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Pseudo Treealgebras

M. Bekkali

Abstract A pseudotree (T, <) is a partially ordered set for which {u € T :
u < t}1is alinear ordering for each t € T. Define B(T), the pseudo treealgebra
over T, as the subalgebra of the power set of T generated by {b; : t € T} where
by = {u € T :t < u}. It is shown that every pseudo treealgebra is embed-
dable into an interval algebra; thus it is a retractive Boolean algebra. Moreover,
superatomicity of B(7T') is described using conditions on (T, <).

1 Elementary Material

A pseudotree T is a poset in which the set of predecessors of any element is a linearly
ordered set. Fort € T,putb, = {u € T : t < u}. The subalgebra of the power set of
T generated by (b, : t € T) is called the pseudo treealgebra generated by 7. Almost
all properties of treealgebras remain valid in the case of pseudo treealgebras (see
Brenner and Monk [ | ], Koppelberg [7], and Koppelberg and Monk [3]). Thus we can
write a nonzero element of B(7) in its normal form (see [!]) and for a pseudotree
with a least element, the Stone space Ult(B(T)) of a pseudo treealgebra B(T) is
homeomorphic to 1.(T) = the set of all initial chains endowed with Tychonoff’s
topology inherited from the catersian product 7 2.

Throughout this note each pseudotree is assumed to have a single root as is shown
by the following proposition.

Proposition 1.1  Any pseudo treealgebra is isomorphic to a pseudo treealgebra
over a pseudotree with a single root.

Proof Let B(T) be a pseudo treealgebra.

Case 1 T has finitely many roots 71, . . . , #, and no rootless elements. Define s <* ¢
ifand only if (s <7 t or (s = #; and ¢ # 11)). Let T* be T under <*. Note that
(bI" it #11) = B(T*). Define f(b]") = b! forall 1 # t;. Then f extends to an
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isomorphism of B(T*) into B(T) by Sikorski’s Criterion (see Theorem 5.5, p. 67 in
)2

Case 2 T has infinitely many roots or has a rootless element. Let x ¢ T and put
T* =T U {x}. Define <* on T* as follows:

s<*tiff s,teTands <rt)or(s=xandt € T).

Now put f (th ) = th for all t # x. Then f extends, again, to an isomorphism of
B(T*) onto B(T) by Sikorski’s Criterion. Il

Notice that chains are pseudotrees. Hence if C is a chain, B(C) is called the interval
algebra over C. The Stone space Ult(B(C)) is homeomorphic to the set of initial
chains of C, denoted by 1(C), whenever C has a least element. Superatomic interval
algebras are characterized by the following theorem.

Theorem 1.2 The following are equivalent for any chain C with a least element.

1. n, the chain of rational numbers with its natural ordering, does not embed
into C;

2. n does not embed into 1 (C);

3. (I(C), Q) is a scattered topological space;

4. B(C) is a superatomic interval algebra.

First, we give a definition.

Definition 1.3 Let X be a topological space. We say thata € A C X is an
isolated point in A whenever there exists an open set U, in X, containing a so that
U N A = {a}. Isol(A) shall denote the set of isolated points of A in X. Also, A
denotes the topological closure of A in X. A topological space X is a scattered space
whenever Isol(F') is not empty for every nonempty closed subspace F of X. Finally,
a poset (P, <) is scattered whenever the chain of rational numbers, under its natural
ordering, does not embed in (P, <).

Lemma 1.4 Let C be a complete chain. If C is a scattered topological space, then
n does not embed into (C, <).

Proof First we note the following:

1. If § € C is infinite, then S \ isol(S’) # @. This follows since C is a
compact. Now suppose that S is a chain in C of type n; we shall get a
contradiction. Choose x € § =gt S \ isol(S’),x isolated in C. Say,
u<x<v;mv)yNcC={x}

2. There are s,t € Ssothatu < s < t < v, and x ¢ [s,¢]. In fact,
since x ¢ isol(S‘), the set (u,s) N S is infinite. Hence there clearly ex-
istu < w; < wy < w3z < v such that (wy, wy) # I # (wz, w3) and
x ¢ (wy, wa). Choose s € (wy, wp) NS, t € (w2, w3) N S; this proves (7).

