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Part I General interpretations for the modal language ML

1 Introduction The modal calculus MC” (based on the language ML") and
the extensional calculus EC**! (based on EL**!) are presented and investigated
in [2]; and in Section 15 of that work the translation A = A" of ML” into
EL"*1is defined (on the basis of the semantical rules for ML?). The main result
concerning the function 7 is proved (syntactically) in [2] (Theorem 63.1). The
theorem asserts that, for a suitable version of MC?,

(1.1 l;{;p iff I;C',;;;p”, for every formula p of ML”.

Obviously, the only relevant part of (1.1) is the implication from right to
left, since its converse is the very goal aimed at in defining 7.

Now, in [8] MC? is proved to be complete with respect to general
MLV-interpretations (cf. Section 3) and an analogous result for EC**! can be
easily achieved by adapting the proof of Theorem 2 in [4]. Therefore (1.1)is a
trivial consequence of

(1.2) % p iff %p", for every formula p of ML?,

g g .
where Iﬁp [ I;—C_,;—ﬂ p"] expresses that p[p"] is true in every general model of

the considered version of MC*[EC**1].
In this work the structures of the general interpretations for MLY and
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EL"*! are investigated, mainly in order to give a simpler proof of (1.1) and in
order to extend it to a stronger result (Theorem 10.3). This theorem asserts
that every given maximal consistent set K of (totally closed) formulas of ML"
can be embedded, by means of 7, in exactly one maximal consistent set of
(closed) formulas of EL'*!, in which the constants (of EL”*!) occur only in
formulas of the form ¢"(q € K).

The language ML” is based on a type system 7" and a QI structure for an
MLV-interpretation J is a set J ={ 2Jd;: t € 7"} where 2 J, is the set of the
designata (in &) of the expressions of type ¢. The semantical rules for ML” are
expressed in an extensional metalanguage and every element of ZJ,—quasi-
intension of type f—(¢ € 7¥) turns out to be an (extensional) object of type
" (e TV*1, the type system on which EL**!is based). Thus every QI-structure
can be obtained from a suitable Ob-structure S = {Ob;: 5 € 7°*!} for an EL"*1-
interpretation I, by setting 2., = Ob,n, for all ¢ € 7*. In this case we say that
is the QI-structure induced by S (J =S?). Furthermore, the correspondence
S — S’ can be extended in a natural way to a correspondence I = I' between
EL"*\interpretations and ML"-interpretations (cf. Definition 2.1).

The version of MC? considered in this work is the minimal calculus for
which (1.1) is provable (cf. Section 7); it has two additional axioms—MA4.1
and MAS.1—-besides the basic ones (MA3.1-3.18) which are true in every
general ML%-interpretation.! In Part I, Sections 4 and 5, necessary and sufficient
conditions on a given general ML"-interpretation J are determined for MA4.1
and MAS5.1 to be true in it. In particular, if these axioms are true in J, then
certain quasi-intensions can be considered in the Q/-structure of of 2, which can
represent the sets D, . . ., D, of individuals and the set I" of possible cases on
which f (and the Ob-structure S determining /) are based. Therefore, the
construction of S and the correspondence S — S’ can be expressed in o, and the
restriction of this correspondence to objects of type ¢7(t € 7¥) turns out to be
expressed by an embedding of / into itself (cf. Section 8).? This is substantially
a modal analogue of the embedding Ob; = Ob,n (= 2Jd;) which mirrors the
transition from an extensional semantics (or object system) to our modal
analogue.

In Part II, Sections 6 and 7, the translation n of ML into EL**! is con-
sidered, and some useful results are stated, which, for any expression A of ML?,
relate the designatum of A" in an EL"*'-interpretation I, with the designatum
of Ain I'. In particular, in Section 7 the easier part of (1.1) is proved.

The other part is a consequence of the following statement: for every
general ML%-interpretation J, a general EL"*l-interpretation I exists such that
3 =1I'. This is proved in Sections 8 and 9 substantially by defining 7 inside J.
Let us remark that the abovementioned possibility of embedding the QI-
structure of 3 into itself is strongly used in the construction of I, as well as in
the proofs that 3 =I' and that I is general.

The procedures introduced in Section 8 are also used in Section 10 in
order to prove Theorem 10.1, on which the proof of the abovementioned
uniqueness result is based.

2 Semantics for the languages ML” and EL"*! The language ML" (v € Z*,
the set of positive integers) is based on a type system 7 which is the smallest
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set such that {1,...,»*C7”and{¢,,.. ., t,, ty € 7° whenever ¢, . . ., I, € 7° and
to€ 7°= 717U {0}. For every ¢ € 77, the constants ¢, and the variables vy, (n € Z%)
are primitive symbols of ML"? in addition to the usual logical symbols: =, ~, a,
0, 7, comma, and left and right parentheses. The set &;(¢ € 7¥) of the well-
formed expressions (wfes) having type ¢ of ML, is defined recursively according
to the following rules (f1)-(fg), where ¢, t,, . . ., t, run over 7¥ and #y[n] runs
over [ Z*].

(f1) vme&randeyely

(fy) ifALAe&s thend;=A e &y

(f)  ifAe@y (i=1,...,m)and Ae &, 1 ror then (AAy,. .., A€ &y,
(fa-) if p, g € &, then (~p), (P A q), (V1n)P), and (Op) € &,

(fs) ifpe &g then (y,)p e &3

The extensional language EL'*! can be defined as the extensional part of

MLY*1; that is, the wfes of EL”*! are those of ML”*! in which the modal
operator 0 does not appear. The set of wfes of type s(e 7°*!) in EL"*! is
denoted by E.

Following Carnap we denote {6, . . ., 0,, 0y (in 7” or ") by (84, . - ., 0,,)
or (0y,...,0,: 0, according to whether 6, is 0 or not. For every 0 e 7°[7"*!]
the elements of &,[E,] are called well-formed formulas (wffs) when 0 = 0,
relation terms when 0 = (64, .. ., 0,), function terms when 6 = (64, ..., 0,: 0),
and individual terms when 0 e {1, ..., v{[{l,... v+ 1i].

The symbols v, D, (Juv;y,), ©, and other metalinguistic abbreviations are
understood to be introduced in the usual way. In particular, we often write
A e A' instead of A'(Q), and (3,x)p, (Vx € F)p, and (1x e F)p will stand
respectively for (3x)(p » (W) plx/y] D x = ), (x)x € F D p), and (1x)(x €
F A p), in both ML” and ELY*!. Furthermore, every expression used in the
sequel is assumed to be well formed. This makes several explanations
unnecessary.

A formula p (in ML") will be said to be modally closed if it is constructed
from wffs Op,, . . ., Op, by means of ~, a, (vs,), and O; if p is also (exten-
sionally) closed, then we say it is totally closed.

For every choice of v + 1 sets Dy, . . ., D,; we say that the set § =
{Obs: s € T"*1} is an Ob-structure (for EL'*') in case the following conditions
(2.1-2.3) hold.*

(2.1) 0Oby=10,1}; Ob, =D, (r=1,...,v+1)
(22) Ob(sl,...,sn) cr (H;z Obs,‘)
(2.3) Obgs,,... 5050 S (I Oby) = Oby).

If @”*! is a function, of domain 7”*!, such that (a’*! =4)a”*(s) € Ob, (for

all s € 7°*1), then we say that (S, a"*V) is an Ob-system. a’*! is called the
nonexisting object of type s, since it will be assumed to be the designatum of
every description (in E;) which does not fulfill its exact uniqueness condition
(cf. rule (dg) below).

An EL*"-interpretation is an ordered triple I = (S, a”*!, I) in which / is a
valuation of the constants of EL*! in S, that is, a function assigning each
csn € Fg an object I(cg,) in Oby. If in (2.2, 3) the relation C holds as an equality,
then 7 is said to be standard.
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The set of all valuations of the variables of EL**!in I (briefly, I-valuations)
will be denoted by Val;. The following rules (d,)-(dg) define the designatum
desyy(A) of the arbitrary wfe A in EL**! in correspondence with the EL”*1-
interpretation I and the I-valuation V. In these rules we assume n € Z¥, s € 2%},
and desyy(A') = A' for every subexpression A’ of A; furthermore, in (d3)[(d,)]
R(A,, ..., ADIf(4,, ..., Ay)] denotes a formula [a term]. Note that V(vg,/§)
is an I-valuation just like V except V(vs,/&)(vg,) = €.

