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A bstract
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1 Introd uc tion

1.1 P rob ab ilistic sched uling

T he paper ad d ressesa simple sched ulingprob lem.T here isa b atch arrivalofagents,each
ofw hom have a job requiringone unit oftime.T he planner/manager controlsa server

proc essingone job per unit oftime.Allagentsprefer earlyservic e but are heterogeneous
intheir t̀ype' | i.e., the numb er oftime period sthey c ana®ord to w ait for servic e.If
anagent anticipatesa w ait longer thanthislimit, he immed iately optsout and leaves
the system.T he manager usesa non-pric e mechanism to sched ule the agents; the only

informationhe canuse isthe type ofeach agent.
Fix a d eterministic priority ord ering ¾ (e.g., alphab etic alord er) ofthe agentsand ,

follow ingthisord ering,let them suc c essivelychoose either to stayinline | and b e served
at the b est non-assigned d ate| or to opt out.T he P rioritymechanism (d enoted P rio(¾)

throughout the paper) isplayed ina very simple w ay: the ¯rst agent inthe ord ering
w ho issched uled to b e processed at a time period b eyond histype optsout ¯rst.O nce
he d oesso, alllater-to-b e-processed jobs(agents) improve their sched uled time by one
period . T henthe next agent w ho, b ased onthe improved sched ule, issched uled to b e

proc essed at a time period b eyond histype,optsout,and so on.Hence the q-th agent
inline facesa w ait ofk time period sifk¡1 jobsb efore him chose to stay inline and
q¡kopted out,and d ec id esto stayor opt out ac cord ingto histype.Such a d eterministic
prioritymechanism hasgood incentive c ompatib ility properties(agentshave no interest

to misreport their type) but isunfair.
A simple and naturalw ayto restore fairnessisthe Rand om P riority(R P ) mechanism:

the planner selec tsat rand om and w ithout biasa c ertainpriorityord ering¾ ofthe agents
(amongthe n!possible ord eringsifthere are n agents),thenprioritymechanism P rio(¾)

isplayed asd esc rib ed inthe previousparagraph. A ¯rst c ontributionofthe present
paper isto provid e a recursive algorithm computingthe outc ome ofR P,i.e.,the expec ted
assignment ofagentsto time slots,c alled the R P equilib rium assignment inthe sequel1.

A second contributionofthe paper isto propose another sched ulingprotoc old ub b ed

P robabilistic Serial(P S).It resemblesR and om P riority closely, inparticular sharesits
propertiesofincentive c ompatib ility (strategyproofness) and fairness.T he ad vantage of
P rob ab ilistic Serialover R and om P riority istw ofold : (1) from ane± ciencypoint ofview
P S alw aysimprovesuponR P w elfarew ise,inthe strongsense ofthe P areto ranking(no

1 O reveninshortR P assignment.

2



agent isw orse o® and some agentsare stric tlyb etter o® inP S thaninR P ) and moreover,

it alw aysservesa larger expec ted numb er ofagentsthanR P ; (2 ) from a c omputational
point ofview the outc ome ofP S, i.e., the expec ted assignment ofagentsto time slots
(called the P S equilib rium assignment inthe sequel),ismuch easier to c ompute thanthat
ofR P ;moreover the tw o equilib rium assignmentsare show nto b e close to each other and

evento c onverge to one another w henthe numb er ofagentsb ecomeslarge.
P rob ab ilistic Serialisimplemented inthe same w ayasR and om P riority:byselec tinga

certainpriorityord ering¾ ofthe agentsand thenplayingthisprioritymechanism P rio(¾).
T he onlyd i®erence isthat the prob ab ilityd istributionac c ord ingto w hich the ord eringof

agentsisselec ted iscomputed bya polynomialalgorithm usingthe agents'reportsab out
their type,incontrast w ith R P selec tingthisord eringfrom the uniform d istribution.

T hird ly,w e show that the improvement ofP S over R P issignī cant but small: ifa
gainofa c ouple ofpercentage points(inthe numb er ofagentsserved and inthe surplus

collec ted )matters,thenthe ad d itionale®ort ofimplementingP Sinstead ofR P isjustī ed .
O therw ise,w e mayine®ec t take each mechanism asa proxyofthe other;thisisespec ially
true ifmanyagentsare involved .

1.2 O verview ofthe resultsand related literature

T he mod elisd e¯ned inSec tion2 , and the Rand om P riority mechanism isanalyzed in

Sec tion3,w here w e give a recursive algorithm to c ompute itsexpec ted outc ome (P ropo-
sition1). T he P rob ab ilistic Serialmechanism isd e¯ned inSec tion4 ina b̀ ackw ard '
fashion: w e ¯rst d e¯ne itsequilib rium outc ome (by meansofaneasyformula),thenw e
show that it canb e implemented by rand omly choosing,and playing,a priority mecha-

nism (P roposition2 ).P roposition3inSec tion5show sthat b oth mechanisms,R P and
P S,share the verystrongincentive compatib ilitypropertyknow nas g̀roup strategyproof-
ness'.Next,T heorem 1 establishesthat the equilib rium outc ome ofP S isP areto superior
(or ind i®erent) to that ofR P.Sec tion6gatherssome c onclud ingcomments.

A convergence result (T heorem 2 ) isreported inAppend ixA:w henthe numb er of
agentsgrow slarge,the d i®erence b etw eenthe R P and P Sassignmentsvanishes.E xtensive
numeric alc omputationsare reported inAppend ixB .Allted iousproofsare gathered in
Append ixC.

We d iscussnow the literature related to our mod el.Inthe mathematic aleconomics
literature,sched ulingisa spec ialc ase ofthe rand om assignment problem,w here q ob jec ts
must b e rand omly assigned to n agentsw ith heterogeneouspreferencesover the ob jec ts.
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T he other related stream ofliterature b earsonsched ulingand queuing; a good survey

isLaw ler et al. (1993). B oth streamsofliterature d iscussincentive compatib ility and
fairness,but theygive d i®erent meaningsto these terms.

Inthe latter,the d iscussionofincentive c ompatib ility typic ally reliesontolls(Naor,
1968; Dolan, 1979; Suijs, 1996) or nonlinear prices(M end elson, 1985; M end elsonand

W hang,1990 ) w hereascash transfersofanysort are ruled out inourmod el.Anexception,
w here incentive c ompatib ilityisbymeansofrand omization,isthe w orkofShenker (1995),
see also Nagle (1987) and Demers,K eshav and Shenker (1990 ),focusingonthe case w here
each agent mayd emand a d i®erent numb er ofjobs.Fairnessisalso d icussed inthat w ork,

and interpreted ,asiscommoninthe queuingliterature,asrequiringthat no job takes
allresource c apacity at the expense ofother jobs.

Inthe mathematic aleconomicsliterature onrand om assignment,onthe other hand ,
fairnessmeans, at least, that usersw ith id entic ald emand sshould b e treated equally

(exante),and sometimesisinterpreted asthe stronger requirement ofenvy-freeness(no
agent prefers{ex ante{ the assignment ofanother agent to hisow n). T he main¯nd -
ing isthe impossib ility ofmeetingsimultaneously fairness, incentive c ompatib ility and
e± c iency: Hylland and Zeckhauser (1979), G ale (1981),Zhou(1990 ), B ogomolnaia and

M oulin(1999b ).B ut inthe particular context ofsched ulingw ith optingout,these three
requirementsare compatible,and infact their comb inationcharac terize P rob ab ilistic Se-
rial:B ogomolnaia and M oulin(1999a)2 ,b rie°yd iscussed at the end ofSec tion6.Finally,
Fried man(1994 ) assumesthat ind ivid ualpreferencesare d ichotomous(namely °at up

to a c ertain d̀ ead line') and d iscussesa mechanism similar to, but d i®erent from, our
P rob ab ilistic Serial.

2 T he mod el

T he set Iofagentsis¯xed throughout,I= f1;2 ;:::;ng.E ach agent iisend ow ed w ith
a vonNeumann{M orgensternutilityfunctionui,ui2R n,over the n possible period sor

d atesat w hich he c ould b e served .Ifagent irec eivesservice at d ate k,hisutilityisui(k):
inthiscase, w e say b elow that he consumes d ate k, or that he isassigned d ate k.We
alw aysassume that preferencesare monotonic,namely:

ui(k)¸ui(k+ 1); for allk= 1;:::;n ¡1 : (1)

2N otethatthesetwopaperswereinspiredbythepresentwork.
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M oreover,the zero ofthe utilityfunctionisinterpreted astheutilityfor the outsid e option.

