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s-th position and the above decomposition still holds, yielding the 

recurrence relation

ff(S-{i} +£. (W
, S)f(S) = min 

ies S-{i}

where for two disjoint subset A and B of N, we note

E E"AB' Wij
ie A je B

Then ODSAP can be solved in 0(2n) applications of the

recurrence relation, provided that the subsets S are generated in an
order compatible with the inclusion relation. We have written a code

2DYNSAl which perforas this task by using 2 +n +5n+cst memory locations, 
each subset S={i ,i ,...i } being unambignous by represented by its

J- ^ ^ ^ _» i
+2*^ +...+2 s and generated in ascending order

While the application of the recurrence relation seems
binary expansion 2
of these numbers.

3_nto require 0(n 2 ) operations at first glance, this number is cut down
0(n2n) in DYNSAl. Such a performance has been announced by Lawler [17] 

for the Held and Karp's dynamic programming algorithm applied to the
to

Linear Ordering Problem. Since there is no other precision in Lawler's 
paper, we give a detailed description of our algorithm along with a proof 
of the 0(n2n) behavior. The code DYNSAl has less than 100 FORTRAN statements, 

including input and output (68 statements perform the optimization) and a 
copy of it can be obtained from the authors.

It is possible to reduce the execution time of DYNSAl by about 
one-half by restricting consideration to subsets with at most |"_1 
elements, due to the symmetry of the objective function, and by^applying 

the relation

= min (f(S)+f(S)|S< N, |s|= }f (N)
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number ofWe have modified DYNSA1 into DYNSA2, which uses the same
memory locations and 143 FORTRAN statements for the optimization, 
have run both codes on the CDC Cyber 173 of Université de Montreal, 
under compile FTN, opt=2 within only 130K of core, on problems with 
n=10 to 14 (a problem with n=15 requires about 190K). 

times are given in Table 1.
The space requirements are the bottleneck for such an 
a run on an 18-room problem would require about 77

We

The solutions

algorithm:
seconds but 1110K of memory, i.e. more than one megabyte. We are 
currently working on an.algorithm which would require about (nm''') + O(n^)

s-t (n_1^l h
solve a 16-room problem within 130K and an 18-room problem within 400K.

Such an algorithm is expected tomemory locations, where m

By using auxilliary storage, it might be possible to handle problems 
with one additional room. However it seems unlikely that a dynamic 
programming approach would allow exact solution of problems with more 
than 20 rooms within reasonable time and memory requirements.

Solution times CDC Cyber 175, sec.Number

of rooms DYNSA1 DYNSA2

.19 .1110

.41 .2911

.87 .5112

1.291.8513

2.243.9214

Solution Times for dynamic programming 
algorithms.

TABLE 1:
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CONCLUSION

The main results of this paper have shown a remarkable increase in diffi-

culting when generalizing the Optimal Linear Ordering Problem the One-Dimen

sional Space Allocation Problem. The mere consideration of the lengths of

the items to be located has made unapplicable most of the known solution

procedure which efficiently solved particular cases of the OLOP. Few

exceptions can be found in the paper by Chan and Francis [7 ] . On the other

hand, it has been shown that Held and Karp's dynamic programming method

can be extended to the ODSAP, providing a reliable solution procedure

for problems with about 15 items. Since most practical applications of

the ODSAP model are bound to involve larger problems to be solved, it

appears necessary to extend the solution capability beyond the present

level. We have identified two ways in that direction. Exact solution

of larger ODSAP's could be obtained by branch-and-bound provided that an

efficient bounding scheme is devised. We note that the Linear Assignment 

bound [id , [lb] , which is basically one of the few available for an exact

solution to the Quadratic Assignment Problem cannot even be applied to the

ODSAP, since the computation of every entry in the assignment matrix requi

res the solution of a problem similar to the 2-machines job scheduling

problem mentionned in section (a lower bound could be derived from an

heuristic solution with performance guarantee, e.g. [27i , but we did not

investigate this any further). If a satisfactory bounding scheme can be

provided it is possible that a branch-and-bound algorithm implementing

30



it could benefit from using dominance tests such as in [2^ and dynamic

programming for fast screeming of the lower levels of the enumeration tree.

