 era 8DTma

saerTCT1Tof #i11 Da Tne1igaC ig era 18Pe PateiTg■
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Ma9igieiTgP 0

dra 9T11T#igo Tga4s8triga PtraCn1igo .hTD1as iP t811aC era sigisns e8hCiL

gaPP tTPe .hTD1as ÜId7lA0 g XTDP J1,J2 ■■EU E #ritr 8hhima Pisn1e8gaTnP4 g
1f 8e eisa d Ï yE r8ma eT Da .hTtaPPaC Tg 8 tTgeignTnP1f 8m8i18D1a s8triga

Z O

er8e t8g .ah9Ths Tg1f Tga XTD 8e 8 eisa■

cPPTti8eaC #ier a8tr XTD 8ha0

4 era .hTtaPPigo eisa .£ £ y

4 8 gTg4Catha8Pigo tTPe 9ngteiTg 28.The #ritr ha.haPageP era tTPe igtnhhaC 

i9 9igiPraP 8e eisa Td

cgf .hTtaPPigo PtraCn1a 1a8CP eT 8 9igiPrigo eisa 9Th a8tr U■

Üi Ï 1E6E■■■EgA> #a #8ge eT 9igC 8 Pavnagta U 

sigisiBaP era eTe81 tTPe

U#Ü6AH;HVHHU#ÜgA #ritroIG

Üi P bnnn b 6 1U AtÜ#A 7#Ü1A m x#Ü5A #ÜgA #ÜgA

Ngeah.haeigo C£ 8P 8 Cna C8ea 9Th Ü5Ï5E6E■■■EgA era 9T11T#igo tTPe 

9ngteiTgP r8ma Daag tTgPiCahaC ig era 1ieah8enha0

y i9 T £ C■)
j■ .Th Ï à■ Terah#iPa
i i

8A

driP 1a8CP eT 8g ul 4 tTs.1aea .hTD1asE Paa q 53» ■ N9 Ï 5 9Th 811 iE 

erag era .hTD1as iP eT sigisiBa era gnsDah T9 18ea XTDP0 oTTC PT1neiTg saL

erTCP 8ha 8m8i18D1a 9Th eriP .hTD1as ÜPaa q6» A■
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DA 7■ ÜdA Ï 8eÜd 4 CX

dra .hTD1as iP erag eT sigisiBa era #aioreaC 18eagaPP> ie iP PT1maC

Df zpld Pavnagtigo Ü#aioreaC PrTheaPe .hTtaPPigo eisaAE i■a■E Df 8 gTgL

Catha8Pigo ThCah T9 l£/y£4 paa q6»■ N

tA 7iÜdA Ï 8± I8) ”y> d 4 Ce_ SG££ d

dra .hTD1as iP erag eT sigisiBa era Pns T9 era Ü#aioreaCA e8hCigaPP tTPeP

N9 811 k5 Ï yE eriP .hTD1as iP t811aC era zaioreaC 

d8hCigaPP lhTD1as> i9 ig 8CCieiTg 811 y£Ï5E Tga TDe8igP era dTe81 d8hCigaPP 

lhTD1as■

8gC era 91T#4eisa tTPeP■

dra Id7l r8P hataimaC sntr 8eeageiTg Ü9 6ÎE q /»E q' »E q 11»E q 6G» A

Ng era 9T11T#igo 8g81fPiP era tTPe 9ngteiTgP 8ha 811T#aC eT Da 8hDieh8hf

gTg4Catha8Pigo 9ngteiTgPE ng1aPP Terah#iPa P.ati9iaC■
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dra lhataCagta 2a18eiTg0

