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SERIES JACKSON NETWORKS
AND NON-CROSSING PROBABILITIES

A. B. DIEKER AND J. WARREN

ABSTRACT. This paper studies the queue length process in series Jackson networks with
external input to the first station only. We show that its Markov transition probabilities
can be written as a finite sum of non-crossing probabilities, so that questions on time-
dependent queueing behavior are translated to questions on non-crossing probabilities.
This makes previous work on non-crossing probabilities relevant to queueing systems and
allows new queueing results to be established. To illustrate the latter, we prove that the
relaxation time (i.e., the reciprocal of the ‘spectral gap’) of a positive recurrent system
equals the relaxation time of an M/M/1 queue with the same arrival and service rates as
the network’s bottleneck station. This resolves a conjecture of Blanc [6], which he proved
for two queues in series.

1. INTRODUCTION

The queue length process {Q(t) : ¢t > 0} of an M/M/1 queue with Q(0) = 0 admits the

sample-path representation
Q(t) = sup [No(t) — Ni(t) — (No(s) — Nu(s))],
0<s<t

where both Ny and N; are Poisson counting processes, Ny being the arrival process and
N7 the process counting the number of departures and unused services. Using time-reversal
we find that Q(t) given Q(0) = 0 equals supy<,<;[No(s) — N1(s)] in distribution, and in
particular that P(Q(¢) = 0|Q(0) = 0) can be expressed as a non-crossing probability

(1) P(Q(t) = 0]Q(0) = 0) = P(T > 1),

where T' = inf{t > 0: Ny(t) < No(t)}.

This paper generalizes (1) to a network setting, partially relying on the combinatorial
techniques and symmetric functions discussed in [10]. The networks we study are series
Jackson networks with external input to the first station only. We express Markov transition
probabilities arising from these networks as a finite (weighted, signed) sum of non-crossing
probabilities for multidimensional Poisson processes.

Time-dependent results for queue lengths in Jackson networks are mostly focused on the
case of two stations, e.g., Blanc [6] and Baccelli and Massey [4]. The spectral techniques from
the work of Kroese, Scheinhardt, and Taylor [14] seem to be relevant in a time-dependent
context, even though they are developed for the stationary distribution. O’Connell [17]
obtains results for series Jackson networks with an arbitrary number of stations, and these
results are most closely related to this paper. Indeed, as in [17], the combinatorial mechanism
underlying our results is the Robinson-Schensted-Knuth (RSK) correspondence.
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It is well-known that, through the RSK correspondence, departures from queues in series
are related to non-crossing Poisson processes. For instance, O’Connell and Yor [18] prove
that the cumulative departure process of the last queue is equal in distribution to the smallest
component of Poisson processes conditioned not to cross. In turn, the latter process is
closely related to the Charlier random-matrix ensemble. Our representations for transition
probabilities as a sum of non-crossing probabilities have a different flavor. In fact, our
arguments do not exploit the RSK correspondence explicitly, but we use a recent result of
Rékos and Schiitz [20] as a starting point. Their formula is a generalization of the Schiitz
formula for the transition probabilities in the totally asymmetric simple exclusion process
(TASEP).

The connection between queues in series and non-crossing Poisson processes studied here
can possibly be used to obtain new results on queueing networks that are beyond the scope of
the present paper. For instance, the recent work of Puchata and Rolski [19] on non-crossing
probabilities suggests that the ‘sharp’ asymptotic behavior (as t — 0o) of the queue-length
transition probabilities may be found; we discuss this in somewhat more detail at the end of
Section 4. It may also be possible to find a ‘spectral’ representation for queueing probabilities
analogous to the M/M/1 spectral (or integral) representation, see, e.g., [1], from a ‘spectral’
representation for the transition probabilities of non-crossing Poisson processes.

