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Many-Sorted Elementary Equivalence

DANIEL DZIERZGOWSKI

Introduction Let us consider a many-sorted language £. Any £-theory 3 can
be effectively replaced by an equally powerful £*-theory 3*, where £* is a one-
sorted language canonically associated with £ (most often, £* contains a unary
predicate S° for each sort s of £). Such a remark appears in the first para-
graphs of many texts dealing with many-sorted theories, e.g. [3], p. 13; [5], ch.
5; or [7], ch. XII.

On the other hand, some many-sorted notions cannot be directly transposed
to the corresponding one-sorted notions (see, for example, [4]).

In this paper, we will study how the many-sorted elementary equivalence
can be transposed into one-sorted elementary equivalence. More precisely, if
M and I are L£-structures we will see when I = I implies, or is implied by,
IM* =* JU*, where M* and I* are L£L*-structures canonically associated with I
and 91 (in a way which will be made more precise later), and = and =* denote
respectively the £- and £*-elementary equivalence relations.

First, we will study, as an example, the case where £ is £77, the language
of Simple Type Theory, with four different ways to build £*. Then we will char-
acterize the many-sorted languages for which the results for £ can be gener-
alized.

1 An example: £y If £ is £, then the set of sorts of £ thus is w, and
its only nonlogical symbol is the binary relational symbol €. Hence, if @ is an
L-structure, then @ will be of the form

Q@ = (A%A',.. . ;€r),
where

€qC |J A" x AL (1)

i€Ew
As usual, we will impose that

Vi€ w, A" # O,
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and also that

Vi,jEw, i#j=A'NA =O. 2)
Throughout this section, 9N and 9T will denote two L-structures: M =
(MO,M?', .. ;€Eq), and N = (NO,N!, ... ;Ex).

There will be four cases, each case considering a different way to build £*.
The first and second cases are quite simple; they are mentioned for the sake of
completeness.

1.1 Case 1 Here, the nonlogical symbols of £* are €°,&',...,S°%S!, ...
and for every £-structure @, ®@* is defined by

@ = < U A5€%.el,...,S0,58, .. )
IEw
where, for every i € w, €4y = Equ N M’ X M'™! and Sy = M.

It is easy to see that if IN* =* I*, then M = 9T. Indeed, for any £-
sentence o, there exists an £*-sentence ¢* such that for any £-structure @, @ E
o= @* Fo*. o* is obtained by substituting simultaneously, for each expression
of the form 3x’¢(x’) in o, an expression of the form 3x(S*(x) A ¢(x)) (with the
understanding that different variables in o are replaced by different variables in
o*).

The other implication, M = N = M* =* I* is done in a similar way: for
any L£*-sentence o* we have to find an £-sentence o such that for any £-
structure @, @* F o* = @ F 0. The construction of ¢ will not be given here; it
is based on the following lemma:

Lemma 1 Let ¢ be an £*-formula, and ny a natural number such that, if e’
or S' occurs in'¢>, then i < ny. Also let @ be an L-structure, and f a permu-
tation of U A" such that f(x) = x for every x in A° U...U A". Then, for

1EwW R
every X,),... € U A, R* Folx,y,... 1= Q* Folf(x),f(»),...].
IEw
1.2 Case 2 The nonlogical symbols of £* are €°,&!, ..., and for every £-

structure @, @* is defined by
@* = < U 45€%.€é, .. >
IEw

As £* is a sublanguage of the language £* introduced in Case 1, M =
I = M* =* IO* is a consequence of Case 1. But now, M* =* 9 * = M = N
is no longer true. This can be shown in the following trivial example:

e M = ({mO}a{ml}a{mZ}s e a{mz}v .. ,Gim), where efﬂl =0

¢ N = ({no,n},{n2},{n3},....,(n;},...;Ex), where €Eq = J;

M* =* 9*, because M* = I*. But if o is 3Ix%3y° x% % 0, then M ¥ ¢ and
I F 0. Thus M == IT.

1.3 Case 3 The only nonlogical symbol of £* is €, and for every £-struc-

ture @, @* is < U A;€q . In this case it is not trivial to prove that M = N =
i€Ew
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M* =* IN*. The easiest proof the author has found, on a suggestion of M.
Boffa and M. Crabbé, makes use of Fraissé’s technique of partial isomorphisms
(see [6], ch. 26). But such a proof cannot be nicely generalized, since it can only
be applied to languages having a finite number of symbols. However, another
more general but also more tedious proof has been found. It is given in detail
in [2], and its generalization will be given later in this paper.

