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We propose a multi-period extension of the competitive newsvendor model of Lippman and
McCardle (1997) to investigate the impact of quick response under competition. For this
purpose, we consider two retailers that compete in terms of inventory: customers that face a
stockout at their first-choice store will look for the product at the other store. Consequently,
the total demand that each retailer faces depends on the competitor’s inventory level. We
allow for asymmetric reordering capabilities, and we are particularly interested in the case
when one of the firms has a lower ordering cost but can only produce at the beginning of
the selling season, whereas the second firm has higher costs but can replenish stock in a
quick response manner taking advantage of any incremental knowledge about demand (if
it is available). We visualize this problem as the competition between a traditional make-
to-stock retailer that builds up inventory before the season starts versus a retailer with a
responsive supply chain that can react to early demand information. We provide conditions
for this game to have a unique pure-strategy subgame-perfect equilibrium, which then allows
us to perform numerical comparative statics. Our results confirm in a competitive setting
the intuitive fact that quick response is more beneficial when demand uncertainty is higher,
or exhibits a higher correlation over time. Finally, we find that part of the competitive
advantage from quick response arises from the asymmetry in response capabilities.

1. Introduction

In recent years, the apparel industry has seen the rise of what has been called fast fashion
retailers. These are clothing companies that are able to respond quickly to market trends
and introduce new products very frequently. Most of these products have a life-cycle of no
more than a few weeks, and by the time the cycle is over, they are promptly replaced by
a more “fashionable” item. The high assortment rotation has become a distinctive feature
that has increased the average number of visits to the store, since now customers are aware

that they can always find something new.



In Europe, where the concept began, fast fashion has been denominated a 21st-century
retailing phenomenon with representative companies such as H&M and the Inditex group,
owner of Zara (Davidson 2005). Besides their natural talent to design on-trend clothes, a
crucial part of their success is due to their flexible supply chain and operational competencies
(Ghemawat and Nueno 2003). In particular, fast fashion retailers can make in-season replen-
ishments thanks to remarkably low lead times, in the order of weeks rather than months.
The latter is achieved in most cases through local production or expediting, which obviously
translates into higher unit costs.

In the case of North America, fast fashion remains a niche that represents no more than
two percent of the apparel business (Foroohar 2006). Large clothing retailers like The Gap
seem too big and might not have the incentives to restructure their entire supply chain to
mimic their European competitors since their customers have been historically less fashion-
forward. They might however borrow a few elements of fast fashion. For example, they can
strength the link with their suppliers, or they can move the production of trendier items
to Mexico instead of Asia in order to shorten lead times. The extent to which traditional
retailers should adopt or convert to fast fashion remains an open question and serves as part
of the motivation for this paper.

Despite the incipient (but growing) success of fast fashion in North America, the concept
itself builds upon quick response (QR), which was an apparel manufacturing initiative that
started primarily in the United States during the mid 1980s (Hammond and Kelly 1990).
The main objective of QR is to drastically reduce lead times and setup costs to allow the
postponement of ordering decisions until right before (or during) the retail selling season
when better demand information might be available. A successful implementation of QR is
typically based on the effective use of information technologies. Fast fashion has taken QR
to a higher level and has leveraged on the minimal lead times by introducing new products
on a regular basis, and therefore enabling a dynamic assortment that basically fulfills the
ideal of providing “fashion on demand”.

The overall success of fast fashion is attributable to a combination of multiple factors. The
interaction between all the elements involved is at a preliminary stage of being understood.
There has been extensive qualitative work that describes the different cases or examples
of fast fashion companies. However, the academic literature on this topic remains scarce.
In this paper we aim at understanding the impact of one specific element of fast fashion.
Namely, the QR component that is arguably the basis for all the other elements that later

come into play. Therefore, we disregard assortment, pricing or market positioning decisions



related to fast fashion, and we focus on the essential capability of having more flexibility in
terms of inventory replenishment. We look at the problem in a competitive setting, since
from its inception, QR advocates have claimed that it is the only viable strategy under the
current conditions in the apparel market, similar to what just-in-time manufacturing has
meant to the auto industry (Hammond and Kelly 1990).

We consider a model with two retailers selling a substitutable product over a finite hori-
zon. The two retailers compete based on inventory. When a stockout occurs at one retailer,
the unsatisfied customer walks into the second retailer, where she is served if stock is avail-
able. Thus, the inventory decision of a given retailer depends on the level of inventory at
the competitor. Moreover, as time goes by, the retailers can incorporate any additional de-
mand information into their stocking decisions. The model allows for asymmetric retailers
and we analyze their competitive strategies, considering the equilibrium inventory decisions.
Our model can be seen as a multi-period extension of the competitive newsboy developed
by Lippman and McCardle (1997). As in their case, we are interested in determining and
characterizing the existence of a unique pure-strategy subgame-perfect equilibrium, which
then allows us to understand and compare the outcomes for each retailer, and in particular
assess the potential benefits of implementing QR.

Our paper makes contributions to the operations literature from both the methodologi-
cal and managerial standpoint. From a methodological perspective, we solve an asymmetric
multi-period inventory-based competition model, where the asymmetry is in terms of re-
ordering and demand learning capabilities.! We are not aware of any other paper that
studies dynamic horizontal inventory-based competition with demand correlation over time.
Several authors have previously studied the infinite horizon case, but under such conditions
that it reduces to a myopic single-period problem. On the contrary, we formulate a dynamic
finite horizon model, and we analyze four different cases. For each one of them, we provide
sufficient conditions that guarantee the existence of a unique equilibrium. The conditions
are summarized in Table 1 (the meaning of each assumption is discussed later). Note that
we pay special attention to the two-period case since it is the most common approach that
has been used in the literature to model QR (see, for instance, section 10.4 in Cachon and
Terwiesch 2005). Also, our results extend Theorem 3 of Lippman and McCardle (1997)
in two ways: (i) to asymmetric retailers in the single-period case, and (ii) to an arbitrary
number of periods with information updates in the symmetric case (under a linear demand

split). We also allow for arbitrary initial inventory levels in both cases.

! Asymmetric net margins and demand splitting functions are also allowed.



From a managerial standpoint, this paper is a first attempt at trying to understand
what the competitive advantage of fast fashion is compared to more traditional retailing
operations. As mentioned before, our analysis is restricted to the benefits that stem from
QR. In particular, we provide a detailed numerical study where we compare the profits in a
competition of two slow response (SR) firms, with those achieved in a competition where one
or both retailers have implemented QR. Our results indicate that both retailers are better
off in the QR vs. SR competition compared to the SR vs. SR case. In addition, we show
that part of the competitive advantage for a QR retailer comes from the asymmetry, i.e.,
from being faster than the competitor, and these benefits are larger under higher demand

uncertainty or higher correlation over time.

Assumption

Case

Demand signal

T=2

Mid-season replenishment

T=2

Passive competitor

T=2

Symmetric retailers

T=2

Margins

Different costs per period

Non-increasing

Non-increasing

Infinite support

Log-concavity

Only in initial period

Only in initial period

In all periods but last

In all periods but last

Demand
_ (D; — kD») independent of . _
Independence D, for some k > 0 Across all periods
Likelihood order — Non-decreasing Non-decreasing -
Linear split - Only in last periodif k >0 - In all periods

Table 1: Sufficient conditions for a unique pure-strategy subgame-perfect equilibrium.

The remainder of the paper has the following structure. In section §2 we review the
existing literature, mostly on inventory-based competition models. Then, in §3 we develop
our model, and in §4 we establish the existence and uniqueness of a pure-strategy subgame-
perfect equilibrium for the four different cases mentioned in Table 1. In §5 we perform
numerical comparative statics in order to understand how the equilibrium depends on the
parameters of the model. Finally, in the last section §6 we conclude and discuss future
research directions. All the proofs are available in the technical appendix, unless otherwise

noted.

2. Literature Review

Fast fashion has been discussed extensively in the popular press, see for instance The
Economist (2005). In more academic terms, the literature is mostly descriptive with an
emphasis on the qualitative aspects of the retailing strategy. Many cases have been written,

in particular for the Spanish company Zara, e.g., Ghemawat and Nueno (2003), McAfee et
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al (2004), and Ferdows et al (2004). From a quantitative perspective, during the 1990s sig-
nificant progress was made in understanding the impact of QR in an isolated supply chain,
mostly in a two-period setting (see Fisher and Raman 1996, Iyer and Bergen 1997, and
references therein). More recently, Cachon and Swinney (2007) have looked at QR in the
presence of strategic customers. All this work is related to ours because we focus on the
QR aspect of fast fashion. However, as mentioned before, fast fashion goes beyond QR, in
particular by introducing a large number of new products during the retail selling season. In
that respect, Caro and Gallien (2007) provide a closed-form policy for one of the distinctive
operational challenges faced by fast fashion firms, namely the dynamic assortment problem

To the best of our knowledge, there has not been much analytical work that tries to
identify the drivers of fast fashion’s success in a competitive context. Clearly, the answer is
not simple since there are many interweaved factors that come into play. For that reason, as
a first attempt to understand the (potential) competitive advantage, in this paper we focus
exclusively on the QR capability and we openly disregard other important elements of fast
fashion. With this scope in mind, we are left with an inventory-based competition problem
for substitutable products. Several models have been developed in the literature for this
problem. In Table 2 we provide a (non-comprehensive) summary of preceding work. Our
paper contributes to this stream of research by solving a multi-period model that allows for
asymmetric retailers in terms of reordering and demand learning capabilities.

In the single-period case with n retailers, Lippman and McCardle (1997) prove the ex-
istence of a pure Nash equilibrium under the general assumption that the effective demand
faced by a particular firm is stochastically decreasing in the inventory levels of the other
firms, which comes naturally in the case of substitutable products, see Netessine and Zhang
(2005). The existence of a unique Nash equilibrium requires additional assumptions as those
listed in the last column of Table 2.

In the infinite horizon case, several authors have shown that, under suitable conditions,
there exists a Nash equilibrium in which each retailer follows a stationary base-stock policy.
All these results stem from the dynamic oligopoly model by Kirman and Sobel (1974). In
practice, this is equivalent to solving a single-period problem. Note that even if the latter has
a unique Nash equilibrium, that does not guarantee a unique subgame-perfect equilibrium
in the multi-period case.

Several other (retailing) competition models in which inventories play an important role
have been studied in the literature. For instance, in an infinite horizon setting, Li (1992)

looks at delivery-time competition and shows that when all retailers are identical they tend



to make-to-stock. Anupindi and Bassok (1999) consider inventory-based competition d la
Parlar (1988), and study the impact of “market search” (i.e., the spill-over fraction) on the
manufacturer’s profit. Bernstein and Federgruen (2004) examine the case of retailers that
compete on price and then set their inventory levels accordingly. Gaur and Park (2007)
consider customers sensitive to negative experiences such as a stockout, and study the com-
petition of retailers on the basis of their service levels. As before, given the stationary model
formulation in these papers, the solution is myopic in the sense of Sobel (1981) and the

analysis reduces to a single-period problem.

Author/Y ear Num. Num. Myopic Back: Stochastic Demand Model Demand Typ e of Asymmetric Sufficient Cond itions for
Firms | Periods | Solution | logging Learning Retailers Allowed the Existence of a Unique
Nash Eq uilib rium
Parlar(1988) 2 1 Tes Mot Independent firm demands are Mot Interms of cost Continuous and strictly
allowed | aggregated to industry demand all owred parameters and incteasing cumulative
Deterministic spillovers. effective demand demand.
Lippman and N 1 Tes Mot A garegate industry dem andis Mot Az in Parlar (1988). Parlar (19887 + symm etric
MeCardle(1997) allowed allocated across firms. General all owed costs & revetiues + strictly
splitting rules are considered. itteasing deterministic
dem annd split.
Mlahajan andvan N 1 Tes Mot Baged on utility maximization. Mot Az in Parlar (1988). Sy etric retailers +
Ryzin (20017 alloredd Custom ers can buy moor e than all owred incompletenontrivial dem and
o item . diversion + continuois
demand.
Aovsar and 2 o0 Tes Mot AsinParlar (1988). Mot Az in Parlar (1988). Continuous dem atid +
Baykal-Cr Gr soy allowred all owed stationary policies + low
(2002) initial dem and.
Wetessine and N 1 Tes Mot AsinParlar (1988) but Mot Az in Parlar (1988). Continuous dem atid +
Fudi (2003) alloredd cotrelations are allowed. all owred incomplete demand diversion.
Wetessine, Rudi 2 1.00 Tes Allowed | MModell: identical to N etessine Mot &g in Patlar (1988). Same as in Avsar and Baykal-
atd Wan g(2005) ’ andRudi (2003). Models I1-IV: all owed Grigrsoy (2002).
allow backorders.
Wagarajan and 2 T Ho Allowed T ctal demandis determ inistic Mot &g in Patlar (1988). Hewr shoy ratio equal to0.5 or
Rajagopalan but allocation is random. all owed mate (then each retailer can
(2005 ignote its competitor).
Present paper 2 T Ho Mot &g in Lippm an andMeCardle Allowed AsinPatlar (19887 + See Table 1 abowe.
allowed | (1997 with a strictly increasing agymmetric reordering
deterministic demand split. and demiandlearning
capahbilities.

