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Abstract We prove that it is consistent that there exists a subgroup of the
symmetric group Sym(\) which is not included in a maximal proper sub-
group of Sym(A). We also consider the question of which subgroups of
Sym(]) stabilize a nontrivial ideal on A.

1 Introduction The work in this paper was motivated by the following ques-
tion, which was raised by Peter Neumann. If A = w, does every proper subgroup
of Sym(X) lie in a maximal subgroup of Sym(\)? While a positive answer seems
very unlikely, all of the results up to this point have concerned sufficient con-
ditions for a subgroup G < Sym(\) to lie in a maximal subgroup of Sym(\).
For example, the main theorem in MacPherson and Praeger [3] states that if
G < Sym(w) is not highly transitive, then G is contained in a maximal subgroup.
In Section 2, we shall prove the following result.

Theorem 1 (F,) There exists a subgroup G < Sym(\) such that the set L =
{H | G = H < Sym(\)} is a well-ordering under inclusion of order-type 2M In
particular, G is not contained in a maximal subgroup of Sym(\).

It is not known whether this theorem can be proved in ZFC. Our extra
hypothesis F, is the following statement. Let Sym_) (\) be the group of all per-
mutations « of X\ such that |[Mov(w)| <\, where Mov(7) = {a|a™ # a}. Let
S(N\) = Sym(A)/Sym_y (N).

(F\) If T< S(\) is a subgroup with |T| < 2*, then there exists an element
of infinite order # € S(A)\T such that (7, w) = T* {(xw).

Here * denotes the free product. We shall also show that F, is consistent with
but independent of ZFC.

Another result from [3] states that if I is a nontrivial ideal on A which con-
tains a set X with | X| = |[\\X| =\, and G = §;; = {x € Sym(\) |I" =1},
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then G is contained in a maximal subgroup of Sym(\). It is also shown in [3]
that if | G| < \, then there exists such an ideal I with G < S(;;. In the third sec-
tion of this paper, we shall obtain a stronger version of the latter result and also
prove the independence of the strongest conceivable version. We shall see that
the least size of a subgroup G < Sym(\) which fails to stabilize such an ideal is
bounded below by the size B(\) of the smallest family of uniform ultrafilters
which cover [A]?. In the final section, we shall prove that it is consistent that
B(\) is much bigger than the size of any maximal almost disjoint family F <
®(N).

Our notation follows that of Kunen [2]. Thus if IP is a notion of forcing and
Dp,q € P, then g < p means that g is a strengthening of p. The notation p| g
means that p and g are compatible conditions. A subset X C A is said to be a moi-
ety if | X| = |MN\X| =N\

2 The main result Theorem 1 is an immediate consequence of the follow-
ing result.

Theorem 2.1 Let S be a group with | S| = k > w. Suppose that whenever T< S
is a subgroup with |T| < k, then there exists an element of infinite order 1 € S\T
such that {T, ) = Tx{w). Then there exists a subgroup G < S such that the set
L = {H|G =< H < 8} is a well-ordering under inclusion of order-type «.

Proof: Let S = {g,|o < k}. We shall define inductively a sequence of strictly
increasing chains of subgroups (Hg |8 < a) for o < « such that the following
condition is satisfied.

(*) If <y =<a,then Hf N H] = HJ.
We set HY = 1. If A is a limit ordinal, then we define

HY= U Hg ifB<\

B=a<\

H}=|J HZ.
a<\
Assume that H, g has been defined for all 8 < 4 < «. Our intention is that, at the
end of the construction, we will have that

(H|H§ < H< S} = (HS|B < «)

where Hf = Ug<qa<, H§ . To accomplish this, we take steps to ensure that for
all 8 <«, if g € H§\Hg, then (H§,g) = Hf,,. So suppose that there exist
B+1=a,g€ HZ \Hf and h € H§,, such that h & (H§,g). By hypothesis,
there exist elements of infinite order w, 7, € S\HE such that (HZ, 7, m75) =
HZ*{m)*{m).Let o =hn{'g 7y 'g;sothat h = pg 'mrgm;. For0<y<a,
define HY*! = (HZ, 7, ™, ¢). We must check that if 0 < y < «, then

(%) HX'NHE = HY.
There are three possibilities to consider.

