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INVESTIGATIONS INTO THE SENTENTIAL CALCULUS
WITH IDENTITY

STEPHEN L. BLOOM and ROMAN SUSZKO

The sentential calculus with identity (SCI) is obtained from the classi-
cal sentential calculus by adding a new ‘‘identity connective’’ = and axioms
which say ‘‘p =¢q’’ means ‘“p is identical to ¢’’. The second author was led
to a study of this calculus by a desire to formalize part of the Ontology of
Wittgenstein’s Tractatus (see [7], [8]).' Aside from this somewhat uncom-
mon beginning, we think that there are independent reasons for studying the
SCI. Firstly, it seems to be as general as a sentential logic can get: both
classical and modal theories may be developed in it and (by weakening an
axiom) intuitionist theories as well. Furthermore, the study of its inter-
pretations leads to interesting mathematical problems, (e.g. concerning
topological Boolean algebras) and sheds light on why the classical sentential
calculus is so well-behaved.

Some people, upon discovering that the identity connective was not
truth-functional, have thought that SCI is an intensional logic. We emphati-
cally deny this. The essence of intensionality is that the rule ‘‘equals may
be replaced by equals’’ fails. However, this rule does hold in the SCI (see
the remarks following 1.3).

The paper is divided into four sections. The first is a collection of
most of the basic definitions and theorems. The second and third sections
discuss the questions of decidability and adequacy. The last section pre-
sents a particular theory built in the logic of the SCI. We have omitted
most proofs in 1 to keep the size of the paper within reasonable bounds.

1. Definitions and Elementary Results. The formulas Fm of a language €
of the sentential calculus with identity are generated in the usual way from
an infinite set VAR of sentential variables by the standard connectives 7
(negation) and — (material implication) as well as the binary identity con-
nective =. Considered as an abstract algebra, & = (Fm, 1, —,=) is free in

1. The relationship between the SCI and papers on the identity connective by other
authors (M. J. Cresswell, H. Greniewski, A. N. Prior) is discussed in [8].
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the class of all algebras similar to €; i.e. those algebras % = (4,9, >, ),
where A is a set, 7 a unary function from A into A, and both = and = are
binary functions from A X A into A. Any algebra similar to € is called an
SCl-algebra, and ¢ is called an SCl-language. An SCl-language (considered
as an algebra) is determined up to isomorphism by the cardinality of its set
of sentential variables. The other truth-functional connectives v (disjunc-
tion), A(conjunction), «>(material equivalence) are to be construed as the
usual abbreviations.?

Throughout this paper the letters ¢, ¥, and 6 (sometimes with sub-
scripts) will be used only to denote formulas of an SCl-language @; the
letters ® and T" will always denote sets of formulas; ‘‘p’’ (sometimes with
subscripts) will denote a variable. (Of course, any variable is at the same
time a formula).

Any function F from the power set of Fm into itself having the proper-
ties Cl, C2 and C3 will be called a consequence opevation on L.
(See [9] and [3)).

Cl. ® SF(®), all & C Fm.
C2. ¥ & CT, F(® CF(I); all &, T C Fm.
C3. F(F(3)) = F(®), all & C Fm.

We shall be concerned with two kinds of consequence operations on &: a
“‘syntactical’’ one (Cn) defined from axioms and a rule of inference, and a
semantical one, Cy.

The logical axioms for € are defined from the two sets of schema TFA
(truth-functional axioms) and IDA (identity axioms) below. The axioms in
TFA are sufficient to derive (using just modus ponens) all truth-functional
tautologies. The axioms IDA say that = is a congruence on @ at least as
strong as material equivalence.

1.1 Definition. TFA is the set of all formulas of € having the form (a), (b),
(cy) or (cy) below; IDA consists of those formulas of the form (d) - (h) be-
low.

(@) o=@ —o)

b) (=W =0) = (e=y)~-(p—0)

(e)) 1= (@ =)

(c2) (@=y) = (Qp=y)-vy)

(d =09

(&) o=y~ 9=y

(£) o= = (@ =Y,= (0= wr) =W, —Yy))
(8) vras¥i= (=Y~ (o =¢n) =W, =V,)
() o=y = (p-y).

2, It makes a difference which truth functional connectives are taken as primitive;
see footnote 6. We have chosen the two 1 and — for ease of exposition only. The
reader will be able to see how to modify all of our subsequent definitions and
theorems to conform with any other choice of the primitive truth-functional
connectives.
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The only rule of inference is modus ponens (from ¢ and ¢ =¥ infer ¥).
The consequence operation Cn is defined via the above axioms and rule as
follows.

1.2 Definition. Cn(®) is the smallest set of formulas closed under the rule
modus ponens, which contains TFA, IDA, and the set ®.

1.3 Proposition. Cn has the properties C1-C3. Furthermore,

(a) geCn(@Ulyhe=Y = peCn(@).
(b) @e Cn(®) <> @eCn(T), wheve T is some finite subset of ®.°

The members of Cn(p) (p is the empty set) are called the logical
theovems. It may be easily checked that all formulas of the form

(RL) (p=y) = (Glyp) = GW))

are logical theorems, where G(¢) is any formula containing ¢ as a part, and
G(Y) is the result of replacing some occurrences of ¢ by ¥ in G(¢).

Since &, considered as an algebra, is free, any function from VAR into
an SCl-algebra ¥ may be extended uniquely to a homomorphism of Fm into
Y%. When ¥ is the language & itself, such a homomorphism is called a
substitution on .

1.4 Definition. The set & of formulas is

(a) atheory if Cn(®) = &;

(b) comsistent if Cn(®) # Fm.

(c) maximal consistent, (or complete) if & is consistent, but is not a
proper subset of any consistent set.

(d) énvariant if n(® S &, for every substitution % on €.

1.5 Proposition.

(a) Any consistent set is contained in a maximal consistent set.

(b) Any maximal consistent set is a theory.