b8h1iah haPn1ePE Thioig8eigo #ier era #Th( T9 bssTgP q *» E 8ha gTea#Therf

9Th r8migo Ca9igaC 8 .hataCagta ha18eiTgE er8e iPE 8 .8hei81 ThCah Tg era

XTD PaeE Pntr er8e 8g T.eisns Pavnagta a)iPeP #ritr P8eiPeiaP eriP .hata4

dra ha8Cah iP ha9ahhaC eT PateiTgP 646 8gC 64G T9 q 6G»Cagta ha18eiTg■

9Th era Ca9igieiTg 8gC Caeahsig8eiTg T9 Pntr 8 .hataCagta ha18eiTg■

driP ha18eiTg #i11 Da CagTeaC Df 2 8gC i2X sa8gP er8e XTD snPe Da .ahL

9ThsaC Da9Tha XTD ÜgTe gataPP8hi1f issaCi8ea1f Da9ThaA 8ttThCigo eT 2> 

ig eriP t8PaE XTD iP t811aC 8 CaPtagC8ge T9 XTD 8gC XTD iP t811aC

8gC #i11E haP.ateima1fE CagTea era PaeP T9 

igCitaP T9 era CaPtagC8geP 8gC era 8PtagC8geP T9 XTD Üig era 9T11T#igoE

c■ 8gC k■ #i11 CagTea era PaeP T9 igCitaP 8P #a11 8P era PaeP T9 era tThhaP4 i i

.TgCigo XTDPA■

8g 8PtagC8ge T9 XTD U■■
0

UTD U #i11 Da t811aC 8 .haCataPPTh T9 XTD U■ i9 i2X 8gC gT XTD U E CiP4 
£ X (

£ 8gC E P8eiP9iaP i2( 8gC (2X■

xaeeigo pÜiEXEeA Da era Pae T9 PavnagtaP #ritr P8eiP9f era oimag .hataCagta
pÙ iP E #a #i11 oima

eigte 9hTs U

er XTD iP 8gC era ÜeS5A

zrag eriP Pae iP gTe as.efE 8 1T#ah DTngC 9Th e8h4

ha18eiTg 8gC ig #ritr era e

tTgCieiTgP 9Th pÜiEXEeA £y■ 

CigaPP tTPe igtnhhaC Df XTD ig 8gf a1asage T9 pÜiEXEeA #i11 Da t81tn18eaC 

8gC erag nPaC eT Ca9iga 8 dMdpl ha18)8eiTg T9 era Id7l■

xass8 5■ wTh 8gf eE pÜiEXEeA Ï y i9

ÜiA 5 ak£ 8gC iP gTe 8 .haCataPPTh T9

ÜiiA i acTh X
lhTT90 ÜiA 8 XTD UE igt1nCaC Dae#aag U■ 8gC U■ snPe Da .hTtaPPaC Dae#aag 

( i X
E er era e Pe8gC ÜeS5A .TPieiTgE #ritr iP is.TPPiD1a■
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ÜiiA TDmiTnP■ é

”i_ - - 8gC CagTeigo Df N kÜiEXA1 era gnsDahMa9igigo kÜiEXA Ï

T9 ieP a1asagePE #a r8ma0

pÜiEXEeA £ y i9 era ha18eiTg

I kÜiEXA1 ! e

xass8 6■

Ü645A

CTaP gTe rT1C■

811 era XTDP #rTPa igCitaP 8ha ig kÜiEXA snPe Da .hTtaPPaC iglhTT9 0

éera e 9ihPe .r8PaP■

N9 Ü645A rT1CP #ier avn81iefE era Pae T9 era ÜeS5A 9ihPe XTDP iP ngivnaL

1f CaeahsigaC 8gC0

cj.
iX
7X Ü(akÜiEXA l( S lE AX

iP era a)8te e8hCigaPP tTPe igtnhhaC Df XTD U■■

N9 Ü645A rT1CP #ier Pehite igavn81iefE erag era has8igigo XTDP eT Da

.hTtaPPaC Da9Tha U■ 8gC U■ t8ggTe Da trTPag 8sTgo era CaPtagC8geP T9 U■
5 G i

pTE Ca9igigo cÜiEXA Ï ”X_ - -

MÜiEXA Ï Ü5E6E■■■EgZ 4 ÜkÜiEXA - cÜiEXAAE

8gC U■■
G

8gC

#a r8ma era 9T11T#igo 1ass80

pÜiEXEeA Ï y i9 era ha18eiTgxass8 G■

N MÜiE X A1 Z e 4 kÜi E X A Ü646A

CTaP gTe rT1C■
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lhTT90 TDmiTnP 9hTs era 8DTma 8honsageP■
é