Case 1. Suppose that ¢ € HJ, and hence also » € H;'. Then H;‘“ =
HY *{ m) *{m,), and (**) is obvious.
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Case 2. Suppose that h € Hy, but g & HJ. It is easily checked that
He = HE % (my) *(mp) % (g ' mp8).

Furthermore, if z € H.‘,"+1 , Z=ay - -+ a, is the unique reduced sequence expres-
sion with respect to the above free product decomposition, and m is the length
of the unique reduced sequence expression of z with respect to the decomposi-
tion HS * () * {m,), then m = n. Hence (**) holds.

Case 3. Suppose that g,h & H. Then the proof that (**) holds is similar to
that in Case 2, using the free product decomposition
HEH = H % () % (mp) * ().

Finally, let § = min{£|g, ¢ HS*'), and define H!| = (HZ', g5).
It is now clear that we can perform the construction successfully. This com-
pletes the proof of Theorem 2.1.

The following result, which is an easy exercise, establishes the consistency
of F)\.

Theorem 2.2 (GCH) For all A = w, F, holds.

We now prove the independence of F) for ¢f(\) > w and for \ = w. We first
deal with the case when A = w.

Theorem 2.3 Let M E k® = k. Then there exists a generic extension M[G] in

which the following are true.

(i) 2¢ =«.

(ii) There exists a subgroup T < S(w) of cardinality w, such that for all * €
S(w)\T, there exist g,h € T\1 with [g™,h] = 1.

Proof: By first adding « Cohen reals if necessary, we can suppose that M E
2¢ = k. We now perform an iterated finite support construction M,,, o < w;. We
pass from M, to M, via a 2-step c.c.c. iteration, say

M,cM2,cCcM,,,.
First let
P = {p|p:w— v is a finite injective function}.
Then MY, , = M,[G], where G is a generic subset of P. Let 7 = UG and T, =
Sym(w)M=. Clearly = € Sym(w).
Claim 2.4 Ifgi,...,8, €Ty, then Ni<i<,fix(w&) is an infinite subset of w.

Proof: Fix t € w. Let D consist of those g € IP for which there exists m > ¢ such
that for all 1 <i < n, g7 'qg;(m) = m. It is enough to show that D is a dense
subset of IP. Let p € P. For each 1 </ < n, there are finitely many r such that
gi(r) € dom p U ran p. So there exists m > ¢ with

{gi(m) |l =i=n}N[dompUranp] = @.

Let g < p satisfy g(g;(m)) = g;(m) for 1 < i < n. Clearly g € . This proves
Claim 2.4.
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Now we explain how to pass from M2, to M. Let F = {fix(7%) |g €T, }.
By Kunen’s A10 [2] (p. 289), there exists a c.c.c. notion of forcing such that the
generic extension M., has the following property: there exists an infinite sub-
set S C w such that | S\F| < w for all F € F. Choose an infinite cycle ¢ such that
Mov(g) = S. Then for each g € T,,, |Mov(w¥#) N Mov(¢)| < w. Hence, when
regarded as elements of S(w), we have that [7¥,¢] = 1. Now write n, = = and
¢o = ¢, and let T = {7y, ¢, | @ < ). Then clearly T satisfies the requirements
of the theorem. This completes the proof of Theorem 2.3.

Theorem 2.5 Suppose that M F GCH and cf(\) > w. Then there exists a
generic extension M[G}) such that M[G] F -F,.

Proof: Let A = w,. For each i < w, let p; = wy4;. Let P = Fn(u,,2) be the set
of finite functions p from pu, to 2, and let IP, = Fn(u,,2) for n < w. Let G be
a generic subset of P and let G, = G N P,. Note that for 1 = n < w, M[G,] F
2} = p,,: while M[G] E2* = (p,)™*.