On the other hand, the argument given in Case 2 can be reproduced here
to prove that ¥ =* O* # N = .

1.4 Case 4 The nonlogical symbols of £* are €,S° S!,..., and for every
L-structure @, @* is given by

@ = (U A’;e@,sg,Sé,...>,
IEw
where S§ = A, for every i € w.
An easy adaptation of the proof given in [2] shows that I = 9T = M* =*
IT*. And 9T* =* I* = N = I can be proved by reproducing the argument sug-
gested in Case 1.

2 Notations In the following sections, £ will denote a many-sorted lan-
guage, whose set of sorts will be E. In some sections, there will be constraints
on £, which will be indicated. An £-structure @ will be of the form

Q= ((AS)SEE; (®R,)rers (iFf)feF) ,

where the A,’s are the domains, the ®,’s the relations, and the §,’s the func-
tions. As for £pr-structures, we will impose that

vse L, A5+ O,
and that
Vs,t€EX, s#¥t=>ANA"= Q. ?3)

To generalize the results produced for £+, four different one-sorted lan-
guages £* will be introduced. Each time, @* will be the £*-structure canonically
associated with an £-structure ®&, in the same way that this has been done for

£77; in particular, the domain of @* will be |J A°.
ser

Two languages, £5 and £ will be also introduced later. =, =*, =g,
and =7 will denote the elementary equivalence relations corresponding respec-
tively to £, £*, £, and £F. For example, @ =* ® iff @ F o= ® F ¢ for
every £*-sentence o.

3 Generalization of Case 1 and Case 2 The generalization of Case 1 is quite
straightforward, and thus details will be left as an exercise. Roughly speaking,
£* is obtained by splitting functional and relational symbols of £, according
to the sorts of their arguments, and by adding a unary predicate symbol S* for
each sort s. Then, using a generalization of Lemma 1, one can prove that:
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For any £*-formula ¢, there exists Ly C L, L, finite, such that, for any £-

structure @, and for any y,,...,y, € |J A5,
sEL

axe A @ Folxy,.... ol edxe |J A° @ Folxyi,. .., 0l

sek SELy

This is the key to show that I = I = M* =* I*, for any two L-structures
M and 9. And IN* =* IJ* = M = N is true by exactly the same argument as
in Case 1.

Now, in order to generalize Case 2, £* will be defined as above, but with-
out the S%’s. As this £* is a sublanguage of the preceding £*, then M = N =
NM* =* 9U*, As we saw in Case 2, NM* =* IT* = M = I is in general false. Nev-
ertheless, it will be true if the S*’s can be “defined” in M and 9N, i.e. if, for
every s € L, there exists an £*-formula ¢°(x), having x as its only free variable,
such that

vxe |J M'O* E¢’[x] o x € M®
tex

and

vxe |J N'9t* E¢’[x] @ x € N°.
teL
For example, if £ is £7r, then for every i € £ = w, there exists a formula
¢'(x), such that for every £rr-structure @ satisfying the axioms of Simple Type
Theory, @* E¢'[x] o x € A', for every x € U A'. It suffices to define ¢’(x) as
I€Ew
(Ay(x€yndxedx; ... X X EXIAXIEXQN...AX EY))
AYY(XEY="(3XAX, ... X, 1 X0 EXIAXI EX2 A A Xiy €EV))).

4 Generalization of Case 3

4.1 A counterexample For the generalization of Case 3, £* will be the one-
sorted language having the same logical, relational, and functional symbols as £.

But first, as a motivation, let us look at a counterexample. Let £ be a
many-sorted language whose set of sorts is w, and whose atomic formulas are
of the form x’ = y' or x° € y’ (i € w). Now let M and 9 be the following
slightly different £-structures: M = (M, M!,.. . ;Ex) and N = (N, N,
...;Ex), where

4 M0= {ml,mz,...}
M' = {m;}, for every i = 1
Eqr = {(m;,M,): | € w}
* N°={ng,ni,ny,...}
N*' = {n;}, for every i = 1
Eq = [(n,h,): 1 € w}.
It can be proved that M = IT.

But if o* is (3Ix)(—3y)(x € y), then M* ¥ o* while IT* F o*. Hence IM* #*
IT*.
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What is the “fatal difference” between £ and £? Well, £ is, in a cer-
tain sense, “local”, while £ is not. This “locality” of £+ means that there are
only a finite number of sorts directly interacting with a given sort. In more tech-
nical words, the only atomic formulas into which x’ can occur are of the form
yi=lex!, x' =y or x' € y™!; thus sorts i — 1, i, and i + 1 are the only sorts
which can directly interact with sort /. This will be the hypothesis we will put
on £ to generalize Case 3.

