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ABSTRACT

We study the resource investment decision faced by a firm that offers two demand-
classes (i.e., products, services), while incorporating the firm’s pricing decision into the
investment decision. For this purpose, we consider a monopolistic situation and model the
demand curve of each demand-class as a downward sloping linear function of its own price.
The firm can invest in dedicated resources, which can only satisfy a specific demand-class,
and/or in a more expensive, flexible resource, which can satisfy both demand-classes.

We consider a two-stage stochastic decision model: In the first stage, the firm deter-
mines the dedicated and flexible resource capacities to invest in under demand uncertainty.
In the second stage, demand curves are realized and the firm optimizes its revenue through
pricing and resource allocation decisions, constrained by its capacity investment decision
in the first stage.

Our analysis provides the structure of the firm’s optimal resource investment strategy
as a function of price elasticities and investment costs, and shows how the value of resource
flexibility depends on these parameters and demand correlations. Based on our analysis,
we provide principles on the firm’s optimal resource investment strategy under uncertainty.

We show that it can be optimal for the firm to invest in the flexible resource when
demand patterns are perfectly positively correlated, while it is not always optimal to invest

in the flexible resource when demand patterns are perfectly negatively correlated.
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Chapter 1

Introduction

1.1 Introduction and Motivation

The resource investment decision in several industries is characterized by long investment
lead times (for example, 3-5 years in the automotive industry) and economies of scale
in investment costs. These necessitate the resource investment decision to be made early,
under high demand uncertainty. An example is the automotive industry, where the average
deviation of the demand forecast in the capacity investment stage from the actual sales is
about 40% [Bish et al. (2001), Jordan and Graves (1995)].

One strategy that can be used to hedge against demand uncertainty in the investment

)

stage is to invest in “flexible resources,” where flexible resources refer to the resources with
the ability to satisfy multiple “demand-classes” (i.e., products, services). Investments in
resource flexibility enable the firm to balance its supply with demand more effectively, while
reducing inter-period inventories, and enhance its competitiveness in the market place.

Since flexible resources are more expensive to invest in than dedicated resources, ef-

fective strategies for designing and managing flexible resources are highly valuable for



management. Unfortunately, research that focuses on resource flexibility and analyzes its
value is very limited. Today’s market place is becoming more and more uncertain and
extremely competitive. Therefore, there is a great need to understand the structure of
the firm’s optimal strategy for investing in flexible resources in order to get insights into
managerial level decisions.

On the other hand, demand-side controls, such as pricing, can offer another valuable
strategy to reduce supply-demand imbalances. Most previous research that has studied
the value of resource flexibility has ignored the effect of pricing on the firm’s resource
investment decision. Therefore, in this research, we would like to answer the following
research questions: When should we invest in flexible resources? What is the structure of
the firm’s optimal investment and pricing strategy? How does the firm’s optimal investment
strategy depend on demand correlations and price elasticities?

The next section presents our research objectives.

1.2 Research Objectives

Our research objectives are:

e To understand the structure of the firm’s optimal resource investment strategy under

demand uncertainty;

e To understand how the optimal investment strategy depends on price elasticities and

demand correlations;

e To offer managerial guidelines and principles on the firm’s optimal resource invest-

ment decision based on the insights obtained.



1.3 Research Approach

We consider a two demand-class problem. In particular, we consider two demand-classes,
since this case is analytically tractable, while being sufficient to capture the important
elements of the problem. In this research, a two-stage stochastic decision model is devel-
oped, where in the first stage (a long time before production starts), the firm determines
its resource investment under demand uncertainty. The shapes of the demand curves are
known in stage 1, but the locations of the curves are unknown. In the second stage (a
short time before production starts), the firm optimizes its profit through pricing and re-
source allocation decisions, which are constrained by its resource investment in the first
stage. Our objective is to analyze the interactions between the firm’s optimal investment
strategy, pricing, and demand correlations so that we can provide principles and guidelines
on the firm’s optimal investment strategy at the managerial level.

This thesis is organized as follows. In Chapter 2, we present a brief review of the re-
lated literature. In Chapter 3, we introduce our model and assumptions. Chapters 4 and 5
provide our analysis on the characterization of the optimal pricing and resource allocation
strategy in stage 2, and the optimal investment strategy in stage 1, respectively. In Chap-
ter 6, we discuss the impact of demand correlations, i.e., perfectly positively correlated
and perfectly negatively correlated demand patterns, on the value of resource flexibility.
Finally, Chapter 7 presents the summary of the contributions in this study and suggestions

on future research directions.



Chapter 2

Literature Review

There are two papers that are very related to this research: the papers by Fine and Freund
(1990) and Van Mieghem (1998), in the sense that both papers address the resource invest-
ment problem for a two demand-class problem using a two-stage stochastic programming
formulation. In what follows, we refer to Fine and Freund (1990) as FF and Van Mieghem
(1998) as VM.

FF study the firm’s optimal resource investment strategy in the presence of flexible re-
sources. FF formulate the problem as a two-stage stochastic programming decision model.
In the first stage, the firm makes its resource investment decision under demand uncer-
tainty, which is characterized by a set of possible scenarios. In the second stage, the firm
optimizes its profit, given realizations of demand. FF characterize the optimal resource
investment decision for the two demand-class case. They also provide numerical analysis
on the sensitivity of the firm’s optimal capacity investment decision to the investment costs
and demand correlations. In FF’s study, price elasticity is implicitly considered through

concave revenue functions. Although our model is similar to theirs, we consider demand



uncertainty through a continuous error term rather than a set of possible scenarios. Based
on this, we build a new characterization of the firm’s optimal investment strategy and its
sensitivity to various parameters such as price elasticities of demand, investment costs and
demand correlations.

VM studies a similar problem, considering that the firm is a price-taker, i.e., prices
are exogenously determined. VM also formulates the problem as a two-stage decision
problem. In stage 1, the firm determines its optimal resource investment strategy before
the resolution of the demand uncertainty. In stage 2, i.e., when demands are realized, the
firm decides on the allocation of the resources to the two demand-classes. VM uses a multi-
dimensional newsvendor model to characterize the firm’s optimal investment strategy. In
that sense, our model can be considered an extension of VM’s work to incorporate the
pricing decision into the optimal investment strategy. VM states that the flexible resource
can be considered as an optimal cost/benefit response to the variability in demand. He
analyzes the perfectly positive and negative correlations between the two demand-classes
and demonstrates that “the optimal levels of dedicated capacity increase in a concave
manner as correlation increases, while the optimal level of flexible capacity decreases in a
convex manner (page 1078 in Van Mieghem (1998)).” In addition, VM shows that when
the prices are different, it can be advantageous to invest in the flexible resource even when
demands are perfectly positively correlated.

“Flexibility” mentioned above can be seen as “full flexibility,” since the flexible resource
can be used to satisfy any demand-class. Some researchers have analyzed the “partial flex-
ibility” or “limited flexibility” case, where the flexible resources can be used to satisfy only

a subset of demand-classes. For example, Bassok, Anupindi and Akella (1999) consider the



problem of determining the optimal order quantities in a multi-product inventory system
that allows “full downward substitution,” i.e., demand of one product can be substituted
by any product with a higher value. In their model, the order quantities are determined
under demand uncertainty, while the allocation of products to demands is determined after
demands are realized. They study properties of the optimal strategy and show that it can
be highly beneficial to consider the substitution possibility at the ordering stage, especially
in cases of high demand variability, low substitution cost, low profit margins, and product
similarity.

Another extension is considered by Netessine, Dobson and Shumsky (2002). Netessine,
Dobson and Shumsky study a single-period two-stage stochastic system under exogenously
determined prices. They consider only one-level substitution, present an analytical so-
lution for the optimal resource investment levels, and characterize the impact of demand
correlation on the optimal investment decision. Netessine, Dobson and Shumsky show that
for two types of demand-classes, as the demand correlation increases, there is a shift from
flexible resource to dedicated resources.

We want to note here that most of the existing literature considers prices as given while
addressing the value of resource flexibility. An exception is the work by Birge, Drogosz
and Duenyas (1998), who study the single-period newsvendor problem of determining the
optimal resource investment level and prices for two substitutable products. However, in
their model, it is the customers who substitute among the different demand-classes, and
not the firm. See also Petruzzi and Dada (1999) for a review of pricing models for the

single product case.



Other relevant research includes research that addresses the optimal resource invest-
ment strategy in a multi-period setting, such as Caulkins and Fine (1990), Eberly and
Van Mieghem (1997), and Harrison and Van Mieghem (1999); and in a multi-product

multi-plant setting such as Jordan and Graves (1995) and Li and Tirupati (1994).



Chapter 3

Model, Notation, and Preliminaries

We consider a firm that offers multiple demand-classes (i.e., service levels/products). The
firm needs to determine its resource investment decision under high demand uncertainty,
and then makes its pricing and resource allocation decision as demands are realized. We
model this decision problem as a two-stage stochastic programming problem, as commonly
done in the previous literature. In the first stage, the firm determines its resource in-
vestment under uncertainty so as to maximize its expected profit. In the second stage,
uncertainty is resolved and the firm jointly determines its pricing and resource allocation
to maximize its revenue. Thus, the firm utilizes an integrated resource flexibility/price
postponement strategy in the second stage.

Our model can be characterized as a multi-dimensional newsvendor model with pricing
[see, for instance, Petruzzi and Dada (1999) and Porteus (1990) for the single newsvendor
problem]. In particular, we consider two demand-classes, since this case is analytically
tractable, while being sufficient to capture the important elements of the problem. Thus,

the firm has the option to invest in two dedicated resources, each of which can satisfy



only one demand-class, and/or in a more expensive, flexible resource that can satisfy both
demand-classes. We model the demand for each demand-class i (d;), as a downward-sloping

linear function of its own price (or contribution margin), denoted as p;. That is, for i = 1, 2,

di = & — a;p;,

where «; > 0 is the price-elasticity of demand and &; is the intercept. In the first stage of
our stochastic program, we model each &;,7 = 1,2, as a continuous random variable with
positive support in [0,00); this represents the uncertainty in the market size (long-term
uncertainty). Let f;(-), F;(+), and F;(-) respectively denote the probability density function
(pdf), cumulative distribution function (CDF), and the tail distribution of &,i = 1,2.
Throughout the thesis, we do not make any distributional assumptions on &; and &s.
Therefore, all the following results hold for any continuous distribution of £; and & defined
over [0, 00).

The firm seeks a coordinated resource investment, pricing, and allocation strategy to
maximize its expected profit. In stage 1, the values of random variables 5 = (&,&) are
uncertain. At this time, the firm makes its resource investment decision, K= (K1, Ko, Ky),
so as to maximize its expected profit, where K; corresponds to the investment level for
dedicated resource 7, i = 1,2, and K that for the flexible resource. Let K7 = K1 + Ko +
Ky and V(I? ) denote the expected profit in stage 1, which equals the expected revenue
( E[II(K,£)] ) less the investment costs. Then, in stage 2 uncertainty is resolved (i.c., the

realization ¢; of random variable ; is observed for i« = 1,2) and the firm maximizes its

profit through pricing (p;,i = 1,2) and resource allocation decisions, constrained by its
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earlier investment decision. Let & = (y1, y2, 21, 22) denote the resource allocation vector in
stage 2, where y; and z; respectively correspond to the amount of class 7 demand satisfied
using the dedicated resource and the flexible resource, for ¢ = 1,2. As in the earlier
literature, we assume that investment costs are linear — all our results readily extend to
convex investment costs — and that the variable cost of satisfying a demand-class is the
same for the dedicated and the flexible resource. Let ¢; denote the unit cost of investing
in resource K;, ¢ = 1,2, f, where ci,c2 < ¢y. In addition, we consider that c; < c1 + ¢;
otherwise the problem becomes trivial (i.e., we never invest in the flexible resource).

