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Generalized Archimedean Fields

JOHN COWLES and ROBERT LaGRANGE

We consider (linearly) ordered fields, F (actually (F,+, x,0,1,<)). A
subset S C F is positive if x > 0 for x € S. S is separated (of size a) if a > 0 and
Ix =yl >a whenever x, y € X. An easy exercise shows that F is Archimedean if
and only if: (1) there is an infinite positive separated subset of F and (2) every
bounded positive separated subset is finite.

Let k be an infinite cardinal number. We define F' to be k-Archimedean in
case: (1) F has a positive separated subset of cardinality k, and (2) no positive
separated subset of F having cardinality k is bounded. An ordered field is
Archimedean if and only if it is RjArchimedean.

In [6] Sikorski gives a very natural example of a k-Archimedean field 2_,.
To construct 2, and related systems we use ordinal numbers with Hessenberg
natural operation # (addition) and % (multiplication). Recall that an ordinal «
can be uniquely written in base w, as a = w*-n; + ... wW*-ng where o; >
o, > ... «ag are ordinal numbers, S is finite, n,, . . ., ng are positive integers,
“+” and ““” are ordinal addition and multiplication respectively. This repre-
sentation is called Cantor normal form. The natural sum of two ordinals in
Cantor form is obtained by adding them as if they were polynomials in w. The
natural product, likewise, is obtained by multiplying them as polynomials in w,
but with the provision that natural sum is used for addition of exponents. “#”
and ‘%’ are commutative and associative, have identities “0” and “1”’ respec-
tively. %’ distributes over “#”.

Considering k to be the set of ordinals less than k, we define 7, =
(k, #,%, <), 7, is the ring of differences over %, 2 is the quotient field of
7 and #, is the real closure of 2 ,. In [6] Sikorski proves that 2, is a
k-Archimedean field of cardinality k. Also every ordered field of cofinality k
contains a subfield isomorphic to Z_,.

In case k is regular we note that any k-Archimedean field does have
cofinality k, also that #-, is k-Archimedean. An Archimedean field of cardi-
nality X exists if and only if 8, <<\ < 2%0. For uncountable k we are interested

Received October 20, 1981, revised June 28, 1982



134 JOHN COWLES and ROBERT LaGRANGE

in determining those cardinals A for which there exists a k-Archimedean field of
cardinality A. In [1], p. 47, Cowles proves that if F is k-Archimedean, then
k < Card F < 2.

Related to the notion of k-Archimedean we have the notion of BW(k) (for
Bolzano-Weierstrass). An ordered field F is called BW(k) if: (1) F has cofinality
K, and (2) every bounded subset of F of cardinality k, has a limit point (using
open intervals as a base for open sets). In [6] and [7], Sikorski has shown that
for k regular, 2 , and ®, are BW(k) fields. In [6] he asks whether a BW(k) field
of cardinality greater than k exists.

Proposition If F is a BW(k) field, then F is k-Archimedian.

Proof: Since k is the cofinality of F, k is regular. By a result of Sikorski,
mentioned above, F contains a copy of .2 , which contains a positive separated
subset of cardinality k. If F' were not k-Archimedean, then F would contain a
bounded positive separated subset o/ of cardinality k. Y would not have a limit
point.

In order to describe the relationship between BW(x) and k-Archimedean
we need some more concepts. The notation {a ).« is used to denote.a k-
sequence (i.e., a function whose domain is k). The concepts k-Cauchy,
converge, strictly monotone are defined for k-sequences in the usual way. F is
called k-complete if the cofinality of Fis k and every k-Cauchy sequence from
F converges. F is called k-Ramsey if the cofinality of F is k and every subset of
F, having cardinality k, contains a strictly monotone k-sequence.

Theorem An ordered field is BW(k) iff it is k-Archimedean, k-complete,
and k-Ramsey.

