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1. Introduction In this paper we consider min-max Convex Semi-Infinite Programming (CSIP)
problems. More precisely, let 77 and T, be compact metric spaces, and let @ be a closed convex set in
R™. Furthermore, let f: T3 X R" — RU {400} and g : To x R — R U {+0c0} be finite and continuous
functions on T7 x @ and Ts x @, respectively, and such that for each ¢ the functions fi(-) := f(¢,-) and
g:(+) :== g(t,-) are lower semicontinuous (Isc), convex on R”, and at least C! on Q.

We consider in this paper the following problem

(P) v(P)=inf{F(z)|z € C}, (1)

where F(x) := sup{fi(x)| t € T1}, G(x) := sup{g:(x)| t € Tz}, C :== QN D, and D := {z : G(z) < 0}.
The optimal set of (P) is denoted by Sp.

In the particular case that T} is a singleton set, (P) is an ordinary CSIP problem. For solving CSIP, we
propose in this paper Remez-type algorithms and integral methods coupled with penalty and smoothing
methods.

Remez-type methods (or outer approximations) are inspired by the first algorithm of Remez [23],
proposed for approximating functions in the framework of Linear Semi-Infinite Programming (LSIP),
that can be described roughly as follows:

Let TF and T¥ be finite subsets of T} and T, and denote
FF(x) =sup{fi(2z)| t € TF}, C*=QnD* DF={x:g(z)<0VteTy}.

Initialization: Set k = 0 and start with 77, T%.
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Step 1 Compute z* € argmin{F*(z)| z € C*}.
Step 2 Compute

th Ll c argmax{f(t,2")| t € Tv}, t5T! € argmax{g(t,z")| t € T}

Step 3 Choose, for i = 1,2, T/ C T; satisfying t"1 € T},
Set k — k+1; go to Step 1.

This numerical approach requires to solve nonconvex optimization problems in Step 2, which is certainly
the main difficulty in the general case. Indeed, from a computational point of view, actually this is
only possible for particular cases, mainly when the functions f(-,z) and g(-, z) are polynomial, with low
dimensional sets 77 and 75. But in this paper we focus on Step 1 and we try to propose a ”good”
approximation, (ﬁk'), of the subproblem

(P*)  inf{F*(z)| € D* N Q},

in the sense that (ﬁk) can be solved efficiently by a classical gradient or Newton-type method. When
Q is polyhedral and when the functions f; and g; are affine, then (P¥) is a linear subproblem which is
usually solved by the simplex dual method. But when the cardinality of Ti’“7 |Ti’C f, grows beyond a certain
limit, it is well-known that slow convergence arises and one way to overcome this drawback is to control
|Tik| by some constraint dropping schemes. The reader is referred to Section 3.1 and 3.2 of the survey of
Reemtsen-Gorner [22] for a review of the extensive literature on this particular subject.

Concerning CSIP, numerous known methods consist in solving an approximating convex problem (15’“)
Supposing that F is C! (as it is generally the case in ordinary CSIP), we can use cutting plane methods of
Cheney-Goldstein [10], Kelley [14], Veinott [31], or Elzinga-Moore [11], and their variants (see, e.g., [22] for
more references). Applied to LSIP, especially [10] and [14] turn out to be identical or mere modifications
of the dual simplex method discussed above, so that they have similar properties and drawbacks. To avoid
slow convergence, again constraint dropping rules are given under some conditions as strict convexity on
F for [10] and [14]. We refer again the reader to Section 4 of [22] for more information on this subject.
In this paper we consider another type of approximation for (P*) :

(P*) inf{F*(z) + G*(z)| z € Q}.

Here F* approximates F* and G* approximates the indicator function of D*, §pi (i.e. dpr(z) = 0 if
x € D¥, §pr(z) = 400 otherwise), so that the data which define (P*) are C'. There are many ways
to smooth F* (see in particular [13] and [21]), but for the sake of simplicity we consider here only the
most important, and widely used in the literature in different fields. It is based on the smoothing of
max{\; : i = 1...m} by the function log(}_.", exp (A;p))/p, with p > 0. More precisely, this smoothing

gives here
IOg(ZteTl’f exp (f(t,z)p))

p

This type of smoothing has been proposed by many authors for solving convex finite minimax problems,
in particular by Bertsekas [7], Ben-Tal and Teboulle [6], Alvarez [1], and Nesterov [18]. This smoothing
approach has been also proposed by Polak-Royset-Womersley [20], by Sheu-Wu [27] for finite min-max
problems subject to infinitely many linear constraints and, more recently, by Sheu-Lin [26] for continuous
min-max problems, motivated by the global approach of Fang-Wu [12] using an integral analog. We
must also smooth the function § p» and to do that we consider the smoothing approach by penalty and
barrier functions introduced, for ordinary convex programs, by Auslender-Cominetti-Haddou [3]. These
authors exploited the notion of recession functions to provide a wide class of penalty and barrier methods
for usual convex programs, with a finite number of inequalities. In this paper we consider only penalty
methods. Indeed there are some drawbacks with barrier methods, in particular the choice at each Step k
of an interior point as a starting point. So we consider here two subclasses of penalty functions introduced
in [3] (not all can be used). They are composed by those functions 6 : R — R, which are C!, convex,
nondecreasing, and satisfy some additional properties, and we choose

Gk (z) = Tk Z:teTZ{c 0(g(t,)ox)
75| Ok ’

with appropriated sequences of positive scalars {7, } and {dy}.

To summarize, we propose in Section 3 the Remez-type algorithm described above, where in Step 1 ak

FF(z) =

, with p = [log |TT|]*. (2)