(¢) If o¢Cn(®), theve is a maximal consistent superset T of ® which does
not contain ¢,

(d) If peCn(®) then h(p) e Cn(n(®)) for any substitution h on 2.2

We will interpret £ using the ‘“matrix method’’ of Tarski [4]. The idea
is to specify a set A(¥®) over which the variables range, and to interpret
each connective as an operation on A. This involves an SCl-algebra %. We
then pick a subset of A to be thought of as the ¢‘true’’ or ‘‘designated’’ ele-
ments. This idea will be clarified by the definitions below.

1.6 Definition. Let ¥ = (4, 1, =, =) be an SCl-algebra, and let B be a sub-
set of A.

3. Both ‘‘iff”’ and ‘'’ are abbreviations of ‘if, and only if’’, We also use ‘‘=>'’ as
an abbreviation of ‘‘implies’. The symbol ‘="’ should not be confused with the
symbol ‘‘—'* which denotes a connective of L.

4, A consequence operation having this property was called structural in [3].
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(a) awvaluation of % is a homomorphism % from & into ¥ (i.e., z (@) =% (¢),
ke =Y) = (@) £ 1Y), etc.)

(b) B isclosed if, for each a, beA, whenever a and a >b are in B, so is b.

(c) B isproper if B # A.

(d) B is admissible if, for every valuation % of %, and every ¢ in TFA or
IDA, h(p) € B.

(e) B is prime if aeB or “ac B, for all acA.

(f) B isnormal ifa £beB<> a=1b, for all a, beA.

(g) B is afilter if B is proper, closed and admissible.

An SCl-matrix M is a pair (¥, B) consisting of an SCl-algebra % and a
filter B in %. An important example of an SCl-matrix (a canonical SCl-
matrix) is (g, Cn(®)), where & is any consistent set of formulas. If Bis a
prime, normal filter, then (¥, B) is called a model. The interpretations of
¢ are the SCl-matrices (see definition 1.7), and the intended interpretations
are the models, since in any model the interpretation of the logical connec-
tives is the desired one: if (¥, B) is a model and % is a valuation of %, then

k(@) e B=>h(9) ¢ B;
Rl »Y)e Be=>h(p)¢B or hY) eB
k(o= Y) e Be=>h(p) =nW).

1.7 Definition. Let (Y, B) be an SCl-matrix and let % be a valuation of %.

(@) n satisfies ¢ in (M, B) (in symbols, pe Sat (4, B)) =>1(0) e B;

(b) @is true in (4, B) (in symbols, ge TR (Y, B)) <> @eSat; (¥, B), for every
valuation % of ¥.

(c) ¢isvalid in % <> e TR(Y, B), for every filter Bin Y.

(d) ¢is valid <> ¢ is valid in 4, for every SCl-algebra %.

For example, every formula in TFAUIDA is valid, as may be easily
verified. This fact is a special case of theorem 1.9 below. Any SCl-matrix
M = (¥, B) determines a consequence operation Cy on € as follows:’

1.8 Definition. ¢eCy (®)<>for all valuations 2 of U, if %#(®) S B, then
k(o) e B.

It may be easily verified that Cy satisfies C1 - C3 above. Note that
TR(Y, B) is Cy(®). Hence a formula ¢ is valid iff e Cy(®) for every M. The
relation between the syntactic consequence Cn and the semantic conse-
quence operations Cy is given by the following completeness theorem. It
may be proved using proposition 1.5(c) and 1.12, 1.13 below.

5. This semantic consequence operation was first studied in[3]. In most applica-
tions of the ‘‘matrix method’’, especially in [6], it proved sufficient to restrict
the set of designated elements (here, the filters) to be a unit set. In interpreta-
tions of the SCI this is impossible, since, for example p — p and p =p must both
be true and T((p — p) = (p = p)) is consistent,
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1.9 Theorem (Completeness Theorem).

(a) @ is comsistent <> theve is a model M = (%, B) and a valuation h of %
such that & Ch™'(B).

(o) @eCn(@ <> for every SCl-matrix M, peCy(®)

(c) @eCn(® <> for every model M, peCy(®)

(@ o is valid<>¢ is a logical theovem.

1.10 Remark. Two important observations follow from 1.9. Firstly, by
constructing an appropriate model, (see 4.6) one can show that the formula

(Fr) (p1 = p2) = [(p2 = p1) = (b1 = p2)]

is not valid, and thus not a logical theorem. I the formula (Fr) were prov-
able, then the identity connective = would be only another notation for<—
(material equivalence). Hence we may justly say that the sentential calcu-
lus with identity is a refinement of the classical sentential calculus (SC).
SC is obtainable from SCI by adding all substitution instances of (Fr) above
as axioms. In [8] (Fr) was called the ‘“Fregean axiom’’.

Secondly, it can now be seen that if Cn°is the consequence operation
defined from the rule modus ponens and the axioms TFA only, and if ¢, ® do
not contain an occurrence of the identity connective, then @eCn(d)=
©eCn°®). So in this sense, the SCI is a conservative extension of SC.°

In 3, the question of whether there is a fixed matrix or model M° such
that Cyc = Cn is answered affirmatively. Any matrix having this property
is called adequate for Cn. ¥ M has only the weaker property that Cy(®) =
Cn(p), then M is called weakly-adequate for Cn. (This notion of adequacy
corresponds to that given in[3]). Note that B, = <{0, 1}, {1}) is adequate for
the classical sentential calculus consequence, where {0, 1} is the two ele-
ment Boolean algebra, and {1} is the prime filter. The following proposi-
tions deal with the question of when Cy = Cy, for different SCl-matrices
M, M'.

1.11 Definition. Let M= (¥, B) and M' = (A',B") be SCl| matrices. A
function k: Y+>U’ is a matrix-homomorphism (matrix-isomorphism) from

M into M’ if  is an algebraic homomorphism (isomorphism) from ¥ into %’
and h=*(B’) = B.