Let 7 € Sym(\)MLG], and let # be a IP-name of . For each n < w, let 7, =
{a,8>| (3p € G,)p Ik *(a) = B}. Then 7, € M[G,] and 7, S 7. Also 7 =
Uneo Tn- Since ¢f(N\) > w, there exists 7 < w such that |dom(w,)| = \. By tak-
ing a suitable subset of =, if necessary, we can suppose that |A\\dom(w,)| =
[N\ran(w,)| = \. Hence there exist y,0 € Sym(\)™{%] such that y D 7, and
Mov(8) = dom(,). Then fix(y ~!7) 2 Mov(#), so that [¢ "'x,0] = 1.

Let G = U,e, Sym(N)MIG"]  and let T be the corresponding subgroups of
S(N\MUCI, Then |T| = p, < 2M, and T witnesses the failure of F) in M[G].

3 Small subgroups of Sym()\) In [3], the following observation is made.

Lemma 3.1 Let G < Sym(\). Then the following are equivalent.
(i) For some proper ideal I on \ which contains a moiety of \,G < S;.
(ii) There exists a moiety A of \ such that for all g,,...,g, € G,

ANE U A48

l<i=<n

If condition (ii) holds, we say that \ is not G-covered.

Definition 3.2
C(N\) = min{| G| G =< Sym(\), A is G-covered}.

In [3], it is proved that C(A\) > A. To explain what is going on here, it is useful
to introduce three more cardinal functions.

Definition 3.3
(i) A(N) is the least cardinal « such that if @ C ®(\) is an almost disjoint fam-

ily, then |G| < «.

(i) B(N) is the least size | 7| of a family of ultrafilters U; € ®(\), i € I, such
that
(a) forallieIand X € U;, | X| =\;
(b) (XS A X]| =N S Uier U

(iii) D(N) is the least size |J| of a family of sets {Y;|j € J} € ®(N) such that
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(@) forallj € J, |Y;| =\;
(b) if X = \ with | X| = \, then there exists j € J with ¥; € X.
Theorem 3.4
A<A\) <B(\) =C(\) =D(\) =2
Corollary 3.5 If G < Sym(w) and |G| < 2“, then v is not G-covered.

It is clear that A < A(A) < B(\). We prove the other inequalities in the next
two lemmas.

Lemma 3.6
B(\) =C(N)

Proof: Suppose G < Sym(\) is such that A is G-covered. Let U be a uniform
ultrafilter on A; i.e., | X| =\ for all X € U. Suppose that there exists a moiety
X € U such that g[X] N X € U for all g € G. Then for all gy,...,8, € G,
Ni<i<n &[X] € U. Let I be the ideal which is dual to the filter

F = {Ze ®(N) | There exist g,...,8, € G with [ g[X] &S Z}.
l<i=n

Then G = 8y and 1 is a proper ideal which contains a moiety of A, a contradic-
tion. Hence for each moiety X € U, there exists g € G such that X\g[X] € U.
Fix an element g € G and let

S(g) ={XeU|X\g[X] €U
If Xy,...,X, € S(g), then

N [X\glXi =( N XC)\( U g[X,-]> € U.
l<i<n l<i=<n l<i=<n

In particular, U;<i<n 8[X;] = g[U1<i<» X;] must be a moiety of A, so that
Ui=i<n X; is a moiety. Hence A\U<;j<n X; = Ni<i<n (A\X]) is 2 moiety. Con-
sequently, there exists a uniform ultrafilter U(g) 2 (N\X|X € S(g)} . So every
moiety of \ lies in one of the uniform ultrafilters (U} U {U(g) |g € G}. Hence
B(\) < |G|, and so B(\) < C(MN).
Lemma 3.7

C(\) =D(N)
Proof: Let T < ® (M) satisfy the following:
(@ |X|=Nfor XeF;
(b) if Y € \ with |Y| =\, then there exists X € F with X € Y;
©) |F|=DM).

Clearly we can also suppose that
(d) each X € F is a moiety.