3)
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is an approximate optimal solution of a suitable regularization of (]5’“), with the smoothing and the
penalization given by (2) and (3), while in Step 3 we choose TF™' = TF U {t*1}. The efficiency of the
algorithm will depend on the subroutine used to compute z¥. With these approximations, F* and G*,
when @ is the whole space, the problem (]5’“) becomes an unconstrained convex smooth problem for which
gradient or Newton-type methods can be used. The same holds when @ is “simple” (a box, the positive
orthant, a ball, a simplex, ...). Convergence is established under the following minimal assumption: “F
is level bounded on the feasible set” and not under the assumption that @ is bounded. Furthermore, in
Section 4 we associate with the sequence {2*} generated in Section 3 by the algorithm a dual sequence
of measures for which we prove convergence to optimal solutions of the classical dual problem associated
with (P).
In this context, with Remez-type approximations (Step 2), Sheu-Lin [26] proposed the so-called entropic
smoothing method for the min-max program where Ty = ). Concerning ordinary CSIP (|T| = 1), to the
best of our knowledge, Remez-type algorithms coupled with penalty methods have been only introduced
by Martinet [17]. Comparisons with these two works are established in Comment 1, Section 3. On the
other hand, particular penalty and smoothing functions and methods have been introduced for solving
semi-infinite programs in three other contexts. Special penalty functions appear in the context of local
reduction methods (see, e.g., Section 5.2 of [22] and references therein). In another context they are
coupled with adaptive grid methods (see for example Kaplan-Tichatschke [15], Polak-Royset [19], and
references therein) where the parameters of the procedures of discretization, smoothing, regularization,
and penalization are adjusted. The third context concerns penalty, barrier and smoothing methods cou-
pled with integral methods, and we investigate this field. This kind of integral methods has been studied
by many researchers (see, e.g., Auslender [2], Teboulle [28], Teo-Goh [29], Teo-Rehbock-Jennings [30],
Lin-Fang-Wu [16], Schattler [25], Polak-Higgins-Mayne [21]), and Fang-Wu [12]) and has the advantage to
avoid nonconvex global optimization in Step 2 of Remez-type methods, via integrals which convexify the
approximated functions. In this paper we do not consider barrier methods, and in Section 5 we propose
an algorithm for solving (P) which consists of computing at Step k an optimal solution 2* of the convex
C! approximating problem ) )
(Phe)  nf{F"(x) +G"(2) |z € Q}, (4)

where

P = o [ epriamir) GHw) =y [ POE

Pk T T Ok

In this formula the parameters v, di, and pi will be adjusted for obtaining convergence. In fact, and also
in Section 3, we regularize the objective function by adding a term e||z||? with € > 0 and we compute an
ei-optimal solution of the regularized problem. This regularization stabilizes the algorithm and provides
an implementable subroutine. Without this regularization (e, = 0 Vk), this unified framework contains
in particular the classical penalty and smoothing methods introduced in [2], [12], [16], and [30] but also
provides new penalty and smoothing methods. Again, convergence is shown under the following minimal
assumption: “F' is level bounded on the feasible set” and not under the assumption that @ is bounded.
This requires, as for Remez-type algorithms, an analysis more subtle than usual, which is built on the use
of the theory of recession functions developed in [4]. Convergence, also for the dual sequence of measures
associated to the primal sequence, is established under the additional Slater’s condition. As pointed out
in Comment 2, Section 5, our assumptions are weaker than those used in [2], [12], [16], and [30]. Finally,
since the algorithms as well as the convergence analysis are built on the use of the theory of the recession
functions, we recall in the next section the material from this theory which is needed in the sequel.

dt.

2. Preliminaries Given a set Q C R", we denote by cl @, int ), conv @, and cone ) the closure,
the interior, the convex hull, and the conical convex hull of @, respectively. We associate with f : R” —
R U {+o0} its domain dom f := {z : f(z) < +oo} and its epigraph epi f := {(z,7) : f(z) <r}.

We recall here some basic notions about asymptotic cones and functions (for more details see, for
instance, the books of Auslender and Teboulle [4] and of Rockafellar [24]).
The asymptotic cone of a set @ C R" is defined to be

roz{dzﬂ)\k—w—oo, 2p € Q with d = lim ””“} (5)
k—oo )\k
When @ is convex and closed, it coincides with its recession cone

0M(Q):={d :2+ A €Q VYA>0, Vz € Q}. (6)
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Let f: R™ — RU{+oo} be lIsc and proper (i.e., dom f # (}). We recall that the asymptotic function f,
of f is defined through the relation

epi foo = (epif),, -
As a straightforward consequence, we get (cf. [4, Theorem 2.5.1])

foo(d) = inf {lim inf M

D A — Fo0, xk—>d}, (7)
k—+4o00 k

where {\;} C R and {z*} C R™. Note that f., is positively homogeneous, that is
foo(Ad) = Afoo(d) ¥d, YA > 0. (8)

REMARK 2.1 (7) is fundamental in the convergence analysis of unbounded sequences and it is often used
in the following way: Let {x*} be a sequence satisfying

k
x

lim ||z*|| = 400, lim d,
k—oo

koo ¥

and let a € R so that foo(d) > a. Then it follows from (7) that for all k sufficiently large we have
k
x

k) = f (||xk||w) > afja].

When f is a proper lIsc convex function its asymptotic function is also a proper lsc convex function
that coincides with the recession function

[z + d) — f(x)

+ _ .
07 f(d) = )\Erfoo 3 Vz € dom f, 9)
which implies that
. f(A)
foo(d) = AEI-EOO iy Vd € dom f. (10)
Furthermore,
(6Q)oo = 0Q.c- (11)
If f, g: R™ — R U {+oo} are proper Isc convex functions, and dom(f + g) # 0, then
(f + 9)oo(d) = [ (d) + goo(d). (12)

Furthermore when { f; };cs is a family of proper lsc convex functions defined on R" with values in RU{+o0}
and the function f = sup,c; fi is proper, then we have

icl
When f is a proper Isc convex function, a useful consequence of (6) and (9) is the equation

{z: f(2) <Aoo ={d: foo(d) < O}, (14)

for any A such that {z: f(z) < A}#£ 0.
The following proposition is crucial in the convergence analysis. The reader can find a proof in [4, Chapter
3].

PROPOSITION 2.1 Let Q be a closed convex set in R™ and let f : R™ — RU{+oo} be a proper lsc convex
function such that Q Ndom f # (. Consider the optimization problem

(P) f[r=mf{f(z) |z e Q}
Then a necessary and sufficient condition for the optimal set of (P) to be nonempty and compact is given
by

foo(d) <0 and d€ Qo = d=0,

or equivalently f is level-bounded on Q, i.e., for every A, {x € Q : f(x) < A} is compact when nonempty.
This is equivalent to

f(z) = +o0.

llzl|—o0, 2€Q
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In our analysis, the composite function is of a particular interest. More precisely, we consider the
composition between a penalty function 6§ € F and a convex function f, where

7o { 0 : R — R, convex, nondecreasing, nonconstant, } (15)

C!, and such that lim, o 6(u) =0

Since 0 € F takes nonnegative values and it is nondecreasing, we have 6., (—1) = 0. Then, since it is
nonconstant, 6.,(1) > 0. The following result was proved in [3] in a more general setting.

PROPOSITION 2.2 Let 6 € F, and let f be a proper lsc convex function, and consider the composite
function

~+00, otherwise.

9 x)), ifx € d()m 5
Then g is a proper lsc convex function.

In the rest of this paper we consider the following two subsets of F:

Fir={0eF: 0(1) <+oo}and Fo ={0 € F: 0(1) = +o0}. (16)
Obviously the function 6 (u) =u™ := max{u,0} which has been used in the literature is not C!, but
satisfies all the other properties required for F;. However this function, for which our convergence
analysis holds, is out of interest for our purpose since it is not smooth.