N9 Ü646A rT1CP #ier avn81iefE erag era Pae T9 XTDP eT Da .hTtaPPaC

ig era ÜeS5A 9ihPe .r8PaP iP a)8te1f kÜiEXA - MÜiEXA■

N9 Ü646A rT1CP #ier Pehite igavn81iefE erag 8 1T#ah DTngC Tg era tTsL

.1aeiTg eisa kÜiEXA AT9 XTD iP TDe8igaC Df trTTPigo era Üe 4

pigta Ü)A iP 8 gTg Ca4
iX

XTDP ig MÜiEXA #ier 1a8Pe .hTtaPPigo eisa■

tha8Pigo 9ngteiTgE #a r8ma0

Ï 7 Ü)5= A iP 8 1T#ah DTngC Tg era e8hCigaPP tTPe 9Th U■ 
U iX U

pÙ
#rag iP .hTtaPPaC ig era ÜeS5A 

XTD U£■

c.t
5G

xass8 /■

.TPieiTgE XnPe 89eah

c dMdpl 2a18)8eiTg■

£ T9 xass8 /E 8 dMdpl s8f Da nPaC eT .hTmiCa 8zier era 1T#ah DTngC 7 iX
Ma9iga 8 sn1ei.8heiea oh8.r1T#ah DTngC Tg era eTe81 e8hCigaPP tTPe■

ig pateiTg 5E #ier Cnssf igiei81 gTCa ÜyA 8gC 9ig81 gTCa ÜgS5A■ dra8P

8htP ÜÜU£XeAE ÜUx E eS5AA r8ma 1agoer 7£­■

Üi■a■E #rag Ü645A 8gC Ü646A rT1CA■ dra 9ihPe .TPieiTg gTCaP ÜU£eA 8ha

Ï yE 8gC C0Qi

#rag eraPa 8htP 8ha Ca9igaC

Ï 7■Ü.■A> era ga)e i iCa9igaC Tg1f 9Th erTPa XTDP #ier 

.TPieiTg =8teima= gTCaP 8ha hatnhPima1f Ca9igaC 8P 9T11T#P0

ÜU­■ E eS5A a)iPeP i9 8gC Tg1f i9 eraha iP 8 gTCa ÜU£EeA 8gC 7[

dra 18Pe aCoaP ÜÜUYEgAEgS5A 8ha CnssiaP 8gC r8ma 1agoer avn81 eT y■

dra 9T11T#igo a)8s.1a iP e8(ag 9hTs 96G» #ier 

7iÜ)A Ï I8) ”yEd4C£_■

iP Ca9igaC■

N11nPeh8eiTg0
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The data are given in Table 2.

3 4 5 6 71 2i

12 13 14 16 26 31 32Pi

42 33 51 48 63 88 146d.
i

7 9 5 14 10 11 8a.x
Data for illustrative MTCP example.

Table 2

The precedence graph is given in Fig.2

Precedence graph for illustrative MTCP example

FIGURE 2

The lower bounds C*". on the costs and the data for the corresponding mul- 
ij

tipartite network are given in Table 3. 

ponds to job since, from the precedence graph, must be processed in 

the last position.

Note that the final node corres-
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■#

Position 0
Position 3

0 3C C1 2 4 1 2 3 4 5 6U
0 0 0 0 1 306 20 40 0x X

2 173 20 40 0x x
3 98x x X X X

4 20 40 0x X X

1755 306 0x x X

6 210 351 220x x X

Position 44Position 1
1 2 4 5 6

1 CC ij 1ij 2 3 5 6i

1 0 0 1 585 150 350 110x X X X

2 0 0 2 392 150 350 110x X X X

4 0 0 0 0 3 180 0x X X X

4 180 0x X X

5 392 585 150 110x
6 392 585 175 350 x

Position 6Position 5Position 2 652 CC Üij 71 2 3 4 5 6 3 5 6
1 072 0 30 0 0 1 305 xx X

2 0 00 0 50 0 2 305 xx X

4 6 00 72 0 x 490 2640 3x X

5 305 264x5 84 198 0x x X
305 4906 x6 119 243 100 xX X

TABLE 3

Cost Ct for the illustrative MTCP example.ij
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Theorem 3. jf rj
w(ir >Jw(n)) a sequence satisfying the 

given precedence relation, with tardiness cost C(w) and

,1), (J 2) » . . .,(J ,n), n+1) is the correspon-w(l) w(2) ’
ding path, with length f(w)

w (n)

in the multipartite graph

then Tfw) ^ C,(w)

Proof : The theorem is justified by the above Lemmas 1 to 4.
#

Since the length of the path associated with a sequence is only a

lower bound for the tardiness cost of this sequence, it is not necessary

A procedure providing a good lower bound on

its solution is sufficient and this is performed by the subgradient techni-

to solve the TDTSP-completely.

que described in Section 1.