For each X € F, let 7x € Sym(A) be an involution such that 7x[X] =
MX, and let G = (x| X € T).
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Now let A € \ be a moiety. Then there exists X € F with X € A. Thus
wx[A] 2 N\\X 2 A\A, sothat A = A U wx[A]. Hence \ is G-covered, and so
C(\) =D(N).

The final result in this section shows that it is consistent that there exists
G < Sym(A) with |G| < 2> such that \ is G-covered. It also demonstrates the
consistency of B(A\) < C(MN).

Theorem 3.8 Suppose that M F GCH and \ > v is regular. Let \ = w,, and
K = Woye- Let P = Fn(k,2) be the partial order of finite functions from « to 2,
and let G be a generic subset of IP. Then the following statements are true in
M[G].

(@ 2M=«"

(b) A(N\) =B(\) =\t

() C(\) =D(\) =«.

Proof: The facts that 2 = x* and A(\) = \* are included in Theorem 5.6 of
Baumgartner [1]. Arguing as in the proof of Theorem 2.5, we easily obtain that
D(\) =< k. Thus to prove (¢), it is enough to show that C(\) = «.

So suppose that there exists I' < Sym(A)M!C! with A < |T'| = 6 < « such
that A is I'-covered. Then there exists 7 C «x of cardinality 6 such that ' €
M[G N Fn(1,2)] = N. Let Q = Fn(\,2) and let H C Q be generic over N.
We shall show that \ is not I'-covered in N[H], which yields the desired con-
tradiction.

Let f=U{p|p€ H}andlet S = {a € \|f(a) = 1}. Clearly S is a moiety
of \. Let 7y,...,7, €T and let D consist of the g € Q satisfying:

(+) There exists 3 € A and vy, ...,v, € N\ such that
() m(y;))=Bforl=i=<n;
(ii)) g(y;))=0forl <i=<n.

Clearly D is dense in @, and if g € D then gl U <i<» 7:[S] # A. Thus N is
not I'-covered in N[H].

It only remains to compute B(\). We shall do this via the following series
of lemmas.

Definition 3.9 A P-name ¢ is simple if it has the form
o0={&,q,) |a € X}
where

(a) X < \ has cardinality A.
(b) If @ # B, then dom g, N dom gg = .
(c) There exists n < w and f;: n — 2 such that for all « € X.

(i) dom 4o = {Olo, ) 9an—l}
(ii) qa(ai) =fa(’) fori<n.

Lemma 3.10 If o is a simple P-name, then |Fo € [\]}.
A straightforward A-system argument yields the next result.

Lemma 3.11 Suppose that G < P is generic and that M[G] E ¢ € [\]N.
Then there exists a simple P-name o such that M[G] E og € 7.
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Thus it suffices to find A* uniform ultrafilters in M[G] such that og is con-
tained in one of them for each simple P-name 0. We shall also make use of the
following well-known result.

Lemma 3.12 For any cardinal 6 = w, Fn(2°,2) is the union of 0 centered
subsets.

Clearly it is enough to show that B(\) < A*. Initially we will work inside M.
Let (U,|a < \" ) € M be a sequence of uniform ultrafilters on A such that for
each X € [A\]* N M, there exists o < X+ with X € U,,. Let 0 = {(&,¢a) | @ € X}
be a simple PP-name, and let dom g, = {ag,...,a,_;} for each o € X. Then
X € U, for some y < \*. Define an equivalence relation =, on M by:

¥ =, 0iff {a|Y(a) =0(a)} €U,.
Let [], be the =, -class containing § € *«, and let *«/U, = {[¥],|¥ € *«]}.
Then ¢ determines p, € Fn(*x/U,,2) as follows. For i < n, define h; € *x by
hi(a) =q;ifa € X
=0 ifa €N\X.
Let dom p, = {[hol,, .. .,[h,—1],} and set p,([h;],) = fo(i).

Lemma 3.13  Suppose that o; = {{&,q)) |a € X} is a simple P-name for
J < k. Suppose further that:

1) X;eU, forj<k;

(2) Poys - - - s Po,_, have a common strengthening p € Fn("x/‘uv,Z).