Table 2: Inventory-based competition models for substitutable products.

Given the extremely short life-cycle of fashionable clothing, finite horizon models seem
more appropriate. In that matter, the work by Hall and Porteus (2000) is conceptually
close to ours because, despite the fact that they consider competition based on customer
service instead of (non-perishable) inventory and information updates are not allowed, the
retailers can only take actions to prevent leakage of demand to the competitor rather than
proactively attract demand to itself. Under these conditions together with a multiplicative
demand model, they are able to show the existence of a unique subgame-perfect equilibrium.
Liu et al (2007) extend the result to a more general demand model that includes the additive

case. Olsen and Parker (2006) provide an alternative extension in which the retailers can



hold inventory over time and can advertise to attract dissatisfied customers from its competi-
tor’s market. The existence of a unique equilibrium is guaranteed by assuming a particular
salvage value function and low initial inventory levels (as in Avsar and Baykal-Giirsoy 2002).
Interestingly, in equilibrium, the game effectively becomes two parallel Markov decision pro-
cesses where each firm can make stocking decision independent of the other firm’s choices.
We obtain a similar result for the case of two symmetric retailers, though under a different

set of assumptions.

3. A Multi-Period Inventory Competition Model

In this section we formulate the multi-period inventory competition model that will be used
later to study the benefits of QR. In §3.1 we present the basic features and assumptions.
Then in §3.2, we introduce the dynamic aspect of the model and the solution approach (i.e.,

sub-game perfection).

3.1 Basic Features and Assumptions

In what follows, we present each one of the assumptions that lead to our multi-period model.
The assumptions appear in italics and an explanation or discussion follows whenever appro-

priate. Any related notation is introduced as well.

(A1) There are only two firms that sell substitute products, and each firm maximizes the

total expected profits over a finite horizon of T periods.

Let indices ¢ and ¢ denote retailers and periods respectively, with: = 1,2andt =T, ..., 1.
Note that periods are counted backwards, and we consider a finite horizon to represent the
short product life-cycle in the fashion apparel industry. The index j is also reserved to de-
note a retailer, and throughout the paper it is understood that ¢ # j. Since the retailers sell
perfect substitutes, a customer that cannot find the product at her preferred retailer will

check if it is available at the competitor.

(A2) The aggregate customer demand in period t (denoted D) is continuous, stochastic,

and may be correlated across periods.

Let f, be the p.d.f. of the demand in period t, F; its c.d.f., F;, = 1 — F,, and F;l its

inverse. When there is correlation across time, we denote the p.d.f. and c.d.f. of the demand



in period ¢ as fy;, and F;, respectively, where I; is the demand information available at
that point in time, which is assumed to be common knowledge. Typically, the information
would be the vector of past demand realizations (that is, {Dy11, Di12, - .., Dr}) and/or any
data or demand signal that has become available. An important remark is that we do not
allow the information vector to be a function of the decisions in the current period. In other

words, information is uncensored, just as in most QR models.

(A3) In a given period t, the effective demand faced by retailer i is composed of two parts:
(i) the original demand, and (ii) the overflow demand. The original demand is expressed as
qi(Dy), where ¢! is the (initial) allocation function (also referred to as the demand splitting

function) which is assumed to be strictly increasing, and we have that Dy = q} (D) + q2(Dy).?

The original demand is made of customers that naturally choose retailer ¢ over the com-
petitor j, and the overflow demand is made of those customers that initially choose j but

end up buying at ¢ because j runs out of stock. This overflow demand is equal to

max{0, ¢/ (D;) — i }, (1)

where y/ is firm j’s inventory level (after replenishment) in period ¢.> Then the effective
(realized) demand faced by retailer i is given by Ri(y!) = q/(Dy) + max{0, ¢ (D;) — y}.

Since this is a key assumption in our model, several important observations follow:

e The effective demand R!(y]) depends only on the competitor’s inventory level. There-
fore, competition is based on the inventory levels, but retailer ¢ can only limit the
customers it loses rather than influence those it gains. In an authentic fast fashion set-
ting, a retailer would typically attract more demand by sustaining a high assortment
rotation. Our model does not consider such feature since we focus on understanding
the impact of the QR capability for one particular product. We also note that, except
for Netessine et al (2006), all the papers mentioned in Table 2 consider competitive
models in which the retailer can only prevent leakage rather than attract additional

demand. The same happens in Hall and Porteus (2000) and Liu et al (2007).

2In the demand signal case studied in §4.2.1, since there is no demand realization in the first period, we
let g5 =0,i=1,2.

30ur model can be directly extended to the case of imperfect substitution. That is, when only a fraction
d of customer choose to substitute when they face a stockout. It suffices to multiply Equation (1) by 4, and
all the equilibrium results follow through.



e In Parlar (1988) and other similar papers, independent firm demands are aggregated
into industry demand. On the contrary, in Lippman and McCardle (1997) and its
successors, aggregate industry demand is allocated across firms. If the allocation is
deterministic, then in each period there is only one source of uncertainty, namely, the
total demand D,. We have followed the latter approach since we believe it represents
better the case of fashionable items in which the main uncertainty is the size of the
market (i.e., how well a product will sell) rather than the initial allocation across
retailers. It is worth noting that our results for two periods (7" = 2) can be extended

to the case when the initial allocation depends on the current demand information I;.

e As in the proof of uniqueness by Lippman and McCardle (1997), we require the initial
allocation function ¢ to be strictly increasing in D;. It must be strictly monotone
because we need the inverse (¢})~! to be well defined, and it must be increasing because
our analysis requires that once the stocking decisions have been made, the retailer
that runs out of stock first is the same one under all possible demand scenarios (in a
given period). These conditions implicitly impose a positive correlation between the
original demands of firms 1 and 2. Again, this is reasonable when the main source
of uncertainty is the market size. Note that the correlation can be anywhere between
0 to 1. It is perfect (equal to one) for the linear demand splitting case, but can be
close to zero as well.* Some models in the literature, e.g., Nagarajan and Rajagopalan
(2005), assume negative correlation between the original demands of the two firms,
which is an appropriate assumption when the retailers are competing for a fixed pool
of customers. Another class of models assume that the (effective) demand allocation is
proportional to the individual stocking levels (see Cachon 2003). In that case, demands
at the retailers are perfectly correlated, and a retailer that stocks more will get more.
This goes back to the previous discussion about the retailer being able to influence its
effective demand, but also has the inconvenience of making the multi-period analysis

untractable.

(A4) At the beginning of period t both retailers decide simultaneously the order-up-to levels

(y},y?) based on the initial stock levels (x},z?) and the demand information I.

4Consider the following example: ¢} (D;) = 0 for 0 < D; < a and ¢?(D;) = a when a < D; < 1,

2(1 —a)? 1—a)*(1+43
and D, is uniform in [0,1]. Then Cov(g} (Dy),q?(Dy)) = a(%, Var(qt(Dy)) = w and
3(4 — 3a) 3vavI—a
Var(q?(Dy)) = L. Hence, Corr(q} (Dy), ¢?(Dy)) = , which is close to 0 for
(4 (Dy)) 1 (4 (D), a4z (Dt)) /T30 =)

a~0ora=1l.



The status of both retailers at the beginning of a given period ¢ is described by the initial
stock levels (x}, x?), and the status of the market in which the retailers compete is described
by the current demand information I;. Then, the state of the system (i.e, the retailers and
the market) is given by the vector (z},2?, ;) and we assume that the retailers decide their
actions, i.e. the order-up-to levels (y},y?), contingent on the state. In other words, the

retailers play Markovian strategies (see Fudenberg and Tirole 1991).

(A5) The unit cost and price for retailer i in period t are constant parameters denoted
and p respectively. The retailers are said to be symmetric if they have the same cost and

price in all periods.

We exclude pricing decisions from the model. This allows us to focus on the use of in-
ventory as a competitive lever. This assumption is consistent with the fact that fast fashion
retailers rely less on markdowns, see Ghemawat and Nueno (2003). Note that if ¢/ > pl, then
retailer 7 will not order in period t. Therefore, by choosing the appropriate cost and price
parameters we can model the situation in which firm j has a lower ordering cost but is only
allowed to produce at the beginning of the selling season, whereas retailer ¢ has higher costs
but can replenish stock every period taking advantage of any incremental knowledge about
demand (if it is available). This represents the case of two retailers that are asymmetric in

terms of reordering and demand learning capabilities.

(A6) We ignore holding and lost sales penalty costs, and there is no minimum ordering

quantity.

Overall, we aim at formulating a parsimonious model. We neglect inventory holding
costs, as they are less relevant for short life-cycle products. However, these costs can also
be incorporated in the model. The same holds for the lost sales penalty costs.> On the con-

trary, the QR problem with minimum ordering quantities lies beyond the scope of this paper.

(AT) Leftover inventory can be carried over to the next period, and is lost at the end of the

season. If both retailers stockout in a given period, the unsatisfied demand is lost as well.

®As a matter of fact, if one wished to incorporate lost sales penalty costs, one would add a term v!E{ R} —
yi}t = viE{R:} — viEmin{y;, R}} to the revenue; to incorporate the inventory holding cost, one would add
a term hiE{y: — Ri}* = hiy! — hiEmin{y}, Ri}. Hence, we would replace the revenue minus the purchasing
costs p{Emin{R}, yi} — cj(y; — 23) by (pi + vi + ) Emin{ R}, y;} — viB{R}} — (¢} + hi)y; — ciart.

10



A salvage value could be easily incorporated in the model. Similarly, a straightforward
extension allows for backlogged demand to be share between the firms in a deterministic way:.
Finally, under assumptions (A1)-(A7), the immediate expected profit of retailer ¢ in period
t is equal to expected revenues piE {min {y?, Ri(y/)}}, minus purchasing costs ci(yi — %),

and the leftover inventory is equal to (yi — Ri(y/ ))+

3.2 Sub-Game Perfect Strategies

Since the overflow demand depends on the inventory level of the competitor, see Equation (1),
we must use game-theoretical tools to analyze the replenishment decision. For expositional
purposes, we initially consider the case when the demand information [, is void, and we begin
with the terminal period ¢ = 1. Throughout the paper, when it is clear from the context, we
omit the arguments of a given function.

First, let ¢ be firm i’s unconstrained expected profit, which can be expressed as

iy y1) = E{~ciy; +pimin {y;, R (47) } } - (2)
Second, if firm ¢ knew firm j’s order-up-to level y{, then firm ¢’s best response would come

from maximizing expected profits taking into account its initial stock i and the competitor’s

action. In other words, retailer ¢ would solve:

max  cjz} +7i(yl,yl) (3)
yi >l

Since the term cix} in Equation (3) is constant, firm i’s best response actually comes
from maximizing i (y, y]) subject to y: > z%. If the solution to this optimization problem is
unique, then we can define the best-response function b (z,y]) = argma,: g {r1(ys, y])}
as the optimal stocking level in period 1 for firm ¢ in response to a level y{ from firm j,
starting with a position of z?.