1.12 Proposition. If h is a malrix homomorphism from M into M’ which
maps N onto W', then Cy = Cy.

A standard application of 1.12 is in the formation of ‘‘quotient-ma-
trices”. I M = (Y, B) is any SCl-matrix, define the binary relation =5 on

6. The completeness theorem may be used to show that if v (disjunction) is included
in the set of primitive connectives then e.g. 7(p v ¢ = 1p — q) is consistent.
Hence to construe p v g as an abbreviation of 1p — g is, in effect, to adopt
p vgqg =1p—qas an axiom, Similar remarks may be made about any abbrevia-
tion.
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A by
a~pbes>a=beB, foralla, be¥.

(When the filter B in question is clear from context, we will write = instead
of ). From definitions 1.1 and 1.6 it follows that ~is a congruence on ¥.
Let |al| denote the congruence class of the element a. Then %/=, the set of
congruence classes of elements of Y, becomes an SCl-algebra with the
following definitions:

lal = 1al; lal > ol =la >0l lal2 |6]=1lazb].

Let B/~ be the set {|6|:5¢ Bl. Clearly B/~ is a filter in %/, so that
M/~ = (3/=, B/~) is an SCl-matrix.

1.13 Proposition. B/~is a normal filter in $/~, and B/~ is prime iff B is
prime in . Furthevymove, the natural map a +>lal is a matrix homo-
movphism of M onto M/=, so that Cy = Cy /x.

Those SCl-matrices (%, B) in which B is a normal filter are charac-
terized by 1.14.

1.14 Proposition. Suppose B is a normal filter in M. Then theve is an
SCl-language R, a consistent set & of formulas of 8, and a matrix iso-
morphism from {&/=, Cn(®)/=) onto (Y, B) where =~ is =¢).

Proof: Let V be any set having the same cardinality as U, and let &, be the
SCl-language having VAR =V. Let % be any 1-1 function from VAR onto %
and extend % to a homomorphism of £, onto ¥. Let & be 2~*(B) (i.e., & =
Sat, (%, B)). Then Cn(®) = & and by the completeness theorem & is consis-
tent. The normality of B implies that # is well-defined in 2,/=, and is both
1-1 and onto.

We end this section by giving a useful description of prime normal
filters.

1.15 Proposition. Let % = (4,3, =, 5,) be an SCl-algebra and suppose
BC A. B is a prime filter in 4 iff (a), (b) and (c) below hold; B is a prime,
novmal filter iff (d) holds as well. For alla, b in A,

(a) a »b¢B<>acBand b¢B

(b) a¢B<>aeB

(c) =g is a congruence on U, wheve a ~pb<>a =b ¢ B.
(@) =g is the identity;i.e.,a ~pbe>a =b.

2. Finite models and the decidability of Cn(®). A finite model M = (Y, B)
is a model in which the number of elements in the SCl-algebra ¥ is finite.
We let |M| denote this number. For each pair of natural numbers (&, ¢}
where 2 =n, 1=¢ <n, one may construct a finite model M = (Y, B) such
that | M| =n and |Bl, the number of elements of B, is . Indeed, let A=
{1, 2,...,n, B=12,...,¢t}. Using 1.15, we see there may be many ways to
define the operations 9, =, =, on A; the only restriction is that the ‘*multi-
plication tables’’ have the following form:
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4
b a’
a b’

where a,a’ya'’ are in A - B, and b, b’, b'', b'"" are in B. That is, (to re-
peat 1.15) for any ¢, d in A: 9c ¢B iff ceB; ¢ >d¢B iff ceB and d¢ B;
¢ =d¢B iff ¢ #d. These observations may be extended to prove the follow-
ing.

2.1 ‘Theorem. For any positive integer n, theve is a finite SCl-algebra 4 =
(4, 1, =, =) containing n prime, normal filters B,,..., B, such that when
i #7, TR(Y, B;) # TR(Y, B;), and hence C (w, B # C<"Bi>'

Proof: Let A, ={0, 1}", the set of n-tuples of 0’s and 1’s, and define A as
the union of A, and the n(n-1)/2 elements (0, 2,0,...,0); €0,0,2,0,...,0),
(0,0,3,0,...,0...;¢0,...,0,2),¢0,...0,3),...,¢0,...,0,m. For a in
A, (@); will denote the ith -coordinate of a. The functions 1, > and = are de-
fined as follows:

. _ 0 if (a)i 7‘ 0
(a); = 1 otherwise
_ [0 if (a); # 0 and (b); = 0;
(@~ 0); = 1 otherwise
wepo [$00, 0 it aFD
{1,1,...,1) otherwise.

The subsets B, ...,R, are defined by:
B; ={ae A:(a); # 0}

From 1.15 and the above definitions it follows that each set B; is a prime,
normal filter in A. In order to show TR(Y, B;) # TR (Y, B;) when i # j notice
that |B,| < |B,I<...< |B,|. (This was the purpose of adding the addi-
tional elements to Ay). Ifi <jand |A - B;| = #, then the formula

[1(p1 Ep2) A 1(171 = Ps)/\- ce A 1(1),5 Pr+1)] - [plv P2 v... Vpr+1]

is in TR(¥, B;) but not in TR(%A, B;). This concludes the proof.

As was remarked in 1, the two element Boolean algebra (with unit
filter) is adequate for the classical sentential calculus. In contrast, we
have the following result.

2.2 Theorem. There is no finite model weakly adequate for Cn, and hence
no adequate finite model.

Proof: Let M be any finite model, and let z = |M]. Then the ¢“Godel
formula’’ ¢, where ¢ is

P1=PavDpi=P3v .oV, =P

is true in M but is not true in any model M’, with |[M’|>n. It follows from
1.9 (d) that ¢ is not in Cn(®). Hence TR (M’) # Cn(D).
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The next theorem shows that Cn has the ‘‘finite model property’’. It is
used to prove the recursive decidability of Cn(®). For any formula ¢, let
DES(®) be the number of subformulas of ¢.

