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Abstract

Often in applications such as rare events estimation or optimal control it is required that one calculates the
principal eigen-function and eigen-value of a non-negative integral kernel. Except in the finite-dimensional
case, usually neither the principal eigen-function nor the eigen-value can be computed exactly. In this
paper, we develop numerical approximations for these quantities. We show how a generic interacting particle
algorithm can be used to deliver numerical approximations of the eigen-quantities and the associated so-
called “twisted” Markov kernel as well as how these approximations are relevant to the aforementioned
applications. In addition, we study a collection of random integral operators underlying the algorithm,
address some of their mean and path-wise properties, and obtain L, error estimates. Finally, numerical
examples are provided in the context of importance sampling for computing tail probabilities of Markov

chains and computing value functions for a class of stochastic optimal control problems.

Keywords: interacting particle methods, eigen-functions, rare events estimation, optimal control, diffusion
Monte Carlo

1 Introduction

On a state space X consider a bounded function G : X — R, a Markov probability kernel M. The central
object of interest in this paper is the integral kernel @) given by

Q(x,dx") := G(x)M (z,dx’").

Under some regularity assumptions, @ has an isolated, real, maximal eigen-value \,, with which is associated
a positive (right) eigen-function h,,
Q(h*) = )\*h*, (1)

where for a function ¢ on X, we write Q(¢)(z) := [Q(z,dz")p(x"). When X is finite set, A, is the Perron-
Frobenius eigen-value and h, the right eigen-vector. In this paper we are interested in the case where X is a

general space, so not necessarily finite or countable. In general state spaces an extended Perron-Frobenius theory

applies, (see |Mm1mﬂhd ﬂZDDAI] for an account), but in most cases A4, h, cannot be determined analytically, so
numerical approximations are required and this is what this paper aims to address.
Treatment of the existence of A\, and h, outside of settings in which X is a finite set dates at least as far

as i.&)lmggg_myl, m, |Xa.g]mﬂ, |J_9_4j, |H_am.=J, |J_9_6;4], where () arose as a conditional moment measure associated

with a branching process; see iZQ]j] for a modern perspective in the context of quasi-stationary

distributions and stochastic processes conditioned on long-term survival. In addition, () and h, have often ap-
peared as critical quantities in various more recent applications. In statistical mechanics ) corresponds to the

Hamiltonian and A, could be viewed as the Schrédinger ground energy state for molecules, e.g. , ,
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INLakI:ini_eL_alJ, IZDD_?]] Similarly, in particle physics Q(l) x) can be used to model the one-step probability of
,m, Chapter 7|, ﬂ]leLMm&L&nd.llmsﬂL

|. In stochastic optimal control, @) arises naturally as a multiplicative Bellman or Dynamic Program-

survival of of a particle moving in an absorbing medium

ming operator in discrete time problems when a Kullback-Leibler divergence term is used in the stage cost

[Albertini and Runggaldier, [1988, [Todoroy, 2008, Dyvijotham and Todoroy, 2011] or in particular contimuous

time models with affine dynamics in the control and additive costs that are quadratic to the control input;
see ﬂELeminQ, [L()ﬁﬂ, [S.hﬂj, []3&1]] or ﬂ:[bdmmzl, IZDDfi lTh.eQdmmlﬁ_aiJ, IZQld, IKa.ppﬁ.d, [20Qd] for more details. In

these specific control problems, h, can be viewed as a logarithmic transformation of the value function. Fi-

nally, h, appears in the large deviations theory of Markov chains, see for example M_Mmmﬂid, [l_9fﬂh,

if (X,;n > 0) is a Markov chain with transition kernel M, initialized from X, = 2, U an appropriate function

and G(z) := e*V®) for a particular value of a, then it is only and explicitly through h, (z) that the initial condi-

tion enters Bahadur-Rao-type asymptotics associated with partial sums ZZ;& U(Xp)

2003,

A related object of interest in many applications of interest is the “twisted” Markov kernel:

)

Q(x, dz’)h. (2)
RCI (2)

which is also known as h-process kernel [Collet. et a .| ﬂzmj] or Doob’s h-transform lngg_r_s_emthamA ﬂZ_O_O_d,

Section I11.29]. Particular instances of P, define optimal changes of measure in methods for estimating rare

event probabilities, such as for tail probabilities of Markov chains “Bimk]ﬂwjjﬂ, [l_9_9d, l]lmis_al]dﬂaﬂé,

|. In the discrete time control problems mentioned above P, defines the optimally controlled Markov

P (z,d2') :=

transition kernel. In the context of particle motion in absorbing media P, is the Markov transition kernel of
a particle conditional on long-term survival M, Section 7.2 pages 223-226], and for, multi-type
branching processes, P, defines a transformation from supercritical to critical , E]@

Of course the eigen-function equation () is just one side of the story. Accompanying h, is a (left) eigen-

measure, which under certain conditions can be normalized to a probability measure 7,

7@ = Ay, (3)

where for a measure 7, we write nQ(-) := [ (dz) Q(x,"). l]M_MmaJ_and_Mnﬂd ﬂZDDd] studied the non-linear

operator on measures

nQ
nQ (1)’

(where 1 is the unit function on X). Under regularity assumptions, for sufficiently large n, the n-fold iterated

P:n— (4)

operator ®(") is contractive with respect to total-variation norm and 7, is its unique fixed point. Indeed

integrating both sides of @) yields 7,Q (1) = A« so that ®(n,) = 7 is a re-writing of ([B)); see

, | for more details. In these papers the authors suggested and analyzed an
interacting particle algorithm whose evolution is defined through ® and which can be used to approximate 7,

and \,. When M is reversible, h, provides a density of n,. In this case the particle algorithm analyzed in

IM_MQL&I_&ULLMKJA IIZM and [M_MQL&I_&HML&T] IIZDDAI] has also appeared in the statistical mechanics
literature, I_A_ssaia‘f_a;_a‘]_] ﬂZDDd], [BQJESE_‘(] ﬂZDD_d], lMakmm_Qt_alJ ﬂZDD_YI], under the name Diffusion Monte Carlo
and has been used to provide estimates of h, and \,. Finally, we mention the Flemming-Viot particle system
in lBJ;rd_zzu;t_aJ_] lZDDd], where the authors without using any reversibility assumptions use the continuous time

analog of MI_MQLanmi_Mde M],IM_MQM]_MM@I] lZQOAI] to perform spectral analysis of the Laplacian

with Dirichlet boundary conditions.

The contributions of the paper are summarized as follows:

e We propose an interacting particle algorithm for approximating h, and P, numerically. Our algorithm

does not hinge upon reversibility assumptions on M and is similar in structure to one proposed by

IMJ_MQLalﬂ_al] “21)11', |2_Old] for the rather different purpose of numerically solving optimal stopping




problems. The novelty of our approach is that we obtain a particle approximation of P, that is easy to

sample from, which is an important factor in applications.

e We apply our method to two problems. The first application is a Markov chain rare-event problem,
here our method allows us to unbiasedly estimate tail probabilities for additive functions of Markov
chains by importance sampling and P, defines an optimal change of measure derived by

|, which we are able to approximate. The second application is an optimal control problem as

studied in |Albertini and Runggaldierl [1988, [Todoroy, 2008, [Dvijotham and Todorod, [2011], in which the

cost function involves a Kullback-Leibler divergence term. Here P, specifies the optimal dynamics for a

controlled Markov chain.

e We study the convergence properties of our algorithm, in particular deriving moment bounds for the errors
in approximation of h, and P,, and we derive certain path-wise stability properties of random operators
obtained from our algorithm, demonstrating that they inherit the “tendency to rank-one” behavior of the
iterated operator A\ 1Q(").

1.1 Organization of the paper

The remainder of this paper is structured as follows. SectionBlprovides notation and sets out the eigen-problem.
Section [3] presents the motivating applications. In Section ] we present the particle algorithm and state the our
results regarding various properties of the particle approximations. More details and precise statements for these
are found in Section Section [A contains numerical results for the application. Some concluding remarks

and possible extensions are presented in Section [6l Finally, various proofs are contained in the appendix.

2 The eigen-problem

2.1 Notation and assumptions

Let X be a state space endowed with a countably generated o-algebra B and let £ be the Banach space of
real-valued, B-measurable, bounded functions on X endowed with the infinity norm || f|| := sup,cx | f(z)|. For
a possibly signed measure 7, a function ¢, and a possibly signed integral kernel K we write p(p) := [ ¢(z)p(dz),
K(p)(z) := [ K(z,dy)p(dy), and pK(-) := [ p(dz)K (z,-), and the rank-one kernel (o@n)(z, dz’) := (z)n(dz’).

The collection of probability measures on (X, B) is denoted by P and the total variation norm for possibly

signed measures is denoted |[n|| := sup,,., <1 [7(¢)[. The operator norm corresponding to L is
1K= sup [[K(p)]-
pilp|<1

The n-fold iterate of K is denoted by K (™) and for (Kp;n > 1) a collection of integral kernels and any 0 < p < n,
we write

Kpn:=1Id, p=n, Kpn:=Ky1 K, n>p. (5)

Throughout the paper, we denote by G : X — (0,00) is a B-measurable, bounded function and let M :
X x B — [0, 1] be a Markov kernel, then define the integral kernel Q(z, dy) := G(z)M (x,dy). We have

el = ig@(l)(:ﬂ) = sup G(x),

zeX

and [||Q||| < oo due to G being bounded. The spectral radius of ) as a bounded linear operator on L is
§i= lim [lQ™I*"
n—oo

where the limit always exists, since the operator norm is sub-multiplicative.



For two probability measures u, v € P we will denote the Kullback-Leibler divergence or relative entropy as

[ log (g—‘:) dp  if p < v,

+00 otherwise.

KL(ulv) =

For any sequence (a,;n >1) and ¢ > p, we take [[*_,a, = 1 by convention. The unit function on X or
Cartesian products thereof is denoted by 1. We will write the indicator function I[-] or sometimes I for a set

A C X. Unless stated otherwise, we will assume throughout:

(H) there exists a probability measure v such that for all z, Q(x, -) is equivalent to v. There exist constants 0 <
dQ(z, -
€7,€T < oo such that the corresponding Radon-Nikodym derivative, denoted by q(z,z’) := %(m' )
v
satisfies

e <qg(z,2') <, Va,a eX
In some places it will be convenient to use the implication of (H)
ev() <Qx,-) <efu(), VeeX

The uniform recurrence of @) in Assumption (H) is a quite strong assumption, but has been used extensively

in both the particle filtering literature dDeLij_aj ||2Q]j, |209_4h, Douc et alJ iZD_llh) and the rare events litera-

|). It rules out kernels of the form Q(z,-) = pd,(-)+. .., and rarely holds when X is non-compact, but allows

ture related to tail probabilities of interest here ( , \ ,

a relatively straightforward treatment of the eigen-problem and the particle algorithm. The eigen-quantities of
interest exist under much weaker assumptions, and a result similar to Theorem [Tl presented later in Section (Z2))
can be obtained for non-compact X in a weighted co-norm setting under quite flexible Lyapunov drift conditions

ﬂmmmmmﬂd, |ZDDj, mmm_a‘]_], |2Q]j] The details, however, would necessitate a much more

complicated presentation, and obtaining error bounds of the sort we do for the particle approximations, under

assumptions much weaker than (H) seems very challenging.