Of course, in reality, firm ¢ does not know what level of y{ firm 7 will select. Thus,
we use the notion of Nash equilibrium. In our setting, a Nash equilibrium, if it exists, is

given by two functions el and €? that might depend on the initial stock levels (z},2?), and

are such that bl(xl,e?) = el and b?(22,el) = 2. Put differently, no player is better off by
unilaterally deviating from the equilibrium. We can define the equilibrium expected profit
7} by replacing the equilibrium actions in the objective function of Equation (3) to obtain

(a1, 27) = oy + 1 (e, 27), e (o], 21) - (4)

11



If we now consider a multi-period setting, the notion of Nash equilibrium extends to
subgame-perfect equilibrium. An equilibrium is subgame-perfect if it induces a Nash equi-
librium (as defined above) in each subgame of the original game (see Fudenberg and Tirole
1991). In our context, a subgame corresponds to a game that is similar to the original one
but with one period less to go (i.e., the last period is a subgame of the two-period game, and
in turn, the latter is a subgame of the three-period game, and so on and so forth) Therefore,
in period ¢t we can construct the best response functions just as we did for the last period,
but the only caveat is that now the expected profit is the sum of the immediate profit plus
the future profit-to-go, and the latter must be the equilibrium profits of the game with one

period less. Formally, the unconstrained expected profit in period ¢ is given by

L —ciy; + pimin {y;, Ri(y))}
T yzay =E i i il + i i + R 5
W =E et (- RioD) (o - Ri) ) ®)
where 7!_, is the equilibrium expected profit of the subgame that starts in period ¢t — 1. The

best response functions are the same as before, i.e.,

bi(x},yl) = argmaz,s. {r(yi.vl)} (6)
and a Nash equilibrium in period ¢, if it exists, is given by two functions e} and e€? that might
depend on the initial stock levels (z}, 22), and are such that b} (z}, €?) = e} and b? (27, e}) = e2.
In order to close the loop, if we want to verify the existence, and then compute a (subgame-
perfect) equilibrium in period ¢+ 1, we would need the expected equilibrium profits in period

t, which is given by

milwy, o) = cjai + i (el o), el (ol 2 ) (7)

and the procedure repeats itself by replacing ¢ with ¢ + 1 in Equation (5).°
The previous definitions were given for the case when the demand information I; is void.
The latter would be valid if the demand across periods were independent. However, if the
retailers can use current or past demand information to predict future demand, then their
actions, and consequently the competitive equilibrium, will be contingent on the information
that is actually available. Therefore, in that case, we replace the subindex ¢ with ¢|I; in
ri bl el and 7, and all the expectations are conditional on I;. For instance, instead of

ri(yi, yl) we write i, (Vs y!), and the expectation on the right hand side of Equation (5) is

conditional on I;.

6In game theory, this procedure is known as backwards induction (see Fudenberg and Tirole 1991).
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4. Existence and Uniqueness of Equilibrium

We now present the structural results of the paper. Our goal in this section is to prove the
existence of a unique pure-strategy subgame-perfect equilibrium for the four cases mentioned
in Table 1. These result have theoretical value, but also allow us to understand the benefits
of QR by computing comparative statics of the unique equilibrium (see §5).

We start by considering the single-period problem in §4.1. Then, in §4.2 we consider
the two-period case and we study the two most cited QR models in literature. Namely, the
demand signal and the mid-season replenishment models.” The more general case with two
or more periods is studied in §4.3. There, we analyze the situation when one competitor
is passive and when both retailers are symmetric. Note that in Table 1 the mud-season
replenishment and the passive competitor cases are grouped together because they have

similar proofs.

4.1 Single-Period Case (T =1)

The single-period problem is an essential building block in our model. To simplify the expo-
sition we omit the dependence on the demand information vector I;, but all the discussion
throughout this section remains valid if we replace the subindex ¢ = 1 with with 1|I;, and
all the expectations are conditional on I;.

We first consider the unconstrained problem. That is, the version of the problem in which
the initial inventory levels are equal to zero. From Equation (2), it is clear that 7! is concave
in i, for all y{. Thus, the optimal inventory policy is a base-stock policy with target level
st (y]), which can be obtained from the first-order conditions Pr (Ri(y]) > st (y])) = ¢ /pi.
Solving the latter yields

00 = { o e ®
where NV' = 71_1 (CZ1 / pll) corresponds to the newsvendor stocking quantity of firm ¢ when
it is a monopolist, i.e., when y{ =0.

In Figure 1 we plot si(y!) and s!(y!). For simplicity, we omit the subindex ¢t = 1, and
firm 4 is such that ¢'/p’ < ¢/ /p’. The base-stock functions s'(y’) and s’/(y) intersect only
once, which means that in the unconstrained competitive game there exists a unique Nash
equilibrium, which we denote £ = (E*, E7). The shaded regions (I)-(IV) are used in the

proofs provided in the technical appendix.

"In Cachon and Terwiesch (2005) these two models are defined in terms of the reactive capacity, and are
referred to as limited and unlimited but expensive respectively.
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If now we allow the initial inventory levels to be non-zero (i.e., we consider the constrained

problem), given the convexity of 7}, it follows that firm i’s best response is

b (1, 97) = max{ai, s1(y7)}-
Therefore, in the constrained competitive game, a graph of the best responses would look

just as Figure 1, except that the vertical and horizonal stretches would move right and down

respectively. Hence, a graphical argument is enough to prove our first result.

ad

* s'(v)

NV 4

PNV

Ef = i (NV7) ]

¢(NVI) « Ef=NVi— g(NVi) NVI
¢ (NV)

Figure 1: Unconstrained single-period base-stock functions.

Theorem 1 For all (z},2?), there exists a unique Nash equilibrium (e%(m%,xf},e%(w%,x%))

of the stocking game. In addition, we can characterize (e}, e?) as follows. Without loss of
2

1
c c
generality, assume that % < —é (firm 1 has a higher gross margin). Then

1 1

(e, ot) = max {ad, 2 (NV2)} and el(al,a?) = max {a!,q} (NV') , NV = e2(a?, )}

We can see from Theorem 1 that the equilibrium strategy of the lower-margin firm is
independent of the competitor’s initial inventory level 1. Indeed, when the initial inventory

levels are zero, then the higher cost drives the lower-margin firm to ignore the overflow from
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the other company. The reverse is not true: the higher-margin equilibrium strategy may
depend on z2.

Theorem 3 of Lippman and McCardle (1997) proves that the unconstrained competitive
game with symmetric retailers has a unique Nash equilibrium. The result requires the
initial allocation functions to be deterministic and strictly increasing, just as in our setting.
Theorem 1 in this paper extends the result by Lippman and McCardle in the sense that we
consider the constrained game (i.e., the initial inventory levels can be non-zero) and we allow
for asymmetric retailers (i.e., they can face different costs and prices).

From a technical standpoint, the unique equilibrium in the single-period problem follows
from the fact that the unconstrained expected profit 7% is concave in firm i’s action y¢. In
order to prove the existence of a unique pure-strategy subgame-perfect equilibrium in the
two-period game, we will need to show that 7% is (strictly) quasi-concave in 5. For that,
we first need to show that 7}, the equilibrium expected profit in the single-period problem,
is concave in firm 4’s initial stock level x%. Note that we have to consider the equilibrium
expected profit because, by the definition of subgame-perfect, the retailers assume that in
the next period a Nash equilibrium will be played, given any initial state (z1, 2%, I;) (we refer
the reader back to the discussion at the end of §3.2). The following proposition provides the

theoretical result that we will need as a building block in the next section.

Proposition 1 For all I, the expected equilibrium profit Wiul (xll,x{) is concave in x\, for

all 2.

4.2 Two-Period Case (T = 2)

We now look at the two-period case which is arguably the most important one since QR
models typically only have two periods. In fact, the two models we consider seem to concen-
trate most of the attention in the literature (see, for instance, Cachon and Terwiesch 2005).

Figure 2 shows a schematic description of both models.

4.2.1 Demand Signal

The first QR model we consider is based on the one studied (for a single firm) in Iyer and
Bergen (1997). Similar sequence of events have been used in several other papers (see, for
instance, Cachon and Swinney 2007). The planning horizon is divided in two periods. The
last one represents the retail selling season, whereas the first one represents a period during
which a demand signal is revealed. The latter could simply represent data that is collected

right before the season starts (for example, in fashion shows, mock stores, focus groups, or
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Demand signal is

observed
Retailers
determine initial QR retailer makes a
stocking level second procurement
J i Retail selling season
| |
| | | ’
Period 2 Period 1
Retailers
determine initial QR retailer makes a
stocking level second procurement
Period 2 J Period 1

B | -

Retail selling season

Figure 2: QR models, demand signal (top) and mid-season replenishment (bottom).

by consulting experts). We assume that the demand signal is informative, meaning that it
is correlated with the actual demand during the season. Otherwise, this model reduces to
the single-period problem studied in the previous section. A QR retailer can place orders
before and after observing the demand signal, whereas a traditional retailer, due to longer
lead times, can only place a single order before the additional demand information becomes
available. The sequence of events for a QR retailer are depicted in Figure 2 (top timeline).

Civen that there is no demand realization in the initial period (Rj = R} = 0), the

unconstrained expected profit 75 reduces to

(v y3) = —chys + E{ml, (v vd) }
where the expectation is with respect to the (a priori) distribution of I;. Note that 74 (1, 3)
is concave in ¥4, for any y% (from Proposition 1). Therefore, the existence of a pure-strategy
(sub-game perfect) Nash equilibrium in the unconstrained competitive game is guaranteed
by Theorem 1.2 in Fudenberg and Tirole (1991).%8 Moreover, also due to the concavity of
ri, firm 4’s best response is a base-stock policy sb(y%). Therefore, just as in the single-
period model, the best-response function in the constrained game is equal to b%(xh,y5) =

ar gmaz i >, {Té(yg,yé)} = max {z%, s5(y5)}. The following Theorem provides conditions

8The theorem actually requires that the strategy space is compact. Since the retailers would never order
an infinite stock, it is always possible to restrict their actions to a compact set.
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under which the equilibrium is unique.® The proof is omitted since it follows directly from
Proposition 1 and the derivatives computed in Table 3. After stating and discussing the

theorem we provide an example that shows an application of this result.

Theorem 2 If ¢, # ¢, for i = 1,2, then the stocking game with a demand signal has a

unique subgame-perfect equilibrium. In that equilibrium, both retailers play pure-strategies.

Three technical observations about Theorem 2 are worth noting. First, when ¢, = ¢!,
the equilibrium exists (in fact, not ordering in the initial period would be an equilibrium),
but in general it might not be unique (though the profits achieved are the same under any
equilibrium).’® Second, the theorem rules out the existence of a mixed-strategy equilibrium,
since in the unique equilibrium the retailers play pure-strategies. Third, per Assumption
(A4), the strategies played by the retailers must be Markovian. Hence, what we actually
prove is that there exists a unique Markovian perfect equilibrium (see §13 in Fudenberg and
Tirole 1991). However, since the state (z},z7, I;) contains all the relevant information from
the past (i.e., it is sufficient), it is not hard to see that any strategy that induces a sub-game
perfect equilibrium must be Markovian, or at least equivalent to a Markovian strategy.!!
This observation justifies the claim that there is a unique subgame-perfect equilibrium. A
similar justification is given in Hall and Porteus (2000).

Example 1 (Iyer and Bergen 1997): The two-period demand signal case allows us to
model the competition between a traditional retailer (i.e., one with very long lead times) and
a QR retailer that is modeled as in Iyer and Bergen (1997). In that paper, demand during
the retail selling season is assumed to be normally distributed, i.e. Dy ~ N(6,02%). The

variance o2

is assumed to be known, whereas the average size of the market 6 is uncertain.
Information about # in the initial period is modeled as a normal distribution with mean p
and variance 72. Thus, at time ¢ = 2, the prediction of season demand is normally distributed
with mean p and variance 02 +72. Then the demand signal d is realized, and the QR retailer
performs a Bayesian update of its belief regarding 6. In other words, we have that I, = {d},

and Dy;, ~ N (u(d),0? +1/p), where

9When the equilibrium is not unique, si(y3) and b}(xb,yi) are actually correspondences rather than
functions.

ONotice that, if ¢4 > ci, then the equilibrium is to not order anything in the initial period. On the
contrary, if ¢4 < ¢t, then a positive amount is ordered in ¢ = 2.

1 To be precise, there is a Markovian strategy that plays the exact same actions than the non-Markovian
one, for all possible histories.
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Note that 1/p < 72. Therefore, after the realization of the demand signal d is observed,
the QR retailer has a more accurate prediction of season demand. The traditional retailer
cannot make use of the demand signal because of long lead times. In other words, it cannot
place a second order after the demand signal is realized. This is incorporated in our model
by letting ¢ = p! (here we assume that index j represents the traditional retailer). As long
as it is cheaper to order in the initial period (for both retailers), the conditions of Theorem 2
hold, and the competition between the QR response and the traditional retailer has a unique

subgame-perfect equilibrium.