2.3 Theorem. If ¢ is satisfiable in some wmodel, then ¢ is satisfiable in a
Finite model M with |M| = DES (¢) + 1.

Proof: Suppose ¢ is satisfiable in the model N = (%, B) by the valuation %.
Suppose U = (4, 1, =, =), and let ¢y, ¥2,...,9, = ¢ be all subformulas of ¢
(son = DES(¢)). Let C, be the set{%(¢p,),...,%(p.)}. Note thatZ(p,) = h(p)e B,
since % satisfies ¢ by hypothesis. If C, contains an element of A - B, let
C =C,. Otherwise, let C =C,U{0}, where O is any element of A - B. De-
note h(p) byl. We let D =CNB, and we will so define the operations 'I,

= on C such that D becomes a prime, normal filter in C. For a, b in C, de—
fine (where # is = or =):

lifjaeB- G
O otherwise
{a #b ifadbeG

{"\a if9a eC;

a#b=1{1 ifaébeB-C;

O otherwise
That D is a prime, normal filter in the SCl-algebra € = (C, gl, >, 2) follows

from the facts that N is a model (i.e. B is a prime, normal filter in ¥) and
(fora, b eC)

o

aeD(n)‘la € B;

Hence M = (€, D) is a finite model, and |M| =1 + DES(p).
Finally, let 2’ be the valuation of € defined by

k(p) if p is a subformula of ¢
1 otherwise

h'(p) =

From the way the functions in € are defined, it is easily checked that%’(¢)
=h(p) =1, so that 2’ satisfies ¢ in M, q.e.d..

Trivially this estimate is best possible since the smallest model in
which the formula consisting of a single variable p is satisfiable has two
elements; i.e. 1+ DES(p) elements. But this does not tell the whole story:
e.g. if ¢ contains no negation signs, then ¢ is satisfiable in the two element
model. We do not discuss these matters further here. Clearly from 2.3,
we have:

2.4 Corollary. There is an effective procedure to determine, given a
formula ¢, whether ¢ is a logical theorem.

The decidability of the classical sentential calculus may be proved
using the so-called truth table method, which may be considered as an
application of the following well-known theorem:
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Fov everymapping f:VAR > {0, 1} theve exists a unique classical com-
plete set of truth functional formulas ® such that the charactevistic function
of ®is an extension of f.

This theorem can be generalized to the SCI. Consequently, there is a
generalization of the truth table method for SCI formulas which may also be
used to prove the decidability of Cn(®).

2.5 Definition. A mapping ¢:Fm {0, 1} is called a truth valuation of the
SCl formulas if ¢ is the characteristic function of some maximal consistent
theory.

Using the two operations 4, = on the set {0, 1}: (1) =0, (30) = 1,
x =4y =0iff x =1 and y = 0, one easily proves the following.

2.6 Proposition. A mapping t:Fm —>{0, 1} is a truth valuation iff the fol-
lowing conditions hold for all ¢, Y, a, Be Fm:

(a) tQ) =tlp)

) tlp=y) =t >t

(@ tlp=9)=1;

(@) if tlo=y) =1,then t(p) = t{)

(e) if tlo=y) =1, then t(p=1Y) =1

(€) if tlo=y) =tl@a=p) =1 then tllp—a) =@ —-B)) = tllp=a) =@ =

p) = 1.

Let Eq be the set of all equations. We define the formulas and equa-
tions of degree at mostk =0, 1, 2, ... .

2.7 Definition.

(al) Fmo = VAR
(a2) Fmpqs =Fm, UNg, 0= ¥, 0 =¥ 10, ¥ e Fmy ).
(b) Ego =@ and Eqy; =Eq N (Fryyy - Frg)

2.8 Definition. Every mapping f: VAR UEq, — {0, 1} is called elementary
truth-valuation if it satisfies the following conditions for 7, j, 2 =1, 2,... :

(@) fie=p) =1
(b) if f(p; = p;) = 1 then £(p,) = F(p;)
(c) if f(pi =) = f(Dj = pp) = 1 then flp;=p;) = 1.

The restriction ¢’ to VARUEg, of any truth valuation # clearly is an
elementary truth valuation. Conversely, we have the following.

2.9 Theorem. Every elementary truth valuation can be extended to a truth
valuation,

Before giving the proof, let us first discuss some properties of (ele-
mentary) truth valuations. Observe that every elementary truth valuation f
is a unique union ZU g of two disjoint zero-one valued functions %, g such
that VAR = Fmy = domain of % and Eq, = domain of g. Moreover, g is the
characteristic function of an equivalence relation—on VAR, satisfying the
condition
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(*) of pi - p;j then h(p;) = h(p;)

Hence, elementary truth valuations may be considered as pairs (&, )
where % is any mapping of VAR into {0, 1} andis any equivalence relation
on VAR such that (¥) holds. We are going to show that the (full) truth-valu-~
ations may be represented in an analogous manner.

2.10 Definition. An infinite sequence of pairs {(, H}yis called a se-
quence of partial truth valuations if the following conditions are satisfied
for each 2 =0,1, ...

(a) 7, maps Fmy into {0, 1}.

(®) Rpss () = (@), if peFmy; i.e. by, is an extension of %, ;

(c) hk+1(1§0) =(0) if @eFmy,

(@ mplo—-¥) =) > () if o, ¥ eFru;

(e) H is an equivalence relation on Fry,

(f) P <= oAV if ¢, U € Fiy; i.e. k7is an extension of =,

(g) if ¥ then 7 (9) = Ie(Y);

(M) 7palo=Y) = 1> HY, if @, Ve Fry;

(i) }f <pl—k—;w and al-- B then 19 b 1Y, (¢ > a7 @ — p) and (¢ = a)b

¥ =p).

211 Proposition. (1) If t is a truth valuation and t.(¥) = t(¢) and
oHAY = t(0=¥) =1 for allo,YeFmy, k=0, 1,... then {{t, 5} is a
sequence of partial truth valuations; obviously t = U tp.

k

(2) On the other hand, if {{hy, F)} is a sequence of partial truth valua-
tions then the union t = Ukk is a truth valuation such that {(h,, D} is just

E
lhe corvesponding sequence of pavtial truth valuations; i.e. Iy, = &, and 1=
HH for allk =0, 1,....