This decision problem can be formulated as the following stochastic program:

(Stage 1 Problem) P; : max V(K) = E[II(K, £)] - Z ¢i K (1)
K=0 i=1,2,f
. 2
(Stage 2 Problem) Py : max II(K,€) = Zpl(yl + )
wP i=1
subject to
21+ 20 < Kf (3)
Yit+zi <6 —appi, 1=1,2 (4)
€ .
i< —, 1= 1,2 (5)
67}
Yiy Ziy Di > 07 1= 172 (6)

In the above formulation, constraints (2) and (3) are the capacity constraints for the
dedicated and flexible resources, respectively, whereas constraints (4) ensure that the total

amount of each demand-class satisfied does not exceed its demand, induced by the firm’s
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pricing decision. Finally, constraints (5) and (6) are the non-negativity constraints for
demands, allocation quantities, and prices, respectively.

Observe that we can write constraints (4) as equalities, since any solution with excess
demand would be sub-optimal for Problem P; (i.e., price can be further increased to reduce
demand to the overall capacity level, resulting in a higher revenue), but of course, we can

have excess capacity. Based on this observation, we can write the following equivalent

formulation.
B 2
(Stage 2 Problem) Pj : mj?x II(K,€) = Zpi(fi — aip;)
i=1
subject to
KK
pi> =221 — XN (7)
(%

a1p1 +agp > €1 + €2 — K1 — Ko — K —u (8)

where \;, ¢ = 1,2, and u represent the corresponding Lagrangian multiplier for each con-
straint. Observe that we have omitted the demand non-negativity constraints, y; + z; =
€;—a;p; > 0,4 = 1,2, and price non-negativity constraints. The optimal solution will always
satisfy them, since the amount of demand-class 7 satisfied will be at least min(g, K;) > 0,
which is the optimal solution in the absence of the flexible resource, as detailed below.
Equivalently, the optimal price of demand-class ¢ will be at most max(%i, %) Thus,
there exists a feasible solution, which generates a non-negative revenue for demand-class %
without affecting the available capacity for demand-class j # i, given by K; + K. Hence,

demand and price non-negativity constraints can be eliminated.

For convenience, we are going to use this equivalent formulation when we characterize
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the optimal solution to the stage 2 problem in the next section. In our formulation, we
assume zero penalty cost for a lost sale rather than a forfeited profit. This is because the
firm is a price-setter and determines how much demand to satisfy through pricing. However,
a penalty cost per unsatisfied unit of demand or a salvage value for unused capacity can
be included in the model without changing the structure of the results.

Finally, observe that when the flexible resource is not available or it is not considered in
the investment decision, the investment decision will decompose by each demand-class, in
which case the optimal dedicated resource capacity for each demand-class can be obtained
independently. We will refer to this case as the “dedicated system.” Below we introduce
the formulation for each demand-class in the dedicated system and use it subsequently in

our analysis.

(Class i Stage 1 Problem) Py (i) : max V;(K;) = E[IL;(K;,&)] — ¢ K; 9)

K;>0
(Class i Stage 2 Problem) P} (i) : max IL; (K, ;) = pi(ei — cuipsi) (10)
subject to
€ — Kz
Di 2 Y

@

where ; denotes the corresponding Lagrangian multiplier.
Let p{ and %I denote the optimal solution to demand-class i's Stage 2 Problem,
Pj(i),i = 1,2. Since II; is strictly concave in p;, the first-order Karush-Kuhn-Tucker

(KKT) conditions are necessary and sufficient for optimality, which lead to the following
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results.

pj = max(; ) (11)
. a6 —2K;), if ¢ > 2K,
v =—(Qaip| — &)t = (12)

0, otherwise.
We let K1 = (KI, K1) denote the optimal investment vector in the dedicated system. The
following result will be used later in our analysis.

Lemma 3.1 Consider the optimal investment solution, I_('I, in the dedicated system. If

¢ < %‘Zi], i=1,2, then K!, is the unique solution to:

El& — 2K]|& > 2K] | Pr(& > 2K)) = ayey (13)

Otherwise (if ¢; > %ﬁ’]), K! =o0.

Proof: Using Eq. (11), the expected profit of demand-class i,7 = 1,2, in Stage 1 can be

written as:

Vi(K;) = B[l (K, &)] — ¢ K
= / L filei)de; +/ Bule — Ky) l)fi(ez‘)dei - K
0o 4o 2K; %

By Leibniz’s rule,
oVi(Ki)  0E[IL(K;, &)l > (6 —2K;)

0K; SK; —a= oK, Tfi(ﬁi)dﬁi —¢
SPVi(K;) -2
= KT F;(2K;) <0, for any K; > 0

Thus, V;(Kj;) is strictly concave in K;, for K; > 0. Observe that if Wmizo < ¢,
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or equivalently, if ¢; > %ﬁd, then it is not economically viable to invest in any dedicated

capacity for demand-class i in Stage 1, and K/ = 0. Otherwise, K/ is the unique solution

to:

2

5Ki = K o f,(el)dez — C; = 0

= E[& — 2K} |& > 2K Pr(& > 2K} = ayci,

which completes the proof. §



Chapter 4

Characterization of the Optimal Pricing
and Resource Allocation Strategy in

Stage 2

In the following, we first characterize the optimal solution to Problem P, the joint Stage 2
Problem for the two demand-classes, introduced in the previous section. For this purpose,
given a resource capacity vector, K , we decompose the demand space into the following

disjoint sets; see Figure 1.

O = {6 < 2K, +2Kf, € < 2Ky +2K;, & +6& < 2Ki + 2Ky + 2K} (14)
Qo = {201 Koy — 2002(K1 + Kf) < anéa — a2és < —200K71 + 201 (Ko + Ky),

&+ & > 2K, +2K2+2Kf}
Q3 = {2 > 2Ky, a1 — @by < 201 Ko — 200( Ky + Ky)}

Wy ={& > 2K, oée — by > —200K1 + 209 (K2 + Ky)}

15
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Qs = {& < 2Ky, & > 2K+ 2Ky}

Qs = {& > 2K, + 2Ky, & < 2K},

(1))

where “,” corresponds to the logical operator “and.”

o | .

242K, +2K, | Q,

L ag, ~08 = 20K +20(K, +Ky

2K, + 2K, - Q,

4, ~ 058, = 200K, = 200, (K, +K)

2,

Q, AN Q,

S g +E, = 2K, 2K, + 2K,

T
A, WA, AWK, K,

Figure 1: The demand space for (€1, €2) in Stage 2

It is easy to show that function II is strictly jointly concave in p;, ¢ = 1,2. Therefore,
the first order KKT conditions are necessary and sufficient for optimality and any optimal
solution is unique in p;, ¢ = 1,2. Using these properties, given realizations ¢; and ez of
random variables & and &2, the optimal solution value to Problem Pj can be characterized

in the following lemma.

Lemma 4.1 Given realizations €1 and €o of random variables &1 and & and a resource
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investment vector I?, the optimal solution value to Problem Py can be expressed as:

2 62
> if O
= dai
i[ € €1+62—2(K1+K2+Kf)]
i 20 2(a1+a2)
[E - ailer ez — 2K + Ky F Kf))L if Qo
2 2(0&14—042)
7 = — K1 — K¢ (K K — K9) K.
(K, ¢€) (er — Ky — Kp)( + Kf) | (e2 = K) 2 0,
o1 (&%)
— K\ K — Ky — K¢)( Ko+ K )
(€1 1) 1+(€2 2 7) (K2 f)’ if O
oy Q2
2 — Ky — K§)(Ky+ K
A, (e- K- KK + Ky) if Qs
4041 (6]
— K — K¢ (K K 2
(e1 1 1)K+ Ky) _'_672’ if Q6
oq 4oy

Proof: See Appendix A. I

Observe that €y is the set of demand realizations where resource capacities are not

constraining in the optimal solution, i.e., the unconstrained solution, pz(»u) = zzi, which
induces a demand of dl(u) = 9,1 = 1,2, is optimal. All other sets correspond to solutions

on the boundary lines of the feasible region. €2y is the set whose optimal solution uses

all resources fully and the flexible resource is shared by the two demand-classes with d; =

6 _ cilate—2(Ki1+Ka+Ky))
2

(o Toz) ,i = 1,2; Qg is the set where the amount of demand-class 1

satisfied is optimally set to K7 + Ky and that of demand-class 2 to K»; symmetrically, {24
is the set where the amount of demand-class 2 satisfied is K2+ K and that of demand-class

1is K7i; Q5 is the set where the amount of demand-class 2 satisfied is K2 + Ky and that of

demand-class 1 is the unconstrained dgu) = 5; and ()¢ is the set where the optimal amount

of demand-class 1 satisfied is K + K; and that of demand-class 2 is the unconstrained
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&y = 4.

Observe that as ai, the price elasticity of demand-class 2, increases, the region for set
23, corresponding to optimal allocation quantities of (K + K¢, K»), will expand, while
the region for set {14, corresponding to optimal allocation quantities of (K1, Ko+ Ky), will
shrink. Thus, class 2 becomes less desirable to satisfy in the optimal solution.

This characterization of the optimal pricing and allocation decision extends the charac-
terization in FF to one with continuous distributions for the random variables &;,7 =1, 2.
We also note here that this characterization extends the one in VM, since VM assumes that
the firm is a price-taker, i.e., p; and po are exogenously determined, whereas our model
also incorporates the demand elasticities and pricing decision (in an environment with no

competition) into the resource investment framework.



Chapter 5

Characterization of the Optimal

Investment Strategy in Stage 1

Using the characterization of the optimal solution to the Stage 2 Problem, stated in
Lemma 4.1, we can now analyze the structure of the optimal investment strategy. The
firm seeks a coordinated strategy of investment, resource allocation, and pricing decision

so as to maximize its expected profit in Stage 1, given by:

(Stage 1 Problem) P;: max V(K)=E[I(K, §)]- Y ckK;

K i=1,2,f
subject to
KlZO, i:1,2,f S U;

Let ¥ = (v1, va2, vy) > 0 represent the corresponding Lagrangian multipliers. We denote
the maximizer of V(K) by K* and refer to K* as the optimal investment vector. We have

the following results.

Lemma 5.1 V(I?) is strictly jointly concave in K1, Ko, K¢ for any continuous distribution

19
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of &1 and & in [0,00).
Proof: See Appendix B. I

Thus, the optimal investment vector K* is unique and the first-order KKT conditions

are necessary and sufficient for optimality. These lead to the following theorem.

Theorem 5.1 An investment vector K € R:i is optimal if and only if there exists a ¥ € Ri

that satisfies the following conditions:

al+tag [e3}
E| &+&-2Kr Q5 | Pr(Q2) +E £2—2K> ‘93 Pr(Q3)
altag [e%)
altag aq
£1—2K
1 o 1 0
+E | ©£72822K; 1Q, | Pr(2q) + E | ©£22K222K; Q5 | Pr(025)
a2 Q2
€—2Ky—2K; £~ 2Ky —2K;
a2 a9
—2K1—2K
&a% el — vy
+E 0 |S26 Pr(ﬂﬁ) = Co — V9
£1-2K1—2K
R cf—vf

UZ'KZ‘:O, i:1,2,f

Theorem 5.1 extends Proposition 1 of VM to the case where prices are also decision
variables. Based on this theorem, we characterize the firm’s optimal investment strategy

in the following.
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We first establish the necessary and sufficient conditions for investing in the flexible
resource. For this purpose, we analyze the boundary solution KD = (KP >0, KP >
0, KJ]? = 0) (with the corresponding optimal Lagrangian multipliers being v; = 0, v = 0,
vy > 0), where the firm only invests in the dedicated resources. We then use this solution
to characterize the conditions for investing in the flexible resource. At solution KP , our

demand space, given in Eq. (14), reduces to the following.

OP = (¢ < 2KP, & <2KP, & +& < 2KP + 2K}

={& <2KP, & <2KP} (15)
O = {61+ & > 2KP + 2KP, 201 KP — 20, KP < 169 — ané) < 201 K2 — 200 KDY
QF = {& > 2KY, a1éy — anéy < 201 KL — 200 K7}
QP ={& > 2KP, a1bs — aséy > —200KP + 201 KP}
0P = {& <2KP, & >2KP)

OF = {& > 2KP, & <2KP}

Observe that since &,i = 1,2, are continuous random variables, Q2 = (), except for the
special case where Pr(aifs = asf1) = 1 and a1 KP = apK{P. In order to simplify the
presentation, in the following we will consider that Q2 = (). All our results hold for this
special case as well.

Thus, at boundary solution KP , the optimality conditions given in Theorem 5.1 reduce

to the following.