Convergence to stationarity. Representing Markov transition probabilities as a sum of
non-crossing probabilities allows us to examine the speed at which the multi-dimensional
queue length vector Q(t) converges to its steady-state vector Q(oo). More precisely, given
that all queues are initially empty, we investigate the probability that the system is empty at
time ¢ for large ¢t. Using a large-deviation result for non-crossing probabilities, we determine
the relaxation time for the queueing network, i.e., the ‘asymptotic’ time required for this
probability to decrease to 1/e. For many Markovian transition probabilities (including
reversible kernels on a finite state space), the relaxation time is the reciprocal of the spectral
gap. We show that the network’s relaxation time equals the relaxation time of an M/M/1
queue with the same arrival and service rates as the bottleneck station, see (10). This
resolves a conjecture of Blanc [6], which he proved for two queues in series. For work on
relaxation times for non-Markovian processes, we refer to the recent work of Glynn, Mandjes,
and Norros [11].

The model. We consider a queueing system with several single-server queues in series,
each with an unlimited waiting space. Customers arrive according to a Poisson process at
the first queue. They join station 7 + 1 after receiving service at station ¢, and leave the
system after being served at the last station. The service discipline in each of the stations
is first-in-first-out. All service times are exponentially distributed with a parameter only
depending on the station, as well as mutually independent and independent of the arrival
process. It is convenient to imagine that the arrival stream arises as the output process of
an auxiliary zeroth station with an infinite number of customers; the service requirements at
this station then become the interarrival times. We suppose that the total number of stations
(excluding the auxiliary station) is N, and we let v; be the parameter of the exponential
service distribution at station 4. In particular, v is the arrival rate of customers at the first
station.

Two natural Markov processes associated to series Jackson networks are the cumulative
number of departures vector D and the queue length vector Q. For i =0,..., N and t > 0,
let D;(t) be the total number of departures from the i-th queue in the time interval [0, t]. For
i=1,...,N, write Q;(t) for the queue length at station i at time ¢. The vector @ is readily
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described in terms of D: Q(t) = (Q1(0)+ Do(t) — D1 (t), Q2(0) + D1(t) — Da(t),...,Qn(0)+
Dn_1(t) — Dn(t)).

Organization and notation. This paper is organized as follows. Section 2 presents results
on the cumulative departure process which are principal tools in our investigations. Section 3
derives two identities for the probability of an empty system at time ¢ given an initially empty
system, the second identity being only applicable in the positive recurrent case. Relaxation
times are studied in Section 4. In Section 5, we discuss how the identities of Section 3 change
when the underlying assumptions are relaxed. We review the concepts of combinatorics and
symmetric functions that are most relevant to us in Appendix A.

Throughout, we let the family {w, : n € Z} of functions on R be given by w,(t) =
t" />0y for n > 0, while wo(t) = ;>0 and w, = 0 for n < 0. Here and throughout, 14
denotes the indicator function of the set A. We also define

WV ={zecZNT gy > ... >y}

Unless otherwise indicated, all determinants in the present paper are (N + 1) x (N + 1),
with the indices ¢ and j ranging from 0 to N.

2. THE CUMULATIVE NUMBER OF DEPARTURES

This section focuses on the probabilistic behavior of the cumulative number of departures
from each of the queues, by presenting the transition kernel of this process. We also express
this kernel in terms of the kernel arising from non-colliding Poisson processes.

A full description of the process D on a probabilistic level is given by the transition
probabilities ¢¥, defined for d,d’ € W and t > 0 as

¢t (d,d’) =P(D(t) = d'|D(0) = d).

Rékos and Schiitz [20] derive an explicit formula for ¢}, which we describe next. They
study an interacting particle process known as totally asymmetric simple exclusion process
(TASEP), which is equivalent to the departure process from queues in series. Both the
vector-valued process D and the TASEP particle system are Markov jump processes. The
departure process at the i-th queue D; makes a jump of +1 at rate v;, corresponding to a
service (or arrival if i = 0), unless D;(t) = D;_1(t) in which case it cannot jump because the
i-th queue is empty. Now consider the ‘shifted’ vector D where D;(t) = D;(t) — i, and note
that this process has the same dynamics as the ordered positions of particles in an (N + 1)-
particle TASEP exclusion process with particle ¢ having jump rate v; for ¢ =0,..., N.

