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REGRESSIVE FUNCTIONS AND COMBINATORIAL FUNCTIONS

CARL E. BREDLAU

1. Introduction.* Let ¢ denote the set of all non-negative integers and
let €* denote the set of all integers. Every function f(z) from ¢ into ¢
uniquely determines a function ¢; from € into £* such that

n
(1) Sfn) = '21 i (?) , formec.

i=
The function f(r) is called combinatorial if the function ¢; related to f(xz) by
(1) assumes no negative values. The function ¢; is called the associated
Sfunction of f(r). The function ¢; can be explicitly expressed in terms of the
function f(z) by the formula:

(2) Cn = =21 (-1)"(2‘) fln-i).

Combinatorial functions were introduced by Myhill in a set-theoretic man-
ner in[3] and play a fundamental role in the theory of recursive equivalence
types; however, in what follows we need only the number-theoretic defini-
tion of a combinatorial function given above.

We note that if ¢; is an effectively computable function (or formally, a
recursive function), so is f(r). For given n we can effectively calculate
Co, . . ., s and hence f(r) by (1). Conversely, if f(r) is a recursive com-
binatorial function, we can, given %, compute f(0), ..., flr), and hence
¢ by (2). Thus ¢; is a recursive function if f(z) is. We conclude that for a
combinatorial function f(x),

Jn) is recursive <> c; is recursive.

A function #, from ¢ into ¢ is regressive, if it is one-to-one (1-1) and
there exists a partial recursive function p(x) such that

(3) pt Cop,
(4) (Vn)[p(tn) = tnLl] .

*Research on this paper was done during 1964-65 under the direction of Dr, J, C.
E. Dekker, while the author was a Henry Rutgers Scholar.
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Intuitively, 4, is regressive if given f»+1, we can effectively find £,. Since
the notion of a regressive function is a generalization of that of a recursive
function, a natural question arises: ¢‘‘Does there exist any correlation
between the regressiveness of a combinatorial function and the regressive-
ness of its associated function?’’ In view of the fact that every regressive
function is 1-1, we restrict our attention to the case where both f(z) and its
associated function ¢; are 1-1. A priori, there are four possibilities:

(i) neither f(n) nor its associated function ¢; is regressive;
(ii) f(n) is not regressive, but its associated function ¢; is;
(iii) f(2) is regressive, but its associated function ¢; is not;
(iv) f(r) and its associated function c; are regressive.

The purpose of this paper is to show that all four possibilities do in fact
exist.

2. Preliminarvies. 1t is assumed that the reader is familiar with some
of the terminology and theorems concerning partial recursive, recursive,
and regressive functions. The following propositions are stated without
proof,

Proposition 1. Let &, be a regressive function. Then there exists a partial
recursive function p(x) which in addition to (3) and (4) satisfies

(5) pp C op,
(6) (Vx)[x € 6p => (3R)[p*(x) = pR(x)]] .

Definition. Let t, be a regressive function. If a partial recursive function
p(x) satisfies conditions (3), (4), (5), and (6), we call p(x) a regressing func-
tion of #,. We say p(x) regresses t,.

Definition. Let a,, b, be functions from € to €; then a, <* b, if there exists
a partial recursive function p(x) such that

pa c &, (Vr)[p@s)=0b].

Also, an by, if a, and b, are 1-1 and there exists a 1-1 function p(x) such
that

pa c o, (vr)[plas)=b.].
Proposition 2. Let an, ba, ¢, be functions from € into €. Then

(i) an <* b, and by, <* ¢, => a, <* ¢y,
(ii) let an, bn be 1-1; then a, <* b, and b, <* @, =—> a, =~ b,.

Proposition 3. Let a, =~ bn,. Then a, regressive <= b, regressive.

Propositions 1 through 3 are discussed in [2]. It is known that there are
exactly ¢ regressive functions, where c¢ denotes the cardinality of the
continuum.

3. Theorems.

Theorem 1. There exist exactly c increasing combinatorial functions f(r)
such that neither f(n) nov its associated function c; is a regressive function.
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Proof. We shall first prove a lemma.

Lemma. Let g(x) be a function from a subset of ¢ into ¢ with an infinite
range. Let ¢, d, p, q be four positive constants such that p £ q. Then

(1.1) (Ax)[x =c and g(x) # p and glx+d) # q] .

