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A NEW REPRESENTATION OF S5

STEVEN K. THOMASON

We consider first a modal language with propositional constants (and
no variables) and show that there is a unique set H of formulas of this
language meeting certain attractive syntactical conditions; moreover H is
the set of theses of a very simple calculus. We then show that the theses of
S5 are characterized by the fact that all their instances are in H.*

Let L. be the language having an infinite set of ‘‘propositional
constants’’ and connectives 1, v, and O used in the usual way. As usual,
other connectives are used as abbreviations. If Sis a string of symbols,
S1, - . +5 S, are distinct symbols, and S;, . .., S, are strings of symbols,
then S(S,, ..., S./S1,...,Ss) is the result of replacing each symbol
si(i = 1,...,n) in S by the string S;. A fautology is a string of the
form X(S,, ..., S,/x;,...,x,) where X is a tautology of the classical
propositional calculus and x,, .. ., x, are propositional variables. A set H
of formulas of L. is correct if for all formulas A and B of L.

(1) 1If A is a tautology then Ae H.

(2) If A has no occurrences of (0 and A € H, then A is a tautology.
(3) If Ae Hand A= Be H, then Be H.

(4) Ae Hif and only if OA€ H.

(5) Either Ae Hor 10Ac€ H.

Let ., be the language which is like .(. except that .(, has a countably
infinite set of ‘‘propositional variables’’ rather than propositional con-
stants. A set J of formulas of ., is said to be correct if it consists of all
formulas X of ., such that every formula of .. of the form X(4,, ..., 4,/
X, ..., %,) is a member of H, where H is a correct set of formulas of ...

Let € be the formal system whose language is L., whose axioms are an
appropriate set of tautologies and all formulas of the form

O&iatli=1,..., n}
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where a,, . . ., a, are distinct propositional constants and each a’ is either
a; or 1a;, and whose rules are detachment and the following

(6) From A=>B infer 0A=>0B.
(7) From A infer OA.

If @ is any formal system then Thm(&) is the set of thesis of &, and € - X if
and only if Xe Thm(8).

Theorem 1. Theve is exactly one covrect set of formulas of L., and it is
Thm(€).

Proof. We first establish a semantics for €. Let Con be the set of
propositional constants and Fla be the set of formulas of L.. A fruth value
assignment is a function V:Con — {T, F}. Such a V can be uniquely extended
to a function V*:Fla— {T, F} in the obvious way—in particular V*(QA) = T
if and only if W*(4) =T for all W:Con— {T, F}. We say A is valid if
V*(A) = T for all truth value assignments V. In terms of the partial truth
tables originally used by Kripke [1] in defining validity in modal proposi-
tional logic, A is valid if and only if A is assigned the value T in every row
of every partial truth table for A which is full, i.e., has all 2” rows if A has
n propositional constants.

A few brief computations suffice to show that the axioms of € are valid
and that the rules of € preserve validity, and hence that every thesis of €
is valid. The converse is proved by a slight modification of Kalmdr’s proof
of the analogous result for classical propositional calculus. For any
formula B and truth value assignment V, let BV = B or BY = 1B according

as VXB)=T or VXB)=F. It suffices to prove that if a, ..., a, are
distinct propositional constants including all those occurring in A then
€& {afli=1,..., n}=A". (For thenif A is validand V,, ..., V,, are
appropriate truth value assignments then

C-vig{aili=1,... n}lj=1...2"1=A4

and

C-vi{alili=1,.. ., n}lj=1,...2%)

This proof proceeds by induction on the length of A. Leaving the easy
cases to the reader, we suppose A= [0B. If V¥(A) = T then W*(B) = T for
all truth value assignments W, so by the induction hypothesis € - & {a)|i =
1,...,n}=>B for all W. As noted above, it follows that € +B; but then
also €+0OB (by (7)) and €+& {a)li =1, ... n}=0B, as required. If
V*() = F then W*(B) = F for some W, so by the induction hypothesis
6r-&ialli=1,... n}=1B. Using (6), - &{alli=1,... n}="0B.
But 0 & {alli=1,... n}is an axiom of €, so that € ~10B and € +&
{a/li =1, ... n}=>10B, as required.

From this semantics for € it follows immediately that for every
formula A exactly one of €A and € + 10A holds, and also that Thm(€) is a
correct set of formulas. If H is any correct set of formulas, then by (1),
(5), and (2) all the axioms of € are members of H; moreover H is closed
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under detachment and the rule (7) because of (3) and (4). It is not difficult
to prove by induction on the length of A that if A is completely modalized
(i.e., every occurrence of a constant in A is within the scope of an
occurrence of (J) then either Ae¢ H or 1Ae H. (Consider the cases A =0 B,
A = 1B where B is completely modalized, and A = B=C where B and C are
completely modalized.) Also, by (1) and (3), for no formula A do both Ae H
and 1A ¢ H hold. It follows that if (JA = B¢ H then A e H and B ¢ H so that
A = B¢H. Thus H is also closed under the rule (6). Hence Thm(@) C H.
Suppose AeH. Then [JAeH so TOA{H, so §#10A so €+ A. Hence
Thm(€) = H.

