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A DECISION PROCEDURE FOR FITCH’S
PROPOSITIONAL CALCULUS

RICHMOND H. THOMASON

In this paper' a Sequenzenkalkiil, in the sense of Gentzen [3], will be
formulated and shown equivalent (in a sense to be specified) to the
propositional system (which we will term F) of Fitch’s [2]. Naturally, the
proof of equivalence requires an elimination theorem for the first system;
the bulk of this paper, in fact, will concern itself with the task of establish-
ing such a theorem. Finally, a decision method will be sketched for the
Sequenzenkalkul, and thereby, indirectly, for Fitch’s system. Though
indirect and more complicated in some ways than the methods of James [4]
and Resnik [7], this method has the advantage of applying to Fitch’s full
system of propositional calculus; the procedure of [4] does not take into
account formulas containing nested implications, and that of [7] applies only
to the implicational fragment of F.

1. The System LF. This is an L-system, in the sense of [3], designed
to be equivalent to the system F. )

1.1. Wjffs. Any propositional variable p is well-formed (wf); further-
more, if A and B are wf, so are (AvB), (AAB), ~A, and (4 D B).- Where
a and B are strings of wffs separated by commas, a 8 is a (wf) sequent.

1.2. Axioms. There is one axiom-scheme, identity (Id): A + A.

1.3. Rules.

1.3.1. Structural vules:

K a—'_& KF‘L'—‘L
ar+A,B A B
e 2-BABY L wABB Yy
¢ a+ B,B,A,y ¢ a,B,A,B +y
W at+AAPB W ,AA - B
at+A,B A - B
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1.3.2. Logical rules:

. a+ABSB . ArFB yBFHb
'_
wv a+Av B,j v a,AvB FB,05
ba 2FAB ¥ B AL GABFEP
a,y -AAB,B,0 a,AAB 8
by GETAB yE~BY L @ ~A~B B
a:'}/'_N(A VB)’Bxé a, N(AVB)'_B
Ly _@F~A BB AL G™AFB %~B 0
a+~(AAB),S a, %Y, ~(AArB) B,6
o 2FAB —— e WAFEB
atk ~~A,B a~~A - B
aFA-B
a~A B
oA - B B FB YiHAD
D -
° GrASB 2" WA B B0
Schemes such as ;ﬁ% are, of course, metalinguistic. Any result of
2

replacing the premiss(es) and conclusion of such a scheme by sequents is
an instance of the scheme, or inference. Corresponding to the six primitive
structural rules and thirteen primitive logical rules of LF, there are six
sorts of primitive structural inferences in LF, and thirteen sorts of
primitive logical inferences; -v-inferences, W  -inferences, etc.

The Greek letters used in a scheme are called parameters. A con-
stituent A of a primitive inference is parametric if it results by the
the substitution of a sequent By, .. .,A, ..., B, for some parameter of the
corresponding scheme.

The wff(s) introduced by a primitive inference is (are) the con-
stituent(s) of the conclusion which result by substitution of wffs for the
Roman letters of the corresponding scheme. E.g., AvB is introduced by
% and both A and B are introduced by %ﬁ:—ﬁ:’_%

Given a proof of a S, this sequent is said to be justified by the last
inference of the proof (which has a 8 as conclusion), and is also said to
be justified by the scheme of which the inference is an instance.

Notice especially that the rule > is unlike the others in that it has no
parameters on the right. This asymmetry corresponds to a similar feature
of Fitch’s system; his rule of implication introduction will not permit, e.g.,
the proof of A v (A D B).