We say that agent iisoftype kif

ui(k) > 0 ¸ui(k+ 1): (2 )

Here kvariesfrom zero (ifui(1)·0 ) to n (ifui(n) > 0 ).T he type tellsushow longthe
agent isw illingto w ait b efore exerc isinghisoutsid e option.Inthe strategic analysisw e
assume that,faced w ith the choic e b etw eenoptingout and c onsumingthe k-th d ate,he
optsout w henever ind i®erent (ui(k) = 0 ).T hisaltruistic tieb reakingrule w illsimplify

the strategic analysisw ithout anyreallossofgenerality.
We d enote byUthe set ofutilityfunctions(the subset ofR n d e¯ned by(1))and byUk,

k= 1;:::;n,the subset ofutilityfunctionsoftypek(d e¯ned by(2 )).To a pro¯le ofutility
functionsU 2Un,w e assoc iate a pro¯le oftypesT = (I0 ;:::;In) w hichkeepstrackofthe
type ofeveryagent.T hus(Ik)0·k·n isthe partitionofId e¯ned byi2Ik () ui2Uk.
B ecause our tw o mechanisms, R and om P riority and P rob ab ilistic Serial, use only the
pro¯le oftypesto c ompute the (rand om) assignment ofd atesto agents, w e oftenomit
the und erlyingpro¯le ofvonNeumann{M orgensternutilityfunc tions;how ever the latter

are keyto the strategic and w elfare analysis,and the primitive c onstituentsofour mod el.
We d enote by ¢ the set of(rand om) assignmentsover the n d atesand the outsid e

option.Anelement z 2 ¢ isw rittenasa nonnegative n -vec tor z = (z 1;:::;z n) such thatP
k z k·1.T he outsid e optionisd elib eratelyomitted from thisnotation;itsprob ab ility

is1¡P
k z k.

AnI-assignment (z i)1·i·n spec ī esa rand om assignment to each agent. It w illb e
convenient to w rite such anassignment inmatrixform, Z = [z ik],w here the entry z ik is
the prob ab ilitythat agent ic onsumesd ate k:the row ind exirunsoverIand the c olumn
ind exkover K = f1;:::;ng.

T he planner/manager canchoose at rand om the ord er inw hich agentsare o®ered
service. Hence Z isfeasible ifand only ifit isa c onvex comb inationofd eterministic
priorityassignments.Inord er to make thisstatement prec ise,w e introd uc esomenotation.

Let S d enote the set ofsequences¾ = (i1;:::;iq) ofq d istinct elementsinI,for some
q,0 ·q·n (w ith the conventionthat the empty sequence correspond sto q = 0 ).Let
S b e the subset ofS c omprisingthe sequencesoflength exac tly n: thusS isid entī ed
w ith the set ofpriorityord eringsofI.To each ¾ 2S w e assoc iate the follow ingtruncated
permutationmatrixP¾:

P¾ = [ z ik]; z ik = 1 ifk= 1;:::;q and i= ik; z ik = 0 for allother i;k:
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T he matrixP¾ isthe d eterministic assignment resultingfrom servingthe agentsin¾,in

that ord er,and ignoringthe others.
To each ¾ 2S w e assoc iate the P rioritymechanism P rio(¾) : follow ingthe ord ering

¾ , the agentsare suc cessively o®ered the b est non-assigned d ate, and choose either to
stayinline for service or to opt out.If¾ : (¾(1);:::;¾(n)),agent ¾(q) iso®ered d ate k

ifexac tlyk¡1 agentsamong¾(1);:::;¾(q¡1) ac c epted the o®er.
G ivena pro¯le oftypesT and a priorityord ering¾ 2S,w e d enote by¾ the (possibly

shorter) sequence inS ofthe agentssuc cessivelyserved inequilib rium,w henthe priority
ord eringis¾.T hat is,anagent oftype kac c eptsany d ate not later thankand refuses

anylater d ate.We c all¾ the equilib rium sequence assoc iated w ith the ord ering¾.For
instance consid er (I0 ;I1;I3;I4 ) = (f4g;f1;3g;f5g;f2 ;6g),then

¾ = (3;2 ;5;4 ;1;6) =) ¾ = (3;2 ;6) ;
¾ = (4 ;6;1;3;5;2 ) =) ¾ = (6;5;2 ):

G iventhe pro¯le T and anord ering ¾ 2 S, w e d enote by P rio(¾;T) = P¾ the
truncated permutationmatrixresultingfrom the c orrespond ingequilib rium sequence.

De¯nition1 Anassignment matrixZ isfeasible at the pro¯le oftypesT ifand onlyifZ

isa convexcombinationofthe matricesP rio(¾;T), ¾ 2S.W e letF be the set offeasible
assignment matrices.

Remark:Clearly,and assignment matrixZ 2Fissubstochastic:

z ik¸0 for alli;k;
X

i2I
z ik·1 and

nX

k= 1

z ik·1 for alli;k: (3)

T hisfollow sstraightforw ard lyfrom the fac t that each matrixP¾ issubstochastic.Con-
versely,these inequalitiesare not su± cient to charac terizeF.B aiouand B alinski(1998),
T heorem 4 ,o®er a conjec ture ab out a charac terizationofthe related set ofconvexcom-
b inationsofthe matric esP¾,¾ 2S (ind epend entlyofagents'types).

3 T he R P mechanism and equilib rium assignment

Asmentioned inthe introd uc tion,the d escriptionofthe R P mechanism isverysimple,

but that ofitsequilib rium assignment isnot.
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De¯nition2 T he Rand om P riority mechanism selectsat rand om and w ithout biasa

priority ord eringofI, namely and element ¾ inS. T henthe agentsplay the priority
mechanism P rio(¾).T he equilibrium3 assignment correspond ingto the pro¯le oftypesT
isd enoted R P (T):

R P (T) =
1
n!

X

¾2S
P rio(¾;T):

W e willrefer to the above matrixasthe R P assignment at T.

Let M q =
[

ķ q

Ik d enote the set ofagentsoftype at least q. Aslong asthe R P

mechanism isassigningthe d ates1 to q, allagentsinM q b ehave inexac tly the same
w ay.Consid er thenthe assignment ofd ate q.T he prob ab ility that anagent inInM q

c onsumesit iszero, w hereasallagentsinM q have anequalprob ab ility to c onsume it.

Denotingm q the card inality ofM q, the latter prob ab ility equals¯q=m q w here ¯q isthe
prob ab ilitythat d ate q isassigned at all.T herefore the R P assignment at T isZ R P = [ z ik]
w here for allk,1·k·n:

z ik =
¯k
m k

ifi2M k

= 0 ifi=2M k

(4 )

Computingthe R P assignment b oilsd ow nto c omputingthe sequence (̄ k)ķ 1.It isuseful
to introd uc e the t̀hreshold 'quantity4 qe assoc iated w ith a pro¯le oftypesT:

qe isthe largest quantityq such that q·m q : (5)

O bservation1 ¯q = 1 whenever q·qe.Conversely, whenever q > qe, we have ¯q < 1 .
M oreover the sequence (̄ q)q¸1 isnonincreasing.

P roof: For the ¯rst assertion,after the ¯rst q¡1 d atesare assigned ,some agentsinM q

are stillnot served (b ec ause q · qe =) m q > q¡1), hence the claim by ind uc tion.
T he sec ond assertionisb ec ause w ith positive prob ab ility the ¯rst m q agentsd raw nby
RP are prec isely those inM q; they allac c ept to consume d ate k w ith k·q¡1;since

3T heconceptofstrategicequilibrium usedhereisthatofadominantstrategy;foranagentoftype
q,itis adominantstrategytoacceptanydatek,k·q,andrefuseanyotherone.A lternatively,we
maydescribeourequilibrium astheuniquestrongequilibrium ofthegame.W eomittheunimportant
details,andrefertheinterestedreadertoCrµesandM oulin(1 999),wherethestrategicdiscussionismore
detailed.

4Intheslightlydi®erentcontextofCrµesandM oulin(1 999),itisthe è±cient'quantity,intheeconomic
meaningoftheword;itisalsothequantityforwhichthetypecurvecrossesthediagonal.
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q > qe =) m q ·q¡1,allagentsinM q are served inthiscase b efore d ate q iso®ered

and there isno one left to c onsume that d ate.

U nfortunately,it isnot possible to give a simple formula for ¯q.O ur ¯rst result provid es
a recursive algorithm.

P roposition1 G ivena pro¯le oftypesT = (I0 ;:::;In) w ith correspond ingcard inalities
(n 0 ;:::;nn) w e d enote by Q the largest integer q such that Iq isnonempty, and assume
Q > 1 (the case Q = 0 istrivial).T henthe probability ¯q that the q-th d ate be assigned
isgivenby:

¯q =
Q ¡qX

r= 0

aQ ;r for allq;1·q·Q ; ¯q = 0 ifq > Q (6)

where the d ouble sequence (aq;r)0·q;r·Q iscomputed by the initialcond itions:

a0 ;0 = 1; a0 ;r = 0 for 1·r·Q ;

and the recursive formulas:

1.ifr·m q+ 1,

aq;r =

Ã
m q

nq

! ¡1 nqX

j= 0

Ã
r + j
j

! Ã
m q¡(r + j)

nq¡j

!
aq¡1;r¡1+ j; (7)

2 .ifr > m q+ 1,
aq;r = aq¡1;r¡1+ nq : (8)

P roof:SeeAppend ixC.T heformulasarenot intuitive.T he quantityaq;r isthe prob ab ility
that amongthe q ¯rst period s,q¡r ofthem are assigned to agentsoftype 1 to q,and r
or lessto agentsoftype q+ 1 to Q .(Note that the set oftype 0 agentsplaysno role in
the computations.)

