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On the Insufficiency of Linear Diagrams
for Syllogisms

OLIVER LEMON and IAN PRATT

Abstract In Volume 33:1 of the Notre Dame Journal of Formal Logic, a
system for diagramming syllogistic inferences using straight line segmentsis
presented by Englebretsen. In light of recent research on the representational
power of diagrammatic representation systems by the authors, we point out
some problems with the proposal, and indeed, with any proposal for represent-
ing logically possiblesituationsdiagrammatically. Weshall first outlinethe pro-
posed linear diagrammatic system of Englebretsen, and then show by means
of counterexamplesthat it isinadequate as a representation scheme for general
logical inferences (the task for which the system is intended). We also show
that modifications to the system fail to remedy the problems. The considera-
tions we present are not limited to the particular proposal of Englebretsen; we
thus draw a more general moral about the use of spatial relationsin representa-
tion systems.

1 Diagrammatic representation systems Diagrammatic representation systems
are of increasing interest for at least two reasons. Philosophically, diagram sys-
tems interest those concerned with the nature of representation itself—in particular,
those who argue that too much attention has been given to sequential symbol sys-
tems. Thesewritersclaim that diagramsrepresent by analogy or surrogacy—invirtue
of sharing structure with the domains that they represent (see Barwise and Shimo-
jima 2], Cummins|[i4], and Swoyer [21]). Practically, diagrammatic representations
are frequently used in visual interfaces to databases, programming languages, and in
logic teaching. Each of these domains demands careful consideration of the formal
properties of the diagrammatic systemsin question. For both of these reasonswe pro-
pose to investigate the expressive power of one proposed diagram system and to de-
termineits utility in reasoning tasks.

2 The diagrammatic system LD  In [B], Englebretsen presents us with a system
for diagramming syllogistic inferences. In this system, individuals are represented
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[ ® PHILOSOPHERS
DESCARTES \.
VEGETARIANS
DALMATIANS

@ ® ® CARNIVORES
DOGS

Figure 1. Some philosophers are vegetarians; Descartes is a philosopher; no dogs are
philosophers; al dalmatians are dogs; al dogs are carnivores.

by labeled points and sets are represented by labeled straight line segments. Rela
tionships between sets and individuals or between sets and sets are then represented
by incidence relations between the corresponding points and line segments. The au-
thor explains how such a representation system can be used to carry out syllogistic
reasoning tasks and illustrates his explanation with many examples. We shall call the
basic system of [5] (that is, without representation of relations or pronouns) “LD” for
“linear diagrams’. Figure[Llshows an example of a diagram of LD together with its
intended interpretation.

More formally, we may reconstruct LD asfollows. A linear diagram is afinite
set of dotsand dashes. A dotissimply alabeled point inthe planeand adashisafinite
line segment with adot attached to itsright terminus. The restriction to right termini
is Englebretsen’s, not ours: Englebretsen does not consider vertical dashes, but we
may assumethat these arelabeled by dotsat their upper terminus. Theterminology of
dotsand dashesisours, not Englebretsen’s: itisintroduced simply to avoid confusion
with the infinitely many unmarked points and lines in the space occupied by an LD
diagram and changes nothing of substance.

LD isto beinterpreted as follows.

Definition 2.1 (Linear diagrams, [E])

1. Dashes represent sets.

2. Any dot which is not the right terminus of some dash represents an individual.

3. The presence of a dot on a dash (other than its right terminus) indicates that
the individua represented by the dot is a member of the set represented by the
dash.

4. That two dashes intersect represents the fact that the setsthey represent have a
nonempty intersection.

5. That two dashes do not intersect represents the fact that the sets they represent
have an empty intersection.

6. That adash | lieswithin adash |’ represents the fact that the set represented by
| isasubset of the set represented by I,
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Actualy, Englebretsen further insists that dashes representing a set L and not-L (the
complement of L) must be paralel. However, given that line segments rather than
lines are employed in the system, it is unclear precisely what is gained by insisting
that line segments representing complementary sets be parallel (as opposed to merely
nonintersecting). On the other hand, it is not clear that any harm is done either.

Note that thereis some ambiguity regarding the representation of individuals as
dots. It is not clear from [[5] whether two coincident dots must represent the same
individual; nor isit clear whether one individual can be represented by multiple (in
particular, noncoincident) dots. Englebretsen claims that

“ ... identity statementsare . . . easily diagrammed by our method. A propo-
sition of theform ‘ais(identical to) b’ . . . meansthat ‘a and ‘b’ label the same
point.” (5], p. 47)

It is unclear how to interpret this pronouncement. Certainly, Englebretsen cannot
wish to claim that every point in the plane can represent no more than one individual.
For “some As are BS” is to be represented by line intersection and that intersection,
though a single point, may contain more than one individual. However, in the coun-
terexamples which we present below, we take no particular stance as regards these
issues.

