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A CONTRIBUTION TO THE STUDY OF
EXTENDED MEREOLOGIES

CZESLAW LEJEWSKI

1 By extended meveologies I understand atomistic meveology and atomless
meveology. Either is an extension of geneval meveology, which is a theory
of part-whole relations, first established by Leéniewski about sixty years
ago.! In presenting what follows, I will assume that the reader will be
familiar with mereological vocabulary and also with a few elementary
theses of general mereology.

Neither the term ‘atm’, short for ‘mereological atom’, nor ‘at(4)’,
short for ‘mereological atom of A’, occurs in general mereology as
developed by Lesniewski, but both are definable within the framework of his
theory. In [10] Sobocifiski quotes the following definitions of these two
notions:

(1) [A]l:AcA.[B].~(Bept(d)).=.A¢ca
(2) [A]~AcA:[B]:Beel(Ad).D.B A Asatm
(3) [AB]:Acatm.Acel(B).=.Acat(B )

A

In terms of ordinary language (1) means that A is a mereological atom if
and only if A is an object which has no proper parts; (2) says that A is a
mereological atom if and only if A is an object identical with whatever is
its proper or improper part; and according to (3) A is an atom of B if and
only if both A is a mereological atom and a proper or improper part of B.
Sobocinski tells us that (1) is due to Clay, and he attributes (2) and (3) to
V. F. Rickey.

It may be of interest to note that the notions defined with the aid of
(1), (2), and (3) have been occasionally discussed by earlier authors. Thus,
for instance, in connection with the notion of mereological class Les$niewski
considers the notion of mereological unit class.®* He defines the latter as a
mereological class which is identical with its only element. A point-
moment, that is to say an object which was indivisible as regards its
volume and duration, would be described as a mereological unit class.
However, LeSniewski feels that he should not prejudge the issue as to
whether or not there are any point-moments in this world. In this respect
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he prefers his mereology to remain neutral. If we put ‘A cunit-KI’> to stand
for ‘A is a mereological unit class’ then the relevant definition, informally
suggested by Les$niewski, could be expressed as follows:

4) [Al~AcA:[a]:AeKl@).D.a=A:=.Acunit-Kl

The Calculus of Individuals outlined by Goodman in [1] is also inter-
pretable in terms of part-whole relations. In connection with the problem
of applying the calculus to a given universe of discourse Goodman dis-
cusses the notion of minimal basic unit.® The discussion is informal but if
we were to formulate its results in terms of LeSniewski’s language, and in
application to the universe of discourse consisting of everything that exists,
we would achieve our aim by setting up the following definition:

(5) [A]l~A€A:[B]:Beel(A).D.A = B:=.Aembu,

where ‘A embu’ means the same as ‘A is a minimal basic unit’.

A more systematic version of Goodman’s calculus is presented by
H. Hiz in [2]. Like Goodman, Hiz makes use of the notion of overlapping as
the primitive notion of the calculus. This notion was never studied by
Le$niewski, but it can easily be defined within the framework of general
mereology. The following equivalence:

(6) [AB]:AeA.[3C].Ceel(Ad).Ceel(B).=.Acov(B),

in which ‘A e ov(B)’ means the same as ‘A overlaps B’ or, more precisely,
as ‘A is an overlapper of B’, can serve as the definition.* It is in terms of
this notion that Hiz explicitly defines the notion of mereological atom.
Translated into Le$niewski’s language, Hiz’s definition takes the form of
the following expression:

(M) [Al~ AcA:[BCl:Beov(4).Ceov(4).D.Beov(C):=.Acatm®

It is not difficult to prove, on the basis of general mereology, that the
constant terms ‘unit-KI’, ‘mbu’, and ‘atm’ are synonymous. Interestingly
enough Hiz also considers the notion of being an atom of an object. He
defines it with the aid of an equivalence which in the language adopted for
the purpose of the present paper can be expressed as follows:

(8) [AB]~Acov(B):[CD]:Ceov(A).Deov(A).D.Ceov(D):=.Acat(B)

And among the theses derived by Hiz from the presuppositions of his
system we find one which says that

(9) [AB]:Acat(B).=.Acatm.Acel(B),

and thus anticipates Rickey’s (3).”