In [9], Chen and Mangasarian provided a systematic way to generate elements of F;. These are smooth
approximations of the function u™ and are built as follows. Let p be a positive piecewise continuous
probability density function, with a finite number of pieces. Let F(t) = fioo p(s)ds be the associated
distribution function and suppose that §(u) = [ F(t)dt is well defined. Then we have ([9, Proposition
2.2]) that @ is a strictly convex C! function from R to Ry, strictly increasing, with

0<0'(u)<l, —My<0O(u)—u" <M YucR, (17)

where M = ff)oo |s|p(s)ds and My := [fj;o sp(s)ds]™, provided that M; < 400, i = 1,2. From these
inequalities and the definition of 4, it follows that

My, M
‘%\“)_m < max{Mi Mo} oy 0 VueR, 0u(l)=1, lim 0(u) =0, (18)

- A U——00

A

so that 6 € F;. Specific cases of interest are

exp(—s)

1(u) = log(1 +exp(w),  with pa(s) = T o e

2
0 =91 244 ith = —7
2(u) (u+vVu?+4), with py(s) (824—4)%’
and
0, u < —1, 1
=, —1<s<1
. 1 2 N . — 27 —Y ="
O3(u) = 7(u+1)”, -1<u<l, with p3(s) { 0, otherwise.
u u Z 15

)

Finally, as well-known penalty functions which belong to F5 we have the classical penalty functions
and the exponential function:

O4(u) = = (u™)?, O5(u) = (u™)?, and Og(u) = exp(u).
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3. Remez-type algorithm coupled with penalty and smoothing methods In this section we
consider the optimization problem (P) described in (1), satisfying the given assumptions on the data,
and the Remez-type algorithm described in the introduction. For the sake of simplicity we choose

TF =TFu i), =12, (19)

where t’f“ €T and t’;“ € Ty solve approximately the auxiliary problems in Step 2, i.e.,
t’”l,xk > max{f(t,z*) | t € T1} — .
1 Hi
g(tg+1axk) > max{g(t,xk) ‘ te TQ} — Mg

with
tr >0 Yk and  lim g, =0. (21)
k—-+o00

From now on in this section we consider the following assumption:

(A1) F is level bounded on C,

and sometimes we shall assume also:
(A2) Slater’s condition holds; i.e., there exists u € @ such that G(u) < 0.

Following Proposition 2.1 we remark that Assumption (A7) is equivalent to the implication

Foo(d) €0, Goo(d) <0 and d € Qoo = d = 0. (22)

The following lemma shows that the existence of starting sets for the first algorithm of Remez with
nice properties, is a consequence of Assumption (A;). It was proved in [22, Lemma 2.4] when |T1| = 1
and @ = R”. Here we give a completely new and different proof for the general case, more concise and
based on the properties of the recession functions.

LEMMA 3.1 Assume that (A1) holds. Then, there exist finite nonempty subsets TP C Ty and T C Ty
such that F° is level bounded on C°.

Proof. Since Fio = sup;cr, (fi)o and Goo = supser, (9t) > by (A1) and Proposition 2.1,

oo !

{d: (fi)oo (d) <O VE € Ti;(gt) o (d) <O VE € Ti50q,, (d) <0} ={0}. (23)

Let d — (a;,d), i € I, be the family of all the linear minorants of all the functions in (23), which are
positively homogeneous, proper, Isc, and convex. Then (23) holds if and only if {d : (a;,d) <0,i € I} =
{0}, i.e., cone{a;,i € I} = R™ (or, equivalently, 0 € int conv {a;,% € I}). This happens if and only if there
exists J C I, |J| = n + 1, such that cone {a;,i € J} = R" (or, equivalently, 0 € intconv {a;,i € J}). In
that case {d : (a;,d) < 0,7 € J} = {0} . Replacing in (23) each linear function d — (a;,d) , i € J, by one of
the minorized constraint functions, we conclude the existence of 7Y C Ty and T3 C T, |T10 ury ‘ <n+1,
such that

{d:(fr) (d) SOVt e T (g) (d) <0VteTP; 6. (d) <0} ={0}. (24)
Thus FY is level bounded on C?, again by Proposition 2.1. Finally, if 7 = (), replacing it with T = {t,}
for an arbitrary t; € T;, i = 1,2, we get the aimed conclusion. O

REMARK 3.1 There are some particular cases where the sets TY are easily obtainable:

(a) If Q is bounded, we can take TY = {t1} and TS = {ta} for any t; € T;, i = 1,2.

(b) If for some t9 € Ty, fro (resp., t3 € Ty, fig) is level bounded on Q, we can take 19 = {9} and
T3 = {t2}, with ty arbitrary in Ty (resp., T9 = {t9} and T = {t1}, with t arbitrary in Ty ).

(c) In LSIP, Q =R", f(t,z) = (a(t),x) —b(t) YVt € T1, and g (t,z) = (a(t),x) — b(t) Vt € To. In that
case, if T; = clint T; C R™ i = 1,2, (as it happens in practice) taking a sequence of real numbers 3, \, 0,
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then dist (T; N B,Z",T;) — 0, i = 1,2. Since (24) becomes {d : (a(t),d) <0,t € TY UTY} = {0}, i.e.,
0 € intconv {a(t),t € TP UTY}, we can take the regular grids T = T; N B, 2" i = 1,2, for sufficiently
large r.

(d) In ordinary CSIP (with Ty = {t1}), if To = clint Ty C R™ and B, \, 0, since dist (T> N B, Z™,T5)
— 0, it is possible to take the reqular grid TY = To N B,Z™ for sufficiently large v by the argument of [22,
Lemma 2.4).

Denote r; = |T?|, the cardinality of 7. Then r¥ := |TF| < r; + k, i = 1,2. As it was said in the
Introduction, we can use for approximating F* the function
IOg(ZteT’C exp (f(t,z)p))

[k -
Fj(r) = ! ) ,

with p > 0. It is well known that this function is convex (sum of log-convex functions) and that we have
the uniform estimate (see, for example, [27])

0< FF(z)— FF(z) < log(|7§])

, Vo € R™.
If T} is reduced to a single point, it is worthwhile to note that Fk( ) = F¥(x) = F(x) and that in Step 2

the computation of t*7! is unnecessary. From now on for each k we set pj, = [log(ry + k)]?, and use the
approximating function

_ pk
F* Fpk, (25)
so that
~ 1

0<F* F* ————, Vz e R™. 26
< FHa) ~ F) < oo (26)

Let now {e;} be a sequence of real numbers such that
er >0 and klim e = 0. (27)

Let 0 € F and let {01}, {7} be sequences of positive real numbers. Recalling (3), we define for k = 1,2, ...,
the approximating functions

() = Z t“’“, (@) = F*(2) + G* ().

teTk

which are convex by Proposition 2.2. Associated with these functions we introduce the regularized
subproblem

(B)  f{A*(2) +exlll]® | = € Q).