(dy) desiy(vg,) = V(vg), de_SIV(C_’;m) = I(cen)

(dy) despy(A,=Ay)=1if A= A,, 0 otherwise

(d3)  des;y(R(A,, ..., Ap))=1if (4, ..., Ay) e R, 0 otherwise

(d4) desIV(f(Al» e ':_An)) =f(Als s "_A'i)

(ds-¢) despy(~p)=1-p;desjy(prq)=p-q

(d7)  desty((vsn)p) = mingeopy(desiv, (p)) where Vi = Vi(vgn/§)

(dg)  despy((vg)p) = the only § e Ob; such that desyy'(p) = 1 for V' =

V(vgn/£), if such a unique § exists, a2*! otherwise.

As usual a formula p is said to be true [satisfiable] in I if des;y(p) = 1 for
every [some] V e Val. It is a matter of routine to prove that desyy(A) does not
depend on V when A is a closed wfe; in this case we shall often write des;(A)
for desyy (A).

In order to define the semantics for MLY we first consider the translation
n of 77 into 77*1:

O"=w+1), M=@+1:r) (r=1,...,v)
4) <@y,..,t)"=0],..., 0, v+])
(tl’ e tn: t_o)n = (t?a RS t;l’ tg);

and, secondly, we say that a structure of quasi-intensions (briefly, Ql-structure)
for MLV is a set J =1{.2Jd;: t € T} such that, for some Ob-structure S =
{Oby: s € T+,

2.5 2d,=0b

The (v + 1)th basic set for a Ql-structure, i.e., D, is denoted by I' and
its elements are called possible cases. Furthermore, for all ¢ € 7%, every £ € 2 A,
is said to be a quasi-intension (briefly, QI') of type ¢.

Analogously to the extensional case, an ML"-interpretation is an ordered
triple, 3 = (J,a”, L) in which: (1) J is a QI-structure, (2) a” is a function of
domain 7%, such that a} € 2., for all ¢t e 7, and (3) J is a valuation of the
constants of ML in f .5

m»> forall £ e 7.

Definition 2.1 Let I =4S, "\, I) be an EL'*“interpretation and let 3 =
(4,a”,d) be the ML -interpretation determined by the equalities (2.5) and:
a? = iy, d(cty) = 1(,n,), for all t € 77 and n € Z*. Then we denote 3 by I’ and
say that: (i) 3 is induced by I, and (ii) I is an extensional correspondent of J.

Definition 2.2 Let 3 be an ML'-interpretation and let &, § € 2. A (¢ € 7).
Then £ and ¢ are said to be equivalent in the case y(e I') (briefly £ =, {) if one
of the following conditions holds:

(a,b) t=0andéNn{yi=¢Nyl, refll,.. ., viand &(y) = §(v),
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(© t=(ty, .., ty)and £ N (7 2Zd,) X iyh) =§ 0 (A7 2HL,) X ],
(@ t=(ty, ..., ty: to) and, for all w € I} 2y, &(@) =, {(o0).

Let 3(=(J,a",d)) be an ML -interpretation and let ¥ € Val, Then the
designatum desgq (A) of the arbitrary wfe A (with respect to 3 and 7) is
defined by means of the following Rules (§,) to (8,), where the analogues of
the hypotheses for (8,) to (8g) are assumed.

(8,)  desyy(vm) = YV (ven), desyy (cn) =I(ctn)

(82)  desyy (A= Ay)={yel: A =, A, B _
(83)  desyy (R(Ay, ..., Ap))=1yeT:(Ay, ..., Ay, v e R}
(84)  desyy (f(Ay, -, ) =F(By,. .., Bn)

(85-6) desyy(~p)=T —p;desyy(pnrnqg)=pNgq

(87)  desyy (vm)p) = seDJt desyy (p), where U = V (v /§)

(8g) desyyy@Ap)=T[dlif p=T[p+#T]

(89)  desyq ((104,)p) = the only QF § such that
(a) v € desyq, ((31v1,)p) and 7y € desgq 1(p) for V'= UV (v /) = § =, &,
(b) v € desyy (~(31vn)p) = § =, af.

The exact uniqueness of the Qf ¢ fulfilling (a) and (b) is proved in [2],
N11; let us remark however that ¢ (as well as other designata) may fail to be in
U /. In any case this unsatisfactory situation does not happen when general
ML%-interpretations (cf. Definition 3.2) are dealt with, and these are sub-
stantially the only ones we shall investigate.

A formula p is said to be true in 3 if desyqy (p) =T for every ¥ € Valy. If
a ¥ € Valy exists such that desy,,(q) # ¢, then q is said to be satisfiable in J.

From now on we assume that every interpretation of ML*[EL**!] fulfills
the following (usual) conditions on a”[a”*1]:

(A)  ag,,...oplals,)... sp]is the empty set

(B)  The image of a{r,,...,t,: 0 alsy,....50:50)] 18 {ar, Hlagg 1.

S0
These assumptions are conventional and could be chosen otherwise; we adopt
them substantially because they will render certain proofs simpler.

3 The calculi EC**' and MC®, general interpretations, and completeness
theorems for EC**! and MC" The following list shows the basic axioms for
the calculus EC**!, based on EL*!. In it p and g denote wffs, A denotes a
term, and x, », z, x;,...,xn, F, G, f, and g denote variables of suitable types;
furthermore, in EA3.14,15 we use the symbol af as an abbreviation for
(50 (sn F Usn).

EA3.1-6 The axioms of the predicate calculus
EA3.7-9 x=x;x=yANy=zDx=z;x=yDAlz/x]=Alz/y]
EA3.10 F=G=(Vxy, .. ,xp))ECxyy .. 0 Xn) =EG(xy, . . ., Xp))
EA3.11 f=g=(Vxy, .. ,xp)f(xy, .- X)) =8(X1, .. oy Xp)
EA3.12 (AF)Yxq, .., x)F(xy, .. ., Xz) =p)(F not free in p)
EA3.13 FUYxy, . xp) Xy, . .y Xn) = A (F not free in A)
EA3.14 (@) (3wsn)q A qlvge/y1 Dy = (vg)q

(b) ~(310sn)q O (wen)q = a5
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EA3.15 (a) ~a¥(xy, ..., xn) (Wheres=(sy,...,5,))
(b) ag(xy, . . ., Xp) = a5y (where s =(sy, ..., Sy So)).

If we regard the symbols occurring in EA3.1-EA3.15 as ranging over ML",
then (fori =1 to 15) EA3.i also represents a schema of wffs of ML”, which we
denote by EA3.i". Thus the axiom schemes for the calculus MC” (based on ML?)
can be introduced briefly as follows.

MA3.i EA3.1' forie {l,...,8,10,..., 15}
MA3.9 Ox =y D Alz/x]=Alz/y].
MA3.16,17 O(p D ¢q).D.0p O 0Ogq; Op Dp.
MA3.18 p O Op, where p is modally closed.

In addition to EA3.1-EA3.15 [MA3.1-MA3.18], we assume:

(i) the closure [total closure] of an axiom of EC’*! [MC"] is an axiom
of EC**1[{MC"]
(ii) the only deduction rule in EC**![MC"] is the modus ponens.

Definition 3.1 The QI £[¢] of type (¢4, . - ., t))[(ty, - - -, ty: )] is said to
be definable (in the ML"-interpretation #) if there exist: (i) a ¥ € Valy, (ii) an

n-tuple X = (x,, . . ., x,) of variables of type ¢, . . ., t,, respectively, and
(iii) a wff p [aterm A e &,O] such that (3.1) [(3.2)] below holds.
B.1) E=dp, X, 3, V)=KE, . L&, Ee2dy(i=1,. . ,n)and ye

desyy1(p), where V' = V(x,/&y, . . ., xp/En)}.
(3.2) ¢=dA X, I3, 7)={LEr, - - o Sn) desyy 1 (A)): §i € _Z,Jti(i= 1,...,n)
and V' = Y (xy/Sys - - XnlEn)b

Here we omit the analogous definition for the EL”*l-interpretations, since
it is quite similar to Definition 3.1; the only relevant difference is in the cor-
respondent of (3.1), which is

(3.3) dp, X, I, V) = K&, . . ., &) € II} Oby;: despyr(p) = 1, where V' =
V(xi/§1, .. . XnlE0)3

Definition 3.2 Let #{/] be an ML"-interpretation [EL”*!-interpretation].
We shall say that #[I] is general if, for all ¢ € T"[s € 7°*!], every QI [object] of
type t[s], definable in #[7], belongs to 2. A;[0b;].