However, by adding definitions of ‘atm’ or ‘at’ to a system of general
mereology we do not achieve an extension of the latter. A system of
extended mereology can only result from supplementing axiomatic founda-
tions of general mereology with new axioms. Thus, for instance, a system
of atomistic mereology, first proposed by Rickey, is based on an axiom
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system of general mereology to which a new axiom has been added to the
effect that

(10) [A]l~AecA.D:[3a]:AeKl(a):[BC]:Bea.Cecel(B).D.C= B®

In the light of (2) the new axiom means that all objects are in fact
mereological classes of mereological atoms.

Owing to Rickey’s researches we now know that in constructing a
system of atomistic mereology we can use ‘at’ as the only primitive
mereological term. And it is this idea that has been taken up by Sobocinski
who has proved that a system of atomistic mereology based on the following
two axioms,

(11) [AB]iiAsel(B).=iBeBii[Calii[D]:DeC .=n[E]:E€ca.D.
Ecel(D).~.[E]:Ecel(D).D.[3FG].Fea.Geel(E).Geel(F):-:
Beel(B).Bea:-:D.Acel(C)

(12) [A]~AeA.D:[3B]:Beel(d):[C]:Ceel(B).D.C= B,

is inferentially equivalent to a system whose axiomatic foundations consist
of the following theses:

SA1 [AB]:Aeat(B).D.BeB

SA2 [ABCl:Acat(B).Ceat(d).D2.C=A

SA3 [AB]~AeA.BeB:[C]l:Ceat(Ad).=.Ceat(B):D.A =B

SA4 [Aa]~Aea.D:[3B]:[3C].Ceat(B):[c]:C eat(B).=
[3D].Ceat(D).Dea®

It is to be noted that Sobocinski’s supplementary axiom (12), which in a
system of atomistic mereology is inferentially equivalent to Rickey’s (10),
means that if there are any objects then every one of them has a
mereological atom as its proper or improper part.'®

In the present paper I propose to do two things. In Section 2, I will
show that Sobocinski’s system of atomistic mereology, to be referred to as
System &,, is inferentially equivalent to System &,, which is based on the
following single axiom:

AA1 [ABliiAeat(B).=:-:BeB:.:[CDal: :[E]~EcC .=:[F|:Feat(E).
=, [3G]. Feat(G).Gea:: Deat(B) . Bea:: D .at(A) e A. A eat(C)

In Section 3, I will consider a system of atomless mereology as determined
by the following two axioms:

BA1 [AB]"'Aspt(B) ='iBeB.~(Bept(4)) "ilaf]ii[CO]:-:
Cef(b).=::[3D].Debs D] Deb.D:CeD.v.Dept(C)::
[D] - Dspt(C).D:[;E]:EsD.v.Espt(D):Esb.v.[gF].Fsb.
Eept(F)iiBeaiiD:[3c]:Aec:Aept(f(a).v.~(f(c)ef(c))
BA2 [A]:AcA.D.[3B].Bept(A)

In particular 1 will prove that this system, to which I will refer as System
©;, is inferentially equivalent to System &,, whose single axiom has the
form of the following thesis:
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CA1 [AB]:iiAept(B).=:"iBeB.~(Bept(A):":[CDal::[E]::EeC.=:
[Fle.Fea.D:EeF .v.Fept(E)::[F]:Fept(E).D.[3GH] .G ea.
Hept(F).Hept(G)::Dept(B) .Beai:iD.A ept(C)

BA1 is a single axiom of general mereology, with ‘pt’ as the primitive
term, and BAZ2, which extends general mereology into atomless mereology,
says that if there are any objects then every one of them has a proper
part.

Incidentally, while the term ‘atomistic mereology’ brings to one’s mind
the name of Democritus although his atoms are quite different from
mereological atoms, atomless mereology can perhaps be associated with
Anaxagoras, who appears to be the first to have claimed that there were no
smallest objects and that divisibility could go on ad infinitum.

2 The proof that &, is inferentially equivalent to &,, involves the deduction
of the following theses within the framework of &;:

ST1 [Aa):Aca.D.[3B].Beat(A)
PR [Aa]:Hp(1).D.

(2) AgA. [1]
[3BC].

@ e (544, 2

(5) A= C. (2, 4]
[3B]. Beat(A) [3, 5]

ST2 [ABC]:Aeat(B).Ceat(A).Deat(A).D.CeD
PR [ABC]:Hp(3).D.