It is still conceivable that a procedure combining branch-and-bound and 

dynamic programming, such as [19] , performs quite well if efficient storing

and addressing techniques are provided for handling the subsets generated

by the procedure.

Approximate solutions of rather large ODSAP's can be obtained using either

constructive, improvement or hybrid heuristic methods. Several constructive

heuristics can be derived from the solution procedures which work for parti-

An example is an alternating order (see Section 4 ) using somecular cases.

reasonable estimate (e.g. the geometric means of the rows of the matrix W)

for the probabilities used in the case of independent destinations; another

example is the Adolphson-Hu procedure applied to a related ODSAP which retains

only the maximum weighted tree of the matrix W of the original given ODSAP,

Improvement heuristics in the spirit ofwith possibly several trial roots.

Reiter and Sherman [25l , using adjacent pairwise exchanges, insertions, segment

insertions or swapping can also be used to improve given solutions. It is

expected that hybrid schemes, applying improvement procedures to the solutions

generated by constructive methods, produce the best solutions, perhaps at the

expense of much computing time. One major issue concerning practical applica

tion of heuristics is to determine a trade-off between the value of the solution

produced and the computing requirements to obtain it. At the present time this

can be resolved by extensive computational comparisons and evaluations. Other

31



avenues which currently receive more and more attention, concern the

performance guarantees and the probabilistic analysis of heuristics, good

examples of which being in the studies of a two-dimensional extension of

the ODSAP [15 ] and of a dynamic version of the ODSAP [20 ] .
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APPENDIX 1: Proof of Theorem 1.

Consider an optimum permutation ss which does not verify assumption

A3 and let r. be the first (i.e. leftmost) room in ss which is located before
J

(i.e. the left of)some room in the path from r^ to r^.

be the first room located after r., with its predecessor 
p 3

located before rt; this is well defined since there is at least one room with

Then consider the permutation 'ïï,

Then r. is located
:

before r Let rP(j)*

3
this property on the path from r^ to r^. 

deduced from ss by inserting r^ just before r^; that is, if r^ is in position 

p and r in position q (q >p) in ss- then:
oi

TT/ (t) = t <p or t <qTT(t) if

( TT(q) = k if 

Tr(t-l)

t = p

p < t ^ qif

See Figure 1.

1 P P+1 q

nn rkri

a
p1 P+1

7/r.rkrl/nn 3 d
e

Permutation ss and sst 
used in the proof of 
Theorem 1.

Figure 1:
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Denote by S the set of indices of rooms which have been moved to the

S = (j, TT(p+l), TT(q-l)}right, that is

and L their total length

2 £ =£..+£. ,+ 
heS h J

... + £L= TT(q-l)

0 /
We evaluate the new center-to-center distances d (p(h), h, ss ), as defined

by (2-1):

for all fooms r^ in positions t<p, i-s before r^ and nothing

has been changed, so

(i)

dC(p(h),h,TT/) = dC(p(h),h,TT)

for the room r , p(k) is in a position t <p, then
K.

dC(p(k) .kjir'') = dC(p(k), k-ssh - L

(Ü)

for the rooms r, in S with p(h) ^ k, r s is located after r, and has h p(h) h

been either moved to the right (if p(h)es) or not moved at all, so

dC(p(h),h,TT/) < dC(p(h) ,h,1T)

(iii)

for the rooms r^ in S with p(h) = k

dC(k,h,7T/) < dC(k,h,Tr) + L

(iv)

for the rooms r^ in positions t > q with p(h) ^k, 

either not moved or moved to the right, so

dC(p(h) ,h,TT/)< dC(p(h),h,7T)

(v) has been

- 34 -



for the rooms r in positions t > q with p(h) = k then 
h
dC(k,h,iT/ ) = dC(k,h,TT) + L

(vi)

Hence z (n7 ) < z pssh - (w - 2 ) L^ w,,, kh hp(k)k

and using (3-1) 

zCir' ) < z pss )

Since ss is assumed to be an optimum permutation, we have constructed another 

optimum permutation sst in which the p first rooms are located after their

By applying this construction at most n-1 times we obtain anpredecessor.