Theorem 3.1 below is proved (by a Henkin’s method) in [8], whereas the
proof of Theorem 3.2 can be easily deduced from that of Theorem 2 in [4].

Theorem 3.1 (Cgmpleteness for MC?) For every p e &y and K C &,,
K |McupiffK %p

Theorem 3.2 (Completeness for EC**Y) For every p € Eyand K C E,,
. g
K omip ff K =55 p.

In this work the expression d(A, {xy, . .., Xp), 3, ¥) will be often replaced
with its equivalent desyq ((Ax4, . . ., X, )A). It is worthwhile remarking, however,
that the operator X is defined in ML” by means of the operator 1:
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(3 4) {()\xl’ . ')xn)p =d (7F)(vxl) .. -,xn)(F(xb 00y xn)Ep)
’ ()\xl’ .. -,xn)A =d (1f)(vxls L ')xn)_f(xls (IR xn) = Aa

and hence the two expressions are equivalent only if 3 is a general ML"-
interpretation. Analogously we shall write des;y((Axy, . . ., x,)A) instead of
dA, {xy, .0 x), 1 V).

4 Isomorphic ML"-interpretations and an additional axiom for MC"

Definition 4.1 Let $ and 3’ be two ML"-interpretations and let Ww{w(t €
7%)] be a one-to-one correspondence between I'and I'' [.2.J; and 2.J;]. Then
w= U w; U is said to be an isomorphism between J and J' if the following

ter’
conditions hold:

(@) Epbeld,(r=1,...,0)=§ ()= E()iff £7(Y") = &)

(b) Ee 2Ado=>8"=1y": vetl

(©) b€ 2diy,. . n=8 =W, .. &, ¥, L8 Vel

(@ & e 2dq, .ty = EYGEY, .o B = wEE,, . . ., &) for all
Ky B e T 2,

(e @ =w(a"),d' (i) =w(dlcm)) (ter’, neZ*).

As usual, two MLP-interpretations are said to be isomorphic if an iso-
morphism between them exists. Conditions (b) to (e) above correspond to the
ordinary isomorphism conditions between arbitrary structures; whereas the use
of (a) depends on the fact that we are dealing with ML -interpretations. The
basic entities for these structures are not individuals, but individual concepts,
i.e., functions, and hence the lowest level relation is not the equality between
individuals, but the equality between individual concepts in a given possible
case. On the basis of this remark it is clear why no correspondence is assumed
between the sets D, and D, (r =1, . . ., »).

If 9 and 3’ are isomorphic ML -interpretations and % € Valy, then the
J'-valuation defined by % '(vs,) = w(¥ (vs,)) will be denoted by ¥". The proof
of the following theorem is based on an easy induction on the length of A.

Theorem 4.1 Let w be an isomorphism between the ML -interpretations 3
and 3', and let A be any wfe of ML®. Then

(4.1)  w(desyy (A)) = desyryy w(Q), for all V € Val,.

Corollary 4.1 () Any formula p of ML® is true [satisfiable] in the ML?-
interpretation 3 iff it is true [satisfiable] in every ML'-interpretation iso-
morphic to 3.

(i) If 9 is a general ML*-interpretation, then every MLY-interpretation
isomorphic to it is general.

In the remainder of this section we shall consider an example of iso-
morphic ML -interpretations to be used later; it refers to those ML -interpreta-
tions in which Axiom AS25.1 in [2] holds. Before writing this axiom we need

n
to recall some definitions; in them F'is a term of type ¢ = (¢4, . . ., £,) and /\ Di
denotes py A. .. AD,. !
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(4.2) Mconst(F)=g (Vxyq, .. o, xp)OF(xy, . . o, Xp) EOF(Xxq, . . ., Xy))
(4.3) Msep,(F) =3 (Yxy, ¥1, -+ o Xp, yn)(F(xl, X)) ANF (Y, oY) A

n n
% /\ X;p=y;i 2 /l\ Ox; =}’f>
l
(4.4) Abs;(F) =43 Mconst;(F) n Msep;(F)
n
4.5) FO%xy, ..., x)=q Qyy, .. -,yn)(/i\ xi =yi NF(yy, .. .,yn))-

‘For any given ML'-interpretation 3 we shall say that the relation R (of
type t = (¢4, .. ., ty)) in J is modally constant or modally separated or absolute
if desgq (Mconst;(R)) = T or ~desx.f,/(Msep,(R)) = T or desyy(Abs;(R)) = T,
respectively, when desyq (R) = R.

In the sequel we shall use the convention of writing ‘“<§,, . . ., &,) € R” for
““t1, ..., &n, 7 € R for all v € I'™. In case n = 1, we shall often write &, € R for
(§P € R

Axiom AS25.1in [2] is

MA4.1  O@F)[Absey(F)n F@) A OX)FOx)] (r=1,...,v).

Let 3 be an ML’-interpretation in which MA4.1 is true. Then, for every
re f{l, ... vl there exists a QI F,, of type (r), that satisfies the following
conditions:

(4.6) (&, eF, forsomeye P=(HEF,

“@.7) (&, (EZ)GF, and &, =, &, for some y € l"=>§1 &
(48) teZzJ,andyel'=¢ 7é}forsome(‘;’)eF
4.9) @DeF,

Let us assume a;(y) = a,(e D,) for all v € T"; in this case the set 6’,, defined
by

(4.10) 6‘, = {(§, v): & is a constant function in (I' = D,), v € T'},

fulfills Conditions 4.6-4.9. Since we are dealing with arbitrary (and not
standard) ML"-mterpretatlons we cannot know whether C is in 2.Jd ) or not;
however we can show that the assumption C € 2. (in addition to {a;) € C)
does not cause loss of generality. Intuitively, we can do this since the basic
relation in an ML*-interpretation is the equality between individual concepts in
a given possible case, and the comparison between the values of individual
concepts at different cases has in general no meaning. Thus, for every v € I" we
can change the values at vy of the elements of 2., (taking care to preserve the
equalities) in order to render the QIs & such that (§) € F,, constant functions.

Theorem 4.2 Let 3 be an ML*-interpretation in which MA4.1 is true, and
let F be an element of 2_J ) satisfying (4.6-4.9) (r € {1, . . ., v}). Then there
exist an ML"-interpretation 3" and an isomorphism w between Jand 8', such
that w(F,) = C,.

Proof: LetD, =D, (r=1,...,v),["=Tand w(y)=1 forally e I". For every
(e2d,andyeT,let &, be the unique element of 2 J, such that (¢,) € F, and
£,(v) = &(v) (see (4.8)). Now we fix (once and for all) a y e I" and we set
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£(y*) = £,(y) for all v in I". Condition (a) of Definition 4.1 holds for this w,
indeed £(7) = §(v) <= &, = §, = £,(7) = §,(0) <= £'(") = {¥(v"). Hence, if
we extend w to QIs of higher type-level, by means of (b) to (e) of Definition
4.1, then it turns out to be an isomorphism between J and the resulting
interpretation #'. Let us consider the QIs £¥(e 2. ;) for (¢£) € F,. For these ¢ we
have &, = & and £¥(y") = &(7) for all y e T'; that is, £ is a constant function
from I" into Dj.

Constant functions from possible cases to individuals are called subsis-
tents. By Theorem 4.2, it is natural to extend this notion and call subsistent
every QI & such that, for some F, fulfilling (4.6-4.9), (£) € F, (see, e.g., [1]).

5 Representatives of the possible cases in a given general ML"-interpretation
and a further axiom for MC® Let 3 be any given general ML -interpretation.
In order to make our investigation easier, first note that by the designation
rules (8,) to (8y) (Section 2), for every wfe A and every ¥ e Valy, desyqy (A)
does not change if we replace 2 Jf, with an arbitrary QI D {desyy (p): p € &,
and ¥ e Valy}. On the other hand, desyq, (p) € 2., for all p and 7. Therefore
without any loss of generality we can adopt the following hypothesis.