2.2 Existence and other properties of eigen-quantities

From the minorization part of (H)
QU (1) = wQMQ Y (1)e™ > QY (1)e vQmV(1)e,

so by Fekete’s lemma, the following limit exists,

1 1
Avi= lim —logrQ"V(1)e” = sup —log Q" (1)e™, (6)
n—oo N n>17
Define
Ae = exp(Ay), (7)

The proof of Theorem [is given in the Appendix, and it involves gathering together various arguments from
|M1mmﬂid “ZDDAI], which we recount there for the reader’s convenience.

Theorem 1. The spectral radius of Q, lim,, .« [||Q™|||'/™, coincides with \,. There exists a unique probability

measure 1, and v-essentially unique positive function hy satisfying

@ = AT Q(h*) = Al U*(h*) =1L (8)

Furthermore,
T @< Vrex 9
€_+ *('T) = ;a T e X, ( )



P, has a unique invariant probability distribution, denoted by m,, such that dmy/dn, = h, and for alln > 1,
B —1em|l < 2" (10)

IAT"QM —hegmll < 2 (—) , (1)

where p:=1— (e~ [eT).

Remark 1. The bound in (1) can be understood as describing “tendency to rank-one” of the iterated kernel

A7"Q™), this kind of result is sometimes referred to as a Multiplicative Ergodic Theorem (MET) i.&ml;ﬂ;d&nnis_a.nd_MeﬂL
|.

2.3 Deterministic approximations

We proceed by defining the deterministic forward-backward recursions which will be used to approximate 7,
A, hy and P,. These will appear throughout the remainder of the paper.

Forward recursion for measures 7,

Define the probability measures (1,,;n > 0) and numbers (A\,;n > 0) by

nQ™) 1, A (G), n>0 (12)
o ‘= K, M = —F~—, n>1, n = Tn ,n=>0.
0 pQM (1)
Immediately from ([2) we have the product formula:
(=91 mQUPHI(1) T
Q H Q(e p) ) H 77@ 21_[ )\fa p S n, (13)
=p
and we note that
M = (I)(nnfl)a n>1, (14)

with ® defined earlier in ([@)). Straightforward manipulations show that under (H), for any n > 1, 1, is equivalent
to v.
Backward recursion for functions A, ,

Define the sequence of non-negative functions (hy, ;0 < p < n) as follows:

QU (1))

hon(@) =1 (@)= G )

0<p<n,zeX (15)
Remark 2. It should be noted that (1,,), (An) and (hp n, Py n)) depend implicitly on the initial measure p.

Properties

The following lemma shows that the quantities (1,,), (hp,n), (An) satisfy recursive relationships similar to the

eigen-measure /function/value equations in (g]).

Lemma 1. The probability measures (1), functions (hpn) and numbers (\,) satisfy

Q@ = Aplp+1, Q(hp+1,n) = Aphp,n, Np(hpn) =1, 0<p<n. (16)

Proof. The measure equation is just a rearrangement of (I4]). The function equation is due to the definition of



(hp.n) and the product formula ([I3)), as

B Q(nﬁn)(l) 777+1Q(’n7p71)(1) B
=0 - peea)  era) =5 Qheiin).

The final equality in (I0]) holds due to the definition (3. O

hp,n

Lets define now the Markov probability kernel

Q(z,dz")hpn(z) (17)

Py (@, da’) := N (@)

where Lemma [ ensures it is indeed Markov. We proceed with a proposition that can be used to justify the
choice of (1), (hp.n), (Ppn)) as intermediate approximations of 7, h., Py respectively. The proof is in the

Appendix.

Proposition 1. For any 0 < p < n,

[ —nell < p"C, (18)
hps = hall < T TPAPC, (19)
1Py = Pl < p"PPCp, (20)
with
p = 1- (67/€+)
¢, = 4(e+/e_)3
Cp = 2 (6+/6_)2 {1 + (et /e7) +2 (e+/e_)3}
Cr = 20 (/) + Cop ()

having no dependence on the initial measure (.

Remark 3. Exponential convergence of the general form (I8]) has already been established in, for example,

M_MQ_L&L&Dd_DQJ.LC_Qt' iZDDA]] using Dobrushin arguments for a collection of inhomogeneous Markov kernels, but
the rate obtained there is p := 1— (e*/e*)2 as opposed to p. The proof of Proposition [l uses the MET bound of

equation () and, as may be seen in the proof of Theorem[I] the rate p is inherited from the uniform geometric

ergodicity of P, as per (0. This is the source of the improved rate.

3 Applications

We will motivate our interest in the objects of Theorem [I] through two applications. The aim here is to relate
various objects from these applications with the eigen-quantities, especially P,, which will later show how
to approximate using a particle algorithm. Each subsection contains a different application and can be read

separately.

3.1 Importance sampling for tail probabilities

For a measurable function U : X — [—1,1] which is not constant v — a.e., some 6 € (0,1) and m > 1, our

objective is to estimate the deviation probability

Tm (0) := Py (i U(X,) > m5> , (21)

p=1



where P, denotes the law of (X,,;n > 0) as a Markov chain with X¢ = z and X,, ~ M (X,,_1, ). There is a quite

extensive literature on methods for estimating probabilities of the form (2I)) (see for example ,

|_‘I&9d |2_()_th ) building upon large deviation theory for functionals of Markov chains, with the
results in , , LM] being particularly relevant in the present context. We
will explore an importance samphng scenario in the setting of |. The choice of this setup

and specific form of 7, (§) provides some insight into the applicability of the proposed algorithm, but many of
the details could be generalized.
For a € R, introduce
Go(z) := V@), Qo(z,dx’) = Go(x) M (z,dx’").

Note that Q" (z,X) = E, [exp (zg;g aU(Xp))]
To simplify the discussion, assume that @, satisfies (H) for each @ € R, which implies M is uniformly
recurrent; see Appendix [A] for a definition of recurrence and related details. We denote by h$, A, (a), n<, P®

the eigen-quantities and twisted kernel corresponding to Q. It is then a consequence of Theorem [ that
n—1

exp (a Z U(X )1 .
p=0

I(t) == sgﬂg [ta — Ay(a)], teR. (22)

Ay(a) = lim —logIE

n—oo n

The convex dual of A, («) is

|B41£k]ﬂwjl,| il_9_9d] proposed to estimate 7,,(§) by importance sampling, using some Markov kernel M
such that M(z,-) < M(z,-). For L > 1, we consider the estimator of m,,(d):

L
o Z

m

Z ) > m5] jﬁ (X3, ., X2, (23)

h |

where { (X¢, X{,..., X" );i=1,...,L} is composed by L independent Markov chains, each with transition kernel
M and law denoted by P,. The corresponding expectation will be denoted below by E,. Note that the
dependence of 7, (§, L) on M is suppressed from the notation. Also following i&mkﬂwj_al], h&%j, Definition

2.] we will consider a class of candidates for M. Let C be the collection of Markov transitions M for each of

which there exists 0 < €, €7 < oo and a probability measure  such that

(©) v()e <M(z,:)<ewv(), Vr, v LD, / (% (:C))Qu(dx) < o0,

where v is as in (H).
The following result describes the asymptotic m — oo behavior of the probability of interest and the second

moment of the estimator when L = 1.

Theorem 2. jBucklcm et alJ, LLQQ(}/

1. I(t) is a non-negative, strictly convex function with I(t) = 0 if and only if t = A’(0).

2. For any 6 € (0,1), the following large deviation principle holds

1
lim —logmy, (0) = — inf I(¢).

m—00 M, te[d,00)
3. For any 6 € (0,1) and M in the class C, the importance sampling estimator satisfies

lim —logE, [ﬁm (5,1)2} > -2 inf I(t). (24)

m—o00 M, te(d,00)



4. For any 6 € (0,1) and « the unique solution of A () =0, the twisted kernel PY is the unique member of
the class C for which equality holds in (24), and as such is called asymptotically efficient.

Proof. We just point to the appropriate references. Parts 1.-3. are due to|B_1,1g;k1MjJ_.| il_9_9d, Theorem 1 and
Corollary 1], in turn derived from various results of ilsgge et alJ, |J_9§_d] Equation (9) in ﬂB;mk]_emj_a.lJ, |J_Q9_d] is
satisfied trivially in the present scenario since I(t) is continuous. Part 4. is an application of )
Theorem 3|. We note that the authors there consider the kernel M (z, dy) G4, (y), as opposed to G, (x) M (z, dy),

this difference is of no consequence due to the asymptotic (m — oo) nature of the results and the fact that the

two corresponding twisted kernels are essentially identical. [l
The following elementary corollary summarizes an important practical implication of this theorem.

Corollary 1. Assume infie(5.00) 1(t) # 0. Unless M is chosen to be P® with o the solution to A, (o) = 6, the
number of samples L must increase at a strictly positive exponential rate in m in order to prevent growth of the

relative variance:

I T (0)2 ’ (25)

EIKM_QQ]J il ucty

as m — oo. Note that B[, (6, L)] = mn(0), so (Z3) is indeed the relative variance.

3.2 Optimal control with Kullback-Leibler divergence costs

We consider a particular class of fully observable stochastic control problems in discrete time. Let (X,,;n > 0)
be a controlled Markov chain initialized from Xy = z and X,, ~ M/-1(X,_,-). Here for each n > 0
fo € H:={h:X—=Ry; 0<M(h)(z)<oo; Vz}, where the set H is called the set of admissible control
functions. We refer to the sequence of control functions, f = (fo, f1,...), as the policy. We will denote the

Kullback-Leibler divergence between the controlled and control-free Markov kernels as:

dM e (:1:, )

KL (M| M) (2) ::/pr(x,dy)logm(y)-

Let U, 2 € L. We are interested to compute the optimal policies for the following control problems:

n—1

Finite Horizon Cost Vo(z) = fug Em 0 Z (U(X,) + KL (M | M) (X,)) + 2(X,)], (26)
cn
p=0
Infinite Horizon Average Cost Vi(xz) = inf limsup — IEI 0 Z (U(X,)+KL (pr H M) (Xp) |, (27)
FeEHYN n—oo =0

where Eg;p denotes the expectation over the path of the controlled chain starting at X, = =, where p < n and
n is a deterministic finite horizon time. The interpretation of (26)-([27) is that M specifies the desired “natural”
or control free dynamics of the state of some stochastic system. The controlled state evolves according to the
dynamics specified by M¥» and KL (pr || M) penalizes the discrepancy between M7 (x,-) and M (z,-). The
term U(x) expresses an arbitrary state dependent stage cost and 2 is the terminal stage cost for time n. It is
also possible to write discounted cost versions of (27)) or non-stationary cost versions of (20]), but these possible

extensions are omitted.