2. Preliminary lemmas. In this section we establish a number of
lemmas needed in our later proof of an elimination theorem for LF. Except
for lemmas 11 and 12, these all have to do with the reversibility of various
primitive rules of LF.
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By 19C' we represent schematically any result of deleting some (or

perhaps none) of the occurrences of C as constituent of a. We say that a
rule is admissible in LK if its addition to LK as a primitive rule would not
extend the class of theorems.

at+B ) . ,
Lemma 1. The rule @ © A,B,5(AvD) is admissible in LF.
at+f a B

Lemma 2. The rules d are admissiblein

LF.

o~ (v A g " 4-(avB) B g

atB
a - A,p(4nB)

a8
a +~ B, (AB)

Lemma 3. The rules and are admissible in

LF.
ar+B . .. .
Lemma 4. The rule a-ArB) A BB is admissible in LF.
a B a B

Lemma 5. The vules and are admis-

a +~A,p~~(AvB): a + ~B,~~(AvB)
sible in LF.
a kB

a "~ (AvB) ~A ~B - B

Lemma 6. The rule is admissible in LF.

ak-B
a+~A,~B,g” " (4rB)

Lemma 1. The rule is admissible in LF.

o+ B
a-"~ (AAB) ,~A F B

atB
a~~(ArB) ~B + 8

Lemma 8. The rules and are admis-

sible in LF.
_arB

ar AR T4

— QBB s aamissible in LF.

a~ ™A B

Lemma 9. The rule is admissible in LF.

Lemma 10. The rule

Lemma 11. The rule —<i 1S admissible in LF.

a
A+ B
atB
a,A +~ B,g~(A2B)

Lemma 12. The rule is admissible in LF.
We say that o < 8, where a and 8 are sequences, if every constituent of
a is a constituent of 8. And we say that - @ B8 (briefly, a  B) if

arB

a + B is a sequent provable in LF. Finally, the notation® v ro

that ¥ -6 can be obtained from @ ~ 8 by a number of applications of
structural rules.?

indicates

Proof of Lemma 11. We will show that if #a By, ~A1 B2,~Az, .. .,~A,,Bn+1
and a,A1 Az, ...,A, <a*and By, B2, ...,Bz+1 <p* thent a* + g*.
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Case 1. at+ By~Ay ...;~Au,Br+y is an instance of Id, and so is
~A; +~A,.Derive a* + B* as follows:

Ar A
A,~A+
Ta¥r p*

Case 2. The inference justifying a + By,~Ay «..,~A,,Br+1 is struc-
tural. Because of the remark in footnote 3, this case is immediate.

Case 3. The constituents ~A;,~A:, ...,~A, are all parametric in the
inference which justifies a + By,~Ay ¢« ,Buy~AnyBry1.  All of these
cases are alike in their essentials; as an example we will present the
case in which the rule is ~~. Here, a is ay ~B and we have

a; B,BL,NAI, .o .,""An,ﬁn.pl
ay~B F By~Ay e y~ALBata

~

By the hypothesis of induction, #-a* + B,f*. Then proceed as follows:

_e* r Bg*
a*~B + B*

a* + B*

Case 4. ~A, is introduced by the inference which justifies o + By
~Ay, ooy ~A,,Bn+1. There are three subcases.
4.1. The rule is +~~. Here, ~A, is ~~B, and we have

Q- B,ﬁz,"’Az, .o .,"’An,Bn+1
a b ~~B,Bs,~Az2, ooy ~AuyBri

By the hypothesis of induction, #a* +~ B,S*. Then proceed:

a* - B’g* -
a*,NAl [ Q*

a* + B*

4.2. The rule is+~v. Here, A, is Bv(C, and one premiss is
at+~B,R2,~As, . y,~A,,Br+r and the other a+~B,B2,~Az, ooy, ~An,
Bn+1. By the hypothesis of induction #a* B + B* and +a*,C ~ B*.
Then proceed:
a%B - g* o%C - g*
at et A, b B*B*
a* + p*

4.3. The rule is ~~a. Here, A, is BaC, and the premiss is
a+~A,~B,B2, ...,Bs+1. By the hypothesis of induction, wa*A,
B + B*, Then proceed:

a*A,B + B*

ahA A BFB*

a* + p*

This completes the proof of lemma 11, The proofs of lemmas 1-10 and
12 are very much alike, though lemmas 6, 8, and 10 are complicated by the
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fact that a formula having the shape ~~A, ~(Av B), or ~(4 A B) can be
introduced on the left by either of two logical rules.