T he maininterest ofthe propositionisto allow numeric alc omputationsand to prove

the c onvergence result inAppend ixA.We give severalexamplesinthe next sec tionand
Append ixB .
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4 T he P S mechanism and equilib rium assignment

Asmentioned inthe introd uc tion,the d escriptionofthe P Sequilib rium assignment isvery
simple,but that ofthe mechanism to implement it requiresto runa polynomialalgorithm.
Anintuitive d e¯nitionofthe P S assignment isby the follow ingalgorithm: thinkofeach

d ate asa massone prob ab ility; alloc ate the d atessequentially startingfrom the b est
d atesw ith equalshare to allinterested agents.T herefore agent ioftype q (i2Iq) getsa
1=m k prob ab ilistic share ond ate kfor k= 1;:::;q.He w illac cumulate the prob ab ilistic
sharesofallthe d ates,startingfrom the b est one,untilone oftw o thingshappen:he has

ac cumulated a prob ab ilityone ofservic e;or he hasac cumulated the sharesofalld ateshe
prefersto optingout (i.e.,d ates1,2 ,...,kifhe isoftype k).Formally,for allq¸1;for
alli2Iq: 8

>>>>>>>>><
>>>>>>>>>:

z ik =
1
m k

if
kX

1

1
m h

·1 ;

z ik = 0 if 1·
k¡1X

1

1
m h

;

z ik = 1¡
k¡1X

1

1
m h

if
k¡1X

1

1
m h

< 1 <
kX

1

1
m h

:

T he key to the ab ove formula isthe c riticalinteger, ifany, at w hich the sum
P
1=m h

passes1.We d e¯ne q¤ to b e the largest integer such that q·n and
qX

1

1
m h

·1 .W ith

the c onvention1=0 = 1 ,w e see that q¤ c annot exceed Q (the largest q such that Iq is

nonempty).We set ² = 1¡
q¤X

1

1
m h
,so that 0 ·² < 1.

De¯nition3 G ivena pro¯le oftypesT = (I0 ;:::;In), d e¯ne the sequence (°q)q as
8
>><
>>:

°q = 1 for 1·q·q¤ ;
°q¤+ 1 = ²¢m q¤+ 1

°q = 0 for q¤+ 2 ·q·n :

Interpret °q asthe probability that, inthe P S assignment, the q-th d ate be assigned 5.
Thenthe P S assignment Z PS = [ z ik]isd e¯ned by:

z ik =
°k
m k

ifi2M k

= 0 ifi=2M k

(9)

5N otethatthelastpartoftheformuladisapearsifq¤=n.
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G iventhe similar formula (4 ) d e¯ningthe assignment Z R P, c omparing the tw o assign-

mentsamountsto c omparingthe vec tors(̄ q) and (°q),namelythe prob ab ilitiesthat the
q-th d ate b e assigned by the tw o mechanisms.

For qnot larger thanthe threshold quantity qe (see (5)), the q-th d ate isc onsumed
for sure inb oth assignments: ¯q = °q = 1.T hisw asshow nfor ¯q inO bservation1.As

for°q,it resultsfrom qe ·q¤,w hich itselffollow sfrom the implic ation:

½
for q such that q·qe :

1
m q

· 1
m qe

· 1
qe

¾
=)

qeX

1

1
m h

·1 :

B eyond qe,the prob ab ilities¯q and °q mayor maynot c oincid e,asd emonstrated by tw o
examplesillustratingDe¯nitions2 and 3.Inthe examples,w e d esc rib e the pro¯le simply
bylistingthe c ard inality n1;:::;nQ ofthe subsetsI1;:::;IQ.

E xample 1: (n1;n 2 ;n3) = (1;2 ;2 )

We have ¯ve agents,and the threshold quantity isqe = 2 (b ec ause m 2 = 4 and m 3 = 2 ).

InRP , the prob ab ilitiesofallocating the three d atesare6: ¯1 = 1, ¯ 2 = 1, ¯3 =
13
15

:
Turningto P S,here q¤ = 3(b ec ause 1=5+ 1=4 + 1=2 < 1),therefore °1 = °2 = °3 = 1.

Hence the R P and P S assignments:

Z R P =

0
BBBBBBB@

1
5 0 0
1
5

1
4 0

1
5

1
4 0

1
5

1
4

13
30

1
5

1
4

13
30

1
CCCCCCCA

and Z PS =

0
BBBBBBB@

1
5 0 0
1
5

1
4 0

1
5

1
4 0

1
5

1
4

1
2

1
5

1
4

1
2

1
CCCCCCCA

:

E xample 2 : (n1;n 2 ;n3;n 4 ) = (1;1;1;1)

T here are four agents,and qe = 2 (b ec ause m 2 = 3and m 3 = 2 ).T he prob ab ility that

R P assignsthe four d atesare7: ¯1 = 1, ¯ 2 = 1, ¯3 =
3
4
, ¯4 =

1
2 4

:Asfor P S,q¤ = 2

(b ecause 1=4 + 1=3·1 < 1=4 + 1=3+ 1=2 ),and °1 = °2 = 1,°3 =
5
6
and °4 = 0.Hence

6Indeed,thethirddateisnotassignedif:(1 )eitherthe r̄sttwoagentsinlinearethoseinI3 | which
hasprobability 2

5
1
4;(2)orthe r̄standthirdagentsinlinearethoseinI3,andthesecondtheoneinI1

| whichhasprobability 2
5
1
4
1
3.H enceatotalof

2
1 5.

7Forinstance,thefourthdateisassignedonlyifthepriorityorderingisbyincreasingtype:proba 1
24.
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the resultingR P and P S assignments:

Z R P =

0
BBBB@

1
4 0 0 0
1
4

1
3 0 0

1
4

1
3

3
8 0

1
5

1
4

3
8

1
2 4

1
CCCCA

and Z PS =

0
BBBB@

1
4 0 0 0
1
4

1
3 0 0

1
4

1
3

5
12 0

1
5

1
4

5
12 0

1
CCCCA

:

Table 1 inAppend ixB provid estenmore pro¯les,w here the numb er ofagentsgoes

up to 36,for w hich the vec tors(̄ q) and (°q) are explic itely computed .
We turnto the d e¯nitionofthe P S mechanism: thisamountsto d escrib e P S asa

convex comb inationofd eterministic priority assignments(see De¯nition1). G ivena
pro¯le oftypesand the correspond ingP S assignment Z PS,w e must show the existence

ofa prob ab ilityd istribution¼ over S such that,w henanord er ¾ isd raw ninS ac c ord ing
to ¼,and P rio(¾) isplayed ,the resultingassignment isZ PS.W ith our matrixnotation,
thisread s:

Z PS =
X

¾2S
¼¾ ¢P¾ : (10 )

P roposition2 G ivena pro¯le oftypesT = (I0 ;:::;In) there existsa probability d istri-
bution¼ over S (computed by a polynomialalgorithm) such that (10 ) hold s.(M oreover
each sequence ¾ isoflength q¤ or q¤+ 1.)

P roof:See Append ixC.T he proofisverysimilar to the stand ard problem ofrepresenting
a b istochastic matrix asa convex comb inationofpermutationmatric es(B irkho®-von
Neumanntheorem 8).Infact our proofconsistssimplyofprovid inga b istochastic c̀ over'

ofthe P S matrix,and theninvokingthe B irkho®-vonNeumanntheorem.

For E xample 1,a prob ab ility d istribution¼ satisfyingP roposition2 ob tainsasfollow s:
(1) d raw the ¯rst agent inline (amongthe ¯ve agents) w ith uniform prob ab ility; (2 a) if
the type 1 agent isd raw n¯rst,go onasinRP ;(2 b ) ifa type 2 agent isd raw n¯rst,d raw

both type 3agents(inrand om ord er,w ith equalchance onb oth ord ers);(2 c) ifa type 3
agent isd raw n¯rst,d raw one type 2 agent (w ith equalprob a onb oth agents),thend raw
the other type 3agent.

8W ell-knowntobesolvableinpolynomialtime;apolynomialalgorithmforturninganyfeasiblesolution
toalinearprogram intoaconvexcombinationoftheextremepointsofthefeasibleregionmaybefound
inBazaraaetal.(1 990 ).
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For example 2 ,w e c anchoose ¼ asind ic ated b elow ,w here w e w rite the (unique) agent

oftype iasiand omit allagentsw ho d ecline (i.e.,w e report ¾ instead of¾):

priority ord ering prob ab ility

1 3 4 1=8

1 4 3 1=8
2 3 4 1=8
2 4 3 1=8

priority ord ering prob ab ility

3 2 4 1=6

4 2 3 1=6
3 4 1=12
4 3 1=12

W ith respec t to implementation, the maind i®erence b etw eenR P and P S isthat the
former usesthe uniform d istributionover allpriorityord erings,w hereasthe latter chooses
a d istributiononlyafter elic itingthe type ofeveryagent.T husthe P Smechanism requires
to processmore informationthanR P,and to c ompute a polynomialalgorithm.We ask

now ifthe P S mechanism could b e opento strategic manipulation:w hat ifanagent ¯nd s
it pro¯table to misreport histype?Fortunately,suchmanipulationsd o not pose anymore
problem to the P S mechanism thanthey d o to the R P mechanism asw e shallsee inthe
next sec tion.

5 Incentive compatib ilityand w elfare comparison

5.1 Incentive compatib ilityproperties

To each pro¯le oftypesT = (I0 ;:::;In), the R P mechanism and the P S mechanism
assoc iate a (prob ab ilistic) assignment Z 2 F (givenrespec tively by (4 ) and (9)).T his

d e¯nestw o mechanisms:T ! Z and w e now show that they b oth are strategyproof:it is
never pro¯tab le for anyagent to misreport histype inthe hope ofrec eivinganassignment
improvinghisutility.