Taking s and ¢ as in (), put ' = (x,1) N S. So § has type n. Clearly
S”\ isol($") € C. Picking w in S’ \ isol(S’) by (1), we obtain w € (u, v) N C \ {x},
contradiction. O

Remark 1.5 The hypothesis that C is complete in Lemma is really needed.
This is seen by the example w - n which is a scattered space.
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Proof of Theorem (3) and (4) are equivalent by the duality theory. (7) implies
(1) since C embeds in 1 (C). (!) implies () since a quotient of B(C) is isomorphic
to B(C") for some subchain C’ of C (see Theorem 15.22, p. 253 in [2]). Finally, (3)
implies (7) by Lemma | 4. (]

2 Retractiveness of Pseudo Treealgebras

Our approach to proving that every pseudo treealgebra is in fact a subalgebra of an
interval algebra, and hence is a retractive algebra by Rubin’s Theorem (see Theorem
15.22, p. 253 in [2]), is done in a very canonical and constructive way compared
to Theorem 16.12, p. 262 in [?]. In this fashion one will have a link between su-
peratomicity of a pseudo treealgebra $8(7') and the superatomicity of the canonical
interval algebra in which 8(7") embeds.

Let T be a pseudotree. For each initial chain p of T set

Tp =get {t €T : s <7 t foralls € p}.
Next we define =, on T}, by the following rule:
t =, t iff thereis s € T \ p suchthats <7 t,¢".

Note then that s € T); forif u € p,thenu <1, t'. So u and s are comparable, and
s <wuisruledout. Sou < s. Thuss € T),.

Lemma 2.1 =, is an equivalence relation on T),.

Proof Supposet =, 1t =,1". Says,s’ € T\ pands <t,¢'ands’" <t',1". So
s, 5" are comparable. Say s < s’. Thuss <,t” andsot =, 1".

Next, put s At =def { € T : u < 5,1} and fix a well-ordering <, on T,/ =,.
Define <jij, on T as follows:

¢ <o fiff s<tinT, or
=lin s, t are incomparable in T and [s]=,,, <sar [t]=,,,

where [s]=,,,, [t]=,,, denote the equivalence classes of s, ¢ with respectto =z, [
Lemma 2.2 <y, is a linear ordering on T .

Proof Clearly <jj, is irreflexive and for all s,7 in T, s <jj, tort <jjp s. Now
Suppose€ X <ijin ¥y =lin Z-

Case1 x <y <z.Sox < z. Thusx <jj, z.

Case2 x < y;y,zareincomparablein 7, [Yl=r <ynz [2l=,,.- If x < z, we are
done. Thus, assume x £ z. Clearly z £ x. We claim now that x Az = y A z. Clearly
x ANz < yAz. Suppose w € y Az. Thus w < y, so w, x are comparable. If x < w,

then x < z, contradiction. So w < x. Thus x Az = y Az. Clearly [x]zyAz = [y]z,w-
So x <ijip 2.

Case 3 x,yincomparablein 7. [x]=,,, <xay [¥]l=.,,3 ¥ < z. This case is similar
to

Case4 x,yincomparablein 7. [x]=,,, <xay [¥]l=,,,; ¥, z are incomparable in T',
[y]sw <yAz [Z]Ey/\z'

Subcase 4.1 x Ay=y Az

1. x < z. Thus x <jip 2.
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2. x =xay 2. Forz<z,z<x,andz¢xAy(=yAnz).So [x]zmy = [z]Emy.
Therefore, by the assumption in this case [x]=,,, = [z]l=,,, <xry V=,
=xAy [z]Emy since x Ay = y A z. Hence, [z]Emy =xAy [Z]Ex/\y’ contradic-

tion.

3. x, z incomparablein 7. Since x Ay = y A z, we have [X]=,., Zxny V=,a,
=xay l[2l=;,,- Nowx Ay = x Az. Forx Ay C x A zis clear,
and if w € x A z\x Ay, then [x]z,, = [z]l=,,,, contradiction. So

[x]=,r. Sxnz [2]=,,, follows.

Subcase 4.2 x Ay #yAz.

1. Thereisw e x Ay\yAz. Thusw <x,x < y,andw £ z.

2. x, z are incomparable. In fact x £ z. Otherwise w < z, and if z < x, then
w, z are comparable. Hence z < w < y, contradiction.