This subproblem will be solved in Step 1 of the forthcoming algorithm within an error €.

REMARK 3.2 The objective function HY,(-) := H*(-)+€||-||? is strongly conve, so that argmin{ H* () +
ex||z]|? | © € QY is a single point y*. As a consequence, there exists at least a point x* satisfying

2 eQ, HF () + er||z))? < H*(x) + ex]|z||® + e V2 € Q. (28)

When H* is Cl, and Q = R™, then it is worthwhile to note that any usual convergent gradient method
will provide in a finite number of steps such a point by using the implementable stopping rule

(|IVH"(2*) + 2e,2"|| < V2e. (29)

Indeed, writing the stmng conve:r inequality (VH,’fe(xk) — VHE (y%), 2% — y¥) > 2¢x||2* — y*||?, it follows
from (29) that ||z* — y¥|| < L. Since HE, (v*) > HE (2%) + (VHE (2%),y* — %), using again (29),we
obtain (28).

Note that this implementable stopping rule does not imply (28) if the original objective function HF s
not regularized by adding ex||z||?.
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Now we can describe our basic algorithm:
The Remez penalty smoothing algorithm-RPSALG
Initialization: Set k = 0 and start with 7Y and 7% defined in Lemma 3.1.
Step 1 Compute z* satisfying (28).
Step 2 Compute t¥™! and t5™! satisfying (20) with (21).
Step 3 Set: T/ =TFuU {t/™'} i=1,2.
Set k — k+1; go to Step 1.

Each triple (0, {7}, {dx}) determines a different instance of RPSALG. In order to prove its convergence
we consider the following conditions involving a sequence {my} such that my > |T¥| Vk:

(a) 0 € Fy, limg_, 0 %}’: =0, and limg_, o %—’2 = +00.

(b) 0 € Fa, limg_, o0 ;’—: =0, and 71—’2 > ¢ Vk, for a certain € > 0.

(c) 0 € Fa, limy_ o0 I = +00, 7’“ > ¢ Vk for a certain ¢ > 0, {Tk} is bounded, and either 6(0) =0
or (Az) holds.

REMARK 3.3 The natural choice is my = ro + k. However another choice will be proposed at the end of
this Section. Furthermore it is worthwhile to note that condition (a) as well as condition (b) implies that
limy o0 0 = +00.

THEOREM 3.1 Assume that (A1) holds. If (0,{v,},{0r}) satisfies at least one of the conditions (a), (),
(c), then the sequence built by RPSALG is bounded and each limit point of this sequence is an optimal
solution of (P).

Proof. Let u € @ such that G(u) < 0 if (A2) holds and u € C otherwise.
1) Let [ < k be fixed nonnegative integers. Since F! < F* < F from the definition, using (26) in the
basic inequality (28) we get

o)+ i 3 I < pay ¢ by G (),

teTk teT’”
with )
Pp— 2 ] —
vi(u) == Toa(rs 7 F) + e |lull” + ek, klin;o vi(u) = 0. (30)

Since 6 is nondecreasing and nonnegative it follows that

2) Z < Z + ()
teTl teTk
< Flu)+ 7’<fe(c;(u)5k) + v (u). (31)

Ok

2) Let us prove now that the sequence {z*} is bounded. Suppose the contrary. Then there exists a
subsequence {x*},cx such that

k

X
li Fll = 400, lim —— =d#0, d € Qu. 32
ol [l = oo, T rm =47 @ (32)
keK keK

Let [ be arbitrary. Let ol < g(t,-)oo(d) Vt € T4 and 8" < (F')oo(d). Then, as pointed out in Remark 2.1,
there exists k; such that

Fl(zk) > gY2*],  g(t,2%) > ol||z¥|| vt € TL, VE € K such that k > max{l, k}.
Since 6 is nonnegative and nondecreasing, dividing both members of inequality (31) by ||z*|| we deduce

OeillstlIon) _ F(w) | 0G| vilu)

< , VteT. (33)
IT’“I 2% [16% [|*|] 2% (16 1E] ?

g+
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Since 6 is nondecreasing and 0;G(u) < 0, then 0(G(u)dr) < 0(0) Vk so that the right hand side of (33)
converges to zero as k — oo. As a consequence, V7! > 0 we have for k large enough

i Oagl|z"|0k)

g+ <7l vteTl (34)
T3 ll2¥[]6x ?
Let us show now that
ol <0 VteTl (35)
Suppose the contrary, i.e., there exists some ¢ € T4 with ol > 0. Consider
1]k l 1))k l 1))k
o H(at||kw 198) _ <aﬂkk) [e(altllxk |5k:):| > lim (am) [9(alt|xk |I6k)]’ (36)
koo [Ty|  ||2¥[[0% k—oo \ [Ty’ ) | ay||2¥]0% k=00 \ M agl[z*|d

O(al||z*||6

where limy_, o W = 0(1). Tt is easy to see that the limit in (36) is 400 under any of the
Q|| T k

assumptions (a), (b) and (c), in contradiction with (34). Thus (35) holds.
Furthermore, since 6 is nonnegative we deduce from (34) that gL < 7! for all positive 7, i.e., A < 0.
From (35), letting 8" — (F!)so(d), b — g(t,-)so(d) ¥Vt € TL, it follows that

(Foo(d) <0, g(t,)oo(d) <0 Vt € TL.

Therefore, if we set [ = 0 we get, together with d € @, a contradiction with the fact that F° is level
bounded on C°.

3) Now let wo, be a limit point of the sequence {z*}. Since Q is closed, z, € Q. Furthermore since T}
and T, are compact, there exist ; € T}, i = 1,2 and subsequences {2*}rcx , {t§+1}k€K7 i =1,2, such
that

kgr_{loo ¥ =z, kgrfm thtl =1, i =1,2. (37)
keK keK

~
Let [ be arbitrary. Let & < g(t, #oo), Vt € TS, B < F'(24). Then by continuity there exists k; such that

~1
FlzF)y >3, g(t,2%) > al vt e TL, Vk € K such that k > max{l, k;}.

As a consequence, since 6 is nondecreasing, we deduce from inequality (31) that

~
Bl—i— Z LIZM SF(UJ)-F’Y;@W-FU}@(U), with lim vg(u) = 0. (38)
teT)} 17 k b b
Since 0 < 0(G(u)dx) < 0(0) and lim,—, o O(u) = 0, then
lim ~, 2GW%) _ (39)
k— (Sk

under one of the conditions (a), (b), (c).