4.2.2 Mid-Season Replenishment

In the previous QR model, the demand signal does not deplete stock. That is, the acquisition
of additional demand information in the initial period does not affect the inventory that
is carried over to the final period. This simplifies the analysis and allows us to prove the
existence of a unique equilibrium under fairly general conditions (see Table 1). In the current
section, we consider a second QR model that differs from the previous one in few subtle but
fundamental aspects. Specifically, the selling season comprises both periods, the actual sales
that occur in the initial period play the role that the demand signal previously had, and
the procurement in the final period comes to replenish the inventory that has been depleted
(hence the name for this case). The respective sequence of events is depicted in the bottom of
Figure 2). An example that would fit this QR model is the Sport Obermeyer case (Fisher and
Raman 1996), where 20% of initial sales provides an excellent estimation of the remaining
80%.

As before, the unconstrained expected profit r4(y4, 1) in the initial period (t = 2) is given
by Equation (5). However, now the profit-to-go Wi‘ 1, 1s evaluated in the remaining inventory,
and 7% is no longer guaranteed to be concave. Fortunately, we are able to show that it is
quasi-concave under certain conditions to be introduced next, and hence, the optimal policy

is still a base-stock policy dependent on yé
Proposition 2 Assume that
(i) fori=1,2, ¢{ > ¢ and py < pj;
(i1) Do has infinite support and a log-concave p.d.f., i.e., log(fo(d)) is concave in d;

(iii) Iy = {Ds} and Dy, = kDs + €, where k > 0 and € is a random variable independent
of Dy with p.d.f. g, such that, for all x, fori=1,2,
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e {0. 240 } < mae {0 Lgapy o} )

(iv) if k > 0, then ¢.(d) = a'd fori=1,2.

Then, (14, 13) is quasi-concave for all i}, and the constrained best response is bi(xh, 17}) =

max {z}, sg(y%)}, where si(y3) is the (unconstrained) base-stock level, which is unique.

The first condition (7) in Proposition 2 requires that the margins do not increase over
time. This would be the case if the price is fixed and the mid-season replenishment is more
expensive than the initial procurement. The second condition (i) requires demand Ds to
be log-concave with an infinite support.'? The former is needed to generate bounds in the
proof, and the latter is used to guarantee a unique maximum. The third condition (7i7)
specifies the dependency between Dy and Dy that is allowed. Notice that the inequality (9)
is satisfied if fo has a decreasing p.d.f., or if it is not larger than ¢ in the likelihood ratio
order. The latter is typically the case when the initial period represents less than half of the
total season. Finally, the last condition (iv) requires (for technical reasons) a linear splitting
rule in the final period whenever D; and D, are not independent.

The proof of Proposition 2 involves several claims that are stated (and proved) in the
technical appendix, but the central idea is to show that the following inequality holds
i i /

% < d)z((qé)*l(yé)) (g;z) , where ¢s(y) = maX{O, %(y)}- (10)

Note that quasi-concavity follows directly from (10), since any critical point is a maximum,

and therefore, the function r} is unimodal. We can now state the main result of this section.

Theorem 3 If the conditions (i)-(iv) of Proposition 2 are satisfied, then the stocking game

with mid-season replenishment has a unique pure-strateqy subgame-perfect equilibrium.

As in Theorem 2 for the demand signal case, Theorem 3 shows existence and uniqueness
of a pure-strategy subgame-perfect equilibrium. However, there are a some differences. First,
Theorem 3 requires a few more conditions than Theorem 2 (see Table 1 for a comparison).
Second, since in the mid-season replenishment case r} is quasi-concave rather than concave,
we cannot rule out the existence of a mixed equilibrium. Another consequence is that the
equilibrium profit 7 defined in Equation (7) is not concave either, and therefore, we are not

able to extend Theorem 3 to a larger number of periods.

12To be precise, the support must be either the real line or an interval of the type [a, +00).
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Despite the additional conditions required in Theorem 3, there are several interesting
cases for which they hold. Two of them are given in the next corollaries. Corollary 1 shows
the simplest application of Theorem 3 by assuming i.i.d. demand. On contrary, Corollary 2
shows an application with demand that is correlated across periods. We then use the latter
in an example that resembles the QR model in the Sport Obermeyer case (Fisher and Raman

1996).

Corollary 1 (Independent demands) Assume that ¢; > ¢, p\ < pb, and ¢i = ¢& for
1 = 1,2. If the demands Do, Dy are i.i.d. and D is log-concave with infinite support, then
the stocking game with mid-season replenishment has a unique pure-strateqy subgame-perfect

equilibrium.

Corollary 2 (Correlated demands) Assume that ¢} > cb, pi < ph, and ¢i(d) = ¢(d) =
ald, for i = 1,2. Let €3,€; be two independent random variables such that Dy = €5 and
Dy, = kDy + €, with k > 0 (thus, p = Corr(Ds, D;) = k:\/VaT(DQ)/Var(Dl) > 0).

Furthermore, let either

o ¢y, €1 follow normal distributions with parameters (us, 02) and (u1,01) respectively and

pe < py and oy > 01; or

o ¢, €1 follow truncated normal distributions with parameters (g, 09) and (p1,01) respec-

tively and ps < py and 72 > 2; or
M2 1

e ¢y, €1 follow gamma distributions with parameters (as, ) and (aq,61) respectively and

Oy <0, and 1 < as < ay; or
® ¢, €1 follow exponential distributions.

In the four cases above, the stocking game with mid-season replenishment has a unique

pure-strateqy subgame-perfect equilibrium.

Example 2 (Fisher and Raman 1996): Consider the case when the demand vector
(D, Dy) follows a multivariate normal with marginal distributions D; ~ N(u;,0;) and co-
variance C'ov(Dy, D1) = pogoy, with p > 0. Then we have that, the demand in the last pe-
riod conditional on the demand realization in the initial period, is given by Dy, = kD2 + €,
with k& = poy/oy, and €; is normally distributed with parameters (pu; — kg, o14/1 — p?)
and is independent of Dy(= €;). Notice that, if there is positive correlation (p > 0), then
Var(Dyy,) = 0i(1 — p?) < 0f = Var(D;). In other words, as in Example 1, the updated
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forecast D7, is more accurate than the unconditional prediction of Dy.13 Tt can be shown
that the condition on the normal distributions in Corollary 2, in this case, reduces to

po < p1 and o9 > 0y max{ 1— pQ,pL}. (11)
M1 — 2

Hence, if the latter holds, then Theorem 3 applies. In particular, this would be the case if a
QR retailer can place an order after observing a small fraction (e.g., 20%) of the total season
demand (so that pus < ), and these early sales provide relevant information about what

should be expected in the remainder of the season (i.e., the correlation p is high).

4.3 Two or More Periods (T > 2)

Most QR models in the literature only consider two periods, which also represents the actual
situation of a large number of retailers in practice, who have at most two procurement
opportunities in a given season. That justifies dedicating an entire section to study the
two-period case (c.f. §4.2). Now we turn to the general case with two or more periods,
which again is partly motivated by fast fashion retailers like Zara who have the ability to
replenish stock several times during the selling season. However, as it was mentioned before,
we found that extending Theorem 3 to more than two periods was not directly feasible with
the methodology used to prove Proposition 2.1 Indeed, the equilibrium profit 7¢(y?, y{ ) may
not be concave nor quasi-concave in y! for ¢ > 2. This can be worked around if we can prove
that the competitor’s best response b} is constant within a certain range. In this section
we show two cases when that is possible. Namely, when one of the retailers does not act

strategically, and when they are symmetric.

4.3.1 Inventory control when one retailer is passive

We consider here the special situation where one retailer is passive and cannot place orders
during the season: we assume that retailer 2 is such that mtin{cf} > m?x{pf } for all ¢, i.e., it
is too expensive to acquire inventory and thus b?(z?,y}) = 2?. In other words, competition
here does not really take place as a game, but instead retailer 1 simply responds to the
inventory level of retailer 2, who is passive and cannot purchase inventory besides its initial
quantity x%. This situation models the existing competition between a fashion-leader, i.e.,
a retailer that designs and produces early, without even considering the competition, and

a fashion-follower, i.e., a retailer that “copies” the fashion-leader’s designs and is able to

13Under the conditions of Proposition 2, it always holds that Var(D;) = k*Var(Dy)+Var(e) > Var(e) =
V(J,T’(D”II )

14The demand signal case can be extended to have an arbitrary number of periods before the season
begins, but essentially it reduces to the two-period case.
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produce the items quickly through QR. This could represent the case of Zara, “a very quick
fashion follower”, according to Ghemawat and Nueno (2003), p.12.

Theorem 4 Assume that
(i) . <...<cf and pk- > ... >pl, and mtin{c?} > mfxx{p?};

(i) demand is independent across periods, and fort =T, ...,2, D, is log-concave and has
infinite support;
(i) for all d,

fi fia
ft ’ft—l

Then, the stocking game has a unique pure-strateqy subgame-perfect equilibrium where,

(g)~(d)) < max {o <<qz_1>-1<d>>} .

in each period, firm 1 follows a base-stock policy with order-up-to level s} (x?), and firm 2

never orders.

When a retailer cannot order during the season and starts with an exogenously given
inventory level, its competitor faces a multi-period inventory problem. The theorem shows
that this non-trivial problem (as current inventory decisions influence future demands) is
well-behaved and that a base-stock policy optimal. Of course, the base-stock level depends

on the competitor’s inventory level.

4.3.2 Symmetric retailers

When additional conditions are placed on the retailers and the demand structure, stronger
results can be derived. This section provides a general result for an arbitrary number of
periods, when the retailers are symmetric, i.e., both retailers have identical costs and prices
in every period. Notice that our definition of symmetry still allows the retailers to a have
different initial inventories. Here, the generalization of the model to T" > 2 can be obtained

with standard methods, assuming that the demand splitting rule is linear in all periods.

Theorem 5 Assume that, given T' > 1, for allt =T,...,1, costs and prices are identical
for both firms, i.e., ¢} = ¢} and p; = pi. In addition, assume that q;(Dy;,) = o' Dy, for all
t="1T,...,1.

Then, the T-period stocking game has a unique pure-strategy subgame-perfect equilibrium,

for all Ip. In this equilibrium, at period t, ey, is characterized by
eiut(xi, r7) = max{z’, ozistut}, (12)
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where sy 1, 1s the monopoly base-stock level, i.e., the solution to the inventory problem for a

single firm that receives Dy, per period.

As stated in the theorem, the equilibrium level of retailer 7 does only depend on its own
inventory level z° and is independent of the competitor’s inventory level 27. To be more
precise, we show that retailer ¢+ has a dominant strategy that involves the monopoly stocking
quantity sy z,, defined as follows.

Consider the following dynamic program, with ¢; = ¢} = ¢ and p; = p; = p*:

UO‘]O ([E) = 0
. + (13)
Uyr,(z) = ciw + max § —Cry + pdEmin{y, Dy} +E U1z, (y — Dt|1t>

Since this is a standard inventory problem, it is easy to see that the optimal policy for ¢ is
to set y = max{x, sy, }, where sy, is the order-up-to level of the respective unconstrained
problem. This is the quantity used in Theorem 5.

The proof methodology is relatively standard, and uses the same lines of Lippman and
McCardle (1997). Essentially, we show by induction that 7“; (¥, 97) is concave in y* (for

all /) and submodular, which yields that the optimal replenishment policy is a base-stock

i J
policy. Also, a key part of the proof involves that when y_z < y—j, retailer ¢ never receives
« a
overflows from 7, in period ¢ or in future periods t — 1,...,1. As a result, the best response

i‘ 1, is independent of 7, and equal to aist‘ 1,, which yields the equilibrium structure presented
in Theorem 5. Figure 3 illustrates the shape of the best-response functions described by the
theorem. This plot is for T = 2, ¢{ = 0.6, p} = 1, D, uniform [0,1], for t = 2,1 and i = 1,2,
2} =22 = 0 and o' = 30%. We observe that, indeed, b} is flat in 3}, when i—% > Sl

We thus completely characterize the multi-period equilibrium in the case of symmetric
firms (in terms of cost and price, not necessarily in terms of market share). Note that it
is allowed that the firms start with any initial inventory. This contrasts with the work by
Avsar and Baykal-Giirsoy (2002), who require that the initial inventory levels of retailers are
below their equilibrium stationary base-stock levels. Also note that it is still possible that
spill-overs between retailers occur, even though the equilibrium quantity of each retailer is
independent of the competitor’s inventory level, see Equation (12).

