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PREFACE 

The area of asset managemeht is rich in potential applications 
of stochastic programming techniques. This article develops 
a multiperiod stochastic programming model for bank asset and 
liability management, it shows that the results are far superior 
to those of a deterministic version of such a model. The algorithm 
used to solve the stochastic problem is part of the soft ware 
packages for stochastic optimization problems under development 
by the Adaptation and Optimization Task at IIASA. 

Roger Wets 



ABSTRACT 

The unce r t a in ty  of a bank ' s  cash flows, c o s t  of funds and r e t u r n  on inves t -  

ments due to inhe ren t  f a c t o r s  and v a r i a b l e  economic cond i t i ons  has emphasized 

the  need f o r  g r e a t e r  e f f i c i e n c y  i n  t he  management of  a s s e t  and l i a b i l i t i e s .  A 

primary goal  i s  t o  determine an opt imal  t r adeo f f  between r i s k ,  r e t u r n ,  and 

l i q u i d i t y .  In  t h i s  paper we develop a mul t iper iod  s t o c h a s t i c  l i n e a r  programming 

model ( A m )  t h a t  i nc ludes  t h e  e s s e n t i a l  i n s t i t u t i o n a l ,  l e g a l ,  f i n a n c i a l ,  and 

bank r e l a t e d  po l i cy  cons ide ra t ions ,  along with t h e i r  uncer ta in  a spec t s ,  y e t  i s  

computat ional ly t r a c t a b l e  f o r  r e a l i s t i c  s ized  problems. A ve r s ion  of t h e  model 

was developed f o r  t he  Vancouver C i ty  Savings Credi t  Union f o r  a f i v e  year plan- 

ning period.  The r e s u l t s  i n d i c a t e  t h a t  ALN is  t h e o r e t i c a l l y  and o p e r a t i o n a l l y  

supe r io r  to a corresponding de t e rmin i s t i c  l i n e a r  prgramming model and t h e  e f f o r t  

requi red  f o r  t h e  implementation of ALN and t h e  computational c o s t s  a r e  compar- 

ab l e  to those of  t h e  d e t e r m i n i s t i c  model. Wreove r ,  t h e  q u a l i t a t i v e  and quant- 

i t a t i v e  c h a r a c t e r i s t i c s  o f  t h e  s o l u t i o n s  a r e  s e n s i t i v e  to t h e  s t o c h a s t i c  

e lements  of  t h e  model such as t h e  asymmetry of t h e  cash flow d i s t r i b u t i o n s .  ALN 

was a l s o  compared with t h e  s t o c h a s t i c  dec is ion  t r e e  (SDT) model developed by 

Bradley and Crane. ALN is  more computat ional ly t r a c t a b l e  on r e a l i s t i c  s ized  

problems than  SDT and s imula t ion  r e s u l t s  i n d i c a t e  t h a t  A M  genera tes  s u p e r i o r  

p o l i c i e s .  
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1 . INTRODUCTION 

The inherent  unce r t a in ty  of  a  bank ' s  cash flows, c o s t  of funds,  and r e t u r n  

on  investments has  emphasized the  need f o r  g r e a t e r  e f f i c i e n c y  i n  t he  management 

of i ts  a s s e t s  and l i a b i l i t i e s .  This  has  led to  a  number of s t u d i e s  concerned 

with how one should s t r u c t u r e  a  bank ' s  a s s e t s  and l i a b i l i t i e s  so t h a t  t h e r e  a r e  

optimal t r a d e o f f s  among r i s k ,  r e t u r n ,  and l i q u i d i t y .  These s t u d i e s  focus on t h e  

de te rmina t ion  of t h e  use of funds f o r  d e t e r m i n i s t i c  and s t o c h a s t i c  economic 

scenarios .  Fac tors  t h a t  must b e  considered i n  t h e s e  d e c i s i o n s  include:  balanc-  

i n g  of a n t i c i p a t e d  sources  and uses  of funds t o  meet l i q u i d i t y  and c a p i t a l  

adequacy c o n s t r a i n t s  while concurren t ly  maximizing p r o f i t a b i l i t y  [Chambers and 

Charnes ( 1 961 ) , Qhen and Hammer ( 1967 ) 1 , a l l o c a t i n g  funds among a s s e t s  based on 

r i s k  and l i q u i d i t y  c l a s s i f i c a t i o n ,  ma tu r i t y  and r a t e  o f  r e t u r n  [Bradley and 

Crane (1972, 1973, 1976) 1 ,  and ad jus t ing  a  bank ' s  f i n a n c i a l  s t r u c t u r e  i n  terms 

of  l i q u i d i t y ,  c a p i t a l  adequacy and leverage  [Chambers and Charnes (1961 1, Cohen 

and Hammer ( 1 9 6 7 ) J .  

Current r e sea rch  has s t r e s s e d  t w  approaches. The f i r s t  approach, based on 

Markowitz's (1959) theory  o f  p o r t f o l i o  s e l e c t i o n ,  assumes t h a t  r e t u r n s  a r e  

normally d i s t r i b u t e d  and bank managers u t i l i z e  r i sk-averse  u t i l i t y  func t ions .  

The value of  an a s s e t  then depends no t  on ly  on t h e  expec ta t ion  and var iance  of  

i t s  r e t u r n  b u t  a l s o  on t h e  covariance of  i t s  r e t u r n  with t h e  r e t u r n s  of a l l  

o t h e r  e x i s t i n g  and p o t e n t i a l  investments.  The second approach assumes t h a t  a  

bank seeks t o  maximize i t s  f u t u r e  s t r e m  of p r o f i t s  ( o r  expected p r o f i t s )  sub- 

j e c t  to p o r t f o l i o  mix c o n s t r a i n t s .  

The most genera l  example o f  t h e  use o f  t h e  f i r s t  approach is Pyle ( 1971 , 

where a  s t a t i c  model is developed in which t h e  f i n a n c i a l  in te rmediary  (bank) can 

s e l e c t  t h e  a s s e t  and l i a b i l i t y  l e v e l s  t o  b e  maintained throughout t h e  period.  

Pyle'  s a n a l y s i s  demonstrates  t h e  need f o r  f i n a n c i a l  in te rmediar ies .  He on ly  



cons iders  t h e  r i s k  of  t h e  p o r t f o l i o  and m t  o t h e r  poss ib l e  u n c e r t a i n t i e s .  

Trading a c t i v i t y ,  matching a s s e t s  and l i a b i l i t i e s ,  t r a n s a c t i o n s  c o s t s ,  e t c . ,  a r e  

omi t ted  from the  model. It is poss ib l e  to develop dynamic models using con- 

s t r u c t s  along t h e s e  l i n e s ,  see ,  e.g., Kallberg and Ziemba (1981).  However, 

given the  severe  computational d i f f i c u l t i e s  due to the  l e v e l  of complexity of  

a lgori thms f o r  t h e s e  problems, it i s  not a t  present  poss ib l e  t o  develop use fu l  

ope ra t iona l  models f o r  l a r g e  o rgan iza t ions  such a s  banks. 

Since our  i n t e r e s t  i s  i n  o p e r a t i o n a l  models we concen t r a t e  on t h e  second 

approach which has t h e o r e t i c a l  and empir ica l  support .  Myers (1968) attempted to 

determine which c r i t e r i a  is  most s u i t a b l e  fo r  t h e  a s s e t  and l i a b i l i t y  management 

problem by showing t h a t :  a necessary condi t ion  f o r  t h e  ex i s t ence  of s e c u r i t y  

market e q u i l i b r i m  i s  r i s k  independence; s e c u r i t y  market e q u i l i b r i m  impl ies  

r i s k  independence of s e c u r i t i e s ;  and r i s k  independence of investment opportun- 

i t i e s  impl ies  t h a t  t h e  maximization of  t h e  expected n e t  p re sen t  va lue  i s  t h e  

appropr ia te  o b j e c t i v e  c r i t e r i o n .  

Thus, i f ,  a s  i s  widely be l i eved ,  a s t a t e  of  e q u i l i b r i u n  e x i s t s  f o r  t h e  

s e c u r i t i e s  which a r e  he ld  by f i n a n c i a l  i n s t i t u t i o n s ,  and s e c u r i t i e s  purchased do 

not have syne rge t i c  e f f e c t  (implying t h e  r i s k  independence of  s e c u r i t i e s )  t h e n  

t h e  appropr ia te  o b j e c t i v e  func t ions  f o r  a f i n a n c i a l  i n s t i t u t i o n  is t h e  maximiz- 

a t i o n  of t h e  expected n e t  p re sen t  va lue  (ENPV). In a major empi r i ca l  

s tudy  Hester and P ie rce  (1975) used cross-sec t iona l  d a t a  to analyze t h e  v a l i d i t y  

of  a number of p o r t f o l i o  s e l e c t i o n  models i n  bank fund management. They 

concluded t h a t  banks can b e  well  managed using models a s  a d e c i s i o n  a id  and t h a t  

t h e  b e s t  ob jec t ive  f u n c t i o n s  a r e  e i t h e r  ENPV o r  t h e  maximization of  a two v a r i -  

a b l e  func t ion  where ENPV is dominant. 

A s s e t  and l i a b i l i t y  management models using an ENPV c r i t e r i a  f a l l  i n  t m  

broad ca t egor i e s :  d e t e r m i n i s t i c  and s t o c h a s t i c .  The d e t e r m i n i s t i c  models use 



l i n e a r  programming, assume p a r t i c u l a r  r e a l i z a t i o n s  f o r  all random events ,  and 

a re  computationally t r a c t a b l e  fo r  l a rge  problems. These models have been 

accepted as  a useful  normative t o o l  by the  banking indust ry  [Cohen and Hammer 

( 1967 ) 1 . Stochas t ic  models on t h e  o ther  hand have achieved very modest 

success. This is  due to the  inherent  computational d i f f i c u l t i e s ,  t h e  over- 

s impl i f i ca t ions  needed to achieve computational t r a c t a b i l i t y ,  and the  p r a c t i -  

t i o n e r s '  un fami l i a r i ty  with t h e i r  po ten t i a l .  The s tochas t i c  models included the  

use of the  following techniques: chance-constrained programming; dynamic pro- 

gramming; sequent ia l  decis ion  theore t i c  approach ; and l inea r  programming under 

uncertainty.  

Essen t i a l ly  a l l  of the  de terminis t ic  models and many of t h e  s tochas t i c  

models follow the  approach of Chambers and Charnes' ( 1961) l i n e a r  programming 

model. They maximize n e t  discounted re tu rns  subjec t  to budget and l i q u i d i t y  

cons t ra in t s  using t h e  FRB's c a p i t a l  adequacy formulas, see Section 3 below. The 

l i t e r a t u r e  conta ins  several  examples of successful  app l i ca t ions  of  t h i s  model 

[Cohen and H a m m e r  ( 1967 ) , Komar ( 1971 ) , and Lifson and B l a c h a n  ( 1973 ) ] . 
However c r i t i c i s m  continues t o  b e  leveled l a rge ly  because of t h e  omission of 

uncertainty in t h e  model [Bradley and Crane ( 1 976 ) , Cohen and Thore ( 1 970 ) , and 

Eppen and Fama (1968)l. Probab i l i ty  d i s t r i b u t i o n s  can b e  obtained fo r  d i f f e r e n t  

economic scenarios and a l i n e a r  programming formulation can be applied to each 

scenario to determine optimal m l u t i o n s .  Ibwever , t h i s  w i l l  not generate an 

optimal so lu t ion  to the  t o t a l  problan b u t  r a the r  a c t  a s  a de te rmin i s t i c  

s imulat ion to observe p o r t f o l i o  behavior under various economic condit ions.  One 

must use care  i n  def in ing such models a s  it may happen t h a t  no scenario l eads  t o  

an optimal m l u t i o n ,  see  Birge ( 1982 ) . 
Charnes and Kirby ( 19651, Charnes and L i t t l e c h i l d  ( 1968 1, Charnes and Thore 

(1966), and o the r s  developed chance-constrained models i n  which fu tu re  depos i t s  



and loan repayments were expressed as joint normally distributed random vari- 

ables and the capi tal  adequacy formula was replaced by chance-constraints on 

meeting withdrawal claims. These approaches lead to a computationally feasible 

scheme for r e a l i s t i c  s i tuat ions,  see e .g., Charnes, Gallegos and Yao (1  982) . 
However, the chance-constrained procedure does not have the f a c i l i t y  to  handle a 

d i f fe rent ia l  penalty for e i ther  varying magnitudes of constraint violations or 

different  types of constraints.  bbreover, in  multi-period models there are con- 

ceptual d i f f i cu l t i e s ,  as yet unresolved in the l i t e ra tu re  dealing with the  

treatment of infeas ib i l i ty  in  periods 2,...,n, see,  e.g., Eisner, Kaplan, and 

Soden (1971). 

The second approach i s  dynamic programming. Eppen and Fama ( 1968, 1969, 

1971) modelled t m  and three asset problems, and the i r  work was extended by 

Daellenbach and Archer (1969) to include one l i a b i l i t y .  For a survey of t h i s  

l i t e r a tu re  see Ziemba and Vickson (1 975). The vir tues  of these models are t h a t  

they are  dynamic and take into account the inherent uncertainty of the problem. 

However, given the m a l l  number of financial instruments tha t  can be analyzed 

simultaneously, they are  of limited use i n  practice. See Daellenbach (1974) for 

estimates of possible gain using these models. For a recent survey of related 

applications i n  banking see Cbhen, Maier and Van Der Weide (1981 1 .  