Corollary 5.1 Boundary solution KP = (KP > 0,KP > O,KfD = 0) is optimal if and
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only if there exists a vy > 0 that satisfies the first-order KKT necessary and sufficient

conditions, given below:

KKT —1:
—2KP —2KP —2KP
B2 0P pr(af) + B2 0P prof) + B 2R 0] Pr(f) = o
1 (651 a1
= E[¢ —2KP |6 > 2KP1Pr(¢, > 2KP) = ey (16)
KKT - 2:

& — 2KY & —2KP o — 2KP
E[>=——2107]Pr(Qf) + E[TQIQE] Pr(Qf) + E[Tzlﬁé)] Pr(QF) = ¢
= El& — 2KP |6 > 2KP| Pr(&y > 2KP) = asey (17)
KKT - 3:

& —2KP & —2KP o — 2KP
E[>——1|08)Pr(QF)) + B[>>——2|F| Pr(Qf) + B[>>——2|QF| Pr(QF)

o1 a2 a3
& —2KP
+E[T1|Qé)] Pr(Q¢) = ¢y — vy
1 1
= ¢ = ¢f —vp = —Bl& = 2K7|A] Pr(A) + —El& — 2K'|B] Pr(B), (18)
1 2

where A = {& > 2KP, o1&y — anéy < 200 KP — 200 KP} and B = {& > 2KP | a6 —

@€y > 201 KP — 200 KPY.

Observe that the first two KKT conditions in Corollary 5.1 also represent the optimality
conditions in the dedicated system, when it is viable to invest in any capacity for each
demand-class (see Lemma 3.1), and ¢; is defined as a function of K{’ and K3’ in the third
KKT condition. Recall that K denotes the optimal solution to the dedicated system.
Thus, if solution (K = K, K = K, ij? = 0) also satisfies the third KKT condition in

Eq. (18), then the optimal solution to the dedicated system is also optimal for the original
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problem and corresponds to boundary solution KP. These lead to the following lemma.

Lemma 5.2 The optimal investment strategy is such that K3 > 0 only if ¢y < cy, where

cy is defined in Equation (18).

Proof:

The proof follows directly from the KKT conditions at boundary solution KP. This
solution is optimal if and only if its corresponding KKT conditions, given in Eq.s (16), (17),
and (18), are satisfied with respect to a non-negative value of vy. Observe that when
¢y < ¢y, the KKT condition in Eq. (18) cannot be satisfied with respect to a vy > 0,
and hence, the boundary solution KP = (KP >0, K >0, Kf = 0) can no longer be

optimal. Thus, at optimality we must have K;Z >0.1

Thus, the flexible resource will be beneficial only when its unit investment cost is not
too expensive. Lemma 5.2 extends Theorem 1 of FF to our multi-dimensional newsvendor
model with pricing and has a similar interpretation. Recall that 7{ is the optimal La-
grangian multiplier corresponding to the capacity constraint for the dedicated resource in
the Stage 2 Problem of demand-class i in the dedicated system. Using Eq.s (12) and (18),

we can write:

& —2KP & —2KP
¢ = EIE2L 001 Pr(f) + EEEL 108 Pr(d)
—2KP —2KP
+E[ 282 R pr(of) + B2 2R 0P Pr(f)
2 2

B[ max {7/} ]
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thus establishing the relationship between Theorem 1 of FF and our result. Hence, as
stated in FF, the firm invests in the flexible resource “when the expected value of its best

usage exceeds its cost (page 450 in Fine and Freund (1990)).”

We next develop insights into the firm’s optimal investment decision when it includes
the flexible resource. We first note that when K} > 0 in the optimal solution, the solution
must be one of the following forms, each of which corresponds to a boundary solution of

the feasible region for the Stage 1 Problem:

Kf' =K =0, Kf=0, K} >0)
K'Y =(x{" >0, K3¥=0, K}>0)
K*F =(K{" =0, K3" >0, K} >0)

K= (K{*>0, Ki>0, Kj>0).

In what follows, we let Qf , Q}F , Q?F , and 93-4 respectively denote set Q;, j = 1,---,6, given

in Equation (14), at boundary solutions KF KW RK2F and KA.

Lemma 5.3 Consider the boundary solutions KF, I?lF, I?QF, and KA. We have the

following properties:

1. KF = (KF =0, Kf =0, KJE > 0) is not a possible solution if {(Nf = () or

(Qf =0)};

2. K'F = (KIF >0, K} =0, K}F > 0) is not a possible solution if {(QAF = 0) or

Q" =0, B"=0)};

3. K2F = (K2F =0, K2 > 0, KJ%F > 0) is not a possible solution if {(Q3F = 0) or
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Q3" =0, " =0)};

4. K4 = (K >0, K >0, KJ‘?‘ > 0) is not a possible solution if {(4 = 0,08 = 0)

or (U =0, Q4 =0)}.
Proof: See Appendix C. I

Lemma 5.3 leads to the following result.

£2) — 1, that is, g1 < on&y with

a2

Theorem 5.2 Consider the case where Pr(g—l1 <

probability 1. Then, if cy < cy, the optimal strategy must be one of the following forms:

1. Invest in dedicated resource 2 and the flexible resource only (boundary solution I_('2F)

In this case, K3 > g—iKJ%F, or

2. Invest in all three resources (boundary solution K*). In this case, K3' > g—f(Kf‘ +

Kf).

Proof:

Consider that Pr(é—l1 < C%) = 1. Since a1és — az&; > 0 with probability 1, QF =
{a1&y — &y < —2042K?} = () for any Kf > 0, where Q%" is obtained by setting Kf > 0,
KI =0, KI' =0in Q3, given in Eq. (14). Thus, it follows, by Lemma 5.3, that KT is not
a possible solution in this case. Similarly, Q3" = {a1&s — a2é < —2ao (K1 + K}F)} =0
for any Ki¥ > 0 and K}F > 0, and hence K'Y is not a possible solution by Lemma 5.3.

Thus, when ¢y < ¢y, Lemma 5.2 implies that KJ’E > 0 in the optimal solution, which must

correspond to either boundary solution K2F or KA.
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Observe that by Lemma 5.3, K4isa possible solution only when {(le4 £ 0 or Q5A =+

0) and (4 # 0 or QF # 0)}. We can write the second condition as:

(3 # 0 or QF #0) = {(Q5 or OF) # 0}
={& > 2K{" + 2K}, a6 — anly < 201 K3 — 200(K{* + K1)} # 0,

(see Eq. (14) and Figure 1)

or equivalently, Pr{¢; > 2K{* 4 2K%, a1&s — aéy < 201 K4 — 200 (K + K}“)} # 0. Since
a1&s — axéy > 0 with probability 1, we must have QaIKQA - 2042(Kf1 + K}“) > 0. Thus,
K3 > %(Kf‘ + K}ﬁ‘), if K4 is the optimal solution. By a similar argument, we can show
that if K2 is the optimal solution, then it must satisfy K3/ > %K]%F This completes

the proof. 1

Consider the Stage 2 Problem, Pj. If resource levels were unconstraining, then the

price for demand-class i, i = 1,2, would be optimally set to pl(u) = 2%1 Thus, when

Pr(£L < £) =1, we have p{") < p}"

; that is, demand-class 2 would be priced higher than
demand-class 1 if resource capacities were not constraining. In other words, demand-class
2 is the more desirable demand-class to satisfy. Theorem 5.2 states that in this case the
optimal investment strategy gives higher priority to resources that can satisfy demand-class
2: If a flexible resource investment is made, then we either invest in dedicated resource 2
and the flexible resource only (solution K2F ); or we invest in all three resources (solution
K 4). No other solution can be optimal. Furthermore, the optimal level of dedicated

resource 2 is greater than the combined optimal capacities of the other resources (flexible

resource plus the dedicated resource of the other demand-class) times its relative price
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elasticity (ag/aq). This result, together with Lemma 5.2, extends Proposition 2 in VM,
who shows that the optimal investment strategy, when prices are exogenously determined,
is to invest either in dedicated resources only, or in the dedicated resource for the higher
priced demand-class and the flexible resource, or in all three resources.

We also want to point out that when a; = a9, that is, when both demand-classes
have the same price elasticity of demand, the condition that PI‘(% < (%) = 1 reduces to
the condition that Pr(§; < &) = 1. In this case, the demand curve of demand-class 2
dominates that of demand-class 1 over the entire range of prices; that is, the same demand
level corresponds to a higher price for demand-class 2 over demand-class 1, or equivalently,
the same price induces a higher demand for demand-class 2. Theorem 5.2 shows that in
such cases, the optimal strategy will invest more in dedicated resource 2, thus translating
into higher revenues. That is, if solution K2F is optimal, then K22F > K]%F ; if solution KA

is optimal, then K3' > K{' + K}“.



Chapter 6

Impact of Demand Correlation on the

Optimal Investment Strategy

In the following, we study the impact of demand correlation on the optimal investment
strategy and show that it might be optimal to invest in the flexible resource even when the
demand patterns for the two demand-classes are perfectly positively correlated, whereas it
might be optimal not to invest in the flexible resource when demand patterns are perfectly
negatively correlated. In order to avoid the trivial cases and simplify the presentation, in

the following we consider the case where it is economically viable to invest in any capacity

El¢i]

1 =1,2 (see Lemma 3.1).

for each demand-class; that is, we consider that ¢; <
Let p denote the correlation coefficient between & and &. As in the previous section,

we do not make any distributional assumptions on &; and &. All the following results hold

for any continuous distribution of &; and & defined over [0, c0).

28
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6.1 Perfectly Positively Correlated Demand Patterns

We first analyze the case where the demand patterns are perfectly positively correlated. For
this purpose, we consider that Pr(&; = a&s) = 1, for some constant a > 0; that is, p = +1.
For the sake of simplicity in notation, let £&» = &, and thus & = a€.

In this case, the first two optimality conditions at boundary solution KP = (KP >

0, K >0, KfD = 0), given in Eq.s (16) and (17), reduce to the following:

2KP 2KP 2KP
Bl - = hje> T L Pr(e > T h) = 52 (19)
El¢ —2KP|¢ > 2KP|Pr(¢ > 2KP) = agey (20)

As was done in Chapter 5 for the general case, we first study the characteristics of the
boundary solution KD , which corresponds to the case where the firm does not invest in

the flexible resource.

Lemma 6.1 Let the demand patterns for the two demand-classes be perfectly positively
correlated; that is, Pr(§& = a&) = 1, for some constant a > 0, and hence p = +1. If
boundary solution KD = (KP >0, KP >0, KJ? = 0) is optimal, then it must have the

following structure:

D

1. If %121 > agea, then =1 < KP;
KD

2. If #L24 = apeg, then =1 = P,
D

K
3. If #L2L < apeg, then =1

Proof: The proof directly follows from the optimality conditions in Eq.s (19) and (20). I
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Now we can characterize the optimal investment strategy in the case of perfectly pos-
itively correlated demands. We first analyze the conditions under which we invest in the

flexible resource in the following lemma.

Lemma 6.2 Consider the case where Pr(§ = a&s) = 1, for some constant a > 0. In the

optimal strateqy, we invest in the flexible resource (K;i > 0) only if { (2 > agcy and

ajcy
a

a1 > aaz and cy < cy) or ( < azez and ag < acg and ¢y < cyf) }.

Proof: See Appendix D. I

Our main result in the case of perfectly positively correlated demand patterns is given

in the following theorem.