Proof: Suppose F is k-Archimedean, k-Complete, and k-Ramsey. Let S be a
bounded subset of cardinality k. Since F is k-Ramsey, S contains a strictly
monotonic (say increasing) sequence (@) ex-

Since F is k-Archimedean, a,)qc, is k-Cauchy: choose @ > 0 and suppose

for all « € k that b <a,<c. Let I be a maximal separated subset of size % such
that (Vx e (b <x<c¢). LetJ = {_Z(xa_—b) Ix e ]}. Then J is a positive separated
set, and so Card(l) = Card(J) < k. For each x € [, let S, = {oz € K| la, — x| < %}
Since [ is maximal, k = U Sy. Since «k is regular, some S, has cardinality « and is
therefore cofinal withx;{ Let o be the smallest ordinal in S,. Then for all
ordinals v = o, there is a § € S, such that 6 > ~v. Now q, <a, <as, las =yl < %,
and la, - yl < %, so la, -yl < % and v € Sy. Then forall B,y =0, lag —a,) <

lag =yl + ly —a,l <a. Thus (az)u, is a k-Cauchy sequence.

Since F is k-complete, {a,)4e, converges and S has a limit point.

Now suppose F is BW(k). It has been shown that F is k-Archimedean. To
see that F is k-complete, let {a,)qc, be a k-Cauchy sequence of elements from F
and let 4 = {a Ja e «i.

Case 1. Suppose Card(4) < k. Let A, = {a € kla, = a}. Thenk = UA Ag, so at
ae
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least one A, has cardinality x (because k is regular) and is therefore cofinal with
K. Since {ay)qex is k-Cauchy, there is only one such A4,. Let B = 4 — {a}. Then

Card A BAb> <K, O A BAb is bounded in k. Therefore there is a 8 € k such
€ €

that (Vy > B)(a, = a), 50 {aglex cOnverges (to a).

Case 2. Suppose Card(4) = k. Since {ay)4ex is k-Cauchy, A is bounded:
3Bek)(Vy = pB)(lag—a,l <1),so fory =B, la,| <maxflag - 11, lag + 11}. Since
Card({lag — 11, lag + 1} U {lasl|8 < B}) <k, there is an element in the copy of
7% . contained in F which bounds {la,lla € k} from above.

Since F is BW(k), A has alimit point a. Forb > 0, let T, = {a e kla, #an
la, — al <b}. Since a is a limit point for A, Card(T}) = k: If Card(T) < k, then

Card ({ﬁ l oE Tb}> < k and is therefore bounded above by an element ¢
[ed

in the copy of 7%, contained in F. Then T = ¢, making it impossible for a to be

1
a limit point for 4. ¢
To see that {ay)qe« converges (to a), let b > 0. Since {ay)yex is k-Cauchy,

there is a § € x such that for all y > § and all § = B, la, — a5l < g Since

Card(Tp) = k, Tp is cofinal in k, so choose ¢ € Tp such that o = (. Then for all
2 2 2
y=o0,la-a,) <la-a,l +la, - a, <g+%=b.
To see that if Fis a BW(k)-field, then Fis k-Ramsey, let A be a subset of

cardinality k.

Case I. Suppose 4 is not bounded. Then either P={a e Ala>0} or N={lal|a e
A A a < 0} is not bounded above. Suppose N is not bounded above. Then the
cofinality of NV is at least k: Let 7% be the copy of 7%, contained in F. If the
cofinality of N is less than k, then let D be a cofinal subset of N with cardinality
less than k. Let 724 = {n € 7|ln <d}. Then 2 = U 7v 4 which contradicts the
regularity of k. deb

Case II. Suppose A is bounded. Since F is a BW(k)-field, 4 has a limit point a.
For b > 0, let Ay =f{c e A10 <la - ¢l <b}. Since a is a limit point, Card(4;) =

k: For if Card(A4p) < k, then B = {I_a——lﬁ |c € Ab} has cardinality less than k.

Let 72 be the copy of 7, contained in F. Since k is regular there is a X € 7
which bounds B from above. Then A, = ¢ making it impossible for a to be a
limit point. k)

Let L ={ceAlc<a} and U={c e Alc >al. Either H=1{f ¢ %ICard(Alﬂ

]
L) = k} has cardinality k or J = {B € %lCard(Al_ N U) = k} has cardinality k.

g
Suppose Card(H) = k. Then H is cofinal in 7. Choose the strictly monotonic
sequence (fg )y by transfinite recursion: Let kg € L. Assume h, € L for
« < 0 € kK have been chosen so that for all y < o and 6§ < o, if v < §, then
hy < hs. Since Card({a _lh la < o}) <Kk, {a _lh la < o} is bounded above by
[e3 [¢3
some A € 7. Let 8 be the first element in 72 larger than or equal to A such that
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A NL #+ ¢. Choose hse AyN L Thena~-h,<

<%<a—haforalloz<o, SO
B

™ |-

hoﬂ> hy for alla < o.