Notice that, when both firms start with zero inventory at ¢ = T', the aggregate industry
inventory is equal to o'spyr. + a®sqy, = S71,.,, which is also the industry inventory target

level under a monopoly, i.e., when firms 1 and 2 merge. Our result thus extends Theorem
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Figure 3: Shape of the best-response functions b} in the case of symmetric firms.

3 of Lippman and McCardle (1997) to a multi-period setting with demand learning. Un-
fortunately, when costs are asymmetric, it turns out that the best response bil 7, 1s never
independent of y/, which prevents the use of some of the arguments of the proof. Interest-
ingly, the same sort of property is used in Nagarajan and Rajagopalan (2005) by requiring
that the newsboy ratio is larger than 0.5.

5. Quick vs. Slow Response Competition

In this section, we provide an extensive numerical study on the two-period (T' = 2) inventory
game. While simple, the two-period case captures most of the interesting dynamics arising
as one moves from a single-period game to a multi-period one. In addition, Theorems 2 and
3 provide the theoretical results that guarantee the existence and uniqueness of equilibrium.
In this section we compute such equilibrium and perform comparative statics, i.e. we study
how the equilibrium depends on the key parameters of the model. We do this numerically
since analytical comparative statics in our model are not straightforward.

We are interested in quantifying the advantages of a QR retailer over a SR (slow response)
competitor, and compare inventory levels and profits of such competitive situation when
compared to the “traditional” competition between two SR retailers (we assume that both
start with zero inventory). For this purpose, we consider three main situations, all falling
within our generic model presented before (c.f. §3). The first case, that we take as a
benchmark, considers two SR retailers, in the sense that they can only place orders before
the start of the selling season, at a cost ¢>%. Thus, they are not able to place an order at

time ¢ = 1. In this situation, the competition corresponds to the single period equilibrium
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Figure 4: Three market configurations: SR vs. SR competition (top), QR vs. SR competition
(middle) and QR vs. QR competition (bottom).

identified in Lippman and McCardle (1997). The second case, which is the focus of the paper,
considers the asymmetric competition between a SR and a QR retailer. The SR retailer is
identical to the ones of the first case. On the contrary, the fast retailer is characterized by
the possibility to place orders in both periods, at a cost c®®. We allow it to have the same
or possibly higher ordering cost than the slow retailer (i.e., c?® > ¢5F), as in reality. Finally,
the third case considers two symmetric QR retailers, which will be used to evaluate how
much of the advantage of being QR arises from the asymmetries between retailers. In our
simulations, we use identical prices in each period p! = p} = 1, for ¢ = 1,2. Therefore, if

SE and ¢} = pi = 1, whereas if firm i is a QR retailer,

firm 4 is a SR retailer, then b = ¢
then ¢, = ¢! = ?f. Figure 4 summarizes the three cases that we analyze throughout our
numerical study.

Our demand model follows the structure presented in Proposition 2, namely, Dy, =
kDy + €. This allows retailers to learn from the realization of Dy and improve the forecast
of the last period demand D;. In the demand signal case, D, is the additional market
information gained in the initial period, whereas in the mid-season replenishment case, Dy

is the actual demand in ¢t = 2. The parameter k determines the correlation between D, and

D;. Specifically,
k

P = COT?"(DQ,Dl) = k2—_|_1
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Note that, in the figures below, we plot our results directly as a function of the demand
correlation instead of k. For simplicity, and to avoid negative demand, we consider that
Dy and € are identically distributed, and follow gamma distributions with mean g = 1 and
standard deviation o. Finally, we use a linear splitting rule ¢i(d) = ¢(d) = a'd with a 50%

market share for each retailer (i.e., o' = a = 0.5, for i = 1,2).

5.1 Equilibrium Inventory and Spill-Overs

We start by comparing the (initial) equilibrium inventory levels between the benchmark (SR
vs. SR) and the asymmetric (QR vs. SR) scenarios, when both retailers start with zero
inventory, i.e., 3 = 22 = 0. Of course, when both firms are SR retailers, all the inventory
is ordered at the beginning of the season at t = 2. In the QR vs. SR case, however, the
QR retailer may place an additional order at ¢ = 1. Notice that in this section we solely
look at the mid-season replenishment case. We do not consider here the demand signal case
because, since ¢, = ¢!, the equilibrium in that game might not be unique (see the discussion
after Theorem 2).

In Figure 5 we show the best-response function of each retailer in the benchmark (left)
and in asymmetric case (right), when there is no demand correlation across periods. We
observe, first, that the SR vs. SR case corresponds exactly to the single-period model. The
QR vs. SR case figure illustrates a qualitatively different behavior: interestingly, the best-
response function of the QR retailer is not necessarily decreasing in the inventory level of the
competitor, as is always the case in single-period models. We found this behavior in most
of the simulations performed. Furthermore we observe that the shape of both retailers’s
best-response functions is shifted down in the asymmetric case compared to the benchmark.
Another interesting observation is that the best-response of the QR retailer is decreasing,
then increasing, and eventually becomes constant. The latter is what should be expected. In
fact, if the SR retailer has an extremely large quantity of inventory, then the best-response of
the QR retailer is to ignore the competitor since it will not face spill-over demand. The same
occurs when the competitor is passive and has a large amount of initial stock (c.f. §4.3.1).

Next, in Figure 6 we study how the equilibrium inventory levels in the initial period
change when correlation is introduced and the cost of the QR retailer (c?®) increases. The
figure shows the equilibrium values for two situations: i.i.d. demand (and hence no forecast
updating), and correlated demand with p = 0.7 (in both situation ¢ = 0.3). Notice that
the values have been normalized by the total expected original demand (oE{Dy + D;}).
We depict the SR vs. SR equilibrium levels (diamond and star in the right bottom), and
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Figure 5: Best-response functions at t = 2 for the benchmark case (left) and the asymmetric
case (right). Here we use k =0, 0 = 0.3 and ¢¥% = ¢°F = (.5.

the curves of the QR vs. SR equilibrium levels for a variety of parameter values ¢®® from
0.5 (bottom part of the curves) to 0.9 (top part of the curves). The cost ¢°F of the SR
retailer(s) remains fixed at 0.5. First, we observe that the total initial inventory placed
in the asymmetric case (QR vs. SR) decreases with respect to the benchmark case (SR
vs. SR), and the decrease is more pronounced when demand is correlated and/or when the
ordering cost of the QR retailer is higher. Intuitively, the industry initial inventory, i.e., the
sum of both retailers’ inventory, should be lower than in the SR vs. SR case because the
QR retailer can postpone (part of) its order, and will do even more so when the value of
performing forecast updates is higher (i.e., when p is larger). Second, we observe that not
only the inventory placed by the QR retailer is always lower than in the benchmark case, but
the inventory level of the SR retailer is higher, even though the total industry inventory level
decreases. Thus, the SR retailer takes advantage of competing with a QR retailer (which
carries lower inventory) by placing higher inventory levels, and hence in the initial period
captures higher sales in expectation.

Finally, to conclude this section, we investigate the magnitude of spill-overs between a
QR and a SR retailer. As pointed out before, the SR retailer benefits from the decrease in
inventory of the QR retailer and receives a spill-over in the initial period, ¢ = 2. However,
as Figure 7 illustrates, the spill-over in the final period, ¢ = 1 goes from the SR retailer
to the QR retailer and is significantly larger. For higher demand variability and demand
correlation, the average spill-over may be as high as 10% of total demand sales. It is worth
noting that in the demand signal case, since the demand realization (and hence, competition)

only takes place in the last period, we generally observed considerably lower spill-overs.
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Figure 6: Initial equilibrium inventory levels for the benchmark and asymmetric cases, with
and without demand correlation (values normalized by aE{Dy + D }).

5.2 Profit Comparison

After analyzing the differences in inventory levels in equilibrium, we study the corresponding
retailers’ profits for the demand signal and mid-season replenishment cases. Figure 8 illus-
trates the increase of the retailers’ equilibrium expected profits as a function of the demand
correlation across time. The figure compares these profits to the benchmark case, SR vs.
SR. In each graph, three curves appear: at the top, the profits of a QR retailer competing
against a SR retailer; in the middle, the profits of a QR retailer competing against a QR
retailer; and at the bottom, the profits of a SR retailer competing against a QR retailer.
The two graphs on top correspond to the demand signal case, and the two in the bottom
correspond to the mid-season replenishment. Likewise, the graphs at the left have o = 0.3
and the two at the right have ¢ = 0.6. In terms of cost we use c?f = ¢ = (.5.15

Several observations can be made from looking at any of the graphs in Figure 8. First,
since the bottom curve is positive, it implies that a SR retailer prefers to have a QR com-
petitor (intuitively, the former gains from the spill-over demand that occurs in the initial
period). Second, comparing the bottom and the middle curves shows that a SR retailer
competing against a QR opponent would rather be QR itself. This confirms that flexibility
pays off. Third, comparing the middle and the top curves shows that a QR retailer would
rather have a SR competitor. Thus, part of the competitive advantage of QR comes from

the replenishment agility asymmetry. The previous remarks are summarized in the following

15 Again, the demand signal case might have multiple equilibria, but they all achieve the same profits (c.f.
§4.2.1).
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Figure 7: Net average spill-over from the SR retailer to the QR retailer (values normalized
by aE{Dy + D;}), for ¢ = 0.3 and o = 0.6 (c?F = ¢°F = 0.5 in both graphs).

preference ordering, where = represents a situation that is preferred by the first retailer:

QR vs. SR = QR vs. QR = SR vs. QR = SR vs. SR. (14)

Figure 8 also shows that the equilibrium profit increase due to the QR capability is larger
when the correlation across periods and/or the demand uncertainty is larger. In the mid-
season replenishment case, it can generate up to 50% higher expected profits. In the demand
signal case, the increase is lower, especially for low levels of demand correlation. This is what
should be expected since there is significantly less demand spill-over (see the comment at
the end of §5.1), and it indicates that in the demand signal case the benefit of QR is mostly
explained by reduced under and overstock costs rather than capturing additional demand
that spills over from the competitor.

The results of Figure 8 analyzed the increase in equilibrium profit when ¢@% = 5%,
However, as c?F increases, the QR profit clearly decreases. We can thus compute the break-
even cost for which a retailer would be indifferent between being QR or SR. This result is
depicted in Figure 9 as the percentage increase over ¢*® that leaves a retailer indifferent
(while competing against a SR opponent). We plot the break-even costs as a function of the
demand correlation, and for several values of ¢*% = 0.3,0.5,0.7. Again, the top and bottom
graphs correspond to the demand signal and mid-season replenishment cases respectively,
and the left and right graphs have ¢ = 0.3 and o = 0.6 respectively.

Interestingly, while the SR retailer always gains when its competitor moves from SR to

QR, this is not always true for the QR retailer. It all depends on the cost increase associated
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Figure 8: Increase in equilibrium profit compared to the benchmark scenario for the demand
signal (top) and the mid-season replenishment (bottom) cases, with ¢?f = ¢5% = 0.5.

with implementing QR. For fast fashion retailers, the literature estimates this cost increase
to be 15-20% higher than traditional SR firms producing in Asia (see Ghemawat and Nueno
2003, p.11). As Figure 9 shows, this is insufficient to justify QR for small demand variability
and /or small demand correlation across time. For example, in the mid-season replenishment
model (bottom left), the break-even cost is below 15% for p < 0.5 and ¢ = 0.3. However, it
can be much higher for p ~ 0.9 and ¢ = 0.6. Thus, our model shows that for small demand
variability and correlations, a retailer would rather prefer lower flexibility and lower cost,
i.e., being SR. This applies for “basic” items, e.g., white T-shirts. On the other hand, for
high demand variability and correlations, a retailer is better off having higher production
cost but a faster response. This matches “fashion” goods, as those typically found in a Zara
store. In other words, in a competitive setting, our results confirm the fundamental rule that
the supply chain (in particular, its costs and flexibility) should match the type of product.
Functional products, such as standard garments, should have an efficient (i.e, low cost, and

usually less flexible) supply chain, whereas innovative product, such as trendy items, should
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Figure 9: Break-even cost that makes a retailer (with a SR opponent) indifferent between
being QR or SR, for the demand signal (top) and mid-season replenishment (bottom) cases.

have a supply chain that is responsive, which typically requires excess buffer capacity, and

therefore implies higher operational costs (see Fisher 1997).