Theorem 6.1 Consider the case where Pr(&; = a&2) = 1, for some constant a > 0;
that is, the two demand patterns are perfectly positively correlated. The optimal capacity

imvestment decision has the following structure:

1 If {*42 > agcp and oy < aco} or {2 = agca} or {HL < agcr and oy > as},

then the optimal strategy is always to invest in dedicated resources only, such that

a1cC KD
- If% > ey, then — -

KD
- If 95 = agea, then —- = KP; and

a1cC KD
- If% < agcg, then — -

2. If {22 > ages and oy > aas}, then

- If ¢y > ¢y, then we invest in dedicated resources only (I?D);
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- If ¢y < ¢y, then the optimal solution is either to (1) invest only in dedicated

resource 2 and the flezible resource (K2F): or (2) invest in all three resources

(K*). Furthermore,

— I K2F
(a) If strategy K2 is optimal, then % <=L < K3 < Ki;

=4 . . A 1 KA+ K4
(b) If strategy K* is optimal, then KTl S P i

a a

< K§ < Kf <

K3+ K}“, where KT denotes the optimal solution to the dedicated system.
3. Symmetrically, if { L% < asca and a1 < acs}, then

- If ¢y > ¢y, then we invest in dedicated resources only (KD),'

- If ¢y < ¢y, then the optimal solution is either to (1) invest only in dedicated

resource 1 and the flexible resource (K'F); or (2) invest in all three resources
(K*). Furthermore,

KlF KI
<AL

a

(a) If strategy K s optimal, then Kl < K}F <

A I
(b) If strategy K4 is optimal, then K35 < K < K3 —I-K}4 < KTI < B <

a
A A
K{+ K7
a

Proof.

Part (1) follows from Lemmas 6.1 and 6.2. We now prove part (2). When ¢y < ¢y, it
follows, by Lemma 6.2, that K > 0 in the optimal solution. Thus, in this case, the optimal
strategy must correspond to one of the boundary solutions KF , KW , K2F , O K 4 each

of which is analyzed below for the case where L% > aaca, a1 > aas.

K" ={K{ =0, K =0, Kf >0}
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When &1 = a&o, Qg , at boundary solution KF , reduces to

QF = {€ (g — amw) < —2042Kf} = (.
0
> <0

Thus, by Lemma 5.3, KT is not a possible solution in this case.

R'F = {K{F >0, K}F =0, K} >0}

In this case, QLF, at boundary solution KF , reduces to

O = {€ (a1 — aay) < —2a(KE + K}F)} =0.

>0 <0

Thus, by Lemma 5.3, K'Y is not a possible solution.

On the other hand, we can show, in a similar way, that boundary solutions K2F and
KA are possible. Consequently, when {*L% > ascp, a1 > ag, ¢y < Qf}, the optimal
solution must be either K2F or K4,

Proofs of (2a) and (2b): See Appendix E.

The proof of part (3) is in the same spirit as the proof of part (2), and follows due
to Lemma 5.3, since QF = () (corresponding to boundary solution KF ) and Q3F = 0
(corresponding to boundary solution K2F ) when a1 < aay. Finally, proofs for parts (3a)

and (3b) are also similar to that of part (2), and therefore, are omitted. il

Theorem 6.1 states that if ¢y < cg, then the firm should invest in the flexible resource
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only when either (i) “1% > agcz, a1 > aag or (ii) 2% < azer, o1 < aasz.

ajicy
a

Consider the first condition, > qgcg, 1 > aag. This condition implies that (1)

the firm would charge a higher price for demand-class 2 than demand-class 1 if resource

(u)

capacities were not constraining; that is, p, * = %i

a2

> pﬁ“) = §2&; and (2) the dedicated

aq
resource investment cost per unconstrained price ratio corresponding to demand-class 2

c1
a/aq”

is lower than that for demand-class 1; that is, -3 <

1) Thus, demand-class 2 is
a2

the “preferred” demand-class to satisfy. As a result, the optimal strategy gives higher
priority to resources that can satisfy demand-class 2: If a flexible resource investment
is made, then the firm invests in either dedicated resource 2 and the flexible resource
only (boundary solution K2F ) or all three resources (boundary solution K 4); no other
solution can be optimal. The second condition is symmetric and corresponds to the case
where demand-class 1 is preferred. Thus, Theorem 6.1 shows that in the case of perfectly
positively correlated demand patterns (p = +1), the flexible resource can still be valuable,
but only when one demand-class is preferred, where the definition of preferred depends
on demand function parameters and dedicated resource investment costs. If no demand-
class is preferred, then the optimal solution does not invest in the flexible resource. Thus,
our result nicely generalizes the result in VM, who shows that under exogenously fixed
prices, flexible resource investment in the case of perfect positive correlation requires a
price differential between the demand-classes.

Theorem 6.1 also provides insights on the substitution effect of the flexible resource.
It shows that if it is optimal to invest in dedicated resource 2 and the flexible resource

only (solution K2F ), then the structure of the optimal strategy is such that K7 < K?F
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and K2¥' < Ki; that is, the flexible resource substitutes dedicated resource 1 in the ded-
icated system (solution KT ) and is larger, while less of dedicated resource 2 is invested
in, compared to solution K’ (part 2(a) of the theorem). Similarly, if it is optimal to
invest in all resources (solution I?A), then the firm invests less in each dedicated re-
source, while the total resource levels that can satisfy each demand-class are both higher
(K < K < KZA+K}4,i = 1,2), compared to the optimal solution to the dedicated system
(part 2(b) of the theorem).

Consider next the special case where a = 1; that is, Pr(§ = &) = 1. Then, the
first condition reduces to a1c; > agco, 1 > . In this case, the demand curve of class
2 dominates that of class 1 over all possible prices, since the same demand level corre-
sponds to a higher price for demand-class 2 over demand-class 1. In addition, the cost
per unconstrained price ratio for class 2 is lower than that of class 1. Then, the optimal
investment strategy gives priority to resources that can satisfy demand-class 2. In addition,
the firm always invests more in dedicated resource 2 than the combined levels of the other
resources (i.e., if solution KD is optimal, then K < K2 if solution K2F is optimal, then

K?F < K2F; if solution K is optimal, then K{* + Kf < K3h.

6.2 Perfectly Negatively Correlated Demand Patterns

Next we analyze the case where demand patterns are perfectly negatively correlated. For
this purpose, we consider that Pr({; + & = a) = 1 for some constant a > 0, and hence
p = —1. Thus, the sum of the random variables £; and & is known with certainty, but the
split between the two demand-classes is uncertain in Stage 1. Our main result in the case

of perfect negative correlation is presented in the following theorem.
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Theorem 6.2 Consider the case where Pr(&1 + & = a) = 1, for some constant a > 0;
that is, the two demand patterns are perfectly negatively correlated (p = —1). Then, there

exists a threshold value, A™, such that:

1. If K{ + KQI > g, or equivalently if agca — arep < A then K; > 0 in the optimal

solution, regardless of the value of ¢y (in the range 0 < c1,c2 < ¢f < ¢1 + ¢2).
2. If K{ + KQI < g, or equivalently if asco — arcp > A then

- if ¢y < ¢y, then K; > 0 in the optimal solution;

- if ¢y > cy, then K}" = 0 in the optimal solution and the optimal solution is given

by KPD.
Proof: See Appendix F. 1

Thus, Theorem 6.2 shows that if the total capacity investment level in the dedicated
system is high (i.e., K{ + K > ), then the optimal solution always invests in the flexible
resource, regardless of the investment cost of the flexible resource, in the range considered.
However, when the total capacity investment level in the dedicated system is lower (i.e.,
K+ Kl < 5), then it is not always optimal to invest in the flexible resource. This depends

on the investment cost of the flexible resource.



Chapter 7

Conclusions and Future Research

Directions

Resource flexibility can provide a competitive advantage to a firm by hedging against the
demand uncertainty inherent in the capacity planning stage in most industries. However,
flexible resources are generally more expensive than dedicated resources and the research
that studies the value of resource flexibility is rather limited in the operations manage-
ment/operations research literature. As a result, the utilization of flexible resources has
been, so far, limited in industry. However, increasing competition in today’s highly un-
certain market place is forcing companies to look for strategies to more effectively match
their supply with demand. Consequently, there is a great need to understand the value of
resource flexibility and the factors that impact it. The value of resource flexibility depends
on the firm’s pricing strategy, demand characteristics, and correlations between the dif-
ferent demand-classes offered by the firm. Therefore, these factors need to be considered
while studying the value of resource flexibility.

The resource investment decision in many industries requires long lead times and

36
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economies of scale in investment costs. As a result, this decision needs to be made under
high demand uncertainty, and is difficult and expensive to change later on. Examples in-
clude investments in plant capacities or service capacities. Timing of these events naturally
leads to the formulation of the decision problem as a two-stage stochastic decision problem
with recourse, as is commonly done in the operations management literature. Our objec-
tive is to derive structural properties of the firm’s optimal resource investment strategy
and to understand how it is affected by the firm’s pricing strategy, demand characteris-
tics, and correlations. For this purpose, we make several simplifying assumptions so that
the resulting models are amenable to analytical analysis. In that sense, our approach is
highly stylized to serve as a practical decision support system, which may need to consider
multi-period models with time-varying demand patterns and multiple resource types (such
as plants, people, etc.). For such models, one generally must resort to numerical analysis,
as has been done in, for instance, Caulkins and Fine (1990) and Li and Tirupati (1994).
As a result, we consider a simple two demand-class model, since this model is analyti-
cally tractable, while capturing the essential elements of the problem. We study the firm’s
optimal resource investment strategy, while incorporating the resource flexibility and the
firm’s pricing strategy into the investment decision. We characterize the structure of the
firm’s optimal resource investment strategy and use these results to understand the con-
ditions under which the firm invests in the flexible resource, considering investment costs
and demand parameters. We show that when one of the demand-classes is preferred to
satisfy over the other one, then the optimal investment strategy gives a higher priority to
resources that can satisfy the preferred demand-class. Specifically, if a flexible resource

investment is made, then the firm either invests in the dedicated resource for the preferred
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demand-class and the flexible resource only, or in all three resources; no other solution can
be optimal.

In addition, studying demand patterns that are perfectly positively correlated and
perfectly negatively correlated, we are able to identify the conditions under which the firm
invests in the flexible resource. Specifically, we are able to show that the firm can invest
in the flexible resource even when demand patterns are perfectly positively correlated,
under the condition that one demand-class is preferred over the other one, where the
definition of preferred depends on demand function parameters and dedicated resource
investment costs. If no demand-class is preferred, then the optimal solution does not
invest in the flexible resource. Thus, our result nicely generalizes the result in VM, who
shows that under exogenously fixed prices, flexible resource investment in the case of perfect
positive correlation requires a price differential between the demand-classes. In addition,
our analysis shows that when demand patterns are perfectly negatively correlated, it is
not always optimal for the firm to invest in the flexible resource. This depends on the
investment cost of the flexible resource. Thus, our results provide new insights into the
value of resource flexibility under perfectly positively and perfectly negatively correlated
demand patterns.

Our model and results contribute to the literature in several ways. First, we extend
the well-known newsvendor problem by incorporating multiple suppliers, multiple demand
types, and the pricing decision into the framework. Second, we characterize the structure of
the firm’s optimal investment strategy under the existence of flexible resources. Third, we
study the impact of demand correlation on the firm’s optimal resource investment strategy

and provide new insights.
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Numerous extensions of our model deserve further analysis. Our study considered
demand patterns that are perfectly positively and perfectly negatively correlated. These
results need to be extended to any correlation coefficient to get a complete characterization
of the impact of demand correlations on the value of resource flexibility. Other important
extensions include analyzing different variable costs for the flexible and dedicated resources,
different investment cost structures (including concave investment costs for the resources),
and different demand functions.

In this thesis, we considered that the firm can utilize an integrated resource flexibil-
ity /price postponement strategy in the second stage to match its supply with demand. The
next step would be to analyze the impact of the postponed pricing decision on the value
of resource flexibility. We also assumed that the demand-classes are not substitutable with
each other; that is, unsatisfied consumers will be lost. An interesting direction would be to
consider the value of resource flexibility, considering that consumers might also substitute

the demand-classes with each other, based on the firm’s pricing strategy.
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Appendix

In the following, let QY represent the universal set.

A  Proof of Lemma 4.1

If a feasible solution (p1,p2) is a maximizer to problem Py, then the first order KKT

necessary conditions require that there exists a vector (A1, A2, ) > 0 such that

€1+ oA +ap

€1 —20z1p1—|—0z1)\1—|—a1,u:O:>p1 = (21)

20&1

€2 + aaXo + @

€2 — 200p2 + agdg + ap = 0 = py = 222 T A (22)

20(2
A (aapr —ea+ K1+ Kyf) =0 (23)
A9 (OQPQ — e+ Ko+ Kf) =0 (24)
M(Cklpl—i-agpg—el—62+K1+K2+Kf):0 (25)

We define sets F = {e1 < 2K1 + 2Ky, e <2Ky+ 2Ky, € +e < 2K + 2Ky + 2Ky}

and F' = {201 Ky — 202(K1 + Kf) < ajea — ager < —200K7 + 201 (K2 + Ky)}. Observe

(u)

i

€4
2007

that the optimal solution to the unrestricted problem, p i = 1,2, is optimal for

Problem Pj (and (p, A1, \2) = 0) if it satisfies all constraints of Problem Pj; that is, if

42
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{e1 <2K1 42Ky, €0 <2K9+ 2Ky, €1+ €2 < 2K 42Ky +2K}. Otherwise (if £¢), the
optimal solution will be on a boundary line of the feasible region (and its corresponding
Lagrangean multiplier will be positive); see KKT conditions (23)—(25).