Infac t,w e show a stronger property: these mechanismsare b othgroup strategyproof,

namelya joint d eviationbyanycoalitionofagentseither leavesthe utilitiesofallagentsin
the coalitionunchanged ,or stric tlyd ec reasesthe utilityofat least one ofthem.T he group
strategyproofnessproperty isone ofthe strongest incentive c ompatib ility requirements:
itsw ellknow ninformationaland normative implic ationsare d iscussed ,e.g.,by B arb era

(1995),M oulin(1996).
To formally d e¯ne the property g̀roup strategyproofness', w e ¯x a mechanism f.

Consid er anarb itrarynonemptysubset J ofIand tw o pro¯lesUt;t= 0 or 1,inUI that
may d i®er alongthe J-c oord inates:for alli2InJ:u0i = u1i.We d enote byTtthe pro¯le
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oftypescorrespond ingthe the utilitypro¯le Utand by z tthe assignment resultingfrom

f.T he G SP property requiresthe follow ing:

ifffor alli2J;u0i¢z 1i¸u0i¢z 0ig thenffor alli2J;u0i¢z 1i = u0i¢z 0ig: (11)

P roposition3 T he R P assignment and the P S assignment both d e¯ne a group strate-
gyproofmechanism.

P roof:See Append ixC.

T hisresult statesthe incentive c ompatib ilityofour tw o mechanism,view ed as r̀evelation
mechanisms': that is, the manager askseach agent to report histype and enforcesthe
equilib rium assignment at the reported pro¯le.

5.2 W elfare comparisonofthe R P and P S mechanisms

W ith tw o or three agents,the R P and P S assignmentscoincid e.T hisfac t iseasilychecked
from De¯nition3and by c omputingd irec tly the R P assignment.For problemsinvolving
four agentsor more, these assignmentsmay b e d i®erent asillustrated by E xamples1
and 2 inthe previoussec tion.Note ¯rst that the expec ted numb er ofagentsserved is

higher inthe P S assignment: inthe ¯rst example,
P

q¯q = 2 :87 <
P

q°q = 3; in
the sec ond ,

P
q¯q = 2 :79 <

P
q°q = 2 :83 . M oreover, inE xample 1, anagent

inI3 stric tly prefershisP S assignment to hisRP assignment (b ec ause he getsa higher
prob a ofconsumingperiod 3, ceterisparibus); onthe other hand , agentsinI1 and I2
are ind i®erent b etw eenR P and P S.T he situationissimilar inE xample 2 : the ¯rst tw o
agentsare ind i®erent w hereasthe last tw o stric tly prefer P S to R P (e.g.,the prob a that
the type 4 agent consumesd ate 4 inR P is t̀ransfered 'inP S to hisconsumptionofd ate
3| as3/8+ 1/2 4 = 5/12 ).T hese observationsgeneralize.

T heorem 1 G ivenisa pro¯le oftypesT = (I0 ;:::;In) w ith threshold quantityqe.

1.For everyagent, the probabilitythat he be served at all(that he d oesnot opt out) is
not smaller inthe P S thaninthe R P assignment.

2 .Inboth assignments, the expec ted number ofagentsserved isbetw eenqe and 2 qe 9:

qe ·qR P·qPS·2 qe : (12 )
9W enotethantheupperboundonqP S instatement2 aboveistight.T hatis,foranyq,thereexists

aprō leoftypeswhereqisthethresholdquantityandqR P =qP S isarbitrarilycloseto2qe(seeproof).
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3.The P S assignment isP areto superior to the R P assignment, or they are welfare

equivalent:
for alli2I; ui¢z PSi ¸ui¢z R Pi :

4 .E veryagent oftype at most qe getsthe same assignment inR P and P S:

for alli2InM qe+ 1; z PSi = z R Pi :

5.Assume q¤¸qe + 1.T henanagent oftype at least qe + 1 with stric tlymonotonic
preferences, stric tlyprefershisP S assignment to hisR P assignment.

P roof:See Append ixC.

T heorem 1 d emonstratesthe unamb iguousw elfare ad vantage ofthe P S mechanism over
the R P one (statement 3).M oreover,it saysthat the agentsw ith high typesstric tlyprefer

P S to R P,w hereasthe agentsw ith low typesare ind i®erent (statements4 and 5).Finally,
w e learnthat P S (inexpec tation) servesany agent more often(statement 1), but d oes
not serve more thantw ice the è± c ient'(inthe economic meaningofthe w ord ) numb er
ofagents(statement 2 ).

T he literature onsched ulingand queuingregard sstatement 1 asanargument infavor
ofP S:it meansthat itsfailure rate issmaller (M end elssonand Wang(1990 ),G elenb e and
M itrani (1980 ),Law ler et al.(1993)).How ever,inanother interpretationofour mod el
inspired by the traged y ofthe commons(the joint exploitationofa d ec reasingreturns

technology),one important normative goalisto red uce the levelofprod uc tion(see Crµes
and M oulin(1999) and referencestherein);inthat context,statements1 and 2 argue in
favor ofR P over P S.

InAppend ixB ,w e explainnumeric allythe gap b etw eenRP and P S (quantityw ise and

w elfarew ise) and w e show it issmall(w e c onjec ture innever exceed s8.33% quantityw ise,
and isusually a c ouple ofperc entage pointsonb oth d imensions). O ntop ofthat w e
establish inAppend ixA a result ofasymptotic equivalence ofthe tw o mechanismsw hen
the numb er ofagents,n,tend stow ard 1.

6 Conclud ingcomments

1.Animportant feature ofour tw o mechanimsR P and P S is that they only use
the ord inalinformationontypesinthe c omputationofthe ¯naloutcome. T his
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makesfor verysimple mechanismsand allow sthe verystrongincentive compatib ility

propertyd esc rib ed inP roposition3;onthe other hand ,it rulesout the possib ilityto
take ad vantage ofcard inalinformation.For instance,ifanagent hasd ichotomous
preferencessuch asui(k) = 1 for k = 1;2 ;3;4 and ui(k) = ¡1 otherw ise, it is
ine± c ient to serve him w ith positive prob ab ility ind ate 1 ifthere isat least one

other agent w ith stric tly monotonic preferences.Y et the R P and P S mechanisms
cannot use such information.

2 .A more generalperspec tive onour mod elc omesfrom the mechanism d esignap-
proach.A generalmechanism elic itsfrom the agentsthe pro¯le ofutilityfunc tions
U, thend eterminesthe rand om assignment Z und er the feasib ility constraint d e-
scrib ed inDe¯nition1.B ogomolnaia and M oulin(1999a) apply thisview point to

our mod el,and restric t attentionto the classofrand om assignment mechanismsthat
only elicit such ord inalinformation.T hey o®er a c oncept ofe± ciency ad apted to
thisinformationalstruc ture (c alled òrd inale± c iency') and they charac terize P S by
the c omb inationofitspropertiesofe± c iency,fairness,and incentive c ompatib ility.

M ore prec isely,theyshow that:

(a) P S isthe only such mechanism that satisfy the c omb inationof(i) ord inal
e± c iency,(ii)strategyproofnessand (iii) equaltreatment ofequals(tw o agents
send ingid enticalreportsrec eive the same rand om assignment);

(b ) it isalso the onlysuch assignment that satisfy the c omb inationof(i) ord inal
e± c iency and (ii) envy-freeness(no agent prefersthe rand om assignment of

another agent to hisow n).
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A ppendixA :A symptoticequivalencebetweentheR P andP S mechanisms

D enoteLthesetofprobabilitymeasures overtheunitinterval[0 ;1 ]. A nelement¸ 2 Lgenerates a
distributionfunction± ofagentsacrosstypes:

8x2 [0 ;1 ]; ±(x)=¸([x;1 ]):

Toavoidunnecessarytechnicaldi±culties,weassumethat¸ ismeasurable(absolutelycontinuous)with

respecttotheL ebesguemeasureandthatitsdensityisnonzerointheneighborhoodof1.Inparticular

± iscontinuous,nonincreasingand±(0 )=1 ;±(1 )=0 :
W e x̄themeasure¸ throughoutthisappendix.D enoteaprō leoftypesasT =(n0 ;:::;nQ )where

Q is thelargestnonemptytypeandnq is thenumberofagents oftypeq.T hus Q ·n=
QX

0

nqand

nQ > 0 .Toavoid èmptyeconomies',weassume Q ¸ 1 .Foranypair(n;Q )2 N 2
+ ,onecandē nea

prō leoftypes T (n;Q )=(n0 ;:::;nQ )forallq,0 ·q·Q ,through:

m(n;Q ) =
¹
n±

µ
q

Q + 1

¶º

n(n;Q ) =
¹
n±

µ
q

Q + 1

¶º
¡

¹
n±

µ
q+ 1
Q + 1

¶º (1 3)

wherebxc denotesthehighestintegersmallerthanorequaltox.Forinstance,take¸ ´1 ,theuniform

densityover[0 ;1 ].Itgenerates thedistributionfunction ±(x)= 1 ¡x.Forn=(Q + 1 )k;k2 N ,the
uniform prō leoftypesT =(k;:::;k)obtains.
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N oticehoweverthatourmeasurabilityassumptionon¸ preventsusfromdescribing àtomic'prō les

oftypeswhereapositivefractionofagentshavethesametypeforanynandanyQ .Forinstance,there

isnofunction± suchthateqs.(1 3)yieldanhomogeneousprō leT (n;Q )foralln;Q .
T hefollowingtwoobservationsareimmediate.Considera x̄edQ ,andanumberofagentsngrowing

in̄ nitely.T hen

lim
n! 1

nq
n
=¸

µ·
q

Q + 1
;
q+ 1
Q + 1

¶̧
; forallq;q·Q :

W hennandQ tendtoward1 ,foranysequence(q(n;Q ))(n;Q )1 0 ,

if lim
(n;Q )! 1

q(n;Q )

Q
=x2 [0 ;1 ]; then lim

(n;Q )! 1

mq(n;Q )

n
=±(x):

T heorem 2 belowdescribestheasymptoticbehavioroftheR P andPS assignments,foranysequence

(n;Q )wherengrows in̄ nitelyandwherethecrowdingfactorc=n=Q converges,possiblytoin̄ nity.