It follows that the right hand side of (38) converges to F'(u) as k — co. As a consequence, since 6 is
nonnegative, we get that
Lk 9(5450

Bl <F(u), B+ s < F(u) + kg(u) VteTi, where klim Kr(u) = 0. (40)
2 k —00

Repeating the same arguments as in part 2), we deduce from (40) that

al <0 vteTl (41)
Letting Bl — FlY(2s), & — g(t,200) Vt € T% it follows from (40) and (41) that

F'(zo0) < F(u), (42)

and
g(t,x00) <0Vt € TL VI (43)

Now passing to the limit as | — +oco we get

g(t2, Ts0) < 0. (44)
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Finally
g5 moe) = g(t5T, 2%) + [g(t5T", 200) — g(£571, 27)],

so that, according to (20),
95+ woe) 2 G(a®) — g, + [g(t57 200) — g(t57, 2%)]. (45)

Passing to the limit, using (21), (37), (44), and the fact that G and g are continuous we get G(z) < 0,
so that xo, € C.
Coming back to inequality (42), with v € C' (u € Q and G(u) < 0 if (A2) holds), by continuity we get

Fl(z) <v(P) VI (46)
Now we define j(I) = max{j € K : j <l}. Then
Fl(wo) > F(H " 20c) = ST 20) 4 (1O 20) = £, O)).

According to (20), F(z/®) < f(t{(l)ﬂ, L AONNE f;)- Passing to the limit in these inequalities, and using
(46), we get F(zs) < v(P), which proves that x.€ Sp. O

REMARK 3.4 The functions 04 and 05 satisfy the assumption 6(0) = 0, but not 6.

REMARK 3.5 When D is defined with a finite number of inequalities q, then we can take TY ={1,...,q},
and we do not need to compute in RPSALG the element t’;"'l. Obuviously the convergence proof remains
valid. Furthermore in that case we can choose my = q which leads to parameters ~y, smaller than for
my = 1o + k.

REMARK 3.6 A unified framework for penalty and barrier methods was developed in [4] for nonconvex
programs containing a finite number of inequalities and semi-definite constraints. The convergence results
given in Theorem 3.1 can be extended to the monconvex setting in a sitmilar way, but using much more
sophisticated results on asymptotic functions (observe that some results of Section 2 are only valid for
convex functions (e.g., (12), (13) or Proposition 2.1).

Comment 1

In the min-max case (T = §)), RAPSALG coincides with the entropic smoothing method proposed by
Sheu-Lin [26], where convergence was obtained under the stronger condition: @ is compact. For ordinary
CSIP (|(T1)| = 1), Martinet proposed in [17] an algorithm similar to RAPSALG, the difference being the
formula giving the approximating penalized term. In fact, Martinet chose G* () = ag ZteTzk 0 (g(t,x)),
with ag > 1, instead of (3). The class of penalty functions considered in [17] consists of continuous
functions 6 : R — R, such that 6(¢) = 0 if ¢ < 0. This is a very restrictive condition which is
violated in particular by 61, €5, 03 and by the exponential function g. Actually, this condition concerns
essentially functions as 64 or 05, for which the two frameworks coincide. With a completely different
proof, convergence in [17] was obtained in the nonconvex case, but under the stronger assumption which
imposes to F' to be level bounded on ) instead on the feasible set QN D, as in Theorem 3.1. Furthermore
in [17] there is no duality analysis as in the following section.

It should also be noted that both schemes require summing up over T4 to evaluate the values of the
penalized function and of its gradient. In this case deletion rules can be helpful to improve the models.
Such a rule has been proposed in [17], where convergence is proved in the convex case, with the assumption
just cited above but imposing the additional one that F' is uniformly strictly convex.

4. Duality results In this section we assume, for the sake of simplicity, that Q@ = R", that T} is
reduced to a single point, so that F' is C! on the whole space R™, and we suppose that V,g(-,-) exists
and is continuous on 75 x R™. We use the following notation:

a) C(T») is the Banach space of real-valued continuous functions on T, equipped with the maximum
norm

|2|| = max{|h(t)| : t € To}.
By C4 (1) we denote the cone of nonnegative valued functions in C(7T%).
b) M(T») is its topological dual, i.e., the space of all the finite signed Borel measures on T, embedded
with the total variation norm. We have



Mathematics of Operations Research xx(x), pp. xxx—xxx, (©200x INFORMS 11

(h,o) = /T h(t)o(dt) Vo € M(Ts), Vh € C(Tz).

Since T5 is a metric space, C(T») is separable and every finite signed Borel measure on Ty is regular (see,
for instance, [8, Example 2.37]).

By M, (T») we represent the positive cone of M (T%), i.e., the subset of M (T5) composed by the finite
Borel measures on Ty. For o € M (T2) we have [|o|| = [}, o(dt).
¢) L(z,0) is the usual Lagrangian function associated with (P), i.e.,

Liz,0) = (o) + (g2 0) = F@) + [ glt,z)o(ar),
T
with z € R, 0 € M (T2), and g,(t) := g(¢t,z), for all t € T5.
d) Associated with the Lagrangian function we consider the function
P(o) :=1inf{L(z,0)| x € R"}.

e) Associated with our primal problem (P) we define the usual Lagrangian dual problem

(D> U(D) = SUPse M (Ty) infmeR" L(l‘, U) = SUPse M, (T2) ’(/J(O‘) (47)
g) The so-called weak duality inequality v(P) > v(D) always holds. The optimal set of (D) is denoted by
Sp.

The following theorem gathers the most relevant properties of the dual pair.

THEOREM 4.1 Assume that assumptions (A1) and (As) are satisfied. Then, the following statements
hold:

(i) The strong duality v(D) = v(P) is satisfied, and the dual optimal set Sp is nonempty and bounded
for the total variation norm.

(1) If 7 € M (T3) and T € argmin(T) are such that

g(t,T) <0Vt €Ty, and (¢9z,0) =0,

then T and @ are optimal for (P) and (D), respectively. Moreover, under the current assumptions we
have
T € argminy (o) < V,L(Z,7) = VF(T) + V.9(t,Z)a(dt) = 0. (48)

Ts

The proof comes straightforwardly from Theorems 5.97 and 5.98, Corollary 5.109, and (5.278) in [8].

Let us come back to algorithm RPSALG in which we compute a point 2* € R™ satisfying the stopping
rule

VF(x Z 0 (g WVag(t, z%) + 2epz"|| < V2. (49)
teTk

For the rest of this section we suppose that (0,{v,},{dxr}) satisfies at least one of the conditions (a),
(b), (¢’), where (a) and (b) are defined in Section 3, and

(") 0 € Fo, limy_, o § = 400, 7’“ > ¢ Vk for a certain € > 0, {7—:} is bounded, and 6(0) = 0.