The next proposition presents the result by Réakos and Schiitz in a form which closely
follows [10]. Rékos and Schiitz [20] prove this proposition by verifying the Kolmogorov
forward equations for D, and an alternative proof can be given using the results from [10].
ForneZ,teRand 0 <i,57 <N, we write

2) w(ij)(t):{ (1R Wwngr(t) i G <,

S0 by ) was () if i<
where e,(fji)(u) and h,(jj )(V) are coeflicients which are elementary functions of the vector
v = (v,...,vnN); see Appendix A for explicit formulas. In the remainder, for notational

convenience, we suppress the arguments v of the coefficients e,(jj )(V) and h,(jj )(V). As an
aside, we note that wl )(t) is a shifted multiple orthogonal polynomial of Charlier [3] for
J<i



4 A. B. DIEKER AND J. WARREN

Proposition 1 (Rékos-Schiitz [20]). For d,d’ € WV, we have for any t > 0,

N
&Y (d,d) = H [e_”ktyzk_dk} det {wt(;;]—)dj—iﬂ(t)} :
k=0
It is our next aim to derive a representation for ¢y in terms of the transition kernel of
Poisson processes killed on their first crossing time. To describe these processes in more de-
tail, consider a measurable space on which a stochastic process { X (t) = (Xo(¢), ..., Xn(t)) :
t > 0} is defined. Suppose that this space is equipped with a family of measures {P% : v €
Ri\_’ +1,x e WhN }. Under P%, X; is a Poisson counting process starting at x; with rate v;,
and the elements of X are mutually independent. We set P = P{j and define T as the first
exit time from the Weyl chamber W i.e.,

T=inf{t>0:X(t) ¢ WV}

The process X killed at time T' is a Markov process on W, and by the Karlin-McGregor
formula [13] its transition kernel P} is given by, for ¢ > 0,

N
(3) PY(z,2)=PlUX({t) =T >t) = H [Vzé_zke_”’“t] det {wzl(_zj_iﬂ»(t)} :
k=0

Note that the rates v; do not appear in the determinant, so that a simple change-of-measure
allows us to change jump rates: for z, 2/ € W,

N 2, — 2k
(4) PtV(Z7 Z/) — Pf‘(z, Z/) H [(%) e—(l/k—Ak)t] .
k

k=0
For z,d € W, we define

A (zd) = v ae {n0Y)
(dz) = v det {1yt L

As detailed in Lemma 3 below, in the terminology of Appendix A, A¥(z,d) is a weighted
analog of the number of Gelfand-Tsetlin patterns with specified bottom row and left edge.
The representation of ¢} in the following proposition is readily obtained from the Cauchy-
Binet identity (e.g., [12, Prop. 2.10])

(5) > det{€i(z — 5)} det{t(z — i)} = det {Zmzm(z)} .

2e€WN 2€7Z

For two kernels A and B on W/, we define the product kernel AB through AB(z,2') =
ZyEWN A(Z7 y)B(y7 Z/)‘

Proposition 2. We have ¢f = II"P/A".
Proof. With Cauchy-Binet and the observation

= (1)l i<,

we obtain the claim. O
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The kernel I1” is the inverse of the kernel A¥ as shown in [10]. Proposition 2 is therefore
equivalent with the so-called intertwining P’ A¥ = A¥ ¢}, which has the following probabilis-
tic significance. There exist processes with values in Gelfand-Tsetlin patterns which give rise
to couplings of the process D and the process X conditioned to stay in the Weyl chamber
WHN. The kernel A describes the conditional distribution of D(t) given X (¢) under this
coupling. Further details can be found in [10, 22].

The preceding proposition connects departures from queues with non-colliding processes,
and forms the starting point for our investigations. Another ingredient is the following
alternative expression for A”, which is Proposition 2 of [10]. It rephrases A” as a sum over
Gelfand-Tsetlin patterns of order N + 1; see Appendix A for notation and terminology.

Lemma 3. For z,d € WV, we have
A (z,d) = vy - ™ Z v
x€K:sh(x)=z, ledge(x)=d
This lemma shows that A”(z,d) vanishes unless zy = dy, which is not so apparent from

the definition.