T hekeyfactisthatthesetwoassignmentscoincideinthelimit.Inordertogiveaprecisestatementof

thisproperty,weestablishsomepreliminaryresults.
Firstwecomputethelimitratiobetweenthethresholdquantityq(n;Q )e andQ ,intermsofthetwo

parametersofthemodel| thedistributionfunction± andthe(limit)crowdingfactorc,1 ·c·1.W e
claim thatforanysequence(n;Q )suchthatn¡! 1 andn=Q ¡! c,theratioq(n;Q )e =Q converges;its
limitxe isasfollows:

if lim
n! 1

n
Q
=c=1 ; thenxe=1;

if lim
(n;Q )! 1

n
Q
=c< 1 ; thenxe isdē nedbyc±(xe)=xe:

(1 4)

T heproofis inA ppendixC.

Inthecasec=1 ,Property(1 4)saysthatthethresholdquantityq(n;Q )e is(almost)equaltoQ when

nislarge.SinceweknowthattheP S andR P assignmentscoincideforallagentsoftypeatmostqe,this

establishestheirasymptoticequivalenceatonce(seeT heorem 2 foraprecisestatement).

W eturntothecaseofasequence(n;Q )forwhichthelimitcrowdingfactoris n̄ite.

L emma1 Considera sequence (n;Q )such thatlimn! 1 n=Q = c;1 · c < 1. Forany sequence
(q(n;Q ))(n;Q ):

if lim
(n;Q )! 1

q(n;Q )

Q
=x2 [0 ;1 [; then lim

(n;Q )! 1

q(n;Q )X

r=1

1
mr

=
1
c

xZ

0

du
±(u)

:

Proof:Forsimplicity,wewriteqinsteadofq(n;Q )andm insteadofm(n;Q ).W ecompute

qX

r=1

1
mr

=
q
Q|{z}
¡! x

Q
n|{z}

¡! 1 =c

2
4 1
q

qX

r=1

1
1
n

j
n±

³
r
q

q
Q + 1

´k
3
5 :

1 0 Inthefollowingexpressionm stands form(n;Q )as dē nedbyeqs.(1 3):wedrop thesuperscript,
hereandbelow,tolightenthenotation.
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M oreover,foranyintegernandt2 [0 ;1 ],onehas:

1
1
nbn±(t)c

¸ 1
1
n + ±(t)

¸ 1
±(t)

¡ 1
n±(t)2

;

fromwhichweget:

1
q

qX

r=1

1
1
n

j
n±

³
r
q

q
Q + 1

´ķ 1
q

qX

r=1

1

±
³
r
q

q
Q + 1

´¡ 1

n±
³
r
q

q
Q + 1

2́ :

T hetwoterms intheright-handsum converge,respectively,to
Z 1

0

du
±(xu)

andtozero.H encealower

boundconvergingto
1
c

Zx

0

du
±(u)

: A similarcomputationbasedontheinequality

1
1
nbn±(t)c

· 1
¡1
n + ±(t)

· 1
±(t)

+
2

n±(t)2

deliversanupperboundconvergingtothesamelimit.

W ecannowdescribetheasymptoticbehavioroftheintegerq¤(n;Q )aroundwhich the P S assignment

is dē ned(D ē nition 3).Infact,theratioq¤(n;Q )=Q converges,and its limitx¤canbecomputedby

distinguishingtwocases:

1.if
Z 1

0

du
±(u)

=+1 thenx¤isthenumberin[0 ;1 [ suchthat
Zx¤

0

du
±(u)

=c;

2 .if
Z 1

0

du
±(u)

< +1 thentwosubcasesoccur:

(a) ifc<
Z 1

0

du
±(u)

thenx¤isthenumberin[0 ;1 [ suchthat
Zx¤

0

du
±(u)

=c,

(b ) ifc¸
Z 1

0

du
±(u)

< +1 thenx¤=1.

W earenowreadytostatetheconvergenceresult;i.e.,thestatementthatwhenngrows in̄ nitely,

thetwodistributions
³
¯(n;Q )q

´
and

³
° (n;Q )q

´
becomearbitrarilyclose.

T heorem2 G ivenaprobabilitydistribution¸ withcumulative±,andanumberc,1 ·c·1 ,wedē ne
x¤asfollows: 8

>>>>><
>>>>>:

x¤=1 if
Z 1

0

du
±(u)

·c

x¤2 [0 ;1 [ solves
Zx¤

0

dt
±(t)

=c otherwise.

Considerasequence(n;Q )suchthatn! 1 andlimn! 1
n
Q
=c;1 ·c·1;andasequenceofintegers

¡
q(n;Q )

¢
(n;Q ) in(0 ;:::;Q )

N 2 suchthatlim(n;Q )! 1
q(n;Q )

Q
=x;0 ·x·1.T hentheasymptoticbehavior
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oftheprobabilities
³
¯(n;Q )q(n;Q )

´
and

³
° (n;Q )q(n;Q )

´
associatedwiththeprō leoftypes T (n;Q )(seeEqs 1 3 )isas

follows: 8
>><
>>:

x< x¤ =) limn! 1 ¯(n;Q )q =limn! 1 ° (n;Q )q =1 ;

x> x¤ =) limn! 1 ¯(n;Q )q =limn! 1 ° (n;Q )q =0

:

Proof:A vailablefromtheauthorsandonline.

Inotherwords,thesequencesof c̀urves'
³
(q=Q ;̄ q)Qq=1

´
(n;Q )

and
³
(q=Q ;° q)Qq=1

´
(n;Q )

convergetogether

pointwisetowardthethreshold f̀unction':

©c(x)=

8
>><
>>:

0 forx> x¤

[0 ;1 ] forx=x¤

1 forx< x¤
:

A ppendixB:N umericalcomputations

Proposition 1 gives arecursivealgorithm forcomputingtheprobabilities ¯q,and D ē nition 3 gives a

(muchsimpler)algorithm forcomputing°q.InthetenrepresentativeexamplesreportedinTable1 ,we

givethis probabilities in full,aswellas thequantity:
¢ q
qe

=
qP S ¡qR P

qe
£1 0 0 , i.e.,thedi®erence in

expectednumberofagents served,relativetothethresholdnumber,inpercentage.T heexamples are

orderedaccordingtotheircrowdingfactorc=n=Q :
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Prō le :(nq)1·q·Q c=
n
Q

(̄ q)1·q·Q
(° q)1·q·Q

¢ q
qe

(0 ;2;0 ;0 ;0 ;0 ;0 ;2) 0 :5
(1 1 0 :83 0 :1 7 0 0 0 0 )
(1 1 1 0 0 0 0 0 )

0 %

(1 ;1 ;1 ;1 ;1 ;1 ;1 ;1 ;1 ;1 ;1 ;1 ) 1
(1 1 1 1 1 1 0 :98 0 :69 0 :1 7 0 :0 1 0 0 )
(1 1 1 1 1 1 1 0 :9 0 0 0 0 )

0 :8%

(0 ;2;0 ;2;0 ;2;0 ;2;0 ;2;0 ;2) 1
(1 1 1 1 1 1 0 :99 0 :84 0 :28 0 :0 3 0 0 )
(1 1 1 1 1 1 1 1 0 :2 0 0 0 )

1 :0 %

(0 ;0 ;0 ;0 ;0 ;1 0 ;0 ;2) 1 :5
(1 1 1 1 1 1 0 :77 0 :23)
(1 1 1 1 1 1 1 0 )

0 %

(2;2;2;2;2;2;2;2;2;2;2;2) 2
(1 1 1 1 1 1 1 1 1 0 :96 0 :61 0 :1 )
(1 1 1 1 1 1 1 1 1 1 0 :79 0 )

0 :5%

(6;0 ;0 ;0 ;0 ;6;6;0 ;0 ;0 ;0 ;6) 2
(1 1 1 1 1 1 1 1 0 :98 0 :87 0 :54 0 :1 8)
(1 1 1 1 1 1 1 1 1 1 0 :58 0 )

0 :1 %

(0 ;0 ;2;0 ;4;4;6;2) 2:25
(1 1 1 1 1 1 1 0 :77)
(1 1 1 1 1 1 1 1 )

3:1 %

(6;5;4;3;2;1 ;1 ;1 ;1 ) 2:67
(1 1 1 1 1 0 :99 0 :7 0 :1 3 0 )
(1 1 1 1 1 1 0 :89 0 0 )

1 :2%

(3;3;3;3;3;3;3;3;3;3;3;3) 3
(1 1 1 1 1 1 1 1 1 1 0 :99 0 :67)
(1 1 1 1 1 1 1 1 1 1 1 0 :9)

2:7%

(8;7;6;5;4;3;2;1 ) 4:5
(1 1 1 1 1 1 0 :94 0 :24)
(1 1 1 1 1 1 1 0 :22)