Remark. According to the last proposition there is a one-one correspon-
dence between truth valuations and sequences of partial truth valuations
{¢hy, FAd).  Observe that the mapping %, assigns a truth value 0 or 1 to
every formula in Fm,. On the other hand, the equivalence relationl;Hde-
termines, according to definition 2.10(h), the truth value of all equations in
Eqp44, that is, all ‘‘new’’ equations in Fmyy,. The truth values of all other
formulas in Fmyy, - Fmy are uniquely determined (according to (c) and (d)
in definition 2.10) by the truth values of formulas in Fmy.

Proof of 2.9: Suppose now f is an elementary truth valuation represented
by (&, ). Define:

(@) ho =h and 1= H,

() nylpi=p;) =1iff pi5i p;

(¢) hr+ilp=y¥) =0 and non @Y, iff ¢, YeFm; and distinct,
(d) hk+1(—|(p) =9n, ((P), if g e Fmy,

(e) hpslp =¥) = mle) = r(Y), if 0, ¥ e Fmy.
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One may easily see that {{#, g1}, .y is a sequence of partial truth val-

uations and the truth valuation t=g hp is an extension of f. Thus, the-
orem 2.9 is proved. -

Remark. If we replace the condition (c) by the following two:

() hen(@=¥) = 1= n(9) = W), if 0, Ve Fmy
(€)oY <= (@) = (), if 0, ¥ ¢ Py,

then the above procedure defines another truth valuation f* which also is an
extension of f. According to £ all non-trivial equations are false. On
the other hand the truth valuation #* makes all equations behave like bi-
conditionals.

2.12 Corollary. The set of those varviables and elementary equations
which ave true under any elementary truth valuation, is consistent.

Remark. Truth valuations provide another proof of 2.4:

Proof. Let Fmg‘) be the set of all those formulas in Fm, which contain at
most the variables py,...,p,. The restrictions of (elementary) truth valua-
tions to Fm(k") may be called (elementary) n/k-truth-valuations. Since the
set Fm k" is finite, there are finitely many elementary »n/k-truth-valuations
and finitely many n/k-truth-valuations. Each of them may be effectively
presented as a zero-one-valued assignment table for all formulas in Fmy .
Moreover, given an elementary n/k-truth-valuation f there is an effective
although not univocal procedure of step wise extending f over
Fm ,...,Fm(k” to any n/k-truth-valuation which is an extension of f.
Since, in general, ¢ e Cn(Q) iff £(¢) = 1 for every truth valuation ¢, it follows
that for any ¢ in Fmy :

oeCn(Q) iff t(¢) = 1 for every n/k-truth-valuation ¢.

Thus, given any formula ¢, one has to find the smallest set Fm(;f) containing
@. Then, by inspection of all n/k-truth-valuations, one may tell whether or
not @ e Cn(p).

2.13 Corollary. An equation ¢ =Y is in Cn(D) if and only if it is trivial,
i.e. pand Y are the same.

3. Adequacy. 1In 2 it was shown that no finite matrix is adequate for Cn. In
this section we show that there are at least two ways of constructing infi-
nite adequate matrices. For certain natural extensions, however, no
adequate matrix exists.

We first define the direct-sum of a collection of models. Suppose that
for each member ¢ of an index set I, M; = (¥;, B;) is a model, and let %; =
{#;y iy iy =i). We further suppose that A; and A; are disjoint when i # j,
(¢, jeI). (When this is the case, we say M; and M; are disjoint). The model
M={¥4,B), % = (A I, >, 2) is defined as follows. Let

A=l 4, and B=UB..

iel iel
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The operations will be defined so that B is a prime normal filter in %.
First select some member of B, say I, and some member of A - B, say O.

We denote members of the set A; by the letters a; and b,(iel). Now de-
fine 1, =, = by:

a;) = ;a;
a;=; b; ifi = j,
a; ‘L’bj = { O if a,-eB,-but bj{B,','
1 otherwise.
R L
0 otherwise.

It is quite easy to check the following facts.
a; ’."bj ¢B<>a; € Band b; ¢ B
a; { B<>7a; € B
a; = b; ¢B<=>aqa; # b;.

Hence B is indeed a prime, normal filter in A, so that M is a model. We
call M the direct sum of the models M;. We use the direct-sum construc-
tion in the proofs of 3.4 and 3.6.

3.3 Definition. Let & be a set of formulas. The support of ¥, in symbols,
s®, is the set consisting of those variables which occur in at least one
formula in ®.

3.4 Theorem. Let R be any SCl-language, and let &, and &, be sets of
Sformulas of Q. If both &, and ®, are consistent and s®,Ns®, =@, lhen
®, U, is also consistent.

Proof: By 1.9, there are models M; and M, and valuationsv; andv, such
that v; satisfies ®; in M;, =1, 2. We may clearly suppose M; and M, dis-
joint. Let M be the direct sum of M; and M,. Let v be any valuation of M
satisfying the condition that for any variable p in s&;, v(p) = v;(p). At least
one such valuation v exists since s®; N s®, =@. v satisfies ®;UP, in M
since the operations in M agree with the operations in M; (for arguments
belonging to M;) and v; satisfies ®; in M;. Thus, againby 1.9 &, U&, is
consistent.

3.5 Remark. We note that the following conditions are equivalent for sets
of formulas ®,, ®, with disjoint supports.

(a) if &, and ®, are separately consistent, so is ®; U®,.
(b) if peCn(®,U®,) and s{@}Ns@, = P then either pe Cn(®@,) or &, is incon-
sistent.

Any consequence operation satisfying condition (b) was called uniform in
[3]. ((a) and (b) are equivalent for any consequence operation C on a sen-
tential language having a unary connective # such that ae C(T) iff C(T, #a) =
all formulas.)
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3.6 Theorem. Cn has an adequate model.”