Theorem 4. If, for some penalty vector U, the shortest path P* satisfies

the two following relations:

(i) it contains exactly one node associated withi

every job J. , defining the permutation w (by w(t)=i)

(ii) -e(w) = C(w) ,

then the sequence defined by w is a minimum cost sequence.

Proof: Since P* is the shortest path for the penalty vector H, we

have, for all paths P,

P*£(w) + E a. 1Ï. <£(P)+ E a.
i ii i
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S
All feasible sequences S (including P*) satisfy a^ = ^ for all i. 

Therefore £(w) ^ £(S) for all sequences S.

C(w)

From (ii) it follows that

< C for all sequences S.(S) //

If only condition (i) is satisfied, then the corresponding sequence w

is a "good" solution to the MTCP and the value of an optimal solution S*

must satisfy:

£(w) ^ C < C(S*) -(w)'

If condition (i) is not satisfied, a stopping criterion, as defined in 

Section 1, is used, and the maximum length £(1Ie) of a shortest path is then 

a lower bound on C(S*), i.e.,

£(fe) < C
(S*) '

Before describing a branch and bound algorithm for the MTCP it is interes­

ting to discuss the value of the lower bound obtained by this approach by

comparing it with the lower bound obtained in [23].

Since no attempt is made to solve the TDTSP exactly, the subgradient iterations

aim at solving problem (LP2). Here we have a relaxation of the MTCP which

is of type 3, the "weakest" form of relaxation. Note that the assignment

relaxation described in [ 23] is of type 1 and may appear tighter.

It is a simple matter to verify that this assignment problem is exactly the

relaxation (LAR) of the TDTSP relaxation of the MTCP. theDenoting by zLP2

value of an optimum solution to the relaxation (LP2) of MTCP, by z theLAR

assignment bound as defined in [ 23] and by Z* the cost of an optimum solution

to the MTCP, it follows from Theorem 1 that

< Z*z <LAR ZLP2
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Note that the exact value z can be obtained only with optimal penal-LP2

ties, and that subgradient iterations usually stop without providing

But the bound obtained is usually close enough to its op-optimality.

(it is possible to derive atimum value to be likely better than zLAR

bound better than z by using penalties derived from the optimalLAR

dual variables for LAR, but we did not attempt to use this result).

Moreover, the smallest implicit bound is usually a tighter bound than

the maximum length of a shortest path, and it is this smallest implicit

bound which is actually used for possible fathoming. Additional features

for tightening the bouncfe are described below.

Reductions :

In order to obtain tigher lower bounds for the MTCP, some reductions will

be performed in the TDTSP multipartite network associated with it.

The reductions will be performed by deleting one of the two arcs defined 

by the costs C^. and Ct depending on which of two conditions to be des-ji’ij

cribed below holds.

. such that no precedence relation holds between them, 

a lower bound on the total processing time of the (t-1)

and J. are processed respec-

Consider J. and Ji
Denote by 0^

ij

first jobs in a feasible sequence in which 

tively in the t*^ and (t+l)1”^1 positions. Note that
j

2 8 ett + p + p..i= XT ijij ji
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Denote by 0_.

0^. = 0t4 and 0^. = 0^ . ) . 
ij J i iJ 31

an upper bound on the same value (of course
ij

If, for all e'ie!’- e".]Theorem 5 :
ij’

C. (0+P.9+P.) " C. (0+p.) < C (0+p.+p.) - C.(0+p ), 
1 il 3 3 i 13 11

(2-3)

ij

we have

then the arc defined by the cost can be deleted.ji

th as theIn any feasible sequence with J_. 