@) C=A. [s42,1, 2]
(5) D=A. [saz, 1, 3]
CeD (4, 5]

ST3 |AB]:Acat(B).D.at(A)eA
PR [AB]:-:Hp(1).D::

[3C] -
(2) Ceat(A): [sT1,1]
(3) [DE]:D eat(A). Ecat(A) .2 .D€E .. [SsT2, 1]
(4) at(A)e C. (2, 3]
(5) C=A:: [s4z2, 1, 2]
at(A)e A l4, 5]
ST4 [ABal::Aea:[F]: Feat(4).=.[3G]. Feat(G). Gea.-
[F]:Feat(B).=.[3G]. Feat(G).Gea~D.A=B [sT1,541, SA3]

ST5 [ABCal:-:Aeat(B)~[E]l~ EcC.=:[F]:Feat(E).=.[3G].Feat(G).
Gea::Bea::D. Acat(C)
PR [ABCa)::Hp(3)::D:-:

(3D]:-:
(4) [F]:Feat(D).=.[3G].Feat(G) .Gea [sA4, 3]
(5) Aeat(D) . [4, 1, 3]
(6) DeD.. [sA1, 5]
(") [E]~EeD.D:[F]:Feat(E).=.[3G] . Feat(G).Gea:: [6,4]
(8) [E]~[F):Feat(E).=.[3G].Feat(G).Gea:2.EcD::

[ST4, 6, 4]
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(9) [El~EeD.=:[F]:Feat(E).=.[3G].Feat(G).Gea [17, 8]
(10) [El:EeC.=.EeD- [2, 9]
A gat(C) [Extensionality, 10, 5]
ST6 [ABCDal::Acat(B)..[E]~EeC.=:[F]:Feat(E).=
(3G].Feat(G) .Gea::Bea::D.at(Ad) e A. Asat(C) [ST3, ST5]

ST7 [ABl}BeB:-:[CDal::[E]~EeC.=:[F]:Feat(E).=.[3G].
Feat(G).Gea::Deat(B).Bea::D.Acat(C):-:D.Acat(B)
PR  [AB]:iHp(2)::D

3) [Fl:Feat(B).=.[3G].Feat(G).GeB = [1]
4) [El~EeB.D:[F]:Feat(E).=:[3G].Feat(G) .GeB :: (1, 3]
(5) [E]~[F]): Feat(E).=.[3G]. Feat(G) .GeB:D . EeB :: [sT4, 1, 3]
(6) [El~EeB.=:[F]: Feat(E).=.[3G].Feat(G).GeB :: [4, 5]
(7 [3D).Deat(B): [sT1, 1]

A gat(B) [2,6,7,1]

ST8 (= AAI) [AB]:iAcat(B).=::BeB:-:[CDa)::[E]~EeC.=
[Fl:Feat(E).=.[3G].Feat(G).Gea::
Deat(B).Bea::D.at(A)e A. Asat(C) [SA1, ST6, ST7]

By deducing ST8 from SA1-SA4 we have shown that any thesis obtain-
able in &, is also obtainable in &,. Now the converse can be established by
the following deductions within the framework of &,:

AD1 [Aa]- AeA:[B]:Beat(4).=.[3C].Beat(C).Cea:=.AeKl(a)

[Definition]
ATI (= SAI) [AB]:Aeat(B).D.B¢B. [aA1]
AT2 [Aal:Aeca.D.[3B].Beat(4)
PR [Aa] = Hp(1).D:
(2) AgA: [1]
(3) Agat(A).v.[3D].Deat(A): [AA1, 2]
[3B].Beat(A) (3]
AT3 [ADal: Dea:[B]: Beat(4).=.[3C].Beat(C).Cea: D.AeKl(a)
PR [ADa] .~ Hp(2):D:
[3E].
(3) Ecat(D). [AT2, 1]
4) Ecat(A): [2, 3, 1]
(5) AgA. [AT1, 4]
A gKi(a) [AD1,5, 2]
AT4 |ADal::Dea.2:AeKl(a).=:[B):Beat(4).=.[3C].Beat(C).Cea
[AD1, AT3]

AT5 [ABal:A sat(B).Bsa.D.at(A)sA .A sat(Kl(a))

PR [ABa]:-:Hp(2).D:

(3) [C]ls CeKl(a).=: [F] Feat(C).=.[3G].Feat(G).Gea:: [AT4, 2]
at(Ad) e A . A eat(Kl(a)) [441, 1, 3, 2]

AT6 (= SA2 [ABCl:Aeat(B).Ceat(d).D.C=A

PR [ABC]:Hp(2).D.