This problem was first posed for the finite horizon case in ﬂA].bﬁana.nd_RJ.mgga.]dlﬂJ M] The authors
ﬂAlb_eﬁgnLamLBunggaki]_eﬂ |_L9&§] used unpublished work of Sheu to formulate a duality between non-linear

ﬁltermg and optimal control similar to earlier work for continuous time models found in
|l_9§é |E]_lené [L%ij lS_h@J [19&4]] As aresult, one can perform computations for the dual filtering and smoothlng

problem and then recover the optimal policy and value functions. Although the stage costs in (26)-(27) might

not seem very intuitive they do include Gaussian problems with quadratic costs (see Example [Il) or popular



containment problems (see Section [). More recently, there has also been a renewed interest in this type

of problems from the machine learning community dIMQrQXI, IZM, Mmﬂjﬂ, |2Q1d, kagmd, |2£)£Ld,
mg_tha.m_and_ngmﬁLd, |2£lll|, |Bj£1kens_and_Kappe.EJ, |2Q]_1|] However, outside of situations like Example [I]

analytical solutions are rarely available and so numerical approximations are required.

Example 1. Consider the scalar controlled Markov model, X, = a(Xp—1) + up—1 + W), with a(-) is bounded
continuous non-linear function, W, is an independent zero mean Gaussian random variable with variance o2

and u, is a standard control input. For the controlled kernel we write

1 1 2
MPr=t(g o dp) = ——— - — ) = w dz..
(xp—1,dzp) o3 exp< 5,2 (xp — a(xp—1) —up_1) ) zp

In what follows, it will be convenient to think of f, as coming from M/ (z,dy) = %, as it will turn

out that the dynamic programming solution for this problem takes this form. So in this example we will set
2
fp(y) = exp (& - u—) The control-free model is X, = a(X,_1) + W), so for the uncontrolled kernel we have

202

M = M?°. For the stage cost, let U(z) = 5252? and we have KL (MfPH M) = -2, 50 we recover the usual

P
202 202

quadratic cost control problem.
We now present a useful lemma that will be used when manipulating the dynamic programming recursions.

Lemma 2. (Gibbs variational inequality) For everyv € P, ¢ > 0 such that v (e‘w) < 00, we have log v (e‘w) =
infuec(u) {pW) + KL (pl|v)}, where C(v) ={p € P: p <K v}. Moreover the infimum is attained for p* such

,w
that —”— = ;6=

The proof is standard and omitted; see for instance ﬂ]llp;nLam_Ell&J,hQ]_]J, Proposition 1.4.2] or m,

|. We proceed by looking at the finite and infinite horizon case separately.

The finite horizon case

For the problem in (26]) define the value functions or optimal cost to go at every time time 0 < p < n:

n—1
V@)= of Ulx) + KL (MT?|| M) (z) + L, lgrl(U(Xl)—i—ICC(MﬁHM) (X1)) + 2(X ZAZ,

(28)
with V,, = §2. Let ( i 0<p< n) denote the corresponding minimizing control functions in (28)). Compared to
@9, Z?:p Ay is a scaling constant that does not affect the solution. The significance of this offset will become

clear when we choose A, = eMr. We proceed with a dynamic programming result:

Lemma 3. The value function for problem (28) at each time p =0,...,n — 1 is given by

Vo(x) =U(z) — Ay + 1nf {ICL(MfPHM) )+ M (Vi) ()} (29)

with V, = 2. Let Q = e"Y M, Ap = e~ In addition, for each p < n we have Vpt1 = —logh,,, where hy, is
given by the following backward recursion:

Q(hp-i-l) = Aphp. (30)

Furthermore, the optimal control is given by fy = h, and the optimally controlled Markov transition kernel by

M (z,dy)h,(y)
M(hy)(z)

Proof. Equation ([29) states the standard dynamic programming recursion for finite horizon problems, e.g.
- , |J_9_9_d Theorem 3.2.1 |. Using (29) and Lemma [ we obtain V, = U — A, —
log M (exp (—Vj41)) that can be rewritten as e=V» =% = e=UM(e~Vo+1). By setting \, = e "#, h, = e~ Vo+1

M5 (z,dy) =




we get [(B0) and the second part of Lemma [2] can be invoked to show that the expression for M f» follows by
direct substitution with the optimal control being f = exp(—Vpt1) = hy. O

Note that the optimal controls appear as a multiplicative “twisting” function of the uncontrolled Markov
transition kernel M. In addition, it is clear from this result is that the non-negative operator @) is equivalent
to a multiplicative dynamic programming operator. Although the scaling provided by A, can be arbitrary,
the particular choice is convenient for using simulated samples from 7, to approximate V), hy; details will be

presented in Section [4

Remark 4. Lemmal3]provides an interpretation of ), as a log transform of a value function similar to iA]_bﬁ_r_tmLa.mLBunggakiu
|. The similarity between h, and M s with hpn and P, ) is clear. Despite this, we have purposely used

a different notation for h, and hy, ,,, due to initializing with h,, = exp (—€).

The infinite horizon case and interpretation of h, and P,

We will look now at the infinite horizon average cost problem of ([27). The objective is: (a) to compute a

solution (V4, ) of the Bellman average-cost optimality equation:
Vi(z) + 6 = gg{ [U(x) + KL (M"|| M) (z) + M" (V,) ()], (31)

where V, is the optimal value function and ¢, is the infinite horizon optimal average cost, and (b) to com-
pute h,, where h, is the minimizer for the infimum in (3I]). Note that for this type of problem the optimal
policy can be shown to be stationary, i.e. the optimal control functions is the same for every time p; see

denéndﬂ;Lﬂma_and_L@as_&rﬁJ, |1_9_9d, Chapter 5] for background and details. We relate now (BII) with the

eigen-problem.

Proposition 2. The average-cost Bellman equation (F1l) is satisfied with Vi (x) = —logh«(x), ¢ = —log A,
where Ay, h, are the principal eigen-pair corresponding to Q = e~Y M. Furthermore the infimum in (Z1) is

achieved by taking h = h, and the corresponding optimally controlled dynamics evolve according to P;.

Proof. Applying Lemma [2 and taking log’s shows that (V,, ) is a solution of the Bellman equation [BI)) if and
only if
Vi(z) + 6 = U(x) —log M (V) (), (32)

which is a re-writing of Q(hy) = Achy, if ¢ = —log A, and V, = —log h,. For establishing that P, gives indeed
the optimally controlled dynamics we use again the second part of Lemma 2l and observe that the minimizer in
1) is attained for h = h,. O

h
QUpt1.n) ’)’\*1'”) as a value
D

Remark 5. In view of Proposition [Il one may view the backward recursion hy,,, () =
iteration procedure, which aims to approximate V, as —logh, , with n being a finite horizon truncation used

for numerical purposes.

4 Particle approximations for principal eigen-functions and related

quantities

We propose a method to approximate the various eigen-quantities Algorithm [II The algorithm consists of
a forward-backward recursion approximating the deterministic quantities presented in Section A more
precise probabilistic specification of the algorithm is given in Section L2 and in Sections 3] 4] we present our

convergence results. The proofs not shown in Section F] can be found in the Appendix.
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4.1 The particle algorithm

Algorithm [l has parameters: N, the particle population size; n, the (half) time-horizon; and p, an initial
probability distribution. As we shall see, the values of N and n influence the accuracy of the approximation

and the choice of p turns out to be somewhat unimportant.

Algorithm 1 Particle method for computing principal eigen-quantities

Forward recursion

Initialization: id
Sample (CO)z 1~ M
Forp=1,...2n
.. G I
_— C111| v, S GG MG, )_
Zj:l G( pfl)

Backward recursion
Initialization:
Set hopon(z) =1, ze€X
Forp=2n—-1,...n,:

N .
Q(‘T +1) N i

Set hplan () = D =120 (Gyr)- T E€X
" Jj= 121 1q( ; p+1) g g

We will take the random function hn 9, @S an approximation of h, and the random kernel

N

1 q(z,¢))

PN, \(z,dx’) = . -
(n.2 ) hn 12n( )j:1 sz\il q( ;Lflac’gl)

hin 2n (G2)3 (da’) . (33)

as an approximation of P,. Note that, if so desired, each hY, appearing in the algorithm can be evaluated at

p,2n
any point x € X, but each step of the backward recursion actually requires evaluation of hN+1 9n, Only on the
random grid {C;) ipt=1,.,N } Further note the subscripting in P n,2n) is not the semigroup index notation

of (@), and pertains only to the particular kernel in (33). Occurrences will be kept to an absolute minimum.

4.2 Properties of the particle approximations

We now provide a probabilistic specification of the quantities in Algorithm [I] and present some of their key

properties, which will be used to obtain L, bounds on the errors h),, (x) — hy(z) and P(n ony (@, A) = Pu(z, A)

in terms of N and n) in Section f3 and an unbiasedness result when ( P~ . .: p > n) is used as an importance
(p,2n)

sampling proposal in Section [£.4]

Preliminaries

For N > 1, the particle system in the forward part of the algorithm can be constructed as a canonical Markov
chain with sample space Qy = (XN )N, endowed with the corresponding product o-algebra, derived from the
underlying o-algebra B. The state of the chain at time n > 0 is the n-th coordinate projection of w € Qx denoted
by (n(w) = (G (w), ..., (Y (w)), taking values in X¥. The natural filtration is denoted by F,, = o(Co, -+, Cn),
where the dependence of each (,, and F,, on N is suppressed from the notation.

We introduce collections of random probability measures (72 ),,>0:

N 1 -
=5 D0
i=1

The law of the N-particle system is denoted by Py, and in integral form, the initial distribution and transition



probabilities of the process ((,)n>0 are given by

N
N(Co €dxo) = []uldzp)
1=1
NN L Q(d
Pn(Cn € danlCr) = ] ’;7;& H<I> nh_)(dzl), n>1, (34)
=1 n

1

ny e

where dx,, is an infinitesimal neighborhood of x,, = (x
denoted Ep.