Proof of Lemma. If in the following, a set is defined by enumerating its
elements, then any element of the form g(x), with x ¢ 6g, has to be ignored.
Put

y*=(g0) ..., gld-1))
y; =(g(d+i), gd+i), ... ), for 0<i<d-1; then

(1.2) pg=9*+9yo+...+ Yi-1.

We first prove (1.1) for ¢ = 0. Assume that (1.1) is false in this case; then
(1.3) (vx) [glx)=p or glx+d)=q].

We note that v, consists of all numbers that occur at least once in the
sequence

(1.4) g(a), g(2d), . . .

If all elements of (1.4) are equal to p then v, = (p) and 4, is finite. Now
assume that not all the members of (1.4) are equal to p. Let g(md) where
m =21 be the first element in (1.4) which does not equal p. Relation (1.3)
implies g((m+1)d)=q since g(md)# p. But then g((m+1)d)# p, hence
g((m+2)d) = q. Using induction we see that g(id) = ¢ for ¢ > m. Thus (1.4)
contains only finitely many distinct members and ¢, is again finite.
Similarly, vy ..., v4-1 are finite. Also, y* is finite in view of the
definition. It now follows from (1.2) that pg is finite contrary to the
hypothesis. Thus (1.1) holds for ¢ = 0. Now assume ¢ > 0; we then put
g(x) = g(x+c). Then g(x) has an infinite range; applying the case ¢ =0 of
(1.1) to g(x) we obtain (1.1) itself for g(x).

We now prove the theorem. There are exactly denumerably many
functions which regress regressive functions from ¢ into g, and all these
functions have an infinite range. Hence there exists a sequence go(x),
gi(x), . . . of partial recursive functions such that

(i) for every i€ ¢, g;(x)has an infinite range;
(ii) every partial recursive function which regresses at least one re-
gressive function occurs at least once in {gi(x)};

(iﬁ) gO(l) 7‘ 1: g1(3) 7{1’ gl(z) 7‘ 1.

We now define two functions f(z) and ¢; from & into £ such that none of
the functions go(x), g£1(x), . . . regresses f(n) or c;.

Basis.
(1.5) f(0)=1, co=1, f(1)=3, c1=2.

Inductive Step. Assume as inductive hypothesis, for % =1, the numbers
f0), ..., f(k), co, ..., crhave been defined and thatc, >0 and ¢ # f(2).
Then let
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(1.6) cre1= (x)[x Zcp+1 and gruilx) # ck

and
k
gk+1<x + iQ C; (k+1)) 7‘ f(k)] s

k
(LT flesl)= 2 c <k’.‘l) + Chat.

Note that f(#)and c; are defined for » <1 by (1.5). Also ¢;> 0 and ¢, # f(1).
Under the induction hypothesis ci.1 exists in view of the lemma, hence
¢t 1 and f(k+1) are well defined. It readily follows from (1.5 - 1.7) that
f(n) is a strictly increasing combinatorial function and that c,, is 1-1.

We shall now show that neither f(z) nor ¢; is regressive. The function
&o(x) does not regress f(n) nor c¢;, since f(0)=1, co=1, go(1) # 1, while 1
is the smallest value assumed by f(z) or ¢;. Similarly, the function g;(x)
does not regress f(r) or c;. Finally, for each number % =1, the function
gr(x) does not regress f(n) or ¢;, in view of (1.6). Since none of the
functions go(x), gi(x), . . . regress f(n) or ¢;, neither f(r) nor ¢; is a
regressive function.

A minor modification of ¢; will enable us to prove that there are c
functions f(z). Let # denote the family of all functions b, from ¢ into
{0,1} such that b, =0, b,= 0. We associate with every b, ¢ # the functions
¢» and f(n) in the following manner:

(1.5') As above.
(1.6') If bg.1=0, cp.1 is defined as above. If bpyy=1 let

k
Chi1 = () [x 2c¢ +1 and gralx)=c: and g( ; (k+1)> 4 f(k)]
Put

k
Chil = (yx)[xz ct+1 and gralv)# ¢ and g (x + 1421 ci (k+1)>}é f(k)]

(1.7") As above.