Hypothesis 5.1 2Jo=1desgy(p): p € &oand V € Valyh.

Second, suppose that a subset I'' of I' exists such that, for all p e &, and
all 7 € Valy, I C desgq (p) or desgy (p) CT —I'. In this case all elements of I
behave in the same way with respect to the designata of wffs of ML” in #, and
hence we can replace I'" with the singleton {v} for an arbitrary v € I'" (which
means in particular that 7 is substituted for every element of I'" in all QIs of ).
Hence no loss of generality is practically afforded by the following:

Hypothesis 5.2 If vy, v, € T' and 7y, F 7,, then there exist a wff p and a
YV € Valy such that v, ¢ desy,, (p) and v, € desgq (D).

Now we consider a new axiom for MC” which allows us to construct in J
a QI T' that will be shown to correspond to the set I' of possible cases. This
axiom is A14"' (II) in [6] and Definitions 5.2 and 5.3 below of “Modally
minimal property’ and “Actual Elementary Case” are introduced in that paper
too.

(5.1) FCH=;(Yxy, .., x0)E(xy, .., x0) DH(xy, ..., x)).
(5.2) Mmin,(F)=; (HYFCHDOF CH), (whereFe&;).
(5.3) AEC(c) =g Mmingy(c) A (vgq)c(vyy).

MAS.1 O(3c)AEC(c).

The meaning of (5.1-5.3) is easily understood; in particular, for F' € &
and desyq (F) = F, we have

(5.4) 7 € desyy(Mmingy(F)) <= for all £ € 2.4y, F O (2, X1y CEN
(2. d; X {v}) implies F C .

The extension of (5.4) to other cases (in which F has an arbitrary relation
type) is obvious; thus the above restriction on F is also assumed in the following
lemma.
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Lemma 5.1 Let us assume: U € Valy, F € &)(t € T") desW(F) = F, and
§ = desyq (Mmin\(F)). Then: (1) F=¢and¢=T,0or Q) F#dand ¢ =9 or
(3) F#dand ¢ = {4}, for someyeT.

Proof: If F= é, then (1) holds trivially. Let F+# ¢ and let us suppose v;, Y2 €
§ (1 #72). Remark first that F N (Zd; X {v,}) is nonempty: otherwise we
could substitute a(;)(=¢) for & and 7, for v in (5.4) and obtain F = ¢. By
Hypothesis 5.2 there exist a p € &gand a ¥ e Valy such that v, ¢ desyq (p) and
Y, € desyy(p). Let x be any variable of type ¢ not free in p and let § be
d(p nx=x,(x), 3, V); by (3.1), (2, X {y,}) CEand (2, X iy D NE=¢
Hence (Zd; X {y,}) N F C(ZJd; X fya}d) NEand (24, X iy ) NEC (2, X
{v1}) N F, which contradicts (5.4).

The proofs of Lemma 5.1 and Definition (5.3) imply the following

Lemma 5.2 For every ¥ € Valy and v € T, desyy (AEC(c)) = (v P1 iff
V(c) = [F1 (LI, X {]).

Theorem 5.1 MAS.1is true in 3 iff {yYe 2. Ay forally e T.

Proof: Let desyq ((3c)AEC(c)) =T and let v e I'. Then thereisa V' such that
v € desyq1(AEC(c)) and, by Lemma 5.2, {y} = desgq(AEC(c)) which belongs to
2. Jdo. Conversely, suppose {y} € 2., for all v € I'. By Hypothesis 5.1, for every
v € I there are a p € &y and a ¥ € Valy such that desyqy(p) = {y}. Let x be a
variable of type 1 not free in p and let ¢ = d(p A x = x, {x), 3, V). Obviously

= (Z2d; X {y}), so that desgq(AEC(c)) = tv} for ¥'(c) = €. Since y was
chosen arbitrarily, desyy((3c)AEC(c)) = T for all ¥, and hence MAS.1 is
true in J.

Corollary 5.1 If 2o (in 3) is a finite set, then MAS.1 is true in 3.

Proof: Let v be any element of 'and let Y = {§ ¢ 2., v € £}. By Hypothesis
5.1, & ¢ e Y implies £ N ¢ € Y and, by Hypothesis 5.2, n Y = {y}. But Y is
finite and hence {y} € Y.

In what follows 2, X {y} will be denoted by ¥. Since desyq (AEC(c)) =
{v} implies ¥ (¢) = 4, an immediate consequence of MAS.1 is that every ye I
has a representative ¥ in 2 J ;). Now, in order to construct a representative (in
2. Jy)) of the set l" let us consider the QI I= d(CAEC(c), (), S, V), which
does not depend on 7 since c is the only free variable in AEC(c). [isa modally
constant relation (since CAEC(c) is a modally closed wff) so that, by
Lemma 5.2,

(5.5) D={(Zd, XD, ¥ 7,7 eTh =1y, v): v,y e T

In particular, (y) € T for all Y€ ['; thus T can be thought as a representative
(in 2 d((yy)) of the set I'. Finally remark that ¥, =, 72 implies ¥, = ¥, and hence
I is an absolute relation.

Theorem 5.2 If the variable c(e & (y)) does not occur free in the wff p, then

(5.6) IMAS.1} B 0p = (Je)(AEC(e) n p)
(5.7 IMAS.} b= 0p = (0D(AEC() O p).
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Proof: Remark first that (5.6) implies {MAS5.1} ,W ~O~p = ~(Je)NAEC(c) n
~p), which is equivalent to (5.7). As for the proof of (5.6) we use Theorem 3.1
and we prove that, for every general ML"-interpretation  in which MAS5.1 is
true, and every ¥ e Valy, desyq, (Op =(3c)HAEC(c) A p)) =T Let desyy (Op) =T
and let v € desyy(p). Then (by MAS.1) v € desyy(AEC(c) a p) for ' =
Y (c/v), and desyy 1(O(AEC(c) n p)) = T'; hence des o (3c)HAEC(c) A p)) =T.
Conversely, desyqy ((3c)HAEC(c) A p)) =T implies desgq (AEC(c) A p) # ¢ fora
suitable ¥’ = ¥ (c/§). But c is not free in p and hence desyy (Op) =T

Theorem 5.2 shows that the elements of T* behave just like case variables.
A similar result is achieved in [2] (NN.47-49) by using a concept (l,,) analogue
to AEC(c). The proof of Theorem 49.2 in [2] (which is the analogue of
Theorem 5.2) uses an axiom asserting the existence of a contingent proposition
and the strong axiom of “‘extensional comprehension’:

(5.8) O@F)Yxy, .., x)F(xq, ..., xp)=p.n Mconst(F)).

The former (of these axioms) will not be used in this work since we do
not exclude the possibility that I" may have one element. Instead, (5.8) seems
to be necessary in order to express the set of possible cases. Indeed in [6] the
equivalence (in MC") between (5.8) and the conjunction of MAS.1 with
O@F)Yxy, . . ., x,)OF(xy, . . ., x,) = p) is proved, and this last formula is
provable from MA3.1-MA3.18 (see [2], N40); so that the calculus based on
MA3.1-MA3.18 and MAS.1 is equivalent to that based on MA3.1-MA3.18 and
(5.8).

Part II. An extension of the equivalence theorem

6 Translation of ML® into EL**! In [2] N15 a function n, which translates
ML? into EL'*!, is defined on the basis of the semantical rules for ML", sub-
stantially by assuming a particular variable x = v,+;,; of EL**! to represent
possible cases; thus, the modal operator O shall be translated into the universal
quantifier (x).

In the translation rules (T,) to (Ty) below the following (metalinguistic)
abbreviations (6.1-6.4) are used, in them x denotes v,.y,, a, b € En(r €
,.. v, F,GeEq, o and f, g € E¢,,... t,:tqm, Where to, Iy, ..., t, €7"
(cf. (2.4)).

(6.1) a=,b=4a(x)=b(0).

(6.2) F=,G=q(¥xy, .., x)0FCeq, .. %0 X)EG(xy, .., Xp,y X))-
(6.3) f=8Zq (Vxy, .., x)fxy, ..., X0) = 8(xq, . - ., Xp).

(6.4) (3x)p =3 @x)p r () plx/y] D x =, ¥)).