The idea for the eigen-function approximation in the algorithm is to consider the identity

xﬁ’) € XN The expectation corresponding to Py is

hral) = = [ Q)

o=t i LU

_ 1 dQ(z,-)
v /d(I)(npl)(y)hPm(y)np(dy)

dQ('T’ )
| o Wby (), (39)

where the first equality is due to the definition of the functions (h, ), the second equality is just a change of

Np—1&() 1Q()
1p-1(G)
definition A\p_1 = 1,—1(G). For any = and p, the derivative %ﬁ") is well defined under (H) because Q(z, -) is

measure in the integral, and the third and fourth equalities are due to 7,(-) = ®(1,-1)(-) = and the

then equivalent to v for any x, and then also equivalent to 7,.
Loosely speaking, the backward recursion of the algorithm arises from taking the random measures (nIJ)V ) in

place of (1) in [@B5). To be more precise, let (QL) be the collection of random integral kernels defined by

dQ(z, )

QN (x,dz’) =
d(I) (nn 1

)( )iy (da'), n> 1. (36)
It is convenient to recall the semigroup notation in this context:

ey =QN QY. p<n.

Now define
A= (G), n>0, (37)

and mimicking (I8) let (h)',) be the collection of random functions defined by

N N (@) QD)

by () =1, hy () QN (1)’ 0<p<n. (38)
p

Also, generalizing from the definition of P ) in (33)), define

Qp' (z,dx' )%, (a)

/\N h;])V 1n( )

The following lemma establishes relationships between these objects which may be considered stochastic coun-

P(J;in) (z,dx’) =

terparts of the relations of Lemma [l

Lemma 4. The random measures (nrjy), functions (hﬁn) , and kernels (Qﬁ’) satisfy

77;])\[ p+1 — >‘ 77p+17 p+1(h1])V+1 n) )‘;fyvhzz)vna név(h’;f)\{n) = 15 0 S p<n. (39)

12



=]\ o<p<n (40)

Proof. For the measure equation in ([B9) and the definitions (B6)-(31),

dQ(z-)
N N ! N /
d = d dr) ———
B = s [ @) @)
/
= /\anil(dz')/n (dx) —(x,:c)
p lp p f77p (y,2")
= /\I])Vné\g_l(dz/). (41)
By iterated application of (@Il we have
n—1 n—1
{=p =

where the final equality is due to the convention Qfx » := Id. This establishes [@0). For the function equation
in (39), we have

N

pon(1)

77p+1Qp+1 (1)

= \'nlY

P p,n?

P+1 (héVJrl n)

where the final inequality holds due to [@0). The right-most equality in ([39) holds directly from the definition
of KV . O
p,n

Remark 6. The recursion in the “backward” part of the algorithm is a re-arrangement of the middle equation
in (39).
Lack of bias

Next we will see how iterates of the random operators (Qév ) can be used to obtain unbiased estimates of iterates

of the underlying operator Q.

Proposition 3. Fiz N > 1 arbitrarily. Let i/ € P and let u be an Fo-measurable random measure satisfying
Ex [,uN (A)} =u' (A) for all A € B. Then for any ¢ € L and n >0

N [N QY ()] = 1/ Q™ (¢).

Remark 7. We highlight two interesting instances of initial measures in Proposition[Bl The first is the degenerate
case in which pv =y, for some p/ € P other than u: in this case we note that there is no bias (in the sense
that the Proposition Bl holds) when the functional u™Q{, (¢) involves a deterministic initial measure, other

than that used to initialize the particle system. The second case is that in which y' = p and p = n{¥. In this

13



case we have

0'QN (¢)

I
§
\
—
=
O
=
8
O
5?

where the final equality can be Veriﬁed by a simple induction. So in this case, we recover from Proposition

the equality Enx [T, 1 )} = pQ™ (), which is well known for the “forward” part of the particle
algorithm Chapter 9].

Remark 8. A number of generalizations of Proposition Blmay be obtained quite directly. Consider some integral
kernel @ different from () and which, for simplicity, satisfies @(z, ) € Q(z,-) for all . Then defining

dQ(z, ")

@g(z,dx’) =
dq) (nn 1

)(fc’)miv(dx’), n>1,

one can establish by similar arguments to those in the proof of Proposition [3] that
N (YR ()] = Q™ (), n=0,

i.e. that the particle system defining (777]:[ ) and whose law involves () can be used to obtain unbiased estimates
of product formulae involving @ In turn, this might be of interest both in the present context and in other

applications of particle systems, when the aim is to approximate ratios of the form

1 QM (1)
pQ™ (1)

although further details are beyond the scope of the present work. The time-homogeneity can also easily be

relaxed, of course under appropriate domination assumptions.

Path-wise stability of the random operators

Next we establish a sample path result for the random (and generally path-wise inhomogeneous) semigroups

QO » and '#Q?’U 2‘1), where we show exponential stability uniformly with respect to N.

Theorem 3. The following path-wise, uniform bounds hold for the random operators (QTZ)’ ) and the corre-

sponding non-linear semigroup. For any n > 1 and ¢ € L,

n—1 -1 +
sup sup sup (H Aﬁ) WO ()~ i (1) Y ()] (@) < 2l (). (12)
p=0

WEP N>1weQy

1 QG (¢)

N
oy, m ™

sup sup sup
wWEP N>1weQN

@=2a (2) (43)

where p=1— (e~ /et)?

This type of uniform path-wise convergence plays an important role in proving L, bounds that follows below.

14



4.3 L, error estimates

The forward part of the algorithm has been suggested by |D&1_M3Laljm_M1lezl iZDDjJ], M@jﬂi&m&&d

| in order to approximate 1, and A, using the empirical probability measures (nflv ) Defining

n—1
1
AN == E log /\i,v, (44)
n
p=0

they proved estimates of the form

x [l (- ] < tele (= +5)

< ()

for some constants C' < oo and p < 1; see the final expressions in the proofs of Theorem 2 and Corollary 2 of

Ex UAN —A*\T] v

n

, | for precise details.

Remark 9. M@M “ZDDAI] addressed the case that the function G' may vanish, and a weaker

“multi-step” version of (H). Similar techniques as used therein can be applied in the present context, but

involve notational complications.

The backward recursion of Algorithm [I] is relevant to the main aim of this paper, i.e. to quantify the error

in approximations of h, and P,. This is presented in the following result.

Theorem 4. For any r > 1 there is a universal constant B, such that for anyn >1,0<p<n and N > 1,

YT By -

supEw ||hY (2) — hy(x <2—2C + CppPN =P, 45

sup By [ () = ()| "] £ 272+ Cup (45)

sup sup En HPN (x,A) — Py (z,A) T} v <4 Br C’i + CppPNP), (46)
veX ACB (pyn) \» ) = /N e

- 7 5
where C' = {3 (:—f) + (i) 1%4 and p,Cp,Cp are as in Proposition .

€

The errors are thus controlled in N , p and n, and in these bounds there is no dependence on the measure
1 used in the initialization of the algorithm. The proof uses the following decompositions
QéVqu(héqul,n)(x) Q(than)(SC)

h;])\,]n('r) - h’*(x) = AN - A + hpyn(z) - h’*(x)v
p '

and
P{Z,n) (z,A4) = P (2, A) = E1(2, A) + Ea(z, A) + Z3(7, A),

where

R T AN A
Eir,A) = hgy_m(z)l ’ ;;,V_l N

- _ Q(hp,nla)(x) 1 _ 1
Eo(x,A) = A1 WY | (x) hp1,n($)]
E3(x,A) = Py (z,A) = Pz, A).

N N
Hence, it is crucial to provide additional L, bounds for @ (i?f’")(x) — Q(‘p;b "j)(l) for any ¢ € L. This is achieved

p—1 P

in Proposition 8 (in the Appendix), but is based on cumbersome expressions so more details are not presented

here.
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Remark 10. The type of recursion in the backward part of the algorithm is implicitly present (albeit expressed

somewhat differently) in other interacting particle algorithms, see for example , |2Qld] and
Douc et alJ, |20_l_1]] in the context of non-linear filtering /smoothing or|D_eJ_Mm;aJ_eL_aJ_J i20_l_1], |2Qlj] in the context

of optimal stopping problems. The main novelty of the present work stems from finding the connection between

the backward recursion and h,, P, and incorporating it in the analysis. Note also that the forward part of the

algorithm runs from 0 up to 2n, but the backward part runs from 2n to n.

4.4 Lack of bias and a y?-distance bound for importance sampling using P(J;’m) (z,A)

Section 3.1l showed an application where one is interested to sample from P, in the context of importance
sampling. Similarly, the twisted kernel approximations (P;Yn)pgn can be used to achieve unbiased estimates of
expectations on the path space of the Markov process evolving with kernel M. One may use the twisted kernel
approximations after the forward-backward pass of Algorithm [[land define an additional conditional simulation
forward pass by sampling X, ~ P(]X+p72n)(Xp_1, ), p=1,...,m. When this simulation is used in the context

of importance sampling, a lack of bias result similar to Proposition 3] follows.

Proposition 4. Fiz N >1,n>1, m <n and x € X arbitrarily. Conditional on Fa,, let (Xp;p=0,...,m) be

a non-homogeneous Markov chain with transitions
Xo = x, Xp NP(n+p2n)( p—1,"), p=1,....m, (47)

where (PN ) are obtained from Algorithm [ Let Eyx denote the expectation w.r.t. the joint law of the

(n+p,2n)
particle system and (X,) sampled according to {{7). Then, for any integrable function F : X"+ — R,
2 m—1 /\NJr
Ex | F(Xou)—tm2n ”P — B, [F(Xom)], 48
N | F(Xo: )h%m%( HG Ee [F(Xo:m)] (48)

where on the r.h.s. E, denotes expectation w.r.t. the law of a Markov chain (X,;p =0,...,m) with Xo = = and
Xy~ M(Xp_1,-).

We can also quantify the discrepancy between the law of (X,;p =0, ...,m) when obtained from {Z)), i.e.
P " (Xo € Aoy, Xm € Ap) i= Ex [[[Xo € Ao, ..., Xm € Al

and the “ideal” law:

Indeed, since
P.(Xo € Ao, ..., Xm € Ap) :/ 2(dzo) [ M(2p-1,day) = Ea [I[Xo € Ao, ..., Xm € Ap],
AgX XA p=1

it follows from (@8] that up to null sets,

dPI hn 2n(X0> e A’{Y—‘r
_—n(XO;va>:EN L XOv"'aXm )
d]P)N h'r]:[er 2n(Xm) p=0 G(XP)

and from the definition of P, in (2],




Therefore .
dP, RN, (X he(Xm) o AN
= (Xo,...,Xm) =Ey n.2n(Xo) - (Xm) *p
h*(XO) hn+m,2n(Xm) p=0 )‘*

XO,...,Xm].