Inferencein LD isto be carried out, asis usua with diagrammatic representa-
tions, by enumeration of cases. That is, a conclusion follows from a set of premises
if all ways of diagramming the premisesresult in a diagram depicting the conclusion.
Clearly, it follows from the premises of Figure[Ll(some philosophers are vegetarians,
Descartesisaphilosopher, no dogs are philosophers, all damatiansare dogs, all dogs
are carnivores) that all dalmatians are carnivores, since this fact must hold (by part[6]
of Definition 2T} however, exactly, the diagram of the premisesis drawn. Equally
clearly, it does not follow that Descartes is a carnivore, because the diagram shows
us away for the premises to be true and the conclusion false.

While there has been much recent research in the logical analysis of diagram-
matic reasoning (Allwein and Barwise [[1], 2], Glasgow et al. [g], [16], Shin [[17],
Stenning and Oberlander [[20]) we believe that some basic properties of diagrammatic
representation systems deserve more attention, particularly when their suitability for
performing logical inferencesisin question. In particular, the following two proper-
ties of representation systems are of central importance.

1. For every representation of the system thereis some possible situation of which
it istrue (self-consistency).

2. Every possible situation has some representation true of it.

Theinference system of Euler’s Circles (see, e.g., Hammer [[10])) has been shown [[15]
to exhibit thefirst, but not the second, of these properties, thusmaking it unsuitablefor
syllogisticinferencein genera. In particular, since not al logical possibilities can be
represented in the system, attempts to diagram some situations will lead to incorrect
inferences. In the present paper we perform asimilar analysis for the proposal to use
linear diagrams in syllogistic inference.

Englebretsen’s stated aim is to design a diagram system which is simple but
which also avoidsthe expressive limitationsimposed by the geometry of closed plane
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figures (e.g., Euler’s Circles)—limitations which, according to Englebretsen, are of -
ten overlooked by those in the diagrammatic reasoning community. Thus,

“The geometric restrictions on closed plane figures which prevent perspicuous
representati onsinvolving more than four terms using simple continuous figures
do not apply to the till simpler linear figures.” ([5], p. 47, our italics)

“ ... the mgjor advantage of line diagrams is their ability to represent infer-
encesinvolving relatively large numbers of terms . . . ” (E], p. 46)

We are not told which geometric restrictions Englebretsen has in mind (the above
claims are not proven formally); he merely mentions a four-term limit on the use of
closed planefigures, due to geometric restrictionsfrom the use of the plane asarepre-
sentational medium. The reference given, (Gardner [[7]), mentions only avirtual four
termlimit based on psychological rather than geometrical restrictions, which suggests
that the restrictions Englebretsen seeks to avoid are practical in nature. Roughly, the
problem seems to be that, when diagrammatic systems are used to represent large
numbers of premises, the result tendsto look like a plate of spaghetti.

We shall show in SectionsBland [4lthat, contrary to Englebretsen’s assertions,
the system LD is subject to geometrical constraints which compromiseits utility for
logical inference, regardless of considerations of perspicuity and readability. In ear-
lier work ([[12][15]), it has been demonstrated that other diagrammatic representation
systems, based on the representation of sets by areas, fall victim to similar problems.
Thus, Englebretsen’s claim to have overcome the expressive limitations imposed by
plane geometry through the use of line segments rather than areas, cannot be main-
tained.

3 Firstcounterexampletothecorrectnessof LD Let B (1 <i < 3) beindividuals
and Lj(1 < j < 3) sets. Consider the following situation.

Individual P, isamember of theset L ifandonly ifi# j(1<i<3,1<j<3).

Itisclear that this situation correspondsto afinite set of statements of theforms“ Pis
anL” and“Pisnotan L”, and thusfalls within the purview of LD. Indeed, it can be
diagrammed as shown in Figure[2] Here, the individuals P, are represented by dots
pi(1 <i < 3) andthe sets L; arerepresented by the dashes|; (1 < i < 3).

Figure 2: A linear diagram.



INSUFFICIENCY OF LINEAR DIAGRAMS 577

But now let P4 be afourth individual and consider above the situation but aug-
mented by

Individual P4 isamember of theall thesets L;(1 < j < 3).

To see why this augmented situation cannot be diagrammed in LD, suppose that the
new individua is represented by adot ps. Then the four dots p; must all be distinct
(since no two may lie on exactly the same dashes |;). It follows that the dashes |,
and |, are collinear, since they both contain the distinct dots ps and p4; by similar
reasoning, |, and I3 must be collinear, so al the dashes lie on some common line A
(say).

Orient the diagram so that A is horizontal. Let uswrite p < p’ to indicate that
dot pisto theleft of dot p’ (with the obvious interpretation for p < p’). Finaly, let
I stand for theright terminus of thedash | (1 < j < 3). It followsfrom what we are
toId about L, that either py, ps, pa < |1 < pl or p1 < P2, P3, P4 < ;. Whence, from
what we are told about L,, either po < ps, ps < I < p1Or P1 < P3, P4 < P2 < [1.
Either way, p3 lies between p; and p., which contradicts what we are told about L.

