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ON THE NUMBER OF OVERLAPPING SUBSETS OF A SET

PAUL J. WELSH, JR.

In the course of some other research, cf. [2], the question arose
whether or not, if we have two sets A and B, which are subsets of a given
set M, and which overlap, i.e., AN B+ ¢, A - B +¢pand B - A # ¢, are
there any more subsets of M which possess the same overlap property
among themselves as well as with A and B. The theorem herein answers
this affirmatively.

The following notation indicates the cardinality of the sets under
investigation.

=A-B
=B-A
C(A U B), where C(A) is the complement of A, relative to M,

(<2 T~ 2 =

= ANB

Let D, CT AN B denote a subset of A N B such that there exists an
element d,e AN B and D, =ANB - {d,,}. Let D denote the set of all such
sets. Let a; denote elements of A - B, b; elements of B - A, ¢, elements of
C(A U B) and d, elements of A N B. The following sets are used at various
places in the proof:

E! ={DkU{[li}U{b]‘} ’D/ZGD, a, €A - B, biEB 'A}

E* =Dy Ulc,} | Dre D, cne CA U B)}

E* ={p,uia;}uicn} | Dre D, aieA - B, ¢, e C(A U B)}

E* ={Dpu{bj}u{cnt | DreD, bjeB-A, c,e CAUB)}

E® ={a;}u{p;tuicn}t laieA - B, bjeB - A, cneCA U B)}
E® ={{d,}ufa;}u{p;} ldee ANB, ajeA - B, bjeB - A}
E" ={{a,}U{cnt ldie ANB, cpe CA U B)}

E® ={AnB)U{c,} lceneCAUB)}

E® ={la;}u{p;}uC@ UB) laieA - B, bjeB - A}
EY={{4}uC@UB) |dieAn B}

Define the predicate P (A4, B) as follows:
[AB]:P(A,B) =.ANB#¢.A-B+¢. B-A+#¢.
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Notice that if A, BC M, then M = AN B)UA - B)U(B-A)UC(AU B),
where C(A U B) is the complement relative to M. Also notice that the
pairwise intersection of these components of M is empty; hence, we have

M=a+b+c+bd

Lemma 1. If M is a finite set with M = m, and if A C M, BC M, and
P(A, B), then lhere ave al least m subsets of M, Ay, ..., A, such that
A, Be{Aili=m}and P(A;,A)) foralli, j, = m, i+ j.

Proof: We shall work by cases.

a) b >2, a,b >1. There are d distinct sets in D and if Dye D thenDj =
» - 1. Clearly for D,, D,e D, D, #+ D, we have P(D,,D,). Let E,, E,eE,
F,, Foe E®, then by the disjointness of the components of M we have
P(E,, E,) for E, # E,, P(F,, F,) for F, # F,, P(E,,A), P(E, B), for E,e E',
P(F,,A), P(F,B), for F eE* P(E,F,), for E e E', Fie E°, and finally
P(A, B) by assumption. E'= dab, E2 = dbc hence with A and B there are
bab + dc sets satisfying P, but since b > 2 and a, b > 1 we have bab + dc =
dblab +c¢)2d(a+b+c)Za+b+ c+d=m.

b) 8>2,a=1,6>1,¢ #0. Let E,, E,e E* then if E, # E,, P(E,, E,). Also
we have P(E, A), P(E,, B), for E,e¢ E*, and P(4, B). Therefore we have,
including A and B, bdbc + 2 sets satisfying P, also dbc +2 = (p+b) ¢ +2 =
p+b+c+1l=a+b+c+dH=m.

