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ON GODEL’S PROOF THAT V=L IMPLIES THE
GENERALIZED CONTINUUM HYPOTHESIS

RAOUF DOSS

Chapter VIII, p. 53-61 of GGdel’s book ‘“The consistency of the axiom
of choice and of the genevalized continuum hypothesis with the axioms of set
theory,”’ Princeton, Third printing, 1953, is devoted to the derivation of the
generalized continuum hypothesis from V=L and the axioms of £ . It is
perhaps the most strenuous part of the book. While retaining most of the
ideas and steps of Godel’s proof we present here a shorter version of this
proof involving some simplifications.

We use the results, notations and numberings of Godel’s book up to
11.7 page 52.

11.8 Din <yx> € As.=ye x-(2)[0d'z2< Od'y- D . ~zex] " Rel(As).
As'x is what may be called the ‘‘designated’’ element of x.

11.81 Din C'a= 0d'[As'(F'a)] - C §n On.

11.82 Dfn Cy'a =0d'[As'( F'a-{F'C'a}) | - C, §n On.

C'a is the order of the designated element of F'a. C,'a is the order of
the ¢“next designated’” element of F'co.

12.1 Dfn If m COn and m is closed with respect to C,C,, K, K, and with
respect to Jo, . . . ,Jg as triadic velations, define rvecursively a function H
on On as follows:

ne B(Jo) - D+ H'n =H" (mn)
n=J;'<By>- D Hn=F,(HB, HY) fori=1,...,8.
12.11. If n € m, then every element x of H'n is of the form H'a with o.e mn.

Proof. If ne B(J,) then x € H''(mn) and the statement is evident. If
n = J,'<pBy > then, by the closure properties of m w.r. to K, ,K, and by 9.25
we have B,yemn. Then x = H'8 or HY. I 1=J;'<By>,2=2,...8, then
again Bemmn. We have xe H'8 and the proof follows by induction.

12.12. If m satisfies the conditions of Dfn. 12.1 then aem - D . Od'F'aem.
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For, by the closure property of m w.r. to J, we have {F'a}= F'a; with
a, = Jy'<ac>em. Put a'=O0d'F'a. Then a'= Od'[As'{F'a}] = C'a, € m,
by the closure property of m w.r. to C.

12.2 1) F'aeF'n-=- H'ae H'y for nem, a e mn.
2) F'a=F'n-=- Ha=H'y for nem, aemn.

The proof is by induction on 7 i.e. we prove 12.2 under the hypotheses

) FaeF'B.=.HaoeHR for Be mmn, a emp.

Il F'a=F'g-=-Ha=H'B for Bemn, aemB.

Observe that I) and II) imply
I''Y F'ae F'§ -
') Fla=F'g8-

-Hae H'B for a,Bemn

i

- H'a = H'B for a,Bemn.

II') is the same as II) by the symmetry of equality. To prove I') sup-
pose F'a e F'B, then writing a'= Od'F'a we have F'a' = F'lae F'3. By 12.12
and 9.52, a'emfB. Then, by II'), H'a'= H'a, and by I), H'a'eH'S. Hence
H'aeH'B. Next suppose H'a e H'B, then, by 12.11 there is an of emf8 such that
H'a' = H'a. We conclude as before F'ae F'8.

12.21 Leitn=J;'<By>, i=1,...,8, nem. Under D), 1D, if F'la = Fa’'
with a'empB [ or a‘emy] and if F'a'is an ovdered paiv or an ovdeved triple,
then, - respectively, F'a = <F2\F'u> and H'a = <H\H'W>, or F'a =
<F\F'uFv> and H'a = <HH'WHY> with AMp,v e ma'.- There is a similar
statement if in the hypothesis ¥ is replaced by H.

Proof. By II') we have H'a = H'a'. Suppose F'a'= {{ F'x, }{F",F'u }}.
Put o; = Od' {F'\1}, az = Od'{F'\; F'u,}, x = Od'F'\,, p= Od'F'u,. By the
closure properties of m w.r. to C,C,, we get successively ay,0ze m \,u € m.
By 9.52 we have \ < o; < a'< Blor<y];a,u <o < a'<gfor <y]. But
Fa'= {Fa; F'o,) = F'J, "< o a2> . Since J;'<ay o> <J7'<By> = n we
have, by II'), H'e'= H'J' <a,a,> = {H'@,Ha,}. Also Fo, =
F'J,' <xp>. Since J, ' <ap><J,' <By> =1, we have again, by II') H'a, =
H'J,' <xu> = {H"\H'p} and similarly H'e, = {H»}. This gives F'a' =
<F"\ F'u> and H'a'=<H" H'yw>. Suppose next that F'a' is an ordered
triple. Then F'p is an ordered pair; since pemp, [or uemy], we may write
Flu=<F'WFwv>, Hu= <H'WH'v>, where p',v'emy C ma', and the re-
quired forms for F'a', H'o* follow. If the starting hypotheses concern H in-
stead of F the treatment is similar but simpler we use 12.11 instead of Od'
and 9.52.