0 :7%

Table1

Table2 reportsthemaximalvaluesof¢ q=qewhenthetypeofeachagentisatmost8 andthenumber

nofagentsvariesbetween4 and25 (allboundsimposedforcomputationaltractability).Foreachvalue

ofn,wereportalsoonemaximizingprō le.

n maximizingprō le:(nq)8q=1 ¢ q=qe

4 (0 ;2;2;0 ;0 ;0 ;0 ;0 ) 8:33%
5 (2;1 ;2;0 ;0 ;0 ;0 ;0 ) 6:67%
6 (3;1 ;2;0 ;0 ;0 ;0 ;0 ) 8:33%
7 (4;1 ;2;0 ;0 ;0 ;0 ;0 ) 7:1 4%
8 (0 ;4;2;2;0 ;0 ;0 ;0 ) 6:75%
9 (0 ;0 ;6;0 ;3;0 ;0 ;0 ) 7:94%
1 0 (1 ;1 ;5;0 ;3;0 ;0 ;0 ) 7:84%

n maximizingprō le:(nq)8q=1 ¢ q=qe

1 1 (1 ;3;4;0 ;3;0 ;0 ;0 ) 7:94%
1 2 (4;0 ;5;0 ;3;0 ;0 ;0 ) 7:94%
1 3 (4;2;4;0 ;3;0 ;0 ;0 ) 7:81 %
1 5 (7;1 ;4;0 ;3;0 ;0 ;0 ) 7:79%
1 8 (9;3;3;0 ;3;0 ;0 ;0 ) 7:71 %
20 (1 3;0 ;4;0 ;3;0 ;0 ;0 ) 7:52%
25 (1 7;2;3;0 ;3;0 ;0 ;0 ) 7:46%

Table2
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T heconstraintq· 8 appears tobenonbinding,suggestingthattheabovevaluesaretheabsolute

maximaof¢ q=qe foranyprō lewiththecorrespondingnumberofagents.T hedeclineinthemaximal

valueforn¸ 1 2,togetherwiththeconvergenceresultreportedin A ppendix A ,suggesttheconjecture

that8:33% is theabsoluteupperboundonallprō les.

W eturntoanevaluationofthesurplusgain.W eassumeherethatutilityfunctionsarequasi-linear:

givenanincreasingsequenceofcostscq,c0 =0 andcq< cq+ 1 ,interpretedasthecostofwaitingqperiods,

theutilityfunctionofagenti takestheform:ui(q)=ui¡cqforalli 2I,andallq,1 ·q·n.(T hus

agenti isoftypeqifandonlyifcq< ui·cq+ 1.)
D enoteby®tqtheprobabilitythatdateqis assigned,witht= 0 forR P andt= 1 forP S (sothat

® 0q=¯qand® 1q= ° q).T hesurplusS tataprō leT =(I0 ;:::;In)is

S t=
nX

q=1

®tq

0
@ 1
mq

X

i2Mq

ui¡cq

1
A :

W enowevaluatethesurplusgainfrom R P toP S relativetothee±cientsurplus Se,correspondingto

theassignmentoftheqe r̄stperiodstotheqeagentsofhighesttype(seeeq.(5)).InTable3 wereport

themaximalvalues oftherelativesurplusgain
¢ S
Se

=
S 1 ¡S 0

Se
£1 0 0 (in%)whenwespecifylinearly

increasingcostscq=q,andassumethatthewillingnesstowaitofallagentsofagiventypeqareevenly

spreadintheinterval]cq;cq+ 1].N aturally,wemaintaintheconstraintQ ·8.

n maximizingprō le:(nq)8q=1 ¢ S=Se

4 (0 ;2;0 ;2;0 ;0 ;0 ;0 ) 2:78%
5 (2;1 ;0 ;2;0 ;0 ;0 ;0 ) 2:22%
6 (3;1 ;0 ;2;0 ;0 ;0 ;0 ) 2:78%
7 (4;1 ;0 ;2;0 ;0 ;0 ;0 ) 2:38%
8 (0 ;4;2;0 ;2;0 ;0 ;0 ) 2:34%
9 (2;3;2;0 ;2;0 ;0 ;0 ) 2:29%
1 0 (5;0 ;3;0 ;2;0 ;0 ;0 ) 2:29%

n maximizingprō le:(nq)8q=1 ¢ S=Se

1 1 (5;2;2;0 ;2;0 ;0 ;0 ) 2:23%
1 2 (6;2;2;0 ;2;0 ;0 ;0 ) 2:31 %
1 3 (7;2;2;0 ;2;0 ;0 ;0 ) 2:23%
1 5 (5;7;1 ;0 ;2;0 ;0 ;0 ) 2:1 4%
1 8 (1 3;1 ;2;0 ;2;0 ;0 ;0 ) 2:1 6%
20 (1 5;1 ;2;0 ;2;0 ;0 ;0 ) 2:21 %
25 (20 ;1 ;2;0 ;2;0 ;0 ;0 ) 2:0 8%

Table3

A ppendixC:Proofs

ProofofProposition1

Step 1.L etAq;rdenotethesetofsequencesofthenagentssuchthat,intheequilibrium ofthecorre-

spondingprioritymechanism,exactlyq¡ramongtheq r̄stdatesareassignedtoagents inInMq+ 1 ,

androrlesstoagents inM q+ 1.L etaq;rdenotetheprobabilityofAq;r(namely]Aq;r=n!aq;r).T hen
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aQ ;Q¡q istheprobabilitythatexactlyqdatesareeventuallyassigned.Clearly¯qequalstheprobability

thatatleastqdatesatleastareassigned,soequation(6)follows.

Step2:Threesimplecases.W emustprovethattheprobabilitiesaq;raregivenbytherecursiveformulas

(7)and(8).Consider r̄stthecaser> q.Formula(7)gives(byinduction)aq;r=0 ,asdesired.

N extconsider(q;r)suchthatnq=0.T henequation(7)reads:aq;r=aq¡1 ;r¡1.Indeed,allbinomial

numbersintheformulaareequalto1 sincetheonlyvaluej cantakeiszero.O ntheotherhandaq;r is

theprobathatq¡roftheq r̄stdatesbeassignedtoagentsoftypes 1 toq.Sincetherearenoagent

oftypeqandsinceagentsoftypesstrictlysmallerthanqcannotconsumetheq-thdate,theprobability

ofthiseventisthesameastheprobabilitythatamongtheq¡1 r̄stdates,q¡r[=(q¡1 )¡(r¡1 )]be
assignedtoagentsoftypes 1 toq¡1 ,i.e.,aq¡1 ;r¡1 .

T hird,consider(q;r)suchthatq¸r> mq+ 1 andproveequation(8).Setr=mq+ 1 + k·q,with

k¸ 1 ,thenaq;r is theprobabilitythat,afterassignmentoftheq r̄stdates,q¡mq+ 1 ¡kbeassigned

toagents oftypes 1 toq;butthereareonlymq+ 1 agents oftypesq+ 1 toQ .T herefore(k¸ 1 )the

q-thdateisnotassigned.Forsuchorderings,thelastround,i.e.,theassignmentofaq-thdate,canjust

becancelled:allagentswhoweregoingtoacceptithavealreadybeenproposedaearlierdate,andare

served.T henaq;mq+ 1 +k is justtheprobathatattheprecedinground(q¡mq+ 1 ¡k)¡nqdateshave

beenservedtoagentsoftypessmallerorequaltoq¡1 ,i.e.,isequaltoaq¡1 ;mq+ 1 + nq+ k¡1| {z }
r¡1 + nq

.

Step 3:Itremainstoconsiderapair(q;r)suchthatnq> 0 andr·minfq;mq+ 1 g andproveequation
(7),givingaq;rasafunctionofaq¡1 ;::

Forallj suchthat0 ·j·minfnq;q¡rg,letAq;r(j)bethesubsetofAq;rsuchthatexactlyj dates
areassignedtoagentsoftypeq,andletaq;r(j)beitsprobability.W eshownow:

aq;r(j)=

Ã
mq

nq

! ¡1 Ã
r+ j
j

! Ã
mq¡(r+ j)

nq¡j

!
aq¡1 ;r¡1 +j : (1 5)

T hisestablishesformula(7)inviewoftwofacts:

aq;r=
minfnq;q¡rgX

j=0

aq;r(j) and fj > q¡r=) aq¡1 ;r¡1 +j=0 g :

(T helatterfactfollowsfromq¡1 < r¡1 + jandStep2.)Inordertoestablish(1 5),wenotethatAq;r(j)
isasubsetofAq¡1 ;r¡1 +j,andwecomputetheconditionalprobabilityofAq;r(j)givenAq¡1 ;r¡1 + j.

ConsiderasequenceinAq¡1 ;r¡1 + j.W ithrespecttotheassignmentofthe r̄stq¡1 dates,agents

inMqareequivalent(fromaprobabilisticpointofview):theyallacceptanydateo®ered.Tomakethe

n̄alargumentintuitive,intheconsideredordering,weputabarontopofeachagentwhoendsupbeing

served.T husourorderingis inAq¡1 ;r¡1 + j ifandonlyif,uponreadingtheorderingfrom lefttoright

up totheq-thbar,thereareq¡r¡j barsunderwhichoneseesanagentinInM q.T hekeypointis
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thatthisis independentoftherelativeorderingofagents inM qundertheremainingr+ j (orless)bars.