Let us remark that the written occurrence of x in A; =, A, is free, and hence x
has at least one free occurrence in (3!x)p.

(Ty) )" = Uy, (e = cmy,

(Ty)) (A= A4y)"=AT=, A]

(T3)  (RA, ..., A))"=RYATL, ..., A%, %)
(T4) (f(Al’ LIRS An))’fl =fn(A?s LR Ag)
(Ts-e) (~P)"=~p" (P A" =p" A q"
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(T7-g) ((xX)p)" = (xMp™; @AP)" = (X)p"
(To)  (0)p)" = 0xMOOL(3!2)p" [x"/2] A (2)(p"[x"/2] D
x"=,z) v. ~3!2)p" [x"/z] A xT =, a;"n].

These translation rules imply that: (1) if A is a term of ML", then A" is
closed with respect to the variable x, and (2) if p is a formula of ML”, then p"
is closed with respect to x iff p is modally closed.

In [2] the definition of ‘“‘extensional correspondent” of a given ML"-
interpretation is slightly different from Definition 2.1;in any case the proof of
Theorem 16.1 in [2] can be easily turned into a proof of the following
theorem.

Theorem 6.1 Assume that: (1) I is an EL"*'-interpretation and V € Val,,
(2) 3 =T and V(e Valy) satisfies: V (vgn) = V((vp)™) forallt e ¥, ne Z*, and
(B)pisawffof ML” and A is a term of ML®. Then

(a) desyqy (A) = despy (A™),
(b) for every y € T, v € desyq (p) iff desyy(p™) = 1 when V' = V(x/v).

By (3.1-3.3), a corollary of Theorem 6.1 is that, if its assumptions hold,
then

(6.5) d(p, (x1,..xp), 3, V)=d(P", xXT, .., x, )L V)
(6.6)  d(A,(xy, .. X0 3, V) =d(A (XY, .. x), L V),

which prove (cf. Definitions 2.1, 3.2):

Theorem 6.2 If I is a general EL"*\interpretation then I' is a general
ML"-interpretation.

Corollary 6.1 If the formula p of MLY is true in every general ML'-
interpretation, then p™ is true in every general EL'*'-interpretation.

Proof: 1f p" is not true in the general EL »*Linterpretation I, then (by Theorem
6.1) it is not true in I*, which is general by Theorem 6.2.

7 On the equivalence between MC" and EC’*! From now on we assume
the calculus MC? to be based on MA3.1-MA3.18, MA4.1, and MAS.1, and by
general ML%-interpretation (in the second sense) we mean a general ML"-
interpretation in the first sense in which MA4.1 and MAS.1 are true (that is, a
model of the considered version of MC?).

Theorem 7.1 If the formula p is a theorem of MC”, then p" is a theorem
of EC"*Y,

Proof: By the completeness theorems Theorems 3.1, 3.2, and Corollary 6.1,
we have only to prove that the translations (by 1) of MA4.1 and MAS.1 are
true in every general EL**!-interpretation. Let I be any such an interpretation
and let g be the wff (in EL**Y) ((3x)(w)f(w) = x) Aw =w, where x, f, and w are
variables of type r(eil, ..., »}), w + 1: r), and v + 1, respectively. Obviously
d(q, {f, w), I, V') (which does not depend on V) is the set of all ordered pairs
(f, v) such that fis a constant function from Ob,,, into Ob, and 7y € Ob,.,, and
hence the translation (by 1) of MA4.1 holds in I (cf. Section 4). In a similar
way the translation of MAS.1 can be proved to hold in 7, by identifying ¢ with
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x =Xx Az =z, (where x, z, and z, are variables of type 1", v+ 1, and v + 1,
respectively).

Let us remark that, since MA4.1 is independent of MA3.1-MA3.18,
Theorem 7.1 implies that its converse does not hold if we let MC" be based
on MA3.1-MA3.18. As for MAS.1, in this paper we assume that it is indepen-
dent of MA3.1-MA3.18 and MA4.1 (and actually I think the proof of Gallin
(cf., footnote 1) could be extended to prove this), so that this axiom is
effectively needed to prove the converse of Theorem 7.1. This fact has an
intuitive justification in remarking that in ML’ no expression denotes an
individual or a possible case, whereas in EL**! this happens; and hence it is not
surprising that the new axioms needed are those which allow us to have expres-
sions (and hence QIs) that represent in a certain sense the elements of
D, (reil,...,v} and I (cf. Sections 4, 5).

The proof of the converse of Theorem 7.1 (carried out explicitly in the
next sections) is based on the statement that every general ML -interpretation
has a general extensional correspondent, and this result will be achieved by
defining a suitable extensional correspondent I of an arbitrarily fixed general
ML"-interpretation 3 and by verifying that I is general. Of course, the crucial
point concerns the definability in 7; indeed, since the sets Obn(¢ e 1) are
uniquely determined by means of (2.5), the remaining sets Ob, (s # ¢7, for all
t e 7") must be small [large] enough to fulfill condition (1) [(2)] below:
(1) every object of type (¢t € 7¥), definable in I, has to belong to Obn and
(2) every Oby has to be closed with respect to definability in 7.

In order to overcome this difficulty, we shall define the sets Oby(s € 7°*1)
by means of certain representatives of them in J itself; in this way the problems
concerning the definability in I turn out to be reducible to similar problems in
J, which are trivial since J is general.

Unless otherwise stated, from now on J# will denote a general ML*-
interpretation, fixed arbitrarily except that

(7.1)  Cre 2d¢), (@G, (cf. (4.10)) (reil,..., v},
(7.2) ZJo=1desg(p): p e &yand ¥ € Valyi,

which causes no loss of generality by Theorem 4.2 and Hypothesis 5.1.

8 Construction of an extensional correspondent I of 3 For all s € 7°*!, the
type s*(e 7%) is defined recursively by

r)e=r(r=1,...,v),v+1¥=(1)
(8.1 {(s,, e S)*=E T L8
1y v 8p: s)*=(sF, ..., 5% s8).

In order to define every set Oby(s € 7°*1) for the extensional correspondent
I of 9 to be constructed, we first consider the representative X of it (in J),
which turns out to be a subset of 2 o «:

(8.2) X,={&<(®& Eg’,} r=1,...,v) Xp4 =<6 e} (cf. (4.10) and (5.5))
(8:3)  X(sy,...5) = IR € 25, s+t R is modally constant and
R e P((IT X;;) X )}
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(8.4 Xisp,spisg) = {fe 2 sy, sniso)r: foralla e I 2.y, o e [¢] T X, =
f@) € Xyl fl@) = ag ).

The elements of X,(r = 1, . . ., v) are constant functions from I" into D,,
and those of X,,; have the form {y} X 2. Jd, (v € I'), so that a natural bijective
correspondence o exists between X, . . ., X;4; and the sets Dy, ..., D, (=T
which the ML%-interpretation J is based on: for all £in X, (re {1, ..., v}) and
ally ={y} X 24, in X, ,,, we set

(8.5) o0(&) = the only element of the range of &; 0(¥) = v.

Now the function ¢ can be extended in a natural way to every X, by setting

(for arbitrary R € Xsy,....sp) and fe Xisqrorspis0))

(8.6) 0(R)=Ha(ky), ..., 0(EN: by, ..., E) ERY,
8.7 o(f)=1Ka(&),...,aEN, 0(f(Ey, .., E)N: &€ Xui=1,..., n)l.

The sets o(X,)(s € 7°*?) fulfill conditions (2.1-2.3) for Ob-structures. Thus,
if we assume

(8.8) Obs=a(X,) (se7*)

(where 0(X,) = {0, B is obviously understood) then the set S = {Obg: s € 771}
turns out to be an Ob-structure which is sound for the definition of an exten-
sional correspondent I of 3, since it is based on the sets Dy, . . ., D,, and T.
Now we have to prove that 2Jd, = Ob, for all t € 77 (in addition to defining in
a suitable way the function a”*! and the valuation 7 of the constants of EL**?).

Lemma 8.1 The function o, defined by means of (8.5-8.7), is one-to-one.