4.2 The hypothesis on £ Let @ be an atomic formula of £*, and suppose
that x, ..., X, are exactly the variables occurring in a(n = 2). Then §, will be
defined by

Se=1451,...,8,0 EL" a(x{V/X1,...,Xp"/Xp)
is a well-formed £-formula}.

Then we can define
Sa(8) =1{s"€L:3A" #13(51,...,.S) ESy8;=85n8=5"}.
Now, the constraint we will impose on £ is the following:
for every atomic £-formula a, having at least two variables, and for every
se L,
S,(s) is finite.
For example, this constraint is satisfied by £r7:

o if ¢ is x; € x, then §,(0) = {1}, and S,(s) ={s— 1, s+ 1},if s >0
e if @ is x| = x, then 8,(s) = {s}.

4.3 Generalized sorts We will now introduce £, a many-sorted language
in which £ and £* can both be “embedded”. £ has the same logical, rela-
tional, and functional symbols as £. But its set of sorts, L, is bigger than L:
S € EG iff

e cither s € L (s is called a “proper sort”)
e or s is a finite subset of L (s is called a “nonproper sort”).

Elements of Ly are called “generalized sorts”. Intuitively, a varaible of sort
{s1,...,8,} will take its value among objects whose sort is neither s,, nor
S35+ .., NOT S,.

Atomic formulas of £ are built in the usual way, from the symbols of
£, without any restriction on the sort of occurring variables. By the way, we
can extend the definition of $, to cases where a is an atomic £;-formula,
whose variables are exactly x{1,...,x;":

Sy = {{S1,...,8,) EL " a(x{/x{, ..., x50 /x5m)
is a well-formed £-formula}.

So §,, and also §,(s), remain defined if @ is an £;-formula.
Now, let M be an L£-structure:

M = (M*)sex; (R,)rer, (Fr)rer).
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The £g-structure that will be canonically associated with 9 will be
Mg = (M¥)sers (M3)seo=(5); (R)rers (F7)rer)s

where, if S € ®*(Z), MS = |J M?®. We will suppose also that every M is
sEL\S
nonempty. This will be the case if L is infinite. We will see later what happens

if T is finite.
We say that £ and £* can be “embedded” in £ because, if I is an £-

structure, and if m,,...,m, € |J M?, then
SEL

o if ¢ is an £-formula, then ¢ is also an £;-formula and
MED[my,...,m,] Mg Edlmy,...,m,l; 4
e if ¢ is an £*-formula, then
M* Eplmy,...,m,] = Mg ESCImy,...,m,l, )

where ¢2 is ¢ where every variable x has been replaced by x< (that is
because M? = J M").

SEL

Now, let us pause for some useful definitions:

e a variable will be called proper (respectively nonproper) if its sort is
proper (respectively nonproper);

e an L£s-formula ¢ will be called proper (respectively nonproper) if all
variables occurring (free or bounded) in ¢ are proper (respectively non-
proper);

e an L£s-formula will be called homogeneous if it is proper or nonproper.

Also, we will use the following conventions: lower-case letters s, 7, ... will denote
proper sorts, upper-case letters S, 7, . . . will denote nonproper sorts, and a bold
lower-case s will denote any generalized sort.

Finally, we can introduce the £5-theory I', which will allow us to reason
purely syntactically (i.e., independently of the particular structures O, M*, and
Mg). I' will be satisfied by all £s-structures of the form M. Its logical
axioms are given by the following schemas:

I't  —aq, if a is a proper atomic £5-formula which is not an atomic £-formula
(this is justified by (3)).

I'2  —a, if ais an atomic £5-formula and S D $,(s) for some variables x* and
yS occurring in a.

I3 3x5¢(x5) = (IxSVIIp(xSVE)) v 3x5¢(x%)), if ¢ is an L£Ls-formula, and

sE&S.

4.4 Working definitions This section contains all the definitions used in the
next sections, together with some simple properties.
If ¢ is an £5-formula, then
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if s € L, then 84(s) =4 U{S,(s): a is an atomic subformula of ¢}

if SCL, then ¢y (S) =4 U{Sy(s): s € S}, and we define, by induction,
cd(S) =4 S
e THS) =qr c5(S) U ce(cg(S))

if S € L, then C§ =4 c2"(S)

pr(¢) =4 {s € L: s is the sort of a (proper) variable occurring in ¢}.