(3) BeB. [AT1, 1]

4) at(A)eA. [ATS5, 1, 3]

(5) CeA. (2, 4]
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(6) A eat(A). [4, 1]
(7) AgC. [5, 6]
C=A (5, 7]
AT7 [AB]:Beat(4).D.[3C].Beat(C).C cat(A)
PR [AB]~Hp(1).D:
EP
(2) C sat(B). ATz, 1]
(3) C =B: [AT6, 1, 2]
(4) Beat(B). [2, 3]
[3¢].Beat(C). Ceat(A) [4, 1]
AT8 [ABC]:Beat(C).Ceat(A).D.Beat(A)
PR [ABC]:Hp(2).D.
(3) B=_C. [ATs, 2, 1]
Beat(A) (2, 3]
AT9 [AB]:Beat(4).=.[3C].Beat(C). Ceat(A) [AT7, AT8]
AT10 [Aal:Aea.D.AcKl(at(A)) [ADI AT9]
ATI11 [Aa)l:Aea.D.Kl(a)eKl(a)
PR [Aa].~ Hp(1).D:
[3B].
) Beat(4). [AT2, 1]
(3) Beat(Kl(a)): [ATS, 2, 1]
Kl(a) eKl(a) [AT1, 3]
ATI12 (= SA3) [AB]~AecA.BeB:[C]:Ceat(4).=.Ceat(B):D.A =B
PR [AB]::Hp(3): D
(4) [®]: ®(at(A)) .=. &(at(B)) .~ [Extensionality, 3]
(5) A eKl(at(A)) . [AT10, 1]
(6) A eKl(at(B)) . (4, 5]
(7) BeKl(at(B)) . [ATI0, 2]
(8) [3€].Ceat(B): [AT2, 2]
(9) Kl(at(B)) eKl(at(B)) . (AT11, 8]
A=B [9, 6, 7]
ATI13 (= SA9) [Aa]..Aea.D:[3B]:[3C].Ceat(B):
[cl:ceat(B).=.[3D].Ceat(D).D.Dea
PR [Aa)::Hp(1).D =
(2) Ki(a) eKl(a) . [ATI11,1]
3) [3C]. Ceat(Kl(a)): [AT2, 2]
(4) [C]:Ceat(KI(a)).=.[3D].Ceat(D).Dea ~ [AD1, 2]

[3B]~[3C].Ceat(B)~[Cl:Ceat(B).=.[3D].Ceat(D).Dea (3, 4]

By deducing ATI1, AT6, AT12, and AT13 from AAI and ADI we have
proved that any thesis obtainable in &, is also obtainable in &,, which
completes the proof that &, and &, are inferentially equivalent.

3 The proof that &; is inferentially equivalent to &, involves the deduction
of the following theses within the framework of &;:

BD1 [Aal::AeA::[BliBea.D:AeB.v.Bept(d)::[B]~ Bept(4).D:

[acl:ceB.v.Cept(B):Cea.v.[3D].Dea.Cept(D)::=.4 Kl(a)
[Definition]
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BT1 [ABl:Aept(B).D.BeB [BAI]
BT2 [AB]:Aept(B).D.~(Bept(d)) (BATI]
BT3 [A]l.~(Aeptd)) [BT2]

BT4 [Aa]:AeKl@).D.[3B).Bta

PR [Aa]~Hp(1).D:

(2) [3B].Bept(a): [BA2, 1]
[3B].Bea [BDI, 1, 2]

BT5 [AaE)::Ega::[B]~Bea.D:AeB.v.BeptAd)::[B]~Beptd).D
[3c]:CeB.v.Cept(B):Cea.v.[3D].Dea.Cept(D)::D.A eKl(a)
[AaE]:.:Hp(3):: D

(4) Ag E.v.Ecpt(4): (2, 1]
(5) Ag A, [4, BT1]
A eKl(a) [BD1, 5, 2, 3]

BT6 [AalAeKl(a).=::[3B].Bea::[B]l+Bega.D:AeB.v.Bept(A)::
(B]~ Bept(A).D:[3C]:CeB.v.Cept(B):Cea.v.[3D].
Dea.Cept(D) [BT4, BD1, BT5]

BT7 [Aal:Aca.D.Kl@)eKl(a)

PR [Aa]::iHp(1) . D
VAR

(2) [cvl::Cef(b).=::[3D].Deb::[D]~Deb.D:CeD.v.