Note that if bkz+1= 1, both cii1and ¢ exist in view of the lemma. It is
readily seen that different choices of b, yield different functions ¢, and
hence different functions f(z). Since the family # has cardinality ¢, we
conclude that the family of all combinatorial functions such that neither
it nor its associated function is regressive has at least, hence, exactly,
cardinality ¢. The following propositions will be used in the proofs of
theorems 2 - 4.

Proposition 4. There exists a family (& of strictly increasing functions
Sfrom g into ¢ such that & has cavdinality ¢ and for every a, € @,

(1) the function g, = Azn+1 iS vegressive;
(2) the function hy, = az, iS vegressive;
(3) the function a, is not vegressive;

(4) a, s*n.
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Let & denote the family of all functions from ¢ into {z, . . ., .9}. We
associate with every function d,e 0 a function g, = ¢:d. in the following
manner:

8o = 10dp =do0,

&pir= 100 g, + 10 dyyy = 'do0di0 ... 0d,0d,,0'.
Let & = ¢,.0. We note

(i) g» is a strictly increasing function from ¢ into ¢,
(ii) g» is a regressive function. For let p(x)be the recursive function
defined by

x, if x < 100,
plx)= [

%], if x = 100 .

Then p(x) is a regressing function of g,.

(iii) the family 4 has cardinality ¢; for £ has cardinality c and ¢, is
1-1.

We also associate with each d,e 0 a function %, = ¢,d, in the following
manner:

ho = do =T.

Bpgy = 100 by + dper = do0d,0 . . . 0d,0dy,, .

Let # = ¢.0. We note that % has the same properties listed for the family
4. We claim:

gnet => (3h,) [hn € % and ~(g, <* k)] .
For assume g,€e 4. Clearly
&n <¥tn==> (3p)[p(gy) = tnand p e 4],

where 7, denotes the family of all partial recursive functions of one
variable. Since 72, is denumerable, there exists at most a countable
number of functions £, such that g, <*{,, On the other hand, % has
cardinality c¢. Thus there exists a function 7%, such that the relation
8n S* hy is false. We now define the function a = ¢3guh, in the following
manner: for g€ ¥, let

A2ni1 = 8ny G2 = hn, Where ~[g, <* hy].

Let & = ¢34 We note that (2 is a family of ¢ strictly increasing functions;
also, the functions g, = azn+1 and %, = az,are regressive. However,a, is not
regressive; for if it were, we would have azn+1 <* azy, i.e., g <*h , contrary
to our choice of % . Since 10" <a@,,=h, < 10?"** and 10*"" <azn1=g, < 10°™2
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we have » = max {y|10” < 4,}; thus # can be effectively computed from g,;
i.e. @ <*n. Hence each of the functions in & satisfy (1)-(4).

Proposition 5. Let s, be a strictly increasing function such that sq > 0.
Then

(1) sp + Sk+1!
(2) Sp-1+ Si!

syl,fork=2,
Sk-1!, for k =1,

n N

The proof is left to the reader.
Theorem 2. Theve exist exactly ¢ combinatorial functions f(n) such that:

(a) f(n) is a strictly increasing regvessive function;
(b) the associated function c; of f(n) is strictly increasing but not
regressive.

Let & be the family of functions with the properties listed in the
statement of proposition 4, With every function a, e & we associate the
function f(r) = y,a, by

@.1) fn) = Z=}o 2"*"'(2’) )

Let c¢; be the associated function of f(z). Then
(2.2) ¢ =2%",

It is readily seen that the family Y1 consists of ¢ strictly increasing
combinatorial functions f(z)whose associated function ¢; is also strictly
increasing. We claim:

(1) cn =~ ax

(2) fln) <*cu;

() flr) <* cpu;

(4) fn)is regressive;
(5) cn is not regressive,

If we let

2% forx >0,
tx) =
0 ,forx=0.

then #(x) is a one-to-one recursive function which maps a, onto ¢.. Hence
Cp =~ Qg.
Re(2). We shall use the relation

k
(2.3) ,-Z)o ci (kle) < Cpe1, fork =0,

which will be proved later. We claim:

(2.4) a,! =max{yeel|2”< fn)}, forne e



REGRESSIVE FUNCTIONS AND COMBINATORIAL FUNCTIONS 307

To prove (2.4) we first observe that f(0) = ¢o = 2%°'. Hence, (2.4) holds for
n=0. Now assume # > 0,sayn =k + 1. Clearly,

R+1
i

k
(2.5) flk+1)= i=20 c,»<

) + Cky1 .
Taking into account that ¢; > 0 for c; € €, we see that cz+1 < flk+1). In view
of (2.3) and (2.5),
2%+1! = Ckr1 < f(k+1) <L2Ck+1 = 2akl+1 .
from which (2.4) follows. Relation (2.4) implies
f(n) <* za”! =Cp.