Proof: We have already observed that o is a bijective correspondence between
X, and D,(r=1, ... v+ 1). Let us assume inductively o to be one-to-one on
the sets Xy, Xy, . . ., X,. Then, by (8.6), &, & € X(5,,....s,) and (&) = a(§,)
imply &, = &, since they are modally constant. Assume now £y, &, € Xs,,... 5,:50)
and o(£¢,) = 0(&,). By (8.4), &,(o) = &y(a) = a;'a for all o in (IT} .ZJS; - I Xy,);
hence &, = &, by (8.7) and the inductive hypothesis.

In order to avoid frequent repetitions, the following conventions are
assumed from now on (it is easy to realize that they do not cause any loss of
generality): (1) G, denotes v(,),(r =1, . . ., v), (2) ¢ denotes v(;), and the formula
AEC(c) is defined by means of (5.3), (3) for every ¥ e Val, V(C) =
C(r=1,..., ), (4) no wfe contains free occurrences of Cy, .. ., C,, and c,
except those written explicitly. N 5 N

Propositions 8.1-8.4 below concern the use of the QIs Cy, ..., C,, and I
as representatives of the sets D,, . . ., D,, and I'; in them we assume that
Orefl,...,v}, (2)xy, ..., xu X, , and f are variables of type ¢, ..., t,, 7, F,
and ((1): r) respectively, (3) p, q(c) € &, and g(c) is modally closed, (4) ¥ €
Valy,and (S) & e 2d,(i=1,. .., n).

Proposition 8.1 & = desyy (Axy, . . ., Xn, YUAEC(c)  p)) is a modally
constant relation and {§&,, . . ., §,, ©) € £ iff there is a v € " such that ¢ =75 and
v edesyyr(p) where V' =V (x,/&,, . . ., Xy/En).
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Proof: & is modally constant since O(AEC(c) A p) is modally closed. Assume
now (£, . . ., £, & € &; this is equivalent to the existence of a y € I" such that
v € desyy 1 (AEC(c) np) for V' = Y (x,/§,, . .., xu/§s, ¢/C) and, by Lemma 5.2,
this holds iff y € desgq '(p) and ¢ =5

Proposition 8.2 If & = desgq ((\xy, . . ., X))3BHAEC(c) A q(c))), then & =
ey, .. En, Y desgy(qe) =T for V'= YV (x,/,, . . ., xplk,, c/7)}.

Proof: Since g(c) is modally closed, for every ¥ € Valy, desyq (q(c)) is T or ¢.
Assume (&, . . ., &, 7 € §; this holds iff there is a ¢ such that v €
desgq (AEC(c) A q(c)) for V' = U (x,/§,, . . ., xu/&,, /), that is, by Lemma 5.2,
iff ¢ = ¥ and desyq1(q(c)) =T for 7" as above.

Proposition 8.3 Let Y(x) = ¢ (e2dy), Y(c) = C and let § =
desyy (0 YY(AEC(c)ny € G Ay =X)). Then:

) EEI:‘(say ¢ =7%)=&is a function with range {{(v)}
(i)cér=¢t=a’.

Proof: (ii) is trivial since ¢ € [ iff desgq (CAEC(c)) = T for ¥ (c) =¢ (cf. (5.5)
above). Assume now ¢ = ¥. In this case, since desyq, (AEC(c)) = {v}, the equallty
desﬁ,'(O(AEC(C) ANy eCoax=y)) =T where ¥' = ¥ (y/¢"), implies {' € C, and
¢'(y) = ¢(y). Such a ¢’ is unique and hence ¢’ = &.

Proposition 8.4 Let V(f)=§ € X(p+1:r) and let & = desyq, (1x)(Ic)AEC(c) A
x € C, Ax =f(c))). Then o($) = &.

Proof: By (8.5 and 8.7) we have to prove that, for all v € ', &(y) is the
only element of the range of {(¥). To this end we first remark that
desgq (31 x)(Fc)AEC(c) Ax € C nx =f(c)) =T, so that the QI ¢ is determined
on the basis of part (b) of designation rule (§,) in Section 2. Assume 7y €
des o1 ((FCYHAEC(c) A x € Co A x = f(c))) where V' = ¥ (x/§). Then v €
desyyn(AEC(c) n x € C nx = f(c)) for V"' = ¥'(c/q); hence ¢' =, {(¥). Thus,
since by (8s) £' =, £, £ =, {#).

Theorem 8.1 For all t € TV, the function o is a bijection between th and

2. ds.

Proof: o is one-to-one (Lemma 8.1), hence we have to prove the equality
0(Xpn) = 2. d:(t € 7%). Let us remark that for every QI £ in J there exists a wfe
A and a ¥ € Valy such that ¢ = desy,, (A). Conversely, desyq (A)isin 2 A, for
all A e & and ¥, since J is general. Therefore the equality above is a
consequence of the following statements:

(1) for every wfe Ay (of type ) and every 7 e Valy such that
desgy (Ag) € th, there is a wfe XZ(4A,) (of type #) such that
o(desyy (Ag)) = desyy (Z(Ay));

(2) for every wfe A (of type ) and every ¥ € Valy, there is a term Z'(A)
(of type ™) such that desyy (Z'(A)) € X and o(desyy (2'(4)) =
desgy (A).
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Case 1. t = 0. Let Z(4A,) be (Fc)AEC(c) n Ayc)). By the hypotheses, § =
desyq (o) is a modally constant QI of type ((1)) in Xy and, by Proposition 8.2,
v e & =desyy (Z(Ay)) iff 7 € §; that is, 0($) = & Thus (1) holds.

Let £'(A) be (\c)O(AEC(c) n A). By Proposition 8.1, ¢ € ¢ = desyy (2'(A))
iff ¢ = ¥ for some vy in ¢ = desyq (A), which is equivalent to o({) = £. Thus (2)
holds.

Case 2. t=r(e {l,...,v}). (1) follows from Proposition (8.4). Let Z'(A) be
A)OYAEC(c)Ny e Coay=A). ¢ = desy,/(E'(A)) is a function in 2. (():r)
and, by Proposition 8.3, it belongs to X n and o({) = desyq (A), which proves
2).

Now the thesis, as well as (1) and (2), are assumed to hold when ¢ is any
of tg, ty, ..., ty.

Case 3. t=(ty, ..., ty). Let Z(Ap) be A\xy, . . ., Xu ) AAEC(c) A Ay(Z'(xy), - . .,
2'(xn), ¢)), where x4, . . ., x, are n variables (not free in Ag) of type ¢y, . . ., ty
respectively. By Proposition 8.2 and the inductive hypothesis, for all
i, .. L & eIP 2, and vy e T, (&, . . o, &, 7 € & = desyy (2(Ay)) iff
(071, . .., 071(&n), ¥) € § = desyqy (A), Which proves (1) by (8.6).

Now let Z'(A) be (A\yy, . . ., Yn» O(AEC(c) NA(Z(3y), . . ., Z(¥n))), where
Y1, - - ., Yn are n variables (not free in A) of type t’17*, Cey t}}*, respectively. By
Proposition 8.1, for all<¢,,. .., &) e ITF -?_J,?* and all€e 2. d), (&1, .., 8§, OV€
¢ = desyy(Z'(A)) holds iff ¢ = 5 and v € desyy (A1), - 2(¥n)))
for V' =¥ (¥4, . . ., ¥a/ts). Hence by the inductive hypothesis (%) holds iff
Co(§1), - - -, 0(§n), ¥ € desyq (A), which in turn occurs iff 6($) = desyq (A). Thus
(2) holds.

Case 4. t = (t, ..., ty, to). By the inductive hypothesis and (8.7), Z(4,) is
trivially (Axy, . . ., X)) Z(Ao(Z'(xy), - - ., £'(x,))) where x,, . . ., x, are as above.
Hence (1) holds.

Let £'(A) be A\yy, . . o, ¥)OYI3xy, . . ., x)(AFOx; = Z(y;) A Oy =
Z(A(xy, . . ., X)), Where y;, x;(i = 1, ..., n) are as above; and let { be
desyq (Z'(A)). Hence § is a function in 2 d,»* and, by the inductive hypothesis,
for all <¢y, . . ., & e (ITY 2dgt - H,'-'thp), (CTTPE S I a?g*. Conversely,

S ST O N H}'Xt? implies $(¢y, . . ., &) = 07 (E(0(Y), . . ., (), where
£ = desyy (A); that is § € X;n and o(§) = &. Hence (2) holds.