The th i rd  al ternat ive,  proposed by Wolf (1969) i s  a sequential decision 

theoretic approach which employs sequential decision analysis to find an optimal 

solution through the use of implicit  enumeration. The d i f f icu l ty  with t h i s  

technique is  tha t  it does not find an explici t  optimal s l u t i o n  to problems with 

a time horizon beyond one period, because it i s  necessary to enumerate a l l  pos- 

s ib l e  portfolio s t rategies  for periods preceding the present decision p i n t  i n  

order to  guarantee optimality. In an e f fo r t  to explain away t h i s  dra-&ack, Wolf 

makes the dubious assertion tha t  the s l u t i o n  to a one period model muld be 



equivalent  to a so lu t ion  provided by solving an n period model. This among 

other  th ings  ignores the  problem of synchronizing t h e  m a t u r i t i e s  of a s s e t s  and 

l i a b i l i t i e s .  Bradley and Crane (1972, 1973, 1976) have developed a s tochas t ic  

decision t r e e  model t h a t  has many of t h e  des i rab le  f ea tu res  e s s e n t i a l  to an 

opera t ional  bank p o r t f i l i o  model. Their model is conceptual ly s i m i l a r  to Wolf's 

model; t o  overcome computational d i f f i c u l t i e s  they reformulated the  a s s e t  and 

l i a b i l i t y  problem and developed a general l i n e a r  programming decomposition 

a lgor i t tm t h a t  minimizes t h e  computational d i f f i c u l t i e s .  This model i s  d i s -  

cussed i n  Section 5. 

The four th  approach is  s tochas t i c  l i n e a r  programming with simple recourse 

(SLPSR) which is  a l so  c a l l e d  l i n e a r  programming under uncer ta in ty  (LPUU). This 

technique e x p l i c i t l y  cha rac te r i zes  each r e a l i z a t i o n  of t h e  r andm var iab les  by a 

c o n s t r a i n t  and leads  t o  l a r g e  problems i n  r e a l i s t i c  s i t u a t i o n s .  !Chis handi- 

capped modellers g r e a t l y ;  i n  f ac t  Cohen and Thore ( 1970) viewed t h e i r  model more 

a s  a t o o l  for  s e n s i t i v i t y  ana lys i s  ( i n  the  aggregate) r a the r  than a normative 

decision too l .  The computational i n t r a c t a b i l i t y  and the  perceptions of t h e  

formulation precluded consider a t i o n  of problems o the r  than those which were 

l imi ted  both  i n  terms of time periods (Cohen and Thore used one and Crane (1971) 

use two)  and in the  number of va r i ab les  and r e a l i z a t i o n s .  Booth (1972) applied 

t h i s  formulation by l i m i t i n g  t h e  number of poss ib le  r e a l i z a t i o n s  and t h e  number 

of  va r i ab les  considered in order to incorporate t w o  t i m e  periods. Although 

r e l a t i v e l y  e f f i c i e n t  so lu t ion  algorithms exis ted  for  solving SLPSR's [Wets 

( 1966)l , t hese  models were solved by using "extensive representat ion".  

With the  poss ib le  exception of the  Bradley-Crane model none of t h e  above 

mentioned models g ives  an adequate treatment of t h e  e s s e n t i a l  f ea tu res  necessary 

for  dn adequate opera t ional  bank a s s e t  and l i a b i l i t y  management model t h a t  is  

computationally t r a c t a b l e  . An i d e a l  opera t ional  model should contain the  



following fea tures :  

1. mul t i -per iodic i ty  t h a t  incorporates:  changing y ie ld  spreads across 

time, t r ansac t ion  c o s t s  associa ted  with s e l l i n g  a s s e t s  p r i o r  to matur- 

i t y ,  and the  synchronization of cash flows across time by matching 

matur i ty  of a s s e t s  with expected cash outflows; 

2. simultaneous cons idera t ions  of a s s e t s  and l i a b i l i t i e s  to s a t i s f y  b a s i c  

accounting p r inc ip les  and match the  l i q u i d i t y  of a s s e t s  and l i a b i l -  

i t ies;  

3. t r a n s a c t i o n  c o s t s  t h a t  incorporate brokerage fees ,  and o ther  expenses 

incurred i n  buying and s e l l i n g  s e c u r i t i e s ;  

4. uncer ta in ty  of cash flows t h a t  incorpora tes  the  uncer ta in ty  inherent  i n  

t h e  deposi ters '  withdrawal claims and depos i t s  (The model must ensure 

t h a t  the  s t r u c t u r e  of the  a s s e t  p o r t f o l i o  is such t h a t  the  capaci ty  t o  

meet t h e s e  claims is  maintained by t h e  bank) ;  

5. t h e  incorporat ion of uncertain i n t e r e s t  r a t e s  i n t o  the  decision-making 

process to avoid lending and borrowing decis ions  which may ul t imate ly  

b e  detr imental  to the  f inanc ia l  well-being of t h e  bank; and 

6. l e g a l  and pol icy  c o n s t r a i n t s  appropriate to t h e  bank's  opera t ing  

environment. 

In t h i s  paper we develop an SLPSR model t h a t  e s s e n t i a l l y  captures  t h e s e  

f e a t u r e s  of a s s e t  and l i a b i l i t y  management while maintaining computational 

f e a s i b i l i t y  . Some background concerning SLPSR models and the  solu t ion  algorithm 

used appear i n  Section 2. The model ADl i s  described and formulated i n  Section 

3. In Section 4 we apply A M  to t h e  opera t ions  o f  the  Vancouver City Savings 

Cred i t  Union. Sect ion 5 provides a comparison of ADl and Bradley and Crane's 

Model. Final  remarks and conclusions appear i n  Section 6. 



2 .  STOCHASTIC LINEAR PROGRAMS WITH SIMPLE RECOURSE 

The b a s i c  (SLPSR) model is 

min Z(x)  : c ' x  + E [ min ( q + ' y + +  q"y')] 
x s  ,+,,-Lo 

s.t. Ax = b  

hc + 1y+ - 1y- = 5 

n + - + -  
where c ,x  E R , y , y , q , q E R ~ Z ,  A i s  rnLxn, T is  mz x n, I i s  a mz- 

dimensional i d e n t i t y  mat r ix  and 5 i s  a mz-dimensional random v a r i a b l e  d i s t r i -  

buted independent ly  o f  x on t h e  p r o b a b i l i t y  space  (8,3;~). The SLPSR model is 

t h e  t w  s t age  process :  choose a d e c i s i o n  v e c t o r  x ,  observe t h e  random v e c t o r  5 

then  t ake  t h e  c o r r e c t i v e  a c t i o n  (y+,y-).  The model is s a i d  to have s imple 

r ecou r se  because t h e  second s t a g e  minimizat ion is  f i c t i t i o u s  s i n c e  ( y+, y-) 

are e f f e c t i v e l y  unique func t ions  of (x ,E ) .  

Beale ( 1955) and Dantzig ( 1955) independent ly  proposed t h e  SLPSR model a s  a 

s p e c i a l  case  o f  t h e  gene ra l  l i n e a r  recourse  model where 1y+-1y- is rep laced  

by  Wy f o r  a genera l  mat r ix  W. De t a i l ed  p r e s e n t a t i o n s  o f  t h e  theory  o f  this 

model appear i n  Kal l  ( 1976 1, Parikh ( 1968) , and Ziemba ( 1974 1. Assuming Ax = b , 

x 2 0 h a s  a s o l u t i o n  x0 and q+ + q- 2 0, ( 1  ) has  an opt imal  s o l u t i o n  and 

is  a separab le  convex program. I f  5 i s  a b s o l u t e l y  cont inuous t hen  Z i s  

d i f f e r e n t i a b l e  and ( 1 ) may be  solved us ing  mod i f i ca t i ons  o f  s tandard  f e a s i b l e  

d i r e c t i o n  a lgor i thms ,  see, e.g., W e t s  (1966) and Ziemba (1  974) .  I f  5 h a s  a 

f i n i t e  d i s t r i b u t i o n  then  Z is  piecewise l i n e a r  and (1 )  i s  equ iva l en t  to a l a r g e  

l i n e a r  program. W e t s  (1974)  noted t h a t  t h e  d e t e r m i n i s t i c  equ iva l en t  l i n e a r  

program can be  w r i t t e n  i n  t h e  form 



- - - + - 
where i = l,...,mz, A =  2 , - - - , k i ,  dil = E i l l  diA- ciA Ei ,A- l ,  q i -  q i + q i t  

5 <. . .<c are  the  poss ib le  values of  each c the  i t h  component of 5, with 
il iki i 

s- 1 
p r o b a b i l i t i e s  f il, , f  and Fis = Pr(c i  < cis) = 

f i l -  iki  
A= 1 

It i s  possible t o  develop an algorithm using general ized upper bounding 

cons t ruc t s  t h a t  w i l l  solve ( 2 )  i n  a number of p ivo t s  t h a t  i s  of  t h e  same order 

of magnitude a s  t h e  number of p ivo t s  required to solve t h e  mean l i n e a r  program- 

ming approximation problem, i .e . , ( 1 ) with 5 replac ing ?. The l i n e a r  program 

( 2  has t h e  same number of working b a s i s  elements, (ml+mz) a s  t h e  mean problem. 

Wets (1 974, 1983a) has developed an a l g o r i t h  t h a t  has been coded by Coll ins 

( 1975 ) , Kallberg and Kusy ( 1976). The code was wr i t t en  to solve problems with 

up t o  70 s tochas t i c  c o n s t r a i n t s ,  220 t o t a l  c o n s t r a i n t s  and 8 r e a l i z a t i o n s  per 

random element. The code can b e  expanded to solve much l a r g e r  problems. The 

development of  more sophis t ica ted  codes to handle l a r g e r  problems i s  c u r r e n t l y  

being undertaken a t  IIASA. See Wets (1983b) f o r  extension of  h i s  algorithm to 

t h e  convex case.  

The formulation ( 1 )  is  e s s e n t i a l l y  s t a t i c  while the  a s s e t  and l i a b i l i t y  

management problem i s  dynamic. We u t i l i z e  t h e  model ( 2 )  and i ts e f f i c i e n t  

computational scheme while a t  the  same t i m e  r e t a i n i n g  as many of t h e  dynamic 

aspects  of  t h e  model a s  possible.  To do t h i s  we u t i l i z e  t h e  approximation 

described below. The general  n-stage SLPSR problem is 



n' n + min [ c  x + E  { min 
En lEn-1 , .. ., 1 n+ n- [qn+' yn* xn >0 - > 0 5 Y , Y -  

Anxn=bn 

The approximation procedure aggregra tes  x2, . . . , xn i n  wi th  x1 and c2, . . . , En 

1 1 n 
with 5 . Thus i n  ( 1 )  one chooses xE(x ,..., x 1 '  i n  s t a g e  one, observes 

1 n 5 ( 5  , .. . , 5  ' a t  the  end of s t a g e  one and these toge the r  determine 

( y + I y ~ ) E [ ( y l + , y l - ) I . . . I  (yn+,yn')l i n  s t a g e  two. This approach y i e l d s  a f e a s i b l e  

procedure f o r  the t r u e  dynamic model (3) t h a t  is computat ional ly f e a s i b l e  f o r  

l a r g e  problems and inco rpora t e s  p a r t i a l  dynamic a spec t s  s i n c e  penal ty  c o s t s  f o r  

per iods  2,. . . ,n  a r e  considered i n  the  choice of x l , .  . .,xn. The dec i s ion  

maker is p r imar i ly  i n t e r e s t e d  i n  the  immediate r ev i s ion  of the  bank's a s s e t s  and 

l i a b i l i t i e s .  The ALM model incorpora tes  immediate r e v i s i o n  by s e t t i n g  times 0 

and 1 an a r b i t r a r i l y  smal l  time per iod  apa r t .  P o i n t  0 r e f e r s  to the  bank's 

i n i t i a l  p o s i t i o n  and p o i n t  1 r e f e r s  to the bank's p o s i t i o n  immediately a f t e r  

running the  model. I n  p r a c t i c e  the  model is r o l l e d  over continuously. Also to 

p a r t i a l l y  overcome the drawbacks of a s t a t i c  s o l u t i o n  technique the  dec i s ion  

va r i ab l e s  a r e  def ined  s o  t h a t  a s e c u r i t y  can be purchased i n  one time per iod  and 

so ld  i n  one o r  more subsequent  per iods .  

The recourse a spec t  of the model gives it a dynamic f l avour .  The model is 

two-stage: i n i t i a l l y  the dec i s ion  va r i ab l e s  a r e  chosen, next  the s t o c h a s t i c  

v a r i a b l e s  a r e  observed and t h i s  determines the recourse va r i ab l e s  ( i n  order  to 

recover f e a s i b i l i t y )  and t h e i r  corresponding pena l t i e s .  The penal ty  is a 



function of both the  c o n s t r a i n t  v io la ted  and the magnitude of v io la t ion .  The 

recourse c o s t  has t h e  e f f e c t  of r e s t r a i n i n g  "aggressive" choices of  decision 

v a r i a b l e s  i f  the  c o s t s  involved with regaining f e a s i b i l i t y  outweigh the  bene- 

f i t s .  Thus, t h e  r o l l i n g  over of t h e  ALM model, def in ing t h e  v a r i a b l e s  t o  g ive  

them f l e x i b i l i t y  and the  recourse aspect  of SLPSR, a r e  the  dynamic fea tu res  of 

t h e  ALM model. 