After many unsuccessful attempts, using standard algebraic and logical
techniques to construct k-Archimedean fields with cardinality larger than «,
one has a growing suspicion that either they do not exist or at least their
existence is not decided by the usual axioms (ZFC) for set theory. A possible
clue appears in a recent paper [2] of Juhdsz and Weiss: Let k be a cardinal, let
G be an ordered abelian group with a strictly decreasing k-sequence {(gy)qex Of
positive elements converging to 0 € G, and let S be a set. A k-metric on Sis a
function d: S X S = G* ={g € Glg > 0} such that forall 7, s, and ¢ in S,

@@ d@s, H=0iffs=1¢,
(ii) d(s, 1) = d(¢, s5), and
>iii) d(r, 1) < d(r, s) + d(r, t).

A topological space is k-metrizable just in case it has the topology given by
some k-metric. A topological space is k-compact just in case every open cover
has a subcover of cardinality less than k. In [8], Sikorski asked if there are
k-metrizable spaces of cardinality greater than k which are k-compact. Juhdsz
and Weiss prove that the existence of N,-compact, N,-metrizable spaces of
cardinality greater than ¥, is consistent with and independent of the usual
axiom of set theory.

The strong connection between the Bolzano-Weierstrass theorem and the
Heine-Borel theorem for space of real numbers suggests that bounded and
closed intervals of BW(k)-fields are k-compact: An ordered field F is HB(k)
(HB for Heine-Borel) just in case its cofinality is k and the k-compact subsets
coincide with the closed and bounded subsets.

Theorem An ordered field is BW(k) iff it is HB(k).

Proof: Suppose F is a HB(k)-field and that S is a bounded subset of F with
cardinality greater than or equal to k. Since S is bounded, S is a subset of a
closed and bounded interval /. Since F' is HB(k), I is k-compact and .S must have
a limit point: Suppose that S has no limit point in F. Then for each x € /, there
is an a, > 0 such that (Vse S —{x})(Ix —sl > a,). Let I, be the open interval
(x *+ay, x —ay) =1I,. Then (I, — {x}) N S=¢,s0 {I/|x e I} is an open cover of /
with no subcover of cardinality less than k because no subset of {/.[x e S}
covers S.

Now suppose that F is a BW(k)-field. Let 72 be a copy of 7, contained in
F. Then every k-compact subset of F is bounded: If S is not bounded, then
{(—a, @)l e 72} is an open cover of S with no subcover of cardinality less
than k.

Now let S be a k-compact subset of F. Then F — S is open and S is closed:
Leta e F—S. For each x € S, let I, and J, = (bx, ¢y) be open intervals such that
xel, aeld, and I, N J, = ¢. Then {I;Ix e S} is an open cover of S. Let
{I[Ix e S"} be a subcover with Card(S’) < k. Since Card({cy —alx eS'} U

fa —bylx € S'}) <k, there is a § € 7 such that for each x € S, l<cx~a and

%<a—bx.ThusforxeS', (a—%,a+é>CJx. So( —%,a+%)ﬂS=¢.



GENERALIZED ARCHIMEDEAN FIELDS 137

We now show that a closed and bounded subset, S, of F is k-compact.! Let
U be an open cover of S. We define an equivalence relation “~” on S by x ~
iff the closed interval [x, y] can be covered by less than k elements of U. Let C
be an equivalence class. C is open: for x € C, pick G ¢ U with x € G. Then
G C C. The class C is also closed. If x is a limit point of C, then x € S because S
is closed. Pick G € Uwith x € G, thenthereisy e CNG,y#x. Y ~xsox e C

We now show that there are less than k equivalence classes. If that were
not so, then we form a set D of cardinality at least k by choosing one point
from each equivalence class. D is bounded and has a limit point x, by BW(k).
x € S, so choose an equivalence class C with x € C. But C is open in S and C
contains only one point of D.