#optimum permutation which satisfies assumption A3.
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APPENDIX 2: Proof of Theorem 2.

The proof is similar to the proof of theorem 1, except that we have to 

take also into account the trips back to r^. So, consider the permutations 

os and ssi as defined in the proof of theorem 1 and the six cases (i)-(vi):

- in cases (i), (v) and (vi) this distance back to r^ has not been modified, 

case (ii): r and all the rooms to be visited before r are in the p first
K. K.

positions, hence the trip back to r^ has been reduced by L for all patients 

whose diagnostic is completed in r^. 

case (iii) and (iv):

(a) for all rooms r, in S such that room r. has not to be visitedh n

before r^ (that is k ^ p(h) and k ^ p(p(h)) and so on ), there

is one room, among those to be visited before r, , which is located inh
position t>q ; for all the patients whose diagnostic is completed 

in r^, the total distance traveled has not been lengthened.

(b) for all rooms r, in S such that room r, has to be visited before r,h k h
to be visited between r^ and r^ is located in position 

t > q, the total distance traveled by those patients finishing in r^ 

has not been lengthened.

and some room r
g

(c) for all rooms in S such that room r, has to be visited before r, andk h
all rooms to be visited between r, and r, are in S, it follows fromk h
the definition of r, that these rooms are located, in ss- betweenk
r, and r, and in reverse order (see Figure 3); let r. denote the room h k t

I
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which is visited just after and before r^ (it may be r^ itself); 

can be verified that the total distance traveled by a patient finishing in

it

r has been reduced by the distance between the center of r and the rightmost h t
end of S, but also augmented by the half length of r^. 

it follows that this cannot be an augmentation (the inverse situation in which 

condition (3-2) is not verified, is pictured in Figure 3).

By summing over all the patients, it follows that ss 

and the proof is completed as in theorem 1.

From condition (3-2)

is not worse than 71,

#

S
1

rkÏÏ

»0-

<- ♦ 4

a

b
Jr.ri rkTT7 J m rf

4»

<- «» ♦
/ and the totalFIGURE 3: Permutation ss and ss 

distance traveled by a patient finishing 
in r^, used in the proof of Theorem 2.
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APPENDIX 3: Proof of Theorem 5.

Let us first state the ODSAP with independent destinations and arbitrary

room lengths (hereafter ODSAPID) in a decision problem format:

• • • » >positive sequences (p-^ p^,... Pn) and (£^, 
positive integer W.

there is a permutation ïï of {, 2, n} such that

Input :

Property :
v-1n-2 n

P-1 (u)p-l (v) 2 l-l (t) < Wvn
22

u=l v=u+2 t=u+l

In order to prove theorem 5, we note that this problem is in NP and we show

Consider the PARTITIONthat a known NP-complete problem can be reduced to it.

problem [ 13j :

positive sequence (c^, c^, ..•> cOInput:

Property: there exist a subset I Ç {l, 2, n} such that

2 Ci = 2 c.
i^I 1iel

To every instance of this problem, defined by a sequence c^, c^)

we associate an instance of ODSAPID with n+1 rooms, defined by 0DSAPID1

Pi=£i=ci for all i=l, .. • , n

Let N={l, 2, ..., n}

all permutations ss have the same cost for 0DSAPID1.Lemma 1:

Proof: for a permutation ss

v-1n-2 n
22 Vi(u) Vi(v)z pssha 2 CTT-l(t)
t=u+lu=l v=u+2

= c1(N)= 2 Ci Cj Ck{i,j,fc}€P3(N)

where P, (S) is the set of all subsets with k elemeiits of a set S and k
38



ck(s> ■ ,s c, • • • c,
1 l2 lk

•••ik)epk(s) C1

#Then z(t\) is independent of ss

We now define 0DSAPID2 by adding a new room n+1

Pu+l'2 and W1
Consider a permutation ss and let p=Tr(n+l) and

with

I I = {i I TT (i) < p} 

ï = {i I TT (i) > p}

(one of these sets may possibly be empty).

and consider the following decomposition

(2 + c^)dpssh = c3(I) + £ c.c. 
i J{i,j}eP2(I) kel

+ £ £ c.c. 
i 1ie I je I

(2+ £ c ) 
, -T k+ £ c.c. 

i 3(i,j)eP2(I) kel

+ c3(I) (A-l)

The first (last) element represents the interaction within I (resp I). The

■. ther elements represent the remaining interactions, decomposed, as in rela

tion 8, along the length of the rooms in I, of n+1 and of the rooms in I

respectively.
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The use of c(I) and c(I) in (A-l) is justified by the above lemma 1.

It follows

c.cdposh = 2 + 2CiCjCk
{i,j,k}eP3(N) {i,j}eP2(N)

!iCi+ 2c.c+ 2 i j {i,j}eP2(I){i,j}eP2(l)

2 2_ 
iel jel

= ebpvhc 2 empvh - c.c. 
i J

2 c c. is maximized, that is for a 
i 1

2Then z(ir) is minimized when
iel je I 1

subset I such that c^(I) is as close as possible to ^ c^(N). 

ebpvhcmempvh - J (Cl(N))2

and only if 0DSAPID2 has a solution for this value of W.

By setting

it follows that PARTITION has a solution ifW =

#

- 40



An 0(n 2n) version ofAPPENDIX 4:

the dynamic programming algorithm.

i^} of N will be represented by a simple list

= p(i ) + p(i„) + ... + p(i ) 12 s
can be precomputed. Hence the address of

■ {1i>

(i-.» •••* i )12 s
where the numbers p(i) =

every subset (ieS) is simply a-p(i^).

If we define, for a given subset S

^ w. . 
iJ

A subset S V
and its address is a

21-1

v(ik) - for all k=l, ..., s
jes
s

and w = 2 w (i^)
k=l

the recurrence relation could be rewritten as

(w - w(ik)): k=l, ..., s}{f(a-p(i )) + l.
Xk

f(a) = min
k=l, ..., s

This minimum is computed in 0(s) operations, provided the entries

Hence, in order to prove the 0(n2n) behavior, it suffices 

to show how the subsets S are generated and the values w(i ) updated in
K.

0(n2n) operations.

The subsets S are generated in DYNSA1 according to the order of their addresses, 

which is precisely the lexicographic order, by the following algorithm:

are available.

Step 0 (initialization)

set f(l) 0

■1k
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(generate singleton k)Step 1

k. k+1

ir-k
initialize w(k)

1s

set f(a)4- - 0

k 1

a+1a

(add the element k to the current subset)

S ^ S*h 1

i|—k

compute w(k) , update w(j) for jes (j^) and compute w 

compute f(a) using recursion formula

Step 2

(termination test) 

if (a=2n-l) go to step 7

Step 3

a<— a+1

k 1

(is k the last element in S?)Step 4

if (i ^ k) go to step 2s

(delete the last element in S)Step 5

if (s=l) go to step 1

s—1s

k*— k+1

go to step 4.
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In order to justify this algorithm we first assume that the elements i^,

i of S are ordered such that i,>i„> ...>i . s 12s• 9

If the last element ig is not 1, then the next subset in the lexicographic

In the other case, we "delete"order is simply obtained by adding 1 to S.

this last element i =1 (that is we move backward this pointer s) and wes
If it is not, then the next subset ischeck if the now last element is 2.

obtained by adding 2, otherwise we keep going backward in S while incrementing 

k, and still comparing ig/=1 (s' is the decremented value of the pointers).