We now prove 12.2 1) under I'), II'). We have different cases.

1.- ne B(J,). We must show that H'aeH'"(mn) =. F'aeF''y. The equiva-
lence holds for the two terms are true.

2.- n€R(J,). Then n=J,'<By> where B,y em,Dy the closure properties of
m and By<mn, by 9.25. Also F'n= {F'8F'y}and H'p= {H'BH'y} Now
H'aeH'np. 5. H'a= H'8 v H'a = H'y. By II') the r.h.s. is equivalent to F'a =
F'8v F'a= F'y, and therefore equivalent to F'ae F'n.
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3.- If ne ®(J;) then we have as before n = J')<<B4>, B,y emn. By 9.32, F'n=
F'B-E,H'n=H'S+E. Now FlaeF'g-=. H'aeH'8, by I'). Also, by 12.21,
if F'a is an ordered pair then F'a= <F2F'p>, H'a=<HWH'u>, with
X,phema. If FlaeE then F'axeF'u, so that, by I'), H'x eH'y, hence H'ae E,
and the same if H'o is an ordered pair. Hence H'aeH'n . =. F'laeF'n.

4.- If neR(J3) we get in the same fashion, by 9.33 F'n = F'g8 - F'y H'n =
H'B - H'y, with B,yemn. Assume F'a €F'n and I') applied to F'a with F'8
and F'y gives H'aeH'n. Assume H'aeH'n, we get in the same way F'ae F'7.

5.- Suppose neR(J4). As above 1= J4'<By>, with B,yemn, and F'n=
F'g . VxF'y, H'n= H'B+- VX H'Y. Assume first that F'aeF'n, that is
F'ae F'8-V x F'y. ByI') H'e@e H'S. Now F'a being an ordered pair we
have, by 12.21, Fla= <F'\ F'u>, H'a= <H'\ H'u>, with ),y ema. Since
F'ueF'y, we get by I'), H'ueH'y. Hence H'aeVXH'y, and finally H'aeH'n .
If H'aeH'n we get in the same way F'ae F'n.

6.- Suppose neR(Js). As above n=Js'<By>, withB,yemn, and F'n =
F'8-9(F'y), H'n = H'8 - 9(H'y). Assume F'ae F'. Then F'aeF'8, so that,
by I'), H'aeH's. Put o, = J,'<aa>. Then a,em, F'a, = {F'a}, H'(q,) =
{H'a}. Consider the set F'y : Vx {F'a} = Fla,, with a, = J,'<y a,> € m.
F'a, is not empty, since F'aeS(F'y). Hence, putting o' = C'a, we have
F'a'eF'y and a'emy. By 12.21 we may write F'a' = <F'}'F'u'>, H'a' =
<H'\'H'u'>, with p'ema'. Also since F'a'eF'a, we have F'u' = F'a, so
that, by II') H'u' = H'a. By I'), H'a' € H'y. Hence H'a'eH'y - VX{H'a}.
This means H'a €S(H' 4). Finally H'a eH'n. If H'a ¢ H'n we get in the same
way F'laeF'n.

7.- neR(J;), i = 6,7,8. Consider e.g. i =7. As above n=J,' <By>, with
B,y emn and F'n=F'8 - Cnv, (F'y), Hn = H'B .- €no, (H'y). Assume
F'aeF'y, that is FlaeF'8, F'ae€no, (F'y). ByI'): H'aeH's. Now F'a
being an ordered triple we have by 12.21: F'a = <F'\F'uF'v>, H'a =
<H"WH'wH'"W> with A,u,vema and <F'uF' vF'\> e¢F'y by 4.41. Putd'=
od' <F'uF'vF"\>. By the closure properties of » and by 12.12 we have
a'em. Also, since F'a'eF'y we have o’ey. Then, by 12.21 there are ordi-
nals 3, u',v'em o' such that F'o! = <F'\'F'u'Fv'>, H'o' = <H\W'H'u'H'WV' > .
Since F'u = F')', F'v = F'u', F'A = F',' we have by II') H'u = H')\", H'v =
H'y', H') = H' ', and since F'a'eF'y we have by I') H'a'eH'y. This is
<H'WH'VH' x> €H'y, i.e. H'a e Enp, (H'y). Finally H'a eH'n. If we assume
H'oeH'n we get in the same way F'aeF'n. This completes the proof of
12.2. 1).