Thanks to Remark 3.2 the point z* satisfies (28) so that Theorem 3.1 holds. Furthermore this inequality

leads us to introduce the sequence of discrete measures {O'k} associated with the sequence {z*} by
oh =k Vo) ay, (50)
IT |

teTy
where «; is the Dirac distribution concentrated at point .
Using Theorem 4.1 we get the following dual convergence theorem, in which we prove the weak*-
convergence of a sequence {o*} € M(T3), to some element o € M(T), i.e

Jim (h,o"y = (h,0), VYheC(T).
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THEOREM 4.2 Assume that (A1) and (Asz) are satisfied, and suppose that (0, {~v},{dr}) satisfies at least
one of the conditions (a), (b), (¢’). Then, the following statements hold:

(i) The sequence {c*} given in (50) is strongly bounded.

(ii) There exists at least a weak™—limit point of this sequence, and each weak™—limit point of this sequence
belongs to Sp.

Proof. i-1) Let us consider the (possibly empty) set I := {t € T : g(t,2*) < 0}. Since 0 is
nonnegative and convex we get

Vi e TE N Iy : 0 (g(t,2%)61) (0 — Srg(t, 2*)) < L5 [6(0) — B(g(t, #*)51)] < —2-6/(0),

T} |T§| vy
and since ' is nonnegative it follows, from the definition of o, that
(o, o) > S g (gt 2" g(t, %) > — T2 (0). (51)

k 5
teTkNI, 1751 F

i-2) Let us prove now that the sequence {o*} is strongly bounded. If not, there will exist a subsequence
{0*}rex such that limy oo kex HokH = 00, and we define the measures

F = O'k/ Hok

Then recall that the separability of C(T%) entails that the ball B* := {0 € M(T3) : ||o|| < 1} is weak*
sequentially compact. As a consequence of that, and since the sequence {z*}1cx is bounded with limit

points in Sp (according to Theorem 3.1), there must exist a subsequence {Ek}ke k', with K’ C K, such
that

, ke K.

kH()lgileK,x =T €Sp, w kaiéf?exfa o€ M (Ty), |lo]l=1. (52)

Now from (49) we obtain

E E
“V”f},f”)+<vzg$k,ak>+m < ﬁ/jfr €K' (53)
Before taking limits for k — oo, k € K’, we write
<Vmgxk,3k> = <ngxk - ngzm,3k> + <ngmoo,5k> : (54)
Using the uniform convergence over the compact set To, we get
im  [Veger = Vaga, |l = 0. (55)

k—o00,kEK’

So, since the sequences {x*}rcx and {VF(2*)} e are bounded, from (54) and the weak* convergence
of the bounded sequence 5" to &, taking limits in (53) we conclude

(Vaga.,,0) = 0. (56)
Let us write now
<gmk,ak> = <gmk - gmx,3k> n <g%,a’“>. (57)

With the same arguments as above, taking limits for K — oo, k € K', we get

. ~k ~
— <
& h,nkleK’ <gm’C Y > <gm’oo 0 > = Oa (58)

since & € M (T) and g(t,7) < 0Vt € Ts.
Now, dividing both members of (51) by ||o*||, we get

~k Tk
L 0(0). 59
(020,") 2 ~ 5 60) (59)
Since limy_, o W = 0, passing to the limit in this inequality, we get with (58)

(9r0,0) = 0. (60)
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Let us consider now u satisfying Slater’s condition. Since ||g|| = 1 and ¢ € M, (T3), it follows that
(9u,0) < 0. Since g(t,-) is convex, we get h(t) := (Vo9(t,Te0), 4 — Too) < g(t,u) — g(t,20) and from
(56), and (60) it follows

0= <haa> = <<vwgzooaa>7u_moo> S <gu _gwmaa-\) < 0)

a contradiction.
ii) Since the sequence {c*} is bounded, and applying again that B* is weak* sequentially compact, there
will exist at least a w*-limit point. Let oo, be an arbitrary w*-limit point of this sequence. Since {z*}
is bounded with limit points in Sp there exists a subsequence {o*}rc such that

lim a*=2,€8p, w'— lim of =0, € M (Ty). (61)

k—oo,keK k—oo,ke K
Using the same arguments as for (58) we get (g:__,000) < 0. Now, since either #(0) = 0 or limg_, g—: =0,
and passing to the limit in (51), we get
(9o 0o0) = 0. (62)

Now coming back to (49), passing to the limit and using the same arguments as in part i-2) we get
VF(‘TOO) + <Vmgmmvaoo> =0.
Then applying Theorem 4.1, it follows that o, € Sp. (]

5. Integral-type Algorithm coupled with Penalty and Smoothing Methods RPSALG, as
all Remez-type methods, requires to solve nonconvex optimization problems in Step 2. From a compu-
tational point of view, actually this is only possible for particular cases, for instance when the functions
f(,x), g(-,z) are polynomial, with low dimensional sets T} and T5. An alternative strategy can be to
consider a global smoothing and penalization via integrals, which convexifies these functions.

In this section we suppose that T;, i = 1,2, is a compact set in some finite-dimensional Euclidean space,
with a nonempty interior, and that

ft,z) = h(z) + (a(t),z) = b(t), Yt € T1, g(t,z) = (a(t),x) — b(t), Vt € Ty,

where h : R" — RU{+o00} is convex, lsc, and C! on Q. For more general cases we refer to the forthcoming
Remark 5.2.
For 6, > 0, pr >0, v, > 0, and 6 € F we set

L) =~ log ( /T eXP[(<a(t),I>—b(t))pk]dt>, Fo(x) = 7, /T %}f)%)dt’

where dt is the Lebesgue measure. Then we consider
Je(z) = h(z) + Ik(z), Ry(z)= Jp(z)+ Ex(z),
and with €, > 0, we introduce the associated regularized subproblem
(Pk,.)  inf{Ri(x) + exllz]?] = € Q). (63)

Observe that I is convex ([12, Lemma 1]) and, obviously, Fj is also convex, so that Ry is convex, lsc,
and C! on (. Consequently, the objective function of (R-’j;ps) is strongly convex on ) and there exists at
least a point ¥ satisfying

zF e Q, h(xk)+Ik(1’k)+Ek(xk)+ek||zkH2Sh(u)JrIk(u)+Ek(u)+ek||u\|2+ek Yu e Q. (64)

REMARK 5.1 Since h and 6 are C', the objective function of (Pi]jps) is also C', with

exp|({a(t),z) — b a(t)d
Vis(a) = 1P OO Smn = [ Hatnsoatn (6

Then it is worthwhile to note as in Remark 3.2 that, when @ is the whole space, any usual gradient
method will provide in a finite number of steps such a point by using the implementable stopping rule

||V Ry (2%) + 2e2"]| < V26 (66)
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We suppose now for the rest of this section that ¢, > 0, Vk, limg_,o € = 0, limg_, o0 pr = 400, and
we introduce the following conditions:

(%) 0 € Fq, limg 00 g—: =0, and limy o0 y), = +00.
(b”) 6 € F, limy o g—: =0, and ,, > ¢ Vk, for a certain € > 0.
Now we describe our second algorithm as follows:

Integral Penalty Smoothing Algorithm - IPSALG:
Compute, at each Step k, z* satisfying (64).