üh job, the completion time of the (t-1)

job and

th .job is some

^5.1 (if t =1, the interval is reduced to the single point

and J. is

as the tProof :

(t+1) 

0e[0t.
ij’ ij

0). Then, the improvement obtained by exchanging
3

(Ci(0+pi) + Cj(0+pi + pj) - (C_.(0+pJ + Ci(0+P1+Pj)) < 0.

job andis the tany feasible sequence in which J_.

S Ù may be improved by this exchange.

Thus,

#the (t+1)

Of course, if the above relation holds with equality, only one of the two 

arcs defined by C?. and C11 The power of these reductions willis deleted.ij ji

be illustrated for the illustrative example in a following subsection.
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The Branch and Bound Algorithm:

The branch and bound algorithm for the MTCP is based on the framework

defined in Section 1. The main difference comes from the fact that.

for any sequence, its length in the multipartite network is only a lower

bound on its cost. When a shortest path happens to be a sequence-path,

its length is the best possible bound obtainable in the corresponding

subproblem. It is necessary to compute the cost of this sequence: if

this cost equals the length of the path, then the optimal sequence is ob­

tained for the subproblem, and backtracking is performed.

But, in the other case, when the cost is greater than the length of the

path, it is necessary to branch from this subproblem for further tighte-

This behavior comes from the fact that we have herening of the bound.

a relaxation of type 3 for the MTCP, while for the TDTSP the relaxation

was of type 2.

The dominance test may also be performed in a more efficient way. Indeed,

th position does not depend on whichthe cost of assigning job to the k 

job is processed just before, but only on the total processing time of the

(k-1) first jobs. So the insertions may be checked with as the first

job in the segment.

The Weighted Tardiness Problem:

For application to the weighted tardiness problem, in which

Ci28. = 0^ Max {0; T-d^} , some additional specifications will be used.

The branch and bound algorithm makes use of the Elmaghraby test (i.e., if

the due date of a job J. is not less than the total processing time, then

process J as the last job) as the first operation when defining any subpro- 
i

blem.
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The precedence relation is not recomputed, but only copied from the

one in the original subproblem. The reduced multipartite network is

then defined from the precedence relation. 

The lower bounds 0t (providing ) are obtained by simply selectingij ij

the jobs in D(i,j) with least processing time, 

upper bounds 0^

In the same way, the

are obtained by selecting the jobs in D(i,j) with

greatest processing time.

For the reductions, two more precise statements of theorem 5 hold.

If (i) d. < d^

and (ii) 0^. ^ Min (d., d.
.T . h

then delete the arc defined by ..
Ji

Corollary 1.

- Pj) - The

Proof : Condition (ii) implies 6+p^ ^ 9^ + Pi <d.

and 0+p. + p. ^0b + p. + p. ^d., 
i 3 iJ 13 3

ij

so the two jobs are processed before their due-date if this is

done according the FDD (earliest due-date) order defined by con-

//dition (i).

If (i) p./w. < p./w.
.. e e

and (ii) 0^. ^ Max (d. - p., d
de . .

then delete the arc defined by C^'

Corollary 2.

j

ji*

Proof: Condition (ii) implies

. and O+p. ^ d..
13 3

and J. are late jobs as soon as one of them is processed in the 

position. Then the WSPT order is the best one, since the costs

5s d0+ Pi

So J

t

are reduced to those for weighted lateness.



36.

Illustration: Corollaries 1 and 2 are applied to the illustrative 7-job

example, yielding the reduced network pictured in Fig.3 Note that seve­

ral arcs and nodes become meaningless: for example, node (2,2) and the

arcs issueing from this node may be deleted (no path from the origin to

the end may use them). After the deletion of such elements, the network

is then reduced to the single sequence-path 2-1-4-5-3-6 with length 454.