3. x Az=yAz. Lett ex Az. Thent < x, so ¢, w are comparable. If w < ¢,
then w < z, contradiction. So ¢t < w. Hence w < z, contradiction. Sot < w,
hence r < x as desired. O

Theorem 2.3 Any pseudo treealgebra embeds into an interval algebra and thus it
is a retractive Boolean algebra.

Proof Let B(T) be a pseudo treealgebra. First of all we may assume that 7 has no
maximal element. To this end, define T to be T, and add a well-ordered chain C; of
type w above each maximal element ¢ in 7. Hence T has no maximal element and
by copying the proof of Theorem 16.7, p. 260 in [ 2], 8(T") embeds in B(T).

So suppose 7 has no maximal element and denote by L the completion of
(T, <fin). Foreacht € T, let y; = sup; (b;). Note that y; € L \ T. Let Or be the
root of 7" and define f from B(7T) into the interval algebra over L \ {yo,} by

S ) =11, y1).

Notice that f(b;) = 0 if and only if + = y, if and only if ¢ is maximal in T'; but this
never happens.
Next f extends to an isomorphism of B(7') into Int(L \ {yo,}). Indeed, look at

(%) bi1tys -+ s brmy — bsy — -+ — bs(ny-
If (x) is zero, we get then three cases.

Case1 Therearei, jsothatz(i), #(j) are incomparable. Then either every element
of b (jy is <in-less than every element of b;(;) or conversely. In any case we get

fbiiy) N fbej)) = @.

Case 2 There are i, j such that s; < #;. Thus b,y € bsi). SO yi(j) < Ys(i)s
f(bsiy) 2 f(by(jy) as desired.

Case 3 There is an i() € [1, n] . S(i()) = OT. So f(bs(io)) = f(lgg(T)) =
[07,y0;) = L\ {yo;} = 1. Thus f extends by Sikorski’s Criterion to a homo-
morphism from 8B (T') into Int(L \ {yo,}). Suppose that (x) is not zero. Without loss
of generality m # 0. If #(i) is maximal among ¢ (1), ..., t(m), clearly 7 (i) is in the
image of (x). This finishes up the proof of Theorem .. O
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3 Characterization of Superatamic Pseudo Treealgebras

Theorem 3.1  Let T be a pseudotree. The following statements are equivalent.

1. B(T) is a superatomic Boolean algebra.
2. n and the binary tree =2 do not embed in (T, <).

The main step in proving this theorem is Lemma below. So denote by E the
set T U{y, : t € T}\ {yo;}, where T is a pseudotree without maximal elements,
and recall that y, denotes sup(b;) in the completion of (7, <jj;). Notice that this
assumption on 7" does not restrict the generality as shown by the following two facts.
Recall that 7 is constructed as in the beginning of the proof of Theorem

Fact 3.2  For any pseudotree, the following statements are equivalent.

1. nor =“2 embeds into T.
2. nor =“2 embeds into 7.

Fact 3.3 B(T) is superatomic if and only if !B(f) is.

Lemma 3.4  The following statements are equivalent.

1. E contains n.
2. Either n or <®2 embeds in T.

Assuming Lemma 2.4 we give the proof of Theorem

Proof of Theorem

—(2) implies —(1) If n or =“2 embeds in T, then Int(n) or B(7T,) embeds in
B(T), where T, is the tree of height @ so that any node in T, has ® immediate
successors. Hence () implies (”) follows.

—(1) implies —=() If B(T) is not superatomic, then by Fact neither is i)’(f‘).
Forming E as we stated previously, it follows that Int(E \ {yo, }) is not superatomic.
Son < E. So by Lemma 3.4, n or =2 embeds in T. Hence by Fact n or <2
embeds into T. This finishes up the proof of Theorem 3. 1. O

Proof of Lemma

(2) implies (1) If n embeds in (T, <r) then it embeds into E by the above.
Suppose that <2 embeds into (7, <7). Then so does T,,, where T, is of height w,
has one root, and each element has w immediate successors. Hence 8(T,,) (whichis
atomless) embeds into Int(E). Hence (1) follows.

(1) implies (2) Suppose that n does not embed in (T, <7). Let F be a subset of
E of type n. Because of the following fact, we may assume that F C 7.