3. FORMULATION OF THE AIM MODEL 

The a s s e t  and l i a b i l i t y  management (U) m d e l  is an intertemporal  

decision-making optimizat ion t o o l  t o  determine a bank's p o r t f o l i o  of  a s s e t s  and 

l i a b i l i t i e s  given de te rmin i s t i c  r a t e s  of  r e t u r n s  and cos t  ( i n t e r e s t  r a t e s )  , and 

random cash flows ( d e p o s i t s ) .  Although the  a s s e t  and l i a b i l i t y  management 

problem is a continuous decis ion  problem as p o r t f o l i o s  a r e  cons tan t ly  being 

revised  over time, t h e  computations and ana lys i s  involved with a continuous t ime 

process a r e  i n f e a s i b l e  f o r  a normative too l .  Therefore, t h e  A W  model is  devel- 

oped a s  a multi-period decis ion  problem in which p o r t f o l i o s  a re  determined a t  

d i s c r e t e  points  i n  time (e.g . , t h e  end of each accounting pried) . 
The ALM model has t h e  following fea tu res :  

1. & j e c t i v e  function:  

maximize t h e  net  present  value of bank p r o f i t s  minus t h e  expected 

penalty c o s t s  f o r  i n f e a s i b i l i t y .  

2. Const ra in ts  : 

a .  l e g a l ,  being a function of  the  bank's  j u r i s d i c t i o n ,  

b .  budget: i n i t i a l  condi t ions  and t h e  sources and uses of funds, 

c .  l i q u i d i t y  and leverage, t o  s a t i s f y  deposi t  withdrawals on demand, 

( t h e  FRB's c a p i t a l  adequacy formula i s  t h e  b a s i s  of  these  

c o n s t r a i n t s  ) , 



d. p o l i c y  and te rmina t ion:  c o n s t r a i n t s  unique to t h e  bank and 

cond i t i ons  to ensure t h e  bank ' s  cont inuing  ex i s t ence  a f t e r  t h e  

t e rmina t ion  o f  t h e  model, and 

e .  depos i t  flows. 

Cons t r a in t s  ( a )  and ( b )  a r e  d e t e r m i n i s t i c ,  ( c )  c o n s i s t s  o f  bo th  d e t e r m i n i s t i c  

and s t o c h a s t i c  c o n s t r a i n t s ,  ( d )  can c o n s i s t  o f  e i t h e r  d e t e r m i n i s t i c  o r  stoch- 

a s t i c  c o n s t r a i n t s  , and ( e )  con ta ins  on1 y s t o c h a s t i c  c o n s t r a i n t s  . 
Chambers and Charnes (1961) and Cohen and Hammer (1967) have j u s t i f i e d  t h e  

use  of  l i n e a r  func t ions  t o  model a bank ' s  a s s e t  and l i a b i l i t y  management 

problem. Thus from t h e  p o i n t  of  view o f  l i n e a r i t y ,  t h e  app ropr i a t enes s  of SLPSR 

i s  e s t ab l i shed .  The recourse  aspec t  i s  j u s t i f i e d  with t h e  fol lowing argument. 

In t h e  banking bus ines s ,  c o n s t r a i n t  v i o l a t i o n s  do not  imply t h a t  t h e  i n t e r -  

mediary is  put  i n t o  r ece ive r sh ip .  Rather t h e  bank i s  allowed to r e s t r u c t u r e  i t s  

p o r t f o l i o  o f  a s s e t s  to rega in  f e a s i b i l i t y  a t  some c o s t  ( p e n a l t i e s ) .  With t h e  

i n h e r e n t  u n c e r t a i n t i e s  t h e  a s s e t  and l i a b i l i t y  management problem i s  =ll 

modeled a s  a s t o c h a s t i c  l i n e a r  program with simple recourse .  

3 1 Notation f o r  t h e  A M  Model 

x - amount of  a s s e t  k purchased in period i so ld  i n  per iod  j;k=lI. . . ,K; 
i j 

i=O,...,n-1; j=i+l, . . . ,n 

x - i n i t i a l  ho ld ings  o f  s e c u r i t y  k 
0 0 

x - amount o f  s e c u r i t y  k purchased i n  per iod i to b e  he ld  beyond t h e  horizon 
i m  

o f  t h e  model 

y: - new d e p o s i t s  of  type  d i n  per iod  i; d=l , . . . , D 
- i n i t i a l  holdings o f  depos i t  t y p e  d 

Yo 

bi 
- funds borrowed i n  per iod  i 

+ - shor tage  i n  per iod j i n  s t o c h a s t i c  c o n s t r a i n t  s Y j  s 



Y i s  - surplus in period j in stochasic constraint  s 

+ - proportional penalty cost  associated with y+ Pj  s j s 

p; s - proportional penalty cost  associated with y- 
j s 

- parameter for shrinkage, under normal economic conditions, i n  period j of p i j  
a sse t  type k purchased in period i 

a - parameter for shrinkage, under severe economic conditions, i n  period j of 
i j 

asse t  type k purchased in  period i 

- proportional transaction cost  on asset  k, which i s  ei ther  purchased or  
ti 

sold in period i 

r - return on asset  k purchased in period i 
i 

T - tax ra te  on cap i ta l  gains ( losses )  in period j 
j 

T 
j 

- marginal tax ra te  on income in period j 

z - proportional cap i t a l  gain ( l o s s )  on security k purchased i n  period i and 
i j 

sold in period j 

yd - the anticipated fract ion of deposits of type d withdrawn under adverse 
economic conditions 

c - ra te  paid on deposits  of type d 
i 

'i 
- discount r a t e  from period i to period 0 

- s e t  of possible current  asse t s  as  specified by the Br i t i sh  Columbia 
Credit Union A c t  

K1 
- s e t  of primary and secondary asse t s  as  defined in the  cap i t a l  adequacy 

formula (caf 

K2 - s e t  of minimum r i sk  asse t s  a s  defined i n  the caf 

K3 - s e t  of intermediate r i s k  asse t s  as  defined i n  the caf 

q i  - penalty r a t e  for  the potent ia l  withdrawal of funds, i n  period i, which 
a re  not covered by asse t s  i n  K1 U ... 

K3 



'i 
- l i q u i d i t y  r e s e r v e s  f o r  t he  p o t e n t i a l  withdrawal of funds, i n  per iod  i, 

not  covered by a s s e t s  i n  K U . . . 1 K3 

k m i  - m - t h  mortgage 
i 

- d i s c r e t e  random v a r i a b l e  i n  per iod j f o r  s t o c h a s t i c  c o n s t r a i n t  type s, 
'Is seS  where S i s  t h e  set of  s t o c h a s t i c  c o n t r a i n t s .  

3.2 The AlN Model 
1 

k n-1 n I discounted r e t u r n s  and 
+ X 

01 zOl i = l  j=i+l  r ; ( l+rR)PR c a p i t a l  ga ins  ( n e t  of  
R=i+ 1 t a x e s )  on a s s e t s  

i= 1 n 

n e t  discounted 
c o s t  o f  d e p o s i t s  
(demand and t ime) 

c o s t  o f  d i r e c t  borrowing 
from o the r  banks and a 
c e n t r a l  bank 

expected penal ty  
c o s t s  f o r  c o n s t r a i n t  
v i o l a t i o n s  

Subject  to: 

( a )  Legal c o n s t r a i n t s  



( b) Budget constra ints  

i .  I n i t i a l  holdings 

ii. Sources and uses  

( c )  Liquidity cons tra in t s  



iii. - C E [ ! xi, a:, + x:matj 
ksK1 UK UK i = O  e=j+l  

2 3 

n  
i v .  - k k  1 (1 - 6. . )x i ,  + (1 - 

13 13 

( d )  Po l i cy  c o n s t r a i n t s  

+ Y ; ~  - Y ; ~  5 E j S  j = 1,  ..., n,  SES 

( e )  Deposi t  flows 

d  
j-1 

d  j-i + - - y . *  Y i ( l - Y d )  + Y j s - Y j s - E j s  
3 i=o  

j = 1 , .  . . , n ;  d  = 1 , .  . .D, SES 

( f  ) Nonnegativi t y  

k  d  
X 
i j '  

bi t  yi, y?s.~;s 2 0  f o r  a11 i I j I k I d  



There a r e  no d i scoun t  f a c t o r s  incorporated i n t o  the c o n s t r a i n t s  s i n c e  each 

c o n s t r a i n t  r e f e r s  to  condi t ions  i n  only one period.  The ALM model t r e a t s  the  

f i r s t  two types of c o n s t r a i n t s ,  l e g a l  and budget, as de te rmin i s t i c .  The l e g a l  

c o n s t r a i n t  s t a t e s  t h a t  the c u r r e n t  a s s e t s  cannot be l e s s  than 10% of the t o t a l  

l i a b i l i t i e s  l e s s  r e se rves ,  su rp lus  and equ i ty  [as def ined  by the  B r i t i s h  

Columbia C r e d i t  Union Act ( B r i t i s h  Columbia Government, 1973) l .  The l e g a l  con- 

s t r a i n t s  a r e ,  of course,  p e c u l i a r  to  the l o c a l e  of the i n s t i t u t i o n  being 

s tudied .  The budget c o n s t r a i n t s  inc lude  the  i n i t i a l  condi t ions  and the  

accounting iden ti ty--uses and sources of funds a r e  equal .  

The l i q u i d i t y  c o n s t r a i n t s  fo l low from the Federa l  Reserve Board's c a p i t a l  

adequacy formula ( c a f ) .  The requirement t h a t  the market value of a  bank's 

a s s e t s  is adequate to meet depos i to r  ' s withdrawal claims dur ing  adverse economic 

condi t ions  is the p r i n c i p a l  c o n s t r a i n t  i n  the  caf .  To develop t h i s  c o n s t r a i n t ,  

l i q u i d i t y  reserves  ( f o r  adverse economic cond i t i ons )  a r e  f i r s t  def ined.  The 

f i r s t  t h r ee  l i q u i d i t y  c o n s t r a i n t s  a r e  

- 

The p r i n c i p a l  c o n s t r a i n t  of the caf i s  

K 3  t o t a l  r i g h t  hand 
1 ( 1-Bi)xi 1 1 P. 1 + s i d e  of balance-surplus-equity . 

i = l  i =l s h e e t  

Thus the market value of the  bank's a s s e t s  should be no t  less than the 

l i q u i d i t y  r e se rves  f o r  d i s in t e rmed ia t ion  under severe  economic condi t ions  p l u s  

l i a b i l i t i e s .  This  c o n s t r a i n t  is the  f i n a l  l i q u i d i t y  c o n s t r a i n t  i n  ALM. 

Although t h i s  c o n s t r a i n t  is n o t  s t o c h a s t i c ,  a bank p o r t f o l i o  manager may v i o l a t e  

it because the  caf s e t  f o r t h  by the  E'RB is a  suggested gu ide l ine  f o r  sound bank 

management r a t h e r  than a  s t r i c t  regula t ion .  The pena l ty  f o r  a  v i o l a t i o n s  of 
3  

t h i s  c o n s t r a i n t  is 1 q  ( a s  prescr ibed  by the E'RB). This  e l a s t i c  t reatment  of 
i i = l  

FRB's r egu la t ion  al lows the c o n s t r a i n t  to be v i o l a t e d  when the  b e n e f i t s  of 

v i o l a t i o n  exceed the cos t s .  In  t h i s  manner, the c r i t i c i s m ,  l e v e l l e d  a t  



modellers  us ing  FRB's conserva t ive  c o n s t r a i n t s ,  can be reso lved  i n  a sys t ema t i c  

manner. See Sec t ion  4.1.3 f o r  more d i s cus s ion  concerning these  c o n s t r a i n t s .  

The f o u r t h  se t  of c o n s t r a i n t s  is  a l s o  elastic. These c o n s t r a i n t s  a r e  

in t roduced  to capture  the  i n t e r n a l  o p e r a t i o n a l  po l i cy  of the  i n s t i t u t i o n  

modelled. In  r e a l i t y  minor c o n s t r a i n t  v i o l a t i o n s  of bank p o l i c i e s  are u s u a l l y  

t o l e r a b l e  while  more s eve re  v i o l a t i o n s  are i n c r e a s i n g l y  less t o l e r a b l e .  The 

in t roduc t ion  of a piece-wise l i n e a r  convex pena l ty  func t ion  ( v i a  a d d i t i o n a l  con- 

s t r a i n t s )  can cap tu re  the  dependency between the  pena l ty  c o s t s  and the  e x t e n t  of 

the  p o l i c y  v i o l a t i o n s .  This  is accomplished by the a d d i t i o n  of supplementary 

c o n s t r a i n t s  to r e f l e c t  t h e  increased  se r iousnes s  of the  magnitude of c o n s t r a i n t  

v i o l a t i o n s .  

The f i n a l  set of c o n s t r a i n t s ,  d e p o s i t  f lows, is s t o c h a s t i c .  S ince  d e p o s i t  

f lows a r e  c o n t i n u a l l y  turned over and bear var ious  r a t e s  of i n t e r e s t  the model 

has to r e f l e c t  t he  g ros s  (and n o t  n e t )  flows dur ing  an account ing per iod .  This  

proper ty  of the  problem was incorpora ted  i n  the model by having a p r o p o r t i o n a l  

ou t f low [ s t a t i s t i c a l l y  c a l c u l a t e d  by the  FRB and cor robora ted  f o r  use i n  B r i t i s h  

Columbia i n  C r e d i t  Union Reserve Board (1973)l of o l d  funds dur ing  each per iod .  

The three types of l i a b i l i t y  express ions  i n  the ALM formula t ion  are now 

developed. The d e p o s i t  f law c o n s t r a i n t s  r e p r e s e n t  the t o t a l  amount of new 

d e p o s i t s  i n  t he  j t h  per iod .  The t o t a l  amount of new depos i t s  of type d gener- 

a t e d  i n  per iod  j is 

d j - i  d 
yd = BS - 1 yi(1 - Y d )  

j  -i 
j j i=o  

d 
j - i  

d j - i  - 
Y .  + I 1 - Y - BS 

d 

7 i=o  1 '  



where yd is the t o t a l  amount of new type d deposi t s  i n  period j ,  yd is the  
j 

d 
annual r a t e  of withdrawal of type d deposi ts ,  and BS is  the d i s c r e t e  random 

j 

va r i ab le  represent ing  balance shee t  f i g u r e  of type d deposi t s  a t  the end of the 

j  th period. 