Dept(C)::[D]~ Dept(C).D:[3E]:EeD.v.Ecpt(D): Ecb.v.
[3F).Feb.Ecpt(E)::

(3) [c]:Aec.D.f(c)e flc) -~
[BA1, 1, BT3]
(4) fla)e fla) - (3, 1]
(5) [c]:Cef(a).=.CeKl(a) ~ [2, BTS6]
Kl(a) eKl(a) [Extensionality, 5, 4]

BTS8 [ABal:Aept(B).Bea.D .AcptKl(a))
PR [ABa]::Hp(2).D

[3c]
3) Agc: } [BA1, 1, BTG, 2]
(4) A ept(Kl(a)).v.~(Kl(c) eKl(c)):
) Kl(c) eKl(c) -~ [BT7, 3]
A £pt(Kl(a)) (4, 5]
BT9 [ABC]:A ept( B) Bspt(C) D.Aept(C)
PR  [ABC]:Hp(2).
(3) CeKl(pt(C)). [BT5, 2]
(4) Ki(pt(C)) e Kl(pt(C)) . [BT7, 2]
(5) C = Kli(pt(C)) . (3, 4]
(6)  Aept(Kl(pt(C))). [BTS, 1, 2]
A gpt(C) [Extensionality, 5, 6]

BT10 [AaB]:-:[G].'.Gspt(A).D:[gE]:EsG.v.Espt(G):Esa.v.
[3F]. Fsa.Espt(F)::Bspt(A)::D.[3CD]:Csa.Dspt(B).Dspt(C)
PR [AaB]:.:Hp(2) :: D::
[3E] -~
(3) EeB.v.E¢gpt(B):
4) Ega.v.[3F].Fea.Egpt(F).. (1, 2]
[3D]:
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(5)
(6)

()
(8)

BT11
PR
®3)

BT12

PR

®)
(4)
(5)
(6)
(7)

BT13
PR

(4)
(5)

BT14

BT15

PR
(4)
(5)

BTI16
PR

)

BT17
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Dept(E). (3, BAZ]
Degpt(B): [3, Extensionality, 2, 5, BT9]
[ac].
Cea.
D ept(C):: 4,5, BTY]
[3¢D].Cea.Dept(B).Dept(C) (7,6, 8]

[AaB]:A sKI(a).Bspt(A).D.[ch].Csa.Dspt(B).Dspt(C)
[AaB]:.:Hp(2).D:

[Gla Gept(d).D: [;E]:EeG.v.Espt(G):
Ega.v.[3F].Fea.Ecpt(F):: [BDI1,1]
[acD].Cea.Dept(B). Dept(C) [BT10, 3, 2]
[AaB]::[G]: Gept(A) .D.[3EF).Eca.Fept(G).Fept(E) ..

Bept(A) .~ D:[3C]:CeB.v.Cept(B):Cea.v.[3D].Dea.Cept(D)
[AaB]::Hp(2)~ D

(3EF].
Eega .
Fept(B).
Fept(E):
FeB.v.Fept(B): [4]
Fea.v.[3D].Dea.Fept(D): [3, 5]

[3c]:CceB.v.Cept(B):Cea.v.[3D]. Dea. Cept(D) [6, 7]
[AaE]:-:Eca::[B]-.Bea.D:AeB.v.Bept(A)::[B]: Bept(4d).D.
[3cD].Cea.Dept(B).Dept(C)::2.AeKl(a)

[AaE]:.:Hp(3) :: D

AgA. [BT1,2, 1]
[Bl:Bept(A).D:[3C]: CeB.v.Cept(B):
Cea.v.[3D].Dea.Cept(D).. [BT12, 3]
A eKli(a) [BD1, 4, 2, 5]
[Aa]:- AsKI(a) =::(3B].Bea::[Bl~Bega.D:AeB.v.Bept(A) ::
[B]: Bept(A).D.[3CD].Cea.Dept(B).Dept(C)

(BT4, BD1, BT11, BT13]
[ABCa)::Aept(B)::[E]:: EeC.=::[F]~ Fea.D:Ec¢F.v. Fept(E) ::
[F1: Fspt(E) D: [3GH] Gea.Hept(F).Hept(G)i:Bea::D.Aspt(C)
[ABCal:iHp(3)::iD.