From these definitions it is easy to prove that

If n <m, SCT, and ¢ is a subformula of ¢,
then CJ(S) C CZ(T), (6)

and also that
If n=0,SCZX, and ¢ is an £5-formula, then
S C CL(S) @)
CL(CL(S)) = CAHI(S). ®)

If ¢ is an £;-formula, then nqr(¢), the “nonproper quantifier rank” of
¢ is defined by induction as follows:

nqr(¢) = 0, if ¢ is atomic;

ngr(—¢) = nqr(¢);

nqr(y v ¢’) = max{nqr(y),nar(y")};
ngr(3x°y) = nqr(y);

nqr(axSy) = nqr(y) + 1.

A key notion, the notion of a connected £s-formula, is also defined by
induction:

e if ¢ is atomic, then ¢ is connected

e if ¢ is connected, then —¢ is connected

e if ¢ and ¢ are connected and have at least one common free variable,
then ¢ v ¢ is connected

e if ¢ is connected and if x® occurs free in ¢, then 3x°¢ is connected.

An easy, but important, property of connected formulas is the following:

If ¢ is a connected £5-formula such that every atomic
subformula of ¢ is homogeneous, then ¢ is homogeneous. &)

It is also worth noting that

If o is a connected £5-sentence, then o
is of the form 3x%¢ or = ... —3x%¢. (10)

We also have to make more precise our definition of Ig(¢), the length of
an £s-formula ¢:

if ¢ is atomic, then Ig(¢) =0

lg(¢ v y’) = max{lg(y),lg(y")} + 1
lg(—y) =lg(¥) + 1

lg(ax®y) = lg(¥) + 1.
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Finally, here is our definition of a Boolean combination of a set of
Ls-formulas:

e if ¢ is an L£L;-formula, then ¢ is a Boolean combination of {¢}

¢ if ® is a Boolean combination of the set of £s;-formulas E, then so is
-

e if & and V¥ are respectively Boolean combinations of the sets of £5-
formulas £ and F, then ® v ¥ is a Boolean combination of £ U F.

4.5 Lemmas This section contains four lemmas, used in the proof of The-
orem 1 in the next section. It is not necessary to understand the proofs of these
lemmas in order to understand the proof of the theorem. Thus, those readers
who want to get some motivation before going into the proofs of the lemmas
can skip them in a first reading, and see how they are used in the proof of The-
orem 1 (Lemma 3 is used only in the proof of Lemma 4).

Lemma 2 (The fundamental lemma) If ¢ is a nonhomogeneous £s-formula
such that if S is the sort of a free nonproper variable of ¢ then S D C5(®)
(pr(9)), or if ¢ is a homogeneous £s-formula, then there exists an £s-formula
¢y, such that

Fto=oy

nqr(¢,) < nqr(¢)

every atomic subformula of ¢, is homogeneous
every free variable of ¢, occurs free in ¢.

Proof: The proof will be an induction on Ig(¢). Only a construction of ¢, will
be given, with however some indications concerning the reasons that I' | ¢ <
¢5. The verification of the remainder of the thesis is left as an exercise.

e If ¢ is atomic and homogeneous, then ¢, can be set identical to ¢.
e If ¢ is atomic and nonhomogeneous, then let x* and yS be two variables
occurring in ¢. As nqr(¢) = 0, then, by the hypothesis of the lemma,

S D CYpr(9)) = cs(pr(9)) = US4 (2): 1 € pr(e)} D 8 (s).

By Axiom I'2, ¢ is thus false. Hence, we can set ¢, identical to x* # x°.
o If ¢ is ~y, then CHT @ (pr(¢)) = CJU¥) (pr(y)). So ¥ also satisfies the
hypothesis of the lemma; by the induction hypothesis, ¥, exists, and we
can set ¢, identical to = (¥,).
e If ¢ is ¢ v ¥/, then if, for example, ¥ is not homogeneous, and if S is
the sort of a nonproper variable occurring free in , then
ey (pr(y))
C CH ) (pr(9¢))
(because y is a subformula of ¢, nqr(y) < nqr(¢), and pr(y) C pr(¢))
CS.

This is sufficient to show that ¥ satisfies the hypothesis of the lemma
and, hence, that ¥, exists. In the same way, ¥, exists, and we can set ¢,
identical to ¥, v ¥},

o If ¢ is 3x°y and that x* does not occur free in , then, as in the preced-
ing case, it suffices to set ¢, identical to .
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e If ¢ is 3x*y and that x° occurs free in ¥, then CJ¥¥) (pr(y)) =

@R (pr(¢)) and, as above, ¥ satisfies the hypothesis of the lemma,
we can set ¢, identical to 3x°y,.

