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On Self-Sustenance in Systems

of Epistemic Logic

ROBERT J. TITIEV

I wish to make some brief remarks about systems that are specified in
terms of conditions upon model sets.* The appendix to Hintikka [2] contains
thirty-nine such conditions involving epistemic and doxastic relationships; else-
where [5], he discusses conditions on model sets in relation to alethic and
deontic notions, as well as epistemic ones. I shall assume familiarity with the
above works and the methodology whereby, in a system S that is specified via
conditions on model sets, self-sustenance of a formula ¢ is established by show-
ing that no model set u in any model system meeting the conditions for S can
contain ~¢. I shall write ‘I5¢’ to indicate that ¢ is self-sustaining in S; a formula
will be referred to as a sentence if it has no free variables.

For Hintikka self-sustaining sentences are, with caveats, somewhat akin to
valid sentences in systems of quantification theory; and, as the following pass-
age shows, he has proposed that self-sustenance in a system of epistemic logic
be understood in terms of truth in all worlds of a particular sort:

Our results are not directly applicable to what is true or false in the actual world
of ours. They tell us something definite about the truth and falsity of statements
only in a world in which everybody follows the consequences of what he knows
as far as they lead him. A sentence is self-sustaining if it is true in all such worlds,
defensible if it is true in at least one such world, and so on. ([2], p. 36)

After mentioning his rejection of the interpretation of self-sustenance as truth
in all possible worlds, Hintikka says:

*The author wishes to thank the referee for several helpful suggestions.
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Instead, it is proposed that self-sustenance be interpreted as truth in every
“epistemically perfect world”, that is to say, in every possible world whose
inhabitants all follow up the consequences of what they know far enough to see
each particular consequence of what they actively know. If this interpretation of
the metalogical notion of self-sustenance is adopted, together with the parallel
interpretations of other basic metalogical concepts, then there is no objection to
saying that the.sense of knowing we are dealing with is essentially our ordinary
sense of knowing. ([3], p. 2)

Given a particular system S, let us assume that g is the class of all
epistemically perfect worlds, relative to S. We may then consider the quoted
passages in terms of

(1) For all sentences ¢ of S, I5¢ if and only if for all w e ¥, ¢ is true
inw,

As Hintikka has pointed out, model sets may be viewed as giving descriptions
(partial or full) of particular worlds. The membership of a sentence ¢ in a
model set u may be taken as indicating that ¢ is true in the world which u
describes; and, in terms of %, this may be stated as follows:

(i) For every model set u, there exists w € g such that, for every
sentence ¢ € u, ¢ is true in w,

That every epistemically perfect world is described by some model set is stated
by

(ii) For every w e #, there exists a model set u,, such that, for every
sentence ¢ of S, ¢ € u,, if and only if ¢ is true in w.

If, for every sentence ¢ and every w € H#, ¢ fails to be true in w if and only if
~¢ is true in w, it then follows from (i) and (ii) that (1) holds.!

Assume now that the semantics involved in (1) is such that, for all sen-
tences a, B, and all w € ¥, if ais true in w and o D § is true in w, then B is true
in w. Then, if all sentences of tautologous form? are true in every epistemically
perfect world, a consequence of (1) is

(2) Let ¢y, ..., ¢, ¥ be sentences of S such that the argument
?1
&n
v
is valid in sentential logic. Then 5y whenever l5¢,, . . ., [5¢,.
Let the following conditions from [2] be called basic conditions:
(C.&), (C.v), (C.~™), (C.~&), (C.~V), (C.~~).

If S contains the basic conditions, then every sentence of tautologous form is a
theorem of S and (2) is equivalent to the following particular case:

(3) For all sentences «, B of S, if fsaand fga D B, then I56.
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Moreover, if S contains the basic conditions and (3) holds, then the existence
of a sentence ¢ such that fg¢ and [g~¢ entails that, for all sentences ¥, 5.
The consistency of S is thus ensured if there is some sentence Y such that
not 5 y.