A ept(Kl(a)) .. [BTS, 1, 3]
[E]l:EeC.=.EcKl(a) - (2, BT14, 3]
A gpt(C) [Extensionality, 5,4]

[BC]: Cept(B).2.[3DE]. Dept(B). E cpt(C) . E e pt(D)
[BC]:Hp(1).D.
(3D].

Dept(C). [BA2, 1]
[3DE].Dept(B).Eept(C). Ecpt(D) [1,2]
[AB]:::BeB::[CDal]:"i[E):: EeC.=::[F]~Fea.D:EeF.v.
Fept(E)~[F]: Fept(E).D.[3GH].Gea.Hept(F).
Hept(G)iiDept(B).BeaiiD . Aept(C)i"iD.Aept(B)
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PR  [AB]:iiHp(2):iD

3)  [3D].pept(B): [BA2, 1]
4)  Aept(KI(B)) [2, BT14, 3, 1]
(5) BeKI(B). [BT14, 1, BT16]
(6) KI(B) e KI(B) . [BT7, 1]
(7) B = KI(B) . (5, 6]

A ept(B) [Extensmnahty, 7, 4]

BT18 (= CAI) [AB]::iAept(B).=:":BeB.~(Bept(4))::[CDa]:":
[E]::EeC.=::[F].Fea.D:EeF.v.Fept(E):
[Fl:Fept(E).D.[3GH].Gea . .Hept(F).H ept(G) i:
Dept(B).Bea:iiD.Aept(C) [BT1, BT2, BT15, PT17]

By deducing BTI8 from BAI, BA2, and BDI1 we have shown that any
thesis of &, is derivable in &;. The purpose of the deductions presented

below within the framework of @&, is to establish that the converse holds
too.

CD1 [Aa]:-:AeA::[Ble.Bga.D:AeB.v.Bept(A)::[B]:Bept(d).D.

[3CD].Cea.Dept(B). Dept(C)::=.A Kl (a)® [Definition]
CT1 [AB]: Aapt(B) >.BeB [cAT1]
CT2 [AB]:Aept(B).D.~(Bept(A)) [cA1]
cr3  [A].~ (Aspt(A)) [cT2]
CT4 (= BA2 [Aal:Aca.D.[3B]. Bept(A) [cAa1, cT3]
CT5 [Aa]:AeKI (a) D>.[3B].Bta

1B Bspt(A) [cT4, 1]

1B].Bea [cp1, 1, 2]

CT6 [AaE]:-:Eea-[B]l+Bta.D>:AeB.v.Bgpt(A)::[B]:
Bept(A).D.[3CD].Cea.Dept(B). Dept(C):: D LAeKli(a)

PR [AGE]:-:Hp(3)::D

[Aa]:
PR [Aa]:Hp(1).
% 1.

4) AeE.v.Eept(d): (2, 1]
(5) AgA. [4,cT1]
AeKli(a) [cDp1, 5, 2, 3]

CT7 [EaliiEga.D:-:[A]::AeKl(a).=::[B]~Bea.D:AcB.v.
Bept(A)::[B]: Bept(4).D.[3CD]. Cea. Dept(B). Dept(C)

[cp1, CT6]
CT8 [ABa]:Aept(B).Bea.>D.Aept(Kl(a))
PR [ABa]::Hp(2).D:-:
(3) [E]:-: EeKly(a) .=::[F]e. Fea.D: Ec F.v.Fept(E)::
[Fl: Fept(E).D.[3GH]. Gea. Hept(F). Hept(G) :-: [cT7, 2]
Aept(Kl(a) [cA1, 1,3, 2]
cT9 [Aal:Aea.D> .Kl(a)eKl(a)
PR  [Ad]-~Hp(1).D:
(3B].
@) Bept(A). [c74, 1]
(3) Bept(Kly(a)): [cTs, 2, 1]
Kli(a) eKly(a) [cT1, 3]

CT10 [AB]:Bept(4).2.[3CD]. Cept(A). Dept(B).D ept(C)
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CT11
()

CTI2
PR
(3)
(4)
(5)
(6)
()

CT1i3
PR

)

®)
(4)

CT14
PR
@)
3)

CTI15

PR

(3)
(4)
(5)
(6)
(7)
(8)

CT1i6
PR

®3)
)
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[AB]:Hp(1).D.