Proof: Let {®;};, be the collection of all maximal consistent theories in £.
By 1.9, for each ¢ in I there is a model M, and a valuation v; such that v;
satisfies ®; in M;. Without loss of generality, we suppose the models M;
are mutually disjoint. Let M = (¥, B) be the direct sum of the models M;.
We will show Cy =Cn. By 1.9 Cn C Cy for any model M. Hence we need
only prove Cy € Cn. Suppose ¢¢ Cn(T) for some formula ¢, and some set of
formulas T. By 2.1 there is a maximal consistent set, say, ®;, containing T"
but not containing ¢. Let % be the valuation of M defined by 2(p) = v;,(p) for
each variable p. That is, % is v;, considered as a valuation of M. Since the
image of any formula under v;, is in A;; it follows by the same argument as
that in 3.4 that

®;, c h™}(B), i.e. &, C Sat;(M).

But since B is a prime filter, 2~*(B) is a maximal consistent set. Since 2;,
itself is maximal, it follows that &;, =% '(B); i.e. ®;, = Sat;(M). Now since
@edig, @ Saty(M). But this shows ¢¢ Cy(®;) and hence ¢¢Cy(T). Thus
Cu C Cn, and the proof is complete.

3.7 Corollary. The model M (constructed in the proof of 3.6) has the fol-
lowing property: & is a maximal consistent theory if and only if there is a
valuation h of M such that & = Sat;(M).

Call any model (or matrix) having the property given in 3.7 special.
The idea of the proof of 3.6 was to construct a special model and then point
out that any special model is adequate. It may be asked whether any matrix
M such that Cy = Cn will be special. From the next theorem it follows that
the answer is negative, since the inverse image of a filter which is not
prime will not be a maximal consistent theory.

3.8 Theorem. Theve is a matrix M = (4, B) such that Cy = Cn and B is
not a prime filter in Y.

Proof: (Il of 3.6) Let {®;:iel} be the collection of all Cn-consistent the-
ories (ot just the maximal theories). If § is generated from the set of
variables {p,:keK} let 8* be the SCI language generated from the set of
variables {pi,:icl, keK}. Cn* is the consequence operation on@* (defined
by modus ponens and the same axiom schemata 1.1 that defines Cn on 8
only extended to the language £*). Let e;:® > 2* be the unique mono-
morphism taking p, onto p?.

3.9 Lemma.

(a) For any formula ¢ of &,any set of formulas ® of € and any i, @eCn(®)
=e,(¢) eCn*(e;(®)

7. This theorem is a corollary of the main theorem of [3]. However our proof I is
totally different from the one given there. Proof II (3.8) is a minor modification
of the Loé-Suszko proof. We give it in order to get Corollary 3.10.
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(b) @ is Cn-comsistent iff e;(®) is Cn*-consistent.
(¢) Let B, =Ue,~ (®;). Then Byis Cn*-consistent,

iel
Proof of 3.9: (a) is easy, and is omitted. (b) follows immediately from (a).
In order to prove (c), assume B, is not Cn*-consistent. Since proofs are
finite, for some 7;,...,%; inl,

e,'l(dnl) U ... U ein(@,'n),

is Cn*-inconsistent. But each set ¢;(®,) is separately consistent by (b).
Hence, by 3.4 (which applies to any SCI language) so is any finite union of
these sets, contradicting the assumption. Thus B, is Cn*-consistent.
We now define the matrix M as the pair (2*, Cn*(B,)). Before proving
Cy = Cn we show that B = Cn*(B,) is not a prime filter in 2*. Indeed, let
®;, be any non-maximal Cn-theory, and let ¢ be a formula such that neither
@ nor 1¢ belong to Cn(®;)). From 3.9 (a) it follows that neither e;(¢) nor
ei,(10) = 1e;(9) are in Cn*(e;(®,)). I ei(@)e Cn*(By) = Cn*le; (@, U g
1
e;(®;), then, by 3.4 and 3.5, either e;,(9p) e Cn*(e; (®;,)) or IQ e;(®;) is C;*f
(4]
inconsistent. But both alternatives have been shown false. Hence
e;, (P ¢ Cn*(B,). Similarly Te;o(¢) ¢ Cn*(B,). Thus Bis not prime.
Cn € Cy by 1.9. In order to show Cy € Cn, suppose that ¢ ¢ Cn(®). Let
®;, = Cn(@U{1¢)}). &, is a Cn-consistent theory. Thus e;(®,) S B. We
show e;,(¢) ¢ B. For if e;)(¢) e B, then e;,(¢) e Cn*(e;,(®) U U ej(®)). By the

j#1
argument given two paragraphs above it follows that e;,(®) ¢ Cn*(e;,(®;,)) and
hence ¢eCn(®;)). But then &; is Cn-inconsistent, a contradiction. Hence e;,
is a valuation of * such that ¢; (®) S B, but e;,(¢) ¢ B. This shows ¢¢ Cy(®)
and completes the proof.

3.10 Corollary. There are two matrices
M = (%, B) and M’ = (%', B")

such that B is a prime filter in N, B’ is not a prime filter in A’, but
Cy = Cun:

Proof: Let M be the model constructed in the proof of 3.7 and let M’ be the
matrix of 3.8. Cy = Cy: = Cn.

We give two examples of consequence operations having no adequate
matrices. In the first example, the language is extended but the conse-
quence operation remains ‘‘the same.’” Let 2% be the language obtained
from £ by the addition of some sentential constants, say ic;};c;, and perhaps
some connectives. The notion of an ¢@*-matrix’’, M*, must be modified so
that an ‘8% -algebra’’ contains constants {c;};c; and functions corresponding
to the new connectives. Every valuation of M* must take ¢; onto ¢;. Cntis
defined from the same axiom schemata that define Cn. We show Cn™ can
have no adequate matrix. Let ¢ be any sentential constant of e+, and let ¢,
be the formula (¢c—c)=(c=c). Then, by constructing appropriate £*-
models, it may be easily seen that both ¢, and 1¢. are Cn*-consistent. Now
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let M* = (A, B) be any @*-matrix. If ¢is the constant of M* corresponding
to ¢, let d be (c >¢) £ (c=¢). Either deBor d¢B. If de B, then ¢, is true
in Mt*; if & is any valuation of A%, 2(¢.) = de B. Thus 1¢, is Cy+-contradic-
tory: i.e. Cyy# cnt, Similarly, if d¢ B, then ¢ is Cy contradictory, and
hence Cyy # Cn in this case too. ThusM* is not adequate for Cn, conclud-
ing the proof.