3. TRANSITION PROBABILITIES FOR () AND SUMS OF NON-CROSSING PROBABILITIES

This section presents two identities relating &y (0,0) and non-crossing probabilities, where
Y is the transition kernel for Q: for ¢,¢' € ZV,

ki (¢,4') = P(Q(t) = ¢'|Q(0) = q),
suppressing the dependence on v on the right-hand side.
Recall that P¥(T > t) is the probability that a multidimensional Poisson process with
rate vector v stays in the Weyl chamber W up to time ¢. We write Sy for the symmetric

group on {0, ..., N}, i.e., all permutations of this set. This group acts on Rﬂ\: +1 by permuting
the coordinates. An immediate consequence of the proof of the theorem is that &} (0,0) is
symmetric in v4,...,vy; this has already been observed in [17]. This property does not
extend to kY (q,q’) for q,q" # 0.
Theorem 4. Suppose that v, ...,vN are distinct. Then we have fort > 0,
PeW(T >t
HO0= Y =0

€SN 41:0(N)=0 H0§i<j<N [1 - VO(J')/VO(Z')] ‘

Proof. Since e,(:N) = 0 for £ < 0 and ¢ < N, it readily follows that I1”(0,z) = 0 unless

z = 0, in which case it equals 1. Since h,(fj N — 0 for k < 0 and j < N, we similarly find
that A¥(z,d) = 0 unless zy = dy, which can alternatively immediately be deduced from
Lemma 3. On combining Proposition 2 with these facts, we find that for ¢ > 0,

k(0,00 = > ¢/ 0.(6,....0)= > PY0,2)A(2,(L,....,0))

LEZ LeZ,zeWN
(6) = D P02 (G- 2)
zEWN
— o~ Tiiovkt Z det {w,, —i+;(t)} Z v,
2eWN x€KN:sh(x)=z,ledge(x)=(2N---,2N)

where the last equality follows from (3) and Lemma 3. Recall that the relevant notation is
introduced in Appendix A. Set A, = [[;.,;<n (i — v;), a determinant of a Vandermonde
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matrix. An empty product should be interpreted as 1. We next write the sum over x € K~
in terms of a Schur polynomial:

§ : x ZN ZN § : x
14 = I/O e I/N 1%
x€KN:sh(x)=z,ledge(x)=(2n,---,2N) x€KN—1:sh(x)=(20—2N,--»ZN—1—2N)

= VSN t V]Z\[Ns(zo—zN,...,zN,l—zN)(Vla cee 7VN)
1 N
= — Vv det {I/?’*l AN }
A, 0 N J j=1,..N’
where the last equality follows from the alternative definition of Schur polynomials given in
Appendix A. We thus obtain for t > 0

k;(O’O)—A_e_Zk —o Ykt Z det {w,, —it;(t)} 5™ det{ Fa H_N} R

2EWN T

L)=1L-

The symmetry of k' (0,0) with respect to v, ..., vy immediately follows from the symmetry
of the Schur polynomial. With the Karlin-McGregor formula (3) and the Leibniz formula
applied to the second determinant, we obtain

v -~ o(v
k¢ (0,0) = ( A) Z Sgn(a)yﬁ )1 (]7\21)2 o Vg(n—2)P (T > t).
€SN 41:0(N)=0

We next note that for o with o(N) =0,
(G

A, sgn(a)yﬁo) yi_\él_)l C e Vg(N=1)
[lo<icj<n Vo)) _ [locicj<n Vo))
(=DVsgn(o)A, [o<icj<n—1Vo() — Vo)
_ ozicjen Vo] TI120 Vo) = Vo)) _ 150 o) — Vo)
Ho<icjenVoti) = 7o )] o<icjen [ = vo() Vo]
_ IS % IS0 (1= voun/ve)] 55 o)
HOSK;’SN [1 - ’/U(j)/ycr(i)] H0§i<j<N [1 - Vcr(j)/Va(i)] 7
and we have finished the proof. d

For j = 1,..., N, define the load p; of station j by p; = vp/vj. We next work under
the ‘stability’ assumptlon max ", pj <1, and express the difference k' (0,0) — k%,(0,0) as a
weighted sum of non-crossing probablhtles

Theorem 5. Suppose that 1(1130(?’:1 p; < 1 and that all v; are distinct. Then we have for
t>0,

N N
N 11— s
kt 0 0 H 1— Py Z H] 1 [ p]] PU(V) (T > t)
J=1 0€SN11:0(N)#0 H0<2<9<N [ /Vcr(z ]

