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A NOTE ON A PROBLEM CONCERNING THE AXIOMATIC
FOUNDATIONS OF MEREOLOGY

CZESEAW LEJEWSKI

In 1948 Sobocirdski established that mereology could be based on the
following single axiom:

U [ABl ¥ A€ el (B) .= B€B [faiilcl::Cef(a).=
[D]:Dea.D.Deel(C).'.[D]:Deel(C).D.[aEF].

Eea.FeelD).F eel(E):: Be€el(B).Be€a::D.A¢
el (f (a))!

Since then a number of single axioms for other mereological constant
terms have been found.? All of them involve, as Sobocifski’s axiom does,
quantification over two types of variable, viz., over nominal variables rep-
resented in U by ‘A’, ‘B’, ‘C’, ‘D’, ‘E’, ‘F’, and ‘a’, and over functorial
variables represented in .U by ‘/’. The latter belong to the semantical cate-
gory of name-forming functors for one nominal argument. Naturally, it was
desirable to have a single mereological axiom with quantification over nom-
inal variables only, and in 1961 Sobocirdski set his logical seminar in the
University of Notre Dame the problem of finding such an axiom for the term
‘el’.

In 1960 I found a thesis, a little longer than 2, which could be used
as a single axiom of mereology and which involved quantification over nom-
inal variables only. It presupposed, however, a different primitive term.
Given the definition

AD1 [Agl::A€eA..[Bl:B€a.D.B egel(Ad) ..[Bl: B€ el (4).
3.[3CD].Cea.D €el(B).D €el(C).".=. A €Kl (a)

the term I required could be defined as follows:
AD2 [ABal:A€el(B).B€Kl(a).=.AE€ elKI (B a)

And the thesis to serve as a single axiom had the following form:
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B [AbalitA€elKl(Ba.=::BeBi:i~(Be¢€elKlI(BB).v
c:{bl::Beb.D.. [3 Cl ... A gelKI(Cb) .".[D]: D €elKl (D

by.D.ceD::[Cl:Cea.D>.C¢€elKl(BB)..[C]:C ¢ elKl
(BB).D.[aDE].Dea.EEelKl(CC).EeelKl(DD)

The theses

BD1 [AB]: AeelKI(BB).=.A¢ el (B)
BD?2 [Aal: A €elKl(Aa).=.A €Kl (a)

i

defined ‘el’ and ‘KI’ in terms of ‘elKI’.

It is interesting to note that B has 13 ontological units, i.e., it ex-
ceeds U by one unit only. Yet the system {8, BD1, BD2} involves the use
of 17 units, while 23 units occur in the system {2, ADI, AD2}.3

The proof that the two systems are inferentially equivalent is given
below in the form of a condensed outline. We assume Y, ADI, and AD2,
and we proceed as follows.

TI. [AB]: A €el(B).D.B-€B [follows from ]
T2. [Adl:A€a.D.A gel (A) [from 2]
T3. [ABl: A el (B).Z).[J CDl.C€B.D ¢eel(A).D €el (C)
[T1, T2

T4. [Adl: A€a.D>.Ac€KI(A) (T2, T3, ADI]
TS. [ABl: A €el(B).D. A € elKl (B B) [T1, T4, AD2]
Té6. (= BDI) . [AD2, T5]
T7. [Aadl: A€eKl(a).D. A eelKl (4 a) [T2, AD2]
TS. (= BD2) [AD2, T7]
T9. [ABal:A€elKI(Ba).D.BE€B [AD2, T1]
T10. [Aadl:A €a.D.A €elKl (4 A) (T2, T4, AD2]
Til. [Ed::E€a.D::[Al:: A €Kl(a).=.".[B]:B€a.D.BE€
el (A .. [B]l : B Gel(A).D.[a CDl.C€a.D€el(B).DE€

el (C) [AD1, T1]

Ti12. [ABal:A€el(B).B&€a.D.A € el (KI(a) [T11, T2, U
T13. [Dbl:D €elKI(Db).D.KL(b) €ED [AD2, T2, T12, T1]
Ti4. [ABal::A€elKil(Ba).B€b.D.. [3 Cl...AgelKI(Cb)..
[Dl:D eelKI(Db).D.C €D [AD2, T12, T1, T13]