Then "‘0’0 n-.-N Oj—1 (S [)\])\.

Proof: For each j < k and o € Xj, let dom ql ={od,... ,a,’,'j_l}. Let Ze U,
consist of those a < A satisfying

(a) aEXoﬂ ﬂXk_l.
(b) If s<t<k,lI<n;—1and m< n,— 1, then

af = an iff [hi), = [hy],.
Let r € P be arbitrary and 8 < A. Then there exists o € Z such that

© B<a<\
(d) domr N domg) = @ for all j < k.

We define ¢ = r U Ui qi. Assuming that g € IP, we have that ¢ < r and that
glra€odyN --- Nog_;. Thus it is enough to show that g is a well-defined
function. Suppose that o = a,, for some s < ¢ < k. Then, since [4]], = [A,,],
and p, , p,, are compatible, we must have p, ([#/1,) = p,,([4,,],) and hence
gx(af) = qi(ap).

For each y < A, let Q,=Fn ()‘K/‘U,y,Z) € M. In the remainder of the proof,
we will work inside M[G]. Notice that the cardinality of (*«/U,)™ is at most
2M in M[G]. So by Lemma 3.12, we can express Q, = Uz<) A4, as a union
of \ centered sets. Let S = {og|o is a simple IP-name}. For each y < A\* and
£ <\, define U,¢ = {og| P, € A,¢}. Then
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S= U ‘U..,E. If (0’0)0,...,(0'/(_1)(;6‘11,15
<At :
E<N

then p,, . . . , P,_, have a common strengthening in Q, and solFap N - - - Nox_ €
[A]>. Thus U, can be completed to a uniform ultrafilter on A. This completes
the proof that B(\) = \*.

4 Covering families of ultrafilters

Theorem 4.1  Let M E GCH. Let \ and x > Nt** be regular cardinals. Then
there exists a notion of forcing P, which preserves cofinalities and cardinalities,
such that if G < P is generic then

MIGIEN* =A(\) <B(\) =k =2M

Definition 4.2 IP consists of all conditions p = {a, A, f, g) satisfying
() a e [«]=N".
@) h:[a]®> =\
(iii) There exist finite ¥ € @, v S \ such that f:u X v—2 and g: [u]*> > 2.
(iv) If g(e, B) = f(,y) = f(B,7y) = 1, then v < h(a,B).

The order relation is the natural one.

The intuitive meaning is that we are adjoining the sets A, = {y < \|
Sf(a,v) =1} for o < k. The function 4 gives a vague promise that 4, N Ag S
h (o, ). But & is unreliable, and should only be taken seriously when g(a,8) = 1.

Definition 4.3
@) g=<ay,h,f1,8) =p= ag, ho, fo, 80> iff ¢ = p, fo = f1 and go = g;.
(b) g =<ay,hi, f1,81) ;f,p =@y, ho, f0,80) iff g < p, a9 =a, and hy = h,.

Lemma 4.4 If q < p, then there exists r € P such that q 5’ r fr D.

An easy A-system argument yields the next result.

Lemma 4.5 Ifp € P, then {q € P|q g D] satisfies the c.c.c.

Lemma 4.6 If p € P and 7 is a P-name of an ordinal, then there exists q € P
such that

D q=p;
(i) if r < q and r\- 7 =, then there exists r' | r such that r’ 5 gandr'|F7=+.

Proof: We define inductively p;, and also r;,v; for successor j such that:
@) po = p;

(ii) p; psr p and the chain { p; | k < i} is strictly decreasing and continuous;

(iii) r; = and r; IF 7 = v;;