We next show that each equivalence class C can be covered by fewer than
k elements of U. Pick x € C and split C into T ={yeCly>x} and B=
{y € Cly <x}. Let 7 be the cofinality of T and choose an increasing sequence
(x4la <7 cofinal in C.The interval [x, x,] can be covered by fewer than  ele-
mentsof Uand T C U {[x, xo)la < 7}. If 7 <k, the conclusion follows. If 7>«
then the set {x,Ja <7} has a limit point z. The point z € C because C is closed.
xoSz forall @so T Clx, z] and [x, z] can be covered by fewer than k ele-
ments of U. The construction for B is the same.

Corollary It is consistent with the usual axioms (ZFC) of set theory plus the
existence of an inaccessible cardinal that BW(R,)-fields of cardinality larger
than 8, do not exist.

Proof: According to Juhdsz and Weiss, the existence of an ¥;-metrizable space
of cardinality larger than 8, which is also ¥;-compact is independent of the
usual axioms of set theory plus the existence of an inaccessible cardinal. Since
BW(k)-fields are HB(k)-fields, the unit interval [0, 1] of a BW(X,)-field is an
N,-metrizable space which is N;-compact.

The remainder of this paper is devoted to establishing the stronger result
obtained from the corollary by replacing “BW(8,)-fields” by “¥,-Archimedean
fields.” A tree is a partial ordering (T, <) such that for each y ¢ T, § =
{x e Tlx <y} is well-ordered by <. For each ordinal «, the o-th level of T is
{y € T has order type a}. The height of T is the first a such that the o-level of
T is empty. T' is a subtree of T just in case 7" C T and (Vy € T'X(Vx € T)(x <
y—>xeT'). Asubset Pof Tis a path through T iff P is linearly ordered by <
and contains exactly one element from each nonempty level of T. For a regular
cardinal k, a k-Aronszajn tree is a tree T of height k such that all levels of T
have cardinality less than k and 7T has no paths. A Kurepa tree is tree T of
height N, such that all levels of T have cardinality less than 8, and 7 has more
than R, paths.

Juhdsz and Weiss show that there is an N,-metrizable space of cardinality
greater than 8; which is N;-compact iff there is a Kurepa tree with no
N,-Aronszajn subtree.

Proposition If there is a BW(X,)-field with cardinality larger than 8, then
there is a Kurepa tree with no R-Aronszajn subtree.
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Proof: The unit interval [0, 1] of a BW(R,)-field is N;-compact and N;-
metrizable, and in an ordered field any interval with at least two points has the
same cardinality as the field.

Since it is known that if there is a k-Aronszajn tree then there is a linearly
ordered set of cardinality k with no strictly monotone k-sequence, there is some
reason to suspect that the Ramsey property of BW-fields accounts for the lack
of Aronszajn subtrees while the Archimedean property is enough to ensure the
existence of the Kurepa tree. For regular cardinals k, a k-Kurepa family is a
subset < of # (k) such that Card(<&) > k and for all « € k, Card(fx Nalx e
J 1) < Card(a) + R,. It is known that there is a Kurepa tree iff there is N;-
Kurepa family.

Theorem If there is a k*-Archimedean field of cardinality larger than «*,
then there is a k*-Kurepa family.

Proof: Let F be a k*-Archimedean field, let 72 be a copy of 7+ contained in
F, and for o€ k¥, let o be the corresponding element of % . For each e k*, a
subset D, of I = [0, 1] is given by Dy = {0, 1} = Dy4;, and for limit ordinals
a, D, is a maximal subset of I such that

@ Up,cop,
Bea
- 1
(2) D, is separated of size o

Let A be a limit ordinal:
Lemma (Vxel)(3ye D;\)(Ix yl < 2)\)

Proof: Otherwise (Ix € I)(Vy € D)) (lx yl = 2)\) contrary to the maximality
of D}\.