As a typical example, we will supply a complete proof of lemma 4, and
also partial treatments (interesting cases only) of lemmas 6, 8, 10, and 12,

Proof of Lemma 4. We will show that if wa,AArB,a; - and ay, A,B,
az < a* and B8 < 8% then ka* + g*.
Case 1. ap,AnB,as+Bis ArB + A A B. Proceed as follows:
A+-A BF+B

A,B+HAAB
a*l-B*

- A

Case 2. a;,AaB,az - B is justified by a structural rule. This is like
case 2 of the previous proof.

Case 3. AAB is parametric in the inference which justifies a;, A AB,
az + B. As an example we will consider the case in which the rule is
+~ D. Here g must consist of just one wff, say D, and we have

al,A AB,az,C ~D
apArByaz FCD D

so that wa*,C + D by the hypothesis of induction. Proceed as follows:

a*C+D
a*+~C> D -

a* - p*

Case 4. AaB is introduced by the inference which justifies @,A B,
. A,B,a; +
- . This rule must be A+, so that we have 2222 5:@2 B po

a2 B ? al,A AB, as b+ ﬁ y
hypothesis of induction, #a* + g*
This completes the proof of lemma 4.

Proof of Lemma 6. We will show that if #a,,~(Av B),az - 8 and a;,~A,~B,
az Sa* and B < B* then wa* + B*.

Case 1. ay,~(AvB)as -8 is ~AvB)F~(Av B). Then:

~A+-~A ~B~-~B
~A,~B +~(AvB)

Case 4. ~(Av B) is introduced by the inference which justifies
ay~@Av B)a; - .

4.1. The rule is ~v . Then we have

QDNA,"’B "[3 v
~VE
QDN(AVB) - ﬁ

and so #a* + B* by the hypothesis of induction.
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4.2, The rule is ~ . Then we have

a + A V»B, B -
a,~Av B)r8 ?
and #a* - Av B,B* by the hypothesis of induction. By lemma 2

(which can be established independently) #a* + A,B,f*. Then
proceed:

a* - A,B,p* -
a*~A + B, B* ~r
a*~A,~B + B*

a* + p*

Proof of Lemma 8. We will show that if #ay,~(Aa B),az - and a,~A,
az < a* and B < B*then Ha* + B*. (The other half of the proof is similar.)

Case 4. ~(AAB) is introduced by the (logical) inference which
justifies a,~(A A B),a; + B.

4.1, The rule is ~A+, We have y,~A+§ as a premiss, then, where
v< a;and § < B, so that #-a* + B* by the hypothesis of induction.

4.2. The rule is ~ . Then we have
ay - A AB:@ ~
au~@AArB) B ’

Proceed as follows:

a, -AnB,g . . )
X - AnB G* Tgri?:ll;eils of induction
a* - A,B* .~
af~A - g*
a* - B*
This completes the proof of lemma 8.
Proof of Lemma 10. We will show that if #ay,~~A,a2 - B and a,A,a; Sa*
and B < B*then #a* + B*.
Case 4, ~~A is introduced by the inference which justifies a,~~A,
az + .

4.1. The rule is ~~+. Then we have

apA B
~~ e,

ay~~A - B
By the hypothesis of induction, #a* - g*.

4.2. The rule is ~+. Then we have

a, -~A,B

~.
al,~~A = B

By the hypothesis of induction, #a* - ~A,8. Then proceed,
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remembering that lemma 11 has already been established:

a* - ~A,B lemma 11.
o%A - B

Ta*rp*
This is a sufficient sketch of the proof of lemma 10.

Proof of Lemma 12. We will show that if #a + B,ADB,B2 and a,A < a*
and B, B,B2 < B* then wa* - B*.