Fact 3.5 If a linear ordering L is scattered, so is its completion.

Proof Since L is scattered, sois /(L) (by Theorem |.7). Next, since the completion
of L is order embeddable in 7 (L), it follows that the completion of L is scattered as
well. O

Now back to the proof of Lemma 3.4. F cannotbe a chainin 7 since n £ T. Choose
up, vo € F such that ug, vo are incomparable; say ug <jin vo. Pick wo € ug A vo. It
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suffices now to prove the following.

There exist u1, us, vy, v, wi, wy so that
1. wuj,v; e Ffori =1,2,

©) 2. u; and v; are incomparable fori = 1, 2,
3. u; <qinv; fori =1,2,
4.  wip, wy are upper bounds of ug, vp in (T, <),
w; isinu; A v; fori = 1,2 and wy, wy are incomparable.
First set

(10, v0)7 =def {# € T : up <iin # <lin V0},
Q={sAt:s,t e (uo,vo)T N F;s,t are incomparable elements of T}.

Second, 2 # & since (ug, vo)T N F cannot be a chain.
Lemma 3.6 (€2, D) is not a chain.

Proof The proof of this lemma uses the following claims. Indeed, suppose the
contrary, and let O be the union of all members of €.

Claim3.7 Ift,t € T areincomparable,s € T, andt <iin S <iin t'; thentAt' <'s,
that is, forallw € t At (w < s).

Proof Forifs < s, obviouslyt At < s. So assume 7, s are incomparable. If s < ¢/,
take any w € t At'. So w, s are comparable. If s < w, then s < ¢, contradiction.
Sow < s. Sot At < s. Hence we may assume s, 1’ are incomparable. Now all
elements of (¢ Ar")U(¢ As) are comparable since all are less than 7. Hence tAs C 1At
ort At CtAs. Supposet As CtAL. Pickw e (t At)\(E As). Sow > s.
Thus t =5 t’. We claim that 1 A s = ' A's. One needs only show t' As C ¢t As
since the other inclusion is clear by supposition. Suppose u € t' A's. Thus w, u
are comparable since both are less than /. If w < u, then w < s, contradiction.
Sou < w. Hence u < t. This proves our assertion. Now [f]=,,, < [s],,,. So
[t’]zt,m < [s]l=,,,. Hence t" <iin s, contradiction. This shows thatt At' C t A s,
and Claim holds. [l

Foreacht e T,putT |t ={u €T :u <t t} and foreach G C D set
T(G) ={t € (uo,vo)r N(F\D): (T | )ND = G}.
Claim 3.8  Ift, t' are members of T (G) and are incomparable, thent At' = G.

Proof Assume the hypothesis. Thent At € Q,s0t At/ C D.Ifu €t At/,thenu
isin(T | )ND =G, ifu e G,thenu € (T | )N (T | t') =1t At'. SoClaim
holds. ([l
Claim3.9 Ift € T(G)anda € [t]l=; N (uo, vo)T N (F\ D), then a € T (G).
Proof Say that G < x (i.e., x is above all members of G) and x < a,x < t. Since
(TltyNnD =G,wehavex ¢ D. Hence (T | a)ND = G. Soa € T(G). (I
Claim 3.10  Ift € T(G), then [t]l=; N (1o, vo)T N (F \ D) is a chainin T.

Proof Leta,b € [t]=; N (1o, vo)r N(F\ D), and suppose that they are incompara-
ble. Claim and Claim hold. By Claim 5.9, a, b € T(G) and so by Claim
a ANb = G, contradicting a =¢ b. O
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Claim 3.11  Ift € T(G), then [t]=; N (ug, vo)T N (F \ D) = {t}.

Proof Suppose the left-hand side has more than two elements. By Claim and
n £ T,leta < b be in the left-hand side, and no member of the left-hand side be-
tween them. Say a <jin ¢ <ijin b, ¢ € F. Suppose a, ¢ are incomparable in (7, <).
NowaAc=bAc.Foranc C bAcisclear. Suppose x € bAc. Nowa < b, x < b,
so x, a are comparable. Note that b, ¢ are incomparable (¢ < b implies a, ¢ are com-
parable, which is a contradiction). SobAc e Q,bAc C D.Ifa < x,thena € D,
contradiction. Sox < a. Thusa Ac = b Ac. [als,,, < [clz,0r @ =anc b.