In the second example, we keep € fixed and extend the consequence
operation Cn. If T is any set of formulas of &, Cnp is the consequence
operation defined by Cnp(®) = Cn(T'U®). It seemed natural to suppose that if
T is an invaviant (consistent) set of formulas (see 1.4), then Cn would have
an adequate matrix. However, for some consistent invariant T, Cnp has no
adequate matrix. In order to prove this we first prove:®

3.11 Lemwma. IfM = (", B)is any matrix, and ®,;, ®, are each Cy-consis-
tent sets with disjoint supports, then ®,U®, is Cy-consistent.

Proof: We note first that any set & of formulas is Cy-consistent iff there
is some valuation z of M such that 2(®) < B. Since ®, and ®, are separ-
ately Cy-consistent, there are valuations/’,, %, such that n,(®;) S B,i = 1, 2.
Since s®;Ns®, = ¢, we may define a valuation % by

hl(P)’ PG sq’l

np) = ho(p), otherwise

Then% agrees with %; on &, and with 2, on ®,. Hence #(®,U®,) C B, and by
the first remark, ®,U®, is Cy-consistent.
Now let T be the set of all formulas in & of the form (a) or (b):

@) (p=@) =W —Y)
b (p=9¢) =@ =)

T' is clearly invariant and Cn-consistent. We claim Cnp has no adequate
matrix. Indeed, if o and Y, are the formulas

o= (pr =P =(py = p1)
Vo =1((p2 = p2) = (P =p2))

then ¢ and ¥, clearly have disjoint supports and each is separately Cnp-
consistent. However ¢, A, is Cnp-inconsistent, as may be easily verified.
By 3.11 then, for no M is Cnp = Cy, which completes the proof.

4. A Particulayr SC| theory. We will not study here the intuitionist version
of the SCI which is obtained by changing our axiom (c,) to the following
weaker form: (¢ —¥) - ((¢ - 1) - 1p). Instead we will consider a particu-
lar theory A based on our (classical) version of SCI and study the relation
of A to contemporary modal logic.

4.1 Definition. Let A= Cn(A,), where A, is the set of all equations of the
forms

8. Using remark 3.5 it may be seen that a theorem equivalent to 3.11 was stated
without proof in [3].
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(a0) @ = ¥, all ¢, Y€ Cn(p), the set of logical theorems.
(a) (e=19)= (=)
(a) ((p=Y) =W =) =(p=Y).

A is clearly an invariant theory®, and in view of (a,), we let I be an
abbreviation for some member of Cn(®), say p v 1p, and let 0 be an abbrev-
iation of pA1p. Hence

@ =1eA if peCn(®), and

(as) @ =0el if 1@ eCn(P).

Note that Iand (p=¢) =1 are inA. Also (a,) - (a;0) are in A.

() Tp=0

(a5) (p=1)—¢

(ag) (p=¥)<>(lp=y)=1)

(a) ((p=¥)=1-((¥-p)=D)-p=y

(ag) All ¢‘Boolean’’ equations: e.g.
(p-y)=Qovy)
palvo)=(pay)v (pab)
Wpvy) =ToaTy

(ag (pay)=D<>(w=Dnr W =1)

(a0 ((@-¥)=1)~-(p=1)-> W =1))

Proof (sketch): (ay) follows from (a;). By (as) and (RL) (in 1) one obtains
(a5) and (ag). (a;) follows from (ay). All formulas in (ag) follow from (as)
and (a;). (ag may be derived from (ao) and (RL); (a,0) from (a,), (RL) and

(ap).

4,3 Proposition. The theory A has the following property (which we call
property N): @el iff ¢ =1¢eA.

Proof: If ¢ is a logical axiom (7FA or IDA) or an axiom of A, then ¢ = 1¢A
by (a,) and (ag). By (ay) this property is preserved under modus ponens.
The converse is trivial.

We may now verify that the following formulas are also in A:

(a;) (@=1)= 1ifpeA

(a) ((pay)=1)=((p=1)a G =1))
(3-13) (p=1)=1)=(p=1)

(e ((@=1)—9) =1

Our aim is to show that A is the set of all formulas of € which are
valid in every topological Boolean algebra.

A topological Boolean algebra (T.B.A.) 8 is a Boolean algebra (with
respect to the usual operations -,N, U, having maximal and minimal ele-
ments 1 and 0 respectively) together with an interior operator | on B which
satisfies the following conditions:

9. (a1) is redundant. All Boolean equations, e.g. 17¢ = g and (¢ = T¥) (¢ =V¥)
follow from (ap) and (az). (a;) follows from (as) and Proposition 4.3.
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1land) = (aN1B); lla=lag la>a=11=1

where a = b = -aUb. Now define the operations = and C by: Ca = -I(-a) and
az=b=1(@>0)N0® >a). Then la=a=1and Ca=-(@=0);alsoa=d =1
iff @ =b. It is now easy to show that the SCl-algebra 8 = (B, -, =, =) has
the property that the SCl-filters (definition 1.6) are precisely the proper
Boolean filters of B. (Our notation is not consistent: we should write 9 for
the operation - in the Boolean algebra.) Consequently, one may consider
the formulas which are #rue in the (topological) matrix (8, F) where F is
any SCI (i.e. proper-Boolean) filter in 8, and the formulas which are valid
in 8. Since the intersection of any collection of filters is a filter, a formula
is valid in 8 iff it is true in (8, {1}.