Case 1, o+ ,ADB,B2is ADB +A>B. Then proceed as follows:

A+-rA BB
AL ADBF+ B
a* + B*

N o

Case 4, A D B is introduced by the inference which justifies a + By,
oA - B .

ADB,B2. Then we have —ﬁ - A5 p since the rule mustbe +O. By

the hypothesis of induction, #a* + g*.

Since by now the method of proof of these lemmas must be clear, we
will proceed to the next section.

3. Elimination Theorem

arfB y+?d
a’.},—C = B_C’5
Proof. As usual’ the proof takes the form of a double induction on the rank
and degree of inferences which are instances of mix. As hypotheses of
induction we assume the following:
H,: All mix-inferences with degree less than d are admissible, what-
ever their rank.
H,: All mix-inferences with rank less than » and with degree d are
admissible.
We must now suppose of an arbitrary mix-inference that it has degree
d and rank 7, and show that, under the hypotheses H, and H, it can be
eliminated in favor of a proof in LF.
The argument falls into seven main cases, according to the form of the
eliminated constituent C of the given inference.

Theovem 1. The vule mix, , 1S admissible in LF.

Case 1. C is a propositional variable p, and the inference is:

at-B yED
a’.),'[’ F B—P’5

We distinguish subcases depending on how a + 8 is justified.

. : S A
1.1. a +~ Bisp ~ p. Replace the inference by %yt - B0
4 2

1.2. a + B is justified by a structural rule. In each of these six
cases, mixing the premiss of a + 8 with y - & (by H,) will produce
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the desired result—except for the case in which p is introduced by
+ K and does not already appear as a constituent of the right side
of the premiss of a - 8. Here, structural rules applied to this
premiss will do the trick,

1.3. a + B is justified by a logical rule. In this case, p is para-
metric, and so the rule cannot be +>. Here, judicious use of H,
will again yield the desired conclusion. We will supply one
example: say, where the rule is ~v. Here, we have

o +-A,B,B a+ABB yrb6 mix (Hy)
o -AvB,8 y+& Replaceby a,y?+A,BB %06 +v.
o,y ?HFAvB,B 5" o,y ?-Av BB,

Case 2. C has the form ~p or the form ~(4 > B). These forms share
with the preceding case the property that there is no logical rule for
their introduction on the right side of a sequent. And so the argument
used in Case 1 will apply here too, with no changes.

Case 3. C has the form Av B, and the inference is

a kg v -6
a,y~(4vB) - g=(AvB) 5

Proceed as follows:

ar-p xrs
o - AB A AB lemma 1 AVE A1 5 lemma 2 -8
o,7-AYB - B g-AvB 5 mix (H,) - AvE B Iefnma 2
@y~ AVE ~AVE | g-AVB ¢ mix (Hi)

a,,y-AvB - B'AVB ,6
Case 4; C has the form A A B, and the inference is:

a g vy b
a’,}/—AAB ,_ﬁ-AAB,ﬁ *

Proceed as follows:

—abBf lemma 3 —YFo lemma 4
2B jemma3 ¢ 4,000 r 22 AB o mix (H,)
a B,ﬁ-A"B (l,'y-AAB,B ',_B—AAB,G mix (Hl)
a,a,'y'A"B ﬁ-AAB,B—AAB,G 1,
a’-y'AAB ﬁ-AAB’é
Case 5. C has the form ~(Av B), and the inference is:
atrB Y +b
a,y~ ~(AVB) | g=~(AvB) 5 °
Proceed as follows:
a+ y =8
a - lemma 5 o ’_NA,B—N(AVB) lemma 5 -),'N(AVB) ,~A,~BF§ ::;I;;H(l;;s
~B.3~~(AvB) -~(AvB) ~B | 3-~(AvB) :
a+~B,B a,y ~B b BT EG mix (H,)

a,0,y"~(4vB)  g=~(avB) g=~(4vB) §
a,y~~(AvB)  g=~(4vB) 6
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Case 6. C has the form ~(A a B), and the inference is:

a B v b6
a,»)/_N(AAB) = B-N(AAB) )0

Proceed as follows:

___Yro
o B E 0 lemma 8

ar~A,~B,B~~(44B) y~(4AB) ~A 5 y+b
a,y~~(AaB) - ~B,g=~(A1B) 5 mix (H,) y~~(AAB) ~B - §

a,y~~(AnB) y-~(ArB) - g-~(AnB) 5 5
a,-y""(AAB) + B"“(AAB) ,0

lemma 7

Case 7. C has the form A D B, and the inference has the form

at+p yEbO
a,y-A2B - g-4AdB g

This is the most complicated case, since our lemmas cannot be
applied. We distinguish subcases:

7.1. Either g 3 or y + 6 is justified by Id or a structural rule.
These cases yield easily to applications of H,; in some cases the
hypotheses of induction do not need to be used at all.

7.2. A>B is not introduced by the inference which justifies
a + B.—Again, use H,. As an example consider the case in which
the rule is ~+. Here the mix is

a+Dj
a,~D B yEd
a,~D,y~4>B - g-4°B 5 *

Proceed as follows:

a +D,B Yy b mix (H;)
a,Y—ADB ,_D’B-ADB ,6 ~
Q,L'ADB ,ND [ B—ADB_’G
a,ND,.},-ADB - B-ADB )

(Because of the restriction built into >, we could not use H, if
a +~ B were justified by this rule. But this situation cannot arise
in the present case.)

7.3. AD B is introduced by the rule-application which justifies
a + B. Here, the mix is:

o,A - B
aFADB yb
a,y 428 6

Now distinguish more subcases, according to the role ADB plays ‘in
the inference which justifies y + 6.
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7.3.1. AD B is not introduced by the inference which justifies y - 5.
Then A D B is parametric in the inference, and H, can be applied as in
7.2,

7.3.2. A> B is introduced by the inference which justifies y ~ 6. Then
we have
@A+ B viFE A,01 y2B &
a+-ADB Y1Y2AD B 61,5
a,y1-A B Ly, A0B 5.5,

We distinguish still more subcases.

7.3.2.1. A> B occurs as constituent in neither y, nor y.. Here,
proceed as follows:

Y1 A0 wA - B .
mix (H
Yo 51,B ( 1) '}/&B = b2
Y& Y2 63,02
ayy~AdB ,y,mADB L 5.5,

mix (H,) .

7.3.2.2. AD B occurs as constituent in both y; and y2. Proceed as
follows:

a-FADB y,HAb
a,'yl"‘DB }-A,él a-ADB '}/2,B 02
a1~ 4°B a-6,B a,y2 428 ,B 5,
a:?’l—ADB a,a’,)/z—ADB 01,02
@,y A°B Ly ADB 15,5,

mix (HZ)a,A +B

mix (H,)
mix (H,)

mix (H,)

Cases 7.3.2.3 and 7.3.2.4 are mixtures of the two cases above.
This completes the proof of Theorem 1.

arFA ag+ADB

Covollary 1. The rule is admissible in LF.

a+B
erADB e 12
. a+-A oArB .
Proof: va - B mix
L4 = -
a+B

4. LF and the Fitch System. In this section the results of section 3
will be used to demonstrate the equivalence of LF and Fitch’s system F of
propositional calculus. Where g is the sequence By, ...,B, let VB be the
disjunction By v (Bzv...v (B v By)...). We will use the notation 'a wggt,
or, more simply, 'a#g' to indicate that (where 8 is nonempty) there is a
proof in F of V g on the hypotheses a: i.e., a hypothetical proof having the

form A,

Vs , where ais Ay, ...,A,.
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Where B is empty, 'a k- f' indicates that there is a proof in F of pa~p
on the hypotheses a where p is a fixed propositional variable (say, the first
alphabetically). For convenience, we set Vs equal to pa~p where B is
empty in a ¥+ 8.