The second type of l i a b i l i t y  expression represents  the total amount of 

deposi t s  outstanding during a period. Since the model is  d i s c r e t e ,  an approx- 

imation to the  continuous flow is made by assuming t h a t  half of a pe r iod ' s  n e t  

flows a r r i v e  a t  the beginning of the period and the other  half a r r i v e  a t  the 

beginning of the next  period. During the f i r s t  period,  the funds ava i l ab le  a r e  

and f o r  period j 

This expression is used i n  the objec t ive  function,  and the l e g a l  and l i q u i d i t y  

cons t ra in t s .  The t h i r d  l i a b i l i t y  expression is the incremental increase  

(decrease)  of deposi t s  from one period to the next. This incremental d i f f e rence  

is used i n  the sources and uses cons t ra in t .  For period j the  incremental 

d i f ference  is 



3.3 Data Required to Implement the  ALM b d e l  

To implement the  AM model r equ i res  the  following data :  

1. t h e  i d e n t i f i c a t i o n  of t h e  a s s e t s  i n  h i c h  the  bank can p o t e n t i a l l y  

inves t  ( o r  a t  l e a s t  a r ep resen ta t ive  group of a s s e t s )  ; 

2. po in t  es t imates  of  t h e  r e t u r n s  on these  a s s e t s ;  

3. point  es t imates  of  c a p i t a l  gains ( l o s s e s )  a s  a funct ion  of the  time t h e  

bank holds t h e  a s s e t s ;  

4. i d e n t i f i c a t i o n  of t h e  l i a b i l i t i e s  which t h e  bank can p o t e n t i a l l y  sell; 

5. po in t  es t imates  of  t h e  c o s t s  of these  l i a b i l i t i e s ;  

6. t h e  r a t e  a t  which depos i t s  are withdrawn; 

7. an estimated weighted cos t  of  funds t o  determine the  discount  r a t e ;  

8. pe r t inen t  l e g a l  c o n s t r a i n t s ;  

9. parameters used in the  development of the  l i q u i d i t y  c o n s t r a i n t s ;  

10. policy c o n s t r a i n t s  used by t h e  bank; 

11. es t imates  of  t h e  marginal d i s t r i b u t i o n s  of t h e  s tochas t i c  resources;  

and 

12. u n i t  p e n a l t i e s  incurred f o r  shortage o r  surplus i n  the  s tochas t i c  

c o n s t r a i n t s .  

Remarks : 

a. Since the  AM model has a separable ob jec t ive  only t h e  marginal 

d i s t r i b u t i o n s  of t h e  components of the  resource vector  a r e  needed to f ind  the  

optimal so lu t ion .  

b. The shortage (y+ )  and surplus (y-) va r i ab les  have s p e c i f i c  meanings 

d in the  ALM formulation. Consider a r e a l i z a t i o n  gd' of  t h e  randcm deposi t  E . 
js js 

I f  

j-i d j-i d' + 1 y i ( l  - yd) < Sjs y j  iio 



then y+ > 0 and y' = 0, assuming p+ + p' > 0; y+ would be in te rp re ted  a s  t h e  

amount of  funds t h a t  could have been used f o r  investment purposes i n  the  AIA. 

Since t h e  c o s t  o f  depos i t s  is usual ly  lower than t h e  r e t u r n s  on a s s e t s ,  t h e  bank 

would want to u t i l i z e  all ava i l ab le  funds. A penal ty  p+ > 0 f o r  the  

opportunity c o s t  can b e  determined by assuming t h a t  the  funds not  used can b e  

invested in  earning a s s e t s .  The y+ d o l l a r s  m u l d  be ava i l ab le  a t  some r a t e  c 

and could then b e  invested i n  some a s s e t  a t  a r a t e  r .  The penalty,  p+, would 

be equal t o  ( r -c)  discounted to point  0 p lus  t h e  ne t  discounted r e t u r n s  on 

y+(r -c)  to the  horizon of  the  model ( t h a t  is, the  p r o f i t s  t h a t  could have been 

generated) . 
On t h e  o the r  hand, i f  

d j-i d j-i d*  
Y j  + 1 yi(1 - ld) 

i= o > S j s  

then y- > 0 and y+ = 0, and a surplus occurs. In t h i s  case ,  t h e  bank m u l d  

have to d ives t  i t s e l f  of  some earning asse t s .  The c o s t ,  p-, of  t h i s  ac t ion  is 

( r -c )  discounted to p i n t  0 p lus  the  n e t  discounted re tu rns  on y-(r-c) to the  

horizon of t h e  model ( t h a t  is, the  p r o f i t s  t h a t  m u l d  have been generated with 

unavailable funds) . 
Thus both p+ and p- a r e  p o s i t i v e  and p r o f i t  is lowered i f  e i t h e r  too 

l i t t l e  o r  too much i s  invested.  The key i s sue  of what r and c should be  used to 

determine the  p e n a l t i e s  is  now addressed where a case study using the  ALM 

formulation is presented. 

4. APPLICATION OF AIA TO THE VANCOUVER CITY SAVINGS CREDIT U N I O N  

This sec t ion  i s  concerned with an app l i ca t ion  of  t h e  A M  model to the  a s s e t  

and l i a b i l i t i y  p o r t f o l i o  problem of Vancouver City Savings Credi t  Union (VCS). 



There is a l s o  a d i scuss ion  of  procedural  a spec t s  of  implementing the  model to 

t h i s  and r e l a t e d  i n s t i t u t i o n s .  This  study was prompted by  t h e  VCS's con t inua l  

l i q u i d i t y  problem and focuses  on the  f i v e  year planning per iod  1970-1974. 

During t h i s  per iod  t h e  f i r m ' s  a s s e t s  grew a t  a compound r a t e  of 57%/year 

from $26 m i l l i o n  to $160 m i l l i o n  and t h e r e  was an aggress ive  p o l i c y  o f  i n v e s t i n g  

in high y i e ld ing  a s s e t s ,  predominantly mortgages. In 1974, VCS r e a l i z e d  t h a t  

t h e  combination of  t h e i r  aggress ive  investment po l i cy  and changing market 

condi t ions  was c r e a t i n g  s e r i o u s  l i q u i d i t y  problems. Inves to r s  were t r a d i n g  low 

y i e l d  t e r m  depos i t s  f o r  higher  y i e l d  depos i t s .  Meanwhile t h e  ou t s t and ing  

mortgage loans  were still earn ing  r e t u r n s  on t h e  b a s i s  of  t h e  lower f i x e d  

r a t e s .  It was a t  t h i s  moment t h a t  t h i s  s tudy was i n i t i a t e d .  

4.1 Model D e t a i l s  

We now desc r ibe  t h e  input  necessary  t o  implement t he  ATA model a t  VCS. The 

d i scuss ion  here is  on genera l  concepts  concerning methods of  d a t a  c o l l e c t i o n ,  

choice  of dec i s ion  v a r i a b l e s ,  c o n s t r a i n t s  and ab j e c t i v e  func t ion .  The a c t u a l  

d a t a ,  a 92 x 257 inpu t  ma t r ix ,  appear i n  Kusy (1978).  

T h  f i r s t  s t a g e  v a r i a b l e s  a r e  a s s e t s  (xk  ) and l i a b i l i t i e s  ( yd and b i )  . 
i j i 

There a r e  eleven a s s e t  t ypes :  

1. cash ; 

2. B r i t i s h  Columbia Cred i t  Union sha re s ;  

3-6. f e d e r a l  government bonds maturing in i = 1, . . . , 4  yea r s ;  

7. f e d e r a l  government bonds maturing in f i v e  to  t e n  years ;  

8. p r o v i n c i a l  government bonds maturing i n  more than  t e n  years; 

9-10. f i r s t  and second mortgages with a t h r e e  year term, and 

11. personal  loans .  



Six types of  l i a b i l i t i e s  a r e  considered: 

1. demand depos i t s ;  

2. s h a r e c a p i t a l o f  VCS; 

3. borrowing from banks; and 

4-6. term deposi t s  maturing in i = 1,3 ,5  years .  

These a s s e t  and l i a b i l i t y  types  generate 132 and 36 v a r i a b l e s ,  

r e spec t ive ly ,  including i n i t i a l  pos i t ions .  For example a four year federa l  

government bond purchased a t  t h e  beginning of  t h e  t h i r d  time period genera tes  

decis ion  v a r i a b l e s  x 
6 

and x 
34' X35f 

where x6 and x6 are  t h e  amounts of t h e  
34)' 34 3 5 

6 
i n i t i a l  investment to b e  sold  in periods four and f i v e ,  r e spec t ive ly ,  and x is  

34) 

t h e  amount to b e  held a t  the  horizon. The choice of a s s e t s  and l i a b i l i t i e s  was 

based on VCS' s h i s t o r i c a l  p o r t f o l i o s  ( 1968-1975) so t h a t  comparison between 

ac tua l  p o r t f o l i o s  and A W  generated p o r t f o l i o s  could be e a s i l y  made. Although 

cash flows are continuous over time t h e  model assumes t h a t  a l l  t r ansac t ions  

occur a t  the  beginning of periods.  Cash flows during any period are modeled by 

assuming t h a t  ha l f  t h e  flow occurs a t  t h e  beginning of  t h e  present  period and 

t h e  o the r  ha l f  a t  the  beginning of t h e  next period. The model has t h e  following 

cons t ra in t s .  

4.1.1 Legal Const ra in ts  

The source for  t h e  l e g a l  c o n s t r a i n t s  is  t h e  Credit  Union Act of B r i t i s h  

Columbia [ B r i t i s h  Columbia Qvernment ( 1973 ) I  , which p laces  t h r e e  opera t ional  

r e s t r i c t i o n s  on t h e  composition of  the p o r t f o l i o  of a s s e t s  and l i a b i l i t i e s .  The 

f i r s t  c o n s t r a i n t  is  t h a t  c r e d i t  unions maintain a t  l e a s t  10% of t h e  t o t a l  a s s e t s  

(denoted by t h e  s e t  I )  in high l i q u i d  a s s e t s  (denoted by t h e  s e t  I ) : 
L 



The second requirement i s  t h a t  c r e d i t  unions maintain a t  l e a s t  1% of t h e i r  

t o t a l  debt i n  cash and t e r n  deposi t s :  

The f i n a l  c o n s t r a i n t  r e s t r i c t s  t h e  c r e d i t  union's  borrowing from 

oppor tun i t i e s  denoted by t h e  set B, t o  one half  of  t h e  t o t a l  l i a b i l i t i e s :  

Since the  planning b r i z o n  has f i v e  periods,  t h e  l e g a l  requirements account 

for  f i f t e e n  c o n s t r a i n t s .  

4.1.2 Budget Chnst ra in ts  

There are  twenty-two budget c o n s t r a i n t s ,  seventeen e s t a b l i s h  t h e  i n i t i a l  

p o s i t i o n s  of  t h e  eleven a s s e t  and s ix  l i a b i l i t y  types  and f i v e  r e q u i r e  t h e  

sources and uses of funds t o  be equal i n  each period. 

4.1.3 Liquidi ty  Chnst ra in ts  

The l i q u i d i t y  c o n s t r a i n t s  ensure t h a t  the  f i r n  has s u f f i c i e n t  c a p i t a l  

r e se rves  t o  meet severe withdrawal claims under adverse economic condit ions.  The 

c o n s t r a i n t s  follow from t h e  Federal &serve Board's c a p i t a l  adequacy formula 

[Crosse and Hempel (197311. The appl ica t ion  of t h e  FRB's caf  t o  B r i t i s h  

Columbia's c r e d i t  unions is  j u s t i f i e d  i n  a  study published by the  Credit  Union 

Reserve Board (19731, 

The f i r s t  t h r e e  c o n s t r a i n t s  e s t a b l i s h  c a p i t a l  reserves  based upon t h e  

s t r u c t u r e  of t h e  p o r t f o l i o  of  a s s e t s  and l i a b i l i t i e s :  

where P i s  t h e  required reserve  necessary t o  meet t h e  excess withdrawal claims, 
i 

% measures t h e  reserves  required for  po ten t i a l  withdrawal claims t h a t  exceed 

t h e  r e a l i z a b l e  por t ion  o f  t h e  a s s e t s  contained in K U...UKi, ak is  a parameter 
1 

t h a t  measures t h e  r e a l i z a b l e  por t ion  of t h e  value of a s s e t  k i f  t h e  a s s e t  is  to 



b e  l iquidated  quickly under adverse economic condi t ions ,  W = 1 yiyi is t h e  
i=l  

d o l l a r  value of t h e  expected withdrawal claims under adverse condi t ions ,  where 

y . measures t h e  con t rac t ion  of l i a b i l i t y  y under adverse economic condit ions.  
1 i 

The y 's used were 0.47 f o r  demand deposi t s ,  0.36 for  term depos i t s  and 1.0 fo r  

borrowing; see Credit  Union &serve Board ( 1973 ) f o r  j u s t i f i c a t i o n .  

The a s s e t s  a r e  c l a s s i f i e d  as  per the  FFtB's caf a s  follows: 

1. "primary and Secondary Reserves: (K1)  which inc ludes  cash,  t r e a s u r y  

b i l l s ,  and government bonds of l e s s  than f i v e  years  maturi ty;  

2. "Minimum Risk Assets" (K ) which include government bonds with more 2 

than f ive  years  matur i ty ,  and municipal bonds; and 

3. "Intermediate Assets" which includes mortgage and personal loans. 