By (8.8) we have 2., = 0b M for all ¢t € 7¥. In order to define the function
a’*! (for I), let us remark that a” (in ) is a constant function from I into
D,(= 0b,) (cf. (7.1)); thus it is natural to assume a**! to be the only element of

the range of /(r = 1, . . ., ). As for a’}], we fix a possible case y* in I' and we
leta)il=~*.

Now the function a”*! is determined by the above choice of a’*'(r =

1, ..., v+ 1) and the semantical conditions corresponding to the axioms on the
nonexisting object. It is easy to prove that a;’ﬁ '=gY for all ¢ € 7¥ and hence, if I
is any fixed extensional correspondent of the valuation £ of the constantsin J,
then the EL*interpretation /, defined by means of (8.8) and the above choice

of a”*! and I, is an extensional correspondent of 3.
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9 Proof of the equivalence theorem The equivalence theorem between
MC? and EC"*! follows from the assertion that the EL'*linterpretation I,
constructed in Section 8, is general. In order to prove this we shall use the
above-mentioned possibility (due to the construction of I) of turning any
problem concerning the existence of definable entities in / into an analogous
problem in 9.

The following lemma asserts the existence (in $) of certain Qs which can
represent the sets Oby(s € 7°*!) in I (let us remark that, by the intensional
semantics for ML?, the sets X defined in Section 8 are not Q/s in 2).

Lemma 9.1 For all s € 7%, the set )?S defined by
9.1) X,=X,XT
is an absolute QI in 2 (sx).

Proof: The thesis is trivial for se {1,..., v+ 1} (cf. (8.2)) and hence it can be
assumed inductively to hold for s €{s,, . . ., sp}. Every X, is modally constant by
(9.1) and, for s = (s, . . ., 5,) the elements of X are modally constant by (8.3),
so that X; is modally separated. Assume now s = (s, . . ., S,: So), &, & € X, and
£ =, & that is, () =, £ () for all a e IT} 2. * If o ¢ I X;;, then &(@) =
é(a) = aso, otherwise {(@), £'(a) € Xs , which 1s modally separated by the
inductive hypothesis. Thus £(a) = £' () for all « and hence £ = ¢'.

Let now Y, Y, ..., Y, R, and f be variables in ML of type 5,
sH, .. .,jsn) (515 « -« s,,)*, and (53, . . ., Sp: So)¥*, respectively, and let
7/(Ys,-) = Xu(i =0, 1, ..., n). It is a matter of routine to prove that
desyy (AR)(Mconst(R) A (Vxy, . . . X)) (R(X1, - - ., Xn) D A} Dx, € Y;))) and
desyy (M)(Yxy, .. X)) (AT X € Yy, O flxy, . . x,,) € Y 0 ~Aix; € Ys, )
flxy, o xp) = a;"s)) are respectively /\N’(sl,...,s,,) and )?(sl,,.

2 Jgx forall s e 7%,

NOTI Hence X; €

In Lemma 9.2 and Theorem 9.1 below the following conventions are
assumed: (1) for every variable vg, of EL"*!, v, denotes the variable vgx 4y Of
ML?, (2) for every s € %!, Y, denotes v ;, and (3) for every ¥ e Vals,
V(Y,) = X, (cf. (9.1)).

Lemma 9.2 Assume that: (1) A € Egs € °*Y), (2) V € Valy, and (3) no
constant occurs in A. Then, for every n-tuple X = {x,, ..., x,) of variables in
Esl, -« Es,, respectively, there exist a wfe A* of ML” and a ¥ € Valy, such

that, for every (¢, . . ., &) € IT{ Oby,

(9.2) 5% 0= desy,(A*%) = 0" (desyyi (A))
(9.3) s=0=desyy(A*) =T[4] iff despy'(A) =1 [¢]

where V' = V(x /&y, .. ., xnl&n) and V' = YV (x¥lo7UE), . . ., x5 07 (E)).

Proof: We use an induction on the number 1, of occurrences of 1in A and, in
correspondence with a given value of 15, we use an induction on the length of
A; however, this last part does not depend on 1, and hence it is carried out
explicitly in the initial step only.

Let 1, = 0. If no quantifier occurs in A then we let A* be obtained from A
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by replacing in it every variable x with x* and we let % be any J-valuation
fulfilling the equality V(») = o(% (y*)) for every variable y of EL**!. In this
case the thesis follows from (8.6 and 8.7) and an induction on the length of
A. Let now A be (x)p (x € E,); we assume inductively that the thesis holds for p
and the set X' = X U {x} of variables. We let A* be the wff (Vx* e Y,)p*, and
let ¥ be any J-valuation fulfilling the inductive hypothesis. X,, is modally
constant and hence, by the inductive hypothesis, desgq '(A*) is I' or ¢. Further-
more, desgqy(A*) = T iff, for all { e X (that is § € Xy,), desgq (p*) =T, where
V" = ¥'(x*/¢); but o is a bijection between X, and Ob, and hence, by the
inductive hypothesis, desW:(A*) = I' iff, for all £ € Ob,, desyy(p) =1 for
V' =V'(x/%).

Let now A be (1x)p. We assume inductively that the thesis holds for all
wfe A’ for which 1, < 1,, and we let A* be () ((~(Fx)p)* D ¥ = & .A.
(I x)p)* Dy =(0x* e Y)p*), where y and « are distinct variables of type s*,
not free in p* and different from x, . . ., x,. Furthermore, we assume % to be
any J-valuation fulfilling the inductive hypothesis (relative to p and the set
X' = X U {x}), for which ¥ (o) = o7 Xal™"). If desyy((3;x)p) = 0, then,
by the inductive hypothesis, desy, (((3,x)p)*) = ¢ and desyqy(A*) =
V'(0) = 0~ Ydesryr(A)). Assume now desyp((3;x)p) = 1 and despp(4) = &,
which means in particular that des;yr(p) = 1 for V" = V'(x/£). Then
desyy ((31x)p)*) = T, desgyn(p*) = T for " = V'(x*[o7!(§)), and
desyq 1(A*) = desyy 1((1x* € Y)p*). Now, the proof of the initial step implies
that ((3,x)p)* is equivalent to (F;x*)(x* € Y A p*) and hence desyq 1(A*) =
o7(®).

Theorem 9.1 The EL"*Y-interpretation I, defined in Section 8, is general.

Proof: Let & be d(A,{xq, ..., x, 21, V) (cf. (3.2,3)), where A e Egy, X4, ..., Xy
are variables in Es, ..., E,, respectively, and V € Valy. Let us first remark that -
no loss of generality is afforded by assuming that no constant occurs in A,
since, otherwise, we can replace every constant @ in A with a variable x (free for
a in A and different from the others introduced in the same way), and consider,
instead of V, the I-valuation V' = V(x/I(a)). Thus Lemma 9.2 can be applied,
and a wff A* and a ¥ e Valj exist such that (9.3) holds for all <&, . . ., &) €
I Oby;. Let AY be (A7x; € Yy;) A A* and let § be d(AT, (xT, ..., x5),3, 7). By
(8.3), § € Xg,,....5,p and, by Lemma 9.2, <&, . . ., &) € & iff (7Y%, . . .,
07'(£,)) € §. Hence, by (8.6) and (8.8) £ = 0({) and £ € Obg,, ... 5,)-

In a similar way we can prove that, in case AeE(s#0), &€ 0bg,, .. 5,5
if we let AT be (1y)(~Ajx; € Yy, DOy = a¥ .. Ajxi € Yy, DOy = A%), then it
is a matter of routine to verlfy that ¢ = d(AT, xF, .. ., x5, 3, V) is in
X(sl,...,sn.s) and £ = o({).

Now, the converse of Corollary 6.1 is a consequence of the above results.
Indeed if a wff p of ML” is not true in the general ML"-interpretation #, then it
is not true in a general ML -interpretation 3' fulfilling (7.1) and (7.2), which
has a general extensional correspondent / by Theorem 9.1; and hence, by
Theorem 6.1, p" is not true in /. Thus, by the completeness theorems,
Theorems 3.1 and 3.2, the converse of Theorem 7.1 holds, and (1.1) is proved.
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10 Uniqueness properties of the general extensional correspondent In this
section J and I still denote the interpretations considered in Sections 8 and 9
and J = {{0Ob;: s € %1}, b¥*! J) denotes an arbitrary general extensional cor-
respondent of 3. A priori, the only known relation between I and J consists in
the equalities Obn = Obn(=2d,), for all ¢ e 77; however, if we take into
account that I and J are general, then it seems reasonable to ask whether some
stronger relation should hold, since in a general interpretation some connec-
tions between sets of objects of various types are determined by the required
closure of these sets with respect to definability.