Proof. For A\ € Rf“ and x € WY, we define

w)\(([) = )\amo - )‘]_\fo det {)\;fz‘—i-i-j} ,
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which can be expressed in terms of Schur polynomials (see Appendix A) as

wiz)= ] (1—%) Ag 70 AR s, (M)

0<i<j<N

For convenience, we write wy for w(0) = [[p<;cjcn [1 — Aj/Ai-
Theorem 4 yields for t > 0, -

N
(7) [Ho-pl k@0 = > w PTT >0
Jj=1 c€SN11:0(N)=0
Let 6 be the permutation for which vzn) < vanv_1) < ... < Vz(g). The choice of & entails

that the term for & converges to the constant P?®)(T = oo); the idea of the proof is to
rewrite this term. )

As outlined in Biane et al. [5, Sec. 5.2] for the Brownian case, we have p;") (T =o0) =
Wz (); see also [16, Sec. 4]. Moreover, ws(,(+) is harmonic for the killed transition kernel

of X under P®) meaning that
Z Pg(y) (X(t) =y, T > t)wé(u) (y) = Ws (1) (Z’)
yeWnN

Indeed, using the Karlin-McGregor formula (3), this is readily verified with the Cauchy-
Binet identity (5). We thus obtain

PIUT >1) = Y PWX@E) =2,T>1) [ws) (@) + (1 —wsp)(@))]
rEWN
(8) = woey+ Y. PTUX(E) =2,T > t)(1 — ws)(@)).
xeWN

Next note that the expansion of the determinant w,(x) in conjunction with the change-of-
measure formula (4) yield

Y OPUX({t) =2,T>t)(1 - w,(x))

z€WN

- Z PY(X(t) =z, T > t) Z sgn(o)vy - vy NH ;EZ—HU(Z

ZBEWN O'ESN+1ZO'75id
N . .
= =3 Y sen@P X)) =a,T> 1) [y
ZBEWN O'ESN+1ZO'75id 1=0
= — Z Sgn(o—)]/g e V]‘]\\;V;(%) . V;(]]\\G)PU(V) (T > t)
0ESN+1:0#id
= — Z wyw;(i)PJ(V) (T >1).
O'ESN+1ZO'?Eid

Replacing v by &(v), we see that the second term in (8) can be rewritten as

Y PUX() =2, T > 1)1 —ws)(2) = —wopy D, wp,PTT >1).

zeWN 0ESN1:0#G
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We have thus shown that the right-hand side of (7) equals

Yo Wy PTT >
0€SN+1:0(N)=0

- > o PT > +1- Y W PTY(T >t
0€SN4+1:0(N)=0,0#6 0E€ESN11:0#£G

= Y. wuP VT en+1- Y0 W PUT >
0€SN4+1:0(N)=0 0ESN+1

= 1- > w,PT>,

0€SN+1:0(N)#0

and the claim follows. O

4. RELAXATION TIMES

The representation in Theorem 5 is particularly suitable for studying the regime t — oco.
Before giving a result into this direction, we prove a large-deviation result that we need in
our analysis. For terminology, see Dembo and Zeitouni [9]. Recall that the process X is
defined on a measurable space equipped with P”. The P”-law of X (t)/t satisfies a large-
deviation principle (LDP) in R¥*! on scale 1/t. The (good) rate function is I, : R¥+*!1 — R
given by

I(z) = E]k‘V:O [vg log(zr/vy) — op +vg]  if 2 € RYTY
Y o0 otherwise.

This can be seen, for instance, as a corollary of Exercise 5.2.12 in [9]. It turns out that the
P¥-law of X (t)/t also satisfies an LDP in

Wﬂév = {l‘ERN+1Z$OZ... >N}
on the event that X is killed at the boundary of W,

Lemma 6. For any v € Ri\_fﬂ, the (defective) measures PY(X(t)/t € dx,T > t) satisfy an
LDP in W]év on scale 1/t. The rate function is I, restricted to WHJJ.
Proof. Since P¥(X (t)/t € F,T > t) < PY(X(t)/t € F), the upper bound follows from the