The following proposition estimates the x2-distance (variance of Radon-Nikodym derivative) between the two
measures in question. Restricting our attention to the case where the state space X is a finite set allows for a

fairly straightforward proof, given in the Appendix.

Proposition 5. Assume that X is a finite set and that the assumptions of Proposition [4] hold. Then, there
exists a finite constant C depending on €', e~ such that the following bound holds for any x € X, 1 <m <n
and N > 1,

dP,
En || —5 (X0, -y Xm) — 1
P,

C 1/2 c\™ 1/2
<Cl14+— 1+—=) -1 +C
<o(ivgy) |(0F) 1

5 Numerical Examples

We will present numerical examples for each application of Section

5.1 Importance Sampling for tail probabilities

We commence by this revisiting the problem in Section B.] where the eigen-quantities arise from a rare-event
estimation problem. Recall we consider a Markov process starting from x € X with transition kernel M and are
interested to estimate the tail probability 7, () := P, (22:1 U(X,) > mé). Following the results in Section
B0 we will choose M = P2 as the importance kernel, where « is the unique solution of of A’ (o) = 6. Then,

the importance sampling estimate of m,,(0) written earlier in (23)) becomes

~ R R A F oxp [mA, ()] h2(X})
i (0,1) = £ ; (H ;U(Xp) > m5] T Ga(Xy) (X0 ) (50)

As per Proposition [l it is in fact possible to achieve unbiased estimates using the twisted kernel approximations
to define a conditional simulation distribution, and using an estimator which mimics the form of (50).

It is an immediate corollary of Proposition M that Exn [7,, (0, L)] = 7, (d), and Proposition [l indicates that
r.hs. of [@3) goes to zero as m — oo ifN,n grow such that m = o(n) and m = o(N).

Numerics

For some ¢ > 0 we take X = [—¢, ¢] and consider an ergodic Gaussian transition kernel with support restricted
to [765 C]a

exp (-4 (v-3)°)

M(z,dy) = —
) ) - ()

H[fc,c] (y)dya

and consider U defined by

-1 r<-—1
U(r)=<{x r € (=1,1)
1 x> 1.

For any o € R, assumption (H) holds. The left plot in Figure [Tl shows estimated values of 7,,(d), obtained

from the algorithm with N = 250, n = 500, a = 6 and using the estimator which appears inside the expectation
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Figure 1: Left: estimated value of m,,(d) against m, for: o,§ = 0.8; 00,6 = 0.9, and +, 6 = 0.99. Right: solid
lines show sample relative variance of the estimated value of 7,,,(0.9) against m using the conditional simulation
method with: o, @« = 1; +,a = 2; %, « = 4; O, @ = 8; and X, o = 16. Dashed line shows sample relative
variance of T, (0.9,1) in the case M = M.

-8 I I I I I -1 I I I I I I I I I
-6 -4 -2 0 2 4 6 -10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 2: Left: each of the solid curves shows an approximation of [at — A,(a)] against «, with each curve
corresponding to a different value of ¢ in the range [—0.8,0.8]. The cross on each curve indicates its maximum
and thus approximates the value of sup,, [at — A, (a)] = I(t). Right: A/ (o) against a approximated using finite
differences.

in B0 i.e. a single sample of the conditional Markov chain. The displayed results are the averages over 2000
realizations of this entire procedure. The exponential decay rate predicted by the large deviation principle
(Theorem 2l part 2.) is apparent. The sample relative variances in the case of 6 = 0.9 are shown on the right
of [ for different values of a. The sample relative variance of 7, (0.9,1) for the trivial case M = M is also
included for reference, and explodes rapidly with m.

On a very fine grid of a-values, approximations of A, («) as per (44]) were obtained with the same settings of
N and n. These were used to obtain the approximations of [at — A, ()] against a plotted on the left of Figure
and an approximation of A/ (a) was obtained by finite differences, the result is shown on the right of Figure
The latter plot suggests A (10) & 0.9, and bearing in mind the optimality result of Theorem [2] part 4., we
then notice in the relative variance plots of Figure [[l that the slowest growth (amongst the « values considered)

occurs with a = 8.
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Figure 3: Estimated value functions VpN(ac) = —log h;,\fn against z for p = 10,15,19 and n = 20. Top left panel
is U(x) against z.

5.2 Optimal control with KL stage costs

We will show some numerical results related to the control problem of Section We will look at the finite
and infinite horizon case separately.

Finite Horizon

We begin by looking at a particular case of Example[[l Let X = R? and consider the controlled dynamics being

X - 1 7 x 4|7 72/2 W, + F,)
Lo |7 o S
where p =1,...,n and W,, are independent zero mean Gaussian random variables with covariance matrix 021

and F,, € R? are the standard control inputs. Note in general M cannot satisfy (H), but truncation (and
suitable re-normalization) of M to any bounded interval of X does allow (H) to be satisfied. Let also the
state-dependent part of the stage cost be U(x) = (1 —1I(_s4) (2 (1))) for some § > 0. This type of cost penalizes

states outside (—d,d) and can be a convenient choice for various containment problems. For this example we will
30
set X to be zero mean Gaussian random variables with covariance matrix 01l In Figure [3] we present

estimated some value functions for 7' = 2n =20, 7 = 0.1, § = 0.5 and N = 500. Note that the displayed value

function estimates are obtained by averaging over 50 independent multiple runs as due to the high variance of

N
p,2n

the form or ripples due to using a small V.

the initial condition the estimates h exhibit a significant amount of variance. Still some errors are visible in
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Figure 4: Estimated optimal value function V(z) against = for various parameter values: o,§ = 5;x,0 =
4;0,6 =3;+,0 = 2.

Infinite Horizon

We will now look at a different infinite horizon scalar example. The Cox-Ingersoll-Ross process satisfies
dXt =40 (/,L - Xt) dt + o/ Xtth,

where {W;} is standard one-dimensional Brownian motion, 6 > 0 is the reversion rate, x4 > 0 is the level of mean
reversion and o > 0 specifies the volatility. In financial applications this process is widely used to model interest
rates. When 20u > o2 it is stationary. Here X = R* and for purposes of illustration we consider the case that
M is the transition probability from time t = 0 to ¢ = 0.01 of the CIR process, which is available in closed
form m, @] Although known to satisfy a type of multiplicative Lyapunov drift condition which

allows an MET to be established in a weighted co-norm setting i ,|2Q]j], M cannot satisty (H).
Truncation (and suitable re-normalization) of M to any bounded interval of X does allow (H) to be satisfied. In
our numerical experiments this truncation was made to [0, 500]. We took the parameter settings 6 = 2, o = 20,

1 = 10 and considered, for a range of §, the following “well-shaped” cost function:

U(z) = 2l1o,10-5)() + L[10+45,00) (7)), (51)

which penalizes states outside (10 — §,10 + 6).

Figured shows estimates of the value function, which were obtained via averaging by evaluating the window-
averaged quantities - Z;:ol A, an () with N =500, n = 2000 and m = 100 and evaluations on a fine grid
from z = 4 to x = 20. Note the coincidence of the discontinuities in (GI)) with those in the estimated function.
The influence of the parameter § is apparent. Table [l shows the empirical relative variance (variance over the
square of the mean) of the estimated value function evaluations at different points  and for different numbers
of particles N. The variance evidently decreases with N, with large values associated with more extreme values

of x.

6 Discussion

We presented a generic particle algorithm to approximate the principle eigen-function of an un-normalized

positive Markov integral kernel together with the associated twisted probability kernel. As per standard Perron-
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N 6 8 10 12 14 16

50 | 1.81x 1072 [ 1.94x 107° | 5.62x 10~° | 727 x 107° | 1.07x 1073 | 7.2 x 1073
100 | 1.02x 1073 [ 9.13x 1076 | 278 x 107° [ 3.26 x 107 | 541 x 10~ * | 6.15 x 10~ 3
500 | 1.15x 102 | 495 x 1076 | 1.46 x 107% | 5.75x 1076 | 3.08 x 10~ | 2.28 x 103

Table 1: Empirical relative variance of value function evaluations (at different x), with n = 2000 from 500
independent realizations of the algorithm.

Frobenius theory, we have not made any reversibility assumptions, and this is reflected to some extent in the
“forward-backward” structure of the algorithm. We also presented some theoretical results demonstrating the
validity of using such a numerical scheme and saw how it can be applied to a variety of practical problems.
There are a number of possible avenues for further investigation. Regarding the theory, Assumption (H) is
very restrictive when X is non-compact. Starting points for the analysis of the method under weaker assump-

tions are i , |2Q1i i , |2Qlj , where the stability of Feynman-Kac semigroups and particle
y y g

approximations have been studied under a relaxation of the uniform majorization/minorization structure of

(H), using a Lyapunov drift condition.

There also many aspects of the applications considered here that could benefit from further study. The
connection to optimal importance sampling schemes for rare event simulation and estimation could be extended
by studying in detail the variance of the estimator appearing in Proposition [] as well as the propagation of
chaos properties associated with blocks of samples drawn from (lg%a)) Furthermore, it is of some interest to

, Chapter 5] could be combined with the
algorithm in order to estimate the solution of A’ («) = 6. Regarding this last point, when the solution of a is not
unique klh_a,n_a,nd_Laj, |2_Q]_1|] by-pass the computation of the eigen-function using saddle-point approximations,

so it would be interesting to investigate how the two approaches could be combined. Furthermore, the optimal

investigate how optimization schemes such as those in ,

control problem underlying the Bellman equation in Section has only recently received some mathematical

, |2Qld, |DJLi,jQ_t.b.a.m_a.n.d_TQdmmzl, |2Q]_1|] for the finite horizon case and could be in-

vestigated further. Especially for the infinite horizon case, there are many connections with continuous time
control problems ﬂ]lzﬂ_BLa_eA;_alJ, [1&9_&, lS_hﬂJ, [19&4]] and further insight could extend the applicability of the

numerical tools in this paper.

attention

A Appendix

A.1 Proofs and auxiliary results for Section

We now present dome definitions and preliminary results which preface the proof of Theorem[. The first is a

lemma that establishes uniform bounds on ratio functionals involving iterates of Q. Set LT := {p € L : v(p) > 0}.