Clearly the TDTSP problem is then solved in one (trivial) shortest path

iteration, and, since condition (ii) of Theorem 4 is satisfied, the

MTCP is also solved without branching.
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Computational Results

The algorithm was coded in FORTRAN for the weighted tardiness problem 

using a heuristic method based on adjacent pairwise exchanges [ 2] , [ 22]

for computing the initial upper bound UB. It was run on the CDC Cyber

74-18 of the Université de Montréal on 84 test problems, with 15 and

20 jobs. The data for the first set of 42 problems are those of Rinnooy

Kan et al. [23] , and tests were performed on the 15-job problems with

tardiness factor t of 0.6 and 0.8, and the 20-job problems with t= 0.4,

0.6 and 0.8 The solution time and number of nodes in the enumeration are

summarized in Tables 4 and 5.

The mean solution times (respectively, numbers of nodes) are given for

each set of problems with fixed size and tardiness factor. In order to

provide comparisons with the algorithm of Rinnooy Kan et al., the median

and maximum of the solution times and the numbers of nodes are also given.

The second set of 42 problems adresses the total tardiness problem, and

While some simplifications are possi-was solved with the same algorithm.

for all i, for instance a reduction of aboutble in the case where a. = 1
i

one third in the execution time of the heuristic, no such modification was

attempted in order to study the behavior of our algorithm for this special

The test data are those of the first set, except that the weightscase.

The mean and maximum of the solution times and theare uniformly set to 1.

numbers of nodes are given in table 6.

Considering that the CYBER 74 is reported to be from 2.5 to 3.5 faster than

(hereafter RKLL), the results giventhe CYBER 73 used by Rinnooy Kan et al.

In Table 4 show a substantiel improvement.

I
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It appears that the improvement over RKKL is about of the same order

of magnitude as the improvement of RKLL over the previous existing

The comparisons for small n and t have less meaning due tomethods.

the low computation times involved, and the fact that our algorithm is

preceded by the heuristic method which requires a fairly constant time

of 0.5 second for n = 15 and 1.1 seconds for n = 20.

For the total tardiness problem no direct comparison with the work of

Fisher [9] was made. Fisher reports some comparison between his algo­

rithm running on a IMB 360 - 67 and RKLL on a GDC Cyber 73-38 and comments:

"generally their solution times were about equal to ours (Fisher) for

the 20-job problems". It seems that, at least for the 20-job problems,

our algorithm will perform better than Fisher's.

In a private communication with the authors. Prof. K.R. Baker reports on

computational work with L.Schrague, applying their "Chain Algorithm" 

([3], [4] ) to the same first set of 42 problems, each one being solved

within 1.2 seconds on an I.B.M. 370/168. This version of dynamic program­

ming seems to be currently the best way to exploit the precedence relation

in the weighted tardiness problem.
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RESULTS FOR THE WEIGHTED TARDINESS PROBLEMTABLE 4.

SOLUTION TIME (CPU Seconds)

Rinnooy Kan 
Lageweg Lenstra $New algorithm*Number of

problemstn

Average Median MedianMaximum Maximum

15 0.6 12 6.31.9 1.6 5.9 121.8

0.8 12 1 .7 45.61 .6 3.4 85.6

20 0.4 6 2.7 1.5 6.4 1.1 20.3
0.6 6 13.6 6. 5 30.7 180.8 >300
0.8 6 12 20.8 >300 >300

* CDC Cyber 74-18

$ CDC Cyber 73-28

TABLE 5. RESULTS FOR THE WEIGHTED TARDINESS PROBLEM

Number of Nodes in the enumeration tree

Rinnooy Kan 

Lageweg Lenstra
Number of New algorithm

tn
problems

Average Median Maximum Median Maximum

15 0.6 12 64729.5 17 121 9564
0.8 12 453228.0 24 57 9952

20 0.4 6 2511.3 1 34 1206
0.6 6 11105118.8 48 302
0.8 6 136.6 120 327
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TABLE 6. RESULTS FOR THE TOTAL TARDINESS PROBLEM.

Number of Solution Time ^ 
(CPU seconds)

Number of Nodes
tn

problems

Average Maximum Average Maximum

15 0.6 12 0.8 1.0 9.0 15
0.8 12 0.7 1.0 12.4 43

20 0.4 6 1.1 141.6 5.5
0.6 6 2.7 5.7 21.0 52

0.8 6 3.7 12.8 38.8 168

* CDC Cyber 74-18

Possible Improvements:

Some improvements to the existing algorithm are possible. First, attempts

to refine the precedence relation could be performed at each node in the

the arc lengths C^ in the multipartite network shouldenumeration. Second, 

provide better bounds if the values of 0^
ij

were computed in a more accurateij

way than by just considering the jobs with least processing time in R(i,j). 