(iV) ifjl <j2 then T, .*f r,-
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Suppose that the construction can be continued for all i < w;. Then there
exists p* € IP with p* ps p; for all i < ;. Notice that for each successor j < w;,
r

there exists r;' € IP such that r;' < r; and r/ < p*. But then {r]"|j < w; is a suc-
ap

cessor } is an uncountable antichain, which contradicts Lemma 4.5.
So where does the inductive construction break down? Since {g € P|g f p)
>

is Nt T+ -closed, the construction cannot fail at a limit stage. Thus we can sup-
pose that p; has been constructed, but that it is impossible to construct p;.,
ris1,vi+1- We claim that g = p; satisfies our requirements. Suppose not. Then
there exists 4 and r < p; with r |- ¥ = 4 such that there is no r’ g D; satisfying

r'|randr’lFF=vy.Letri,=r=<pi fr Di, and let v;,, = v. Then (iv) must
ap

fail, and so there exists j < i with r; | r;;. In particular, v; = v;4; =~ and r; |-
7 = . But now there exists /' < p; with /' < r; and r; | r, which is a contra-
ap

diction.

Using the fact that {g € P|q fr p}is N*+*-closed for each p € P, we easily
obtain the following result.

Lemma 4.7  If 7;,i < N**, are IP-names for ordinals and p € P, then there
exists q fr psuch that if i< \** and r < q with r\-7; = v, then there existsr’ | r

such thatr' < gandr'|F7;=4.
ap

Lemma 4.8 IP preserves all cardinals and cofinalities less than or equal to
A
Proof: For example, suppose that p IF f:\*+ — A**+* Let g psr D

satisfy the conclusion of Lemma 4.7 with respect to the P-names f(a&), o« < A*+.
Since {r e P|r i q) satisfies the c.c.c., we see that g |- f is not a cofinal map

in N*++

An easy A-system argument (which makes use of the assumption that M E
GCH) yields the next result.

Lemma 4.9 P is Nt***-c.c.; and hence P preserves all cardinals and cofinal-
ities.
Lemma 4.10

FA(N) = \*.
Proof: Suppose that pIF“(T;|i < >\+~+) is an almost disjoint family in ®(N).”
For each i < j < N**, let 7;; = sup(T; N T;). Then p IF 7; < \. Choose ¢ frp

satisfying the conclusion of Lemma 4.7 with respect to the IP-names 7;;,i < j <

N**. Using Lemma 4.5, we see that there exists 8;; < A such that g I 7;N T; = B;;.
Since M E GCH, A\** — (A\*)3. Hence there exists H C ANt with |H| =\
and @ < A such that for all distinct i,j € H, gl T; N T; < 8. Let G’ S g be
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generic and T; = (T;)¢-. Then in M[G'], {T;}\B|i € H} is a collection of X* non-
empty pairwise disjoint subsets of A\, which is a contradiction.

Definition 4.11  For each o < &, A, = ((7,4a,h, £,g) | f(a,y) = 1).

Lemma 4.12
() IF|A,] =\ _ _
() Ifp=<a,h,f,g)and g(a,B) =1, thenplF A, N Ag S h(a,B) < \.

Lemma 4.13
IFB(N\) = k = 2>,

Proof: Suppose not, and let § = A\***+*, Then there exists a IP-name D for a
uniform ultrafilter on A, distinct ordinals «; < « for i < 6, and conditions p; € IP
such that p; I+ A,, € D. Let p; = {a;, h;, f;, ;). We can suppose that o; € a; for
each i < 4.

Since M E GCH, we can also suppose that the following hold.

@) {a,~| i< 0} forms a A-system with root A4; and the A; are pairwise com-
patible functions.

(i) {u;|i <06} forms a A-system with root U, {v;|i < 6} forms a A-system
with root V; and the f;,g; are pairwise compatible functions. Since
|A| = N, we can also suppose that

(iii) o; & A for all i < 6.

Fix i < j < 0. Since «;,; € A, we can form a condition g = {a,h, f,g) <
Di» pj such that g(a;, ;) = 1 and h (o, ;) is given a sufficiently large value. But
then

q||- A-a,- n A'aj c h(a,-,aj) < )\,

which is a contradiction.
This completes the proof of Theorem 4.1. The following problems remain
open.

Question 4.14 Suppose that G < Sym(\) and |G| < 2*. Is G contained in
a maximal subgroup of Sym(\)?

Question 4.15 Does C(N\) = D(N)?

Question 4.16 Is it consistent that C(w;) = w, < 2917
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