Lemma 5. For any i/ € P and ¢ € LT,

o QU(p)(x) e
AN AN
;gfl I1161§ M’Q(")((p) et >0,

QW (p)(x) _ ¢t

sup su < — < oo 52
oo QM () T e (52

Proof. Under (H),
Q" () (1) _

QM (o) (x) ~ €

then integrating in the numerator with respect to p’ and re-arranging gives the infimum bound in (E2)). The

Ve,y € X,n > 1,

proof of the supremum bound is similar. O

Followinglm M], the notions of irreducibility and aperiodicity of a non-negative kernel generalize
For

simplicity of presentation we shall take as this measure the v appearing in (H). It follows immediately from

naturally from the probabilistic case, and are expressed in terms of a o-finite irreducibility measure.
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the definitions of iNumm_e_hd |2QO_4|] that when (H) holds, @ is v-irreducible and aperiodic. The number \, as

defined in (@)-(D) is called the generalized principal eigen-value (g.p.e.) of Q bmems_and_Mﬂd

Theorem 3.1] and in our setting coincides with the reciprocal of the convergence parameter oflm
Section 3.2].

Recall, the spectral radius of @ as a bounded linear operator on £ is defined as & := lim,, . [[|Q"|||

1/n
(existence follows by sub-multiplicativity of operator norm). For notational convenience define s~ : X — R,
st :X =Ry bys (2)=¢,sT(x) =€t Vz respectively In the terminologym m, Proposition 3.4],
is called A,-recurrent if and only if (n) = 0o. The following lemma prepares for Theorem [I]
Qi yif 300 g prep

Lemma 6. We have

(n)(1
T<E=) <€, mf 1nqu (1)

>0, 53
WEPNn=0 A (53)

and therefore Q is A\, -recurrent.

Remark 11. Following the terminology and arguments of ﬂNummglid, |209_4], p.96], under (H) the kernel @ is

then additionally uniformly A-recurrent.

Proof. The upper and lower bounds on the spectral radius ¢ follow from (H), because for any n > 1 and 2 € X
we have e~ < [Q™(1)(z)] e < €T. To verify that A\, coincides with &, write

1 sup, Q™ (1)(x) 1 sup, QM (1)(z) 1 _
Q) abgW—#Oge
Q=1 (1)

1
< —1g—+ log +—‘10g6_‘—>0 as  n — oo.
n

vQ=1(1)
It remains to verify the uniform lower bound in (B3)) and thus the A,-recurrence. A key feature of the majorization
part of assumption (H) is that it implies vQ™ ™=V (st) < vQ"=V (s)vQ(™=Y (s*) and then by sub-
additivity we are assured of the existence of:

1 1
+ . 1 - (n—1) (+) —_ : - (n—1) ( .+
AT == lim —logr@ (s ) = 7111;1; nlogl/Q (s ) (54)

n—o00 M

But from the definitions of st and s,

1 1 (n=1)(1) et
—logrQ" ™Y (s7) — = logvQ" Y (s7) = —log [71/@ ( )6—]
n n

1
n vQ=1(1) e

+
Liog (). (59)

€

so taking n — oo we find that A} = A,, and then (55) together with the right-most equality in (54]) imply

1 (n=1) (- 6+
—logr@ (s ) Ay > f—log
n

€

S0 (1)
vQ\" Y (s7) _ e
>—>0
AR et
n)
Equation (B3) then holds as 2%(1()3 > © +)2 for all ¢/ € P, and this implies \.-recurrence. O

Now consider the family of potential kernels, {Uy; 0 € [\s,0)},

Up := 29_"_1 (Q -5 ® I/)(n) .
n=0

where the convergence of the sum, in the operator norm, is ensured by the A,-recurrence of ) (shown in Lemma

[6lin Appendix) and is straightforward to verify using the inversion argument of MQ;aamls_and_Me;u;J ﬂZDjﬁ
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Proof of Lemma 3.2], noting that as per Lemma [6] the spectral radius of @ coincides with the g.p.e., £ = A,.

Proof. (of Theoremg%g As per Lemma [0l the spectral radius of Q) coincides with \,. By the same Lemma, @ is

Ax—recurrent. By , , Theorems 5.1 and 5.2|, vUy, and U), (s~) are then respectively the unique

measure and v-essentially unique non-zero function satisfying
vUN,Q = Uy, QU (s7)=XNUx(s7), vU,, (s_) =1. (56)

Under (H) we then have from (G6]) that

0< =S VU (s7) SUr(s)(@) < —lUp,(57) = — < o0, Va, (57)
s . Ak Ax
thus we take U Uy, (57)
1495\ A, S
o =, hy = ————" 58
TIAEY 0.0, (57) (58)
establishing (). The uniqueness properties transfer directly to 7, and h,.
We obtain from (B0 and (B7) the following uniform lower and upper bounds on h,:
Q (hy) () _ € e vUy, (s7) € 1 €
h,* = - > — h* = — - - T > — ) )
(@) A - /\*V( ) AU, (7)) AemeUx, (s7) — €t >0, vz (59)
Q (he) (z) € €t 1 €t
holx)= 22 <= y(h)= ——— < , v 60
(@) N S eI ey S e (60)

so that (@) is established. Furthermore P, is then well-defined as a Markov kernel and we readily verify that it

satisfies a uniform minorization condition:

P (x,ds") =

Z m@hn )

1 _ / - /
= T Y@ (7))
> e—y(dz’)UA* (s7) ("), Va,

€+

where vU,, (s7) = 1 and (B7) have been used. Thus P, is uniformly geometrically ergodic and by inspection

of the eigen-measure equation its unique invariant probability distribution, denoted by 7y, is given by 7, (¢) =

s (he) /s (he) = Nx (hatp). Then, again noting that vUy, (s7) = 1, by i€, , Theorem
16.2.4] we have:
I P& — 1@l < 20", (61)

where p := 1 — (¢~ /eT), which establishes . Multiplying by hy > 0 in ields for any ¢ € L, x € X,
p ymg by y y
et

ATQ (1) (0) = b (he0)] < 20"ha(o) ol < 2 () ol (62)

where ([60) has been used. By equation (B9)), hy is bounded below away from zero and therefore for any ¢ € L,
we may have taken ¢ := ¢/h, € £ in ([62). Finally noting from (E9) that ||¢/h.|| < (eT/€7)||¢l, the bound of
(I is established. O

A.2 Proofs and auxiliary results for Section

Under assumption (H) we obtain uniform bounds on these quantities, as per the following Lemma.
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Lemma 7.

inf1.(G) > 0 (63)
£ inf inf hya(z) > S >0 hoo(z) < < (64)
50, B @) > 55 0. 30 s () < £ <

Proof. Assumption (H) implies that G is bounded below away from zero and therefore we have (G3]). Lemma
in the Appendix implies (G4]). O

We proceed with the proof of Proposition [T}

Proof. (of Proposition [Tl) We first treat (I8]),

_ o () 11 ] pQ™ (p)
b=l = s @0 | s = S|+ ey
o [HRM (e )HMQ(")( .
S zp:s\’z,a&l MQ( ( ) )‘:}M(h*)
")
PCTER
@:p|<1 (*)
2 e\ 2
< no(
a M(h*)p <6_)

\°
< 4p" | —
()
where the penultimate inequality follows from two applications of the bound of Theorem [Il Equation (IT), and

the final inequality is due to ([@). This establishes (IJ]).
In order to prove ([[4]), we first consider products of the values (\,). We have

n—1
N Q("_p) 1
= 7
Tfp -1 = ‘pr() = 1p(hs) + 1p(hi) — me(hs)
1, Q" P)(1
< | L )|+ ) .00
€+ 2 €+ 3
< 5 (S) 442 (S)
1\ 2 N\ 2
< 2p(nfp)/\p (_> 142 (_) (65)
€ €

where the penultimate inequality is due to ([l of Theorem [[l and (I8]), and the final inequality is due to (@I).
Integrating and iterating the eigen-measure equation (B8)) gives A? = 7,Q™(1) . Then by Lemma [l

(n)
supsup L@

n>1zeX )\f

oo
|

(66)

24



With the above bounds in hand we now address (I9). We have

Q) (1)(z AP Q=) (1)(z
|hpn(z) = ha(z)| = ‘ n_(p)( ) —— 1]+ % — h.(x)
* t=p Ar %
nop (m)(1
= % — 1| sup sup OI0)
[I=, m>1yex AP

’u — h*(:c)’

N
2p(n=PINP <;>3 (1 +2 <;)2> +2p"7P (;)2
= 2pnPp <;>2 1+ < +> +2 <Z+>T .

where for the final inequality, (65]), ([G6) and (1) have been used. This establishes (I9]).
For (20), consider the decomposition

IN

1Pp,ny = Pulll

IN

1
_ hyn — hy
s | 100y 1) 6] ()

L lhp-1,n(2) = ha(2)] |Q (hrpp) (2))]
Ap—1 hp—1.n(x) hy (@)

A —Ap| 1
)\p—lj\’* h*(.’L') |Q(h*80) (‘T)l

Q(1)(z)
hyn — hyl| sup ——————
|| 2 || zp /\p71hp717n(:r)

IN

A
L
+ |)‘* — )‘p—1|
Ap1

1
hp—1,n — byl sUp ———
|| p—1 *H php 1n( )

et\? et
< (L) s,

where for the final equality, Lemmal7] the identities A\, = 1,(G), A\ = 1% (G), and (I8)-(IJ) have been used. O

A.3 Proofs and auxiliary results for Section
A.3.1 Lack of bias

Proof. (of Proposition Bl). The n = 0 case is trivial. For any ¢ € £, n > 1 and = € X, we have
d@ (m, ) / NN ’
— (@) e (@) m (dz’)| Frs
/ do (777];[—1)
= [ e @ @) @)

= Q(p) (2), (67)

&=

Ev [Qn (9) @)| Far] =

N

- NZE [ 2o )) (Gi) ¢ (6|

where the penultimate equality is due to the definition of the particle transition probabilities (34]).
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Now consider the telescoping decomposition

QY (0) — QM (p) = [MN QY1 QU () — N QY Q) (@)}

For each term in the big summation we have

Ex 1 Q0,0 QU 7Y (¢) - ¥ Q5,07 (0)| 7
= [ 178, ) E [Q), Q" (0) (1)~ @ (0) ()| 7|

:0’

where the final equality is due to (67). For the remaining term, Ex [(u™ — ') QM (¢)] = 0 by assumption of
the proposition. [l
A.3.2 Path-wise stability

The following proposition provides a generic result on iterates of non-negative kernels, which will serve multiple

purposes throughout the remaining proofs in the paper.