Theovem 2. W1 g a B iff a - V B.

Proof. Part1: If +a + Bthen a# V B.

We induce on the length of proof in LF of @ + 8 to show that a #8.
Corresponding to Id and the nineteen primitive rules of LF, there are one
hypothetical proof and nineteen derived rules to be checked in F. We will
present five of the most interesting of these cases.

Case 1, Id, Aw A as follows: 1. | A hyp
2. | A rep
Case 2. W +. Suppose B, A, A + C. Then B, A C as follows:
1. | Bhyp
2. | A hyp
3. | A2, rep
C

Case 3. ~ +. Suppose A# V (B,B).
3.1. B is nonempty, so that A + B vV 8. Then A,~Bw V3B, as

follows:
1. |A hyp
- |~B  hyp
3. [A 1, rep

n. |BvV B3, A-BvVg
n+1 B hyp

n+2, | |~B 2, reit

n+3. Vs n+l, n+2, ~elim
n+4, }7\/ B hyp

n+5 V B8 n+4, rep

"n+6 VB n, n+1-n+3, n+4-n+5, v elim

3.2. B is empty, so that A += B. Then A,~B # pa~p, as follows:

1. |A hyp
. |~B  hyp
3. [A 1, rep

n. |B 3, A+ B
n+l. | ~B 2, rep
n+2. | pA~p n, n+1, ~elim
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Case 4. +~K. Suppose A VB.
4.1. Bis nonempty. Then A + Bv Vg, as follows:

1. |A hyp
n. |VB 1L,LAwVp
n+tl. |BvVgn,vint

4.2. Bis empty, so that A - pa~p. Then A ¥ B, as follows:

1. |A hyp

2. ([pAa~p 1, A-DpAr~p
3. | p 2, A elim

4, | ~p 2, A elim

5. | B 3, 4, ~elim

Case 5. +>D. Suppose that A,B# C. Then A # B D C, as follows:

1. 14 hyp
2. B hyp
3.1 |A 1, reit

n. C 3,A,B¥+C
n+l. I BDC2-n,>D int

Part2: If atg VB then +i g a +B. It is known® that ¢ B iff aiyg B,
where #yg is the consequence-relation of the system given by the following
twelve axiom-schemes and the sole rule of inference modus ponens:

.A>-B>C)DpA>B>.-B>C
.AD.BDA

.ADBVA

ADAv B
AvB>-ADC>-B>C>OC
AAr BDA

.BarADA

.AD-BDAAB
.AD.~ADB

~~A = A

11, ~A v B)=~Av~B

12, ~(A A B)=~AA~B

Here, AEB=d/(ADB) A (B:)A).

© 00 =IO U~ WD -

._.
e

- - ADB
Since by Corollary 1 of the previous section, g_f%SA_:)_ is an
admissible rule in LF, it will suffice for part 2 to show that all the axioms
of HF are provable in LF; i.e., that if A is an axiom of HF, then i g + A.
In each case, this can easily be done. And this completes the proof of

Theorem 2.
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5. The System LF'. This is another L-system, differing slightly from
LF.

5.1. Axioms. One axiom-scheme, generalized identity (Id): ay A,
az - A, Be.
5.2.1. Rules. All of the rules of LF'are logical rules.

a - B]_,A,B,Bg,AVB v @LAJaz,AVB }"‘Bl aDB,az,AV Biﬁ
a v+ BuAv BB ayAvB,az +f

a '_BbAlﬁngAB a I“‘Bl,B,Bz,AI\B At al,A,B,az,AAB |—4§
a + B]_,A/\ B,Bz aDAA B,az Fﬁ

a I'_Bl}"\"A:BZ‘f\"(AVB) a ’_Bl’ NB)BwN(AVB) ~y aBNA)NB;dZyN(AVB) '_ﬁ
a + BhN(AVB),Bz al,N(AVB),Qz "B
o+ By,~A,~B,B~(A A B)
o+ Byu~(ArB)B2

ay~A,05,~ArB)FB  ay~Byas~(AAB)Ep
ay~(AaBas -8
~ et al,az,NA - @lZAZEZ
ay~A,az F ByB2
al,A,ag B al,B,ag,ADB B al,ag,ADB FA,B

o D
apaz - A D B,g; «apA D Byaz +

[ BI)AJ_QZzNNA ~~ 1 apA,a~~A F B
aF B~~A,Be ay~~A,az F B

=ty

1A

=1~y

Fi~A

~A !