From now on, for each V; C T; we set v(V;) = fVi dt. Then we have the following lemma:
LEMMA 5.1 Letu € Q, 7(u) := max{(a(t),u) —b(t) : t € T}, and let {u*} be a sequence in Q converging

tou. Then | T
log(v(T1)) and klim I (u®) = 7(u). (67)
Pk — 00

I (u) < 7(u) +

Proof. Set
1(t) == (a(t),u) —b(t), U(t) = (a(t),u”) —b(t), and ¢ € argmax{I(t): t € T1}.

Then the first inequality in (67) is a direct consequence of the inequality exp[l(t)px] < exp[r(u)px] Vt € T7.
Now we claim that for each § > 0 there exist ¢; > 0 and ny such that

I(t) > 7(uF) — B Vte B(ti;e) :={t €Ty :d(t],t) < e} and Yk > ny.

Otherwise, there would exist § > 0 such that, for each positive integer r, there exist ¢. € T7 and k. > r
verifying d(t},t,) < 1 and Iy, (t,) < T(u"") — 3. The sequence {t,} converges to ¢}, and since the function

7 is continuous, passing to the limit, we get 7(u) < 7(u) — 8, a contradiction. As a consequence we get,
denoting B; := B(t];€1),

) = log ( / | exp[w)pk]dt) > Liog ( / expl(r(u) - mpk]dt)
= (r(uk) - )+ BB,

Passing to the limit, since 7 is continuous we obtain lim infy .. Ix(u*) > 7(u)— 3, and then, with 3 — 0T,
we obtain liminfy_ o I (u¥) > 7(u).

Now using the first inequality in (67) and the continuity of 7 we get limsup,,_, . I (u*) < 7(u) so that
limy, oo Iy (u¥) = 7(u). O

THEOREM 5.1 Suppose that Assumption (A1) holds and that (0,{v.},{0r}) satisfies at least one of the
conditions (2’), (b’). Then the sequence {x*} built by IPSALG is bounded and all its limit points are in
Sp.

Proof. 1) Let u € C and set
0(G(u)dr) | log(v(Th))

M) 1= () LA e (68)
k Pk
Since 0 < 0(G(u)dy) < 6(0), it follows from (68), and at least one of the two conditions (a’) and (b’) that
lim 7, (u) = 0. (69)
k—o0

Now since @ is nondecreasing, by definition of Ej(z*), and from (64) and (67)

2 e Q, hh)+ I(z") + Ep(2®) < F(u) +n,(u) + e u|]* VYu e C. (70)
As a consequence, since Ej(z*) is nonnegative there exists some o € R such that, for k sufficiently large,

we have
h(xk) + Ik(;vk) + Ek(xk) < « and h(xk) + Ik(xk) <a. (71)
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2) Now let us prove that the sequence {2*} is bounded. Suppose the contrary. Then there exists a
subsequence {z¥} ek such that

k
lim  |[z"|| = +oo, lim ——
k—to00, kEK k—+oo keK ||x¥]|
Let ¢7 € argmax{(a(t),d)| t € T1}. Then (see Section 2) Fo(d) = hoo(d) + (a(t}),d). Now let 7 <
(a(ty),d). Then, since a(-) is continuous, for each r > 0 with 7+ 471 < (a(t}), d) there exists €; > 0 such
that

=d#0, d€ Qu. (72)

(a(t),d) > 2r1 + 71 Vte By := B(t];e1). (73)

> % Since a(-), b(-) are continuous, the sequence {ug}recx converges uni-

Set uy(t) = < (), 1%

formly on Bj to {(a(-),d

, and there exists kg such that
ug(t) >r1+7, Vi € By, and Vk > ko, k € K.
Then VEk > ky we have

Rt = og( [ lexptpkuk@)m’wndt)zplklog( / 1exp[<7+n>||m’f||pk]dt)

Pk
log(v(B
(7 o] + <2,

and this entails .
lim inf Ix(@")
e e TlaA]

>T4+17.

Then, taking 7 — (a(t}),d), which implies 71 — 0", we get

I k
lim inf k(27
R koA

> (a(t1), d). (74)

Now dividing both members of the second inequality in (71) by ||z*|| and passing to the limit, we get
from inequality (74) and from the definition of h

) e h(zF)  I(zF)
0 = lim > ] f 75
e T kii?l?ex<| ] T ] (75)
k k
> lim inf h(a”) + liminf L")
k—oo, keK ||zk||  k—oo, keK ||xF||

V

hoo(d) + (a(t1), d) = Fso(d).
Now we proceed by dividing both members of the first inequality (71) by ||«*||, passing to the limit and

using (75):
. h(l‘k) I/C(.%‘k) Ek(l‘k)>
0 lim > liminf ( + + (76)
koo, WeK [[zk]| T koo, wer \ [|zM] [l [Jat]
Ek(a:k)

V

hoo(d) + <(L(t1),d> + i}gnkléK kaH

Now we prove that
(9t)oo(d) = (a(t),d) <0 Vit e Ty, (77)
in which case, using (22), relations (72), (75), (77) would imply that assumption (A;) is not satisfied,
and this is a contradiction. So, suppose that (77) does not hold. Then, since a(-) is continuous, there
exist t* € Ty, r > 0 and €2 > 0 such that
(a(t),d) > 2r ¥Vt e By:=B(t";r):={t €Ty :d(t",t) <r} (78)

Set u(t) := <a(t)7 Hzi‘|> IIbagi)H Since a(-),b(-) are continuous, the sequence {uy}rex converges uni-

formly on By to (a(:),d). Hence, there exists k; such that
ug(t) >r, Vt € Ba, and Vk > k1, k € K.