Note that this type of behavior meansthat LD could be used to makeinvalidin-
ferences. For instance, suppose we omit from the above (augmented) situation the
fact that individual P; does not belong to set L;. Then the above geometrical argu-
ment shows that all ways of diagramming the remaining facts will force the dot p;
tolieonthedash I, thusinviting the inference that P, belongsto L. Of course, this
inference would be invalid.

There is away in which Englebretsen might save his system from the problem
just raised. He could point out that the restriction to straight line segmentsisinessen-
tial. To be sure, the original motivation for using lines to represent sets was to avoid
the unreadabl e diagrams resulting from region-based representation systems; but per-
hapsthereisamiddleway. For example, onemight represent setsas connected chains
of straight line segments, or even as arbitrary semi-algebraic curves. Since we can
only guess at the possibilities here, we shall assume only that the plane figures used
torepresent setsare semi-algebraic curves. Thisgeneralization of Englebretsen’ssys-
tem, which we call curved LD, will now be investigated.

4 Second counterexample  We now investigate curved LD—the generalization of
LD employing semi-algebraic curves instead of straight line segments. Henceforth,
weusetheterm dash to refer to semi-algebraic curvesin adiagram, with dots at one of
their endpoints, where again, weinterpret dashes asrepresenting sets. Wheretwo sets
have a nonempty intersection, we consider two cases for the curves which represent
them; where the curves are only allowed to cross at one point (the single-crossings
case) and where multiple crossings are permitted.

Let B (1 <i<5)beindividualsand Ljx (1 < j < k < 5) sets. Consider the
following situation (we labdl it S).

Individual P, isamember of theset Ly if andonly if i = jori =k.
No Lysare Ljwsif {j,kK}N{j, K} =0

It is clear that this situation corresponds to afinite set of statements of the forms* P
isan L”,“Pisnotan L”, and “No Lsare L's’, and thus falls within the purview of
LD; let us see how we might represent it.
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Let each individual P be represented by adot p; (1 <i < 5) and each set Lj;
by adashlijj (1 <i < j <5). Thenthefivedots p must al be distinct (since no two
may lie on exactly the same dashes lyj). Now, each dash |j; (1 <i < j < 5) contains
the dots p; and pj, so that every pair of the five points is to be joined by some dash
(asemi-algebraic curve). In addition, the semi-algebraic curves | and | may not
intersect if they do not share one of the p;.

In our first case (where curves are only allowed to cross each other once if their
corresponding sets intersect), we have the result that the above situation S cannot be
represented in curved LD, for in any such representation thedots p; (1 <i < 5) and
the sections of the dashes |jj lying between p; and pj (1 <i < j < 5) condtitute a
drawing (that is, a plane embedding) of the «j j(1 < i < j < 5), which isthe well-
known nonplanar graph Ks (see Bollobas [[3]). Thus the situation S cannot be dia-
grammed in curved LD. It follows that, for any of the statements in the above situ-
ation, its negation will, according to the LD inference procedure, be implied by the
others. Of course, such aninference would beinvalid. Figure[3lshows one attempt to
realize these premisesin this version of curved LD. Any other attempt, inthe single-
crossings case, would fail similarly. Again, we have shown that there are consistent
setsof statementsfalling within the purview of the system of Linear Diagrams, which
cannot be represented by any Linear Diagram.

Figure 3: Anunsuccessful attempt to diagram the second counterexample using curved LD.
According to the premises, lines I35 and I»4 should not cross. The nonplanarity result shows
that any attempt to diagram the premises must result in a some such disallowed crossing.

Thisresult holdsfor the casewherecurvesare only allowedto crossonce, if at all. The
more general case iswhere curves may cross multipletimes, if they crossat al. The
result appears to be true for this case too, although it has proven difficult to demon-
strate, so we leave the case open with the following conjecture.

Conjecture4.l Let wvq,...,vs be distinct points in the plane and let
i j(1 <i < j <5) besemi-algebraic curves, each with endpoints v; and vj. Then,
for somearcsaj j, o jy wehave | o j | N | i j £ G and {i, j}N{i’, |'} = 2.

5 Conclusion We have shown that the proposed system of [B]l for diagramming
syllogistic inferences does not manage, by employing lines rather than regions, to
avoid important geometric limitations on plane figures. The above examples show
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that the diagram system cannot perform the representational task set for it. Thus, us-
ing the proposed representation system, or indeed slight generalizations of the pro-
posa (employing semi-algebraic curves in place of straight line segments), would
lead to mistakes in logical inferences.

The study of the system LD and its variantsillustrates a general point about the
representational use of spatial relations; that use of such relationsis only appropriate
inthe representation of similarly constrained structures (for example, trivialy, spatial
objectsand relations). The use of spacein representations of more abstract structures,
such as sets or models (for example, [|§,||:L_Q]) is thus to be approached with some
caution.

The second counterexample relies, in the single-crossings case, on the assump-
tion that curves representing properties cross only once, if at all. We conjecture that
the result extends to the multiple-crossings case. However, any system of diagram-
matic reasoning which relied for its logical soundness on the drawing of multiply-
crossing arcs could hardly be considered an intuitive or practical one.
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