F inal ly ,  the  p r inc ipa l  c o n s t r a i n t  in t h e  caf i s  

K 3 t o t a l  right-equity-surplus 

1 1 - p i  Xi 1 Pi + hand s ide  
i= l  i=l of balance 

sheet  

where pi i s  a parameter to measure the  shrinkage of a s s e t  i, when the  a s s e t  i s  

t o  be  l iqu ida ted  quickly. The ac tua l  nmbers  used fo r  ak, qi,  and pi a re  those  

prescribed by the  Fm [Cross and Hempel ( 1973 ) 1 . Since the  purpose here i s  not  

t o  develop an opera t ional  model f o r  VCS, bu t  r a t h e r  t o  demonstrate the  

a p p l i c a b i l i t y  of  t h e  ALM model, the  parameter values used provide an adequate 

proxy. In the  development of an opera t ional  model it w u l d  be necessary t o  

est imate the  parameters. Since these  c o n s t r a i n t s  have to hold for  a l l  f i v e  

per iods ,  t h e r e  a r e  twenty l i q u i d i t y  cons t ra in t s .  



4.1.4 Policy m n s t r a i n t s  

TvJo types  of pol icy  c o n s t r a i n t s  are included: 

1. personal  loans should not exceed 20% of the  f i r s t  mortgage loans i n  any 

period t ,  i.e., x < 0.2 xtm; and t L  - 
2. second mortgages should not exceed 12.5% of f i r s t  mortgages, i.e., 

x < 0.125 x 
t P  - tm* 

The r a t i o n a l e  is  t h a t  r e t u r n s  on f i r s t  mortgages a r e  l e s s  r i s k y  than second 

mortgages o r  personal loans and some of t h e  l a t t e r  a re  des i rab le  (even though 

they may have lower r e t u r n s )  to  respond to management's preference f o r  a l e s s  

r i s k y  overa l l  po r t fo l io .  These c o n s t r a i n t s  may b e  v io la ted  without l e g a l  

implicat ions and a re  modelled by t r e a t i n g  the  c o n s t r a i n t s  a s  s tochas t i c  using 

(P+,P- ) = ( 0 , l )  . There a r e  t en  such c o n s t r a i n t s  over the f i v e  periods. 

4.1.5 Deposit Flows 

The va r i ab le  yd r ep resen t s  t h e  new depos i t s  of type d = 1, . . . , 5  generated 
I 

i n  period j = 1, . . . , 5  and 5 is a d i s c r e t e  random var iab le  represent ing  the  
j d 

balance sheet  of deposi t  type d a t  the  end of period j. The deposi t  flow 

c o n s t r a i n t s  a re  

d 
j-i 

d j-i + - - 
+ 1 y i ( l  - yd) + Y j d  - Y j d  - C j d  

where the  y ' s  (1.0 f o r  demand depos i t s  and 0.36 f o r  term depos i t s )  a r e  included 

to r e f l e c t  t h e  gross flow of deposi t  funds. The d i s t r i b u t i o n  of 5 was 
jd  

estimated using t h e  balance sheet  f igures  of VCS for  1970-1974; see Kusy (1978) 

f o r  spec i f i c  est imates.  

The pena l t i e s  for  shortages associa ted  with these  c o n s t r a i n t s  a re  : 

1. f o r  demand depos i t s  and share c a p i t a l ,  p+ is t h e  t o t a l  discounted 

r e t u r n  on a one year term deposi t  minus t h e  discounted cos t  of the  

funds ca lcu la ted  to the  horizon of t h e  model; 



2. f o r  t e r m  d e p o s i t s  maturing i n  one or  t h ree  years ,  p+ is the t o t a l  

discounted r e t u r n  on a f i v e  year t e r m  d e p o s i t  minus the  discounted c o s t  

of the funds c a l c u l a t e d  to the horizon of the model; and 

3. f o r  t e r m  depos i t s  maturing i n  f i v e  years ,  p+ is the t o t a l  discounted 

r e t u r n  on a ten year p r o v i n c i a l  government bond minus the discounted 

c o s t  of the  funds c a l c u l a t e d  to the horizon of the model. 

The p e n a l t i e s  p', f o r  su rp luses  a s soc i a t ed  with the d e p o s i t  flow c o n s t r a i n t s  

a r e  the  t o t a l  discounted r e t u r n s  on f i r s t  mortgages minus the discounted c o s t s  

of funds c a l c u l a t e d  to the  horizon of the model. The penal ty  approach at tempts  

to model a conserva t ive  management s t r a t e g y  with su rp lus  funds when r e a l i z e d  

sources exceed uses  and when the re  a r e  shortages.  

4.1.6 Object ive Function 

The ob jec t ive  is to maximize the  expected t o t a l  discounted revenues minus 

expected total discounted c o s t s  inc luding  penal ty  cos t s .  The source f o r  d a t a  on 

the r e t u r n s  on the f e d e r a l  and p r o v i n c i a l  government bonds is the  Cen t r a l  

Mortgage and Housing Corporat ion (1 975 ) . The source f o r  the  re t u r n s  on WJCU 

sha re s ,  demand depos i t s  and sha re  c a p i t a l  is Vancouver Ci ty  and Savings C r e d i t  

Union (1 968-1 975 1 .  

The d i scoun t  r a t e  used was the time value of money. The r i s k  f r e e  r a t e  

( t h e  average y i e l d  on th ree  month t r ea su ry  b i l l s )  was [Cent ra l  Mortgage and 

Housing Corporation (1 975 ) 1 . : 

Average yea r ly  y i e l d  .0599 .0356 .03 56 .0547 .0782 

Multiper iod d i scoun t  f a c t o r  .9435 .9110 .8797 .8341 .7736 



The r e t u r n s  on the  a s s e t s  a r e  [Cent ra l  Mortgage and Housing Corporation 

( 1975 1 ,  Vancouver C i ty  Savings Cred i t  Union (1 968-1 975 1 1 : 

Returns on Asset i n  Year 

Type of Asse t  

1 year  f e d e r a l  government 
bond (Fgb) 

2 year Fgb 

3 year Fgb 

4 year  Fgb 

5 year Fgb 

10 year p r o v i n c i a l  
government bond 

f i r s t  mortgage 

second mortgage 

personal  loans 

B.C.C.U. shares  

For purchase of a f i v e  year  f e d e r a l  government bond i n  1970, t he  dec is ion  

7 7 7 7 and X i would be generated.  The r e t u r n s  a r e  the  v a r i a b l e s  XI  , X1 , XI  , XI  , 1 

i n t e r e s t  earned each year  discounted to the  beginning of the  planning horizon,  

namely : 



Decision 
Variable 

Xi . Return r' i j 

The c o s t s  o f  the  l i a b i l i t i e s  are [Vancower City Savings Credit Union 

( 1968-1 975 ) I  : 

Cost of L iab i l i ty  in Year 

1969 1970 1971 1972 1973 1 974 
Type o f  L i a b i l i t y  

1 year term deposit -0712 -0780 -0720 -0680 -0780 .0990 

3 year term deposit -0750 -082 0 -0760 -0690 -0820 -0980 

5 year term deposit -0785 -0850 -0800 -0800 -0850 -0975 

demand deposit -0400 -0460 .0410 -0420 -0560 -0770 

share capita l  -0 500 .O 500 -0500 -0550 -0575 -0800 

3 
The c o s t  o f  a f i v e  year term deposit ( yl) sold during 1970 i s :  



Y e a r  C o s t  

1970 ( .5 ) ( .0850) ( .9435)  = .0401 

1974 ( . 8 2 ) ( . 6 4 ) 3  ( .0850)( .7736)  = .0141 

T o t a l  Cost  .I807 

4.2 R e s u l t s  o f  t h e  VCS A p p l i c a t i o n  

The purposes  o f  t h i s  a p p l i c a t i o n  are t o  demons t ra te  a p p l i c a b i l i t y  o f  t h e  

A M  model and to test t h e  s e n s i t i v i t y  o f  t h e  s o l u t i o n  g e n e r a t e d .  To accomplish 

t h e s e  g o a l s  t h e  b a s i c  model w a s  r u n  a long  wi th  s e v e r a l  v a r i a n t s  t h a t  used modi- 

f i e d  p e n a l t y  c o s t s  and p r o b a b i l i t y  d i s t r i b u t i o n s  as wl l  as a d e t e r m i n i s t i c  

model where a l l  random v a r i a b l e s  w e r e  r e p l a c e d  b y  t h e i r  means. 

The b a s i c  model h a s  symmetric three p o i n t  p r o b a b i l i t y  d i s t r i b u t i o n s  (0.2,  

0.6, 0.2) f o r  t h e  d e p o s i t  f low c o n s t r a i n t s  and d e g e n e r a t e  p r o b a b i l i t y  

d i s t r i b u t i o n s  f o r  t h e  l i q u i d i t y  and p o l i c y  c o n s t r a i n t s .  The p e n a l t i e s  f o r  all 

s t o c h a s t i c  c o n s t r a i n t s  are asymmetric. The o p t i m a l  v a l u e  o f  t h e  b a s i c  model i s  

$2,520,316.01 ($8,288,941.53 i n  expec ted  p r o f i t s  minus $6,282,885 i n  expec ted  

p e n a l t i e s ) .  A s  shown by Madansky (1960) t h e  mean model p r o v i d e s  a lower bound 

o n  t h e  o p t i m a l  v a l u e  o f  a s t o c h a s t i c  l i n e a r  program; h e r e  t h e  bound is  10.6% 

below t h e  o p t i m a l  v a l u e  o f  t h e  b a s i c  model. The s t r u c t u r e  o f  t h e  two p o r t f o l i o s  

is  s i m i l a r  i n  t h e  i n i t i a l  p e r i o d  however t h e  inves tment  p a t t e r n s  d i f f e r  i n  later  

p e r i o d s ;  in p a r t i c u l a r  t h e  b a s i c  model i n v e s t s  less h e a v i l y  i n  less l i q u i d  

assets (namely mortgages)  . See Kusy ( 1978) f o r  s p e c i f i c s .  



The mean model was i n i t i a l l y  i n f e a s i b l e  s ince  the  i n i t i a l  p o r t f o l i o  held by 

VCS v io la ted  t h e  l i q u i d i t y  c o n s t r a i n t s  ( a  s i t u a t i o n  known t o  management). Tb 

secure f e a s i b i l i t y  va r i ab les  were added to the  l i q u i d i t y  cons t ra in t s .  The 

ob jec t ive  c o e f f i c i e n t s  of  t h e s e  va r i ab les  were the  same a s  the  pena l t i e s  assoc- 

i a t e d  with v i o l a t i n g  the  s tochas t i c  l i q u i d i t y  c o n s t r a i n t s  i n  the  b a s i c  model. 

A s  a fu r the r  i n s i g h t  i n t o  t h e  opera t ions  of VCS, t h e  p e n a l t i e s  could be s e t  

a r b i t r a r i l y  high so t h a t  the  model m u l d  v i o l a t e  the  l i q u i d i t y  c o n s t r a i n t s  only  

to a t t a i n  f e a s i b i l i t y .  The amount by which t h e  c o n s t r a i n t s  a r e  v io la ted  w i l l  b e  

the  amount of  l i q u i d  reserves  t h a t  the  firm needs t o  meet the  FRB's l i q u i d i t y  

requirements. 

Variants  of the  b a s i c  model e r e  run i n  order  to asce r t a in  the  e f f e c t s  of  

d i f f e r e n t  p robab i l i ty  d i s t r i b u t i o n s ,  penalty c o s t s  and parameter values. The 

i n i t i a l  change was the  a l t e r a t i o n  of  t h e  f i r s t  l e g a l  cons t ra in t  from the  

requirement t h a t  cu r ren t  a s s e t s  be a t  l e a s t  10% of t h e  l i a b i l i t i e s  to a t  l e a s t  

1 % of the  l i a b i l i t i e s .  This inc reases  t h e  optimal value to  $2,906,773.53 

($8,657,619.24 i n  expected p r o f i t s  minus $5,750,845.71 i n  expected p e n a l t i e s )  . 
For the  i n i t i a l  two per iods ,  t h e  investment p a t t e r n  deviated s u b s t a n t i a l l y  from 

t h a t  of t h e  b a s i c  model i n  t h a t  more of the incremental funds were a l located  t o  

longer t e r m  a s se t s .  After  the  f i r s t  two periods t h e r e  d id  not seem to b e  any 

genera l izable  behaviour i n  the  investment p a t t e r n s  of  the  two models. 

The bas ic  model was then fu r the r  a l t e r e d  to include a change i n  the  

p robab i l i ty  d i s t r i b u t i o n s  (0.05, 0.50, 0.45) of  t h e  cash flows. The optimal 

value increases  sharp1 y t o  $3,256,500.65 ($8,872,911.53 i n  expected prof i t s  

minus $5,661,410.80 i n  expected p e n a l t i e s ) .  The expected ne t  p r o f i t  rises 

compared with t h e  bas ic  model and the  model with t h e  parameter change while the  

expected penalty c o s t s  decrease i n  both  cases  because: 



1. a l l  the violat ions  of stochastic constra ints  are  now feasible  only 

with a probabil i ty 0.05 instead of 0.2 (decreased pena l t ies )  ; and 

2. constra ints  which were not previously violated because of excessive 

penal t ies  are now violated by 15% resu l t ing  i n  more prof i t s .  