LDP for the P¥-law of X (t)/t, i.e., without the killing mechanism. For the lower bound, we
prove that for any y in the interior of Wﬂév and any 0 > 0,

N
el
hglogf 7 log P” <X(t)/t € kl_IO(yk —0,yx +9),T > t> > —I,(y).
This inequality is trivial if y & Rf“, so we assume the contrary. In view of (3), the
probability can be written as

N

Zk
/ 11 Kﬁ) e—”ktﬂ/kt] PY(X(t) € dz, T > t)
TR o (ynt—0tynt+ot) ;o L\ Yk

N v Yit
> 11 <_k> ol 0By /It g —vit+unt

Yk

N

pY (X(t)/t e [[wk—evnte.T> t) ;
k=0

for any 0 < € < §. Since the probability on the right-hand side is bounded from below by a

positive constant as t — oo, we have proven the lower bound after letting ¢ — oo and then

e — 0. ([l
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We use the above lemma to investigate the asymptotic behavior of the sum given in
Theorem 5, as it implies that

1 .
9) tllglo i log PTWN(T > t) = — xéll}lfﬂé\’ Iy ().
By convexity, the infimum is attained on one of the faces of the polyhedron Wﬂév . The
following result follows from a comparison of the exponential rates of each of the terms in
Theorem 5. We write v(;) for the i-th smallest rate among vy, ...,vN, so that vy is the
smallest rate and vy the largest. The notation f(t) ~ g(t) is shorthand for f(t)/g(t) — 1.

Corollary 7. Suppose that mauxé-\f:1 p; <1 and that all v; are distinct. Ast — 0o, we have

N

v P) (V(NY) - V(2):10,V(1))

K(0,0) = T[ 11— pyl] ~ P -0t (T > ¢).
i ’ ITi<icj<n [1- V(i)/’/(j)]

Proof. We may assume that vy < v1 < ... < vy since k}(0,0) is symmetric in vq,...,vN.
Theorem 5 shows that & (0, 0)—]_[;-\7:1 [1 — pj] is a linear combination of probabilities P™) (T >
t) with o(N) # 0, and it is our aim to show that the term PW~»#2021)(T > t) has the
slowest exponential decay in ¢. In view of (9), we thus need to prove that & := (N,...,2,0,1)
minimizes inf, cyv Lo (x) over o € Sy4+1 with o(N) # 0.

Let o with o(N) # 0 be given, and write j = 0~ 1(0) < N. The rate function Iy is
strictly convex on (0,00)V L. Moreover, it achieves its minimum 0 at z = o(v) ¢ WZ';
since o(v); < o(v)n, the latter point is separated from W' by the hyperplane {x € RVT!:
r; = xn}. The infimum of I, over Wﬂéy is thus at least as large as the infimum over
this hyperplane, with equality if and only if the minimizing argument lies in Wﬂé\f . It is not
hard to see that the infimum over the hyperplane is v + vg(,), — 2\ /M0V5 () > and that it
is achieved at v*(o) given by

f@)_%@» if i ¢ {j. N},

B vo(v)y  otherwise.

We conclude that, if j = 0=(0) < N,

inf I, (x) > inf Iy (z
(EGW]éV ( )( ) {EG(O,OO)N+1I-'E]‘:$N ( )( )

= V0+VU(V)N_2 WoVo(v) N
> v+ v — 24/,

where the last equality uses that @ — vg + 2 — 2,/71g is increasing in x > vyp.

We next argue that this lower bound is attained only for ¢ = &. By strict convexity
of I5(,), the first inequality in the preceding display is strict unless v¥(o) € W[éy , showing
that o = & is the only candidate to attain the lower bound. In fact, since both inequalities
become equalities if o = &, ¢ corresponds to the unique asymptotically dominant term in
Theorem 5.

A direct calculation shows that for o = 7,

H;‘V:I [1 - pj] _ —p1
[o<icjen 1= Yoty /Vowy]  Tlhi<icjen 1 —vi/vs]

and this determines the prefactor. O
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The relaxation time is defined as the reciprocal of the exponential rate at which |£}(0,0)—
k%.(0,0)| converges to zero. The proof of Corollary 7 shows in particular that, if the v; are
all distinct and the system is stable, the relaxation time is

1 B 1
vo v = 2y vl yem)*
This is the same as the relaxation time of an M/M/1 queue with arrival rate vy and service
rate v(1). Therefore, the relaxation time is determined by a single bottleneck station. These
observations prove a conjecture of Blanc [6].