At the first occurence of a negative answer we know that the last elements

of S were = k-1V+l 

V +2 = k-2

= 1i s

= k in step 2. This alsoand the next subset is obtained by setting i s/ +1

proves inductively that the elements of the subsets are listed in decreasing

order of their indices. On the other end, if S is exhausted before a negative 

answer occurs, then we had S = (s, s-l,...,l} and the next subset is the 

singleton {s+l}. For our purposes it is clear that this generation process 

requires at most 0(s) operations per subset, hence is at most 0(n2n). However, 

it is not difficult to show that it is actually an 0(2n) algorithm.

It remains to show how the computation of w (k) is performed in 0(s) opera-

Before applying the algorithm, we computetions within each step.

w (i) = 2 w(i,j) for all i=l, ..., n.o

2^ 1 w(k,i) - w(j,i) for all i=2, .

and all j=l, ...» i-1

and • • } n
k=l

- 43



In step 1, for S= {k}, clearly w (k) = w^Ck). 

entries w (i) have been computed for the set S, and the next set S7 is 

obtained by deleting the last (k-1) elements of S and adding k in position

In step 2, assume the

s (s/ 5s 2) then the new values w ' (i) can be obtained as
s' -1

w ' (k) = w (k) - 2 w(k, ijo j=l

k-1
w/(i.)=w (i.) +2 

J 3 u=l
- w(k,i.)w(u,i^)and ’ j

= w (i J +w1(k,i_.).

then all the w 7(i) can be updated in 0(s7) operations.

In order to preserve space, note that uses the lower triangular part of an 

array, and that, since w is assumed to be symmetric, it may use the upper

Note also that we do not record whichtriangular part of the same array.

subset defines the minimum in the recurrence relation, in order to save one

2n Once f(N) has been computed, the optimal solution can be retrieved
2by an 0(n ) backtracking classical in dynamic programming.

array.

The code DYNSA2 differs from DYNSA1 in that additional tests are introduced 

to avoid generating subsets with more than 

defining w 7 from w are accordingly modified in these cases. The optimum 

value f(N) is obtained by the relation f (N)=min{f ( S)+f ( S) : | S| = nl } 

and two backtracking steps are necessary to construct the whole optimal

nl elements. The relation

solution.

Listings of codes DYNSA1 and DYNSA2 are available from the authors upon

request .

- 44 -



REFERENCES

D.L. ADOLPHSON, "Single Machine Job Sequencing with Precedence 
Constraints", SIAM J. Comput.

1.
6, 40-54 (1977).

D. ADOLPHSON and T.C. HU, "Optimal Linear Ordering", SIAM J. 
Appl. Math. 25, 403-423 (1973).

2.

K.R. BAKER,"Introduction to Sequencing and Scheduling1,1 Wiley, 
New York, N.Y., 1974.

3.

P.P. BERGMANS, "Minimizing Expected Travel Time on Geometrical 
Patterns by Optimal Probability Rearrangements", 
Information and Control. 20, 331-350 (1972).

4.

P. BRUCKER, J.K. LENSTRA and A.H.G. RINNOOY KAN, "Complexity 
of Machine Scheduling Problems", Report R75-15, 
Graduate School of Management, Delft, The Netherlands 
(1975).

5.

J. BRUNO, E.G. COFFMAN Jr. and R. SEHTI, "Scheduling Independent 
Tasks to Reduce Mean Finishing Time", Comm. ACM 17, 
382-387 (1974).

6.

A.W. CHAN and R.L. FRANCIS, "Some Layout Problems on the Line with 
Minimum-Separation Constraints", to appear in Opns. Res.

7.

M.R. GAREY, "Optimal Task Sequencing with Precedence Constraints", 
Discrete Math.

8.
4, 37-56 (1973).

M.R., GAREY, D.S. JOHNSON and L. STOCKMEYER, "Some Simplified NP-Com- 
plete Graph Problems", Theoretical Comp. Sc. 1, 237-267 
(1976).