Although it is not possible to make def in i t ive  generalizations from these 

runs of the  A m  model some conclusions may be inferred. F i r s t ,  the asymmetry of 

the probabili ty d i s t r ibu t ions  may have a substantial  e f f ec t  on the optimal solu- 

t ions  and values. Of part icular  importance is the sens i t i v i t y  of the  estimate 

of the  probabili ty d i s t r ibu t ion  around the value on the l e f t  hand s ide of the  

stochastic constraints.  Second, the solutions are sensi t ive  t o  changing penalty 

costs .  Third, the  various stochastic models have substant ia l ly  d i f f e r en t  solu- 

t ions  than the  mean model. This indicates t ha t  re l iance on the  deterministic 

models as  normative too ls  can lead to erroneous solutions.  Fourth, the imple- 

mentation of t h i s  model i s  no more d i f f i c u l t  than the implementation of a 

similar deterministic model. Finally,  the  computations necessary to  solve the 

A m  formulation are in the same order as  the  computations necessary for the  mean 

o r  re la ted deterministic models. [Similar conclusions on a SLPSR model of 

short t e rn  f inancial  planning were found by Kallberg, White, and Ziemba (1 982 1 .  I 

All the runs were made on the University of Bri t ish  Qlumbia's IBM 370/168. The 

A m  model i s  92 x 257 with 40 stochastic constraints.  Using the SLPSR code 

[Kallberg and Kusy (197611 the solution of the  AUl model took 37 seconds of CPU 

time. To solve an equivalent sized deterministic problem took 30 seconds using 

the SLPSR code and 17 seconds on the standard L.P. code UBC LIP. Ekperience in  

solving SLPSR models and re la ted  deterministic problems indicates t ha t  the CPU 

times are  in a r a t i o  of about 1.5-2 t o  1. Detailed output appears i n  Kusy 

(1978). 



5 COMPARISON OF THE AM AND SM' APPROACHES 

The asse t  and l i a b i l i t y  management problem i s  a continuous decision problem 

i n  which actions (e.g., por t fo l io  revisions) are made continuously on the b a s i s  

of new information ( e  .g . , di f fe r ing  forecasts  of future i n t e r e s t  r a t e s  , e t c  .) . 
The ideal  way t o  model the A I A  problem muld  be v ia  a continuous time adaptive 

dynamic program. A t  present such a formulation i s  computationally in t rac tab le  

fo r  the types of problems considered here. AU4 and Bradley and Crane's stochas- 

t i c  decision t r e e  model (SM'), which i s  described i n  t h i s  sect ion,const i tu te  two 

types of operational models where time and probabil i ty d i s t r ibu t ions  have been 

discret ized.  In t h i s  section we simulate a large number of economic scenarios 

to compare these two models. 

5.1 The Bradley-Crane Stochastic Decision Tree Model 

The Bradley-Crane (1972, 1973, 1976) model depends upon the development of 

economic scenarios t h a t  are intended t o  include the  s e t  of a l l  possible out- 

comes. The scenarios may be viewed as  a t r e e  diagram where each element (econ- 

omic conditions) i n  each path has a s e t  of cash flows and i n t e r e s t  ra tes .  The 

problem is formulated a s  a l inear  program whose object ive  is the maximization of 

expected terminal wealth of the firm. There are four types of constra ints :  

1. cash flow, which does not allow the firm to purchase more asse t s  than 

it has funds available;  

2. inventory balancing, which ensures t h a t  the firm cannot s e l l  and/or 

hold more of an a s se t  a t  the  end of a period than it held a t  t h e  

beginning; 

3. c ap i t a l  loss ,  which does not allow the  net  real ized cap i t a l  losses  i n  

a period to exceed some pre-specified upper bound; and 

4. c l a s s  composition, which limits the holding of a par t i cu la r  asse t .  



The basic formulation is 

(Cash flows 

k k 
h o , O ( e o )  = ho (Inventory Balance) 

(Capital losses )  

(Category L i m i t s )  



where e E E ; n = l,...,N; k = l,...,K; e is an economic scena r io  from per iod  
n n n 

1 to n having p r o b a b i l i t y  p ( e  1; E is the  s e t  of poss ib l e  economic scenar ios  
n n 

from period 1 to n; K .  is the  number of a s s e t s  of type i, the  total number of 
1 

k 
a s s e t s  is K; N is the  number of time periods;  y ( e  ) is the  income y i e l d  per 

m m 
k 

d o l l a r  of purchase p r i c e  i n  per iod m of a s s e t  k, cond i t i ona l  on e - v ( e N )  is m '  m,N 

t h e  expected te rmina l  value per d o l l a r  of purchase p r i c e  i n  per iod  m of a s s e t  k 

k 
held a t  the  horizon (pe r iod  N ) ,  cond i t i ona l  on e b ( e  ) is the  d o l l a r  amount 

N '  n n 

f  a s s e t  k purchased i n  per iod n. cond i t i ona l  on e hk ( en )  is the  d o l l a r  
n' m,n 

amount of a s s e t  k purchased i n  per iod m and held i n  per iod n, cond i t i ona l  on e 
n' 

k 
s ( e  ) is the  d o l l a r  amount of a s s e t  k purchased i n  per iod m and s o l d  i n  

m,n n 
k 

period n, c o n d i t i o n a l  on e ( e  1 is the c a p i t a l  ga in  ( l o s s  1 per  d o l l a r  of n; 'm,n n 

purchase p r i c e  i n  per iod  m of a s s e t  k so ld  i n  per iod n; f  ( e  ) is the  
n n 

incremental  i nc rease  (dec rease )  of funds a v a i l a b l e  f o r  per iod n; L ( e  ) is t h e  
n n 

d o l l a r  amount of maximum al lowable n e t  r e a l i z e d  c a p i t a l  l o s se s  i n  per iod  n; and 

i 
C ( e  ) is the  upper ( lower)  bound i n  d o l l a r s  on the  amount of funds inves ted  i n  n n 

a s s e t  type i i n  per iod  n. 

The SDT formulat ion is a t r u e  dynamic model. The f i r s t  dec i s ion  (immediate 

k k k 
r ev i s ion ,  hOl ( e l  1, b (e l  ), sol (e l  ) I  has as its f e a s i b l e  set the  i n t e r s e c t i o n  of 

a l l  pos s ib l e  r e a l i z a t i o n s .  That  is the  c u r r e n t  s o l u t i o n  must be f e a s i b l e  f o r  

t he  set E 
N ' 

This d e c i s i o n  is cond i t i ona l  on the  r e a l i z a t i o n  of economic even t s  

i n  the f i r s t  per iod.  S i m i l a r l y  i n  each succeeding per iod  to the end of t h e  

planning horizon the  dec i s ions  generated a r e  a l l  cond i t i ona l  on the s t a t e s  of 

na ture  t h a t  have occurred up to the  c u r r e n t  dec i s ion  poin t .  

The model has a number of a t t r a c t i v e  f e a t u r e s  inc luding  its dynamic na ture  

and a s soc i a t ed  c l e v e r  s o l u t i o n  us ing  decomposition. However t he  formulat ion has 

f e a t u r e s  t h a t  d e t r a c t  from its p r a c t i c a b i l i t y .  The c a p i t a l  l o s s  and category 

l i m i t  c o n s t r a i n t s  have a s  upper (o r  lower) bounds amounts ( r e sou rces  ) generated 



a r b i t r a r i l y  by p o r t f o l i o  managers r a the r  than through a systematic procedure. 

For example, no considera t ion  is  given to the  p o r t f o l i o  m i x  in t h e  development 

of  bounds, except i n  the  sense t h a t  upper ( o r  lower) bounds a r e  placed on a s s e t  

ca tegor ies .  A t  some point  in time, this may imply t h a t  t h e  bank has invested a 

d ispropor t ionate  amount of i t s  ava i l ab le  funds i n  long-term bonds when compared 

to t h e  amount of short-term l i a b i l i t i e s  held. Also t he  formulation does not 

u t i l i z e  e i t h e r  the  F m ' s  recommended c a p i t a l  adequacy formula o r  any o the r  

s t a t i s t i c a l l y  generated systematic procedure in  t h e  development of bounds f o r  

t h e  cons t ra in t s .  Since the  c a p i t a l  l o s s  and category l i m i t  c o n s t r a i n t s  a c t u a l l y  

determine t h e  composition of t h e  so lu t ion ,  the  a r b i t r a r y  nature  of  t h e  choice 

may b i a s  the  so lu t ion .  

One fea tu re  of  the  SDT model i s  t h a t  f i r s t  period f e a s i b i l i t y  is  assured 

f o r  every poss ib le  scenario.  As i s  well known, see e.g., Madansky (1962 1, such 

f a t  formulations shrink the  f e a s i b l e  s e t  and give s u b s t a n t i a l  importance to 

scenar ios  with low . p r o b a b i l i t i e s  of occurence . For example, consider  the  two  

period problem where an inves tor  : 

1. has  $100 i n  period 1 t o  inves t  i n  a s s e t  x l l  with r e t u r n  r = . I  
11 

maturing a f t e r  one period o r  x with r e t u r n  r = .2 per period 
12 12 

maturing a f t e r  two  periods;  

2. r ece ives  i n  period 2 e i t h e r  an add i t iona l  $50 to inves t  with 

p r o b a b i l i t y  .9 o r  he l o s e s  $50 with p robab i l i ty  .l; 

3 .  has i n  period 2, t h e  opportunity to inves t  i n  a one period a s s e t  xZ1 

with r e t u r n  r = .1 o r  can s e l l  o f f  h i s  holdings i n  x12 a t  a 20% 2 1 

discount;  and 

4. s t i p u l a t e s  t h a t  his r e a l i z e d  c a p i t a l  l o s s e s  cannot exceed 10% of t h e  

outstanding funds i n  any period. 



1 2 
The l i n e a r  programming opt imal  so lu t ion  i s  b (I ) = 11.11, b (I ) = 88.89, 1 1  1 1  

1 2 11.11, S (I ) = 11.11, S12(R21) = 0, S12 22 
12 22 

(I ) = 25.00, with opt imal  va lue  

$42.87, where "b" means buy, "h" hold,  and "sn s e l l  and t h e  1's denote t h e  

poss ib l e  scenar io  events .  The bound on r e a l i z e d  c a p i t a l  l o s s e s  i s  binding.  I f  

a maximal l o s s  of 15% were allowed it would b e  opt imal  to purchase $100 of  a s s e t  

x and s e l l  $37,50 of x12 a t  t h e  end of per iod 1,  i f  t h e  $50 i s  l o s t .  This  
12 

modi f ica t ion  y i e l d s  an opt imal  va lue  of $44.11. Thus cons ide ra t ion  o f  t h i s  low 

p r o b a b i l i t y  event  s i g n i f i c a n t l y  a l t e r s  t h e  opt imal  so lu t ion .  By c o n t r a s t  in t h e  

s imple recourse  A M  formulat ion t h e  r i g h t  hand s i d e s  a r e  no t  b inding;  recourse  

a t  a pena l ty  c o s t  is  allowed t o  compensate f o r  dec i s ion  i n f e a s i b i l i t y .  The 

recourse  formulat ion has  more f i r s t  per iod dec i s ion  f l e x i b i l i t y  than  t h e  

dec i s ion  t r e e  formulat ion.  

'Ilo gain computational t r a c t a b i l i t y  t h e  SUT model only cons ide r s  bonds. In  

genera l ,  i f  D i s  t h e  number of  p o s s i b l e  r e a l i z a t i o n s  per per iod ,  n is  t h e  number 

of  t i m e  pe r iods ,  I is  t h e  number of  a s s e t  c la ims  and K i s  t h e  number of a s s e t s  

2 t hen  t h e  number of v a r i a b l e s  i s  ( 3  + 5D + 7D + ... + (2n + 1 )Dn-l) and t h e  

number of c o n s t r a i n t s  is  equal  to t h e  sun o f  t h e  cash flow c o n s t r a i n t s  

n- 1 (1 + D + D~ + . . . + D ) , t h e  c a p i t a l  l o s s  c o n s t r a i n t s  

n- 1 (1 + D + D2 + . . . + D 1, t h e  ca tegory  l i m i t  c o n s t r a i n t s  ( I )  (1 + D + D 2  + . . . 
n- 1 + Dn-' ) , t h e  inventory  ba l ance  c o n s t r a i n t s  ( K )  (I + 2D + 3~~ + . . . + nD 1 ,  and 

t h e  i n i t i a l  condi t ions  K. The e f f e c t  of  d i f f e r i n g  numbers o f  a s s e t s ,  p o s s i b l e  

r e a l i z a t i i o n s  per  per iod ,  and number of per iods  on problem s i z e  is  shown in :  



Table 1. Size of Bradley-Crane bbdel 

Number of :  
Possible 

Asset Time Real iza t ions  
Assets  Classes  Periods Per Period Var iables  Const ra in ts  

Bradley and Crane (1976) solved model ( 1 )  in 68 seconds on an IBM 360/65. 

The subsequent models add more real ism and a re  much l a r g e r .  In t h e  case of ( 4 )  

t h e  b a s i s  of  the  master problem i f  one uses decompst ion  is 5467 and the re  a r e  

about 850,000 non-zero elements in the  problem. The computational and da ta  

handling d i f f i c u l t i e s  o f  ( 2 )  and ( 3 )  are  l e s s  s t r i k i n g  bu t ,  never the less ,  they  

remain formidable. Bradley and Crane (1976: 112) are  well aware of these  

computational d i f f i c u l t i e s  : 

"Unfortunately, taking uncer ta in ty  e x p l i c i t l y  i n t o  account w i l l  make an 

a s s e t  and l i a b i l i t y  management model f o r  the  e n t i r e  bank computationally 

i n t r a c t a b l e ,  unless it i s  an extremely aggregrated model. The 

complexit ies  of t h e  general dynamic balance sheet  management problem a r e  

such t h a t  t h e  number of c o n s t r a i n t s  and v a r i a b l e s  needed to accura te ly  

model the  environment m u l d  be very large." 

In view of t h i s  our aim has been t o  develop a computationally t r a c t a b l e  

model t h a t  still has some dynamic and other  des i rab le  f ea tu res  and represents  a 

p r a c t i c a l  approach t o  bank a s s e t  and l i a b i l i t y  management. We now compare t h e  

AIM and SDT models v i a  simulation. 