If ¢ is xSy (x5), and x5 occurs free in ¥, and  has no proper free vari-
able, then ¢, can be ¢.

If ¢ is 3x5¢ (x5), and x° occurs free in ¥, and at least one proper vari-
able occurs free in ¥, then we would like to set ¢, identical to 3x5y,.
Unfortunately, we cannot prove ¥, to exist. A solution consists in first
defining

S’ =S U CLO =l (pr(4)). 11

By the constraint on £, and by the definition of nonproper sorts, S’\S
is finite. We can thus build the following £*-formula:

S WDy V() (12)

SES'\S

By I'3, ¢, can be set identical to this formula. Indeed, we are going to
prove that ¢ (x3) and the ¢ (x*)’s satisfy the hypothesis of the lemma;
(Y (x3')), and the (¥ (x*)),’s thus exist. Let us consider y (x5"). If T'is
the sort of a nonproper free variable of v (x5), then

a. either T is the sort of a free variable of ¢,
b.or Tis S’.

In the first case,
s .
CHUEY) (pr(y (x%)) = @1 (pr(¢))
C C @ (pr(¢)) (by (6))
cT. (hypothesis of the lemma).
And in the second case,

S§'D @gq"¢)‘sl,(pr(¢)) (by (11))
= e (pr(y (xS)).
Thus ¢ (x3") satisfies the hypothesis of the lemma. Let us now consider

a Y (x®). If ¥ (x°®) is homogeneous, we are done. And if it is not, then
let T be the sort of one of its nonproper free variables. Then

ot (pr(y (x*))
= eyt (pr(g) U (s))
C i (pr(¢) U €3 @1 (pr(¢)))
(by (7), (11), (12), and (6))

= eI (erar @1 (pr(¢)) (by (1)
= eyt e @ (pr(e))

(because nqr(y (x%)) = nqr(¢) — 1)
— @gqr(dﬂ—l(@3qr(¢)—1(pr(¢))

= C3¥ ¥ (pr(¢)) (by (8))
CcT (hypothesis of the lemma).
& (x°®) thus also satisfies the hypothesis of the lemma.
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Connected formulas have been introduced by Crabbé in [1], p. 14, under the
name “elementary formulae”, together with a weaker version of the following
lemma:

Lemma 3 Any Ls-formula ¢ is equivalent in T to a Boolean combination
. of a set {¢g,...,d,} of Ls-formulas such that, for every i < n,

* nqr(¢;) < nqr(¢)

* ¢, is connected

® any variable occurring free in ¢; occurs free in ¢

e any atomic subformula of ¢; is also a subformula of ¢.

Proof: The proof is easy; it can be found in [2].

Lemma 4 If o is an Lg-sentence all of whose atomic subformulas are homo-
geneous, then o is equivalent in T' to an £g-sentence o. which is a Boolean com-
bination of a set {0, ...,0,} of £5-sentences such that, for every i < n,

® nqr(o,) < nqr(o)
® ¢, is connected and homogeneous.

Proof: This is just a corollary of Lemma 3 and of Property (9).

Lemma 5 In T, every proper £s-formula ¢ is equivalent to an £-formula
@, such that every free variable of ¢, occurs free in ¢.

Proof: By Axiom I'1, ¢, is obtained by replacing in ¢ every atomic subformula
which is not an £-formula by a false £-formula (without adding new variables).

4.6 Conservation of the elementary equivalence In this section, the proof
of M = I = N* =* IU* will be given. This will be Theorem 2, which is an easy
consequence of the following Theorem 1:

Theorem 1 If M and I are L£-structures, then
M=N
¢
mG =G ff(G.

Proof: 1 Suppose that Mg =5 Ng, i.e. for every £Ls-sentence o, Mg F o=
Mg E o. In particular, if o is an £-sentence, then, by (4), M Eoe= M Fo=
NG Eoe I Eo. Hence, M = .