Proposition 6. Let (K,;n > 1) be a collection of possibly random, non-negative integral kernels, and suppose

that for a collection of possibly random, finite measures (vp;n > 1) and positive, bounded functions (S, , S ;n > 1),

So(x)vn () < Koz, ) < SH (@) (1), VYo eXn>1. (68)
Then Kon(1)(@)
0,n X =
sup sup ————— < supS,, 69
nZI;z,z’IE)X KO,H(l)(:C/) N "ZI; ( )
where

_ +
Sy = sup Sﬁ (z) .
z,x' €X Sn (1'/>

Furthermore, for any possibly random probability measure n and ¢ € L,

Kon(p)(x)  Kon(1)(@) nKon(p) ‘
1

<llell2Cs || p
nKon(1)  nKon(l) nKon(l) lill2Cs L oy

p=1

sup
zeX

N2 _
where p, == 1 — (infzex ‘2123) and Cs = sup,,5, S.

Remark 12. We approach the proof of this proposition using a decomposition idea OfMMdj&rﬁ&nnM

|, a technique which they demonstrated to be useful in the analysis of non-linear filter stability on non-

compact state-spaces. We won’t exploit the full generality of this kind of decomposition (it is useful under

conditions much weaker than (H) - see for example , |ZDQd], again in the filtering context) and we

choose to take this approach because it yields a short and direct proof, which is sufficient for our purposes.

Proof. (of Proposition [@). The uniform bound of (6] holds directly under the assumptions of the proposition.
We write K2 (z,y,d (2',y)) = K, (z,dx') K, (y,dy') and v®? (d (z,y)) := vn(dz)v,(dy). Under the as-
sumptions of the proposition we have for any (z,y) € X? and measurable A C X? such that v%2(A4) > 0,

Ky (2,y,4) = K2 (2,y,4) = S, (2)S, (y)v” (A)
S, (@), W) | w2
< K3 (2,9, A). (70)



Furthermore,

Kon(p)(2) KO,n(l)(x nKo.n(p) ’
nKo.n(1) NKon(1) nKon(l)
_ |K0,n(90)( )nKo, (1) — Ko n(l)('r)nKO,n(‘p”
NKo,n(1)nKo,n(1)
| Ko, ()(@) (6. @n) Kin (p@1-1® )|

nKon(1) (0o @) K&2(1®1)
 Kon(1 )(x)’(596@77)[?07"(@@171@50)‘ -
BT Ry Sy .

N\ G, 0 Kon(1®1
<2lg (supsp>( Ko (18 1)
W% ) e K2 (1o 1)

n
<20 (53, ) T oo
p>1 -1
P
where the equality in ([7T]) is due to the decomposition technique of mmmm Izm)é, p. 422]

[see also mwjﬂ, |20Qd, Proof of Proposition 12], and for the final two inequalities ([69) and (Z0) have been
used. [l

Under assumption (H), we find that the random operators satisfy path-wise, a regularity condition of a

similar form, which is used below in the Proof of Proposition

Lemma 8. The operators (Qﬁ’) satisfy

(e <QN(z,) <etal (), VzeXn>1,N>1, (72)

n

where ol is the random finite measure:

N -1
o (d) 1= (d) [%()] ,

and €=, €t are the deterministic constants in assumption (H). Moreover for all x € X and p < n,

et

e

e

Proof. Since Q(z,-) is equivalent to v, then ® (77,]1\’_1) is too, and it is straightforward to check that assumption

(H) implies that W(m) is bounded above and below away from zero in . We then have
n—1
dQ(z) NN (o]
Q) = [ @ )
4d® (1,"4)

— :L':L'/L:C/ N 1,/
= | o) gy @ )

-1
dv

6+/7$I7’]ijd$/,

aa ()

The proof of the lower bound is similar. The bounds for &), (x) = Q). (1)(x)/n) Q). (1) follow from ). O

p,n

IN

Proof. (of Theorem [B)) From Lemma [4]

n—1 N NN
Qo (1) no Qo
A =m0 Q0 (1), .= A T NAN (73)
1;[0 o oY, (1) ' QY (1)
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Thus @2) holds due to Lemma [ and Proposition [ applied with n = 7', K, = QY, v, = o and S} =

n

€™, S, = e are constant. Dividing through by ' (h{,) in [@2), again noting (Z3) and using

N
o sy DaD@) et -

n>1z,2’eX Qé\{n(l)(‘rl) -

e

which also holds by Proposition [] we establish ({3]). O

A.4 Auxiliary results and proof of Theorem [4]

Consider the collection of “backward” random kernels (R2') defined by

dQ(«', -
RY (o) = () o), nz

and with a slight abuse of convention, write

RY,:=1Id, R}, :=RYRY R}, p<n

The interest in these quantities is that, in the context of the L, error estimates which are the focus of this
section, they provide a convenient way to express the functions (h;)\f n) and share path-wise stability properties

with (Qﬁ[ ) Indeed by a simple induction it can be shown that for any ¢ € L,

ny RY, (o) =0 [9QF, (1], p<n. (75)

Remark 13. Each kernel R) is equal, up to a scaling factor of n)¥_;(G), to a certain “backward” Markov

kernel used in the analysis of iZQld] In contrast to the latter work, we are centrally concerned

N
p,n

Proposition [3 we therefore prefer to deal with (R,Jy ), but only for cosmetic reasons.

with emphasizing the relationship between ( ) and the underlying semigroup (Q(")). In view of (7H) and

The (Rﬁ’ ) satisfy a condition similar to that in Lemma[§ as per the following Lemma.

Lemma 9. The operators (R,]:’ ) satisfy
M1 (B (@)e” < R (x,) < BT (@) (), Ve eXn>1,N>1,

where BY is the random, positive and bounded function:

By (x) = l—d@ (jj*) (@] :

and €=, €t are the deterministic constants in assumption (H).

Proof. From definitions,

RN (x, A)

n

dQ((E’, ) N /
/A Ty i )

o dQ(xlv') dv T N :L'I
= ey )

dv N
€+m($)nn71 (4).

IN

The claimed positivity and boundedness of 32 follows from (H). The proof of the lower bound is similar. [

It is well known that under (H) and variations thereof, one can obtain time-uniform L, estimates for errors
of the form 1Y (¢) — 7, (¢). We will make use of the following result, due to m, Theorem 7.4.4].
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The proof is omitted.

Proposition 7. For any r > 1 there exists a universal constant B, such that for any ¢ € L, the following time

uniform estimate holds

Tl/T B 6+ g
E N () = 1 <2 == .
sup B [[a () = ()] < 200l 2= (£)

We need a further definition. Consider now the functions (¢, ) and their random counterparts (gbﬁ’ ) defined
by

dQ (.T,) _ dQ (xa)

On (z,2)) = '), N (x,2') 2y, n>0
and note that under (H),
/ €+ N ’ €+

supsup |¢y, (x,2")] < p sup supsup |¢,, (z,z )‘ < —. (76)

n>0 x,x’ N>1n>0 z,z’ €
Furthermore, we then have from definitions that

o (1)(95) 1 dQ (z,-)
W) = EEP = [0 Q0@ ()
p 77p pon (1) 771])\{;_1Qév+17n(1) dn{,VQ Pt Pl

np+1 [(bN ( )}

R'r]yp—i-l( ) 7

where the final equality is due to (73).

Proposition 8. For any r > 1 there exists a universal constant B, such that for any ¢ € L and N > 1,

rq1/r
N hN B. -~
sup SU.pEN p ((pNPJl)(x) _ Q((,th,n)(l') S 2 H‘:DH T C
p<nzeX )\p,1 Apfl v N

where

and p is as in Theorem [3

Proof. (of Proposition B) From the identities

Q) (phpi) (@) _ [sm ( )
AN N.(1

Y. oY RY, [po s (x.)
R, (1)

v@

(established similarly to equation (7)) and

Q(php.n) (z) = Tp [‘P¢p—1 () Q(n_p)(l)}
Ap—1 B 7,Qm=P)(1) ’

we have the decomposition

QY (phd,)(2) Q(sah n) >
EpTs ) =y
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where

nﬁRiXp[so(évl( ) = ¢ (2,0))]

Ty (z) STy

o) = T [P0 1< 2] @ () [pdpr (@) QP (1)
T mRL () @ (10) I

¥a e 20 [P0 @) QDM [0y (2,9 QP
e ® (n)_1) QUP)(1) QP (1) :

For the difference in (Z8)), under (H) we have

su TN# - < ||90||6 /
162‘ P ( )’ - fnp 1 dy (ya ) f77p dy )

IIsDII€+ / [aly, ") [np—1(dy) — ) 1(dy)}
ny RY, ( Ja(y, ) n) 1 (dy) [q(y,2") np-1(dy)

Hs&ll e )/‘/ q(y,2) [mpr (dy) — . (dy)]

/ — e (dy)] |,

and therefore by Proposition [ and ¢ (y,2") < €™,

Ex IR @] < 20l 22 <+>
su < <)
IEE N o 4 N €

For the difference in ([79), due to the relation

ny Ry, (da')

ny Ry (da')

ny Ry, (dz')

||<pH v

W4 (d)Q (') = @ () ) (da') R (o)

we have the telescoping decomposition

T2
_ mﬁVRnp lpdp— (@ )] @ () [¢dp-1 (@) Q7P (1))
n R (1) @ (L) QUP)(1)
R C m>( JRY, [popm1 (@] @ (m1) [QU- (DR [pdyo (x, )] ]
= (=m ()R], (1)] ® (1) [QU— (MRY ,(1)] '

Each term in the summation (82)) is of the form

® (ny_1) [QU"™R], (1)]
ny [QIRE L (1)]

[y — @ ()] [A%] -
where

Al L)

p,n,m

QU™ (1)(y) RN, ety (x,-)] ()
@ (nN_y) [QU—)(1)RY , (1)]

)
@ () [ WRY, (] @ () [QE- ()R, (1]

n [QU ™ (1)La]

Defining the map ¥,,, ,, : P — P by U, n(1)(4) :=
A== gm=m)

, for A € B, we have

30
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QUM M)ARN, (1) (1) @ (m_) [Q" (RN, [pdpi (2]
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sup
zy

Aé%m(y)‘

Q"W

y @ (nN_y) [Qr—™(1)]

RY ledp—1 (z,)] (y) RN (1) () Uy [® (1) ] Ry [0bp—1 (fE,')]|

IN

)

Ui [2 ()] [BN, O] Wi [@ (-] [N, (D] T [® (nh_y)] [RY, (V)]

e\°
< lelimrz(S))

where the inequality is due to Lemma[5 the bound of (@) and then Lemma [@ and Proposition [ applied to the

X sup
@,y

sequence of kernels RN, RN | ... RY o1 with =Wy, [® (n}_1)], and p is as in Theorem Bl Then returnin
-([83)), and noting that Az(m)z m(y) is measurable w.r.t. to F,,—1, we have by an application ofm
, Lemma 7.3.3.]