e~~~

By the length of a proof in LF', we mean the maximum number of steps
in any branch of the proof. We write '# fFv a + B'to indicate that o + 8 has
a proof in LF' of length m.

Lemma 13. If &-[gra + B and a%{—g—; (i.e., if a< a*and B < B*)then for
some n < m, b g1 a* - X
Proof. By induction on m. If m =1, a - § is an instance of Id', and so is
a* - B*. We will present just two of the remaining cases.

Casel, lfa +Bis a + Bp,Av B,Bzand is proved as follows:

m-1  a F B,A,B,B»AvB
m a +BLAvB,B;

1ty

then g* has the form vy,A,B,v,Av B. By the hypothesis of induction,
m=1

= LF' ,01* - )’DA,B,')/z,AVB-

m-1 a*+ y,A,B,y5,AvB
m a* + y,Av By,

Then proceed: v,

Case?2. If a + B is apaz - BpADB,B2 and is proved:
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m-1 apyd,a; =B
n apaz - BLAD BB,

F'D,

then H—l:"*,:- ‘a¥A - B by the hypothesis of induction. Then proceed:

m-1 a¥A +B

1
m Ry 1o,

Theorvem 3. L2 F B U - pa B

Proof. Part 1. If W pa + Bthen b+ gra - B. By lemma 13 all the struc-
tural rules of LF are admissible in LF, and it follows directly that all of
the logical rules of LF are likewise admissible in LF'" e.g., v, as
follows:

atA,BS

at+A,BBAvEB ety
at+AvBB

Part 2. If | pro B then W pa + . This is clear, since any instance of
Id' is provable in LF and since all the rules of LF' are easily derivable in
LF: v 1, for instance, as follows:

abA,az,AVB = ﬁ a;,B,ag,AvB ~ @
apaxA VB,A = ﬁ al,ggzév B,B + B
anaAv B,aya:AvBAvB B
apanAvB B

This provides a sufficient sketch of the proof of Theorem 3.

6. A Decision Proceduve for LF'.* By a tree we mean a discrete
lower semilattice with least element, such that any two elements of the tree
which have an upper bound are comparable. The least element of a tree is
called its origin, the tree’s elements nodes, and its maximal chains (under
set-theoretical inclusion) branches. We diagram a tree by placing its
origin at the bottom of the diagram, and by placing lines connecting each
node with its immediate successors, which are placed on a level im-
mediately above the node. Clearly, every proof in LF' is a tree whose
nodes are sequents. A tree is finite if it has a finite number of nodes, and
has the finite branch property if all of its branches are finite. It has the
finite fovk property if none of its nodes possesses an infinite number of
immediate successors.

The distinguished proof-seavch tvee (dpst) py - p of a sequenta + 8 is
the tree defined as follows:

i) a + B is the origin of pg, g.

ii) Where y - 6 is an axiomatic node (i.e., is an instance of ld'), y + §

has no successors, and the branch terminates.

iii) Where v & is a nonaxiomatic node of p, B the immediate suc-
cessors of y -6 consist of all those sequents y'+§' which

a) can count as premisses for y + § under the rules of LF', and

b) are such that it is not the case that —'LE—%; , or that indeed
Y
* %k
Yy~ E o7 for any y* - o*

Y preceding y - 6 in pg -
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* *
In view of note 3, the stipulation that it is not the case that %
Y
is equivalent to the condition that y* £ ' or §* £ 5

Lemma 14. pq\pg is complete, in the sense that if @ B then some
subtree of pqay.p s a proof in LF' of a + B.