¢) b>2,a=1,06>1,¢ =0. Let E,, E;e E' then from above in a), we have
b + 2 sets satisfying P. But db+2=Zp+b+22a+b+c¢c+bdb=m. Simi-
larly using E®, we can show b) and c) are true when b >2,a > 1,5 = 1.

d $>2 a=bp=1,¢c20. Let E, E,e E*, F,, F,e E® then we have for E, #
E, P(Ey, E,), P(E,,A), P(E,, B), and P(A, B) as before in b). Since F, # F,,
there are Cn, and Cn, such that ¢, € F,, and ¢y, ¢ F, and Cmy # Cpye Hence,
we also have P(F,, F,) for F, # F,. Clearly, P(F,, A) and P(F,, B) for F,e E°
and finally we have P(E,, F,) since they have at least {b,»} in common and
a; #+ Dp. Hence there are at least 2 + p¢ + ¢ sets satisfying P and 2 + dc +
¢ Za+b+c+d=m.

e) b>2 a=b=1,¢c =0. Using E'again wehave 2 +b=a+ b+c+d=m
sets satisfying P.

f) b=2,a,6>1. Let ANB=1d,d,}. Let E,, E,e ES where Ef={EeE°|
dy =d,}and F,, F,e E". We have P(E,E,) for E, # E, and P(E,, 4), P(E, B),
P(F,,A) and P(F,, B) as usual. For F, # F,, P(F,, F,) and finally P(E,, F,).
Hence the set satisfying P has at least 2 + ab + ¢ elements but 2 + ab + ¢ 2
a+b+c+bd=m.

g) =2 a=1,6>1. If we consider sets in E° and E® we see that they,
along with A and B, satisfy P. So we have 2b + ¢ + 2 such sets and 2b + ¢ +
2>a+b+c+bd=m.

h) 8 =2,a>1,6 =1. By symmetry in E® we proceed as in g).
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(=2}

i) =24 =b =1. With this we have E6 = 2 and E® = ¢ and the sets in E°®
and E®, along with A and B, satisfy P as above. Hence, we have at least
2+ c+2setssatisfying Pand 2 + c +2=a +b+ ¢+ d=m.

j) 8=1,a,b > 1. Consider again E$ and E® and we have ab + ¢ + 2 sets
satisfying Pand ab+ ¢ +22a+b+c¢c+2>a+b+¢ +5bd=m.

k) b =1,a =15 > 1. If we consider sets in E® and E®°, we find they satisfy
P, along with 4 and B, and there are ¢ + ab + 2 such sets, while ab + ¢ + 2 =
b+c+2=a+b+c¢c+d=m

1) =1,a >1,5 = 1. Similar to k) since E° is symmetric in A and B.

m) d=a =b =1, ¢ #0. Then the sets in E® and E'°, with A and B, satisfy P
sothereare ¢ +1 +2suchsetsand c+1+2=a+b+¢+5d=m.

n) b=a=5b=1,¢ =0. In this case, i = 3 and the result is obvious.

Thus by a)-n) we have that for any two overlapping subsets A and B of
a finite set M, whose cardinality is m, there are at least m subsets,
including A and B, which overlap.

Lemma 2. If M is a sel which is not finite, such that M = m, and if A< M,
B C M, and P(A, B), then theve ave at least m subsets of M, including A and
B, which satisfy P paivwise.

The proof of this theorem requires the use of the axiom of choice. As
before, M =a +b+c + b= m, but since m is not finite, by theorems of
Iseki and Lesniewski, cf. [1], p. 414, we have that a = m or b = m or ¢ = m
or b = m.

Proof:

a) b = m. There are m Sets in E' which, along with A and B, satisfy P, so
there are at least m subsets of M satisfying P.

b) a=m or b= m. Here we have m subsets of M in E°® which, including A
and B, overlap pairwise.

¢) ¢ = m. Using E® A, and B, we have at least m overlapping subsets of M
satisfying P.

Hence if M has non-finite cardinality m, and A and B are overlapping
subsets of M, there are at least m subsets of M, including A and B which
satisfy P. Thus from Lemmas 1 and 2 we have:

Theorem. If AC M, B~ M, ﬁ = m, and P(A, B), then therve ave at least m
subsets of M, including A and B, which satisfy P.

Note that the proof for M a non-finite cardinal depends upon the axiom
of choice, while the proof for the finite case does not.
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