It remains to prove (2.3). First of all, (2.3) holds for 2 =0, for co < C1.
Now assume 2 >0, then

k k
(2.8) 20 c; <k+1> < ¢ E <k+1) < 2k“ck = okl y a!;
i=1 4 i=1 z
for ¢, is a strictly increasing function. Since ao >0 and a, is strictly
increasing we see that 2+1 > az.1; thus, it follows from proposition 5 that
B +ap! <arp+ap! S apa! .

Combining this last relation with (2.6), we obtain (2.3).

Re(3). Let f(n) be given. From (2) and (1) we can compute ¢, and a, re-
spectively. In view of the definition of a», we can compute n. If n =0,
Cn=1=Co; if #=1, Cho1=co= f(1) - c;. Now assume 7 =2, say n = k+l,
where 2 = 1, We wish to prove that c,.1 = c; can be effectively computed
from f(r)= f(k+1). We assume

g <k+1

(2.7) 21 c; z) < cpy, for ks,

Whose proof is similar to that of (2.3). Clearly,

k-
(2.8) f(o+1) - Chyr= 21 ci (k'f'1> + (k+1)cy.
i=0 1

Using (2.7) and (2.8), we conclude that
(B+1)2°% = (B+1)ck < flk+1) - Chi1 < (B+2)ck < (B+1)2%' +1,
(2.9) ai! = max {y|(&+1)27 < f(k+1) - Crs1}.

Since f(k+1) is given, k+1and ck+1can be computed. Hence @!, and there-
fore c;,can be computed from (2.9).
Re(4). Let the number f(k+1) be given. Consider the two sequences

(i) Qkily Qk-1, « « o , Qiv2, Qi ,
(i1) ag, Gk-2, . .., Gj+2, G ,

where ¢=0,j=1 inthe case k+1 is evenand ¢=1, j = 0 in case k+1 is odd.
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If f(k+1) is given, we can compute Cz+1 and ¢; by (2) and (3), hence, @x.1 and
ar by (1). Inview of the fact that az,+1 and a2, are regressive functions of ,
we can effectively find the sequences (i) and (ii), thus also

k) = i 9ai! (k)
i=0 i/’
Re(5). Since a» ~ ¢, and @ is not regressive, by proposition 3, we conclude
that ¢, is not regressive.
Theorem 3. There exists exactly ¢ combinatorial functions f(n) such that:

(a) flr) is strictly increasing but not regressive;
(b) the associated function c; of f(r) is a sitrictly increasing rvegres-
sive function.

Proof: Let & be a family of functions with the properties listed in the
statement of proposition 4. We also assume ao = 2 so that in particular the
relation

(3.1) ap +ar-1! <ap!
of proposition 5 holds for 2 = 1. With every function a, e & we associate a
function f(z) = y,a» by

(3.2) fln)= 24n! , for nee.
We now define

(3.3) ¢; = the associate function of f(n).

It readily follows that the family Y20 of strictly increasing functions has
cardinality ¢. Also, for a, € 2, a, ~ f(r). We shall prove the following:

(1) c: is a strictly increasing function from € into ¢;

(2) cn <* fln);

() cn s* fln =1)

(4) c; is regressive;

(5) fln) is not regressive.
Re(1)and (2). If n=0, f(0)=co= 2%' =4>0. Let us assume that # >0,
say »n = k. It follows from the definition of ¢; that

5 .
64 a=r0)+ B 0(F) fe-i).

i=1
We shall use the relation
k (B .
65 2, (0(F) e-iy> -2y s,

which will be proved later. Combining (3.4) and (3.5), we obtain the
inequality

(3.6) > f(k) _ 2ak1-1= zak! _ zak{-1= zak!-1> 0.
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From (3.6) and the fact that co > 0, we see that f(z) is combinatorial.
We therefore have

(3.1 cr<co+cp s<f(R), for k = 1.
Combining (3.6) and (3.7) we have
(3.8) 2% l< < f(R)= 2, fork =1.
We conclude from (3.8) that c¢; is strictly increasing and that
ar! = (uy)[27> e ], for k=1, flk)= 2%,