Corollary 7 is also of interest in order to obtain eract asymptotics (as t — oo) for the ab-
solute difference between k} (0, 0) and k%, (0,0), in contrast with the rough (i.e., logarithmic)
asymptotics obtained here. In fact, exact tail asymptotics for non-crossing probabilities are
a current research topic. For recent work on such asymptotics in a Brownian setting, refer
to Puchala and Rolski [19]. Thus, a Poisson-process analog of the results in [19] would
immediately yield new results for queues in series.

(10)

5. GENERALIZATIONS

This section discusses analogs of the identity presented in Theorem 4 for kf(q,q’) with
q,q¢" # 0, and how it changes if the service rates are not necessarily distinct.

Define 7 : WV — Zf via w(x) = (zg — 1,21 — X2,...xNy—1 — xy) and recall that the
queue length vector and departures vector are related by Q(t) = Q(0) +w(D(t)). For ¢ € Z,
we also define the ‘inverse’ 7, : Z¥ — W of 7 through 7,(¢) = ((+q1 + ...+ qn, L+ g2 +

..+an,...,L+qn,¥), and we abbreviate Ty by 7.

The transition probabilities for () can be expressed in terms of those of D through

K (q,4") = peq 0% (7(q), Te(q')), for q,q' € ZY . Now if we define for z € WV, ¢ € Z¥,

Aé(z,q) = ZAV(ZG%Z(Q)):AV(Zv%ZN(Q))
LET

(11) = yy Oy Z v
x€KN:sh(x)=z, ledge(x)=7z 5 (q)

— H [y:(Q)k—Zk] de t{ zNhiﬂ_VzN a )j—i+j},~7j:o,...,zv—1’

k=0
then it follows from PYAY = AV¢} that P/ and k} are intertwined:
PYAG(2,9) ZPt”Ayzm ZA”@ z,m(q)) = AHKY (2,9)-
(e, (ez

The kernel Af) is not invertible, however it does admit a (non-unique) left inverse IIf, defined
by I1{, (¢, 2) = I1"(7(q), 2): for ¢,q' € Zf

oMo, d) =D D (=@ N (2,70d) = ) LF@=ra) = Ya=a}-

LETL zeWN LeZ

Consequently we obtain the representation of the queue length transition probabilities, which
also follows directly from Proposition 2:

Proposition 8. For any t > 0, we have

K =114 PYAY),.
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The above proposition may equivalently be written as

zeWN

The function z > 117, (g, z) is supported on a finite set for fixed g, as is readily verified from
its definition. Therefore, the sum over z € W¥ in (12) is in fact a finite sum.

Of special interest is the case ¢’ = 0. From (11) it then follows that A{)(z,¢') can be
expressed in terms of a Schur polynomial for nonnegative z € W:

Ap(2.0) = 1™y > v
x€KN:sh(x)=z, ledge(x)=(zn,---,2N)
= I/SN_ZO .. I/JZVN__IZNflS(ZO_ZN’...7ZN71_ZN)(1/1, ... ,I/N).

It is only if the rates v; are distinct that this can be expressed as a sum of geometric terms
and a result of the form of Theorem 4 can be obtained from (12) by suitable changes of
measure, cf. the determinantal representation of Schur polynomials in Appendix A. At the
other extreme, when all the v; are equal to v, we have A{)(2,0) = [Jo<;<j<n—1(2i—2j —i+])
and (12) becomes

kY (q,0) = Y Th(q,2)EY [ &®-x;0)-i+h),T>t
zeWN 0<i<j<N-1

If ¢ # 0 and the rates v; are distinct, then Aa(z, ¢’) has a piecewise sum-of-geometric form
as long as z > 7(q’), otherwise it is zero. We expect that Theorem 4 can be generalized into
this direction, but that it involves the sum of probabilities of the form {X (t) > 7(¢’),T > t}.