M akingthisorderingprecise,i.e.,distinguishingagents inIqfrom agents inMq+ 1 ,isexactlywhatwe

needtodeduceaq;:from aq¡1 ;:.
N otethat,foranorderinginAq;r(j),thereare(uptotheq-thbar)exactlyj barsunderwhichisan

agentofIqandexactlyrbars underwhich is anagentofM q+ 1 (thelatterclaim becauser·mq+ 1).
Tocomputethedesiredconditionalprobability,we x̄theq¡r¡j bars(up totheq-thbar)ontop of
anagentinInM q,andwecomputetheprobabilitythattheremainingr+ j barsare l̄ledwithexactly
j agents inIqandragents inM q+ 1.T hisgoes r̄stbychoosingthej bars,outofthoser+ j,which

areplacedontopofagentsoftypeq:thereare

Ã
r+ j
j

!
waystodoso.A ndthenonehasto l̄lthem

withagentsoftypeq,andthereare,forthe r̄stbar,nqsuchagentsoutofthemqoftypeqandmore,
nq¡1 choicesoutofmq¡1 forthesecond,andsoon,downuntilnq¡j+ 1 choicesoutofmq¡j+ 1
forthej-thbar;thenonehasto l̄ltherotherbars:mq+ 1 choicesoutofthemq¡j forthe r̄stone,
mq+ 1 ¡1 choicesoutofmq¡j¡1 forthesecond,andsoon,downuntilmq+ 1 ¡r+ 1 choicesoutofthe
mq¡j¡r+ 1 forthelastone.H encethechancesthattheorderinghastherequiredfeatureis:

nq :::(nq¡j+ 1 )mq+ 1 :::(mq+ 1 ¡r+ 1 )
mq(mq¡1 ):::(mq¡j¡r+ 1 )

=

Ã
mq¡(r+ j)

nq¡j

!

Ã
mq

nq

! :

T hisconcludestheproofofequation(1 5),andofProposition1.

ProofofProposition2

W e x̄theprō leoftypes(I1 ;:::;IQ )andproceed r̄sttoproveProposition2 inthecaseQ ·n:Steps

1 ,2 and3.T hecaseQ > n isdiscussedinStep 4.

Step1:DoublystochasticcoverofZ P S.D enotebyN=I£f1 ;:::;ngthesetofentriesofanassignment
matrix.W edenotethematrix Z P S as [p¤ik]anddē nethreesubsetsofN:

F = f(i;k)2N jp¤ik> 0 andk·q¤g
A 1 = f(i;k)2N jk·q¤andi =2Mkg
A 2 = f(i;k)2N jk¸q¤+ 1 andi2M q¤+ 1 g

N otethatA i maybeempty,butthatF is not.Figure 1 illustratesthese3 sets inthecaseofthesix
agentsprō le(2;1 ;0 ;1 ;2)byconvenientlyassigningagentstorowsbyincreasingtypes(theagentsinI1
areassignedtothetop n1 rows,etc.).T heremainingsetofindices,namelyB =Nn(F S

A 1
S
A 2)is

thenrectangular(onFigure1 itoccupiesatoprightcornerofZ P S):

(i;k)2B () i2InM q¤+ 1 andq¤+ 1 ·k·n:

Inthisstep,weprovetheexistenceofadoublystochasticmatrixP =[pik]thatdi®ersfrom Z P S onlyin
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F A 2

A 1

Figure1

date
agent
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4

3

2

1

1/6 1 /4 1 /3 1 /4
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0

0

0

0

0

0

5

0

0

0

0

0

0

4

1 /4

1 /4

1 /4

0

0

0

3

1 /3

1 /3

1 /3

0

0

0

2

1 /4

1 /4

1 /4

1 /4

0

0

1

1 /6

1/6

1/6

1/6

1/6

1/6

B,thatistosay:

pik=p¤ik on F
S
A 1

S
A 2 ;

pik¸0 foralli;k;
X

i2I
pik=1 forallk;

X

k2K
pik=1 foralli :

Firstwetakecareofthecaseq¤=n.T hen B is empty,sowecannotalterZ P S,butthelatteris

alreadydoublystochasticis this case.Indeed,q¤=n implies Q =n(becauseq¤·Q andweassume

Q ·nuntilStep 4);andtheinequality:
nX

k=1

1
mk

·1 ,combinedwith
1
mk

¸ 1
n
forallk,givesmk=nfor

allk,1 ·k·n=Q .T hismeansthattheprō leoftypes isIk=;fork< nandI=In,inwhichcase
allentriesofZ P S are1 =n.

L etusnowassumeq¤< n,sothatB isnonempty(ifM q¤+ 1 =I,thenq¤=nbydē nitionofq¤).

W edistinguishtwocasesfordē ningP onB.

Case1 :M q¤+ 1 =;(namelyq¤=Q ).W esetforallq,1 ·q·q¤,foralli2Iq,allk,q¤+ 1 ·k·n:

pik=
1 ¡µq
n¡q¤

¸0 ,withthenotationµq=
qX

1

1
mk

.Inthei-row,fori2Iq,wehave
q¤X

1

p¤ik=µq,hence

nX

1

pik=1.Checkthatthesum is 1 inthekcolumnsq¤+ 1 ·k·n:

X

i2I
pik=

q¤X

q=1

nq
1 ¡µq
n¡q¤

=
1

n¡q¤

0
@n¡

q¤X

q=1

nqµq

1
A =1 ;

wherethelasttwoequationsfollowfromthedē nitionofµqandmq¤+ 1 =0 .

Case2 :M q¤+ 1 6=;.H erewechoosedi®erentlytheentriesincolumnq¤+ 1 versuscolumnsq¤+ 2;:::;n(if
any).Construct̄ rsttheentriesofcolumnq¤+ 1 :forallq,1 ·q·q¤,foralli2Iq:pi;q¤+ 1 =¹(1¡µq)¸0
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where¹ isadjustedtomakethiscolumnsum to1:

1 =
q¤X

q=1

X

i2Iq
¹(1 ¡µq)+

X

i2Mq¤+ 1

p¤i;q¤+ 1

= ¹
q¤X

q=1

nq(1 ¡µq)+ ²mq¤+ 1 =¹(n¡q¤¡²mq¤+ 1)+ ²mq¤+ 1

(weomitthedetailsofthestraightforwardcomputation).O bservethatbydē nitionofq¤,

1
mq¤+ 1

+ µq¤> 1 =) 1 > ²mq¤+ 1

therefore0 < ¹ =
1 ¡²mq¤+ 1

n¡q¤¡²mq¤+ 1
·1 andthedē nitionofthe(q¤+ 1 )-columniscomplete.N owwe

dē nethecolumnsq¤+ 2 ton.Ifq¤+ 1 =n,thereisnothingtodoandindeedthematrixP isdoubly
stochasticalready,because¹ =1.A ssumenown¸q¤+ 2 anddē ne:

forallq,1 ·q·q¤,foralli2Iq,allk,q¤+ 2·k·n:pik=(1 ¡¹)
1 ¡µq

n¡q¤¡1 ¸0 :

Check r̄stthatthei-rowsumsto1 ,foralli2InM q¤+ 1:

q¤X

1

p¤ik+ pi;q¤+ 1 +
nX

q¤+2

pik=µq+ ¹(1 ¡µq)+ (1 ¡¹)(1 ¡µq)=1 :

N extthedē nitionof¹ yields(1 ¡¹)
1 ¡µq

n¡q¤¡1 =
1 ¡µq

n¡q¤¡²mq¤+ 1
andtheverī cationthatforallk,

q¤+ 2·k·n,thekcolumnsumsto1 isnowstraightforward.

Step 3:A pplyingB irkho®'stheorem.A doublystochasticmatrixistheconvexcombinationofpermuta-
tionmatrices,hencethereisaprobabilitydistribution¼ onS suchthat:P =

X

¾2S
¼¾P ¾ .N otethatthe

P matrixiszeroinA 1 andinA 2 (exceptfortheq¤+ 1 column);hence,foranypermutation¾ suchthat
¼¾ > 0 ,thematrixP¾ isalsozerointhesetwosubsetsofN;inotherwords,wehave:

forallk; 1 ·k·q¤ : ¾(k)= i =) i2Mk

forallk;q¤+ 2·k·n : ¾(k)= i =) i =2Mq¤+ 1

T hisimpliesatoncethatintheequilibriumassignmentcorrespondingtothepriorityordering¾,the r̄st

q¤agentschosetobuyandthelastn¡q¤¡1 declined.Inparticular,¾ =(i1 ;:::;iq¤)or(i1 ;:::;iq¤;iq¤+ 1).

M oreoverP¾ =¢ (P ¾)where¢ isthe(linear)operatorcancellingtheB-entries ina(given)matrixand
leavingallotherentries intact.W ethengetZ P S =¢ (P )=

X

¾2S
¼¾ ¢ (P ¾)=

X

¾2S
¼¾P ¾ andtheproofof

Proposition2 iscompleteinthecaseQ ·n.

Step 3:T hecasen< Q .Consideraprō leoftypes(I0 ;:::;IQ )withn< Q .D istinguishtwocases.If

q¤< n,thenthenewprō le(I0 ;:::;In¡1 ;M n)(thatis,thesetofagentsMn intheinitialprō leequals

thesetofagents oftypen in thenewprō le)yields preciselythesameP S assignmenttoeveryagent

(becausethetwoprō lesgeneratethesamesetsofagentsoftype1 toq¤+ 1 ).Butinthesecondprō le,
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wecanapplytheaboveargumentbecausethenumberoftypes isnotlargerthatofagents,andweare

home.