6. Conclusions and Future Research

In this paper, we formulated a multi-period finite horizon inventory competition model for
two retailers selling substitutable items. The model can be used to analyze the impact
of (asymmetric) production costs and ordering flexibility on the competitive outcome, and
specifically on retailer inventory levels and profits. That is the case when one of the firms has
a lower production (ordering) cost but can only produce at the beginning of the selling season,
whereas the second firm has higher costs but can replenish stock during the planning horizon,
taking advantage of any additional demand information that might become available. We
visualize the problem as the competition between a traditional SR retailer that makes-to-
stock before the season starts, versus a QR firm that has a flexible supply chain and can

order stock more than once.
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For the symmetric case, we extended the existence and unique equilibrium result by
Lippman and McCardle (1997) to an arbitrary number of periods with demand learning and
(possibly) nonzero initial inventory, where each firm follows a base-stock policy that ignores
the competition. In other words, retailers adopt the same policy as if they were alone in
the market. For asymmetric retailers and two periods (7' = 2), we provided conditions
that guarantees the existence of a unique pure-strategy subgame-perfect equilibrium for
the demand signal and the mid-season replenishment cases. In addition, we performed an
extensive numerical study to understand the impact of cost asymmetries, demand variability,
and correlation across periods on the equilibrium inventory levels and the corresponding
profits. One of the striking results of our model is that a SR retailer would rather compete
against a QR retailer than a SR opponent. Also, a retailer competing against a SR retailer
is better off being QR, if the ordering cost c?? is below a break-even value that increases
with demand uncertainty and the correlation across periods. Finally, we show that part of
the competitive advantage for a QR retailer comes from the asymmetries on supply chain
flexibility, since the increase in profits is higher in the QR vs. SR scenario than in the QR
vs. QR case.

Several extensions of this work are possible. First, in terms of inventory competition
models, ideal extensions include existence and unique equilibrium results for the asymmetric
case with an arbitrary number of periods, and possibly more general demand allocation rules
and a larger number of retailers. However, the analysis is presumably not straightforward.
Second, in terms of understanding the fast fashion phenomenon, there is still plenty to be
done. In fact, in this paper we have ignored other distinctive aspects such as the endogenous
effect of higher fill rates on market share, similar to Gaur and Park (2007). Incorporating

these elements into our model is a challenging strand of future research.
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General Remarks:

e The numbering of the equations in the appendix continues the same sequence from the

paper.

e Throughout the appendix, any interchange of integration and differentiation in definite
integrals is justified by Leibniz’ rule, which holds whenever the integrand is continu-

ously differentiable (almost everywhere).

Proof of Proposition 1

Proof. We omit [; since it remains constant throughout the proof. We can omit the subindex
t =1 as well, since all the functions and variables in the proof refer to the terminal period.
For each ', ¢/, we use the following notation. Let '(y") = (¢*) ' (y*) and &7 (/) = (¢7) (/).
Each of these quantities represents the demand at which each retailer stocks out (x stands for
knocked-out). Note that if x'(y’) > k’(y7), then there can only be a spill-over of customers

from 7 to . In addition, let

5i(yz’7yj) = ]P{yi < Rl(y])} = 1Hi(yi)2,{j(yj) / ‘f(u)du+ 1,€i(yi)<,€j(yj) / . f(u)du and
Yy o K (y")
ﬁ](yl’y]) — P{/{](yﬂ) < D < yl + y]} = 1Ki(yi)2,§j(yj) /( ) f(U)dU,
KJ y]

(15)

where 14 is the indicator function of event A.
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Following Figure 1, let E* and E7 be the equilibrium stocking quantities in the uncon-
strained competitive game, i.e, when both retailers start without any inventory. Similarly,
let s'(y7) and s7(y') be the unconstrained base-stock functions. From the definition of a Nash
equilibrium, E* = s'(E7) and E? = s7(E"), and we have that €(0,0) = E’ and €7(0,0) = F7.
We now compute the partial derivatives of 7" in each one of the four regions (I)-(IV) depicted

in Figure 1.

(I) When 2 < E?, 27 < FE’ then ¢ = E' and ¢/ = E’. Hence, from Equation (4), 7* is
. 1ont ¢ .
linear in z’, with ——=— = — and independent of z7.
pz 833@ pz

(IT) When 27 > EJ, 2% < s'(27), then ¢/ = 27 and €' = s'(z7). Hence, n* = c'a’ — ¢'s’(27) +
p'Emin {s'(27), R{(27)}. Then, we have that
1on" ¢ 1 o'

e = p and O = —P{/{](x]) <D < s'(a?) +:173} = -3 (e, €).

where the latter follows from the envelope theorem.

(IT) When 2 > B, 27 < s/(2%), then e’ = 2% and ¢/ = s/(2*). Hence, 7* = p'Emin {z*, R*(s’(z"))}.

It is independent of 27 and

ds?

z%g;: = P{xi < Ri(sj(wi))} -

= ﬂl(xz,sj(xz)) — ($i75j(xi))

Notice that, from the implicit function theorem at 3’ = s/(y"), we have that

9%rd

de _ oyiayt
G P T )< @)
(9y7)?

That is, when the derivative of the base-stock function s7 is not zero then 37 (y, s7(y"))

L S
is zero. In other words, 5 (y*, s’ (yl))d— is always equal to zero. Hence,
y’L

1 ont
p oz

= ﬁi(ei,ej).

(IV) When both retailers start with inventories above their equilibrium quantities, then

el =1',¢) =27, and 7° = p'Emin {z’, R(z/)}. Then,

1 or’ i i g i i ]
o :P{x SR(mJ)}:ﬁ(e,e])
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Region l 87& l aﬂz.
p* Ox’ p* OxI
o
(D }7; 0
(1D G| P
(0 | 7, 9) 0
(IV) Bz, z) —B(z", 27)

Table 3: Properties of mj.

and

We summarize these findings in Table 3. Note that 7* is continuous in %, 27, and is differ-
i

. is continuous in z* but discontinuous

x

entiable almost everywhere. In addition, note that

in 2/ in the border of regions (I) and (II) .
——; 1s continuous in both arguments. In particular, taking 2* fixed, and

ox

increasing 27, we move from either region (I) to (IT), or from region (I) to (II) to (IV), or

Interestingly,

from region (III) to (IV). In each one of borders, — is continuous, as 3* =  in the border
p’L

Ol
(I1)-(IV) and s’/(x') = 27 in the border (IIT)-(IV). Similarly, taking z7 fixed, and increasing

', we move from either region (I) to (IIT), or from region (I) to (III) to (IV), or from region

(IT) to (IV). Again, there is no jump in —— as we move from region to region. Since it is

ox

non-increasing as a function of x* inside the regions, n* is concave in 2*. =

Proof of Proposition 2

Proof. As before, for simplicity we omit the subscript “1|Dy” and use subscript “1” instead.
The proof is quite long, but the main idea is rather simple. We want to show that the

following inequality holds

(gz) ¢2<( 5)H( 2)) (g;:z), where ¢, (y) :max{ iz( )} (16)

This is the same inequality as (10), and for expositional purposes, first assume that it

actually holds (we will prove it shortly). Then, consider a critical point of 7i(-, 1), i.e.,
or',
8 %

(35,43) = 0. From inequality (16), the critical point is necessarily a strict maximum,
*rh
7 (0p)?

e, s (b, y3) < 0. This shows that 7%(-, 4}) is first increasing and then decreasing, i.e.,
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quasi-concave. In addition, for ¢ very large, ri is eventually decreasing. Hence, there exists
a maximizer of 74(-,1J). Furthermore, this maximizer must be unique. In fact, consider two
distinct maxima. By (16), both would have to be strict. This would imply that in between
them, there would have to be a minimum, which again would be a contradiction with (16).

As a result, denote si(y2) the unique maximizer of 74(y4,43). From quasi-concavity, the
optimal (unconstrained) policy is base-stock, and from Equation (6), the constrained best
response is b} (x5, y3) = max{x}, si(13)}. Therefore, to prove Proposition 2 it suffices to show
that the inequality (16) is valid. That is what we do next.

We start the proof of (16) using the notation and results from Table 3. We structure the

O?rt orml o
. - and :

(029)*" 0x] ox

proof in three steps: in claims 1 and 2, we provide bounds on then,

in claim 3, we finally prove the inequality (16).

Claim 1 Letting
b1 () = max{ :;1 < >} (17)

827'('% ; 1 1 3 aﬂ-i
— 1 <« D - .
we have that (0r1)? = $1((q1) " (21)) (C1 ale)

We prove the claim for each one of the four regions in Figure 1. As in the previous proof,

we use the notation of Equation (15) and let xi(y}) = (¢})~'(y}) and &/(y)) = (¢1) " (3]).
0?nt . onl
I —=0-(cd—==].
0 e =0 (4= 52)
Ot ot

(I1) W:o- (Cil_axg)'

(IV) We leave case (III) for the end. Here, using Equation (15), we have

B w) = Lo /yoo fi(w)du+ 1, / filu

> .
1+

dr 1
and thus, noting that Mo

)ik B
Ayt

i j J1 ("fz)
1n’i>n{ fl (yl + y{) - 1m§<n{ —1
) (@) ()

Since f is log-concave, i.e., log(f1) is concave, Fy is also log-concave, and for all v in

fi 201

the support of fi,
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see Bagnoli and Bergstrom (2005) or Martinez-de-Albéniz (2004).

Thus, we have, using that (¢i) < 1 (because (¢])’ =1 — (¢})' > 0),

86’ S
oyt —

> 1 {080 )} [ "
1o maX{O, %(Faﬁ)} /Hll fi(u)du

- {0 G 0+) ()]
) Lis (1 - /yHy{_ fi(u)du

Tl <1 - / fi(u)du

(where to obtain the max, we used that == is non-increasing)

> {0 2 () 0n) | (5 - ). fl

This can be rewritten as

o2t f1 . onl
1< i i i

(0zi)2 = max { f1 ((q )~ (%))} <C1 890’1)

1 96 op  opids]  op
pi(0z4)? Oyt Oyidyi Oyt

1%2,#1']81(?/% + y{) + 1,{§<K{f1 (/{Zl)

(III) We have

ds] o o o
This is true because, when d—sl # 0, then k% (y;) < K7(s]). This implies that 5*(y!, 1) =

Yi

/ fi(u)du, and hence gg =0 at (y¢,s]). Similarly to case (IV),

o < —macfo. A () (4 - 32

This completes the proof of the bound. We need a second bound on the first derivatives.

a”? < ks for all 27 such that F, ((q{)*l(x]l)) <1, aﬂl. 0,2]) > —(pt — ).
Iy o

39



7Ti . .
The first part of the claim, — < ¢!, is a direct consequence of concavity with respect to

ort —
and 835’1 (0,27) = ¢}.
A o .
For the second part, we notice that (0, z7) belongs to regions (I) or (II). When le. (0,27) #
7y
ori . o
0, we must be in region (IT). There, 87T; 0,29) = = <sll (x{),x{) Recall that we have, at
T

yi = st (2]) (unconstrained best-response),

) 0%ry

% 7
ﬁ: Ovioyi _ 4
dyl — _0n ry(s1)2m1 (@)

(9y1)?

That is, (7(si(27),27) is not zero if and only if the best-response st (z]) = F;l (%) — 2,
. 1
from Theorem 1. As a result, when aﬁj (0,21 # 0,
y

187Ti ; . ——1 Ci . .
L0 = - (7 (%) -t
i 1 1 )

/%1 <i> fi(u)du

J
1
_ . ct
= —1_ 4 |Fi(K ——1.>
Fi(s])> 4 ( () P}

Finally, this expression is valid (otherwise it is zero) while we are in region (II): 2] must

~ e ()

Pi

e

be greater than s/ (s (z7)). We know that s? has slope —1 here, which implies that s] must
be constant, since at the intersection at most one of the best-response curves has slope —1.