Consider case E¢. We first analyze the boundary solutions on line ai1p; + aops =
e1+e— K —Ky— Ky (n>0and \; =0,4=1,2). Thus, setting \; =0, i = 1,2, in (21)
and (22), we find the maximizing solution on this boundary line as:

€; w

= 0, + 5 i=1,2, where (26)
€1+ e —2(K1 + Ko+ Ky)
w= 2y (27)
o]+ Qg

Di

Substituting (27) in (26), we obtain:

€ 61+62—2(K1+K2+Kf)
20 2(0&1 + 052)

i , fori=1,2. (28)

If this solution also satisfies constraints (7), then it will be optimal for Problem Pj. That

is, if

61—K1—Kf €1 61—|—62—2(K1—|—K2—|—Kf)

and
o1 — 201 2(aq + ag)
EQ—KQ—Kf<€72 61+62—2(K1+K2+Kf>
(%) — 2 2(@1 + 042)
S 201 Ko — 20[2(K1 + Kf) < ajeg —ager < —2a0 K7 + 20[1(K2 + Kf), (29)

or equivalently, if EF, then it is the optimal solution. If not (if E€F), then the optimal

solution must be on one of the boundary lines p; = 6‘_1271_[(", i = 1,2, of the feasible
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region. Consider the boundary line p; = a-Ki-Ky (i.e., Ay > 0, Ay = 0, u = 0), which

a

yields a demand for class 1 of dy = K + K. Thus, Problem Pj reduces to:

max p2(€2 - 042102)
p2

subject to

€2 — Ko
%

p2 >

p2 >0

Since the objective function is concave in py, the maximizing solution on this boundary

line is given by

€1 — K1 — Ky € € — Ky

h=———"—"" DpP2= max(—, 7)
aq 2a9 Q9
1mi 1 — 62_I(2_1<f _ e e—Kq
Similarly, on boundary line ps = Ty 1= maX(E7 T)

Thus, the optimal solution to Problem P is as follows:

1. If FE, then

, fori=1,2.

2. If E°F, then

€ +61+62_2(K1+K2+Kf)

= fori=1,2.
20 2(0[1 +042)

bi

Y

3. Else (if E°F°), the optimal solution is the best of the following solutions:
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-Ki1—-K —

(a) p1 = =5, po = max(g, 2f2).
—Ky—K —

(b) pp = =27, pr= max(gh, 95,

We analyze the optimal solution in region E°F¢ by decomposing this region into four
disjoint sets: (1) {E°F¢, €1 < 2K3, €3 < 2Ks}, (ii) {E°F€, €1 > 2K, €2 < 2K}, (iii)

{E°F¢, 1 > 2K1, e > 2K,}, (iv) {E°F¢, e < 2K1, €2 > 2K}

(i) Observe that {E°F¢, € < 2K1, €3 < 2Ka} = 0.

(ii) If {E°F°, €1 > 2K, €2 < 2K3}, then the optimal solution is the best of

- 61—K1—K €9 N 61—K1 62—K2—K
F=(———L %) and j=( : oF
oq 209 oq (e}

(iii) If {E°F°, €1 > 2K, €2 > 2K>}, then the optimal solution is the best of

—-Ki—K - K - K —Ky— K
€1 1 f, €2 2) and 52(61 1’ €2 2 f
o1 9 (651 €5)

7=

).

(iv) If {E°F°, € < 2K1, €2 > 2K»}, then the optimal solution is the best of

61— K1 — K¢ e — Ky B
- f, ) and p=(— —F——=).
1 a9 201 a9

=

Consider again case (ii), where {E°F¢, ¢; > 2K, €3 < 2K5}. In this case, the optimal

(El—Kl—Kf 672) if

solution is given by p = o ' %ag

(er — Ky — Kp)(Ey + Kyp) | G o - KKy (e2 — Ky — Kp) (K + Ky)
(71 4ao aq (&%)
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= 4&162(K2 —I—Kf) — ale% — 40&261Kf < 40(1(K2 +Kf)2 — 4a2Kf(2K1 —I—Kf) = Kf(a1€2 —

ager) < ar (Ko + Kyp)? — aa K (2K, + Kf) + iale% — 16Ky =G.

Hence, if {E°F°, €1 > 2K, €2 < 2K5, G}, then the optimal solution is 7 = (M 52-).

a1 ) 2an

Observe that
{ECFC, €1 > 2K, e < 2K2} = {61 > 2K + 2Kf, € < 2K2},
which implies that:

Kf(a1€2 — agel) < Olef(QKg) - OzQKf(QKl -+ 2Kf) (since €1 > 2K + 2Kf and ey < 2K2)

1
< al(K2 + Kf)2 — QQKf(QKl + Kf) + 10416% — o169 Ks.
Thus,
{ECFC, €1 > 2K1, €g < 2K2} = {ECFC, €1 > 2K1, €a < QKQ, G}

Consequently, if {E°F°, e > 2K, e < 2Ks} = {e1 > 2K, + 2Ky, e < 2K»}, then

Ellefo 572)

the optimal solution is p'= (=———7, 3%

Cases (iii) and (iv) are analyzed in a similar way, obtaining the desired results. This

completes the proof. i
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B Proof of Lemma 5.1

In what follows, we prove that V(I_(' ) is strictly concave in the investment vector K =
(K1, K», Ky). For this purpose, we first derive the Hessian matrix of V(ff ) corresponding
to K (this can be derived either using the Leibnizs’ rule or using the definition of the
derivative).

We define the following non-negative elements:

0= o | ) el de

b= Oi //Q fi(e) folea)dey deg—i—jl //Q fi(er) folea)der des
c= 0?1 //94 fi(er) fa(ez)dey dey

i=— [ | nte)flea)de de

e= 01 //94 fi(er) f2(€2)dez dey + 52 //95 fi(er) fa(e2)der des

Then, we can write —H, negative of the Hessian matrix of K corresponding to K , as

follows:
a+b+c a a+b
-H = a at+d+e a+e
a+b a+e at+b+e

Next we apply the super diagonalization algorithm to check the positive definiteness of
—H (see, for instance, Bazaraa, Sherali, and Shetty (1993)).

Observing that all elements on the diagonal are non-negative, —H reduces to following
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form by elementary row operations:

a+b+c a a+b
-H= 0 a—i—d—l—e—#;rc a—i—e—z(figfz
a(a+b) (a+b)?
0 ate— ooy  atbte—
Let
2 b
a—i—d—i—e—ﬁ a—l—e—z(f;fkg gi1 912

Gnew =

b b)?
a—l—e—% a—l—b—i—e—gﬂlc 921 922

where g12 = go1.

Observe that for any continuous distribution of &; and & defined over [0, o), we have:

alb+c+d+e)+ (b+c)(d+e)

= 0 30
1 a+b+c ” (30)
(a+0b)(c+e)+ce
= 1
922 a+b+c >0 (31)
N 9 _abc+abe—l—acd—l—ade+bcd+bce+bde+cde>0 (32)
911922 — 912 = atb+e

Eq.s (30), (31), and (32) imply that Gpew is positive definite, and therefore, —H is
positive definite. Thus H is negative definite, and therefore, we conclude that E[II] is
jointly concave in K. Since V(K) = E[I] — >i=1,2,5 CiKi, we conclude that V(K) is

strictly concave in K. This completes the proof. I
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C Proof of Lemma 5.3

Consider the boundary solution KF = (Kf' =0, K =0, Kff > 0), which corresponds to
optimal Lagrangean multipliers of vy > 0, v2 > 0, vy = 0. At solution KF , our state space

reduces to:

O ={& +& <2K7} (33)
OF = {61+ & > 2KF, —200KT < a1s — anéy < 201 K7F}

Qf = {m& — s < —205K[}

Q) = {a1& — azés > 201 Kf'}

Qf =0, Qf =0

Thus, the first-order KKT necessary & sufficient conditions, given in Theorem 5.1,

reduce to:
KKT —-1:
g8 2K ompiany + 58T 2K o prory + BISL10F Pr(@)
oL+ o 2 2 o 3 3 o 4

=c —v (34)
KKT - 2:

§1+§2_2Kf F F §2 | F F §2_2KJ€ F F
Bl || Pr(%y) + E[~~[Q3] Pr(Q3) + B[———[Q] Pr(€)

1+ Qo Q2 Q9

=Cy — U (35)

KKT - 3:
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&+ & — 2K7 & — 2K} & — 2K}
Bl 5] Pr(@f) + Bl 105] Pr(9) + Bl-——10{] Pr(2f)

a1+ oo aq

=cy (36)

Observe that when Q%" = (), KKT conditions (35) and (36) imply that c; = co —ve < ca,
which is a contradiction, since ¢y > cy by definition. Similarly, when QF =0, by KKT
conditions (34) and (36), ¢y = ¢1 —v1 < ¢, which is a contradiction, since ¢y > ¢; by
definition. Thus, if {(Qf = 0) or (f = 0)}, then K = (KT =0, Kf =0, K >0) is

not a possible solution.

Next, consider the boundary solution K" = (K} > 0, K1¥ =0, K}F > 0), which

implies that vy = 0, v > 0, vy = 0. Then our state space reduces to the following:

O ={& < 2K}, & + & < 2K{7 + 2K} (37)
O ={& + &> 2K 42K, 20(K1" + K}Y) < anbo — &y < =200 K17 + 200 K7}
U = {16 — &y < 20a(K[" + K37}

0" = {4 > 2K1", an& — a0y > —200K1" + 201 K1}

O = (& <2K1F, & >2K ) o =0
Thus, the first-order KKT necessary & sufficient conditions reduce to the following:

KKT -1:

4 —2K1F—2K1F —2K1F—2K1F
g 2 2R g by + m 02 TR ou pyqi
a1 + ao aq




o1

& —2K1F

— Q"] Pr(") = e (38)
1

+E]

KKT —2:

4 _ 2K1F _ 2K1F
g2 Z 2R 0 bl + £ 04 Pr(o))
2

a1 + ao
_9KIF —9KIF
B2 2R 0 pr(0ff) 4 B 0l | PrOd) = ¢~ vy (39
2 2
KKT - 3 :
& +& — 2K1F —2KIF & —2K{" —2K}F
E QlF P QIF 4+ E f QlF P QlF
[ a1 + as €257 Pr(€;") [ o €257 Pr(Q23™)
_9KLF —2KLF
+E[§2af|sz}f] Pr(QLF) + E[&QfIQéF] Pr(3") = ¢ (40)
2 2

Observe that when Q3" = (), KKT conditions (39) and (40) imply that ¢y = co—va < c2,
which is a contradiction, since ¢; > ¢2 by definition. Similarly, when (Q1F =0, QLF =0),
by KKT conditions (38) and (40), ¢y = ¢1, which is a contradiction, since ¢y > ¢1 by defini-
tion. So, if {Q3F = 0 or (U =0, QIF = 0)}, then K'F = (KIF >0, KiF =0, K}F > 0)

is not a possible solution.