9.

- 45



P.C. GILMORE, "Optimal and Sub-optimal Algorithms for the 
Quadratic Assignment Problem", SIAM J. Appl. Math. 
10, 305-313 (1962).

10.

D.D. GROSSMAN and H.F. SILVERMAN, "Placement of Records on a11.
Secondary Storage Device to Minimize Access Time," 
J. ACM. 20, 429-438 (1973).

W.A. HORN, "Single-Machine Job Sequencing with Treelike Preceden
ce Ordering and Linear Delay Penalties", SIAM J. Appl. Math., 
23, 189-202 (1972).

12.

R.M. KARP, "Reducibility Among Combinatorial Problems ", Complexi
ty of Computer Computation, (ed. by R. E. Miller and J.W. 
Thatcher), Plenum Press, New York, N.Y., 85-103, 1972.

13.

R.M. KARP and M. HELD, "Finite-State Processes and Dynamic Pro
gramming", SIAM J. Appl. Math., 15, 693-718 (1967).

14.

R.M. KARP, A.C. MCKELLAR, and C.K. WONG, "Near-Optimal Solutions 
to a 2-Dimensional Placement Problem", SIAM J. Comp., 4 
No. 3, 271-286 (1975).

15.

E.L. LAWLER, "The Quadratic Assignment Problem", Management Sc 
9, 586-599 (1963).

16. • 9

E.L. LAWLER, "The Quadratic Assignment Problem: A Brief Review" 
in Combinatorial Programming: Methods and Applications
(ed. by B. Roy), D. Reidel Publishing Co., Boston, Mass., 
351-360, 1975.

17.

R.L. LOVE and J.Y. WONG, "On Solving a One-Dimensional Space
Allocation Problem with Integer Programming", INFOR 14, 
139-143 (1976).

18.

R.E. MARSTEN and T.L. MORIN, "A Hybrid Approach to Discrete
Mathematical Programming", Math. Programming 14, 21-40 
(1978).

19.

A.C. MCKELLAR and C.K. WONG, "Dynamic Placement of Records in 
Linear Storage", J. ACM 25, 421-434 (1978).

20.

- 46



P.M. MORSE, "Optimal Linear Ordering of Information Items", 
Opns Res. 20, 741-751 (1972).

21.

J.C. PICARD and M. QUEYRANNE, "The Time-Dependent Traveling Sa
lesman Problem and Application to the Tardiness Problem 
in One-Machine Scheduling", Operations Research 26, 
86-110 (1978).

22.

V.R. PRATT, "An NlogN Algorithm to Distribute N Records in a 
Sequential Access File", Complexity of Computer Com
putation, ^d. by R.E. Miller, and J.W Thatcher), Plenum 
Press, New York, N.Y., 111-118, 1972.

23.

C.V. RAMAMOORTHY and P.R. BLEVINS, "Arranging Frequency Dependent 
Data on Sequential Memories", Proc. AFIPS 1971 SJCC 38, 
545-556 (1971).

24.

S. REITER and G. SHERMAN, "Discrete Optimizing", Journal SIAM 13, 
864-869 (1965).

25.

D. ROMERO, "Variations sur l'effet Condorcet", Thèse Doct. 3e Cycle, 
Université de Grenoble, France (1978).

26.

SAHNI, "Algorithms for Scheduling Independent Tasks", J. ACM 
23, 116-127 (1976).

27. S.K.

SIMMONS, "One-Dimensional Space Allocation: 
Algorithm", Opns. Res. 17, 812-826 (1969).

28. An OrderingD.M.

SIMMONS, "A Further Note on One-Dimensional Space Allocation", 
Opns. Res. 19, 249-240 (1971).

29. D.M.

- 47



]
a
r



I
IONTIÉCOLE POLYTECHNIQUE DI

]Il III1IIIIJI9334 (

]
]
1
I
1
]
]
]
]
3
]
]
I
J
J
]
J