To conclude the proof of 12.2 we show that 2) is a consequence of 1) and
I'). For suppose that F'a # F'n. Then either F'n- F'a# O, or Fla- F'n# O.
If F'n - F'a# O, put o' = C'J3'<na>. Then a'em. by the closure properties
of m w.r. to J; and C. Also F'a'eF'J;'<na>= F'n - F'ao, i.e. Fla'eF'y,
~(F'a'eF'a). Hence a'emn by 9.52. We conclude by 1) H'a'eH'n and by
I'' ~(H'a'eH'a). Hence H'n- H'a # 0. If F'la - F'n# O we prove in the
same way H'a - H'n £ O. Next suppose H'nn # H'a, for example H'nj - H'a =
H'J3'<na># O. Then, by 12.11 there is an a'em J3' <na> such that
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H'a'eH'n, ~(H'a'eH'@). By 12.11 we may suppose a'e mn and we conclude
as before F'n - F'a £ O.

12.3 If G is an isomovphism from m to an ovdinal o with vespect to E, then
H'n = F'G'n for n em.

Pyroof. By the definition of an isomorphism w.r. to E we have aeB =
G'aeG'B, for a,Bem. Hence, for «,B,y,5€m, by definition 7.8, <ap>Le
<yp>.=:-<GaG'B>Le<G'yG'0>. Likewise, by definition 7.81 <ap> R
<y5> .=.<G'aGB>R<GWG's>. It follows then by definition 9.2 that
<kap>S<iys> -=.<kG'aG'B> S<iG'yG's>, fori,k = 0,1,...8. Hence,
for o,B,y,6€em, i, k=0,1,...,8:

(1) 3 <ap> e J'<ys> - = - J,'<G'aG'B> € J;'<GYG's> ,

m o

and by the closure properties of m, (1) holds for J;' <ap>, J;'<y &> em.
We now prove that

(2) nem,n=J:'<y5>+ D - Gn=J,'<GyG6>,
under the induction hypothesis
(3) nemn, n'=J'<af>+ DG = I <GaG'B>.

So suppose first that J;' <G'y G'6> € G'n. Since G is an isomorphism
of m, then J;'<G'y G%> = G'%', with n'emn. Let ' = J,'<ap>. Then by
(3) and by (1) G'n' = Jx'<G'aG'8> € Ji'<G'yG'6s > (= G'n'), against 1.6.
Suppose next that G'ne J,"<G'yG's >. Let G'n=J'<a'f'>. By 9.25
a',f' = G'n; hence o' = G'a,B' = G'B, with a,fem. Then J;' <G'aG'B> =
Gne Ji'"<GWG%>. By (1), J'<ap> ¢ J;'<y5> (= n). Hence
G'Ji'<aB> e G'n (¥, and by (3) G'J,'<aB> = Jr'<G'aG'S>(=G'n). This
contradicts (*). Hence (2) is proved.

We now prove 12.3 by induction on . If n € R(J,), then H'n = H' (mn).
Also, by (2) G'ne R(J,), sothatF'G'p= F'"G'n = F''G'"(mn). By the induc-
tion hypothesis this last is H'"(mn). I n=J,'<By>, i=1,...,8, then
B,y emn. By the induction hypothesis and (2) H'n = §;(H'BHY ) =
Fi(FIG'BE'Gly) = F'3;' <G'BGYy> = F'GI, <By> = F'G'n.

12.4 F''wg = wg (Godel 12.1)

Proof. F'w, =< Wy = wa, by 8.31. On the other hand, there exists a
subset of wy, namely wy - '?R(Jo), such that the values of F over this subset
are all different, since if y #5 and y,6€ wy - W(J,), assume 5 < §, then
F'y € F's, by 9.3, so that F'y # F'5. But w, - W(J,) = w, , because
Jo"(wg %) € wg W(J,), by 9.26 and J, is one-to-one. Hence F''w, = w,.

_ By 12.4 the generalized continuum hypothesis follows immediately from
the following theorem:

125 B(Frwg) © Flo, (GSdel 12.2).

+1

This theorem is proved as follows. Consider ue 3 (F''w,), that is
u © F'""w,. By V=L there is a § such that « = F'6; form the closure of the
set wy + {6} w.r. to C,C1,K,;,K, and w.r. tothe J,, =0, 1, ... 8, as triadic
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relations, according to 8.73 and let the closure be denoted by m. Now by
8.73 m is a set and m = w,. m is a set of ordinals, hence m is well-ordered
by E by 7.161 and is isomorphic to some ordinal o by 7.7. Let the isomor-
phism be denoted by G, so that G''m = o. Hence 0= = Wg. By 12.3,
since §em, we have H's = F'G's, so that Od'(H's) < G's < Wy ,,- Now
we Cm and by 12.1, F'8 = H'B for fe w,. We may suppose § = wq4,,, other-
wise there is nothing to prove. Then by 12.2, for Bewa: F BeF5-=.
H'8e H's. Hence F's and H'§ have exactly the same elements with F''w
in common, i.e. F's - F"'w, = H'6 F''w,; but u = F's < F''w, by assumption,
therefore F's6= H'6 F''wy. Also wy € B(Jo), by 9.27, therefore, by 9.35
F''wy = Flw,; hence F'§= H'§ F'w,. Therefore, by 9.611, Od'u < w in
other wordsue F''w,,,, q.e.d.

a+1?
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