A filter F in B is lopological if laeF whenever aeF. It is easily
checked that the prime (SCI) filters in B are precisely the prime Boolean
filters and the normal (SCI) filters are those filters F such that the only
topological filter contained in F is {1}, the unit filter.

4.4 Lemma. Every formula in A is valid in any topological Boolean alge-
bra. (Hence A is consistent).

Proof: One need only check that all formulas (a,), (a;) and (a,) are valid in
any T.B.A. and note that validity is preserved by modus ponens.

Consider the canonical matrix (g, A) and the corresponding quotient
matrix My = (&/~, A/~), where ~ is the congruence defined by the filter A:
(see remarks following 1.12).

4.5 Lemma. R/~ is a topological Boolean algebra, and A/~ is the unit
filter in 8/~.

Proof: The operations -, =, = are defined on 2/~ as indicated after 1.12.
The additional operations I, N, and the elements 0 and 1 are defined by:

Hel=le=1l; lolnlyl=leawl;
=l1l(=1p =ph, 0= lol (= 1p » )]

where |o| is the congruence class of the formula ¢. By (ag €/~ isa
Boolean algebra. Since A has the property N, we see that A/~ is the unit
filter. Finally, from (a,;) - (a.), it follows that | is an interior operator on

g/~.

Remark. Since A is invariant and consistent it follows that Ip,-l # ijl if
i #j. On the other hand, the family VAR/~ of all cosets |p;| clearly gen-
erates the whole algebra £/~. Moreover, using the techniques of universal
algebra we are able to show that €/~ is freely generated by VAR/~ in both
following versions: (1) every mapping of VAR/~ into &/~ can be extended
to an endomorphism of £/~ and (2) every mapping of VAR/~ into any topo-
logical algebra % can be extended to an homomorphism of £/~ into .

4.6 Theorem. The theory A is the set of all formulas of & which ave valid
in every topological Boolean algebra.
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Proof: It suffices, in view of lemma 4.4 to show that for every formula ¢
which is not in A there exists a topological matrix M = (8, F) and a valua-
tion of which does not satisfy ¢ in M. The matrix M) and the natural homo-
morphism of € onto €/~ will do. I @eA then there exists a complete
superset ® of A so that ¢ ¢®. It follows that |o|¢&/~. But &/~ is a prime
filter in 8/~. Hence, |¢| # 1. Thus ¢ is not valid in My.

The last theorem shows that A is the set of all theorems of the system
S, of the modal logic introduced by C.I. Lewis. See [2] and [5]. To see
this more distinctly the reader may enlarge the language by adding new
connectives (J, &, and supplement the set A, by two definitional formulas of
the form: O¢=(p=1) and OC¢ =1(p=0). The theory A so enlarged will
then contain formulas of the form (¢ =y¢) = O(p <> ).

One might conclude that S; modal logic simply is the SCI supplemented
by additional logical axioms like (a,), (a,), (a;) or, in other words, that the
modal theories based on S, simply are extensions of A, i.e. those theories
in our sense which include A. However, we think this is not so. The crucial
point is the Godel rule:

From ¢ infer O, i.e. ¢ =1.

There exist axiomatizations of the system S, which do not use the
Godel rule, [5]. However, many papers on modal logic do make essential
use of this rule. (Compare [6], Ch. 11, and the collection of papers in [1].)
We conjecture that simplicity is not the only reason for the use of the Godel
rule in modal theories. We think that the very meaning of the necessity
connective O which underlies modal logic and which we dare to consider
‘intensional, forces the modal consequence and modal theories to be closed
under the Godel rule. To clarify the relation of SCI to the modal logic let
us introduce some precise definitions.

4.7 Definition. C#(®) is the smallest set of formulas of €, closed under
the rule modus ponens and the Godel rule which contains TFA, IDA, (ao),
(a;), (ay) and the set ®. A set of formulas & is called an S, modal theory if
C¥(®) = &.

M

4.8 Proposition. The opervation C¥, called S, modal consequence, has the
properties Cl1 - C3. Moveover, ®.is a S, modal theory if and only if ®is an
extension of A which has the property N, i.e. ¢e® if and only if (p=1)e &.
In particular, A is the smallest Sy, modal theory, A = CX(%).

The difference between S; modal theories and extensions of A is re-
flected in the Lindenbaum-Tarski algebra £/~.

4.9 Proposition. The mapping & > &/~ is a one to one correspondence
(1) between consistent extensions of A and propev Boolean filters in &/~
and (2) between consistent S, modal theovies and proper topological filters
in Q/~.
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4,10 Corollary. There exist consistent extensions of A which are not S,
modal theories. In particular, there exist consistent extensions of A which,
for some @, contain ¢ and We=1), while any S, modal theory which, for
some @, contains ¢ and W = 1), obviously is inconsistent.

The Godel rule is essential for the modal consequence and theories in
the sense that it cannot be replaced by any set of axioms.

4.11 Proposition. There exists no set of formulas &, such that for every ®,
Ck(®@ = Cn(AUS, U @)

Proof: Suppose to the contrary, that &, is such a set. Since Cﬁ(@l’) =A=
Cn(AU®,) we infer that &, S A. Hence, C%(® = Cn(AU®) for all &< Fm.

This is, however, not possible because Cn(AU{py, 1(p, =1}) # Fm but
Cillpyy 1(py = DY) = Frm.

Remark. The relation noted above, of the SCI to the modal theory S,, may
be extended to the case of Lewis’ system Ss. To this end, one has to replace
the theory A by a stronger one, say A*, which is defined as Cn(A *) where
A ¥ arises from A, by the addition of all formulas of the following form:

((e= ) =0) = ANp=yY)

Here, instead of arbitrary topological algebras one has to consider the
class of ‘“self-dual’”’ topological Boolean algebras (i.e. those in which every
open element is closed) whose elements satisfy

(@=0)20="(a=d).
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