[3D].
Dept(B). [c74, 1]
Bept(A).D ept(B) . Dept(B) [1, 2]
[3CD].Cept(A).D ept(B).Dept(C) [3]
[Aa]:A ea.D.A Kl (pt(A))
[Aa):Hp(1).D.
[B]:. Bept(4).D.Ae B.v.Bept(A): [Protothetic]
A Kl (pt(4)) [cp1, 1, 2, cTI10]

[ABC]: Aept(B).Bept(C).D.Aept(C)
[ABC]:Hp(2).D

CceC. [cr1, 2]
C Kl (pt(C)) . [cT11, 3]
K1, (pt(C)) e K1, (pt(C)) - [CT9, 2]
C = Kly(pt(C)) . (4, 5]
Agpt(Kl(pt(C))). cTs, 1, 2]
Aept(C) [Extensionality, 6, 7]
[AB]:Bept(A).D.[3CD].CcA. Dept(B).D ept(C)
[AB]. Hp(1).D:
AgA. [cT1, 1]
(3D].
Dept(B). [cT4, 1]
Dept(4): [cTiz, 3 1]
[3CD].C €A .Dept(B). Dept(C) (2, 3, 4]
[Aal:Aea.D.AcKI (A)
[Aa]::Hp.D::
AgA:: [1]
[B].BeA.D:AeB.v.Bept(A):: [1]
AeKl(A) [CD1,2, 3, CT13]

[AaB] -~ AeKly(a). Bept(A).D:[3C]: CeB.v.Cept(B):Cea.v.
apl.Dea. Cspt(D)
[Aab]::Hp(2): D=
[3cD]-
Dea.
C & pt(B) } [cp1,1, 2]
CeptD).
CeB.v.Cept(B): [4]
[3E].Eca.Cept(E): (3, 5]
Cea.v.[3E].Eca.Cept(E). [7]
[3C]:CeB.v.Cept(B):Cea.v.[3D].Dea .C ept(D) (6, 8]
[AaB]::[E] -~ Eept(A).D:[3F): FeE.v.Fept(E):Fea.v.
[3G].G ea .F ept(G) :: Bept(A)::D.[3CD].Cea .Dept(B).D ept(C)
[AaB]:-:Hp(2)::D::
[

FeB.v.Fept(B):
Fea.v.[3G].Gea.Fept(G) -
[3D]:

(1, 2]
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(5) D ept(F). [3,cT4]
(6) D ept(B): [Extensionality, 3, 2, 5, CT12]
[3c].
7 Cea. (4, 5, cT12]
(8) Dept(C)::
[3CD].Cea.Dept(B).Dept(C) [7, 6, 8]

CT17 [AgE):-:Ega::[Bl+Bea.D:AeB.v.Bept(4)::[B]~Bept(4d).D:
[3C]:CeB.v.Cept(B):Cea.v.[3D].Dea.Cept(D)::D.A eKl(a)
PR [AaET]:-:Hp(3) :: D

(4) AcA: (2,1, cri1]
(5) [B]: Bept(4).D.[3CD]. Cea .Dept(B).Dept(C) -~ [cT1s6, 3]
ASKI]_(Q) [CD17 432’5]

CT18 [Aa]:-:AeKlya).=::[3B].Bea~[Bl+Bea.D:AeB.v.Beptd)::
[Bl~Bept4).D: [c] CeB.v.Cept(B):Cea.v.[3D].
Dea.Cept(D) [cTs, cp1, CT15, CT17]

CT19 [ABaf]:':Aept(B):-:[C]:-:Ce fla).=::[3D].Dea::[D]..
Dea.D:CeD.v.Dept(C)::[D]Dept(C).D:[3E]:EeD.v.
Egpt(D):Eca.v.[3F].Fea.Ecpt(F)::Bea:iD:[3c]:
Aec:Aept(f(@).v.~(f(c)ef(c))