5.2 The Economic Scenarios 

To maintain computational f e a s i b i l i t y  for  the  SDT model only th ree  a s s e t s  

and one l i a b i l i t y  were considered over th ree  periods.  The a s s e t s  a r e  a one 

period t r easury  b i l l ,  a term deposi t  maturing beyond the  horizon of t h e  model 

and a long-term mortgage. The l i a b i l i t y  i s  a demand deposi t .  The re tu rns  and 

c o s t s  of these  f inanc ia l  instruments were generated from 26 consecutive 

observations using data from the  Central tbr tgage  and Musing Qrpora t ion  

( 1975). To obta in  a reasonable c o r r e l a t i o n  of i n t e r e s t  r a t e s ,  t h e  r e tu rns  and 

c o s t s  were made a function of t h e  prime r a t e  using the  following d i s t r i b u t i o n  of 

the  prime r a t e  ( R )  

Pr(R = r)  6/26 3/26 1/26 2/26 1/26 2/26 4/26 2/26 2/26 2/26 1/26 

r .06 -065 -0675 .075 .0775 .08 -085 .09 -095 - 1 1  .I15 

The following d i s t r i b u t i o n s  were then derived f o r  the  d i f fe rence  between the  

prime r a t e  and t h e  r a t e  of r e t u r n  of each of the  four f inanc ia l  instruments,  

where the  random var iab les  M,D,T, and L a r e  defined to  b e  the  d i f fe rence  between 

the  prime r a t e ,  and t h e  mortgage r a t e ,  term deposi t  r a t e ,  t r easury  b i l l  r a t e  and 

t h e  l i a b i l i t y  r a t e ,  respect ive ly .  

m P ( M ~ ~ )  d P ( D ~ )  t P  st R P ( L ~ R  

e0037 0.0 -. 01 04 0.0 -. 0388 0.0 -. 0275 0.0 



A t  t i m e  ze ro  t h e  i n v e s t o r  h a s  $1 00,000 i n  demand d e p o s i t s  e q u a l l y  i n v e s t e d  in 

t h e  three assets. The demand d e p o s i t s  are assumed to i n c r e a s e  ( d e c r e a s e )  from 

o n e  p e r i o d  to t h e  n e x t  un i fo rmly  o n  [-20,000, 20,0001. I f  t h e  demand d e p o s i t s  

d e c r e a s e  so t h a t  assets have t o  b e  l i q u i d a t e d ,  t h e n  t h e  FRB's pa ramete rs  f o r  

q u i c k  l i q u i d a t i o n  are used.  The d i s c o u n t s  f o r  t r e a s u r y  b i l l s ,  t e r m  d e p o s t i s ,  

and mortgages are 0.5%, 4%, and 6%, r e s p e c t i v e l y .  The c o n s t r a i n t s  on t h e  

i n v e s t o r  are o f  t h e  BC t y p e  and i n c l u d e  1 ) cash  f lows ,  2 c a p i t a l  l o s s e s ,  3 

c l a s s  compos i t ion ,  and 4 )  t e r m i n a l  c o n d i t i o n s .  The c a p i t a l  l o s s  c o n s t r a i n t s  

assume t h a t  t h e  i n v e s t o r  d o e s  n o t  want to r e a l i z e  n e t  l o s s e s  o f  more t h a n  3% o f  

t h e  o u t s t a n d i n g  demand d e p o s i t s  i n  p e r i o d s  1 and 2, and 4% in p e r i o d  3. The 

class compos i t ion  c o n s t r a i n t s  l i m i t  t h e  i n v e s t o r  from having more t h a n  $50,00Oin 

total i n v e s t m e n t s  i n  any a s s e t  i n  p e r i o d s  1 and 2, and $60,000 i n  p e r i o d  3. The 

t e r m i n a l  c o n s t r a i n t s  i n c l u d e  a d i s c o u n t  o n  t h e  assets i n  t h e  c u r r e n t  p o r t f o l i o  

so t h a t  a l l  f u n d s  are no t  s imply i n v e s t e d  i n  t h e  h i g h e s t  y i e l d i n g  assets and 

h e l d  to t h e  h o r i z o n  o f  t h e  model. These d i s c o u n t s  are one-half  o f  t h e  normal 

d i s c o u n t s .  The o b j e c t i v e  o f  t h e  model is  t o  maximize t h e  n e t  expec ted  r e t u r n s .  

5.3 Formula t ions  o f  t h e  S t o c h a s t i c  Dynamic Programming b d e l  

To f o r m u l a t e  t h e  SDP an economic s c e n a r i o  over  t h e  three p e r i o d  h o r i z o n  must  

b e  e s t a b l i s h e d .  T h i s  i n c l u d e s  a r e p r e s e n t a t i v e  d i s t r i b u t i o n  f o r  t h e  c a s h  f lows 

and t h e  rate o f  r e t u r n  f o r  t h e  v a r i o u s  f i n a n c i a l  i n s t r u m e n t s .  S ince  f o r  

computa t iona l  t r a c t a b i l i t y  SDP r e q u i r e s  c r u d e  approx imat ions  o f  p r o b a b i l i t y  

d i s t r i b u t i o n s  t h e  number o f  p o s s i b l e  r e a l i z a t i o n s  o f  t h e  random v a r i a b l e s  d u r i n g  

each  t i m e  p e r i o d  was l i m i t e d  to two. With i n i t i a l  demand d e p o s i t s  o f  $100,000 

and an i n c r e m e n t a l  d i f f e r e n c e  in t h e  i n t e r v a l  [-20,000, 20,0001 a n a t u r a l  two 

p o i n t  d i s t r i b u t i o n  is $90,000 and $1 10,000 w i t h  e q u a l  p r o b a b i l i t i e s .  Using t h i s  

d i s t r i b u t i o n  t h e  mean o f  t h e  u n d e r l y i n g  d i s t r i b u t i o n  is  main ta ined  a l though  t h e  
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var iance  is smal le r  (1  .0 x 10 versus 1.33 x 10 1. The d i s t r i b u t i o n  was 

cons t ruc ted  s i m i l a r l y  a t  t he  t h i r d  dec is ion  po in t .  The cash flows have the  

d i s t r i b u t i o n  

Using t h e  same approach, the  f i r s t  per iod r a t e  of r e t u r n  f o r  a p a r t i c u l a r  

f i n a n c i a l  ins t rument  (assume mortgage r a t e  1 is the  median prime r a t e  (R) p lus  

t he  median of t h e  d i f f e r e n c e  between the  prime r a t e  and the  r a t e  of r e t u r n  of 

t h e  mortgages (MI. The two p o i n t  e s t ima te  i n  t he  second per iod  is p lus  m, 

- 
where P(M m )  = 0.25. The fou r  r a t e s  of r e t u r n  i n  t he  t h i r d  per iod  a re :  R+m 

where P(M - t m )  is 0.875, 0.625, 0.375, and 0.125, r e spec t ive ly .  

The d i s r i b u t i o n  of t he  r a t e s  of r e t u r n  used were: 

(mortgage r a t e  



( t e r m  d e p o s i t  r a t e )  

( t r e a s u r y  b i l l  r a t e  

(nonchecking r a t e )  

For the  s imula t ion ,  70% of t he  nonchequing r a t e  was used a s  t h e  demand 

d e p o s i t  r a t e  s i n c e  the  nonchequing r a t e  dominates t he  t r e a s u r y  b i l l  r a t e .  This  

would have precluded investment  i n  t r e a s u r y  b i l l s  a p r i o r i .  This  ad hoc 

d e r i v a t i o n  of the  demand d e p o s i t  r a t e  does not  impinge on the  use fu lnes s  of t h e  

s imula t ion  because the  o b j e c t i v e  is to  demonstrate t h a t  one s o l u t i o n  technique 

may be ope ra t iona l ly  supe r io r .  



Treasury b i l l s  mature a f t e r  one period,  hence e ighteen  va r i ab l e s  completely 

de f ine  a l l  p o t e n t i a l  investment  oppor tun i t i e s .  Since the  term depos i t s  and 

mortgages mature beyond the  horizon of the  model, 42 va r i ab le s  a r e  requi red  to 

desc r ibe  a l l  investment  oppor tun i t i e s  i n  each of these  ca t egor i e s .  The 

v a r i a b l e s  necessary to de f ine  the  demand depos i t s  inc lude ,  the  i n i t i a l  p o s i t i o n ,  

the demand d e p o s i t  flows i n  per iod  one, two demand d e p o s i t  flows i n  per iod  two, 

and the  four  demand d e p o s i t  flows i n  per iod three .  I n  a l l ,  110 va r i ab l e s  de f ine  

the  investment oppor tun i t i e s  i n  the problem. 

There a r e  f o u r  types of c o n s t r a i n t s .  Cons t r a in t s  1 to 7 a r e  the cash flow 

requirements f o r  each period under each economic scenar io ;  namely uses  of funds 

equal  sources of funds. Cons t r a in t s  8 to 14 r e q u i r e  r e a l i z e d  c a p i t a l  l o s se s  to 

be less than 3% of the outs tanding  demand depos i t s  i n  per iod  one and two, and 4% 

i n  per iod  three .  Cons t r a in t s  15 to 35 l i m i t  the  funds inves ted  i n  each asset a s  

prescr ibed  i n  the  problem. Cons t r a in t s  36 to 89 ( inventory  ba lanc ing)  c o n s i s t  

of the  i n i t i a l  holdings of each of the  four  f i n a n c i a l  instruments  and record the  

t r ansac t ions  i n  each economic scenar io .  

The demand d e p o s i t  flow cons+,,int f o r  per iod 1 places  an upper bound on the  

funds p o t e n t i a l l y  a v a i l a b l e  f o r  investment. The c a p i t a l  l o s s  and the  

composition c o n s t r a i n t s  add another  28 s l ack  v a r i a b l e s  to the  formulat ion.  The 

t o t a l  s i z e  of the  SDT formulat ion is 89 c o n s t r a i n t s  wi th  139 va r i ab le s .  

The o b j e c t i v e  is to maximize the  expected value of the  n e t  r e t u r n s  from the 

p o r t f o l i o  over the  horizon of the model. Thus the c o e f f i c i e n t  of each v a r i a b l e  

is  the product  of t he  n e t  r e t u r n  and its p r o b a b i l i t y  of occurence. 



5.4 Formulations of A s s e t  and L i a b i l i t y  Management Model 

The ALM uses  t he  same informat ion  as the  SDT model a l though it has fewer  

c o n s t r a i n t s  because of its d i f f e r e n t  t rea tment  of unce r t a in ty .  The investment  

o p p o r t u n i t i e s  f o r  t r ea su ry  b i l l s ,  term depos i t s ,  mortgages, and demand depos i t s  

a r e  def ined  by s i x ,  e leven,  e leven  and fou r  v a r i a b l e s ,  r e spec t ive ly .  There a r e  

25 c o n s t r a i n t s ,  of which f i v e  a r e  s t o c h a s t i c ,  c o n s i s t i n g  of:  

1 .  t h r e e  c o n s t r a i n t s  to balance the  i n i t i a l  holding of an asset wi th  t he  

f u t u r e  buying and s e l l i n g  of the  a s s e t ;  

2. t h r e e  c o n s t r a i n t s  t h a t  equa te  the  cash f lows f o r  t he  t h r ee  per iods ;  

3. t h r e e  c o n s t r a i n t s  f o r  each of the t h r e e  a s s e t s  f o r  composition 

requirements  ; 

4.  f o u r  c o n s t r a i n t s  to desc r ibe  the  i n i t i a l  p o s i t i o n  of the t h r e e  a s s e t s  

and one l i a b i l i t y ;  

5. t h r e e  c a p i t a l  l o s s  c o n s t r a i n t s  of which t h e  f i r s t  p e r i o d ' s  i s  

d e t e r m i n i s t i c  as ( 1  t o  ( 4 )  above, and the  o t h e r s  being s t o c h a s t i c ;  

and 

6. t h r e e  s t o c h a s t i c  c o n s t r a i n t s  which desc r ibe  the  f low of demand 

d e p o s i t s  . 
Adding n ine  s l a c k  Var iab les  f o r  t he  c l a s s  composition c o n s t r a i n t s  and one f o r  

t he  d e t e r m i n i s t i c  c a p i t a l  l o s s  c o n s t r a i n t ,  the  SLPR formula t ion  has 25 

c o n s t r a i n t s  and 42 v a r i a b l e s  n o t  count ing recourse  va r i ab l e s .  

The r i g h t  hand s i d e s  of t he  s t o c h a s t i c  demand d e p o s i t  c o n s t r a i n t s  a r e  

r e p r e s e n t a t i v e  p o i n t s  from the  uniform d i s t r i b u t i o n  used i n  t he  SDT model. 

However, because of t he  a b i l i t y  of the W e t s  a lgor i thm t o  handle many r e a l i z a -  

t i o n s  wi thout  c r e a t i n g  computat ional  d i f f i c u l t i e s ,  t he  number of p o i n t s  chosen 

is l a r g e r  than i n  the SDT model. The pena l ty  f o r  v i o l a t i o n s  of any of these  



cons t ra in t s  is the ne t  r e tu rn  t o  the horizon of the model, generated by a port-  

f o l i o  cons is t ing  of 50% mortgages and 50% term deposi ts ,  s ince  t h e i r  p o r t f o l i o  

is considered, a p r i o r i ,  to be p o t e n t i a l l y  the h ighes t  y ie ld ing por t fo l io .  This 

penalty is 

- - 
where n = 1 ,2 ,3  is the period; r is the median re tu rn  on mortgages; r is the 

m t 

median re tu rn  on t e r m  deposi t s ;  and 7 is the median cos t  of demand deposi t s .  
d 

The r i g h t  hand s i d e s  of the s t o c h a s t i c  c a p i t a l  l o s s  cons t ra in t s  a re  the 

r ep resen ta t ive  points  used i n  the SDT formulation. A penalty of 4.1% is used 

f o r  v io la t ions  of these cons t ra in t s .  