If the conditions specifying a system S contain the basic ones, then e u
whenever « € u and « D 8 € u; but this alone does not suffice to show that (3)
holds for S. A metaresult specific to S is required to establish (3). Further, if
(3) does hold for a system S, it provides no guarantee either that (3) holds for
subsystems of S or that (3) holds for extensions of S. Thus, whenever changes
are proposed concerning systems S of epistemic logic, the resulting new
system(s) should be shown to satisfy (3) unless one is willing to give up the
relationship in (1). A failure of (1) indicates, in model-theoretic terms, that S
lacks either soundness or completeness.

An example given in [7] involves formulas «, 8, and  having the forms
(Ux)(dx O VYy), (Ux)(¢y), and (Ux)(¥y), respectively. For all such formulas,
(@ & B) D v is valid in quantification theory; however, by choosing ¢, ¥ so
that the former contains an epistemic operator and the latter does not, one can
obtain formulas such that not Ig(a & ) D 7, where S is any of the systems to
be considered below. This example and others like it are compatible with (1) as
long as the semantics connected with g is such that there are formulas which
are valid in quantification theory yet not true in all members of #5. But the
issue of interpreting quantifiers binding variables in the scope of modal opera-
tors has nothing to do with the example to follow; it depends only upon the
basic conditions along with fundamental assumptions about sentential connec-
tives vis-a-vis truth in epistemically perfect worlds. We shall now show that (1),
(2), and (3) all fail to hold in the system KB, specified below, and in several
other systems of epistemic logic.

Let KB be the system which is determined by all of the conditions listed
on pp. 170-173 of [2], with the exception of (C.E), (C.U), (C.E,), (C.Uy), and
(C.=!), since these five conditions occur in connection with illustrations of un-
desired consequences arising from their use. Condition (109) is to be taken
with an additional proviso ruling out the case where p fails to contain any
epistemic operators ‘Kj’, ‘P,’ which have ‘x’ in their scope; this proviso is
required in order that (109) be a special case of (C.U,p), as intended according
to remarks on pp. 146-147. Finally, as mentioned on p. 13 of [3], (C.=K) is to
be supplemented so one may use it to conclude that (Ex)K,F € u given that
(Ex)K,F € pand a = b € u. The above feature of (C.=K) enables one to establish
results of the forms

KE@=b& Q1xy ... QuxnKs®) D Q1% . .. QnxnKpd

and
'K_B(a =b & Q1x1...0nxnPrd) D 01Xy ... QnXnPp9,

where each Q; is either an existential or a universal quantifier. Let KB~ be the
system obtained from KB by deleting the two conditions (C.EK=) and
(C.EK=%*); rejecting these conditions is discussed by Hintikka in [3], [4], and
[5]. Now consider
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aa=b

B: (Ex)K,(x =c)

v (Ex)K K (x = ¢)
6: (Ex)KpK,(x = ¢).

These formulas are such that

ke=827,
ke= (@& v) D8,

yet it is not® the case that

teg(e & B) D 6.

From the above it follows that (1), (2), and (3) fail both in KB and also in KB~

A few points about systems other than KB, KB~ may now be appropriate.
Let IPE be the system described in [6] and EUP the one given in [5], pp. 112-
147, where it is to be understood that epistemic operators are involved. Some
features and relationships among KB, KB~, IPE, and EUP are brought out by
considering

o: (Ex)K,(x =b) D (Ex)(x =b)
B: ~M(Ex)x = x & ~K,(Ey)(y = x))
Y (b=c& (Ex)x=b & K,(x =b)) & (Ex)(x =c & K,(x =¢))) D K,(b =c).

Then

kg, not kgz=a, not Iz, not rpp
beE B, tggB, not fg=p, not x5 B,
ez v, Yegp v, not Iggy.

In [6] Sleigh discusses a number of problems connected with IPE and the fact
that not bz o; his remarks are also applicable to EUP. Formula § above is
related to

~(Ex)~K,(Ey)(y = x)

which, as Castanieda first pointed out in [1], is self-sustaining in KB. By using
condition (i)b of IPE (see [6], p. 391) one may establish that Ijpz 8. The sen-
tence v is a theorem of IPE and FUP due to condition (C./nd=). With the
technique mentioned in Note 3 it is a straightforward matter to establish the
above results of the form not I5¢. Finally, since KB is an extension of KB", y
fails to be a theorem of KB™.