We close this section by relating Proposition 8 to the literature. In the single-station
case N = 1, we have A{)(z,q) = (v1/10)* 71> 1q) and I (q,2) = =0} —
vilg—(g—1,0) for ¢ > 1 while Ha(O, z) = 1y,—gy. This leads to

_ '—q. z0—q —g(t) = 1wzy—g41(t)  wWx11(2)
kY q N = e (vo+r1)t Vz1+q q,,70—4 Wy q( z0—q+ 20

) gv% ’ ! Way—q-1(t) — 11wz —4(t) w2, (1)
2022114

We know from the sum representation of the modified Bessel function (e.g., [2, 9.6.10]) that

> Ui wgsa®)wi(t) = (vorr) "2 1a(2y/movit)

keZ

for d € Z. Expanding the determinant, we find that &} (q, ¢’ ) equals

p(q’—q)/2[q,_q + p(q’—q—l)/2[q+q 14 (1— Z %1,
0>q+q'+2

where p := /1 and all arguments of the Bessel functions are 2\/vpr1it. This is the well-
known expression for the time-dependent M/M/1 queue. A similar program can be followed
for N > 1, and k}(q,q’) can then be interpreted as weighted sum of so-called lattice Bessel
functions [4, 15, 8]. To our knowledge, for N > 2 this representation has not been recorded
in the literature. Note that it is numerically inefficient to use the resulting representation
of kY, see [7].
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APPENDIX A. SYMMETRIC FUNCTIONS AND GELFAND-TSETLIN PATTERNS

This appendix defines the coefficients e,(jj ) and h,(jj ) used in Section 2. We also introduce
Gelfand-Tsetlin patterns and Schur polynomials, which play important roles in the proof of
our main results. More details can be found in, e.g., Chapter 7 of Stanley [21].

The rth complete homogeneous symmetric polynomials in the indeterminates «y,...ayN
is given by

hr(a) = Z afoakt ... a?VN.
ko>0,....,kN>0:ko+k1+4-+Ekn=T
By convention hg =1 and h, =0 for r < 0. Now for 0 <i < j < N, let hgij)(oz) = h,(al¥))
where o) is the (N + 1)-vector (0,...,0, 41,42, --.,0;,0,...0) obtained from o by
setting the first 7 + 1 weights and the last N — j weights equal to 0. Equivalently it is the
rth complete homogeneous symmetric polynomial in the indeterminates ajt1,...,a;. We
set hgjj)(a) =1(r =0).
We write e, for the rth elementary symmetric polynomial defined as

er(a) = Z Qfy * - O,
0<k1 <ko<--<kr<N
In analogy with the complete homogeneous symmetric polynomials, we use the conventions
egjj)(a) = 1(r = 0) and eg(a) = 1. We also set eﬁij)(a) = ¢,(a)), so that in particular
eyj)(a) =0 for r < 0.
Let x be an array of real-valued variables x = (2°,...,2") with 2% = (2§, 2%, ... ,a:i) €
ZF 1 such that the coordinates satisfy the inequalities

af <afTl<ab | <afml <. <af <afl <af

for k = 1,...,N. We write KV for the set of all x satisfying the above constraint, and
say that any x € K¥ is a Gelfand-Tsetlin (GT) pattern of order N 4 1. For x € KN'7 we
set sh(x) = (20,2, ..., 2Y) and ledge(x) = (27,...,2¥). If ledge(x) > 0, ie., all 2] are
nonnegative, integer-valued GT patterns of order N + 1 are in one-to-one correspondence
with so-called semistandard Young tableau with N+ 1 rows and entries not exceeding N +1.

For a vector a = (ag, a1, ...,ay) of weights, we define the weight o of a GT pattern x by

o ¥ k k-1
oX = ago H akzxi—in )
k=1
The Schur polynomial in the indeterminates g, ...ayn corresponding to a nonnegative
2z € W is given by
sy(a) = Z o,

x€KN:sh(x)=z
Schur polynomials are symmetric in the «;, which is readily seen from their alternative
determinantal definition:

1 N
s.(a) = det {ozzf o }
’ ocicjenlai — aj] 7
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This representation requires that the a; be distinct, but there is no singularity; there are
factors of (a; — ;) implicit in the determinant which cancel with factors in the denominator.
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