Proof. In view of the construction of p4, g, the lemma follows immediately
from lemma 13.

. . FfB YO
We will say that o ~ 8 and are cognate if and . The
y atrf VK0 ghna v o r B

class of all sequents cognate with a + 8 is called cognation class of a + .
A cognation class is said to appear in a branch of a dpst if any of its
members occurs in the branch.

Lemma 15. Only a finite number of cognation classes can appear in any
branch of pa\ -

Proof. By inspection of the rules of LF', it is easily verified that a wff A
is a well-formed part of a constituent of some premiss of an inference only
if A is a well-formed part of some constituent of the conclusion. And since
the constituents of o + g can have only a finite number of subformulas, and
only a finite number of cognation classes can be constructed out of these,
the desired result follows,

Lemma 16. Every dpst py g. has the fim’ie branch property.’

Proof. Given Lemma 15, it will suffice to show that only a finite number of
sequents from any given cognation class appear in a branch of ps . g. Then
let M consist of those members of a given cognation class which appear in
a specified branch. We may order M wunder the relation < such that
v1+ 6 < vzt b iff every wff in ¢, has at least as many occurrences as
constituent in y, as it does in vy,, and every wiff in §, has at least as many
occurrences as constituent in §; as it does in 6.

Since there are only a finite number of sequents y; - § such that
v1 01 < ¥2 + 0z there must be minimal elements under < in M. And since
only a finite number of different constituents can appear in the members of
cognation class, there must be only a finite number of such minimal
elements.

But given condition iii(b) of the definition of dpst, it follows that any
node of the branch which succeeds all of these minimal elements of M
cannot itself be a member of M. And since it follows that no member of M
can appear above a certain finite level of the branch, M is finite.

Lemma 17. Every dpst p, g is finite.

Proof. 1t is clear that py p satisfies the finite fork property. Then our
result follows from the general result, proved by D. Kénig [5] (on the basis
of the axiom of choice), that every tree possessing both the finite fork
property and the finite branch property is finite.
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Theorem 4. LF' is decidable.

Proof. 1t is evident that the construction from o I B of py, g is effective.
Then, since py g is finite (lemma 17) and hence possesses only a finite
number of subtrees, one of which must be a proof of a - 8 if b g2 - B
(lemma 14), and since it is also clear that the property of being a proof in
LF' is effective, it follows that there is an effective way of finding a proof
in LF' of a + g if there is any such proof, and of verifying that there is no
such proof in case a + B is not provable.

NOTES

1. I am grateful to Nuel D. Belnap, Jr., Hughes Leblanc, and Michael D. Resnik for
helpful comments and suggestions. This research was supported in part by National
Science Foundation Grant GS-190.

2, We will abuse this notation in much the same way that the meta-linguistic assertion-

: ; . . . ‘at-p’ . -
sign ‘4’ is sometimes mistreated. That is, we will use YED sometimes to indicate

that there is a structural proof of ¥ - & on the hypothesis a B, and sometimes as an
abbreviation of such a proof on hypotheses.

3. It is not difficult to show that %ﬁ— iff g < yand g <o
Y

4. The degree of a wff is simply the number of occurrences of connectives in that wff,
The rank of a wff eliminated in an instance of mix depends on the number of steps
leading back to the points at which the eliminated wff is first introduced in the proofs
of the premisses of the instance. For a definition of rank, see Gentzen [3].

5. As far as I know, a proof of this result has not been published. But the methods of the
second chapter of Fitch’s [2] can easily be used to establish the equivalence of F and
HF.

6. The strategy and terminology of this section is modeled on that of Belnap-Wallace [1],
pp. 24-29.

7. The idea behind this lemma is due to Kripke. His abstract [6] announces a result ob-
tained by a similar method.
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