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ON A PROPERTY OF CERTAIN PROPOSITIONAL FORMULAE

DAVID MEREDITH

In [1] section 4 Lukasiewicz gives a theorem concerning the law of
syllogism. The present paper presents a much more general theorem from
which the Rukasiewicz theorem can be derived. Sections 1 and 2 present
our theorem; a brief discussion of its application and its relationship to the
Y.ukasiewicz theorem is given in section 3.

1. Preliminavies and Statement of Theovem. We use ‘P’, ‘Q’, ‘R’, with and
without subscripts to denote well-formed propositional formulae. ‘{Pl, N
PP, 4@, . . . Q.7 and so on denote ordered sets of such formulae. ‘@’ is
used for a constant operation under the substitution rule; ‘@™ denotes
repetitions of the operation; ‘®{P;, ... P,} is an abbreviation for ‘{®P,,. .
<I>P,,}’. ‘U and ‘T’ have their usual meanings. We use ‘~’ to denote a
relationship between an ordered set of propositional formulae and a single
formula which is defined as follows.

Definition {P,, ... P,}~ @ is defined inductively in two steps:

a. Let @ be a member of {P,, ... P,}: then{P,,...P,} ~@Q.

b. For some R, let {P,,...P,} ~R and let {P,,...P,} ~CRQ: then
{P,...P,}~Q.

Less formally, our relationship holds between a formula and any
ordered set of formulae of which it is a member, or from which it can be
obtained by one or more applications of Modus Ponens. Our theorem can
now be stated.

Theorem For any well-formed formula of the form CP1...CP,C@Q, . ..
CQup-1Qm (m, n = 1) if the following three conditions ave satisfied:

a. CQ;...CQRUaQm=CP;...CP,CQ,...CQy Qn
b. Qnis elementary

c. {Pr, . Py Qi Quaf~Qp
then

o{p,...PJuUdHP, ... P}uU...dP,...P}~CP, ..
CPCR1 ... .CQu1Qnm
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To illustrate the theorem we may take CP,...CP,CQ, .. .CQ, 1Qn=
CCpCqrCqCpr, and & = plq, qleCq'r, r|Cpr. The three conditions of the
hypothesis are satisfied:

a. ®CqCpr = CCpCqrCqCpr
b. Q; = 7 is elementary
c. {cpCqr, q, p}~7

Hence by our theorem CCpCqrCqCpr is closed by the union of the following
sets:

®{CpCqr} = CqCCpCqrCpr
d*{CpCqr} = CCPCqrCCqCCpCqrCprCqCpr
&*{CpCqr} = CCqCCPpCqrCprCCCPpCqrCCqCCpCqrCprCqCprCCpCqrCqCpr

The reader can easily verify that this is so by noting that:
B*CpCqr = COCPCarC H*CpCqrCCpCqrCqCpr

2. Proof of Theovem.* Before proceeding to the proof of our theorem we
give five lemmas.

Lemma 1 For m< n, ®CP,...CP, P, = C®P, ... C®P,%CPpy4;. . .
CP, ,P,.

Lemma 2 If{P,, ... P}~ Q, then " {P,, . .. P,} ~ ®"Q.
Lemma 3 If &P, ...P) =1{Q, ...Q,), then o'{P,, ... P}=2"11{qQ,
e @l

Pyroof. This follows from the lemma’s hypothesis in virtue of the fact that
o'{p,...pPY=9""a{p,...PL.

Lemma 4 If ®CQ; .. .CQu-1@n =CP, . ..CP,CQ; .. .CQpn1Qulm, n=1),
then forkn -n+1l=wm - 1 whevek =1andl =n

& Qnntrs « -+ Qeneni} = 1Py, - - PI,

Proof. We assume that the lemma’s hypothesis is satisfied. Then by
Lemma 1 we have

1) @@, ... ={P,...P}
) ®{Qurs - - - Quirf={Qu, . .. QL

From (2) by Lemma 3 and the hypothesis, we have

k -
(3) $ {an-n+1; o o Qkﬂ—n-l-l} = q)k l{Q(k-l)rz—n-|—1, .« e Q(k—l)rz—n+l}
Our lemma follows from (3) and (1).

Lemma5 If ®CQ, .. .CQu-1Qn =CPy .. .CP,CQ1 .+« . CQu1Qn m, n = 1)
then

*The author is indebted to Lars Svenonius for help given him in 1957 with this
proof.