Ti5. [ABacCl:A €elKl(Ba).Cega.D.C € elKl (B B)
[AD2, AD1, T4]

Ti6. [ABacCl:A eelKl(Ba).C eelkI(BB).>.l3DE.D €a.
E €elKI (C Q). E ¢ elKl (D D) [AD2, T4, ADI]

T17. [ABa:B €B.~(B €elKl(BB)).D.A €elKl (B a) [T10]

T18. [aBDl::[Cl:C €a.D>.C €elKI(BB)..D€a..D.DE€
el (B) [AD2]



T19.

T20.

T21.
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[aBF]::[C]:CeelKl(BB).D.[aDE].Dea.EEelKl

(CC).E €elKl(DD).. F eel(B).‘.D.[iDE].D €a.E €
el (F). E €el (D) [T1, T4, AD2]

[ABa]EEBeB:.:[b]::Be:b.;.-.[3 Cl... A€ elKL (Cb) ..

[Dl:DeelKI(Db).D.CE€D::[Cl:C€a.D.C €elKl (B B)
. [Cl: C eelKl (B B).D.[aDE].Dea.EeelKl(CC).E

€ elKI(DD)::D.A €elKl (B a) [T10, AD2, T18, T19, ADI]
(= B) (19, T14, T15, T16, T17, T20]

It is evident from T21, T6, and T8 that the system {8, BDI, BD2} is
implied by the system {2, ADI, AD2}. To complete the outline of our proof
we now assume B, BD1,and BD2, from which we derive the following theses.

T21*1.
T21*2.
T21*3.

T21%*4.

T21%5.

T21*6.

T21*7.
T21*8.
T21*9.

T21*10.

T21*11.
T21*12.
T21*13.
T21*14.

T21*15.

T21*16.

[Aal: A€a.D.A €elKl (A A) [*B8]
[AaBl:A€Kl(a).B €a.D.B €el(A) [T21*1, BD2, B, BDI]
[AaBl: A€ Kl(a).B t-:el(A).D.[aCD].CSa.Deel(B).

D €el (C) [T21*1, BD2, BD1, %]
[Aacl::[Bl:B€a.D>D.B €el(A)..C€a.".D.C €elkl
(A A) [BDI]

[AaEl::[B]:B eel(A).D.[3 CDl.C€a.D€el(B).DE
el (C) .. E €elKl (A A) 3[3 CDl.Cé¢€a.D €elKI(EE).
D € elKl (C O) [BDI]
[Aal::4A€A.-.[Bl:B€a.D.B¢€el(Ad)..[Bl:B €el(4).
D.[—_-|CD].C €a.D €el(B).D €el(C).".D. A €Kl (a)
- [T21*1, B, T21*4, T21*5]
(= ADI). [T21%6, T21*2, T21*3]
[ABl: A €el(B).D.B €B [BDI]
[AaEl::E €a.".[Bl:B €a.D>.B ¢€el(A)..[B]l:B €el (A)
.D.E‘CD].C €a.D €el(B).D €el(C).".D. A €Kl (a)
B [T21*8, T21*6]
[ABal:A €cel(B).B€Kl(a).D.A €elKl (B a)
[BD1, T21*1, ]

[ABal: A€elKI(Ba).D.A €el (B) [B, T21*1, BDI]
[ABal: A €elKI(Ba).D.B €Kl (a) [8B, T21*1, BD2]
(= AD2). [T21*10, T21*11, T21*12]

[ABal:A €Kl(a).B €Kl(a).D.A €B
[BD2, T21*1, BD1, T21*3, B]

[ABal:A eel(B).B€a.D.A €el (Kl (a))
[BDI, T21*1, %, T21*11, T21*12, T21*14)

[ABfaiiA €el(B)::[Cl::Cef(a).=..[Dl:Dea.D.
Deel(C).‘.[D]:Deel(C).D.[gEF].Eea.Féel(D).F