At boundary solution K2 = (K" = 0, K3/ > 0, K#" > 0), which implies that

vy 2> 0, v2 = 0, vy = 0, our state space reduces to the following:

O = {& <2KF", 6+ & < 2K3" +2K3") (41)
0" ={& + & > 2K3" +2K5", 200 K35 — 200 K7 < anéy — oy < 200 (K35 + K75)}
Q2 = {& > 2K3 ) i€y — anéy < 20 K3 — 2042KJ%F}

0FF = {oné& — azés > 200 (K35 + K37)}

O =0 03 = {6 > 2K3", & < 2K3")



52

Thus, the first-order KKT necessary & sufficient conditions reduce to the following;:

KKT —-1:
gt e afﬁ; K g et + E[&OZKJQ”Fm%F] Pr(23F)
+E@yﬂyw%aﬁﬁ+wﬂ&_;K?ﬂ%ﬁPdﬂ?>:q—W1 (42)
KKT —2:
bt - 12f+<%;— 2K3" 028 Pr(e2F) + B2 255" 02k pyozr)

E[g2 _ QKQZ - 2K 12 Pr(Q3F) = ¢y (43)
KKT —-3:

&+ & - 2K37 - 2K3F & — 2K

E O3 Pr(03F) + E L 102F] pr(03F
[ a1 + g ’2]1“(2) [ a1 |3]1"(3)
& — 2K3F — 2K3F & —2K3
+E 2 L |37 Pr(3) + B[ |03 Pr(03) = ¢;  (44)

a2 aq

Observe that when Q37" = (), KKT conditions (42) and (44) imply that c; = ¢1—v; < ¢y,
which is a contradiction, since ¢y > ¢; by definition. Similarly, when (Q3!" = 0, Q2" = (), by
KKT conditions (43) and (44), ¢ = ¢, which is a contradiction, since ¢y > ¢3 by definition.
Thus, if {Q3F =0 or (037 = 0,02 = 0)}, then K2 = (K} =0, K3" >0, K3 > 0) is

not a possible solution.

At boundary solution K4 = (K; > 0, K3t > 0, K}“ > 0), the firm invests in all
resources, which implies that v; = 0,, v2 = 0, vy = 0. Thus, the state space is the same as

the general case, given in Eq. (14), where Qf‘ =Q;, i=1,...,6.
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Thus, the first-order KKT necessary & sufficient conditions are given in the following:

KKT -1

&+ & — 2K —2K4 — 2K 4 & —2K{ — 2K4
B 2 L 001 Pr(0f) + B L o4

Pr(Q4
o+ o o | Pr(©3)

—9KA & —2K{ —2K4
+E[§1a11mf] Pr(Qf) + E ;1 L10g1Pr(0d) = o (45)
KKT —-2:
&1+ & — 2K — 2K4 — 2K ¢ & —2K4
B 1104 Pr(04) + E[22—""2104] Pr(24)
o1 + 9
& — 2K4 — 2K 4 & —2K4 —2K4
B2 T 00 Pr(0)) + B[ L 104 Pr(0f) = o (46)
() a
KKT - 3:

+& —2K{ — 2K5' — 2K —2K{ — 2K %
e TR T g ey + L oy

Bl
a1+ oo aq

JPr(3)

& —2K4 —2K4 & —2K4 — 2K 4
E| 2 L) Pr(f) + B = L0 Pr(02)
(%) Q2
& —2K# —2K4
+E—— L0 Pr(g) = ¢ (47)

a1

Observe that when (24 = 0, Q¢ = ), KKT conditions in Eq.s (45) and (47) imply
that ¢y = ¢, which is a contradiction, since ¢y > ¢ by definition. Similarly, when (Qg4 =
0, Q¢ = 0), KKT conditions (46) and (47) imply that c; = c2, which is a contradiction,
since ¢y > ¢y by definition. Thus if {(2{ = 0, Q& = 0) or (24 = 0, QF = 0)}, then

KA = (KIA > 0, Kﬁ“ > 0, KJ‘? > 0) is not a possible solution. This completes the proof. I

D Proof of Lemma 6.2

Recall that by Lemma 5.2, K;i > 0 in the optimal solution only if ¢y < c¢g. Thus, in the

following, we analyze whether or not this is possible in each case.
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D.1 Case 1: “= > aser

D
Kl

Since “L= > agey, it follows by Lemma 6.1 that —- < KQD.

D.1.1 Subcase 1: a1 > aas

In this case, at boundary solution KD our state space, given in Eq. (15), reduces to the

following:
2KP 2KP
O ={¢ <=1, £<2K7}={¢< =}
QP =10

D D
a1 — an

Q3D ={{> 2K2D, (o —aag) < 2a1K2D — 2a2K1D} = {2K2D <é<

2KP —2a9KP 4 204 KP
OF ={6> =L €la; —aaz) > 201 KP — 20, KP} = {€ > 221 12 }
a a1 — at
2KP
QF ={¢ <=+, > 2K7} =1
2KP oKD
QF ={¢> =1, £ <2} = {=+ < <2K7}

Thus, the first-order KKT necessary & sufficient conditions for boundary solution KD ,

given in Eq.s (16) and (18), reduce to the following:

KKT —-1:

aé —2KP aé —2KP aé —2KP
E[—=——QF| Pr(Q}) + E[———L |07 Pr(2F) + E[————|9¢] Pr(QF)
=C (48)
KKT -2

£ —2KP £ —2KP
E[TQ|Q3D] Pr(Qf) + E[TQ|Q4D] Pr(Qf) = (49)
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KKT - 3:
aé — 2KP £ —2KP aé — 2KP
BB =20 0B Pr(f) + B[22 0P Pr(0f) + B[ =L o8] Pr(0f)
1 a9 aq
=cp— vy =cyf (50)
— e 2KP O Dy, L e opDOD D
=cp=c1+c—{ alE[f a Q2] Pr(2y) + OQEK 2K Q3] Pr(S237) }

Recall that K;Z > 0 in the optimal solution if ¢y < ¢y, as stated in Lemma 5.2. Also,
by definition, c1, ¢2 < ¢y < c1 + c2. Thus, in order to show that K}k > 0 is possible in the

optimal solution, we need to show that:

2K

a

D
1 .
o Ble = = HORIPH(OP) + - Ble - 2K |0F] Pr(0f) < min (c1, c2).

() We first show that 2 E[¢ — 210D Pr(QP) + L E[¢ — 2KP|0P] Pr(QD) < ¢1. Ob-

serve that by Eq. (48), this is equivalent to showing that

2K

D
“Liof) Pr(d),

Elé(oq — ac) — 200 KLY + 200 KP|QP) Pr(02) < acy E[¢ -

<0(by definition of )

>0(by definition of Q2)
which always holds by definitions of QgD and Qé) , thus proving the first part.

(if) Similarly, we next show that 2 E[¢ — 25 10P] Pr(QP) + L E[¢ —2KP 0P Pr(QF) <

c2. Note that, by Eq. (49), this is equivalent to showing that
E[¢(ar — aas) — 201 K5 + 200 KT |QF] Pr(Q7) > 0,

which always holds by definition of Q, thus proving the second part.
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Hence, K;E > 0 is possible in the optimal solution in this case.

D.1.2 Subcase 2: a1 = aas

In this case, our state space reduces to the following:

D
P = (¢ < 24

0P =0

Qf = {¢>2K7}

P =0
QP =9
D
o 2

Thus, we have the following first-order KK'T necessary & sufficient conditions:

_ D _ D
KKT —1: Eﬁéiggﬁiwgg]Pdﬁf)+—Eﬁ§igg5i495]PdQ£)::q, (51)
1 1
—2KP
:KKIv-z;1ﬂ§———lugﬂpd95):c2 (52)
(%)
2KP 2K P
KKT — 3 E[£ - Lo Pr(QP) + E [E - LIQF1Pr(QF) = c¢p — vy = ¢;(53)
1 1

KKT conditions (51) and (53) imply that ¢y = ¢1. By Lemma 5.2, K7 > 0 in the
optimal solution only if ¢y < ¢y = ¢1. However, by definition, ¢y > ¢; = ¢;. Thus, K; =0

in the optimal solution.
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D.1.3 Subcase 3: o1 < aas

In this case, our state space reduces to the following:

2K P
.

of ={¢<

0P =0

0F = {¢> 2K, &(o1 — acs) < —205K + 201 K7}

D 2K D D
Qf ={¢> ==, &l —aaz) > —205K7 + 201 Ky}
QP =0
2KP
oF = {71 <e< 2K}
a

There are two cases to consider:

1. 200 KP — 200 KP > 0 = {&(aq — acn) < 200 KP + 200 K2} = QY since a3 < aas

and £ > 0. Thus, QY = {¢ > 2KP} and QF = 0.

kP kP
9. 20 KD — 200 KD < (0 = 200 KP —20n KP  2a02—1-—20;—L  2KP
. 2018y Gy acn—aq acy—aq T oa

Thus, QF = {¢ > 2KP} and QF = 0.

Thus, the first-order KKT necessary and sufficient conditions are the same as in subcase

2, which imply that ¢y = ¢1. Therefore, KJ’E = 0 in the optimal solution.

D.2 Case 2: “L% = asey

D
Since L% = agcy, it follows by Lemma 6.1 that KT = KQD.
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D.2.1 Subcase 1: a1 > aas

In this case, our state space reduces to the following:

D
P = (¢ < 250 ¢ CoRPy = (e < 2Ky

a

QP =0

0F = {€> 2Ky, € <2Ky} =10

2KP

Q ={¢> =} ={¢>2K7}
D

o = (e < BL > oKxPy =0
D

0P =(¢> 0 c<orPr=0

Thus, we have the following first-order KKT necessary & sufficient conditions:

aé — 2KP

KKT —-1: E| LioP1pPr(Qf) =¢ (54)
a1
—2KP
KKT — 2: E[%]QE] Pr(Q) = ¢ (55)
2
—2KP
KKT — 3 : E[%mf} Pr(Qf) =cf—vp =c (56)
2

KKT conditions (55) and (56) imply that c; = c2. However, since by definition ¢y >

c2 = ¢y, it follows, by Lemma 5.2, that K} = 0 in the optimal solution.

D.2.2 Subcase 2: a1 = aasy

In this case, our state space reduces to the following;:

D
25T _ (e < 2Kp)

of ={¢<

a
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09 = {¢>2K3}

0F =0f =0 =0 =0

Since QP = QP = QP = QP = 0, the first-order KKT condition 3, given in Eq. (18),

implies that ¢; = 0. Thus, K;Z = 0 in the optimal solution by Lemma 5.2.

D.2.3 Subcase 3: o1 < aas

In this case, our state space reduces to the following:

2K
a

of ={¢< 1D}={5<2K5}
QP =0

0F = {¢> 2K}

D
1

Qf={£>2li £ <2K3} =10
D
95D={£<2]§1,£>2K2D}=(2)
D
o =(¢> 20 c<orPi=0

Thus, the first-order KKT necessary & sufficient conditions, given in Eq.s (16) and (18),
imply that ¢; = ¢1. Since, by definition, ¢y > ¢1 = ¢y, it follows, by Lemma 5.2, that
K} = 0 in the optimal solution.

D.3 Case 3: “% < azer

D
Since “L% < agey, it follows by Lemma 6.1 that KTI > KQD.
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D.3.1 Subcase 1: a1 > aas

In this case, our state space reduces to the following:

OF = {¢ < 2K5}

QP =0
201 KP — 205 KP
0P ={e>2KP, e< 22 o
a1 — an
2KP 201 KP — 205 KP 2KP
0P — ¢~ 20 > 2 Ly _res 241
L =1 a,§ P——— P =1 a}
2KP
QF = 2K <¢< =1}
2KP
Qf ={¢>—, £<2K7} =0

Thus, the first-order KKT necessary & sufficient conditions reduce to the following:

—2KP
KKT —1: E[agailmf] Pr(QY) =¢ (57)
1
—2KP —2KP
KKT —2: E[%\QE] Pr(QF) + E[fai?m?] Pr(QF) = ¢ (58)
2
—2KP —2KP
KKT — 3 E[%\QE] Pr(QF) + E[%\Q?] Pr(QP) =c; —vp =¢; (59)
2

KKT conditions (58) and (59) imply that c; = c2. However, since by definition ¢y >

c2 = ¢y, Lemma 5.2 implies that KJ*C = 0 in the optimal solution.