The objec t ive  is to maximize the net  re turns  minus the expected p e n a l t i e s  

f o r  cons t ra in t  v io la t ions .  The c o e f f i c i e n t  of each var iable  is the ne t  r e tu rn  

f o r  the f i r s t  s tage  va r i ab les  and the penalty f o r  the second s tage  va r i ab les .  

5.5 Results  of the  Simulation 

In normative f i n a n c i a l  planning models, the  objec t ive  is genera l ly  to 

determine which p o r t f o l i o  changes should be e f fec ted  immediately. The 

mult i-periodici  t y  of f i n a n c i a l  models compensates f o r  the s h i f t i n g  economic 

scenar ios  across time. However, the purpose of the model is to determine t h e  

changes to be implemented immediately. Hence the simulat ion is intended t o  

determine which model produces the b e s t  f i r s t  period solu t ion .  In r e a l i t y ,  

decis ions  may be made a t  any point  i n  a period; however, using a d i s c r e t e  time 

model, one aggregrates so as to consider a l l  decisions to be made a t  the s t a r t  

of each period--facing random r a t e s  of re turn .  Again, the incremental cash 

flows a re  aggregated so t h a t  one-half is avai lable  a t  the beginning of the  



c u r r e n t  per iod .  I n  both formula t ions  the same i n i t i a l  s e c u r i t y  holdings a r e  

given and the  cash flows f o r  the  next  per iod  a r e  random. 

The process  starts wi th  an i n i t i a l  p o r t f o l i o .  Both the  A L M  and SDT models 

determine an op t imal  s o l u t i o n  f o r  t he  f i r s t  per iod.  A random cash f law is then 

generated.  I f  t h e  amount of funds spend during the  f i r s t  per iod  exceeds t he  

random cash  flow, then an amount equa l  to the  excess  spending is d ives t ed  from 

the  p r e s e n t  p o r t f o l i o  of 45% of mortgages, 45% t e r m  depos i t s  and 10% t r ea su ry  

b i l l s .  I f  the  random cash  flows exceed spending dur ing  the  f i r s t  per iod ,  then 

the  incrementa l  amount is inves t ed  i n  t r ea su ry  b i l l s .  A f t e r  t h i s  r e c o n c i l l i a -  

t i o n ,  revenues a r e  t he  sum of the known r e t u r n s  of the  a s s e t s  held s i n c e  t h e  

start of t he  per iod  and the  random r e t u r n s  of the  a s s e t s  bought a t  t he  start of 

the per iod .  The c o s t s  a r e  the sum of the random c o s t  of demand depos i t s  and the  

d i s coun t  f o r  s e l l i n g  s e c u r i t i e s  p r i o r  to maturi ty .  The r econc i l ed  port£ o l i o  

s e rves  as the  new i n i t i a l  p o r t f o l i o  which is then used to genera te  the  new 

s o l u t i o n s  f o r  both models. This  cyc le  is repea ted  e i g h t  t i m e s .  This whole 

process  is repea ted  f i f t y  t i m e s  f o r  a t o t a l  of f o u r  hundred scena r io s .  See Kusy 

(1978) f o r  t he  s imu la t i on  f lowchar t ,  computer program and f u l l  d e t a i l s  of t he  

r e s u l t s .  

The s imu la t i on  r e s u l t s  f o r  t he  A L M  and SDT formula t ions  a r e  used to test 

two hypotheses.  The f i r s t  hypothesis  

is used to  test whether o r  n o t  the  i n i t i a l  per iod p r o f i t  f o r  ALM is  s u p e r i o r  t o  

t h a t  f o r  SDT. 



This hypothesis  is t e s t e d  by examining the  pa i r ed  d i f f e r ences  of the  

p r o f i t s  f o r  the  i n i t i a l  run of the 50 cycles  f o r  both models. The s p e c i f i c  

information used is : 

1 . the  mean of t he  pa i r ed  d i f f e r ence  ($251 .37 i n  favour  of ALMI ; and 

2. the  s tandard  dev ia t ion  of the pa i red  d i f f e r ences  ($1 50.43 I. 

The c o r r e l a t i o n  between the  ALM and SDT p r o f i t s  is 0.958. Given the l a r g e  

sample, the  s i g n i f i c a n c e  of the  pa i red  d i f f e r ences  is t e s t e d  using the  t 

s t a t i s t i c  

The t e s t  s t a t i s t i c  is s i g n i f i c a n t  a t  the 0.001 l e v e l  hence the n u l l  hypothesis  

is  r e j e c t e d .  Thus, ALM y i e l d s  a s t a t i s t i c a l l y  s i g n i f i c a n t  b e t t e r  i n i t i a l  

s o l u t i o n  than SDT. 

The second hypothesis  

is used to test whether o r  n o t  the mean p r o f i t  f o r  ALM is  s u p e r i o r  to  t h a t  f o r  

SDT . 
This hypothesis  is t e s t e d  by examining the pa i r ed  d i f f e r e n c e s  of the mean 

p r o f i t s  of the  e i g h t  runs of f i f t y  cycles  f o r  both models. The s p e c i f i c  

information used is  : 

1 . the mean of the  pa i r ed  d i f f e r ences  ($297.26 i n  favour  of ALM I ; and 

2. the  s tandard  dev ia t ion  of the pa i red  d i f f e r ences  ($308.74 I. 

The c o r r e l a t i o n  between the  ALM and SDT mean prof its is 0.785. 

The t s t a t i s t i c  is 

Since t h i s  is s i g n i f i c a n t  a t  the  .001 l eve l ,  the  n u l l  hypothesis  i s  

r e j e c t e d .  Thus the  ALM formulat ion y i e l d s  a s t a t i s t i c a l l y  s i g n i f i c a n t  b e t t e r  

s o l u t i o n  than the SDT formulat ion.  



To test the  s t a b i l i t y  of these  summary s t a t i s t i c s ,  a  second s imula t ion  

using ALM was run. The r e s u l t s  of t h i s  s imula t ion  a r e  analyzed s i m i l a r l y :  1 )  a  

t e s t  of t he  i n i t i a l  s o l u t i o n  of the  f i f t y  cyc les ,  and 2 )  a  test of t he  mean 

p r o f i t s  f o r  t he  8 runs of the  f i f t y  cycles .  The information necessary to t e s t  

t h e  f i r s t  hypothes is  is: 1 )  t he  mean p r o f i t s  f o r  t h e  f i r s t  and second ALM runs 

($4645.85 and $4672.23, r e s p e c t i v e l y  1, and 2)  the  s tandard  dev ia t ions  f o r  t he  

two runs ($421.1 1 and $482.1 5, r e spec t ive ly  1 .  The hypothesis  t h a t  both samples 

have the  same mean 

is t e s t e d  f i r s t .  

The s tandard  dev ia t ion  used f o r  t he  test s t a t i s t i c  is the  r o o t  of t he  

pooled variance.  The t e s t  s t a t i s t i c  is 

The t e s t  s t a t i s t i c  f o r  t he  f i n a l  hypothesis  is e s t a b l i s h e d  s i m i l a r l y  and i s  

Since t h e  t e s t  s t a t i s t i c s  f o r  H and H a r e  no t  s i g n i f i c a n t  a t  t h e  .10 
3 4 

l e v e l  t he re  is no reason t h a t  t he  mean is not  s t a b l e .  

A CDC 6400 a t  t h e  Univers i ty  of B r i t i s h  Columbia was used to perform the  

computations. The t o t a l  CPU time to perform t h e  400 i t e r a t i o n s  f o r  ALM was 

0.240 hours and f o r  SDP 6.385 hours. This exp la ins  why only a  l imi t ed  number of 

f i n a n c i a l  ins t ruments ,  time per iods  and r e a l i z a t i o n s  were used i n  t h e  

s imula t ions ,  and h i g h l i g h t s  t he  gap i n  t r a c t a b i l i t y  between the  ALM and SDT 

techniques.  F u l l  d e t a i l s  of t he  codes, e tc . ,  used to perform t h e  s imu la t ions  

appear i n  Kusy (1978).  



6. FINAL REMARKS 

The l i t e r a t u r e  on bank a s s e t  and l i a b i l i t y  management has been based on two 

approaches: the  mean var iance  p o r t f o l i o  s e l e c t i o n  model and us ing  an o b j e c t i v e  

of maximizing expected n e t  r e t u r n s .  De te rmin i s t i c  and s t o c h a s t i c  models based 

on these  c o n s t r a i n t s  a r e  reviewed i n  Sec t ion  1. I n  an a t t empt  to determine 

which approach is most s u i t a b l e  f o r  a s s e t  and l i a b i l i t y  management problems, 

Myers (1 968 1 showed t h a t  ex i s t ence  of s e c u r i t y  market equ i l i b r ium impl ies  t h a t  

n e t  p r e s e n t  va lue  is the  app rop r i a t e  o b j e c t i v e  func t ion .  The most comprehensive 

model of t h i s  type is the  Bradley-Crane s t o c h a s t i c  dec i s ion  tree model (1 972, 

1973, 1976).  They at tempted to overcome the  c r u c i a l  o b s t a c l e  to  a s s e t  and 

l i a b i l i t y  management of i nco rpo ra t i ng  unce r t a in ty  while  maintaining computa- 

t i o n a l  t r a c t a b i l i t y .  The i r  model is a u s e f u l  one and many impor tan t  i n s i g h t s  

appear  i n  Bradley and Crane (1976).  However, t h e i r  model does n o t  r e a l l y  main- 

t a i n  computat ional  t r a c t a b i l i t y  f o r  r e a l i s t i c  s i z e d  bank a s s e t  and l i a b i l i t y  

management problems. I t  a l s o  possesses  some undes i r ab l e  f e a t u r e s ,  no tab ly  

a r b i t r a r y  c o n s t r a i n t s  on c a p i t a l  l o s s e s ,  an absence of p o r t f o l i o  mix c o n s t r a i n t s  

and an immediate r e v i s i o n  t h a t  must s a t i s f y  a l l  p o s s i b l e  f o r e c a s t e d  economic 

cons t r a i n t s .  

The ALM model is an a t t empt  to remedy some of these  d e f i c i e n c i e s  and as 

shown i n  Sec t ions  3 and 4 is an implementable model of bank a s s e t  and l i a b i l i t y  

management. The r e s u l t s  of t he  a p p l i c a t i o n  to the  Vancouver C i t y  Savings C r e d i t  

Union i n d i c a t e  t h a t  t he  ALM model is s u p e r i o r  to r e l a t e d  d e t e r m i n i s t i c  models 

and the  s imu la t i ons  i n  Sec t ion  5 i n d i c a t e s  t h a t  ALM genera tes  b e t t e r  f i r s t  

pe r iod  dec i s ions  than does t he  Bradley-Crane model. The CPU time to s o l v e  ALM 

is 1.5-2 times t h a t  of a r e l a t e d  d e t e r m i n i s t i c  model and much less than t h a t  

r equ i r ed  f o r  t he  Bradley-Crane model (0.24 hours versus  6.39 hours f o r  

s imu la t i on  i n  Sec t ion  5 ) .  Hence it is a f e a s i b l e  op t ion  f o r  implementation i n  



l a r g e  banks. To app ly  A L M  one must determine e s s e n t i a l l y  t h e  same informat ion  

as w i th  a d e t e r m i n i s t i c  model: 1 )  d e p o s i t  f l aw  estimates, 2) estimates of t h e  

t e r m  s t r u c t u r e  of i n t e r e s t  rates, 3 )  estimates of wi thdrawal  r a t e s  of d e p o s i t s  

under va r i ous  economic c o n d i t i o n s  , 4 1 l e g a l  cons t r a i n  ts governing the  behav ior  

of t h e  f i n a n c i a l  i n s t i t u t i o n ,  5) p o l i c y  c o n s t r a i n t s ,  6) t h e  Fede ra l  Reserve 

Board' s recommended r e s e r v e s  f o r  main ta in ing  a l i q u i d  p o s i t i o n ,  and 7 t h e  

i n i t i a l  p o s i t i o n  of t he  f i r m  p l u s  d i s c r e t e  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  t he  

random elements  and t h e  p e n a l t y  c o s t s .  The model is q u i t e  capab le  of hand l i ng  

very  u s e f u l  p o l i c y  c o n s t r a i n t s .  The major drawback of A L M  is t h a t  it is n o t  a 

t r u e  dynamic model. S imula t ions  such as those  i n  Sec t i on  5 p rov ide  conf idence  

i n  t h e  approach taken i n  ALM. Some bounds on t he  e r r o r  a s s o c i a t e d  w i t h  

a g g r e g r a t i o n  schemes such  as t h a t  used i n  t h i s  paper  i n  t h e  c o n t e x t  of g e n e r a l  

r e cou r se  models appear  i n  Bi rge  (1983).  The g e n e r a l  problem of t h e  accuracy of 

va r i ous  approximat ions  i n  mu l t i pe r i od  s t o c h a s t i c  programs is c u r r e n t l y  be ing  

s t u d i e d  by t h e  second au tho r  i n  c o l l a b o r a t i o n  w i t h  J. Birge,  M.A.H. Dempster, 

R.C. Gr ino ld  and R. Wets. The r e s u l t s  of t h i s  work hope fu l l y  w i l l  p rov ide  

g e n e r a l  guidance r e g a r d i n g  s o l u t i o n  techn ique  t r a d e o f f s  i n  dynamic s t o c h a s t i c  

mode l i ng .  
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