CERTAIN PROPOSITIONAL FORMULAE 105

3'CQ, ... CQuaQ@n=CRy...CRCP, ...CPCQ; ...CQp:r@n
(I>1,k=1) wheve Ry, .. . R} &{P, ... P}U... 3 4P, ... P}
Pyoof. We assume the lemma’s hypothesis. Then by Lemma 1 we have
(1) 3'CQ,...CQRu1Qm=Cd"'P, ... C3"'P,3"CQ . ..CQ, Q..

Our lemma follows from (1) and the hypothesis.
To prove our theorem we assume that conditions (a) through (c) of the
hypothesis are satisfied. From Lemma 4 we have:

(1) q)k+1{an-n+l’ s an—n+l}= CI){PI, LRI Pl}
and hence by the meaning of &{P,, . .. P,},
() &"Quyopys = P

By the hypothesis of Lemma 4, #n -n +1 =m - 1, Hence for n =1,k =
m - 1and % +1 =m, Therefore from (2) we have

(3) ®"Qu. = " Fp,.
Purely from the meaning of the symbols involved, we can assert

(4) @"{Py, ... Py, Q1 ... Quat=2"{Py, .. .P,,?u "R, ... QU ..
q)m{an-n+ly L) an-n+l} H

for kbn -n +1 =m - 1 wherek =1 and ! <#xn. From (4) by Lemma 4 and (3)
it follows that

(5) 4Py, .. Py Qe Quat=0"P, ... PUS P, ... P}U. ..
" Hp, ...pP}

and hence we derive

(6) Py, ...P,, @y, ...Q, &P, ... B}lu...8"P,...PL
From condition (c) of the hypothesis, we have, by Lemma 2

(1) @™{Py, .. Py @1y v o e Quorf ~ Qe

From (6) and (7) it follows that

8) &P, ...P U...3d" Py, ...P,}~d"Q,.

We now turn attention to " Q,. By condition (a) of the hypothesis we have

(9) a. ®Qn=CQpp...CQu 1@, whenn < m-1
b. #Q,=CQ ... CQn1Quwhen n=m- 1
c. 8Q,=CPyp...CP,CQ ... CQyu1Q,whenn >m - 1,

From (9) by condition (a) again and Lemma 1, we derive

(10) where [ is the least integer such that In= m - 1
a. ®'*7Q,=CP,...CPCQ,...CQy Quwhen In=m- 1
b. *Q, = Ce®P, jyym... COP,CP,...CP,CQ,. . .CQu ,Qn when ln >
m - 1.
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By the hypothesis in (10) m =1+ 1. Further &P, psn... P} C &{P,
... DP,}. Therefore from (10) by Lemma 5 it follows that

(11) a. 8"Q, =CP, . ..CP,CQ, . ..CQpn1@, Or
b. "Qu = CR, . ..CRCP, ...CPCQ . ..CQnr@n

where {R;, ... R} C &P, ... PJu... & " Yp, ... P} (k=1). From
(11) by the definition of ~, it follows that

(12) P, ... PJU... 3" "YP, ... PJu{d"Q,} ~CP, . ..CP,CQ, ...
CQm-lQﬂb

In virtue of the fact that &{P;, ... P,ju... ®" 4P, ... P)C &{P, .
PYuU...®" P, ... P,} our theorem follows from (8) and (12).

3. Application of Theorem. Qur theorem is useful for discovering deriva-
tions for formulae within Propositional Calculus. One example is the by no
means obvious derivation of CCpCqrCqCpr from CqCCpCqrCpr given in
section 1, Another is given by taking CP,...CP.CQ, .. .CQp-1@n =
CCpgCCqrCpr, and @ = p|Cpq, qla, ¥|CCqrCpr. By our theorem &{Cpq,
Cqr} U &*{Cpq, Cqr} ~ CCpgCCqrCpr. The union yields the four formulae

(1) CCpga

(2) caccgrCpr

(3) CCpgada

(4) C®aCCaCCqrCprCCpqCCqrCpr

From (1) and (3) we get ®a by Modus Ponens. With ®a and (2), two applica-
tions of Modus Ponens to (4) yield the original formula. This instance of
our theorem is a proof of the Yukasiewicz theorem referred to above,
which states that from any two formulae of the form (1) and (2) the law of
syllogism can be derived using only Substitution and Modus Ponens. Useful
derivations result when a is so chosen that CCpga and CaCCqrCpr are
theses.
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