€el (E)::B €a::D. A €el (f(a) [T21*7, T21*9, T21*15]
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T21*17. [ABl #*iBe B i[falii[Cl::C€f(a).=.".[Dl:Dega.D.
D eel(C).'.[D]:Deel(C).).[aEF].Eea.Feel(D).
F €el(E)::B €el(B).B €a::D.A eel(f(a) i':D.A¢€
el (B) [T21*7, T21*9, T21*1, BD1, BD2, T21*14)

T21*18. (=2). [T21*8, T21*16, T21*17]

From T21*18, T21*7, and T21*13 we see that the system {8, BDI,
BD2} implies the system {U, ADI, AD2}, and this completes the proof that
the two systems are inferentially equivalent.

Early this year I noticed that Sobociriski’s original problem was not as
difficult to solve as it had appeared at first. A slight modification of I
gets rid of the quantification over functorial variables, and leaves us with
an axiom of the following form.

€ [ABl#: A eelB).=iB€eB¥i[Cadii[Dl::D €C.=.".
[E]l :E €a.D>.E €el(D)..[El : E Eel(D).D.[aFG].Fe
a.G €el(E).G €el(F)::B €el(B).B €a::D.A €el (C)
The proof that 2 and € are inferentially equivalent is very easy. In order

to show that ¥ implies € we continue our deductions as follows.

T22. [ABCd:tA eel(B)::[Dl::D €C.=.".[El:E €a.D.
E €el(D) .. [E]l: E eel(D).D.[a FGl.F&€ a.G tel (E).
Geel(F):::Bea::D.A gel (C) [T11, T21*15]

T23. ([ABli:BeBit[cdiit[Dl::D eCc.=..[E]:E€a.D.
E eel (D) .. [E]l: E eel(D).D.[a FGl.Fea.G €el (E).
G €el(F):::B€el(B).B€a::D.A€el(C)i':D.A€ el (B)

[T11, T2, T4, T21*14]

T24. (= C). [T1, T22, T23]

Now, in order to show that '€ implies U we subjoin CD1 (= ADI) to '€,
and proceed as indicated below.

T24*1. (=TI). [€]
T24*2. (= T2). [€]
T24*3. (= T3). [T24*1, T24*2]
T24*4. (= T4). [(T24*2, T24*3, CD1]
T24*5. (= T11). [cD1, T24*1]
T24*6. (= T21*16). [€, T24*5]
T24*7. (= T21*17). [T24*5, T24*2, T24*1, T24*4]
T24*8. (= 2) [T24%1, T24%6, T24*7]
Similarly, proposition
S [ABliiAeelB).=::B€B::[CDd::[El..E€ED.=:

[F]:[aG].Geel(E).Geel(F).s.[aHl].Hea.leel( )
.I€el(H)::Beel(B).B€el(C).C€ a::D.A €el(D)
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can be shown to be inferentially equivalent to 2. But I have not yet been
able to simplify the other single axioms of mereology in the same way, that
is to say, without making them longer.

NOTES

For a general and historical introduction to mereology see B. Sobocifski,
‘Studies in Lesniewski’s Mereology’, Polish Society of Arts and Sci-
ences Abroad, Yearbook for 1954-55, London 1955, pp. 34-43. See also
B. Sobocifiski, ‘L’analyse de I’antinomie Russellienne par Leéniewski’,
Methodos, Vol. 1 (1949) pp. 94-107, 220-228, 308-316, and Vol. II (1950)
pp- 237-257. An unpublished result of A. Grzegorczyk helped Sobocifski

to construct his axiom 2.

. See C. Lejewski, ‘A Contribution to Lesniewski’s Mereology’, Polish
Society of Arts and Sciences Abroad, Yearbook for 1954-55, London
1955, pp. 43-50, C. Lejewski, ‘A New Axiom of Mereology’, ibid., Year-
book for 1955-56, London 1956, pp. 65-70, and B. Sobociriski, ‘On Well
Constructed Axiom Systems’, ibid., pp. 54-65.

By ‘ontological unit’ one understands an expression of the form ‘a €f’,
where ‘@’ and ‘3’ stand for any nominal expression.
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