D.3.2 Subcase 2: a1 = aasy

In this case, our state space reduces to the following;:

Of = {¢ <2K3}
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QP =90
QF = {¢ > 2KP, {1 — aas) < 201 K3 — 200K}

= {€>2KP, 0 <20, KP — 200 KP} =)

D
Kl

=)

<0 (since KP <

D 2K D D
Qf ={¢> PR E(ar — aa) > 200 Ky — 200K}
2KP
={{>—
D
ap = (2KP <€ < 201y
2KP
Of ={6> =, € <2K7} =0

Thus, the first-order KKT necessary & sufficient conditions are the same as in subcase

1. Therefore, K} = 0 in the optimal solution.

D.3.3 Subcase 3: a1 < aas

In this case, our state space reduces to the following:

Of = {¢ <2K7}
QP =0

209 KP — 20, KP 209 KP — 20, KP
QF ={¢>2K7, ¢> L 2} ={¢> ! 2}

aop — o adp — o
2KP 209 KP — 201 KP 2KP 209 KP — 201 KP
of ={e> =L ¢< L 2 ={"L <¢< L 2}
a ay — Q1 a acty — o
2KD
Q7 = {2Ky <¢ <=}
2KP
QP ={—L <¢<2KP} =0

a



62

Thus, we have the following first-order KKT necessary & sufficient conditions:

KKT-1:
af —2KP _p D af —2KP _p D
19P447;;447K23]Pr613)-F19P44755447K24]Pr614)==01 (60)
KKT —2:
—2KP —2KP —2K.
BE= 2 0Py pr(f) + BE—25E 001 Pr(ef) + BIE=2EE 02 Pr(a) = ef6)
2
KKT —3:
aé — 2KP £ —2KP £ —2KP
Bl o 1K%ﬁPMQ?)+lﬂ—jg—lﬁﬁﬁPdﬂf%+EP———44K%ﬂPMQ?)
= Cf — ’Uf = Qf

2KP

= o=t oo = (Bl - S ORI PH(@R) + o BlE - 2KPI0f I Ped)} (62

Recall that K]’i > 0 in the optimal solution only if ¢y < ¢y, as stated in Lemma 5.2.

Also, by definition, c1, c2 < ¢y < ¢1 + c2. Thus, in order to show that K% > 0 is possible

in the optimal solution, we need to show that:

2KP

a 1 .
sl PIPr(ef) + Bl - 2KF 10§ Pr@F) < min (a1, )

() We first show that 2 E[¢ — 210D Pr(QP) + L E[¢ - 2KP (0] Pr(QP) < ¢1. Ob-

serve that, by Eq. (60), this is equivalent to showing that

(2 KP — 201 KP)
aty — o

(aqg — 1) E[§ — Q9] Pr(3) >0,

>0(by definition of Q2)

which always holds by definition of Q3D , thus proving the first part.
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(if) We next show that < B[¢ — 2X210P] Pr(QP) + LE[¢ — 2KP 0P| Pr(QP) < c.

Observe that, by Eq. (61), this is equivalent to showing that

(QQQKP - 2041K%))
ag — (1

(acz — o) E[§ — Q7] Pr(7) < a1 E[§ - 2K7|07] Pr(95),

>0(by definition of QSD)

<0(by definition of QP)

which always holds by definitions of Q% and QF, and since acs > a1 by assumption,
thus proving the second part. Hence K;'Z > 0 is possible in the optimal solution in

this case. This completes the proof. i

E Proof of Theorem 6.1 parts (2a) and (2b)

E.1 Proof of (2a)

K2F
In the following, we first prove that % < KQQF , and then, using this result, we prove the

other inequalities.

K2F
E.1.1 Proof of =L < K3F

- K2F
Suppose that K2F is the optimal solution. Suppose, to the contrary, that % > K3 In

addition, recall that a; > aas. Then, we can show that the following inequalities hold:

201 K28 — 20 K2F
o] — aon 1+4+a a

2K3F +2K3 2K3F

9

201 (K35 + K37F) . 2K35 +2K3

a1 — aon - 1+a

an
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2a11(gﬁt—2a2}(2F

K2F
Thus, if =~ > K3%, then O3 = {¢ > 2K3", ¢ < I} =0 and O2F = {¢ >

a]—aas

2F
2K¥

a )

€ < 2K3F} = (), which follow by Eq. (41). Hence, by Lemma 5.3, K2F is not a

K2F
possible solution, which is a contradiction. Thus, we must have % < K3F. This implies

the following inequalities:

2F 2F 2F 2F 2F

a 1+4+a o] — ao

Thus, our state space reduces to the one depicted in Figure 2.

ZFE 2F 2F 2F 2F
oF L oF L oof L of | &

&

2K 2P 2KF 4+2KF 2KF 20,K3 20, KP 2 (KE +KF)
a 1+a a, -aa, a, —aa,

Figure 2: The demand space at solution K2F for perfectly positively correlated demand
patterns.
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E.1.2 Proof of K3 < K}

Observe that we can write:

1+4a)—2K2F — oK%F
E 5( ) 2 f ’Q%F]
a1+ g
_9K?2F 2a1K2F—2a2K2F—§ a1 — a
_ (S ey P F—t haz )
a as(o + ag)

Using Eq. (63), KKT condition, given in Eq. (43), can be written as:

201 K28 — QaQK%F —&(aq — aag)

a1 + o

Ble - 2K37 (93" Pr(937) + B Q57 Pr(Q3")

+Bl¢ - 2371037  Pr(03F) + Bl — 2K37 037 Pr(Q3F) — 2K37 Pr(Q3") = anes (64)

Observe that (Q3F U Q35 U Q3F) = {¢€ > 2K2F'} (see Figure 2).

Thus, we can write Eq. (64) as:

El¢ — 2K27|¢ > 2K3F Pr(¢ > 2K27)

= agey + QK?F Pr(Q3) — E[20q K35 — 2a2KJ2cF — &(a1 — aay) Q3T Pr(Q3h)

a1 + o

<0(by definition of QZF)
> (¥9C2.

We now compare this optimality condition at solution K2F with the optimality condi-

tion at solution K, given as follows (see Eq. (13)):

El¢ — 2K1|¢ > 2KE Pr(¢ > 2K1) = anes.
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Hence,

El¢ —2K37|¢ > 2K3T ] Pr(¢ > 2K31) > B¢ — 2K1|¢ > 2K Pr(¢ > 2K3) = K3 < KI.

E.1.3 Proof of K]%F > Ki

Observe that:

E(14a) — 2K — 2K
EB] L |03 pr(03F)

a1+ a9

af — 2K 200 K2 — 20 K2F + £(ay — aa

= T gy pr(egry 4 p R 2R el —aay)
aq ag (o + ag)

Q37 Pr(Q57165)

Using Eq. (65), we can write the KKT condition in Eq. (42) as:

a QK?F 209 K28 — 2a1K22F + &(a1 — aaw)
2 pre — P02+ E f O2F1 pr(Q2F
o (€ a 19257 ] Pr(Q237) [ ar (o + az) 19257 Pr(Q237)
2F 2K2F 2K2F
a a
+—El¢ - 1037 Pr(03F) + —El¢ - —- |03 Pr(0fF) + —L-Pr(0}F)
a1 a (e %1 a aq
a 2K2F
+ Bl = =10 P9 = e - (66)

2F
Observe that (Q3F U Q3F U Q3 U QZ) = {¢ > %} (see Figure 2). Thus, Eq. (66)

can be written as:

2K§F 2A?F
| Pr(¢ > T)

o 2K2F
= —(e1 —v1) = — = Pr(Q3")
1

—— EPRasK* — 201 K2 + £(aq — aan) Q2] Pr(Q2F
a(a1+a2)[2f 1K + & 2) Q5" | Pr(57)

>0(by definition of Q2)
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a1C1

Next, we compare this optimality condition at solution K2F with the optimality con-

dition at solution K’, given as follows (see Eq. (13)):

2K{ Ki Ki
Ble - 2kl > Zhypee > 1) = 419
Thus, Ble — 20 j¢ > 25 pr(e > 200 < Ble - )¢ > 2 pr(e > 251, which

implies that K]%F > K{.

KQF
Recall that we have already shown that —— < K2F and K2 < K{. Thus,

K[ K2F
L« <K < KL
a a

which completes the proof of part 2(a) of Theorem 6.1.

E.2 Proof of (2b)

At KA = {KA > 0, K{‘ > 0, K}“ > 0}, our state space is given by the following:

2K + 2K 4 QKA + 2K4 +2K4
le{§<%,£<2K§‘+2Kf‘,§< ! 1+2a !
0 — 201 K3' — 20a(K{' + K7) ct< —209K{* + 201 (K3' + K7 ‘> 2K{ + 2K3' + 2K
2 o1 — ao a1 — aos ’ 14+a
2041K§4—2042(K{4+KA)
Q3:{€>2Ké47§< f}
a1 — aty
2K A 209 KA + 201 (K& + K4
Q= (e > 2BL o Z202RT T2 (KT ¥ KG),
a a1 — ang
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2K A A
Qs ={ < — = €>2K; +2KF}

2K{* + 2K4
Qe={€>4——j;—;i,£<2ﬁ?}

Thus, the first-order KKT necessary & sufficient conditions are given in the following:

KKT —1:
A 2KA
€(1+a) —2K{* —2K45 — 2K ¢ 202
| e F1091Pr(0g) + aB[—2 |04 Pr(23)
5721({‘ 672Kf72K;‘
+aEP—;;lfKMWPde)+aEW PR Q4] Pr(Qg) = 1 (67)
1 1
KKT - 2:
5&%%0—2Kf—2K§—2K? A A £—2K3 4 A
E 041 Pr(Q E[>— 272 104 Pr(Q
[ P Q5] Pr(Q3) + E] o 19257 Pr(€23)
£ —2K4 —2K4 £ —2K4 —2K4
+E 2 Liofpr(f) + B 2 Lo Pr(0f) = e (68)
(%) a2
KKT - 3:
A 2KA
€(1+a) — 2K — 2K4 — 2K4 ¢ T
El L1041 Pr(Q4) + aB] 4] Pr(Q4')

a1+ oo aq

A A
§-2K3 - 2K}
12

£ — 2K —2K4
+E | Pr(Q4) + B 2 L 104 Pr(0g)
a9 a2
5_ 2}({4 B QK}“
+aB[>——— O] Pr(2) = ¢ (69)
1

In the following proof, we will make use of the KKT optimality conditions for solution

K, given in Eq. (13) in Lemma 3.1, which states that:

2KT 2K ! 2K!
Ll es e > 1) = 24

a a a a

B[

El¢ — 2K} |€ > 2K1) Pr(¢ > 2K1) = aney (71)
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K{4+ K4

In the following, we first show that L < K{‘, and then use this result to prove

a

the other inequalities.

The proof follows by contradiction. Suppose that K4 is the optimal solution. Suppose,

A A
K{ 4K
a

to the contrary, that > K4'. Then we have:

2KA 1L 2KA +oK4  2KA +oK4 201 K& — 209 (KA + K4
! 2 f < ! f;and(2) 12 2(Kf f)§2K§4.

(1) 2K3' < <
1+a a a1 — aag

(1) and (2) imply that Q4 = ) and QF = (. However, Lemma 5.3 implies that in this
case K is not a possible solution, which is a contradiction. Thus, if K4 is the optimal

. K{+K4 . .
solution, then we must have % < KQA. In this case, it is easy to show that:

2KA +2K4  2KA +2K4A +2K4 201 K& — 200( KA + K4
1 f< 1 2 f<2Ké4< 1489 2(1 f)

a 14+a a1 — aos

201 K3 4 201 K — 200K
<

a1 — any

Thus, Q' = 0 and the state space reduces to the one given in Figure 3.

In what follows, we analyze the relationships between Ki', K3', K }4 and K{, K.