Since 6 is nondecreasing, it follows that

0(g(t, z%)5x) > 0(r||z"||0), Vt € Ba, and Vk > ki, k € K,
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so that . m
Ey(z") Vi . 0(r||="][0x)
= 0(g(t,z")0k)dt > v(Ba)v,——— Vk>ki, ke K. (79)
=¥ Okll=*]] /g, S,
Taking limits we get
. Ey(®) . O(r||2*[|5x)
> —_— .
Amint, e 2 v(Be) ik =g (80)
We shall make the following discussion:
(a’) Since
O(r[|*[]6r)

k—oo, keK

lim inf
{ ||2*][6%

} > 0o (r) =105(1) >0

k
and limy_,o v, = +00, we get limy_ o0, kek % = 400 and this contradicts (76).

(b’) Since 7y, > ¢ > 0, Vk, and (1) = r0s(1) = 400 we reach a similar contradiction, and we have
to conclude that the sequence {z*} is bounded.
3) Now let {z*},cx be a subsequence such that limy_ oo, ker z* =z, and, in order to finish the proof,
let us show that ., is an optimal solution. Since @ is closed it follows that x, € Q. Furthermore, since
E}, is nonnegative and h is continuous at ., passing to the limit in (70), and thanks to (69) and Lemma
5.1, we get
Flrso) < o(P). (s1)

Coming back to (71), and since from Lemma 5.1 the sequence {h(z"*) + Ij.(z*)} is bounded, then there
exists a scalar 3 such that
Ep(z¥) < B, k€ K. (82)

To prove that z, is an optimal solution, since z, € @, and thanks to (81), we have only to show that
(a(t), Too) — b(t) <OVt € Th.
Suppose the contrary. Then, since a(-),b(-) are continuous, there exist t* € Ty and r > 0 such that

(a(t), zoo) — b(t) > 2r Vt e B(t";r).

Set ug(t) := {(a(t),z*) — b(t). Again, since a(-),b(-) are continuous, the sequence {uy}rex converges
uniformly on B(t*;7) to (a(-), Zoo) —b(-). As a consequence of that it follows, for k sufficiently large, that
ug(t) > r vVt € B(t*;r). Then since 6 is nondecreasing and nonnegative we get from (82)
O(rdy,
u(Boy 20 <
k

Then taking the same arguments given at the end of part 2, and passing to the limit in this inequality,
we obtain a contradiction, which finishes the proof. O

REMARK 5.2 When Q is bounded it is worthwhile to note that the proof of Theorem 5.1 remains valid for
functions f; and g; not necessarily affine. Indeed the proofs of Lemma 5.1 and parts 1 and 3 of Theorem
5.1 remain valid, by word by word, meanwhile part 2 becomes unnecessary because Q) is bounded.

REMARK 5.3 When Ty = 0 and Ty # 0 we define F := h, I, := 0, while if To, = 0 and Ty # 0 then
D =R" and we define Ey := 0. Then in both cases IPSALG is well defined and Theorem 5.1 obviously
remains valid with a proof which becomes simpler.

Duality results
For the sake of simplicity we suppose here that @ is the whole space, that {71} is reduced to a single
element and that z* satisfies (66). As pointed out in Remark 5.1, ¥ satisfies (64), so that Theorem 5.1
holds.
Let us introduce a linear map Jy : C4(T2) — My (T2) as follows

(Jofih) = [ hfdt YfeCi(Tn), VheC(Ty).
T
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Now we associate with the sequence {z*} the sequence {0} of measures given by
o® =y Jo(0 (g(-, "))

Using the same techniques as for RPSALG we can obtain the following convergence theorem, whose
proof is only sketched here.

THEOREM 5.2 Assume that (A1) and (Asz) are satisfied, and suppose that (6, {~;},{dr}) satisfies at least
one of the conditions (a’), (b’). Then, statements (i) and (i) in Theorem 4.2 also hold in this setting.

Proof. i-1) If we consider again the set I}, := {t € T5 : g(t,2*) < 0}, we have this time

(o) 2 [ 0 g(t 15090t M) = - TEv(T2)0(0). (53)
Iy k
i-2) To prove that the sequence {o*} is strongly bounded, again we suppose the contrary. Then there
exists a subsequence {O’k}keK such that limy o0 kek HO’kH = oo, and we define the measures gk =
ok HO’kH , k € K. Following the same arguments as in Theorem 4.2, now we conclude from (83) that

~ . ~ . Vi
0> = 1 Lohy > — T3)6(0) = 0.
2{0e @) = MmN 2 I e TR0
In other words, (g, ,0) = 0, which yields a contradiction with Slater’s condition. The rest of the proof
is as in Theorem 4.2. O

To put in perspective the results obtained for IPSALG with respect to related works we end this
section with two comments.

Comment 2
IPSALG is a family of methods concerning three types of problems. The first type corresponds to those
problems where Ty = (), T # 0 (here F' = h is C* and I, = 0); the second type concerns problems where
Ty #0, To =0 (now C = Q and Ey = 0); and the third class is the most general with both 77 and T,
nonempty.
The references [2], [16], and [30] deal with problems of first type where F is C* and e; = 0 Vk. In these
three papers, as we shall see below, the conditions which are needed for primal convergence are stronger
than the unique condition (A4;) required for IPSALG.
In [2] 8 = 64, while in [16] § = 0, so that in both cases § € F,. Furthermore in both cases v, = 1 and
limy, o0 6 = 400, so that condition (b’) holds and they coincide with IPSALG when ¢, = 0 Vk. In [2] Q
is supposed to be compact. In [16] it is assumed that (A;) and Slater condition hold as well as two other
technical conditions. In both cases, the duality results also require stronger assumptions than IPSALG.
The method proposed in [30], appears without conditions on 7, > 0,8, > 0 as a particular case of
IPSALG with ¢, = 0 Vk and 8 = 03 € F;. However these two algorithms are different since the
parameters are chosen differently. Indeed in [30] J;, — oo and for & fixed 7, is chosen such that " is in
addition feasible, while for IPSALG they must satisfy condition (a’). Moreover, in [30] @ is supposed to
be compact, the Slater condition is also assumed and no duality result is provided.
In [12] the problem is of second type, a pure min-max problem where T = () and the proposed algorithm
coincides with IPSALG when ¢, = 0 Vk and limy_ o pr = 00. In [12] Q is supposed to be compact, while
for IPSALG we only require (A;).

Comment 3
Obviously if we want to use IPSALG, T; must have low dimension. Then in this case, a natural question
raised by the study of IPSALG will be to ask if it has some advantage over RAPSALG, but unfortunately
we cannot give a theoretical response to such a question. In fact it would be also interesting to compare
problems of the same nature as for example, RAPSALG with Remez cutting plane methods, or IPSALG
with integral barrier methods. To gain better understanding of their numerical behavior, future works
on implementing and testing these methods should be conducted.
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