In what follows we shall give an exhaustive answer to this problem by
proving that Obg = Ob;, for all s € 7"*1. Therefore, since J is chosen arbitrarily,
we have that all general extensional correspondents of a given general ML"-
interpretation, are based on the same Ob-structure.

The proof of the uniqueness theorem is substantially based on the
possibility of expressing the function o (cf. (8.5) to (8.7)) inside I and J (let us
remark that for every s e 7%, X, (cf. (8.2) to (8.4)) is a subset of
Ob (= Ob jyn = 2.dgx)).

In Lemma 10.1 and Theorem 10.1 below we consider only the cases
sedil,...,v+ 1} and s = (54, . . ., 5,) because, since I and J are general, every
object of type (sy, . . ., Sp: So) corresponds to exactly one object of type
(815 - - < Sn, So)-

Lemma 10.1 For every s € 1, there exists a wfe Z5(Z) (in which Z is a
free variable of type s*") such that, for every V € Valf[U € Valy], V(Z) €
X;[U(Z) € X;] implies desyy(Z(2)) = a(V(Z)) [desyy(Z°(Z2)) = o(U(Z))].

Proof: The proof is quite similar to and simpler than that of Theorem 8.1;

therefore we only consider the wfe Z5(Z). In what follows x, y, k, x4, . . ., Xn,
Z, ..., Z, are distinct variables of type r, 1", v + 1, s, ..., Sy, s¥7, ..., 5",
respectively.

Case 1. s=r(eil, ... v]. Z(Z)is x)kWZ(k) = x)

Case 2. s=v+1.Z52)is OkY(»)Z(y, k)

Case 3. 5= (1, . . -, 8p). Z(Z) is \xy, . . ., X0)(3Zy, .. ., Z,) (A} x; = Z5(Z;) A
RZ(Z,, ..., 2, k).

Theorem 10.1 For every s € 71, Obg = Obs.
Proof: By (8.8) and Lemma 10.1, Ob, C Ob;. If s € {1, ..., v+ 1} then the

thesis holds trivially; thus, in considering the case s = (sq, . . ., §,), We can
assume inductively Obg; = Obg(i = 1, . . ., n). Let & € Obg and let { be
desyy(NZy, . . ., Zn, K)3xy, - . Xu)AT X = Z9(Z) A Y(xy, . . ., X)), Where y

and k are variables of type s and v + 1, respectively, and U(y) = ¢£. By Lemma

10.1, for every (§y, ..., §w) € I Obxn, (§y, . . o, §) € S iffCa(S0), . . ., 0(§a ) € &,
l

that is, £ = 0({). Furthermore, ¢ € Ob;*n = 2 ds+ and, by the inductive

hypothesis, {{y, . . ., {2 € § =8 e X (i=1,. . ., n); by (8.3) this implies § € X;

and hence £ € Ob;.

The above result implies that the only possible differences between I and
J, arise from those between the valuations / and J of the constants and those
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between a”*! and b**! (the functions determining the nonexisting objects in I
and J, respectively). However the latter differences can be disregarded without
loss of generality (cf. Theorem 10.2 below).

Let us remark that ¢”*! and b”*! are different iff ¢’ # b.i}; indeed, for
se fl,..., v} a’*! is the only element of the counterdomain of afysy.5)(= ay)
and hence it is equal to b?*, and, for s of a level larger than zero, a}*! and b?*!
are uniquely determined by means of EA3.15.

Let us assume a,;} =a and b5} = b, and let us consider the function w, of

domain J Ob;, which substitutes g for b in every object in 7; in other words,
SeT

w is the identity on Ob,(r = 1, . . ., v + 1) except that w(a) = b and w(b) =g,
and, for R and f of type (s, .. ., S,) and (sy, . . ., S, So) respectively:

(10.1)  WwR) = w(ED, - ., Wl (s, - - E) € RS
(10.2)  w(F) = w(Ep, - - s wleah wF (- - DD
§eO0bgy(i=1,...,mi

Lemma 10.2 For every s e 7°"Yand § € Obg, w(§) € Ob.

Proof: For all s e %!, we define a wfe W(x) € E; (in which the variable x, of
type s, is free) such that, for a suitable V € Valy, (*) despy(W(x)) = w(¥), where
V'=V(x/§). Forse {1, ..., v}, W(x) is x. Let now s be v + 1 and let us fix two
distinct variables x,, x, (of type v + 1) different from x. If we assume V to be
any I-valuation such that V(x;) = ¢ and V(x,) = b, then the definition of W(x)
is obvious: W(x) is (¥ (A?x #x; DY =X A X=X Dy =X A X=X, Dy =X)).
Now we can assume inductively that (*) holds for V' as above in case s €
{S0, S, - - -, Su}. If we remark that w = w™! (and hence, by the inductive
hypothesis, w is a bijection of Oby; onto itself (i = 1, ..., n)), then the defini-
tion of W(x) in the remaining cases turns out to be still straightforward. If s is
(S1y - -« Sp) then W(x) is Axy, . . ., x)Xx(W(xy), . . ., W(xp));if sis (Sy, - - -, Spt So)
then W(x) is (Axy, . . ., X, )W(x(W(xy), - . ., W(x,)).

By (10.1 and 10.2) and Lemma 10.2, for every s € 7°*!, w is a bijection
between Obg and Oby, and the equality w(ay*!) = b}*! holds. Thus, if the valua-
tions of the constants are disregarded, then w fulfils the obvious definition of
isomorphism between EL”*!-interpretations. In particular, if V € Val;, U € Valy,
and U(x) = w(V(x)) for every x, then

(10.3)  desyy(p) = desyy(p)
for every wif p in which no constants occur.
Thus the following theorem holds.

Theorem 10.2 Let I and J be general EL"*-interpretations such that
I' = J'; then, for every closed wff p of EL**', desy(p) = desy(p), whenever no
constants occur in p or it is q" for some q in ML".

In Theorem 10.3 below (which is the syntactical counterpart of Theorem
10.2) we use the term “‘constant-free ELY*1-extension” of a set K C &, to
denote every set H C Fsuch that

(i) K"=1{q":qe K} CHand
(ii) if p e H—- K", then no constants occur in p.
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Theorem 10.3 For every maximal consistent set K of totally closed wffs in
ML, there is exactly one maximal consistent set H, of closed wffs in EL"*,
which is a constant-free EL"*-extension of K.

Proof: The proof follows from Theorem 10.2 by remarking that every maximal
consistent set of closed [totally closed] wffs of EL”*![ML"] has a (general)
model (Completeness Theorems) and, conversely, every general EL**'—[ML*]—
interpretation I[#] determines the (maximal consistent) set of the closed
[totally closed] wffs true in IT9].

NOTES

1. The independence of MA4.1 is proved in [2] (N25). As for MAS.1, it is equivalent to
AS12.19 in [2]; Gallin proved the independence of this axiom in a modal calculus having
some similarities with Bressan’s, but which is simpler (identity between individual expres-
sions is noncontingent and the description operator is not considered) (see [3], Sections
9 and 15).

2. The syntactical counterpart of this procedure is introduced and used by Bressan in [2],
within his syntactical proof of (1.1).

3. The description operator 1 can be eliminated from the calculus MC”, by replacing MA3.14
with an axiom (As.3.17 in [5]) in which 1 does not occur; however, in investigating the
problems considered in this work, it seems more convenient to refer to the original
version of MC”.

4. As usual, 2(A) denotes the power set of 4, I/ 4; denotes A; X . . . X Ay, and (4 > B)
denotes the set of functions from 4 into B.

5. The concept of Ql-structure can also be defined independently (cf., e.g., [8]) by stating
the correspondents of (2.1-2.3), which are: 2.4, CP (1), 24, C (T > D)), ZJ¢,,....1) €
P(FLAy) XT), 2y, . tite) © (I Zly) > L)

By (2.4) and (2.5) the two definitions are equivalent since every QI-structure
defined in this way can be extended to an Ob-structure.
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