PR  [ABaf]iiHp(3):D -

4) A ept(Kli(a)): [cTs, 1, 3]
(5) [Cl:Ce f@).=.CeKlya) - [2, cT18]
(6) A ept(f(a)) = [Extensionality, 5, 4]
(7) AeA:Aept(f(a)).v.~(f(4)ef(A)) -~ (1, 6]

[ac]:Aec:Aept(f(a).v.~(f(c)e flc)) (7]

CT20 [AB]::iBeB:iilaf]ii[cb]l:-:Cef(®).=::[3D].Deb[D]Deb.D:
CsD.v.Dspt(C)::[D].'.Dapt(C).D:[gE]:EsD.v.Espt
(D):Esb.v.[ F].Feb. Eapt(F) iBea:iio:[gcl:Acc:
Aept(f(a)).v (f(C)Ef(C)) D ASPt(B)

PR [AB]E:EHp(Z)

[3c]
(3) Agc: ]
(4) A ept(KIi(B)) . v .. ~(Kly(c) eKly(c)) : (2, cT18, 1]
(5) Kl (c) e Kly(c) (cT9, 3]
(6) A ept(Kly(B)). 4 5]
(7) BeKly(B). [cT14, 1]
(8) K1, (B) eKl,(B). (cTo, 1]
(9) B=KI,(B). 7 8]
A pt(B) [Extensionality, 9, 6]

CT21 (= BAI) [AB]E:EAspt(B).ES'EBsB.~(Bspt(A)) Har]i[ch)
Cef(b).=::[3D].Deb::[D]~Deb.D2:CeD.v.Dept(C)::
[D]- Dspt(C) O [gE] EeD.v.Eept(D):Eeb.v.[3F].
Feb.Ecpt(F)iiBeaiiD:[3c]:Aec:Aept((a)).v.
~(f(c) & flc)) [cT1, CT2, CT19, CT20]

By proving CT4 and CTZ21 within the framework of &, we have established
that any thesis of &; can be shown to be a thesis of &,, which completes the
proof that the two systems of atomless mereology are inferentially
equivalent.
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10.

11.

12,
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NOTES

See Lesniewski [6] and LeSniewski [7]; for a general introduction to mereology
see Sobocifiski [9] and Luschei [8].

See Leéniewski [7], vol. 30 (1927), p. 197 f.
See Goodman [1], pp. 86 and 118.

See Lejewski [3], thesis W2; a system of general mereology with the functor
‘ov’ as the primitive term can be based on the following single axiom:

[AB]¥: Acov(B).=i:AcA.BeBii [flii[Dal..Dcfla).=.DeD ..
[El: Dgov (E).=.[3F]l.Fga.F gov (E)::Bgov (B)::D..[3C]..
[] ".Agb.v.Begb:D.[3dl.Ced.f®) e f(d)

See Hiz [2], p. 22, D4.

See Hiz [2], p. 22, D4 (second occurrence), which is a misprint and should read:
D5,

See Hiz [2], p. 23, D14.

See Sobocifnski [10], p. 89 f.

See Sobocinski [11].

In [12] Sobocifski has proved that (12) supplemented by

(13) [AB]*:Acel(B).=:iBgB::[Calii[D]..DeC.=..[E]:E ¢a.
D.Ecel(D)..[El:Ecel(D).D.[3FGl.Fga.Ge¢el (E).
Geel(F)::Bga::D.A¢cel (C)

yields an axiom system inferentially equivalent to the one consisting of (11) and
12).

In connection with BAl see Lejewski [5]. The text of [5] contains a few mis-
prints, which I would like to take this opportunity to correct:

p. 280, line 7 from the top:
instead of: Degb.vI[gFl.Fea read: Egb.v.[3F].Febd

p. 281, lines 6 and 1 from the bottom, and p. 282, lines 7 and 12 from the top:
instead of: E€a.v. [3F].Fea read: E€ b.v.[gF]. Fe b

p. 282, line 23 from the top:
instead of: driving read: deriving.

It can be proved that ‘KI’ in &; and ‘Kl,” in &, are synonymous. Different
symbols have been used in order not to presuppose the synonimity, which is not
required for the purpose of proving that &; and &, are inferentially equivalent.
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