If,ontheotherhand,q¤=n,thenanargumentgiveninStep 2 showsthatI1 = :::=In¡1 =;,
Mn=Iandthematrix Z P S isuniform sothedesiredstatementholds.

ProofofProposition3

T heproofisverysimple,ascanbecheckedonacoupleofexamples,soweonlysketchit.T heproofis
identicalfortheR P and PS socialchoicefunctions,providedweset®qtobetheprobabilitythatthe
q-thdatebeassigned,with®q=¯qor®q= °qrespectively.L etU t,T tandztbeasthepremisesofthe
group strategyproofpropertyandletqbethesmallesttypeatwhichT 0 andT 1 di®er:

I0k=I1k; fork=0 ;:::;q¡1 ;I0q6=I1q :

T his impliesM 0
k= M 1

k fork= 0 ;:::;q,henceallagents inMq have,in zt,the sameprobability

pik=®k=mkofconsumingdatek.M oreover,if®q+ 1 =0 (whichimpliesthat®k=0 forallk¸q+ 1 )

thenz0 =z1 andwearehome.T husweassumefrom nowon®q+ 1 > 0 .D istinguishtwocases.

Ifthereis anagenti inI1knI0k,this agent,inT 0 ,is oftypeatleastq+ 1 ,henceinz0 heconsumes

dateq+ 1 withpositiveprobability®q+ 1 =mq+ 1;whereasinz1 hisconsumptionreducestodates1 ;:::;q:

this impliesu0i ¢z0i > u0i¢z1i (becauseu0i(q+ 1 )> 0 )andwearedone.

Ifthereisanagenti inI0knI1k,thisagent,inT 1 ,isoftypeatleastq+ 1 ,henceinz0 heconsumesdate
q+ 1 withpositiveprobability®q+ 1 =mq+ 1.B uthistruetypeisq,anduptoperiodqz0i andz1i coincide:

thereforeu0i ¢z0i > u0i ¢z1i holdstrueifu0i(q+ 1 )isnegative.T heonlypossibilityisthusu0i(q+ 1 )=0 .

Clearlytheabovetwocasesexhaustallpossibilities.T heyestablishthedesiredproperty1 1 except

perhaps inthecasewhere,betweenz0 andz1 ,someagentsreportatypeq1 ,largerthantheirtruetype

q0 ,and areindi®erenttotheresultingchangeofassignmentbecausetheirutilityis zeroforalldates

qbetweenq0 + 1 andq1 ,thattheyconsumewithpositiveprobabilityaftermisreporting.Inturn,this

impliesthateveryoneinthedeviatingcoalitionT is indi®erentbetweenz0 andz1 ,whichconcludesthe

proof.W eomitthedetails.

ProofofT heorem 1

Step 1: N otation andpreliminaryremarks.W ewrite ®tq, 1 · q· Q ,theprobabilitythatdateq is
assignedbymechanism t,wheret=0 referstoR P andt=1 referstoPS.Similarly,ptq=®tq=mqdenotes
theprobabilitythatanagentinMqconsumesdateq,and¼tq istheprobabilitythatanagentoftypeq

is servedatall,namely:¼tq=
qX

k=1

ptq.W esaythesequence(x1 ;:::;xT)ofrealnumbers stochastically

dominatesanothersequence(y1 ;:::;yT)if:
tX

r=1

xr¸
tX

r=1

yr; forallt; 1 ·t·T : (1 6)
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W eshallusethefollowingwell-knownfact(H ardy,L ittlewoodandPolya(1 934)):if(º1 ;:::;ºT )isanon-
increasingsequenceofnonnegativerealnumbers,and(x1 ;:::;xT )stochasticallydominates(y1 ;:::;yT),
then:

tX

r=1

ºr¢xr¸
tX

r=1

ºr¢yr; forallt; 1 ·t·T : (17)

Step 2: Proofofstatement1.T his says thatthesequence(p1q)stochasticallydominates thesequence

(p0q),andfollowsatoncefromthefollowingproperties:

¯q·°q forallq; 1 ·q·q¤;
¼ 0q·¼1q(=1) forallq; q¤+ 1 ·q·Q :

Step 3:Proofofstatement4.W ealreadyknowthat®tq= 1 fort= 0 ;1 andallq,,1 ·q·qe (see

discussionafterD ē nition3).T his impliesstatement4,aswellasthe r̄stinequalityin(1 2).

Step4:Proofofstatement2.Statement1 says¼ 0q·¼1qforallq;1 ·q·Q .T hetotalexpectednumber

ofagentsservedbythemechanism tis:qt=
QX

q=1

nq¼tq,henceq0 ·q1 ,andthesecondinequalityin(1 2)

isproven.
Finallyweshowq1 ·2qe.L etqbeanynumber,1 ·q·q¤.Becausethesequencemk isnonincreas-

ing,wehave

1 ¸
q¤X

k=q

1
mk

¸ 1
mk

(q¤¡q+ 1 ): (1 8)

A ssume r̄stq¤is odd,q¤=2q¡1 .A pplying(1 8)toqyieldsq·mq,henceq·qe sothatq¤< 2qe
andq1 ·q¤+ 1 ·2qeasdesired.N extsupposeq¤is even,q¤=2q¡2 andapply(1 8)toq.N otethat
theleft-handinequalitymustbestrict:anequalitywouldimplyq=1 (bydē nitionofq¤)andq¤=0 .
T herefore(1 8)implies:

q¤¡q+ 1 < mq () q·mq () q·qe =) q¤+ 1 =2q¡1 < 2qe;

andwearedone.

Step 5:Proofofstatement3.Consideranagenti oftypeq:hisutilityattheassignmentzt isui¢zti =
qX

k=1

ui(k)¢ptk.Bydē nitionoftypeq,wehaveui(k)¸ 0 fork=1 ;:::;q,andbyStep 2,thesequence

(p1k)stochasticallydominates(p
0
k);thisappliesaswelltotheirtruncatedversionswherekruns from 1

toq.H encethedesiredinequalityui¢z0i ·ui¢z0i (Step1 ).

Step 6: Proofofstatement5. A ssumeq¤¸qe+ 1.Consideranagenti oftype ¹q, ¹q¸qe+ 1 . W e

noticedearlierthat¯qe+ 1 < 1 .Byassumptionq¤¸qe+ 1 ,wehavenowp0qe+ 1 < p1qe+ 1.A sp
0
q=p1qfor

q= 1 ;:::;qe,wededuce¼0qe+ 1 < ¼ 1qe+ 1.N owwecompletetheproofbyinvokingthefollowingvariant
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ofthefactattheendofStep 1 :ifatleastoneoftheinequalities (1 6)is strictandifthesequenceº is

strictlydecreasing,theninequality(1 6)isstrict.

Step 7: Proofofthe t̀ightness'result.Fixqanddenoteby ´ alarge integer.Considertheprō leof

types:jIqj=´¢q;jI2qj=q;allotherIkareempty.Checkqe=q.N ext,when´ goestoin̄ nity,the

probabilitythatarandom orderingofIstartsbyqagents inIqgoestoone.W henthishappens,the

numberofagents servedbyR P is 2q.T herefore,theexpectedvalueqR P is arbitrarilycloseto2qas ´

growslarge.

ProofofProperty1 4

Consider r̄stthecasewherec=1.T hefunction± beingdecreasing,fornsu±cientlybig,onehas

mq

q
¸n
q
±
µ
q
Q

¶
=

n
Q
±(q=Q )
q=Q

: (1 9)

Fixx< 1 .Takeasequence
¡
q(n;Q )

¢
suchthatliminf

n! 1
q(n;Q )

Q
= x2 [0 ;1 [.Inequality(1 9)ensures us

thatthereexists (n1 ;Q 1)suchthat(n;Q )¸(n1 ;Q 1)=)
mq(n;Q )

q(n;Q )
> 1 .T henq(n;Q )·q(n;Q )e .A s a

consequence,forallx< 1 , liminf
nrightarrow1

q(n;Q )e

Q
¸x.H encelimn! 1

q(n;Q )e

Q
=1.Considerthenthecase

wherec< 1.Sinceqe·mqe andqe+ 1 ·mqe+ 1 ,onehasmqe+ 1 ·qe·mqe,thus

1 ¡ nqe
mqe+ 1

· qe
mqe

·1 : (20 )

Takeasequence
¡
q(n;Q )

¢
suchthatlim(n;Q )! 1

q(n;Q )

Q
=x2 [0 ;1 [.O negetsstraightforwardly:

lim
(n;Q )! 1

mq(n;Q )

q(n;Q )
=c

±(x)
x

:

A s a consequence,xe < 1 . (O therwise, ifxe = 1 , forall(n;Q );
mq(n;Q )e

q(n;Q )e
¸ 1 and ±(xe)= 0 , a

contradiction.) M oreover, ifx < 1 then
nq(n;Q )
mq(n;Q )

¡! 0 . (Indeed, limn! 1 nq(n;Q ) = ¡c±0(x)and

limn! 1 mq(n;Q ) = 1.) G iven thatxe < 1 , one then has
nq(n;Q )e

mq(n;Q )e

¡! 0 . H ence, through (20 ),

q(n;Q )e

mq(n;Q )e

¡! 1 .T heresultobtains.
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