Lemma  (3xe DA)<0 <l-x< %\)

Proof: 1If 1 - %\ eDy, letx=1- —21—7\, otherwise, there is a y € D, such that

0<l( —5\) y|<5\ Since y # 1, yeDh,andleDk,l——z)\>J’ Thus
1 1

_— - <— dl—V<—

! ) Y 2)\an A

Lemma  (VdeD, - {1})3x eDk)(O <x-d <%)

. 1 1 . 1
P ; D ld+= -yl <=.8 #d ld-yl=2—=.1f
roof: There is a y € D, so that 3 y 5 ince y y >

] 10 1 1
>Sd+L thn0<y-d-=<Ltand0<y-d<iIfy<d+-=, th
Y v en T - >\ n el

d-y <o, soy>dandd+§\>y>d. Then |y —dl <E—5\,contrary to Iy —dl

> L
n
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Lemma  (Vd e D, - {0})(3@x e D;\)(O <d-x< %)

Let I' = {a e k*lk < o} and let A be the set of all limit ordinals in I of the
form k X § for some ordinal 8. For each 6 € A, Dj is separated of size 5% and
bounded, and so Card(D;) < k. Since g < 1 for g € k, Card(Ds) = k. Thus

Card(Ds) = k. Let f5 be a bijection from k onto Dg — {1}. Define a bijection g
from k onto Dg — {0} by letting gs(0) be the unique d e Dg such that 0 <d -

fs(0) < % The lemmas ensure that g5 is defined and surjective. For o € «, let

Isio = [ f5(0), 85(0)].

Letl' =1~ U+ D, Since Card(D,) < k and Card(F) > «*, Card(/") > k™.
For each x e I', let Sy = {a e k*lx e I} and let J = {S,lx e I'}. Let x <y be
elements of I' and choose § € A so that % <y - x.If S =Sy, then for some

p € k, both x and y are in I3, = [ f5(p), &s(p)]. Then y — x <ga(p) fs(P)<
contrary to the way 8 was chosen. Thus Sy # S, and Card(&") > Kt

Lemma For 8 and v in A, and for acand Bin k, if § > 4y and Isiq N Lig#
¢ then ]5+a +5

Proof: Let x € 18-0-& N I,ig. Then £,(B) < x <g,(B) and fa () < x < gs(a). Since
&,(B) — £,(B) = 2_,

that x - f,(8) = Z: Since gs(a) — f5(a) < =, x — fslo) < =. Hence £, (8) <

either g,(B) —x = 4L orx — ﬂ,(B) L . Suppose for example
Y ’Y

fs(e) < x. Since D, C D5 &+(B) € Ds and g»,(B) fs(e) = 5 Ifgy(5)<gs(05)

then gs(a) — g,(8) = 5 Then gs(@) ~ f5(o) = contrary to gs (o) — fs (o) 3 5

Therefore gs () < g,(B).

Let o e k*. If o € k, then « N S, = ¢ for each x € I'; so in this case,
Card(fa N Sylx e I'} = 1 < Card(a) + R, Suppose now that k <o < k*. Let
8 € A be chosen so that 4a < 8. For each € k, if x and y are both in I5i4, then
anNS,=ans),: forif y e N S,, then k <+ and so there are 8’ ¢ Aand §' € k
such that y = §' + §. By the lemma, I533C I, 80 ¥ € [yand v € a N [,,. Therefore
Card{oz N Ilx e It <Cardi/s14!B € k} = k = Card o This then is enough to show
that & is k*-Kurepa family.

Corollary For each infinite cardinal k, it is consistent with the usual axioms
of set theory plus the existence of an inaccessible cardinal that k*-Archimedean
fields of cardinality larger than k* do not exist.

Proof: J. Silver has shown [9] relative to the existence of an inaccessible
cardinal that for each infinite cardinal k, it is consistent that there are no
k*-Kurepa families.
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Questions:

(1) Is it consistent that for all infinite cardinals k, k*-Archimedean fields
of cardinality larger than k* do not exist?

(2) For each regular cardinal «, is it consistent that k-Archimedean fields
of cardinality larger than k do not exist?

(3) For what cardinals k (if any) is it consistent that xk-Archimedean fields
of cardinality larger than k exist? This is related to the following. If a k-Kurepa
family exists, must a k-Archimedean field of cardinality larger than k also exist?
(The constructible universe is the place to look.)

(4) Is it consistent for k-Archimedean fields of cardinality larger than k to
exist while BW(k)-fields of cardinality larger than x do not exist?

NOTE

1. Thanks are due to the referee for suggesting the following proof, which is shorter than
that proposed by the authors.
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