So [bls,,, < [clzyrs P <iin c, contradiction. It follows that a < c¢. Hence
¢ € [tl=; N (ug, vo)T N (F \ D), so by Claim , b and c are comparable, hence
¢ < b, contradicting the choice of a and b. O

Claim 3.12 Ifu e T(G),t € (ug,vo)r N F, andt < u, thent € D.
Proof For otherwise Claim is contradicted. O

Anelement? € (ug, vo)T N(F\ D) is left of D whenever it is less than u in (E, <jin)
for some u € D. Suppose there exist such 7, u. For G € D let T'(G) be defined by

T'(G)={s € T(G) : s <iin 1}.

Suppose | T'(G) |> 2 for some G. By Claim 3.8 through Claim ,(T'(G), <iin)
cannot be in itself and thus choose s <jin s’ both in 7/(G), with no member of
T’(G) between them. Choose v € F such that s <jin v <jin §'. Note that s, s" are
incomparable by Claim and hence by Claim 2.7, s As" < v. If b € T(G),
then since v <jin 8" <iin ¢, v € T'(G), contradicting the choice of s, s’. So there
isan x € D, with G < x < v. Since s <jin t <iin U, we have u ¢ G. So
SAS =sAu=s" Au=G. Also, s’ Av = G. Infact, s’ A v D G is true since
s A s’ < v, and to see that s’ A v C G, assume that r < s’,7 < v. So r and x are
comparable. If »r < x, thenr € D and hence r € G, as desired. If x < r, then
x < ', hence x € G, contradiction. Now [s]=, < [§']=; < [l=; = [Vl=;, SO
s" <iin v, contradiction. So | T'(G) |< 1, for all G. Let

Q' = {s A s’ : s, s are incomparable members of (ug, 1) N F}.

Notice that Q" C Q and by our assumption (2, D) is assumed to be a chain. Thus
Q' # @. Now | Q' |> 2. Suppose Q' = {G}. Pick incomparable elements s, s’ in
(uo, )T NF.Sos As’ = G. Say s ¢ D. Pick incomparable w, w’ € (ug, s)7 N F.
Say w ¢ D. Thenw € T'(G),s € T'(G), w # s, but this contradicts | T'(G) |< 1.
So| Q' |>2.

The next fact follows easily.

Fact 3.13 If D is achain and E = I (D) is the set of all initial segments of D, then
D is scattered if and only if (E, D) is scattered.

Hence, notice that (€2, D) is scattered since n £ (T, <) and thus choose G, H € Q'
with G € H, so that no member of Q' is between them. Pick s € T(G), s’ € T(H).
Sos € T'(G),s' € T"(H). Notethat s As' = G =s Au,soanyh € H\ G
shows that s" =g u and so s <y, s’. Pick incomparable w, w’ in (s, s")7 N F.
Say w ¢ D. Say w € T(K). Sow € T'(K). Now s and s’ are incomparable by
Claim . Sos As’ < wby Claim 3.7, that is, G < w. Hence H C K by the
choice of G and H plus T'(G) = {s}, T'(H) = {s’}. But then s’ <p, u implies
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s" <1in w (by considering an element of K \ H), contradiction. Thus, no element of
(o, vo)T N(F\D) is left of D. Suppose | T(G) |> 2, for some G. Lett <jiy ¢/ both
in T (G) with no element of 7T (G) between them. We easily reach a contradiction
as in the case | T'(G) |> 2 above. So | T(G) |< 1 for all G. Then we reach a
contradiction as above. This finishes up the proof of Lemma 3.6. ]

So (#) is finally established. Choose G, H € 2, incomparable. Take w; € G \ H,
wy € H \ G. Without loss of generality, w; <jin wz. Clearly, wi, wy are incom-
parable. Say u; <jin v1, #1 and v; are incomparable, u1, v; € F N (1o, vo)7, and
u1 A vy = G. Similarly, we get us, v2 in H. ug <jin w1 <lin V0; SO 4o A Vg < w] by
Claim 3.7. Hence we are through with the proof of Lemma 3 .. ]
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