E.2.1 Proof of K{' + K{ > K{

Observe that:

§(1+a) —2(Ki' + Kg' + K7

QA
a1+ a9 €221

El
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Q! Q@ ar o | oal

: H : : : 81
2K H2KP KA 2K +2KE 2K ) 200K P =20, (KL +K D) 20,K P +20,K P - 20, K
a 1+a a,-aq, a,-aa,

Figure 3: The demand space at solution K4 for perfectly positively correlated demand
patterns.

af —2(Ki* + K7) Q) + E[‘g(a1 — aag) — 201 K3 4 200(K{' + K7)
2

A
a; ar(ar + az) 5] (72)

:E[

' ; ALOA1OA L OA) — 2K{ 4K
Using Eq. (72) and observing that (2§ U Q' U Qf U QF) = {£ > ———L-}, we can

write the KKT condition in Eq. (67) as follows:

a 2K+ K s {(ar — acg) — 200 K3' + 2aa(K{* + K7) s
SR T 08 Pr(Q E Q4 Pr(Q
o I3 a Q5] Pr(Q) + E| ar(ar + an) 1925 Pr(Qy)
a 2K + K4) a 2(K{* + K7
+—Elg - ————L= |01 Pr(Qf) + — Bl - ———L= o] Pr(f)
o1 a o
2K 4 2KA + K4
+ 2 oy + @ e - 2ETED o prag) = o
a1 a (65}
2(KA + K4 2KA + K4 2(KA + K4
= B - (K{ f)£> (K f)]Pr(€> (K{ 7)
2K4 £l — aag) — 201 K3 + 2a9(K{ + K4Y)
a1C1 (e%] 1 2 1489 2\~
=22 T prd) - 2LE| L2104 Pr(24)
a a a aj(og + ag)
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2K 4 - 201 K3 — 2000 (K{* + K4
=02 puogy - (000 e BB 2R o)) pecayg)
a a a(og + a2) a1 — ane
>0(by definition of ©24))
a1C1
< 73
! (73)

Thus, Eq.s (70) and (73) imply that

K+ K¢ > KP. (74)

E.2.2 Proof of K{* < K{

Observe that:

E[§(1 +a) — 2K{ — 2K4 — 2KfA’

04
a1+ Qo

2

(o —aag) + ZaQKf‘ — 2041KQA — 201 K4
L) (75)

aé —2K{ 4
Q FE
051 2]+ E| ar(ag + az)

El—=———

Then we can write KKT condition in Eq. (67) as follows:

a 2KA E(ay — ac) + 200K — 204 (K4 + K4
LRl - 1QA Pr(Q4) + E I 041 pr(4
o (€ Q5] Pr(Q3) + E] or(ar T 0a) 19257 Pr(€23)
a 2K A a 2K4 a 2K A
—Ble = =081 Pr() — — L Pr(Qy) + —Blg - =107 Pr(2])
1 a (31
a 2K a 2KA
—F Q) - ——L Pr(0 76
+a1 [ 61 Pr(Q%) P Pr(Qf) = (76)
2KA 2KA 2KA
= B¢ — 1@ ] Pr(¢ > —1)
2K 2K4
a1C1
= ==+ L Pr(ey) + L Pr(y)
2KA 2KA 2K +2K4 KA QKA £ 2K4A
Ble— L 22L c e 2 Lipr(oh e 2L 200

a a
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~-E Q4] Pr(Q4
[ (1(()[1+042) ’ 2] I‘( 2)
<0(by definition of Q')
a1C1
L ()
Thus, Eq.s (70) and (77) imply that
K{ < K. (78)
E.2.3 Proof of Kj' < K}
Observe that:
(1 +a) —2K{ — 2K4' — 2K;1]
a] + Qg
£—2K4 201 K3 — 2a9(K{' + K4) — &(aq — aaw)
= B[>——2103] + E[ ! 2] (79

a

az(ag + ag)

Recalling that Q4 = () and observing that (Q4' U Q4 UQ4) = {¢€ > 2K4'}, we can write

the KKT condition in Eq. (68) as follows:

1

200 K3 — 205(K{' + K}') — §(a1 — an)

93] Pr(23)

1
El¢ - 2K3'103] Pr(Q%) + —E]|
a9 %)

(a1 + a2)

1 1 1
+0725[€ — 2K Q4 Pr(24) + OTQEK — 2303 Pr(Qf) — 0722K}4 Pr(2f) = ¢

= E[¢ — 2K3'|¢ > 2K3 Pr(€ > 2K3Y)

20&1K§4 — 20{2(K14 + K?) —&(aq — aag)

= agcy + QK}4 Pr(Q)) — E]

Q5] Pr(2)

a1+ oo

<0(by definition of Q')

> Q9Co

(80)
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Thus, Eq.s (71) and (80) imply that

K3 < Ki. (81)

E.2.4 Proof of K} < K3' + K¢

Observe that:

E[§(1 +a) — 2K{ — 2K3' — 2K;‘]

a1 + (65)
—2(K3' + K¢
= g R 0 gy
a2
201 (K3 + K{') — 200 K{* — (a1 — aay)
+E 04 pr(04 89
[ an(ar +aa) 19257 Pr(€25) (82)
A A " A N
Since K3' > H ZKf , it is easy to show that 2K34 + 2KJ€l < 2ok f?ifafz 22Ky

There are two cases to consider:

201 KA =200 (KA+K4
Case 1: 2KQ4+2K}4§ kg 20aKi+K)

a]—aqs

In this case, the demand space can be decomposed into Figure 4. KKT condition in

Eq. (68) can be written as:

§—2(K§4+K}4) 2a1(K§4+K}4)—2a2K{4—§(a1 — aag)

E 04 Pr(Q) + E 04 Pr(
[ o Q5] Pr(Q) + E| o1 + ) Q5] Pr(€2)
£ —2K45 v ' £ —2K4 —2K4 "
FEE— O () o+ B |0 [ Pr(@g))
2K 4 " £ —2K4 —2K4
+—LPr(0f ) + E] = L0g1Pr(0f) = ¢

(%) Q2

= E[¢ — 2(K3' + K7)|€ > 2K3' + 2K Pr(¢ > 2K3' + 2K7)

= qney — 2KAPr(Q ) = Ble — 2KA04] Pr(f))

>0(by definition of Qf;/)
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oy i af of

4

2K 2 2K +2K P 20 KD =20, (KA +KP) 20K 2 +20, K P = 20, K2
a,-aaq, a, -aa,

Figure 4: The demand space at solution KA for case 1.

A Ay A B
_E[2a1(K2 + K7') — 200 K7 — §(an aag)m?] Pr(f)
a1 + g

>0(by definition of o3')
< (x9C2 (83)

Thus, Eq.s (71) and (83) imply that:

K3+ K¢ > K], (84)

201 K3' 200 (K +K7')

Case 2: 2K4 + 2K}4 >

a]—aqs

In this case, the demand space can be decomposed into Figure 5. KKT condition in
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Q2 Qy QY Q2

2K 2 20,K2 =20, (KA +K D) 2K2+2K! 20K 2 + 20, K P = 20, K
a,-aa, a,-aa,

Figure 5: The demand space at solution KA for case 2.

Eq. (68) can be written as:

_ A A A , , - A A

QA//PrQAII
e =0y pr(eg’)

>0(by definition of Qg‘/)

201 (K4 + K2 — 200 K{* — £(a1 — acs " 7
yp B R = B0alE 2 Slon —ac) o4y o
az(ag + o)
>0(by definition of Qg‘”)
_9KA ¢ —2(K5 + K4
+ BEER ) po(e) + BP0 pre) —

>0(by definition of o4)

= B¢ — 2(K3 + K{)|€ > 2K3' + 2K | Pr(¢ > 2K3' + 2K7') < ascy (85)
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Thus, Eq.s (71) and (85) imply that:
K$' + K¢ > Ki. (86)

Hence, Eq.s (74), (78), (81) and (86) imply the following relationship:

KA KI K{+K{
71<71<%<K§‘<K2[<K2A+K;‘.

This completes the proof of part 2(b) of Theorem 6.1. I

F Proof of Theorem 6.2

Letting & = € and & = a — £, our demand space at boundary solution KP reduces to:

QP = {a—2KP < ¢ <2KP}

o(a — 2KP) + a1(2KP)

(0%
O ={a>2KP +2KP, ¢=
2 { 1 2 § a1 + as

=0
(since ¢ is a continuous random variable)

QP = {€ > 2KP, (a1 + an) < 201 KP — 200 KP + aan}

QP ={¢ <a—-2KP, (a1 + a2) > 201 KP — 200 KP + aas}

QP ={¢>a—-2KP, ¢ >2KP}

0O = {6 <a—2KP, € <2K5}
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Thus, at boundary solution KD , the first-order KKT necessary & sufficient conditions,

given in Theorem 5.1, reduce to the following;:

KKT —-1:

B K S op e + m" 2K 0 prcap)

o S opprop) < (87
KKT —2:

B2 gy peep) + 15 2L jopypria) + 5182 0 praf) = ooy
KKT —-3:

B S prap) + 52 g pra)

52 opiprap) 4 10K oy prap) < o vy = (59)

Consider the optimal solution, K/, to the independent problem for demand-class i,i =
1,2 (Problem Py(i)). By definition, solution (K{, K1) satisfies conditions KKT-1 and
KKT-2. If this solution also satisfies condition KKT-3, then by Theorem 5.1, it must be the
optimal solution, with the optimal investment vector being K2 = (K{, KZ,0). Otherwise,
the optimal solution must have K7 > 0. Thus, in the following, letting (K P KP) =
(K{, K1), we analyze whether or not this solution satisfies KKT-3. There are three possible

cases:

1. If 2K{ + 2KJ = a, then QP = QP = QP = QP = (. Then, KKT conditions in
Eq.s (87)-(89) imply that c; = c1 + ca. Since ¢y < ¢1 + c2 by definition, it follows by

Lemma 5.2 that KJ’E > 0 in the optimal solution.



78

2. If2K{ +2K% > a, then QF = QP = QF = ). Then, KKT conditions in Eq.s (87)-(89)
imply that ¢y = ¢1 + c2, and therefore, it follows by Lemma 5.2 that K;Z > 0 in the

optimal solution.

3. If 2K{ +2K% < a, then QF = QP = (). Then, KKT conditions in Eq.s (87)-(89) imply
that ¢; = ¢1 4 co — {3~ Ela — 2K{ — £QP] Pr(Q]) + L E[§ — 2K3|QF| Pr(07)}. By
Lemma 5.2, K}k > 0 in the optimal solution only if ¢y < ¢;. Also, by our assumption,
c1,¢2 < ¢f < c1 + cg. Thus, in order to show that K;‘E can be positive in the optimal

solution, we need to show that:

1 1
o Ela — QK{ — §|QE] Pr(Qf) + o E[¢ - 2K2]|QSD} Pr(Q3D) < min(eq, ¢2).
1 2

(i) First, we show that

1 1
OTIE[G —2KT — | QP 1Pr(QP) + Q—QE[g —2KE QP Pr(0F) < 1.

Observe that by Eq. (87), this is equivalent to showing that:

Elé(oq + o) — 201 K3 + 200 K] — aas|QF] Pr(0F) < as Ela — 2K{ — ¢|QF] Pr(Qd),

<0(by definition of Q&) >0(by definition of QF)

which always holds by definitions of Q and QF. (ii) Next, we show that

1 1
OTIE[G —2KT — | QP 1Pr(QP) + a—QE[g —2KHOP1Pr(Q)) < ¢,.
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Observe that by Eq. (88), this is equivalent to showing that:

Elog(a = 2K{) = §(a1 + ag) + 200 K3 |QF] Pr(Q)) <on El§ - 2K31Q8]  Pr(Qf),
—_——

<0(by definition of QF) >0(by definition of QF )

which always holds by definitions of Qf and QF. Thus, K} may be positive in the

optimal solution.

Finally, to prove the equivalence relations, we substitute & = £ and & = a — £ in

KKT-1 and KKT-2 and obtain:

KKT —-1: Ela—2K{ —¢¢ <a—2K]|Pr(¢ <a—-2K!)=a1c1 (90)

KKT —2: E[¢—2K}|¢ > 2K3|Pr(¢ > 2K3) = azer (91)

Consider again the condition that 2K{ 4+ 2K4 > a, or equivalently, 2K4 > a — 2K{. Thus,

we can write:

El¢ — 2K1|¢ > 2Kk Pr(¢ > 2KE) < E¢ — (a — 2K1)|¢ > a — 2K Pr(¢ > a — 2KT)
+E[¢ — (a —2K1)|¢ < a — 2K Pr(€ < a — 2K])
+E[a—2K{ — €€ <a—2K{]Pr(¢ < a—2K])

= ageo < arer 4+ Ef€ — (a—2K1)], by Eq.s (90) and (91)

= agcp —ajc; < Ef¢] — (a— 2K1I)

Letting A" = E[¢] — (a — 2K7{) leads to the relation. The other case is obtained similarly.

This completes the proof. 1
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