In other words, =] > ¢f (Fl (C—1>> Hence, we can express

P
1 omt ; (— ; ; c,
———(0,27) = -1, , G F (@) ) - —1) 18
pi 356{( ! 4P ez (@) ) » (18)
1

which completes the second part of the claim. m

With these two claims we are ready to prove the key inequality (16).

2

0?r} , . Oy
s < an((@)0) (52 ). wher

oaly) = max {0 2 }. (19

Claim 3
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For this purpose, take yj as fixed. Similarly as before, let rb(yi) = (¢i)~(y3) and
&3(13) = (¢3)~"(13). Equation (5) can be written as

—chyyh + phmin {yb, Ry (y3)}

ri yi,yj ) . ; ; .\ T . i +
WA= E e, (o8- ) (- Rl )

There are two possible situations given 5, yg. Either j stocks out before i, and hence
there may be a spill over from j to 4, in which case x% > mg; or vice-versa.
The first situation occurs when s > k3. Here, noting that the integrand is contin-

uously differentiable almost everywhere (and hence differentiation and integration can be

interchanged),
ory i i i aﬂw? i '
oo =GP {+ul < Do} +E Q= (5 — 63(D2), 4k — 3(D2)) 1,
Y 1

a 1
\D

Since 7, is concave in @7, for all Dy, 74 is concave in y5. In fact, the second derivative can
be expressed as

2

0" iIDQ i i j j
= p2f2(yz + ?/2) +E (8xz)2 (y2 - Q2(D2>ay2 - Q2<D2)) 1n§2D2
1

(0y5)?

(01)? | Oz}
< E {qﬁlu((qi)l(yé ~ (D)) (a%? (v = ab(D2). s — ad(D2) ) — Cli) 1%2132}

o ol ) |
+E quu((Qi) 1(y§+y%—D2)< aa:|12<y +y - Dz,O) —6’1> 1n§<D2<y§+y%}

(using Claims 1 and 2, and the infinite support of Ds)

o*rt omyp
+E {—2 (45 + 45 = D2,0) Ly cpcypiyg ¢+ 7 (0.0L2(05 + 1)

. ‘ otip, [ ‘
< E {¢2(<qs>1<y;>) (a—D (v = 45(D2).v% — (D)) - ) 1%&}
, . or’ A . ,
E {¢2 <(q;)_1(y§)> ( 8;‘52 <y; + y% - D27 0> - CZ1> 1ﬁj<D2<y§+yg}
(using that ¢, (z) = max{0, £ Lz —ku)} > o — ku) > ¢o(),
from assumption (iii) and that ¢, is non-increasing, assumption (ii))
iN—1/, i or; i i i j
< ¢2((q§) 1@2)) (8 ? (01 - 02) (py — )P {?/2 + 15 < D2})
Y2

<

() (gy) |
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Consider now the second situation, i.e., kb < mé. Here, since there is only spill-over from
1 t0 7,

ort - . ot o,
ayz: —C;—Fp;P{/i;SDQ}‘i‘]E{ | D2

7, ( > qé(DQ - q2(D2)) 15%2D2}

E 871-Z‘|D2 i J D
+ 8{E (Oa Ya + Yo — 2) <D2<y2+y2
1

o0

—é+%+@?%®/_,h( (20)
vh+yd

onl., .
+/0 <8x‘| (y — gy(u), ¥} — _01>

1

vityy [ 07Ti|
+/‘ Py — ¢+ ](0y2+y2—u fo(u
K axl

2

The second integral may not be decreasing in y3, since its variation is related to the second

derivative of the profit-to-go with respect to x{, which may not even exist. Using Equation
(18), we can express it as

y§+y§ ) 871'7““
/_ Py— ¢+ O 0, 92+y2 u) | fa(u)du

y2+y§ . _ . . . Ci
_ / P — pll , (Flu IN=1(, i _

i F<Fyu((a]) " (wh s —u))<

e
SN
SR
RS

Let G(x) := / g(t)dt. We thus have Fy,((¢]) " (vh + v —u)) =G (w - ku)
z A o
. . Yo+ —u .
When k > 0, consider the change of variables v = — — ku, or equivalently
. g
y2+y2— We obtain
1+ kod

vt | o
[ |- -1y (P (a0 40 -

c q Yy +yh —u)) — _1> Fo(w)du
2 <Fru((@]) 4yl —u)< ,T]% 1 2 2 ) o
. 1
VaRV3TRD i S j
/ i py—ch—pil, y (G(v) _ %) £ Yo +ip —qv o\
0 3 G 4 1+ kod 1+ kel
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As a result, the use of Leibniz’ rule for differentiation yields

o yi+y) : . 67Ti|u . ;
3y§ /sz p2_01+W(07?J2+92_U) fg(u)du

2

o ()] - (s26) |

,
X
=
'
|
@)
-
|
=
=
—_
ey
IA
Ql
—
S
+
.f’utx‘)dw
|
()
|
>
=
K8
~_
IN
VR
Ql
VR
Neg
DN =
_|_
HQk) SQ
N
S
|
™
S
~_
|
| (o)
[
N———
NV

i S — ct Y4yl — oo o
+ ! e Zli | G(v ——1> ; - ; dv
QA P=a plggqmgﬁ( ®) n) | 1+ ko (14 kod)?
1

Since 0 < of < 1, k > 0 and (g)'(k}) < 1, the first term is non-positive. In addition,

/

. i . . Yot ys — Ky
because of log-concavity of D, f_ is non-increasing and hence for 0 < v < =—=—= —kk,
2

ap

E yé-l—y%—oz{?l ( 1 > E i < 1 ) iN—1/ 1
== - - | < ==(k - < .
f2 1+ kaj 1+ kal/) — f2< 2) 14+ kol) ~ P2((22)” (12))
As a result,
0 /yéﬂé . 4 87r’i|u 0 , ; 2 hwd
e ph—c + ——(0,95 +vy5 —u) | folu)du
dys (43) " (43) 2A , ' Oz’ ?
N Y3 +y3 S 87ri‘u i ;
< $a((q3)” (1) , | Pt —— (0,55 + 45 — u) | fo(u)du
(g) " (43) O

When k£ = 0, i.e., Dy is independent from D, then the same result is obtained using the
change of variables v = v + y% — u, since

vitul | . '
(2 (3 (2
/. pa—c—pily
K./Z

5 L

(P a0 = ) - i )| e

IA
R
=
S
—
=
e~y
_~.
=
L
=
<
S5
+
<
[ VEN
|
S
£
=
IA

iyl ki 4
_ / A P B (6(@{)%))—%) fa (45 +v3 = v) dv.
; P GRS P

Note that in this case no assumption on the linearity of ¢/ is made.
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Thus, differentiating Equation (20) yields
o2y e (0,45 — (k) — ¢
Ty i i owy \T7I2 M2V ! i
oy~ T DRlh ) FRICARA

W Qi
+/0 (971')(@2 aa(w), 4 — 3 (w)) fo(u)du

a vh+vs . ; awi
8y2 /n Py — €+ —— O (0 yz+92 u) | fo(u)du

512 82 i ' ‘ ' .
< [ G 0 bl — ) Faluda

+6 ()" (45)) / =+ 20,48 44— ) ) Sl
2| (92 Yo ) %) 1 O y Yo T Yo 2

7

or : .
where we used 5 LU (0 Y — (/#2)) —¢; <0 from Claim 2 and the infinite support.

Using Claim 1 and assumption (iii) of the proposition, we have that

ox’,
. . . ot . . . ,
< ¢2<(q3)_1(y5 —QE(U)> <8a:2!1 (5 — @a(u), 13 — ¢3(w)) —01)
. . ont., . . . ‘
< 9252((%)*1(1/&)) < axll (s — g5 (u), v3 — @ (w)) —Ci) :

where we used that f5 is log-concave (so that ¢ is non-increasing). Hence,

1(y2) aﬂ-l‘

- (We — d(w), v — ¢3(w)) —c§> fo(u)du

N vaHu) . , 87r'|u
soa@) W) [ (e GO+ v -0 ) Sl
(g5)~*(v3)

827r§u ) ) . . L ‘ 3”% ‘ ‘ ‘ ' '
(ami')z (45— (w73 — (W) < 6w () (yé—qé(u»)( '- (y;—q;w),yg—qg(u))_c;)

2,04 ] ' (g5
(Zy—éiz < ¢2((q;)—1(y;))/0

= 62((a) () (% ~(ch — ) — (s — &) / °° fz(U)dU>

< 0o((a) ') (gy) |

This ends the proof of the third claim, and therefore, the proof of the proposition is also

complete. =

Proof of Theorem 3

Proof. We use first the following claim.
0?mi O*mi

Claim 4 :
(024)% ~ Q210!

< 0 almost everywhere.
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Note that these quantities are well-defined almost everywhere because, as seen in the proof
7

. ony | . : . o
of Proposition 1, —= is continuous, and the points of non-differentiability are at the borders

ox}
827“1 827’1

(0y1)% ~ oyioy

The second part comes from the fact that, in each region, the cross-derivative is either zero,

of regions (I)-(IV) only. The first inequality is easily proved using that

in regions (I)-(III), or non-positive in region (IV). =

Similarly as in the previous proofs, let x(y3) = (¢) " (y}) and &5 (y3) = (¢3)~*(v}). When

i J
Ii2 Z ’{27

?rl ?rl P, P, |, o
(8y52 B @yéazg - { [ (971)2 - 0z O] (1/2 — ¢5(D2),y5 — qé(Dg)) 15;'2172 <0
(21)
and
0*r -~ omp o Prip, . o
— = —(p——(0,0 L))+ B ——22 (yh — ¢i(Dy), ) — (D)) 1
0] (pz ot (0,0) | falya + 12) o0l (2 — @(D2), y3 — (D2)) 155 p,

E (927T1|D2 i Dy OV 1 . .
ARG (v2 + 92 = D2,0) L)1) < Dot

< 0.
(22)
In addition, when s} < &3,
P i)
(9y2)*  dy303 (4)'(w5)

sy ([ O T
- 4 t2 2 0 J N
Tyt \ [ e | ORTRT

8271'% 827Ti ' .
‘DQ 1|D2 i i
HE{ (0217 axiax{] (v = a2(Dz2). vz — (D2) 1<qa>1<y;>za2}

fo(Ry) o
i (P —ph)
(@) (k3) "' 7
< 0
, , (23)
aﬂ\D 7TiIDz i 1 i i . . .
because Bl (0,2) — T(O,z) < )+ (p; —¢}) = p} from Claim 2 in the previous
1’1 xl
proof.
. 0%r}
. . . . dSZQ AyLdy, . .
From the implicit function theorem, — = —2—. Thus, using Equations (21) and (23),
dyy — — e
. (9y3)?
we have that d? > —1. In addition, since at each point, either s} < n% or the reverse, we
Y2
ds} ds) ds} ds)
must have either -2 < 0 and if > —1; or 52 > —1 and if < 0. This implies that in
dy; dys; dy; Y2
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each point, —2—=
dy dys

The two best-response functions are continuous. s4(y3) is decreasing for small yJ, while
(qé)‘%s%(y%)) > ()7 (y)). As a result, the two best-response functions intersect in the

region [0, s5(0)] x [0, $5(0)]: equilibrium exists. In addition, since in any equilibrium point

dsb ds}
522% 1, equilibrium is unique, see Cachon and Netessine (2004). =

dy% dys,

Proof of Theorem 4

Proof. Since retailer j is passive, it is clear that for all ¢, s{ (yi) = 0. Thus, we need to
show that firm i’s policy is a base-stock policy that may depend on yi = xi In other words,
show that bi(zi,y/) = max{z!,s!(y/)}. For this purpose, we follow the lines of proof from

Proposition 2. Specifically, we show by induction on ¢t =1,...,T, that,
i) for all o, ri(-,47) is quasi-concave; hence a base-stock policy of level si(y?) is optimal;
Yt T\ Yy q policy t\Yi p

(ii) there is a unique equilibrium: e} (7, %) = 2} and i (%, 2]) = max{z!, s¢(2])};

(iii) 7 is concave in x},

ot
(iv) Denoting

o) = {0, )} (24)

0*ry N . om
we have ((91:’52 < —¢; ((Qt) l(xt)) (Ct — 8:(:%) < 0;
vy L O
(0xf)? — oxiox]’
L on , ; ;
) S 0,d) 2~k - )
Ly

(i)-(vi) are true for t = 1, from the proofs of Proposition 1 and Theorem 3.