For instance, for t = I B(i,j)l + 1, it is more advisable to select, among 

the jobs in R(i,j) which are preceded by no other job in R(i,j), the one

For greater values of t, this selection turnswith least processing time.

out to become a very difficult problem in itself, but it is likely that ti-

Reductionsgher bounds could be obtained at a small additional expense.
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using Thoerem 3 could be extended for the weighted tardiness problem to

cases in which Corollaries 1 and 2 do not apply, that is, in the "middle

part" of the network. Finally, the shortest path algorithm could be re­

placed by an algorithm which would reject paths including segments such

as (i,t), (j,t+l), (i,t+2). This shortest path algorithm is described in 

[ 2l], and works in an average running time less than twice the time of the

simple dynamic programming algorithm.

Besides these attempts to refine the lower bounds, the branch and bound al-
n-1gorithm itself could be improved. Considering that the costs C of theij

last transitions are exact, and that the best permutation of the two last

jobs is simply determined, one could extend the implicit bounds and the

branching scheme to pairs of jobs in the two last positions. The branch

and bound algorithm would thus work implicitly two levels down. Of course.

this may be extended to triples of jobs in the three last positions, and

generally to r-tuples of jobs in the r last positions. It is likely that

there is a threshold value for r, after which it becomes much too difficult

to handle the r-tuples for larger values of r. However, it is not obvious

that the best value of r is 1, the value which is currently used.
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3. EXTENSIONS AND CONCLUSIONS

The TDTSP, which was described in Section 1 and applied to the tardiness

cost problem in Section 2, may be useful in solving other optimum permu­

tation and related problems.

The first obvious application is to the Traveling Salesman Problem. Actual­

ly, this provided the basic impetus for devellopping the general model.

The first work in this area was described in two earlier research reports

[20] ,[21] . D. Houck and R. Vemuganti [ 16] have independently discovered

the same approach to the TSP and considered experimental comparisons with

the "1-arborescence" approach suggested by Held and Karp [ 13] , for the

asymétrie problem. A joint publication is currently in preparation. The

approach may be extended to several routing problems, for instance to the

multiple TSP in which the salesmen have to visit the same number of custo-

The reader is referred to [ 21] for a further description of the rou-mers.

ting applications.

Some extensions of the scheduling applications for the one-machine problem

It appears that the method couldwere outlined at the end of Section 2.

be extended to problems involving several machines, such as flow-shop and

job shop problems, but this will require further examination.

The algorithm may be simply adapted to handle more difficult problems than

occuring when job is followed 

by job on the machine, are easily handled in this model, by simply adding 

to the arc length , , for all t such that c!"

the tardiness problem. Set-up costs d
ij’

dij

ly, these set-up costs may be time-dependent exactly in the sense described in 

It should be noted that the bounds Ct 

part of the costs become more important.

be extended to problems involving several machines, such as flow-shop and 

job shop problems, but this will require further examination.

is defined. More general-ij ij

Section 1. become tighter as the set-upij
It appears that the method could
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Another optimum permutation problem, somewhat related to one-machine

scheduling problems, is the Linear Ordering Problem(see Adolphson and

Hu [ 1] ) . This problem may be handled as was the weighted tardiness pro-

plem described in Section 2. The main difference lies in the way the

bounds defining the multipartite network are computed.

Turning to more general optimum permutation problems, one obtains the Qua­

dratic Assignment Problem (QAP), of which the TDTSP is a special case.

The QAP appears to be a very general model as it provides a way to formu­

late several different optimization problems; it turns out to be a very

difficult problem however. At the present time exact solution methods

tractable only for small problems (see [lf']). In an application ofare

the TDTSP model to solving the QAP the computation of the bounds used

to defined the multipartite network is performed through the solution

of related linear assignment problems. These last two applications the

(Linear Ordering and Quadratic Assignment Problems) are currently under

study.

It appears that much work remains to be done, both on improving the pre­

sent approach and on applying it to several existing difficult problems.
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