Theorem 2. There is exactly one correct set of formulas of L,, and it is
Thm(S5).

Proof. Since Thm(@) is the only correct set of formulas of ., it suffices to
prove that X e Thm(S5) if and only if every formula of L. of the form
X(A;, ..., Ay/xy, .. .,x,) is a member of Thm(€). We shall have no need
for an axiomatization of S5, but we shall review the original truth-table
semantics for S5 due to Kripke [1, pp. 11ff]. A truth value assignment is a
map V from the set of propositional variables to {T, F}. A complete
assignment is a pair (V, K) where K is a set of truth value assignments and
VeK. One may visualize a complete assignment as a ‘‘partial truth table
with designated row.”” Then (V, K)*(X) is defined by

(V, K)*(x) = V(x)

(v, K)¥(1X) = T iff (V, K)*(X) = F

(V,K)XX vY)=Tiff (V, K)¥X) = Tor (V, K)*¥) =T
(v, K)XOX) = T iff (W, K)*(X) = T for all WeK.

X is valid in 85 if (V, K)*(X) = T for all complete assignments (V, K). Then
S5+ X if and only if X is valid in S5.

Now if X is valid in S5 then X(a, . . ., @,/%,, . . ., X,) is plainly valid in

€. Moreover, if X is valid in S5 then so is every formula X(X,, . . ., X,,/x1,

. ., Xn). Hence if X is valid in S5 then every formula of .. of the form
XAy, .., A/xy, ..., X,) is valid in €. The converse is rather more
difficult.

Let x,,...,x, be distinct propositional variables, and a,, ..., a»
distinct propositional constants. If V is a truth value assignment to
X1, - .. ¥ (el Ve{T, F}*0e+-0%)) then there corresponds naturally a truth
value assignment to a,,. . ., a,, which for the sake of notational convenience
we shall also call V. We claim first that if K is a non-empty set of truth
value assignments to x,, . . ., x,, then there are formulas A,, ..., 4,0of £
such that

c

(8) There are no symbols in 4;( = 1, ..., n) other thana,, . . ., a, 1, v.

(9) ForallVeKandi=1,...,n, VXA;) = V(x;).

(10) For all VK, € +1& {AY*?|i =1, . . ., n}, where the meaning of A\
is given by AT = A and AF = 1A,

For by the functional completeness of classical propositional logic we
know that for every a:{T, F}*v-s%! _ {T F] there is a formula A (having
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no symbols other than a,, ..., @, 1, v) such that a(V)=V*(4) for all
ve{T, F{*v-=»"!  Choose Voe K, and for i = 1, . . ., n define ¢; by

Vix;)if VeK
Volx;) if VK.

Then there are formulas A4, . . ., A, satisfying (8), such that V*(4;) = a;(V)
for allZ and V. So if Ve K then V*(A;) = a;(V) = V(x;), and {9) is satisfied.
Moreover if V¢ K and W is any truth value assignment, then W*(4;) # V(x;)
for some i. Now W*(A‘,{("i)) = T if and only if V(x;) = W*(4;); thus if VK

a;(V) =

and W is any truth value assignment we have W*(& {47 [i=1, ... n}) =
F, so (10) is satisfied and our first claim is established.
Now let X be a formula of .(, having no variables other than x,, . . ., x,,

and let $+x C {T, F}*v" "Let 4, ... A, satisfy (8)-(10). Then we
claim that for every VeK

V*(X(Ah LS ) Afn/xh .. -’xn)) = (V,K)*(X)-

Establishing this claim will complete the proof of the theorem. We proceed
by induction on the length of X.

Case 1: X = x;. Then V¥X(A,, ... A,/xy, ..., X2) = V¥A;) = V(x;) =
(V, K)*(X). Case 2: X = 1Y or X = Y v Z. This case is trivial. Case 3: X =
Oy. ¥ VXA, ... A,/%, ..., X)) = T then for every truth value assign-
ment W, WX(Y(A,, ..., 4,/%y, . .., X»)) = T. By the induction hypothesis,
W, K)X(Y) = T for all WeK, i.e., (V, K)*(X) = T. On the other hand, if
VXX(A,, . . ., A,/x1, . . ., X,)) = F then there is a truth value assignment W
such that WX Y(4,, ..., A,/%y, . .., x,) = F. Define V; by V,(x;) = W*(4,).
Now Ve K, for otherwise €k 1& {AY1"? i =1, ... n} by (10), but W*(&
{AYiCD i =1 ... n}=T. Since V,e K, VHA,;) = Vi(x;) = W*A4;) G=1,..., n)
so VH(Y(Ay, « . ., A/X1, o« 0 X)) = WHY(A,y, .. ., Ay/%y, . . ., X)) = F. By
the induction hypothesis (V,, K)*(Y) = VXY(4,, ..., A/x, ..., %)) = F.
Hence (V, K)*(X) = F. Q.E.D.

We wonder whether it is possible to represent modal logics weaker
than S5 in a similar fashion.
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