Assume that the induction properties are true for ¢ — 1. For ¢, fix yg. Similarly as in
the previous proofs, let xi(y?) = (¢/)~'(3¢) and ! (y]) = (¢/)~"(3}). There are two possible
situations given y, yf . either j stocks out before i, and hence there may be a spill over from

j to i, i.e., ki > Kk]; or vice-versa. When k! > k],

ort . i ; . ont ; ; ) )
9 i = —q+pP {?Jt + yg < Dt} +E {8 : . (yt - qt(Dt>ayi - qi(Dt)) 1nj2Dt}
Yi Ty_q ¢

omi_y j
+E {(%i 1 (v + 9l — Di,0) 1ng’<Dt<yz‘+y{}
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Since 7;_; is concave in z_;, ri is concave in y;. In fact, the second derivative can be

expressed as

327“2
(Oy;)?

IA

IN

IN

IN

i o
<

) ] ) (927Ti_ ;
—pife(yi + i) + E {m (v — 4i(Dy), 4 — ¢/ (Dy)) 14’2@}
82 t—1
—HE{( 3 ( +y{—Dt,0) 1H{SDt§y§+y{}
) - % ) 87'('1; %

B {o CRETE (G (o = D0t = (D)) =1 ) Lo |

i oN—1/ i j omy_1 ( j i

E {¢ (U RERT RN ( B (vi+vi - Di o) - ) 1Hgthgyg+yz}

(using part (iv) of the induction)

)

= ol ) (T (= 00 = 00) =) Lo |

iN—1(, i Oy 1 ( j i
+E {Cbt((%) 1(%)) (axz_i <yt +yi — Dy, O) - Ct—l) 1K{<Dt<y§+yf}

(using (iii) of the proposition and that ¢, is non-increasing, from (ii) of the proposition)

ou(latr ) (52 - = )= i = P+t < D))

i o0) (53

(25)

Also,

(0y;)? ayta 7’

using part (v) of the induction step.

Consider now the second situation, i.e., k! < k7. Here, since there is only spill-over from

1 to 7,

ort ; ot ; ; . .
2 = Ct +ptP{"1t < Dt} +E{ : . (yt - Qt(Dt)ayg - qg(Dt)) 1n§2Dt}
ayt . a t
R on Z 1 (O i+l — )
833%_1 e ! Ki<Di<yi+y]
— et Gi-d) [ Alade
. yit+y

Kio/Om, . . . ,
+/ : : (yz - q;(u)ayi - qg(“)) - C;_1> ft(u)du
0 . al’til

Yty onl_,
+/v P— i+ 20,y 4l — ) | fi(w)du
<qt> (y» 3t

= om_, .

+/0 _ <396§1 ( _qt( )>y ( )) _Ct1) fi(u)du
v a iy o

+/0 <p ch_ +—= ( ,U)) [yl + vyl —v)dv,



where we made the change of variables v = Yl + yf — u in the last integral. First, observe

82 i 82

that - < — Moreover, differentiation yields
(5‘y£>2 B ay;ayg
0?rt ,
(ayz’;z = _ft(yt + yt)(p i 1)
t
ft (K/ ) 871—1"/&71 7 j q i
(i () N, (¥t =) = o

1 i i i Omi
+ (1 — m) Je ("%) (pt G+ 5 85(:?,1 (0 yi + yt ))

K . .
[ = i)l = (W) Al

v i i omy_y (i j
+ Pr—Cat (0,v) | filys + ¥ —v)dv
0 Oy

-1

n% 82 ti— ' 4 ' '
/0 (a;z:—l;z (v — @i (u), y/ — a7 (u)) fou)du

IN

v i i omi_y rdo g
+/ Dy — Cq T —(0,v) | fi(y; +yi —v)dv,
0

Oxy_y
. . . . 877115'_1
where we used part (iii) and (vi) of the induction step, i.e., o
Ti1
i i aﬁ%—l .. . fi
p; — ¢,y + ——(0,-) > 0. In addition, from the log-concavity of Dy,
or]_, ‘ i
and so is ¢;. Hence for v € [0, y! + y! — K1,
i i i
fZ( + yt —v) < fi (k1) < de((g) " (7).
Finally, from part (iv) of the induction, for u € [0, (¢})~*(v})],
i i i j j
W (yt = q;(u),yl — Qi(u))
i oN=l( i i omiy (i j ’ i
< @4(@Fo1@,—%m»)ﬁhz1@,—%wxw—qAM)—q4)
t—1
i oN—1(, i om,
< ¢ ((qt—l) l(yt)) (8 : : (yt - qt( ) )
Tyq
(because the term in parentheses is non- posmve)
B om ;
< o)) (G (o — it — ) i
t—1

(from assumption (iii) of the proposition)

48

i

t—1

< 0, and

— is non-increasing



As a result,

"t (Ol i i j j i
o [ (G 6 it =) ) et

< ¢:((g1) "' (w)) i [ oni 7
+ / pp—Cg + ;_ (0,v) | fely; + yi —v)dv
0 Ox;

-1

< ol 000 (5~ - v [ st

< o)) (gy) -
t (26)
a %

Consider a critical point of 7i(-,37), i.e., oy 1(%73/::) = 0. We have shown that this is
82 i
W(yu t)

and then decreasing, i.e., quasi-concave. Since, 7! is eventually decreasing for large vy,

necessarily a maximum, i.e., < 0. This proves that 7(-, %) is first increasing

there is a unique unconstrained maximizer, si(yi ), and the optimal policy is base-stock:
bi(zi, yl) = max{z!, si(y!)}. This proves part (i) of the induction. Part (ii) is shown recalling
that retailer j does not order at all: e/ = 27, and thus e} = max{z, si(z])}.

Hence, there are two regions to consider:

et oy = f i ) for af < e
Pt cixy +ri(zl, x) otherwise.
i

T .
In the first region (replenishment, first line in the expression above), — = ¢! and hence

ot
P o= () D) ( 87r§> R R
— c — L = =
(Ot )2 = ! A\ o " (02))?  Oxida]
In the second region, % =c + Or; < ¢, because z! > si(z]). In addition, from
t t t t

oxl 8y§

Equations (25) and (26),

ot = o <o) () = (e e) (- 52

2 i 2 i 2,0 2y
Also, 0 7?2 < 8.% - since 0 itQ < o - (shown before).
(0x})* ~ Oxiox] (9yt) aytayt

Hence, 7! is concave in zi, and parts (iii)-(v) are shown. Finally, from the envelope

theorem,

or! , orl .o
0.1 = Sl
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0% Pt ort ort . rto
Interestingly, since ——+ < ——'— —t— —Lisnon-increasing in y!. Since —=(s!(x]),z]) =
. (041)* ~ oyioyl Oyi Oy t ay;
ort ot , 9t Ot ; ort ,
(0,2]) — —L(0,2)) = p! — ¢! > —L(si(z]), x)) — —L(si(x)),z)) = ——2L(0, 7).
8y§( 1) 8%?( 1)=pi—c = 8y,§( 1(21), 27) 8y§( i(x1), ) axi( 1)
This shows part (vi) and completes the induction. =

Proof of Theorem 5

Proof. In the proof, we use the dynamic program presented in Equation (13). This is
a standard inventory problem, and it is easy to show that for all ¢, for all possible past
information I;, Uy, is concave. It follows that the optimal policy is a base-stock policy with

level sy 7,, where sy, satisfies

dUs-1)1,
¢ =K {PtlsutSDt + dt—‘“(stut — Di)ls, 20, ft}
L1
We show by induction on ¢ = 1,...,T that for all [; (which we omit as a subscript below,

i.e., we write subscript ”t” instead of "t|I;”),

S . O?rt 92t
(i) for all g, ri(-,4{) is concave and ——& < ——— < 0;
e (9y:)* — dyjoy]
o ' st (7 g ‘
(ii) s; (y7) is non-increasing in y; and when M < y—tj, sy (yl) = o'sy;
al

sen . . .. . L 1/ Z ‘] _ z z .
(iii) we have existence and uniqueness of equilibrium and for i = 1,2, el(z!, x]) = max{z}, a's;};

(iv) when =X < =X then 7! (a:i,:ci) =a'U | 2 );
% aJ ol
02 O?r

- - <

For t = 1, fix I; (and hence omitted below). We know that r} is concave in y! for all

92 92pi
:12 < ,le < 0, point (i). Point (ii) follows from
. (0y1)> — dyioy]
Theorem 1: for y—? > I P{yi < Ri(y))} = P{y: < a'D;}, and hence si(y]) = a's;.
o ot
Since the best-response functions are non-increasing with slope greater than -1, a Nash

yl. From Table 3, it is clear that

equilibrium exists (Theorem 1 again); and since either st (y7) or s (y?) are constant (depend-
J i

ing on ﬂ > ﬂ

ol T ol R | A

Ei = ¢€1(0,0) = a's; and E] := €](0,0) = a’s;, and that above the equilibrium level EY,

or not), then the equilibrium is unique. In addition, it is easy to check that

si(e}) is constant equal to a’s;. This implies ¢! = max{z}, a’s;}, point (iii).
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i J

j
x x e

In particular, if % < —;, then — < —i This implies that there is no spill-over from
« o o

a
. a{ . - . .
retailer j’s demand into i’s: min{e}, R} (ef)} = min{e}, o’ D;}. Hence,
iz, 2]) = —ci(max{z!, a's; } — 1) + pyEmin{max{z}, a's;},a’' D} = o'l <ﬁ> :
a’L
point (iv). Finally, since

mi(zh, 2]) = dat + rt (max{z}, a's; }, max{z], o’ s, })

02l O?mt . . . .
@) = 2o < 0, point (v). Thus the inductive property is proved for
! 7101

it is clear that

t=1.
Assuming that it is true for ¢ — 1, for all I,_q, fix I; (omitted as subscript below).

iyl ul) = — i+ pEmin{yl, Ri(u)} + Eri_yy,, ((yz —Riw)) s (vl - Riw)) )
and hence

@TZ , o 0 . ) RN . Nt
. = 7 < 3 J i '3 i 7 7 j v i ‘
dyi e+ pdPly; < Ri(yi)} + ani T 1L, ((yt Rt(%)) ) (?Jt Ry (?Jt)) )

We have that

rtoanc, (o= mn) (ot - rin) )

Ri(
either 7rt . (W +yl — D,,0)
or 7Tt 1 Te— 1(07% + yt Dt) =« Ut—lut,l(o)
(
(

t 1|It 1

y; ZDtayt -« Dt)
or T s 0

70) = Ut 1e— 1(0)

2, 2
o°ry 0?rt

(9yi)? — ayioy]

Using point (v) of the induction step on ﬂiil‘ 1,_,» We have that < 0, point

().
This implies that the optimal policy is a base-stock policy with base-stock level si(yg ),

and from the implicit function theorem and point (i), we have that si(y]) is non-increasing.
i
In addition, if % < yt
al
min{y!, o’ D;} and

. i SNt [ RN . Yl —atDy)t
o, (= mi0D) " (12 - mD) ) = @V, (L2208,

: yt.) = a's,. This shows

, there is no spill-over from j to i, and hence min{y}, Ri(y])} =

from point (iv) of the induction. Hence, when
(ii).

o1



Again, since the best-response functions are non-increasing and with slopes greater than
-1, there exists a Nash equilibrium; as one of the best-response functions is constant, this
equilibrium is unique. Similarly as before, e! = max{z!, a's;} since the best-response func-

tion s¢(y!) is flat when 3/ > ofs,. This shows (iii).
i J i J

L x e e P o
Again, if OZ—Z < a—;, then a—tl. < a—tj. We then have that min{e}, R;(e])} = min{e}, o’ D;}.
Hence,
ri(xl,al) = —c¢(max{zl a's;} — ) + p,Emin{max{z’, a’s,}, a’ D}
) i 0 - iD +
+Ea'Us 1, (max{zi, o 8:} Do) )
a

. It
== OéZUt <—t> 5
al
point (iv). Finally, since

il 2]) = diat + ri(max{z!, a's,}, max{z! o’ s,}),

2 0?ml ) . . . .

021 = Dxiod < 0, using part (v) of the induction step. This proves point
T T4 0T

(v) for ¢, for all I;, completes the induction and proves the theorem. m

it is clear that
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