Because IPE is presented in a context where ‘K,” and ‘P, are the only
epistemic operators occurring in formulas, our particular example showing
failure of (3) in KB and KB~ does not carry over to IPE. It does, however, carry
over to EUP, provided that (C.=K) is taken according to the remark on p. 13 of
[3]. It could be avoided in EUP by agreeing to a version of the substitutivity
principle on p. 116 of [5] which would allow ‘@’ and ‘b’ to be interchanged on
subscripts of epistemic operators. Such a version would be strong enough to
entail (C.=K), taken as above, and (C.=P).

Although the change suggested in the substitutivity principle blocks the
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particular method given above for showing that (1)-(3) fail, it still leaves the
status of (1)-(3) unsettled. Were it to be claimed that any of the altered systems
needed no additional rules, then there would be a clear burden to show that
(1), (2), and (3) hold. In the case of the altered systems, however, there remains
a need for further conditions to handle various loose ends.* And, as was noted
earlier, adding conditions to a system which satisfies (1)-(3) may result in a new
system where (1)-(3) no longer hold. If any of the systems discussed in this
paper is to be extended satisfactorily, then the resulting system will have to
meet the metatheoretical tests we have discussed.

NOTES

1. Pick any sentence ¢ of S. Assume that [5¢ and w e g such that ¢ fails to be true in w.
Then ~¢ is true in w and, by (ii), there exists u,, such that ~¢ € u,,. But this contradicts
the assumption that I5¢. Hence, I5¢ only if, for all we H#'g, ¢ is true in w. Now assume
that, for all w e W, ¢ is true in w, but not tg¢. Then, for some u, ~¢ € w. Then, by (i),
there exists w € #'g such that ~¢ is true in w. But this contradicts the assumption that ¢
is true in all members of #'s. Hence, t5¢ if, for allw € #'s, ¢ is true in w. Therefore, (1)
holds.

2. A sentence is of tautologous form if it is the result of replacing the statement letters in
some tautology by sentences of S. That (2) follows from (1) as claimed below may be
shown by assuming that f5¢,, . . ., ¢y, where ¥ follows from ¢y, . . ., ¢, in sentential
logic. Then pick any w € #s. By (1), ¢y, . . ., ¢, are all true in w. But ¢, D (¢, D (...
(¢, D ¥) .. .))is of tautologous form and so is true in w. By repeatedly using the assump-
tion about the semantics involved in (1), it follows that ¥ is true in w. Hence, for all
we W, ¥ is true in w. By (1), k5 ¥. Therefore, (2) holds.

3. Proofs of nontheoremhood of a sentence ¢ in a system S may be given by showing the
existence of a model set 4 which contains ~¢ and is in a model system meeting the condi-
tions for S. In the case of the sentence (a & ) D 8 such a set u must be infinite to take
into account the doxastic rules (C.KB) and (C. BK). Let u, be the set of sentences of the
formK; B;, K B;, ... Ki,,, (c =c), where 1 <nand, foreachj,1 <j<2n+1,i;ela, b}.
Let , be the set of all sentences of the form B; K;.B;i K, . . . K, (c =c), where I < n
and, for each j, 1 <j <2n, i; € {a, b}. Let u3 be the set consisting of the following for-
mulas:

(@=b) & (Ex)Ky(x = ¢)),a = b, (Ex)K,(x = ¢), ~(Ex)KpK,(x = ¢),
(Ux)~KpK,(x = ¢), K,(c = ¢), Kp(c = ¢), (Ex)Kp(x =), (Ex)(x =c),a=a,
b=bc=c,andb=a.

Then take u = u; U u, U p3 and specify that u is both an epistemic and a doxastic alterna-
tive to u with respect to each of a and b. The model system £ ={u} shows that (a &) D &
is not a theorem of KB.

4. A peculiar feature of the systems KB, KB~, and EUP is that there are formulas ¢y, ) having
‘x” and ‘p’ as their only free variables and such that (Ux)(Uy)(¢x,y) O (Uy)(Ux)(¢x,y) is
not self-sustaining. This may be seen by letting ¢y ) be Kyx(y = ). That there remain
problems with bound variables as subscripts on epistemic operators and also with certain
nestings of operators has been noted by Hintikka on pp. 136-137 of [5].
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