It follows that 2= 0 <> ¢, = 4. Hence if we are given a;, where ¢ # 4,
we can effectively find f(2) by the last two relations. Thus ¢; <* f(k). It
remains to prove (3.5). Let 2 > 0, then since f(z)is strictly increasing,

k ) k
6.9 2, /(%) 0> -0 2, (F) >rte-n)2h = -aeesar,
= i=
Since ao > 1 and a, is strictly increasing, we see that 2 < g;. In view of
(3.1),
k+api! <ap+ap-i! <ap!,i.e, k+ap-,! <ap! -1.

Combining this last relation with (3.9), we obtain (3.5).

Let ¢» be given; then f@®), a,, and hence n can be computed. If
n=0, flm =~ 1)= f(0)=co. If =1, then f(0)=f(1) - c.. We now assume
n>1, sayn=~%k +1. We wish to prove that f(n =~ 1) = f(k) can be effec-
tively computed from ¢, = cg+1. We assume

k+1
(3.10) 2 (-1)"** (k“;l) Fl+1-8) > ~(k+1) 29 7L for £ > 1;
i= )
whose proof is similar to that of (3.5). In view of (3.3),
k+1

(3.11) f(B+1) - crer= (b+1) flR) + Z)z (-1 fk+1-i).

Combining (3.10) and (3.11), we have
(3.12) fk+1) - casr > (B+1) flk) - (B+1) 2% ™1 = (p+1)2°%' "1,

. B+1\ [k k , .
Since (k:—l) = <k+I—i> (z) < (k+1)<i>’ for 0 s¢ <k, 2 =0, we obtain

k k
(3.13) f(k+1) - crr= 2 ci (k“;l) < (B+1) .g,o c,.<f) (B+1) f(&), B = 1.

Combining (3.12) and (3.13) we obtain

(B+1)2°F' " < f(R+1) - ¢ < (B+1) f(B) = (R+1) 2°%',
ap! = (uy) [(B+1)27 = flk+1) - Crsa] .

Since cr+1 is given, the number k2+1 and f(%+1) can be computed; by the last
relation, we can also compute f()= 2%,



310 CARL E. BREDLAU

Re(4). In a proof similar to (3) of theorem 2, if we are given czy;, then we
can compute f(k+1)and f(¢), and hence f(k-1), ..., f(0). Thus

Cr = éo (-1)i<?)f(k'i)

can be computed from c+1; i.e., ¢k is regressive.
Since a, =~ f(n) and a, is not regressive, we conclude that f(z) is not
regressive.

Theorem 4. Theve exist exactly ¢ combinatorial functions f(r) such that

(@) f(n)is a stvictly increasing vegrvessive function,
(b) the associated function c; of f(n) is a strictly incveasing regres-
sive function.

Proof: Let % be a family of ¢ strictly increasing regressive functions such
that for every %, € %, ko = 2. Then in particular (1), (2), and (4) of proposi-
tion 4 hold. Define for every %, €%, the function f(n)=ysk, by

Fln) = 2k"

Note that f(r) ~ k,, and the family ys% has cardinality c¢. From the
definition of k,, relations (1) through (4) of theorem 3 hold, i.e., we can
show that f(rn) is a strictly increasing combinatorial function and that its
associated function is strictly increasing and regressive. Since f(n) ~ k&,
and k, is regressive, f(n) is regressive. We note that if ¢, is regressive
then ¢, <* f(n); for given ¢, we can compute ¢,, Cs-3, . .., Co and hence
f(#). Similarly, if f(n) is regressive, then f(n) <*¢,. If f(r) andc, are
both 1-1 and regressive, it follows from the above and proposition 2 that

Jn) ~cp.

REFERENCES

[1] Dekker, J. C. E., “Les fonctions combinatoires et les isols,’”’ To be published.

[2] Dekker, J. C. E., “The minimum of two regressive isols,”” Math. Zeit., vol 83
(1964), pp. 345-366.

[3] Myhill, J., ‘‘Recursive equivalence types and combinatorial functions,’”” Bull.
Amer. Math. Soc., vol. 64 (1958), pp. 373-376.

Rutgers - The State University
New Brunswick, New Jersey