1/r B, [et > B e\’ 1
supE [ TN } <9 (—) T ) - (—) . 84
ze)Pi N | )‘ H ” \/N — mZ:pp H(pH \/N — 1-5 ( )

where the bound of Proposition [fl in equation (69) has been applied to the left factor in (83]).

It remains to consider Tévf’(x), and we do so using the decomposition:

s = |20 [p0 @) QU] [y () QD]
@ (n,01) QU=P)(1) QTP (1)
< o @ @R P )] (o1 = ) QP THI(L)
= ¥ nN L QU—rD(1) Ty 1Q =D (1)
oy L0251 =) @ [6m1 000 0] )

p—1QPH(1)

Now note that due to Lemma Bl and the bound of (76,

Q [dp-1(5,)QUP(1)] () QT
s ey S Sl el Sy

).

and the same bound holds with nZJ,V_ 1 in place of n,_1. Then Proposition [[l combined with (86 may be applied
to each of the terms in (8H) to yield:

A

P B et 7
supEn | |TN3(x < - 4(—) . 87
sup By [T | < el =4 (= (87)
Combining (8T), (84) and (87) completes the proof. O

Remark 14. The treatment of the term Tgf in the proof uses some arguments from i]ld.M&L&L@J_&]J, |29J_d,

Proof of Theorem 3.2], with variations customized to the present context.

Proof. (of Theorem []) Consider the decomposition

pr1(pi1,0) (@ p+1,n) (@
) ) = Dlenls) Qlena)
Hhpn(@) = e (2). 9
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The first difference on the r.h.s. of (Bg)) is dealt with using Proposition [§ applied with ¢ = 1. For the other

difference, we have that by Proposition [I]
sup |hpn (z) — hy(z)| < Cpp™PINP
zEX

To prove ({6, consider the decomposition:

(ZE A) (ZE A) = _.1 (,CE A) ._2(.’L',A) + Eg(,ﬁC,A)

Pl
where
(e, A) = 1 [ () @) Q(hpula)(z)
~1(.T, ) hN /\N o 5
p*l,n(z) p—1 p—1
= Q(hpnla)(z) 1 1
Eo(z, A) = ’ _
2( Ap71 h}]?V 1n(z> h’pfl,n(-r)
Es(x,A) = Py (z,A) — Pz, A).
For the first term,
+ NN rq1/r
T < Cp |9l @ QUpala)@)
—1 ’ >~ — )\é\/_l )\p_l
et B, -~
< 2———=(,
e VN

(89)

where the first inequality uses the a lower bounds on hp 1.n(z) from Lemma[§ and the second inequality is due

to Proposition B applied with ¢ =1 4.

We also have

N [[Ba(m, AT < iME“hz,_m( ) =By (2)] T/T

- € )\pflhpflyn(lv
- et B, -
— 67 \/N )

where for the first inequality the lower bound on hp 1.n(z) from Lemma [8 has been again be used, the second

inequality is due Lemma [Il and Proposition [§ applied with ¢ = 1. The term Z3 is dealt with using Proposition

[ and that completes the proof.

A.5 Proofs of Propositions [ and

Proof. (of Proposition @) From (1) and the definition of P, for any z¢ € X,

(ntp.2m) 1

Ey |En F(Xo;m)hgj’;iﬁll) j_: Gz’%fp) Fon ]
=Epn :/xm+1 F(zo;m)ﬁ ﬁ})_l) fzv+p,2n($p17dxp)]
=En :/Xmﬂ F(20:m) ﬁ %ﬂ(%)nﬁp(d%)] '
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where Fj,, is the o-algebra generated by the particle system at time 2n. We will proceed to decompose the
difference between ([@3) and 7, ().
For ¢ =1,...,m, define Fy by

Fm(:CO:m) = F(:CO:m)a Fé(-rO:Z) = / Fg+1(.’L‘0;g+1)M(.’L‘@,d$@+1), {= 1a ey M — 1a
X

and observe that then
M(Fy)(z) = Es [F(Xo:m)] - (94)

For any £ =0, ...,m, and zg € X , define

4
Fév(:ro) — M(F1)(ZE0), Fév(zo) = /xf Iy (:c1 2) H %ﬁ__l—,;;

p=1

(xp)nfl\crp(dzp), L=1,..m. (95)

Then for any £ =2,....m

Ex {Fév(%)‘]'—an}
_ T M () dM (z1,)
7/x ﬂm(zp)né\;p(dxp)EN /)(Fe(m:e)m(ze)nﬁw(dzg) anl]
=AM (2,1, )
/x/f1p_1mup)n%‘p(d%’)/XFZ(:EM)M(W1’d‘w)
—1
= /X[ ) Fefl(xlzlfl) H %(z]g)nﬁi_lj(du’%) = Fév_l(zo), (96)
- p=1 ntp—1

and a similar manipulation shows

—N —N
En | F) (xo)‘fn} =T (o). (97)
We then have that

Ex [P 0)] — Euy [F(X0n)] = 3 B [FY 0) = FiL s a)] =0,
(=1

where (@4]), (@), (O7) and (@) have been applied. But F,]Z (x0) is just what appears inside the expectation (@3],

so the proof is complete. [l

Lemma 10. Assume (H) and let Ex denote the expectation w.r.t. the joint law of the particle system and
(Xp) sampled according to [{7). There exists a finite constant C' such that for allm >1, N > 1,

m—1 \N 2 m
A C c
E e ) | < 1+_) [(1—}——) _1}
nso (H Aty ) —( VN N

p=0

Proof. Throughout the proof C' denotes a finite constant which is independent of m, n and N, but whose value
may change on each appearance. From hereon m > 1, N > 1 and n > 0 are fixed to arbitrary values.

For 1 < p < m, consider the decomposition
P

H )\n+q S ZAW

n+q q=0
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where

A;D,O = [nn - } N

Apg = ( )\nf)

Note that by Lemma[5] sup, sup, QP (1)(x)/n.QP (1) < et /e, so by Proposition 7,

QW)
1mQ® (1)

QW
Q
-] e

n+q 1 77n+qQ(p_Q)(1) , o

C C
sup |[En [A < —, sup E [A ] —
pp| N[ P70]|—\/N p N | P0| N°
Also note that N
N Mntq—1Q N N
Nntq — )\Nq = Nn4+q — (I)(nn—i-q—l)
n4+q—1

and recall that given F,, 141, (¢} 4,)i, are conditionally i.i.d. draws from ®(n},, ). Therefore
E[Ap g Forn] =0 and E[A, Ay Fon] =0, 1<g<i<p,

SO

p—1 AN
En lH ot 1] =En[Apo].
q=0 """

Collecting the above and adopting the convention H =1, we have

TO/\+
2

En (H M - 1) ZEN [(Ap,q)ﬂ

q=0 )‘n-i-q

r 2
C p—1 (ql AN
< = ZEN H ntr
N q=0 L r=0 )\n—i-r
2
C p—1 (ql AN
=Y En [[ ] -1+1
N q=0 L r=0 )\n—i-r
-
C p—1 q—1 AN
< ¥ Ex ( A"Ir—l +1+2|E[A,0]]
q=0 r=0 T
- 07
o AN C
< — En 1) 41—
N q=0 <7:"l:](:) AnJrT \/N

With the shorthand

we have so far established

C =
ap=0, ap< Nzo(anrb), 1<p<m. (98)
P
We claim that solving this recursion gives
C p
<b|l14+—=) —1]. 99
wer(5) -] o

Indeed (@) holds with p = 0 since ap = 0 by definition, and when (@) holds at ranks less than or equal to p,
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@) gives
o = SEO008) )
+

O

The proof is complete since ([@9) with p = m is the bound in the statement of the lemma. O

=b

Lemma 11. Assume the assumptions of Lemmalll hold and in addition that X is a finite set. There exists a
finite constant C' such that for all1 <m <mn and N > 1,

m—1
11 Antp
p=0 Ax

11/2

A
7N
—
\
e
R
N———

3
Q

=
=
VR
>
pa
»
2
|
~
N———
IA
Q

1/2

=
Z2
7N
>=
3
[ V)
S
&
\
—_
N~
[\v)
INA
Q

Proof. By Proposition [I]

m—1
Mt QM) | Q™ (1) Yt
L7571 = Femm =[Gt < (- 5) @

For the second inequality in the statement, using Lemma [§] and noting that by assumption X is a finite set,

we have
hoe(Xom)

h’ﬁ/;rm,?n (Xm)

Theorem Ml together with Minkowski’s inequality applied to (I00) gives the desired bound. The third inequality
is proved similarly, except that under [@T) Xy = = a.s., hence

ha(x)

—1 —1
n+m,2n(z)

< max

Jr
<=3 hula) = A @) (100)

zeX

ha(Xom)

ol g
h’ﬁ/;rm,?n (Xm)

Proof. (of Proposition Bl Throughout the proof m, N and n are fixed. Define

W - hiX?n(XO) h*(Xm) i )‘ﬁcrp
h*(XO) h71¥+m,2n(X’m) )\* 7

p=0
so that .
dP,
——(Xo0,.. ., Xm) =Ex [W] X0, ..., Xm]-

=N,n

dP

x

For the result of the Proposition we need to bound Ey |Ex [W — 1] Xy, . .. 7Xm]ﬂ by the r.h.s. of (). By the

conditional Jensen’s inequality, it is sufficient to show that the same upper bound holds for E [(W - 1)2].
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Consider the decomposition W — 1 = Z?:l W, where

W, = hﬁQ"(XO) B (Xom) Wﬁl Antp wﬁl )‘7]:[4-1) 1

h*(Xo) hﬁ[er’Qn(Xm) Ay - )\ner )

W2 o h’r]XQn(XO) h*(Xm) et >\n+p _1
h*(XO) hﬁ/;rm,?n (Xm) ’

L hrlx2n(X0) h*(Xm)
W3 o h’*(XO) <h71¥+m,2n( m) - 1) ,
hit2n(Xo)

W — n,2n 1
! h*(XO)

By @ and Lemma[8

! an) (101)
sup \Y < (—) . 101
K h*(l') hﬁcrm,?n(zm) €

Since

Lemma [T0l gives

s (2) (13 1)] s () (5

Lemma [Tl and ([I01) give

971/2 N\ Antp e\
En [(W2)?] < <6—_> )\—*1 §C<1€—+> ,

p=0

57 1/2

o < () | (i 1) | <o

n+m,2n

Ev [(W0)?]* <C b—lﬁ + <1 - E—;)n] .

Combining these bounds with Minkowski’s inequality applied to W — 1 = 2?21 W, completes the proof of the

proposition. O
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