U Suppose that M = I, and let ¢ be an L£;-sentence. We are going
to prove, by induction on nqr(o), that M5 F o = s F 0. As o has no free
variables, Lemma 2 tells us that ¢ is equivalent, in I', to o, which is a sentence
all of whose atomic subformulas are homogeneous, and which is such that
ngr(oy) < nqr(s). Now, by Lemma 4, I' }- 05, < o5, Where o;. is a Boolean
combination of the set {oy,...,0,} of £5-sentences such that, for every i < n,

® nqr(o;) < nqr(oy) < nqr(o)

e g; is connected and homogeneous.
As Mg ET and Mg F T, the problem is to prove that Mg F 04 = N F ope.
But, roughly speaking, F commutes with — and v: for example, (Mg E ~¢) =

= (Mg E ). Thus, it suffices to show that M F 0; = I F o;, for every o;.
And as each ¢; is homogeneous, there are two cases:
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a. either o, is proper, and then

im(; I= g,

= Mg F (o), (by Lemma 5)
= M E (o) (by (4))
= I F (a) (hypothesis of the theorem)
= Ng F (o)),

= 9’60 f: ;.

b. or o; is nonproper; as o; is connected, then, by (10), g, is of the form
IxS¢(x%) or 7. .. =3xS ¢(x5). If g; is of the form x5 ¢(x5), then

Mg E 3xS ¢(x5)
there exists s € L\S such that Mg F 3x° o (x°)
there exists s € L\S such that s F 3x° ¢(x°)
(by the induction hypothesis, because nqr(3x°® ¢(x*)) < nqr(o;) <
nqr(o))
. Ng E xS o(x5).

173

And if o, is of the form —...=3x5 ¢(x5), the proof is done in the
same way.

Thus, Mg E o Mg Fdhc@mc Fohc:v Ne F g, and SWZG =g Ng.

Theorem 2 will give the solution to our initial problem. It is an easy con-
sequence of Theorem 1.

Theorem 2 If M and N are L£-structures, then M = I = NM* =* I+,

Proof: Let o be an £*-sentence. Then,

M* Eo
= Mg Eo? (by (5))
= NG Fa? (by Theorem 1)
= N* Eo.

Hence, M* =* IU*,

4.7 If X was finite As we saw above, if L was finite, then some of the M S5’s
could be empty, and then there would be a problem to define M. Neverthe-
less, it remains true that O = 9T = N* =* I* and, furthermore, there is no
constraint on £ or, if you prefer, the constraint imposed in Section 4.2 is always
satisfied. Indeed, for any £*-sentence o* there exists an £-sentence o such that
for any £-structure @, @ F o= Q@* F o*.

o is built in two phases. First, ¢* is transformed into & by the following pro-
cedure:

e if ¢ is atomic, then ¢ is ¢

dVyisdvy

* —¢is 1¢

* 3x¢is \/ IXH(x/x).
sEL

Then ¢ is obtained by replacing in & each atomic subformula which is not an £-
formula by a false £-formula.
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5 Generalization of Case 4 For the generalization of Case 4, £ must also
satisfy the constraint introduced in Section 4.2 (if £ is infinite). £* will be the
one-sorted language having the same logical, relational, and functional symbols
as £, plus one unary predicate symbol S for each sort s € L.

Let M and 91 be two L-structures. A direct proof of M = I = IM* =*
IU* can be obtained by slight modifications in proofs given for the generaliza-
tion of Case 3. But on the other hand, it can also be seen as a pure consequence
of Theorem 2. Indeed, let £* be the following extension of £: £ is obtained
by adding to £ one unary predicate symbol S° for every sort s € L. Any £-
structure @ can be easily extended to an £*-structure @*:

a* = ((AS)SEZ:; ((Rr)rER’(Sé)sEEa(gf)feF),

where, for every s € L, S§ = A4°.

Now, atomic formulas of £* can be defined to be the atomic £-formulas,
plus the formulas of the form S°(x®). Thus, £ also satisfies the constraint
imposed in Section 4.2, and Theorem 2 can be used to prove that

m-\— E+ m-ﬁ» = ml* =% m*.
And then it is easy to show that
M=NeoMt =+ N = O+ =* 9T+,
On the other hand, it is also easy to show that
N* = N* = M = AN.

6 Elementary substructures In every result we have shown, the = relation
could have been replaced by the < relation (even in the counterexamples). In par-
ticular, in the generalization of Case 3, Lemmas 2, 3, and 5 were about for-
mulas, i.e. not specially about sentences. It is thus easy to rewrite Theorems 1
and 2 for the < relation. This will be left as an exercise. (Hint to rewrite The-
orem 1: When showing that for any formula ¢, and for any m,,...,m, € M,
M* Eoplmy,...,m,} = N*E@[m,,...,m,], you can suppose that free vari-
ables of ¢ are proper; then the new version of Lemma 2 can be applied.)
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